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Abstract

Seismic waves traveling through the Earth interact with heterogeneities of all scales along
their path. Generally, travel times associated with coarse-scale structures are of primary interest;
however, fine-scale structures also influence the amplitude and travel time of all seismic phases.
The distribution of fine-scale heterogeneities not only affects travel times but also impacts the
observation of subsurface properties via these travel times. For instance, fine-scale isotropic
heterogeneities in the medium, that may not be resolved in seismic imaging can induce extrin-
sic anisotropy on a coarser scale. Further, simulating seismic wavefield in a medium with all
scales of heterogeneities requires a huge amount of computation, posing a significant challenge.
To address these challenges, an upscaling technique based on Renormalization Group theory is
proposed for the 2D elastic wave equation which gives an effective medium representation on
coarser scale while preserving nature of wavefield. This approach is also helpful in understanding
how seismic waves propagate through a medium containing fine-scale structures and how they
are observed on the coarser scale. To validate the approach, different models were tested for var-
ious levels of upscaling. The waveforms and wavefields for both original and coarse-scale models
matched well, demonstrating that the Renormalization Group theory-based upscaled medium
effectively represents the fine-scale medium over the seismic frequency band.
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1 Introduction

The wave equation serves as a mathematical framework for understanding the propagation and
interaction of seismic waves within the Earth with different geological structures. It holds significant
importance in modern subsurface imaging techniques, viz., reverse time migration, and full waveform
inversion (Baysal et al., 1983; Tarantola, 1984; Pratt et al., 1998). The true response results from
the interaction of seismic waves with heterogeneities spanning all scales present within the medium.
Now, there are two important aspects associated with it. First, we observe the medium properties
with the finite resolution (i.e., using longer wavelengths), then the observed macroscopic (large
scale) properties are different from the microscopic (small scale) properties. Our interest is to
find the macroscopic representation of the medium with microscopic properties. Second is the
computational aspect where to obtain the true response of the Earth one must include all scales
of heterogeneities with the finest details, which makes the simulation extremely expensive. The
macroscopic representation can reduce the computational burden significantly.

The macroscopic representation can be obtained using the Homogenization method (Bensoussan
et al., 1978; Chammas et al., 2003; Gao et al., 2015). It gives a low wavenumber (macroscopic)
representation of the medium properties and ensures that it does not alter the response of the
Earth. The latter implies that the physical law governing the wave propagation yields the same
wavefield for macroscopic representation as for the microscopic representations. In one of the first
approach Backus (1962) computed equivalent macroscopic (anisotropic) medium for a stratified
medium (elastic) comprising various layers. Since then, many approached has been developed
under different names, such as upscaling, homogenization, coarsening, multiscale, computational
micro-to-macro transition, etc. (Capdeville et al., 2010; Gold et al., 2000; Gibson Jr et al., 2014;
Jordan, 2015; Vdovina et al., 2009; Fichtner and Hanasoge, 2017; Malkoti et al., 2022; Capdeville
and Marigo, 2007; Guillot et al., 2010; Cupillard and Capdeville, 2018; Kormanikova and Kotrasova,
2022).

In this work, we will rely on the homogenization approach based upon the Renormalization
group (RG) theory (Hanasoge, 2016; Hanasoge et al., 2017). The RG-based homogenization involves
splitting the wave equation into low and high wavenumber parts. Since we are interested in low
wavenumber representation, we incorporate the high wavenumber as a correction to it. This theory
was extended for the 1D wave equation, but incurred a high computational cost due to the large size
of the Fourier operator (Fichtner and Hanasoge, 2017). This cost increased many-fold in 2D /3D
models, making upscaling unrealistic. To address the challenge of applying upscaling to higher-
dimensional models, Malkoti et al. (2022), an expansion—truncation technique was proposed that
enableed the feasible upscaling of the 2D acoustic wave equation. The focus of this work will be on
extending this upscaling method for the elastic wave equation. We make use of a modified Fourier
operator (Malkoti et al., 2022) for separating different quantities in low and high wavenumbers,
which was applied to subdomains (with the expansion and truncation technique) to reduce the
computational cost. We have tested the proposed RG-upscaling technique on two different fine
scale elastic models. We validate results by matching the response obtained using the governing
wave equation of the respective medium with microscopic details to that of a macroscopic (coarse-
scale) model obtained after homogenization.



2 Theory

The propagation of a seismic wave in a general 2D-elastic medium is described by the equation of
motion and stress-strain relation, given as the follows.
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Here, w represents temporal frequency, p is the density of the medium, u; and w3 represent dis-
placement along the x- and z-axis, respectively, C;; represents the stiffness tensor, o;; denotes stress
component, and ¢;; denotes strain component, where i, j € {z, z}.

To get the final expression, we substitute the expressions for different stresses (Equation 2) in
the equation of motion (Equation 1) and expand the strain terms of displacements. On separating
out the terms component wise, we get the expression as below:
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The above equation requires accurate medium properties, capturing information at all scales, to
simulate the wave propagation realistically. Now we try to upscale this equation using RG theory, for
which we need to transform the above equations in terms of spatial frequencies or wavenumbers. The
conventional Fourier operator typically returns wavenumber components in a mixed form. However,
in this context, we require the wavenumbers in a sorted fashion, i.e., low and high wavenumbers
separated along each axis. For that, a modified Fourier operator (F ) is created, which can be
concisely represented as follows (Hanasoge et al., 2017; Malkoti et al., 2022).
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Here, Fll, Flh, Fhl, th, each represent the part of the Fourier operator that corresponds to a partic-
ular set of wavenumbers. For example, F}; corresponds to the low wavenumbers along both axes, Fjp
corresponds to the low wavenumbers along the first axis and high wavenumbers along the second
axis, and similarly for others. Now, we segregate the operators into two parts- Fl, which contains
only low-wavenumber in both directions and Fh, which contains high-wavenumber corresponding
to any/both directions. It helps us to concentrate on the F} for which the cut-off wavenumber is
specified by the user.

Now, we will use this modified Fourier operator to project the wave equations (3) and (4).
Before that, we have a look at projections of some basic entities, such as- partial derivative, material
parameter (e.g. p, A\, i, etc.), and particle motion u;. Since we are using a discretized model, the
derivative, material parameter, and motion can be represented as 9; — D;, m — M, respectively.



Transforming the equations (3) and (4) requires application of F on both sides and inserting the
FE~! between entities. It is very similar to the way presented in (Hanasoge, 2016; Malkoti et al.,
2022). In the process, we need to calculate the following quantities.
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In material parameters, subscripts «, 3,7, and d are used to indicate elements of the partitioned
matrix obtained using FMF~'. We can use the above-derived expressions to project the elastic
wave equation. We also observe that equations (3) and (4) contain some frequently occurring terms
with a common structure shown below:
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Here, B represents buoyancy (the inverse of density). It will be advantageous to obtain the projected
form for such terms, in the generalized manner, and that can be utilized readily to derive the solu-
tion. The equations derived above for wavefield, derivative, and material parameter equations (6)
to (8) can be used for this purpose.
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Now we come back to the projection of the wave equation equation (3). We see that the projection
of each component yields all right-hand terms as the matrices shown in equation (12).
To simplify the representation, we represent them as an equation in the following format.

WU = AU + BUy , (13)
OJZUH =CUL+ DUy . (14)

Generally, the impact of fine-scale structures in the medium is expected to be more pronounced
on high-wavenumber components of the displacement compared to the low-wavenumber compo-
nents. Consequently, our main aim is to derive a new equation that exclusively involves the low-
wavenumber components of the wavefield, which are predominantly influenced by the smooth, low-
wavenumber structure of the medium. In this regard, solving the above latter equation (w?—D)Uy =
CUyp, which can be substituted back in the first equation, yielding the following.

WU = [A+ B(w? - D) *C|Uy, . (15)

Now it can be seen that the above equation is somewhat similar to the wave equation, except
for the part where the w term appears on the right-hand side. Owing to the low-wavenumber
approximation, (Malkoti et al., 2022) we can approximate it by assuming w ~ 0. The rest of the
part is to compare the coefficients and find an equivalent upscaled material parameters.



3 Numerical Tests

We demonstrate the application of the RG theory-based upscaling approach on field log data and an
anticline model, all of which are elastic in nature. For that purpose, we have followed the workflow
shown in Figure 1. First, we start with the given fine-scale elastic model which contains variation at
all scales. The seismic response of this elastic medium is obtained through numerical simulations.
Next, we derive a coarse-scale (upscaled) representation of the medium using the proposed RG
theory, which inherently accounts for anisotropy. The seismic response of this anisotropic medium
is also generated through numerical simulations. The numerical implementation of RG-based up-

RG upscaling
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Figure 1: The figure gives a bird’s-eye overview of the upscaling process.

scaling requires dividing the complete domain into smaller subdomains to reduce computational
costs. To mitigate artifacts at subdomain boundaries, we adopted the expansion and truncation
technique outlined by (Malkoti et al., 2022). For example, for upscaling a region for o = 2, it
requires extending each subdomain by 8 nodes in each direction, carrying out upscaling, and then
finally 2 nodes were truncated. The portion of the upscaled model that remains after truncation is
used for further analysis.

We employed the anisotropic wave equation Equations (1) and (2) to simulate wave propagation
in both fine-scale (elastic isotropic) and RG-based upscaled (anisotropic) 2D models. The simulation
for isotropic elastic medium were performed using FDwave package (Malkoti et al., 2018) which uses
a staggered grid approach and the vectorized derivative scheme for carrying out the simulation. The
simulation for the anisotropic medium simulations were performed using the rotated staggered grid
(RSG) scheme (Saenger et al., 2000; Zhang and Schmitt, 2025), which is important for calculating
the derivatives properly. We used the full upscaled stiffness tensor in the anisotropic case, which
avoids redundant floating-point operations and improves computational efficiency. A velocity-stress
formulation with a space order of 16 was adopted consistently across all simulations. Wave excitation
was modeled using a broadband Ricker wavelet source located near the surface at the center of the
model, with receivers distributed along the top surface. The maximum frequency content of the
Ricker wavelet is approximated as fiax &~ 1.637x fo (Wang, 2015), where fj is the central frequency;
the minimum wavelength (Amin = Vinin/Fmax) of the medium was calculated using the lowest velocity
(Vinin) in the model and the maximum frequency.

3.1 Hempens model

The geophysical borehole data represent the real Earth at a very fine resolution. This information
can be used to analyze how the fine-scale earth properties are observed at the seismic scale of
resolution. We have used the data from the HPS-01 borehole, Hempens field, Netherlands, which
was operated by Vermilion Oil and Gas Netherlands B.V. We have used the log values in the depth
interval ranging from 1160 m to 1920 m, with a sampling rate of 0.15m. The primary lithological



formations within this depth range include chalk, alternating layers of chalk and chalky limestone,
marl, sandstone, and claystone. The P-wave velocities range from 2514ms~! to 5750ms™!, while

the S-wave velocities vary between 988 ms~—' and 2976 ms~!, as shown in Figure 2.
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Figure 2: P-wave and S-wave velocities derived from field sonic log data for the borehole HPS-01,
Hempens field, Netherlands.

We constructed a 1.5D elastic medium model from geophysical borehole log data and upscaled
it using renormalization group (RG) theory with coarsening ratios ¢ = 4 (22) and o = 8 (23).
The resulting coarse models have grid spacings of 0.6 m and 1.2m, respectively, with the larger
coarsening ratio yielding a smoother representation. A comparison of the stiffness coefficients for
the fine-scale medium and the RG upscaled mediums are shown in the Figure 3. Its upscaled
values are in agreement with the fine-scale values, showing the averaging of the values and thereby
shifting the wavenumber content to the lower side. The values are also compared with the Backus
averaged model, which also gives the effective stiffness coefficients for a stacked layer elastic model.
Backus averaging provides a well-established theoretical framework for computing effective medium
properties in layered media (see Appendix). The Backus average is generally carried out over a
length, L, given by—

Umin
L=«

fo’

where « is a constant (generally taken as 0.1), vy, is the minimum wave speed, and fy is the
dominant frequency. Figure 3 illustrates that RG-upscaled models with ¢ = 4 and ¢ = 8 retain
higher-wavenumber content compared to the Backus-averaged model. However, the ¢ = 8 model
appears smoother, with reduced high-wavenumber details relative to o = 4. This difference in the
wavenumber content of model can be partially attributed to the higher length of Backus averaging
(arithmetic/harmonic) and partially to the correction term (B(w? — D)~!C) (equation (12)). This
term was primarily responsible for incorporating the higher wavenumbers into the low-wavenumber
model, which is generally similar to a spatial averaging filter. The fine-scale model contains the
fastest spatial variations along depth. Upscaling generally reduces high-wavenumber content of
the model. The RG-based models preserve more variability than the Backus-averaged model, with
o = 4 retaining more detail than the smoother ¢ = 8, while the Backus model remains dominated
by low wavenumbers.
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Figure 3: Superposition of stiffness coefficients C11, Cs3, Ci3, and Css derived from RG-based
upscaling (o = 4 and 8), Backus averaging (in black), and direct calculation from velocity profiles
(in gray). The figure in the inset shows the enlarged part of the values to differentiate between
them.

The Backus test gives us a sense of comparison but does not exactly justify whether the upscaling
has been carried out in its true sense that upholds its definition. For that purpose, we have to
simulate the seismogram on the given fine-scale medium and compare it with its upscaled-version
(coarse-scale medium). We have carried out the seismic simulations for both fine-scaled (elastic)
and coarse-scaled (anisotropic) media. These models were discretized on a rotated staggered grid,



enabling fourth-order spatial accuracy while minimizing dispersion errors, particularly in anisotropic
media (Zhang and Schmitt, 2025). For both cases, we have used a Ricker wavelet with a central
frequency of fy = 40Hz as a source, which was placed at the laterally center of the model, near
the surface. The grid spacing was 0.15 m for the fine-scale model and 0.6 m (0 = 4) or 1.2 m
(o0 = 8) for the coarse-scale models. The time step was selected to satisfy stability and dispersion
constraints, with values of 0.01 ms for the fine-scale model, 0.04 ms for the upscaled model (o = 4),
and 0.08 ms for the upscaled model (o = 8), ensuring a CFL number below 0.5. As a result, the
upscaled models require 4 and 8 times fewer time steps than the fine-scale model, proportionally
reducing computational cost and providing a substantial efficiency gain.

The top surface was enforced to be a free surface, where vertical tractions were made zero at the
air-solid interface using the imaging condition (Vidale and Clayton, 1986). The method requires
adding two extra nodes, called ghost rows/nodes, at the top edge of the model, which is the same
for wave simulation in the fine-scale as well as for the upscaled model. A few extra node layers were
used to absorb the reflections at all edges of the model, except the top. The number of absorbing
layers was the same for wave simulation in the fine-scale as well as for the upscaled model. All other
parameters were kept the same for the fine scale and the upscaled/coarse medium.

The output of the simulation can be compared component-wise for the full wavefield. Snapshots

of the horizontal (U) and vertical (V') particle motion in the fine-scale and upscaled models are
shown in Figure 4. The fine-scale model exhibits detailed high-wavenumber variations, including
a prominent downward-propagating parabolic wavefront and scattered energy in both U and V
components. The upscaled model (o = 4) retains the overall wavefield structure but introduces
noticeable smoothing that suppresses fine-scale oscillations while preserving the main wavefront
geometry and amplitude distribution. This smoothing becomes more pronounced for ¢ = 8, pro-
ducing a more homogenized appearance while still capturing the essential propagation features.
Such progressive reduction in detail is a direct consequence of the upscaling process, which averages
out sub-wavelength heterogeneities and enables simulations on coarser grids (1250x 1250 for o = 4,
625x625 for o = 8) without significant loss of low-wavenumber information.
For a more detailed comparison, we examine the seismograms (U and V components) recorded
at the surface, shown in Figure 5. The fine-scale model traces (black) capture phases associated
with the layered lithologies. The upscaled o = 4 traces (cyan) closely overlap with the reference,
exhibiting only minor deviations in phase and amplitude. The upscaled o = 8 traces (red) also
reproduce the main arrivals but show slight mismatches at larger offsets and later times, including
amplitude attenuation and small phase shifts. These discrepancies reflect the stronger smoothing
effect of averaging sub-wavelength heterogeneities on the coarser grid. Overall, both U and V com-
ponents confirm that the RG-based upscaling successfully reproduces the fine-scale seismic response
on coarser grids, with differences primarily due to the loss of high-wavenumber content.

The upscaling process can be carried out up to a certain coarsening level only. This limitation is
introduced by the derivative operator, whose accuracy is limited due to numerical dispersion. For
example, the derivative operator requires more than 13 grid points per wavelength to have the grid
dispersion below 5% (Levander, 1988). In this case, the maximum coarsening value o is defined as
the ratio of maximum allowed size divided by the actual sampling size. In the present work we have
carried out upscaling of the log that was sampled at 0.15m. Let us take an example of a Ricker
wavelet of 50 Hz, which has a maximum frequency content of 81.85 Hz (Wang, 2015). In the given
model the minimum wavelength turns out to be ~12 m. The derivative operator requires nearly
10 grid points per wavelength (Lombard et al., 2008), so the allowed grid size is about ~1.2 m.
For that the maximum coarsening value is 1.2m/0.15m ~ 8. As this method allows us to take the
coarsening value in the power of 2 only, we can use o = 23 = 8. Therefore, we have carried out the
simulation for ¢ = 22 = 4 and ¢ = 23 = 8 only, and compared the resulting seismograms for various
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Figure 4: Comparison of Wavefield snapshots at ¢ = 0.1s for horizontal (U) and vertical (V)
components from the fine-scale and upscaled models.

central frequencies of the source wavelet (Figure 6).

The upscaled model’s response is dependent on the frequency content of the wave traveling in
the medium. For low frequencies, the response may not be affected, but for the higher frequencies,
the response may differ from the original response. We have carried out wave simulation for various
frequencies (fp = 20, 30,40, and 50 Hz) on the fine-scale model, and the upscaled Hempen model
(0 =4,8).

The figure presents a component-wise (U and V') comparison of the fine-scale reference model
(figure 2) and the upscaled models. For o = 4, the upscaled model has a grid spacing of 0.6 m with
1250 x 1250 nodes, whereas for ¢ = 8, the grid spacing is 1.2m with 625 x 625 nodes. The ¢ = 4
waveforms show excellent agreement with the fine-scale model across all frequencies, effectively
preserving both long- and short-wavelength components through RG-based upscaling. In contrast,
the o = 8 model exhibits slight differences in amplitude and phase, reflecting the stronger smoothing
inherent to this coarser upscaling. The close match for ¢ = 4 arises from its moderate upscaling
factor, which retains more fine-scale heterogeneities critical for accurate wave propagation. For
o = 8, particularly at 50 Hz, the amplitude differences and minor phase shifts are consistent with
expectations from wavenumber approximation (Malkoti et al., 2022).
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3.2 Anticline Model

Anticline structure is an upwardly convex folded rock formation and it often serves as a potential
zone for petroleum. The structure above it may have undergone a complex burial history, and thus,
the top structure may have alternate sandy/shaly layers. Such a layered structure may result in
anisotropy and thus may affect the travel time. To mimic a similar geological scenario, we generated
a 2D anticline model (Figure 7). It has thick layers at the bottom and very thin layers at the top,
having rapid variations and an anticlinal shape. Thick layers’ velocities V}, vary between 2000 ms~*
and 6055ms~!, with a velocity perturbation of £100ms~!. The fine layer has alternate velocity
variations of 1800ms~! and 2600ms~ ', respectively, with each layer thickness of approximately
3m. The size of the model is 2560 x 2560 with a grid spacing of Ah = 1. The S-wave velocity
model (V) is derived based on the assumed V,,/V; ratio of 1.8. The elastic stiffness constants for the
matrix are shown in the (Figure 7). Since the model is elastic, the stiffness tensor has C1; = Css,
and C15 = C35 = 0, and thereby the latter is not shown in the figure.
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Figure 7: The components of the stiffness tensor Cj; of the fine-scale anticline model are shown.
The right bottom image shows the arrangement for the source and receivers, where the source’s
location is indicated with a red star and the receiver’s locations are indicated with black inverted
triangles.

In this test, we used a Ricker wavelet with a central frequency of fo = 15Hz, which contains
significant frequency content up to approximately 24.55 Hz. In the anticline model, the minimum
wavelength is ~ 43 m. The derivative operator requires nearly 10 grid points per wavelength (Lom-
bard et al., 2008), so the allowed grid size is about ~ 4.3m. We have selected coarsening ratios
of ¢ = 2 and o = 4, which resulted in upscaled models having 1280 x 1280 and 640 x 640 nodes,
respectively. The stiffness tensor elements of the upscaled anticline model (o = 4) are displayed in
Figure 8.
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Figure 8: The stiffness tensor parameters of the upscaled anticline model (¢ = 4). The panels
represent C11, C13, C33, C15, Cs5, and Css, respectively.

It can be seen that in the upscaled model, C1; # Cs3, and the components Ci15 = C5; and
C35 = (53 are nonzero (Figure 8), while they are zero in the fine-scale model. The upscaled
stiffness tensor components C11, Cs3, and Cs5 exhibit significant variations compared to their fine-
scale counterparts.
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Figure 9: Comparisons of wavefield snapshots at t = 0.6 s for the anticline model in both the fine-
scale and upscaled models (¢ = 2 and o = 4)

We have compared the response of original and upscaled mediums by comparing the seismic
wavefield in both the medium, following the same process explained for previous model. For both
fine and upscaled models, we have used a Ricker wavelet with a central frequency of fy = 15Hz
as a source which was placed near the surface at the center (laterally) of model. The grid spacing
for the fine-scale and coarse scale models were 1m,2m and 4 m, respectively. We employ a 2D
rotated staggered grid finite-difference scheme for wave simulations in the fine-scale isotropic medium
(with three independent stiffness tensor components) and the upscaled anisotropic media (with six
independent components). The wavefield snapshots at ¢ = 0.6 s for the horizontal (U) and vertical
(V) components show direct wavefronts, strong reflections, and diffractions due to the model’s
complexity (Figure 9). The main wavefield features of the w and v components are well matched.
However, the v component inner circle is visible in the fine-scale and upscaled model (o = 2)
but missing in the upscaled model (o = 4), as the higher coarsening ratio homogenizes fine-scale
heterogeneities to approximate effective macroscopic behavior. The surface-recorded seismograms
(Figure 10) further assess the accuracy of the upscaling through the superposition of fine-scale (black,
REF) and upscaled (cyan for o = 2, red for o = 4) waveforms. Differences in horizontal and vertical
components are generally minor, indicating preservation of key seismic characteristics from the high-
resolution model. The upscaled model with o = 2 closely matches the fine-scale waveforms in both
phase and amplitude, while the ¢ = 4 model exhibits slight deviations, particularly in amplitude.
However, near-source locations show noticeable amplitude mismatches in the V' component for o =
4, likely due to the upscaling approximation of near-field effects and local heterogeneities, whereas
at larger offsets, the waveforms align more closely. This alignment demonstrates the robustness of
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RG-based upscaling for simulating wave propagation in anisotropic media derived from the complex
anticline model.

a) Offset [m] [U comp] b) Offset [m] [V comp]
0 500 1000 1500 2000 2500 O 500 1000 1500 2000 2500
0 i I|||||||I||||||||I I I|||||||I||||||||I
—— REF —— REF
URG o =2 URG o =2
— URGo =4 — URGo =4

M l
flli

Time [s]
o

I

N
P

{ I

Figure 10: Superposition of synthetic waveforms computed for the anticline model, comparing the
fine-scale (in black) and RG-theory based upscaled model (in cyan and red colors) solutions. Source
and receiver positions are illustrated in Figure 7.

4 Conclusions

We presented a novel upscaling technique for the elastic wave equation that is based on Renormal-
ization Group theory. It has an advantage in the context of upscaling the medium properties for the
wave. The upscale medium is a coarser representation of the medium which is achieved by correct-
ing the low-wavenumber model for higher wavenumbers. The limit of upscaling is dictated by the
derivative operator, and within these limits, it should preserve kinematic as well as dynamic features
of the wave. We have demonstrated it by carrying out upscaling for various coarsening levels and
then running simulations for various source frequencies. Further, the upscaling values obtained us-
ing RG-theory are in agreement with the values obtained using Backus averaging. The RG upscaled
model has been shown to have relatively higher variations corresponding to high wavenumbers, re-
sulting in improved coarse-scale representations. The Hempens model and the Anticline model, both
isotropic and elastic show the structural aniotropy after upscaling. The simulated wavefields and
shotgather waveforms closely matched those of fine-scale simulations, indicating that the method
reliably preserves essential seismic responses in structurally complex media. Overall, our results
demonstrate that the RG-based upscaling framework offers a robust and accurate way to upscale
the complex, heterogeneous elastic media while effectively preserving key seismic characteristics of
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fine-scale structures, enabling accurate simulations on coarser grids.

Appendix A: Backus upscaling

The Backus averaging (Backus, 1962; Liner, 2014) is a well-established approach for computing
effective elastic properties in layered media when layer thickness is much smaller than the seismic
wavelength. It essentially provids an analytical representation of a complex layered system with a
simplified average property. Backus upscaling requires the elastic velocities (V}, and V;) and density
(p) for each thin layer for computing equivalent anisotropic medium, i.e., transversely isotropic
medium. This upscaled medium captures the long-wavelength behavior of wave propagation by
effectively averaging the fine-scale heterogeneities. The effective stiffness coefficients (C11, Cs3, C13,
and C5) at a coarser scale can be obtained using the following expressions.

1 -1
CH:<)\+2M> ; (A-1)
—1 2
on=1(5550) (i) (rem) (>
-1
013:<A+A2u><x+12u> ’ (4-3)

Cs5 = <;>_1 (A-4)

Here, (.) represents a vertical moving average performed over a given window length, the A and
u are the Lamé parameters that can be calculated using velocities as p = p(Vp2 —V2),and A = pV2.
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