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Abstract. A new tool is developed for simulating three-dimensional (3D) water-wave motion using the first fully variational
3D discretisation in space and time of Luke’s variational principle (VP), with additional focus on the formation and analysis
of extreme waves generated within in-house experimental wavetanks. The resulting “numerical wavetank” is able to emulate
laboratory sea states in which complex wave-wave and shoaling interactions occur. After first transforming the time-dependent
free surface and oscillatory wavemaker into a static rectilinear domain with fixed boundaries using a o-coordinate transforma-
tion, a fully-variational approach is used to derive a system of weak formulations that leads to a non-autonomous space-discrete
Hamiltonian system to which robust (stable and mass-conserving) temporal integrators are applied. Specifically, time-discrete
VPs with second-order Stormer-Verlet and modified-midpoint time-integration have been derived (and directly implemented
through automation) in the finite-element environment Firedrake rather than their explicit weak forms, with spectrally-accurate
higher-order finite elements. Verification and validation of the new tool are demonstrated via a novel convergence analysis and
comparisons of its numerical results with a new analytical solution of three-dimensional two-soliton interaction as well as data

post-processed from wavetank experiments.

1 Introduction

Extreme waves with high amplitudes, particularly rogue waves, may occur in heavy seas: the resulting loads or impact forces
produced by such wave motions can lead to harsh marine environments that may put human lives, ships, and offshore structures
atrisk of serious damage and even destruction. Therefore, understanding and predicting high-amplitude waves and their impacts
is of great significance in the field of maritime engineering, in which such waves are generated in physical wavetanks using
wavemakers that simulate scaled-down model sea states. However, such experimental tests are usually high-cost and time-
consuming to construct and calibrate, which invites consideration of more economical approaches based on mathematical
and numerical modelling: this leads to the development of so-called numerical wavetanks (NWTs). Additionally, NWTs have
attracted increasing consideration as a cost-effective testbed for the early-stage design, analysis and optimisation of wave-
energy converters and ocean-renewable energy systems that may in the future play an important environmentally friendly

means of dealing with the challenging problem of rising global-energy demands Ning et al. (2015); Windt et al. (2018).
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Considerable effort has been invested in the development of numerical models based on potential-flow equations (PFEs)
comprising the Laplace equation on the fluid volume under consideration, augmented by nonlinear kinematic and dynamic
free-surface boundary conditions. By comparison with models based on the Navier-Stokes equations, the governing PFEs are
significantly simplified due to their inherent assumptions of incompressible, inviscid and irrotational fluid flow; accordingly,
fewer computational resources are required when carrying out PFE-based simulations. Moreover, comparisons with experimen-
tal investigations have shown that PFE-based numerical models are able to produce sufficiently accurate results that are relevant
to practical problems. Hence, a balance between computational efficiency and accuracy can be achieved by the application of
a nonlinear potential-flow model, for large temporal- and spatial-scale wave simulations Engsig-Karup et al. (2016).

Many prior PFE-based simulations of water waves and their interactions with solid boundaries have been conducted through
(more conventional) numerical methods including, inter alia: boundary element methods (BEM) Grilli et al. (2001); Bai and
Eatock Taylor (2006); Fochesato and Dias (2006); Fochesato et al. (2007); Ning et al. (2015); Grilli et al. (2020) in which
only the domain boundary is discretised; field solvers, in which the entire domain is discretised, such as the finite difference
method (FDM) Li and Fleming (1997); Bingham and Zhang (2007); Engsig-Karup et al. (2009); Wang et al. (2019), the finite
volume method Lin et al. (2021), and the finite element method (FEM), the latter which is adopted in this work to be discussed
separately. Apart from the classical FEM, high-order FEMs have also been developed for modelling nonlinear water-wave and
wave-structure interactions, for example, the spectral-element method (SEM) Engsig-Karup et al. (2016); Engsig-Karup and
Eskilsson (2019) and the spectral/hp-element method Karniadakis and Sherwin (2005); Xu et al. (2018).

In Wu and Eatock Taylor (1994, 1995) the FEM was used to solve nonlinear PFEs describing two-dimensional (2D) nonlinear
free-surface wave dynamics driven by a piston wavemaker. The model in Wu and Eatock Taylor (1994, 1995) was extended to
analyse sloshing waves in a three-dimensional (3D) rectangular tank undergoing translational motion Wu et al. (1998), and the
FEM was also applied in Ma et al. (2001) to analyse non-linear 3D interactions between waves and fixed vertical cylinders.

A quasi arbitrary Lagrangian-Eulerian finite element method (QALE-FEM) was developed in Ma and Yan (2006) for sim-
ulating water waves based on fully nonlinear potential theory, thereby successfully overcoming the challenge of repeated re-
meshing through a bespoke moving-mesh technique. The model in Ma and Yan (2006) was validated by simulating wavemaker-
generate nonlinear waves, and their interactions with a geometrically complex seabed, and then used to simulate free nonlinear
responses of 2D Yan and Ma (2007) and 3D Ma and Yan (2009) floating bodies to steep waves. A further development Yan and
Ma (2010) was made to enable the QALE-FEM to model 3D overturning waves over complex seabeds efficiently. In Cai et al.
(1998) a numerical method was developed for solving fully nonlinear water waves based on a domain-embedding approach
that used a time-dependent mapping of the water volume onto a fixed solution domain.

In this study we present novel analyses and a computational tool for simulating 3D nonlinear water waves arising in two con-
texts: high-amplitude waves generated by in-house experimental wavetanks (at the Maritime Research Institute Netherlands),
and; waves accruing from the interactions of 3D oblique solitons that can occur frequently in nature Ablowitz and Baldwin
(2012); Kodama (2018). The analysis is based on a fully nonlinear potential-flow water-wave model, and the numerics are

conducted through a consistent and novel space-time discretisation in 3D based on the governing variational principle and as
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such implemented in the general finite-element environment Firedrake Ham et al. (2023); McRae et al. (2016); Bercea et al.
(2016); Homolya and Ham (2016).

Accurate capturing of the formation and evolution of high-amplitude waves requires not only high-fidelity spatial-discretisation
techniques but also robust temporal schemes in order to minimise dissipation caused by numerical simulations. Extra attention
therefore needs to be paid when using the potential-flow model, wherein wave dynamics are considered in all three spatial
dimensions. To fulfill our primary goal (of three) of pursuing improved modelling of nonlinear high-amplitude waves, this
research draws on and builds upon a variational principle (VP) originally proposed by Luke Luke (1967), and successfully es-
tablishes a fully VP-based and as such novel approach in which consistent higher-order VP-based discretisations are employed
in space and time in order to ensure the conservation of physical properties and to eliminate dissipation. In particular, one- to
fourth-order continuous Galerkin (CG) spectrally-accurate Gauss-Lobatto-Legendre (GLL) polynomials, respectively CG1 to
CG4, are used in the horizontal while in the vertical direction the same or even higher-order GLL-polynomials are deployed
across a few elements or only one element. In addition, symplectic temporal-discretisation schemes —namely second-order
modified-midpoint and Stormer-Verlet— are adopted in order to maintain stability and avoid energy drift in the simulations.
The order of convergence, robustness and validation of the above-mentioned discretisation strategies are verified through a
series of varied test cases (“TCs”).

Wavemakers are widely used in the maritime industry to generate scheduled wave conditions in experimental wave basins: in
our NWT, a piston wavemaker is considered so that wavemaker signals from real basin tests, e.g. time series of displacement,
velocity and acceleration, can be applied directly as boundary conditions in the numerical simulations. Additionally, a non-
uniform seabed is also taken into consideration. These two features, together with the potential-flow water-wave model, afford
a physically faithful NWT (i.e., including the factual wavemaker motions), thereby fulfilling our second goal. However, they
also raise the complexity of the NWT due to the presence of an a priori unknown free-surface elevation. That complexity is
removed via the bespoke 3D o-coordinate transformation acting on the free-surface in Li and Fleming (1997); Engsig-Karup
et al. (2009); Cai et al. (1998). Here, it is extended to incorporate both the spatio-temporally varying wavemaker and seabed
boundaries, with the physical domain transformed into a stationary computational domain within the VP. Hence, the mesh
needs to be generated only once, at initialisation.

Our third and final goal is to verify and validate the NWT in five test cases (TCs) and make these openly accessible via online
sharing (on GitHub) of source codes, with the aim of facilitating reproducibility and further development. When building the
computational model using Firedrake, two approaches are adopted, the first of which follows the traditional path in which
weak formulations are derived manually from the transformed VP and thereafter formulated explicitly in the code. By contrast,
our second, and new, main approach is based on the time-discretised VP, for which the weak formulations are generated
automatically and implemented implicitly using Firedrake’s inherent ‘derivative’ functionality; this approach both shortens
the development time and reduces the risk of introduction of human error. The consistency between the two approaches, as
confirmed by comparisons of several TCs, underpins the comparative accessibility of the latter. Moreover, by using an MPI call,
the simulations can be performed in parallel with no additional changes or coding, courtesy of the in-built parallel computing

features offered by Firedrake.
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The flexibility of the present model lies in not only its capability of modelling various wavetank settings, but also its potential
to be adapted to a wide range of problems. For example, the degree of the polynomials (i.e., the spatial order in horizontal
and vertical directions) can be readily adjusted via amendment to the code. Moreover, by switching off the wavemaker and
specifying a seabed, the NWT can be used to investigate wave-sloshing problems such as liquid motions in storage tanks Wu
et al. (1998). If we take the further step of imposing periodic boundary conditions, the hitherto-finite wavetank becomes a
semi-infinite pool wherein the interaction of solitons can be numerically investigated, as in TCS.

The outline of the remainder of this paper is as follows. The variational nonlinear potential-flow model is introduced in
section 2, along with the 3D coordinate transformation leading to the transformed VP. The variational numerical model is
developed in section 3 for implementation in Firedrake. The model is verified and validated via five TCs in section 4. It starts
with standing-wave solutions of 2D linear PFEs (TC1), based on which (also new) spatial-temporal convergence analyses are
performed both qualitatively (TC2a,b) and quantitatively (TC2c), followed by a 3D temporal convergence analysis with an
oscillating wavemaker and a non-uniform seabed (TC3). The model is then validated against two test cases involving high-
amplitude waves. The first uses experimental data provided by the Maritime Research Institute Netherlands (TC4 Bunnik
(2010)). Seeding the PFEs with a newly devised analytical two-soliton-interaction solution of the Kadomtsev—Petviashvili

equation (KPE) provides fourfold wave amplification (TCS), extending Choi et al. (2022). We close with a discussion.

2 Variational nonlinear potential-flow model

Water waves are often described by the Laplace equation for the velocity potential ¢(z,y,z,t) as a function of horizontal
coordinates = and y, vertical coordinate z and time ¢, augmented by two nonlinear boundary conditions (BCs): a kinematic
BC, which expresses that the boundary moves with the fluid, and a dynamic BC, derived from the unsteady Bernouilli equation,
which expresses the conservation of momentum. These equations describe the dynamics of the total water depth h(x,y,t) =
H(z,y)+n(z,y,t), where H(z,y) = Hy — b(x,y) is the depth at rest and 7(x, y,t) is the surface deviation from H (z,y) with
topography at z = b(x,y), and of the velocity potential ¢(x,y, z,t), which is defined such that the velocity field u = (uz, uy, u.)

is expressed as u = V¢. In this study, the nonlinear, potential-flow equations

V26 =0,in Q, (1a)
Oth+V(h+b)-Vé—0.0=0, at z=b(z,y)+h(z,y.t), (1b)
(’9t¢_1-%|V¢\2+g(b+h—Hg):O7 at z=b(z,y)+ h(z,y,1), (1)
Opp— 0yd0,R=0R at x=R(y,t), (1d)

120 where g is the gravitational constant, are obtained from Luke’s variational principle Luke (1967) for an inviscid fluid:

T b(z,y)+h(x,y,t) .
0:5// / {8t¢+2lv¢2+g(z—H0) dzdzdydt. 2)
0 Qqz y b(z,y)
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Figure 1. Schematic of the numerical wavetank. Waves are generated by a vertical piston wavemaker oscillating horizontally at z = R(y,t)

around x = 0. The depth at rest H (x,y) varies in space due to the nonuniform seabed topography b(z,y), here starting at z = x.

The horizontal domain Q, , = {R(y,t) <x < L,;0 <y < L,} is time-dependent due to the wavemaker boundary given
by « = R(y,t) (c¢f. Fig. 1). Similarly, the upper boundary of the domain, at z = b(z,y) 4+ h(z,y,t), moves around the rest
depth z = Hy with deviation 7(x,y,t) therefrom. We use the oceanographic convention with the free surface at rest residing
at z = Hy. The numerical domain must therefore be discretized with a time-dependent mesh, with moving boundaries at
x = R(y,t) and z = b(z,y) + h(x,y,t), noting that the water depth h(x,y,t) is an unknown that itself needs to be solved as
part of the solution. A o-coordinate transformation akin to the one introduced by (Engsig-Karup et al., 2009) is used to solve
the equations on a static domain, such that the transformed upper and moving wavemaker boundaries are fixed so that no mesh
movement in the new vertical coordinate direction is required. Extending Engsig-Karup et al. (2009), we therefore introduce
an additional coordinate transform in the z-direction to prevent the left-hand boundary from moving in the computational or

transformed domain. The resulting computational domain, as represented in Fig. 2, is defined as

0={0<#<Ly;0<j<Ly;0<2< H}, 3)

where Hy = max H(x,y). It is obtained from the initial domain
IS

Q=A{R(y,t) Sz < Ly;0 <y < Ly b(x,y) < 2 < h(w,y,t) +b(z,y)}
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Figure 2. A depiction of the fixed, computational domain ) as defined by (3).
through the following transformations:
-R t

¢ = f:w% (4a)

L., — R(z,y,t)
y = U=y (4b)

Hy
- Z=(z—-0b 4

z 2=(z (x’y))h(az,y,t)’ (4c)
t —  t=t, (4d)
wherein L,, = O()\), with A being a typical wavelength generated by the wavemaker and
~ R(yvt)7 lfoLum

0, ifx> L.

In Eq. (5), ©(-) denotes the Heaviside function such that the coordinate transform is effective in only the area x € [R(y,t), L],
with L,, = O(\) as quantified above involving a typical wavelength \: in this way, one can couple the water subdomain with
the wavemaker without the need to transform in the x-direction for L,, < x < L,. Note that the beginning of the seabed topog-
raphy is set at © = xp > L, so that H(&,y) = H(x,y) since the horizontal domain is transformed only in the limited region
near the wavemaker where the topography is constant, with H (z,y) = Hj. The transformation (4) ensures that the new vertical

coordinate is everywhere 2 = [0, Hy), such that solutions are expanded on a fixed mesh.



Transforming variational principle (2) using (4), dropping hats and multiplying by a factor Hy L,, leads to (g.v. Appendix A):

0 5///1L2 ( ]1Z(H0bm+zhm)¢>z>2

OszO

150

1Wh u L Hyb h Hb hy i

1. HZ 9
+§WT(¢2’>

X - h
+Wh (qﬁt _ % <WRthx + ht) b, + = thbz gz — H)) dzdzdydt,

o, (6a)

155 wherein subscripts denote partial differentiation and {2, .y the fixed horizontal domain, i.e. ={0<z<L,;;0<y<L,},

with

X(x) =z — Ly (6b)
U(z,y,t) =X Ry (z,y,t), (6¢)
W($7y7t) :Lw - R(l‘,y,t) (6d)

160

The equivalent of the VP in Miles (Miles, 1977), in transformed coordinates is obtained, after using integrations by parts in
x,z and t for the last four terms in (6a) and a sign reversal:

o:&/T/ [Ho(z/)(Wht+XRtlzI)—gWh(;h—H))

1 2w 1
/§W o = 7, (Hobs + 2h2)2)’
0 (7)
2

% ( [ — Hob + zhy )¢z]+¢y (Hob +zh )(;5)
Ly Hy

1. H? 5

+2W}:’(¢2)2dz}dxdy—//(Lth¢h)m_odzdydt,

0 0

in which we have introduced surface potential ¥ (z,y,t) = ¢(x,y,z = Ho,t). Note that the term —(x — L,,) Ry 6(x — Ly ) h,

165 arising when integrating (6a) in ;, is zero in the weak form, given that the contribution of §(z — L,,) is zero due to the presence
of the factor (xz — L,,). The transformed nonlinear potential-flow equations may be obtained from the variations of & and ¢ in
(6a) or (7). Also, it should be noted that the double-underlined gradients of the topography b in the kinetic-energy expression in

(7) can be ignored in a so-called mild-slope approximation, as employed by Gidel (2018). However, only simulations without
this mild-slope approximation will be performed and analysed.
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In more abstract form, (7) can be rewritten as follows
T
0= 5/ { / HoWphy ddy + Hlh, b, ¢, F] +R[h,w,¢7R]}dt ®)
0 a,,

with the underlined terms in (7) collected in R, whilst 7{ still depends on R(¢) (and thus explicitly on time ¢) but only through
U and W, cf. (6¢) and (6d).

3 Numerical model based on time-discrete variational principles

The next step is to formulate time-discrete versions of the variational principle (VP) (7) in the fixed coordinates used. Sub-
sequently, these time-discrete VPs are implemented directly into the finite-element framework “Firedrake”, using spectrally-
accurate Gauss-Lobatto-Legendre (GLL) spatial polynomials on continuous-Galerkin function spaces. Automated yet partial
variations (Alnaes, 2011; Alnaes et al., 2013) of these time-discrete VPs with finite-element GLL-expansions then directly
and exactly yield the algebraically-complicated weak formulations. These variations are “partial” in that the bespoke Firedrake

derivative-command takes care that the order of the highest derivatives present in the VP is preserved.
3.1 Time-discrete variational principles of second order in time and spectral accuracy in space

The time-discrete VPs for two second-order variational time-integrators are presented over one time-slab ¢ € [t",t" + At =
t"*1] with time node t", discrete n =0,1,... and fixed time-step At. The variational structure of (7) for wave fields in
time is akin to the variational structure of a canonical classical-mechanical system, the latter with momentum and conjugate
momentum as variables. Given that the time-discrete variational principle for the latter is readily derived over one time-slab
for the modified-midpoint and Stormer-Verlet time-stepping schemes (Choi et al., 2024), one can immediately state the time-
discrete VPs used. To deal with the explicit time-dependence in the VP (7), resulting it to be a non-autonomous system, time
t =t(7) is redefined as auxiliary variable, either as a “momentum” or “conjugate momentum” variable with a new pseudo-
time 7. In either case, the (trivial) equation for the time evolution reads: d¢/dr = 1 with initial condition ¢(7 = 79) = to and
to = 7o such that ¢(7) = 7. This renders the non-autonomous system in time autonomous in auxiliary time 7. Subsequently,
these geometric time-stepping schemes for autonomous variational or Hamiltonian systems can be applied.

The implementation into Firedrake requires the following partitioning of the velocity potential

O(x,y, 2,t) =(x,y,8)0(2) + (2,9, 2,t) )

into a free-surface potential ¥(x,y,t) = ¢(x,y,z = Hyp,t) with vertical structure function (Z)(z) obeying gﬁ(z = Hp) =1 at the
(transformed) free surface z = Hj, and a homogeneous Dirichlet boundary condition on ¢(z,y,z = Hy,t) = 0. In terms of

these reformulated variables, the modified-midpoint (MMP) time-discrete VP for potential-flow dynamics over one time-slab



reads

n+1 n n+1 n+1 n n
_ n+1/2 n+1/2h —h . n+1/2w W _1/] w
0—5{7/ {Ho (d) w — h A
z,y

" ¢n+1/2XR’tn+1/2 P2 gt/ 2t/ (%hn+1/2 B H))

Ho
1 L2 n+1/2( 7 n+1/2 n+1/2 1 n+1/2 n+1/2 7 n+1/2 2
= [ et (B g (Hoba b (075 4 2)

1 n n Un+1/2 oomn n 1 n n n n
+ W <Wn+1/2 {fﬁ%“m + Qi — s (Hobs + 2R 2) (778, + <pz+1/2)] (102)

2
2omn n F[l n n In n
d} +1/2 +1/2 1 . ( hy+l/2) (w +1/2 +1/2)>

1 ny1j2 HE n+1/2 7 n+1/2\?
+§W Ve (w D+ 2 ) dz|dzdy

Ly Hy
0

wherein variations are taken with respect to {h"1/2 ¢n+1/2 ,n+1/21 Subsequently, we impose

(Lw R?H/Q (wn+l/2$+wn+l/2)hn+l/2) dzdy},
x=0

0

200 ATl =2p"tY/2_p" and Yt =2¢n Y2y, (10b)

The last two linear equations are used to eliminate {h"*1 1" +1}, whereafter the fully coupled system is solved for { h"+1/2 oy +1/2 1/

to enable the final update for {h"*1 ¢)" 1}, Starting at n = 0, initial conditions for {h,} are used.



The Stérmer-Verlet (SV) time-discrete VP for potential-flow dynamics over one time-slab reads (i.e., the time-discrete VP
for (52) derived in Bokhove and Kalogirou (2016) is used here)

hn+1 _ hn hn+1 hn
_ H, n+1/2 n+1/2 _ yntl n+1 n n v
0 5{/|: 0<¢ w SN PUTW AL +y"W Al
@,y
nt1/2 ynt1/2 pr1/2Ll (ong1 0ROl ontase| (L nflon
22 R 2(hx +hx> oW {h (2h H)+h (2h H)

Hy )
71/1 Ly, hn+1( ﬁ+1/2¢+ "+1/2
0

2
(Hobg + zh2*™) (w”“”éz + w?“m))

Wn+1/2 hn+1

1 L3
2 Wn+1/2

1 n+1/2; n+1 Un+1/2 n+1/2 7 n+1/2 n+1 n+1/2 7 n+1/2
+ §W h Wwntij2 |V P+ hn+1 (Hobe +zh™") (d’ b=+ 2 )
205 Y

2
+wn+l/2¢+ n+1/2 — (Holjﬂ+2hn+l)<¢n+l/2<lgz+<,0?+1/2)>

n n n n 1 n n " 2
+ h (¢z+1/2¢+ Qrt1/2 = (Hobz + zhiy) (1/1 /2G4 +1/2))

1 n+1/2;n Un+1/2 n+1/2 7 n+1/2 1 n n+1/2 7
+§W h Wwnti/z | Y= P+ hT(Hb:T +zh )(d’ ¢Z+902)

2
+¢n+1/2¢+ n+1/2 = (H02+th) (wn+1/2qu+¢z+1/2)>

2 hn+1 hn

Ly Hy
1 N n i n n n
3 ] [ (R (g () ) dZdy}’
x=0
0 0

in which variations are taken with respect to {h", "1/} to update {p"*+1/2 "+1/2} in unison, then ¥"*+1/2 to update

4+ Wn+1/2 Ho (wn+1/2qu+w?+1/2)2+;Wn+1/2Hg(wn+1/2(2)z+@2+1/2)2d2:| dzdy

hnt1, and finally A™*! to update to yp" 1. These time-discrete VPs (10a) and (11) are directly implemented into Firedrake with
spectral GLL continuous-Galerkin finite-element expansions of the fields involved. The weak formulations are then derived in
automated fashion, thus reducing time-to-development and human error.

210 The partitioning of the velocity field can be used in various ways. One can take qAS(z) =1 and use multiple elements in the
vertical, with the same or different GLL-polynomial order in the horizontal and vertical. Or one can have only one element in
the vertical and exclusively use the GLL higher-order polynomial ¢(z) with ¢(z = Hp) = 1 of order p, as well as lower-order,
different GLL-polynomials per element in the horizontal. The latter is akin to the variational discretisation in Gidel (2018), who
exclusively used weak formulations stemming from a VP and standard Lagrange polynomials in one vertical element, which

215 procedure suffers from Runge-effects for higher-order standard Lagrange polynomials. For intermediate and shallow-water

waves, higher-order p-refinement over one element may be advantageous but that requires further investigation.

10
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For the SV scheme the time-step restriction, based on analysis of a harmonic oscillator with frequency wy,ax (cf. Hairer et al.
(2003)), is Gidel (2018)

Al = CFL(2/wmas), (12)

with Courant number CF'L < 1, whereafter we use the dispersion relation for linear water waves, wiax ~ 1/ gk tanh (kHy),
together with wavenumber k& = 27 /Az in order to estimate the corresponding minimum mesh resolution Axz. The MMP-
scheme is linearly unconditionally stable (it is then a Crank-Nicolson scheme) but the time-step used is essentially the same as

the one for SV.

4 Verification and validation of the numerical model

Different aspects of the numerical model will be verified and validated via five test cases (TCs). In TC1, it is verified against
exact standing-wave solutions of linear, potential-flow equations in the absence of a wavemaker and above flat-bottom to-
pography. Spatial and temporal convergence analyses in 3D are then undertaken in the presence of an oscillating wavemaker
and non-uniform seabed topography for TC2 and TC3. The model is validated against 2D freely available wave-tank measure-
ments concerning wave groups propagating over a flat-bottom topography (TC4). A final 3D test case TCS involves two-soliton

interactions with maximum fourfold wave amplification.
4.1 TCI1: Verification against standing-wave solution

To directly verify the accuracy, effectiveness and reliability of the computational model, the code is first tested against exact

standing-wave solution of 2D linear potential-flow equations for the case with a resting wavemaker and flat bottom:

V=0 on Q, (13a)
O =0.¢9 0O¢p=—gn at z= Hy. (13b)

The exact standing-wave solutions of (13) for 7 and ¢ in a rectangular domain (z, z) € L, x Hj are given by

n(z,t) = cos(kx)[Acos(wt) + Bsin(wt)], (14a)
d(x,2,t) = cos(kx) (e + e7F*)[— Asin(wt) + Bcos(wt)]/w, (14b)

where k = 2wm/ L, is the wave number with m a positive integer, and the dispersion relationship is

w = \/ghtanh(kHp). (14¢)

Both the modified-midpoint and Stormer-Verlet time-stepping schemes are implemented in TCI1, and the unknowns are
initialized with (14a) and (14b). In the Firedrake environment, the partition (9) is implemented in the following way: one

element with Lagrange polynomial of order n, is adopted in the vertical direction, and qAb(z) is chosen to be a GLL polynomial

11
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in the same order. The numerical computation is performed with L, = 27, m = 2, A = B = 0.01 (thus determining the initial
conditions) and, given Hy = 1.137 with cosh(kHy) = g/2, (14c) determines w. The number of elements in the z-direction
and the nodes in the vertical direction are set as N, =126 and N, =n, + 1 = 7, respectively. The time step is set as At =
min{Axz,Az}/7. The simulation stops at t = 37}, with period T, = 27 /w. For both schemes, the comparison between the
nonlinear numerical solutions and (linearly) exact standing-wave solutions for h(z = 0,t), ¢(z =0,z =0,t) and ¢(z =0,z =
Hy,t) over time are shown in the second and third row of Fig. 3, plotted as dashed and solid lines respectively. Numerical
results agree well with exact solutions for both schemes.

We also monitor the energy evolution of the system over time, which is shown in the top row of Fig. 3 for the two schemes
in blue solid lines, to verify the consistency of the temporal schemes. It can be seen that for both schemes the energy shows
no drift and has bounded oscillations, while the amplitude for the case using the modified-midpoint scheme is much smaller
than that obtained when using the Stormer-Verlet scheme. Logically, for this nearly linear test, since the former scheme has
exact energy conservation in the linear limit. In addition, the energy evolution is also recorded when case TC1 is recomputed
with a halved time resolution, for which the corresponding results are shown as cyan lines in Fig. 3. It can thus seen from the

quadratic decreases in energy variations that both schemes have second-order temporal accuracy.
4.2 TC2: Convergence analyses

In this section, discussions build on the same problem considered in TC1, but the focus is shifted to examining the order of
convergence for the present model. Specifically, convergence analyses are performed to investigate the effects of three factors,
i.e., horizontal mesh resolution Az, vertical structure n, and time resolution At, on the numerical error, in which process the
order of accuracy in space and time for the model emerges. The order of convergence will not only be studied qualitatively but
also quantitatively. The former is backed by a reference solution whereas an approximated evaluation can be obtained by the

latter approach.
4.2.1 TC2a: Spatial convergence analysis

Interpolation with first-order continuous Galerkin (Lagrange) polynomials (CG1) yields second-order spatial accuracy Smith
(1978). To verify this spatial accuracy, we solve the nonlinear potential-flow equations with the modified-midpoint scheme in
a 2D domain with initial conditions specified with (14a) and (14b).

Serving as the foundation, a computation on a rather fine spatial and temporal resolution is conducted, whose results are
taken as the reference solution u,.¢, based on which the errors of the subsequent simulations can be quantified. This resolution
is set as N, 5 = 3200, n, = 64 and Aty = Axs /27 with Axy = L, /N, , where the subscript f denotes the finest. The error

against u.e; will be measured by L2- and L>-norms, and they are evaluated based on the discrete field data as follows:

2
Epz(u") = [[u" — |2 :\/Z (uf = “?ef,i) , and
i

Epee (u") = |[u" = ugee|loo =max fuif —ugee i, (15)
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(a) Modified-midpoint scheme (b) Stormer-Verlet scheme

Figure 3. TC1: Energy variations (top row) and comparison between the numerical solutions and exact standing-wave solutions of linear

potential-flow equations (middle and bottom rows) using (a) modified-midpoint and (b) Stormer-Verlet time-stepping schemes.

where u" represents the numerical solutions at time ¢” and ¢ designates the discrete evaluation points. Solutions of water depth
h(x;,t™) and free-surface velocity potential ¢)(x;,t™) are evaluated at the vertices of this finest horizontal mesh in subsequent
simulations.

A series of computations with five different horizontal resolutions are conducted to verify the order of convergence in space
(TC2a). Starting with N, = 50, the mesh is refined by doubling the number of elements till NV, = 800, whereas n, = 32 and
At = 2Aty remain unchanged. L?%- and L*-errors £;» and Ep, computed for solutions h; and 1); at t = 3T}, =~ 4.3s, are
respectively shown in Figs. 4(a,b). By comparison against the red reference line with slope 2, it can be seen that the error
decreases quadratically upon mesh refinement. Hence, CG1 yields second-order accuracy in space.

A preliminary investigation is also carried out on the Lagrangian-interpolation error of the vertical discretisation. n is varied
between 2 and 32 while N, = 800 and temporal resolution At = 2Aty are fixed. Errors calculated from h; and ; at ¢ = 3T,
are shown in Figs. 4(c,d) in semi-log scale. It suggests that the error decreases exponentially as the order of the polynomial n,

increases, but then reaches a plateau when n, > 6, where the overall error is dominated by other factors. Given that the two

13
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rightmost points at the edge of the plateau in Fig. 4(c) (Fig. 4(d)) and the two leftmost ones in Fig. 4(a) (Fig. 4(b)) are obtained
from the finest mesh in TC2a and correspond to the same computation, the occurrence of the plateau is attributed to the (finite)

horizontal resolution used here.
4.2.2 TC2b: Temporal convergence analysis

Following TC2a, the order of convergence in time can be similarly verified. Six refining-by-halving temporal resolutions
are selected with At decreasing from 64Aty to 2At,, while the spatial resolution remains unchanged, with N, = 800 and
n. = 32. Results at t = 37, are shown in Figs. 4(e.f). At the first stage when At > 16Aty, the error decreases in parallel with
the red reference line of slope 2, indicating that the time-stepping scheme is second-order. As the time step becomes smaller,
the error diverges from the quadratic relationship and a further decline is suppressed. This may partly be attributed to the
chosen spatial resolution. More importantly, it raises the concern that the reference solution is also based on a finite (although
fine) resolution and consequently, there exists an inherent error accompanying u,.¢. This drawback will be overcome with the

approach presented in TC2c, where u,f is not required.
4.2.3 TC2c: Advanced and novel convergence analysis

A spatio-temporal convergence analysis can be conducted by assuming that the computed u at a chosen point (x, z,t) in space
and time has a truncation error, relative to the exact value wu, that is a linear combination of errors in the individual variables,

namely
u—ug = A(Az)P + B(AY)?+ C,,, (16)

in which A, B,p and ¢ are constants and the Lagrangian-interpolation error is of the usual form

(nz+1) nz
uy (¢ T =), (17)
=0

C = —-—
" (n, +1)!
in which the z; are the interpolation nodes and ¢ € [z, z5,_]. Thus, in contrast to the locally constant coefficients comprising
the errors in  and ¢, the leading error in z is a polynomial that depends upon the global distribution of nodes, which precludes

explicit estimation of C,_ in (16). However, progress can be made as follows.
For each point (z,z,t), we compute thirteen values of w using different resolutions Az in the horizontal direction x,

Lagrange-node count n, in the vertical direction z, and time step At. Using the subscripts ¢, m and f to denote coarse,

15
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medium and fine resolutions respectively in both = and ¢, the thirteen required numerical values are

Uere = Uerc(Az =h,n, =1, At =k)  Upnre = Unpe(Dz =h/2,n, =1, At = k)
Ufre = Upre(Az =h/4n, =1, At =k)  Ucrm = Uerm(Dxz =h,n. =1, At =k/2) (18a)
Uery = tUerf (AT = h,n. =1, Al = k/4);
Uese = Uese(Ax = hym, = s, At =k) Umse = Umsc(Ax = h/2,n, = s, At =k)
Use = Upsc(A2 = h/dne =5, M =k)  tesm = Uosm (A2 = honz = 5, At = k/2) (18b)
Ucsf = Uesf (AT = h,n, = 5, At = k/4);
Ueve = Ueve(Az = h,n, = v, At = k) Umve = Umue(Dz = h/2,n, =v,At = k) (18¢)
Uepm = Uepm (Ax = hyn, = v, At = k/2),

wherein the three values of n, in the above computations satisfies v > s > r. With the first five computed with n, = r in (18a),

we calculate the two quantities

Rp _ Ucre — Umrce and Rq _ Ucre — Ucrm ’ (19)
Umre — Ufre Ucrm — Uerf

using which yields

o = Rptmpre n Ryuerm B (RpRy — N)tiere Gy pa InR, ~ InR, 20)

R,—1 ' R,—1 (R,—1)(R,—1) m2 T w2
which respectively correspond to the extrapolated value ug of u (i.e. as Az, At — 0 and n, — c0), an estimation of the order
of convergence in the x direction, and an estimation of the temporal order of convergence.

Although p, in (20) holds for one point in space and time, the spatial order of convergence can still be evaluated based on
the field data by replacing the differences in I2,’s expression with suitable norms, which is eventually equivalent to the formula

derived for the regularly refined-by-halving meshes from Atiken extrapolation Salwa et al. (2017a):

5 = log, Jtm = tell @
[ug =t

where only one subscript highlighting the horizontal resolution is kept for u; and || - || represents either the L? or L>-norm, as

defined in (15).

It is then applied to the five computations in TC2a to verify the order of convergence in space, without consulting the
reference solution this time. The results are summarized in Table 1. For any group, the error norm between vy and u,, is
approximately a quarter of that between u,,, and u. at any time over the whole time-period ¢ € [0, 37},], resulting in an averaged
S 2.

Recalling definition p; in (20), the temporal order of convergence can also be evaluated by applying (21) onto three compu-
tations with refined-by-halving time steps, i.e., the triple {u., %, ,u s} in (21) now stands for solutions from coarse, medium
and fine temporal resolutions, respectively. Based on computations in TC2b, the results for the temporal order of convergence

are summarized in Table 2. It is verified again that the modified-midpoint scheme has second-order accuracy in time.
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Groups of solutions {u s, um,uc}

Data source
N, € {800,400,200} N, € {400,200,100} N, € {200,100,50}

h(z;,t™) 1.9878; 1.9996 1.9965; 1.9984 1.9977; 1.9943
(xs,t™) 1.9883; 1.9995 1.9965; 1.9979 1.9970; 1.9939

Table 1. TC2a revisited: Spatial order of convergence 52 and 5., averaged between ¢ = 0 and ¢ = 3T, calculated based on L?-norm (before

the semicolon) and L°°-norm, respectively, using the five groups of solutions with regularly-halved horizontal mesh resolutions Az in TC2a.

Groups of solutions {uf, wm,uc }
Data source

At e {2,4,8}Atf At e {4,8, 16}Atf At e {8, 16,32}Atf At e {16,32,64}Atf

h(zi,t™) 2.0000; 2.0000 2.0000; 1.9999 1.9998; 1.9997 1.9990; 1.9986
Y (x,t") 2.0000; 2.0000 1.9999; 1.9999 1.9997; 1.9998 1.9986; 1.9988

Table 2. TC2b revisited: Temporal order of convergence 32 and 5., averaged between ¢t = 0 and t = 37T}, calculated based on L*-norm

(before the semicolon) and L°°-norm, respectively, using the six groups of solutions with regularly-halved time steps At in TC2b.

In (20), it remains to estimate C,.. Because A and B in (16) are constants dependent upon the local value of = and ¢, they do
not change with n, for fixed x,. Equivalently, neither do R, and R,. Thus, by the first equation in (20) and the three values in

(18b) computed with n, = s, there follows

Rpumsc uncsm (Rqu - 1)ucsc
_ _ _c.. »
SR 1 T R -1 (Ry—(R,—1) (22)

Subtracting the two expressions for ug then yields

Rp(um,rc - umsc) Rq(ucrm - ucsm) (Rqu - ]-)(ucrc - ucsc)
r— LUs — — . 2
Cr =G, R,—1 ' R,-1 (R, 1)(R,— 1) 23)

Based upon the (physically reasonable) assumption that variations in u are smoothly differentiable with respect to z to order
s+ 1, the inverse-factorial decay of the truncation error (17) means that |C| < |C,.| when s > r, and we thus approximate the

left-hand side of (23) by C, alone. Inserting this approximation of C,. in (23) into the expression for ug in (20) finally yields

Rpumsc uncsm (RPRQ - 1)U’CSC
N _ 24
W R TT TR (B (R, 1)’ (24)

which reflects the negligibility of Cy in (22) and gives the value to which computations of u should converge. Specifically, the
preliminary test on the effect of n, (cf. Figs. 4(c,d)) offers a posteriori confirmation of the argument used to neglect Cs. The
argument can be further verified by a slight extension of the above analysis.

In addition to the eight computations used above, five more are required, namely u . and u.sy in (18b), along with .,
Umpe a0 Ueyp, in (18c¢). For illustrative purposes, here the coarsest resolution, from which w.,.. is computed, is selected as

N, =50, At = 64At; and r = 4. The other two finer n, are chosen as s = 6 and v = 8. Firstly using (23), C, — C can be
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point-wisely evaluated at the free surface for h; and v;, with ¢ denoting the vertices of the coarsest horizontal mesh. Following
(23), C}. — C, can be evaluated straightforwardly by replacing the three computations using n, = s with the three in (18c),

which reads

Rp(umrc - umvc) Rq(ucrm - ucvm) (Rqu - 1)(ucrc - ucvc)
r— Ly = - . 2
Cr=C R,—1 | R,1 R, —1)(R, 1) (23)

Given (23) and (25), Cs — C,, can then be calculated indirectly through (C, — C,) — (C,. — C;). Alternatively, it can also be
evaluated directly by going through the same procedure that finds C,. — Cj, except that the newly-required eight computations
are those in (18b) and (18c¢).

The associated results are collected in Fig. 5, where the point-wise evaluations based on /; and v; are shown in the top row
and bottom row respectively. For both solutions, the overall difference between C, and C,, is approximately 10? times smaller
than that between C,. and C; (or C,), which validates that Cj is negligible compared with C,. in this case. Furthermore, as
illustrated in Figs. 5(b,d) the direct and indirect evaluations of C; —C,, agree well with each other, which verifies the consistency
of the advanced analysis.

The consistency' can also be verified by finding an explicit form for C,,_. The exponential relationship shown in Figs. 4(c,d)

associated with orthogonal-polynomial interpolation, namely
Cpn, = Dc", (26)

where D and c are constants for a given point and ¢ < 1. Let {u,,us,u, } represent a group of computations with n, =r <

s < v, but the same Az and At. Using (16) and (26), we have
up —us =D(c" =) =Dc"(1—-¢""") and ug — u, = D(¢® — ) = D’ (1 — c"7%). 27

It is therefore feasible to evaluate the constant ¢ point-wisely based on the triple when s — r = v — s through

. 1/(s—r)
c= (“ “”) . (28)

Uy — Ug

The evaluations from {ucre, Ucse, Ucve > {Uerm, Uesms Uevm b AN {Umpe, Umse, Umpe > Dased on the solutions h; (left) and 1;
(right), are shown in Fig. 6, yielding that ¢ < 1. To ensure the validity of (28), absolute values are taken for us —u, and u, —us.
Additionally, the three curves, which correspond to three groups of solutions with different resolutions, almost agree with each
other at any point on the free surface, which again verifies the consistency of our advanced analysis, especially the exponential

decay of the error caused by n .
4.3 TC3: Energy conservation and temporal convergence

The symplectic temporal schemes are, by construction, intended to yield stability and bounded energy oscillations and to

preclude numerical dissipative drifts of energy. These energy fluctuations are now checked via computations using two time

'We kindly acknowledge Evy Kersalé’s assistance herein.
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(a) Direct evaluation of C,. — Cs and C,. — C,, for h;. (b) Indirect (dashed line) and direct (solid line) evaluations of C's — C,, for h;.
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Direct evaluation of C,. — Cs and C,. — C,, for ;. (d) Indirect (dashed line) and direct (solid line) evaluations of Cs — C', for v;.

Figure 5. TC2c: Direct and indirect point-wise evaluations on the Lagrangian-interpolation error C,,, based on the solutions h(x;,t = 3T},)
(top row (a,b)) and 1 (x;,t = 3T},) (bottom row (c,d)), with n. € {r = 4,s = 6,v = 8}. The numerical solutions are collected at the vertices

of the coarsest horizontal mesh.

resolutions, At; = 0.001s and Aty = 0.002s, for the MMP-VP and SV schemes, denoted as MMP1 and MMP2, SV1 and SV2,
respectively. Simulations are conducted in the time-period ¢ € [0,17]s, and the wavemaker stops at ¢ = 5T, = 5.670s, where
T,y = 27 /w is the wavemaker period. Parameters used in TC3 are summarized in Table 3.

Energy evolutions obtained using (a) modified-midpoint and (b) Stormer-Verlet schemes for the two time resolutions are
shown in Fig. 7. Initially at ¢ = O the wavemaker is off and the water is at rest. Hence, there is no kinetic energy in the system;
for the purposes of analysing only evolutionary changes, the potential energy has been offset to yield a zero datum. When the
wavemaker starts moving, energy is input into the system and thus it increases until ¢ = ¢4, = 5.670s, when the wavemaker

is turned off. This net gain of energy occurs because the wavemaker leads to energy transferring into the system, cf. definitions
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Figure 6. TC2c: point-wise evaluation of the constant ¢ from three groups of {u,,us,u, } satisfying s — r = v — s, with the left and right

graph obtaining from the solutions h(x;,t = 31},) and ¢ (x;,t = 3T),) respectively.

Domain Beach
Ly [m]  Ly[m]  Ho[m] xp[m] Sb
6.5 1.0 1.0 4.0 0.2
Wavemaker

A [m] w [rad/s] Ty [s] 7 [m] L [m]

2.0 5.54 1.13 0.03 1.0

Resolutions

Az [m] Ay [m] n. Aty [s]  Ata[s]

0.05 0.05 8 0.001 0.002

Table 3. Parameters used in TC3. Dimensions are given in square brackets. Each simulation runs from ¢ = 0s to ¢t = teng = 17s and the

wavemaker is turned off at ¢ = ts¢op = 5.670s.

arising from (8) with (7), since

d(H+R
% #0. (29)
Due to the wavemaker, the Hamiltonian depends explicitly on time. As a consequence the energy is not conserved, except when
the wavemaker is turned off, since then R = 0 with R(¢) = 0 such that also dH /d¢ = 0. This is illustrated with Fig. 7, where
no energy drift is observed after switching off the wavemaker (for ¢ > Z¢op).

In Fig. 8, we verify the consistency of the temporal schemes by focussing on the energy variations after the wavemaker is

switched off (i.e., for 5.670s <t < 17s). The Hamiltonian dynamics of our temporal schemes result in bounded and small-
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Figure 7. TC3: Energy evolutions of the four simulations using the
(a) modified-midpoint and (b) Stormer-Verlet schemes. The wave-
maker generates the waves from ¢t = 0 to ¢ = tstop = 5.670s and is
then turned off. MMP1 and SV1 are computed with A¢; = 0.001s
(continuous red line), whereas in MMP2 and SV2 time resolution is

set as Ato = 2At; = 0.002s (dashed blue line).
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Figure 8. TC3: Energy variations with (a) modified-midpoint and
(b) Stormer-Verlet schemes in the absence of wavemaker motion,
i.e. t > tstop. Continuous cyan lines show variations in cases MMP1
(a) and SV1 (b). Continuous blue lines show variations in cases
MMP2 (a) and SV2 (b). The dashed red lines are four times the
variations of MMP1 (a) and SV1 (b), respectively.

amplitude energy oscillations. For both schemes, the amplitude of these oscillations diminishes for smaller time steps, whereas
for the same time resolution the energy variations obtained with MMP are about 100 times smaller than those obtained with
SV (order O(10~8) vs order O(10~°) respectively). Furthermore, energy variations AE5 in cases MMP2 and SV2 are four
times as big as AFE; of their corresponding counterparts MMP1 and SV 1:

AEQ(AtQ) = 4AE1(At1), for Atg = 2At1, (30)

i.e., a quadratic increase of the energy oscillations occurs when doubling the time step, which verifies MMP and SV as second-

order schemes in time.
4.4 TC4: Validation against wavetank data

Experiments were conducted in the shallow-water basin of MARIN (cf. test case 202002 in Bunnik (2010)), which includes
piston wavemakers and a flat bottom, with a rest depth of H(x) = Hy = 1.0m, ¢f. Fig. 9. Several wave groups of various
steepness were generated in order to generate a focussed wave. Probes were placed at various locations 27 = 10m, zg = 20m,
x3 =40m, 4 = 49.5m, x5 = 50m and xg = 54m from the wavemaker in order to measure the free-surface elevation. These

data as well as the wavemaker motion and velocity were recorded at a frequency of 50Hz and used to initialise and validate
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our numerical model in a 2D vertical plane or cross-section, cf. Gagarina et al. (2014). The objective of TC4 is validation of

wave-tank measurements of driven waves in a numerical set-up that employs the actual piston wavemaker motion.

2 [m]
L.
0. H -
0.0 195.4

2 [m]

Figure 9. TC4: schematic of MARIN’s wave basin. The tank is 195.4m long, with a constant water depth at rest of 1.0m. A piston-type

wavemaker oscillates sinusoidally with mean position = Om and generates the waves.

4.4.1 Importing data from measurements

In order to generate the same wave spectra as those in the shallow-water basin of MARIN, the measured wavemaker motion
and velocity are interpolated linearly and assigned to the corresponding numerical functions at each time step. To meet the
CFL condition (12), the time step At used in our simulations must be smaller than the one used to record the data, i.e.
Atgata = 1/50s. To use the measured wavemaker motion and velocity at each time step, we interpolate them with first-order
polynomials in each measured time interval [t1,¢2]. Therefore, at time ¢, the interpolated motion R;,;(t) and velocity w;,(t)

of the measured motion R4,; and measured velocity w4, are obtained as follows

(t —t1)Raat(t2) — (t —t2)Raat(t1)

Rint(t) = and
to — 11

i (1) :(t*tl)udat(t;) *it*b)udat(h). 31)
2 — 1t

The interpolations (31) are updated in time and assigned to the wavemaker motion and velocity functions. Note that in this 2D
case there is no y-dependence in the wavemaker motion: 9, R = 0. Fig. 10 shows that the interpolated motion and velocity of
the wavemaker agrees with the measurements to a degree that is visually indistinguishable on the presented scale (i.e., with
approximately 10~ relative error). The numerical free-surface elevation resulting from this wavemaker input signal may then

be saved and compared to the experimental data. Simulations are analysed next.
4.4.2 Focussed wave: dispersion effects

The wavemaker input is used to simulate a focussed wave. The wavemaker starts at rest and oscillates with varying amplitude
and anharmonic frequencies (cf. Fig. 10). Due to dispersion, the waves generated later are longer and hence travel faster than
the first waves, such that waves focus at a specific position. In order to capture this wave focussing, probes are placed around
a target area near x = 49.5m and x = 50m.

We consider a 100m-long computational basin with flat seabed b(x,y) = 0 and rest water depth H (x,y) = Ho = 1.0m. A fast
Fourier transform of the measured wave signals (cf. Fig. 13) shows that the maximal relevant frequency is about w ~ 18rad/s.

The shortest wavelength may be estimated from the linear dispersion relation (14c) to be k = 27/, leading to A ~ 0.19m.
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Figure 10. TC4: Interpolated and measured wavemaker motion (top) and velocity (bottom) in the case of focussed wave generation.

Hence, from (12) stability requires that Az < ), so that the full length of the wave can be resolved by the mesh. However, to
ensure accurate results, the wavelength should be evaluated over more than one finite element. To increase numerical accuracy,
the mesh resolution is set to Az = min(A/20) = 0.01m for CG1 (Az = 0.02 for CG2) and, as a consequence, the time step
must satisfy

2
= V92 /Az)tanh(27r Ho/Ax)

At = 0.025s. (32)

To increase accuracy, we set At = At./20 = 0.001s, cf. the time step used in Gagarina et al. (2014). Finally, the vertical
resolution over one element is set to GLL-CG9, corresponding to nine horizontal layers (Az ~ 0.125m).

Fig. 11 schematically shows the formation of the focussed wave based on a temporal series of representative free-surface
profiles using a symplectic-Euler time-stepping scheme, which yields the same results Gidel (2018); Bokhove (2022). First,
from ¢y = 0.0s to t; = 93.02s, waves with increasing length and amplitude are generated. At time {2 = 105.12s, it is evident
that the waves are closer to each other than when initially generated: dispersion causes the longer waves to travel faster than
the shorter ones. At time ¢35 = 109.40s, the longest waves have caught up with the first, shorter ones, forming a “freak wave”

whose amplitude is more than five times higher than waves generated at the early stage of the experiment. Immediately after

23



445

450

455

460

time t3, the longest, fastest waves overtake the shortest ones (e.g. at times ¢4 = 113.68s and t5; = 119.98s), and the waves split
again, leading to a mirror-configuration relative to the focussed wave, i.e., compare the snapshot at time ¢o with the one at time
ty.

Free-surface elevation

Figure 11. TC4: Temporal snapshots of the free-surface elevation, each rendered as a 3D ribbon, at times to = 0.0s, t1 = 93.01s,
to = 105.12s,t3 = 109.40s, t4 = 113.68s and t5 = 119.98s. The focussed wave is captured at time ¢3 = 109.40s, whereafter the

wave is defocussing again.

Fig. 12 compares the measured (red) time evolution of the wave elevation at the probes with the numerical evolution obtained
for the modified-midpoint (dark blue) and Stormer-Verlet (cyan) CG2 schemes. The CG1 and CG2 schemes used give in
essence the same results. Both schemes agree reasonably well with the measurements. The freak-wave phase and location
agree with the measurements for simulated waves in a target area at least 50m from the wavemaker. Using frequency spectra,
Fig. 13 shows that all the experimental modes are well-captured by the present numerical model. In addition, numerical results
obtained from the modified-midpoint scheme agree well with those in Gagarina et al. (2014), as demonstrated in Fig. 13. To

summarise, the validation of our NWT with the experimental data is successful.
4.5 TCS5: Two-soliton interactions with fourfold amplification

In the previous sections, we considered water wave simulations driven by wave makers. A long time after water waves are
generated by a wave maker, the waves may travel and interact with each other in an open domain. In this test case, we consider
simulations of interacting nonlinear traveling waves or solitons.

The situation is as follows. There are two line solitons with equal amplitude A in the far field y — oo and x F co. They
lead to an interaction resulting in a line soliton parallel to the y-axis, with a fourfold amplitude 4 A for a certain optimal angle

between the two far-field line-solitons with y — oo. Such a Y -shaped travelling-soliton-complex can be derived by an exact
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Figure 12. TC4: wave elevations of numerical (blue and cyan) and experimental (red) data at various locations. Numerical results are obtained

with modified-midpoint (blue continuous line) and Stormer-Verlet (cyan dashed line) CG2-schemes.

solution of the Kadomtsev-Petviashvili equation (KPE, Kadomtsev and Petviashvili (1970)). To accommodate simulation in
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Figure 13. TC4: fast Fourier transform of the wave elevations of numerical (blue and cyan) and experimental (red) data at various locations.
Numerical results including these obtained from the present model with modified-midpoint CG2 scheme (blue continuous line) and others
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and CG2) scheme are quantitatively similar (see also Lu (2025)).

an z-periodic domain without discontinuous derivatives at that boundary, we have derived an extended \-Y -soliton solution to

the KPE in Appendix B.
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465 Kodama (2010) and others have derived and analysed such exact solutions of the KPE, which is a unidirectional wave
equation with weak dependence on the lateral y-direction. This asymptotics is valid in terms of a nonlinearity parameter
¢ = a/ Hy and dispersion parameter 1 = (Hy/\)? = €2, wherein a and ) are typical wave amplitude and wavelength estimates.
The question addressed here is whether such fourfold amplification of two interacting solitons, as observed in the KPE, can
persist and exist in the more realistic bidirectional PFE. That question has been assessed numerically for the bidirectional

470 Benney-Luke equations (BLE) in Ablowitz and Curtis (2013); Gidel et al. (2017); Choi et al. (2022), with amplifications
ranging from 3.6 to 3.9. Here, we present simulations of the potential-flow equations seeded with an exact travelling-wave
solution for the KPE, extended into three dimensions by using the expansions underlying the derivation of the BLE from the
potential-flow equations.

Details of the computational procedure can be found in Choi et al. (2022), yet we provide a brief summary and present the

475 numerical results next. This well-known Y-soliton solution of the KPE is expressed in transformed, dimensionless coordinates
X,Y,7, which are related to the dimensional z,7, z, t-coordinates via passing through the dimensionless &, , -coordinates

used in the BLE. Their connections read

3 1/3/\ R 3\ 1/3
B e () v
€ 3 2/3A € 3 2/3
— (=2 - (= 33b
75 mals) v (350
480 ézHiO, T:e\/%tAze 2¢ Hiot. (33¢)

The KPE is an equation in terms of a scaled free-surface deviation u(X,Y,7) = 20x x In K related to a function K (X,Y, ),
which specification yields the asymptotic solution for the fields ¢ and h = Hy + 7 in the potential-flow system. Given K, the

relevant expressions then become

. 4\ 3 4\s (Kxx Kg(
n(z,y,t) = eHoi) = 2€H0<§> U= 2€H0(§> (K I(2> (34a)
eHo/gH, 4/NB (2K 1 2% _, [2Kx
485 t) = — —u—=Vi. | —= 34b

o (e 3\ e 3\ 2K x
e (5 (G) oo () o) () .

2Kx\ o Kxxx KxxKx K%

aXX( K )2( ke ) G4
2K,\ . Kxyvy KxvKy KxKyy KxKZ%

a”( K )_2( K 2 K2 K2 T g ) (34¢)

which are used to initialise the potential-flow equations at the free surface, i.e. for n(x,y,0) and ¢(z,y,Ho + n(z,y,0),0),
490 at time ¢ = 0. We refer to Kodama (Kodama, 2010; Choi et al., 2022) for the two-soliton expression of K (X,Y,7) (or to the

provided codes).
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To implement matters, two subtleties need to be overcome. First, the two-soliton solution for the KPE holds on an infinite
horizontal plane and we limit this approximately to an z-periodic channel geometry using the symmetry of the solution. This
procedure yields (minor) errors in the top corner of the domain away from the interaction region. However, the solution for the

velocity potential is not periodic in . Hence, a partition of the velocity potential is needed as follows

¢(I7y7zvt) :UO(yVZ)I + é(‘rfy)Z?t) (353)
with
Uo(y,z)z ¢0($2,ya2)—¢0($1,ya2’)7 (35b)

T2 — X1

in a suitably chosen z-periodic domain z € [1, 23],y € [y1,¥2] and ¢o = ¢(,y, z,0), such that ¢ becomes periodic. Second,
these expressions need to be transformed to the fixed, computational domain, in which process another approximation has been
made. Since we have no wavemaker in this case, the only transformation is z = 2h(&,4,t)/Ho, which greatly simplifies the
(time-discrete) VP involved.

In the transformed coordinates, the time-discrete modified-midpoint VP emerges, as follows and in which the hats have been

omitted,
T2 Y2 (thrl . hn) (wn+1 _wn) 1
0= 5//wn+l/2T o hn+1/2T 7 5g(h’n+1/2)2 +ghn+1/2Hodl’dy
1 Y1
T hn+l/2 n 1/2 1/2 1/2 1/2 1/2
/// UO+¢6x¢n+ / _|_aw<pn+ / hn+1/28 ot / (wn+ / 8 ¢+8 SOnJr / ))
1 Y1
1hn+1/2 Yo nt1)2 nt1/2 z n+1/2 nt+l/24 7 nt1/2y)?
3 (xayUo+¢ay¢ 0y = s 0, (@0 Uy + 020,040, ))
1 R 2
5y (20:U0 + 9" 1/20.6 4 0.6 1/2) dzdady (362)
together with
wn+1 _ 2¢n+1/2 _ n7 hn+1 — 2hn+1/2 A (36b)

However, in the current numerical implementation, we have used a second approximation, i.e.
UO - UO(y7Zh/HO) ~ Uo(y7Z), (37)

in which z is the transformed coordinate. Note that (36) is a simplified version of (10) for an z-periodic domain.

Finally, the above set-up made it possible to conduct four simulations using the two-soliton solution (B1) as initial condition,
while varying the time step and spatial resolutions. Two basis functions have been used: second-order and fourth-order Gauss-
Lobatto-Legendre polynomials, denoted by CG2 and CG4. In detail, the four simulations have been conducted using four
cases of spatial-temporal resolutions: a) (CG2,Az = Ay,At), b) (CG4,2Axz = 2Ay,At), ¢) (CG2,Azx/2 = Ay/2,At), and d)
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(CG2,Az = Ay,At/2) where the basic spatial and temporal mesh size are Az = 965.4/97 and At = 0.2856, respectively. The
two-soliton parameter values used are provided in the table within Fig 14.

Simulation data are given in the table within Fig 15, including run times. The initial conditions and final fields shown in
Fig. 14 reveal the periodicity of the perturbation velocity potential ¢ as well as the amplification sustained. Further simulation
results are summarised in Fig. 15. All simulations appear to be stable, as can be discerned from the energy plot in Fig. 15(b),
which demonstrates second-order accuracy in time. The CG2-simulation with time step A¢/2 shows the expected fourfold
reduction. The maximum amplification is established by the ratio of the maximum amplitude over the far-field amplitude versus
time, see Fig. 15(c,d), and straddles eventually between circa 3.9 and 4.1. Recall that the exact KPE-solution has a fixed fourfold
amplification. Hence, the set of simulations together demonstrate the robustness of the results. It took some computational
efforts to attain the spatial-temporal resolution required to successfully simulate the approximately fourfold amplification in
this two-soliton travelling solution with the potential-flow equations. To conclude, compared to simulations with the more
well-known Y -shaped solitons as initial seed (Ablowitz and Curtis, 2013; Gidel et al., 2017; Choi et al., 2022, 2024), these

x-periodic simulations with the A-Y -shaped solitons are much better behaved and surprisingly non-dispersive.

5 Summary with discussion

A novel fully space-time methodology based on the main governing time-discrete variational principle has been developed for
the modelling and subsequent computational solution of 3D nonlinear potential-flow water-wave problems. The three goals

defined at the onset have largely been reached, in turn:

— A space-time variational spectrally-accurate finite-element model of 3D potential-flow dynamics based on deriving con-
sistent weak forms from a space-discrete variational principle (VP) was established. More importantly, we developed a
space-time discrete VP from which the algebraically cumbersome weak forms have been derived automatically within
the finite-element environment Firedrake. In both cases, higher-order and spectral spatial accuracy can be chosen prior to
a simulation, with possibly different 4 and p resolution in the horizontal and vertical. The advantages of the VP-approach
are the reduction of development time and human errors as well as the scope it thus has to readily combine potential-flow

dynamics with structural dynamics in FSI and wave-energy devices (cf. Salwa et al. (2017b); Bolton et al. (2021)).

— Within this VP-discretisation we consistently embedded the non-autonomous driving of waves by wavemakers with
prescribed motion x = R(y,t) on one side of the wave-basin, meaning that for each y-location the wavemaker is a
“piston” but these piston-motions can smoothly vary in y. Such consistency was achieved by turning the non-autonomous

or explicit-time dependence into an implicit time-dependence within the (time-discrete) VP.

— Finally, a series of five test cases provided a first set of verification and validation examples of this VP-based discretisa-
tion, including a new error analysis, a validation against (open) 2D (vertical cross-section) experimental data as well as a

novel two-soliton amplification solution in 3D. A three-soliton test case with nine-fold wave-amplification (dubbed test
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Figure 14. TC5: Initial conditions for (a) 7o and (c) 1 in the PFE-TC5 simulation with ¢ = 0.05, with polynomials of order CG2 and time

"
PFE-TC5 ‘ 0.05 ‘ €2

step At = 0.2856s. Panel (b) and (d) show numerical solutions at t.,q = 1427.8s. Axes and 7 have units of m, time has unit s and ¢ of
m? /s. These settings for k; yield A = 0.4166m and max(no) = 4A = 1.666m with width ~ 200m for a depth of Hy = 20m. The fourfold

soliton then has an amplitude of circa 1.6m across 400m. Yellow larger values near the bottom in the n-snapshots denote the maximum.

30



550

s — CG2/Ax/At
170 —— CGA42Ax/At
. — CG2/%/At
Lee 3 — CG2/Ax/Y
’E‘ g 3
= S
X 166 w
g s
m— CG2/Mx/At [}
1641 s CGAJ20X/AE =,
— = CG2/%Int
162] = = CG2/Ax/3
0
0 200 400 600 800 1000 1200 1400 o 200 400 600 800 1000 1200 1400
t(s) t(s)
(a) Maximum values of n (b) Relative energy
le-1
440 m—CG2/Ax/At
s CGAI20X/DE
4% 417 = = CG2/2/At
a0 — = CG2/Dx/4
T 425 < 40
x
I 420 E
3.9
435 { mm— CG2/Ax/At
s CGA[20X/A
4.10
— = CG2/%/nt 38
48T == CG2IAx/Y
0 200 400 600 800 1000 1200 1400 0 200 400 600 800 1000 1200 1400
t(s) t(s)
(¢) A over time (d) max(n)/A against time

Figure 15. TC5: Results from four potential-flow dynamics simulations seeded with two-soliton interactions (B1). We carried out four
simulations varying spatial-temporal resolutions: a. (CG2,Ax = Ay,At) (the blue solid line), b. (CG4,2Ax = 2Ay,At) (the orange solid
line), c. (CG2,Az/2 = Ay/2,At) (the green dashed line), and d. (CG2,Az = Ay,At/2) (the red dashed line) where the basic spatial and
temporal mesh size are Az = 965.4/97 and At = 0.2856, respectively. Shown are: (a) Maximum values of 7 over time. (b) Relative energy
error |1 — E(t)/E(0)| in time with F(0) = —1.8335 x 10" for CG2 and CG4 (up to six digits). (c) A := max, (n(-,y = 2500,t)). (d)

The amplification displayed as maximum value of 7) divided by A over time.

Simulation Ly (m) | Ly(m) | L, =Hp (m) T (s) Atgre | Nx | Ny | N DoFs Run time (min)
PFE: CG2/Ax/At 965.4 | 4845.7 20 1428.0 0.01 97 | 485 | 4 1,695,366 615
PFE: CG4/2Ax/At | 965.4 | 4845.7 20 1428.0 0.01 48 | 242 | 4 1,674,432 1066
PFE: CG2/%/At 965.4 | 4845.7 20 1428.0 0.01 193 | 969 | 4 | 6,736,086 3409
PFE: CG2/Ax/ % 965.4 | 4845.7 20 1428.0 | 0.005 97 | 485 | 4 1,695,366 1276

case TC6) of the VP-discretisation has been demonstrated elsewhere, in Choi et al. (2024). These test cases are openly

accessible via Firedrake and GitHiub and provide a platform for the inclusion of other test cases.
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The above developments are novel in that these provide the first fully space-time discrete VP-based discretisations in 3D
with higher-order spectral spatial accuracy and variational consistency in time. Furthermore, all mathematical-numerical algo-
rithms have been implemented as open access codes within the open-access Firedrake environment. It is useful to stress the
difference of developing implementations of new algorithms within a finite-element environment such as Firedrake (or in a
finite-difference or spectral environment such as “Dedalus” (Burns et al., 2020)), as exemplified by our space-time discrete
VP-approach presented, versus the development of a bespoke special-purpose code for a specific set of PDEs. Reduction of
development time, ease of implementation, use of (spectral) higher-order polynomials and parallel computing in the former
are juxtaposed against special-purpose development, less-accessible intricacies and most-likely best performance in the latter.
Further research is underway to advance the solver parameters of the in-built Firedrake solvers, which will then be generically
accessible for a suite of water-wave and FSI applications. We make the case that both developments have their merits.

Finally, in a sequel to the VP-based finite-element approach presented here we have included wave-absorption at a shallow
beach at one end of the wave basin. Herein, wave-absorption has been implemented in the numerical algorithm by coupling
the potential-flow dynamics in deeper waters to shallow-water dynamics with hydraulic bores at the beach. The finite-element
approach presented here is used for the potential-flow dynamics in deeper waters and a finite-volume method allows dissipation
in hydraulic bores for the shallow-water dynamics. Again fluxes at a judiciously chosen coupling point between the models (in
a vertical 2D cross-section) are derived by considering VPs, for both potential-flow and shallow-water dynamics. Expositions
of these wave-beach simulations, including validation against bespoke experimental data, can be found in detail in Gidel as
well as Lu (Gidel, 2018; Lu, 2025) with an overview by Bokhove (2022).

Code availability. Codes used, run times and corresponding simulation instructions, ensuring reproducibility, cf. Ritchie (2021), can be
found at Zenodo https://doi.org/10.5281/zenodo.16919659, see Bokhove (2025).

See also. https://github.com/obokhove/TCs3Dnumericalwavetank2022ff/releases/tag/NWTPFv1.0.0

and https://github.com/obokhove/TCs3Dnumericalwavetank2022ff

Video supplement. Zoom-in of test case TC4 “202002_zoom_splash.avi’: https://www.youtube.com/watch?v=L_ENnHuTSGc
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Appendix A: Coordinate transformation

The Jacobian of transforms (4) mapping (z,y, z,t) to (&, 9, 2,1) is, after substitution of all explicit occurrences of z, y, z and t,

Lu _ (2= Lu)By
L,—R L,—R
S 9(2,9,2,1) _ 0 1 0
O(z,y, 2.t  thy+Hob,  ihy+Heb, Hp
h h h
i 0 0 0

(& = Lu) Ry

j_
L,—R
0
_Zhs
h
1

(Al

in which partial derivatives with respect to z,y,¢ must now be expressed explicitly in terms of transformed variables. To this

end, first note that the inverse

j _ 8<xayaz7t)
B 8('%7 g’ 2) .E)
of J is computed directly from (A1) as
r L,—R (= Luw)R, 0 (= Luw)R 7
Lo L., L.,
A 0 1 0 0
J= 5 5 B , (A2)
(he + Hobe)(Lu = R)  2hy , (the+ Hobo)(@ = Lu)Ry  h Zhe _ (3he + Hobe)(@ — Lu) Ry
L, Hy Hy 7 L, Hy Ho Hp Ly, Hy
i 0 0 0 1 |
whence the chain rule and (A2) give
bz ba by bj Q 0
hs | =Jis| hy | +Jos hy |+ J3.3 h, | + Juz| he | =10 (A3)
R: R, R, R, Ry 0
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in which singly and doubly underlined terms vanish by (4) and (A2) respectively. Applying the chain rule once again now gives

Ry
= ; (Ada)
Ry
b
585 = (A4b)
by
_hx
hy| =
_ht
(Adc)
in which singly, doubly and triply underlined terms vanish by (4), (A1) and (A3) respectively, and where X, U and W are
defined in (6), in which hats were hitherto removed for brevity but now resurrected to distinguish between coordinate systems.
590 Substitution of (A4) into (A1) now leads to the fully explicit form of the required Jacobian,
- Lw [7, Iy _ -
— = 0 —R;
w w W
0 1 0 0
T2 Lushesmgs (0 H, (O H, :(XR ’ (A3
w 2hg + Hobg z 0 0 z i
- —— | =ha+hy| —— | ==b:s+D —— | ——hz+h;
i 0 0 0 1 ]
using which the required transformed partial derivatives of the potential ¢ follow from the chain rule and (AS5) as
¢:c (ba'c
by g7 eh
(bz ¢£
ol uh
Lw O LU} (éh’? + Hob’f') O
1| U 1 1 |U(2hs + Hobs) + W (2hy + Hoby) 0
- = bs+ | | 05— = N NS (A6)
Wl o0 0 Wh —WH, 0
XR; 0 2 (K Rihs+ W) 1
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Finally, the spatio-temporal volume element in (2) transforms according to

R . W h 5
drdydzdt = |J|dzdgdzdt = L—Fdfcdg}dédt. (A7)
w 0

Appendix B: A novel type of two-soliton interactions with fourfold amplification

To create an asymptotically-accurate initial condition for seeding the potential-flow system, we start from the theory of exact
solutions for the Kadomtsev-Petviashvili equation (KPE, Kodama (2018)). It is an extension of the classical two-soliton solu-
tion with a fourfold amplification, which is more suitable for numerical testing since the far-fields are asymptotically normal
to lateral channel walls?. The variable u(X,Y,7) in the KPE is a non-dimensional scaled version of the deviation 7(z,v,t)
from the rest water-surface level in the potential-flow system. It has dimensionless coordinates X, Y, 7 as counterparts. While
the solution below is bespoke to this article, for the precise link between n(z,y,t) and u(X,Y, 7) we refer to Choi et al. (2024)

and our accessible codes. We note that

KoxxK — (0xK)?

w(X,Y,7) =20xx nK(X,Y,7) =2 e , B1)
which function K (X,Y,7) we define next. A so-called P-type matrix reads
1 0 0 -b
A= (B2)
01 a O

with constants a,b > 0 such that
f= (fl,fQ)T = A(€91,€02,693,604)T yielding fi; = el — b694,f2 =ef + aee3,

wherein 0; = k; X + k2Y — k37 with wavenumber k; and i = 1,2,3,4. These wavenumbers are ordered as k; < ko < k3 < ky.

Subsequently, the above defines the introduced function K (X,Y,7) as follows

K(X,Y,7) =f10x f2 — f20x f1 (B3a)
=(ko — k1)e? %2 4 a(ks — k1)e? 7% 4 b(ky — ka)e®? T + ab(ky — ks)e?3 104 (B3b)
ky —k (ka — k2)
. o 01 03 2 1 02 . 04 03 4 2 0o
=a(ks —ki)e (e + 7{1(]% y e ) + ab(ks — k3)e (e + 7a(k4 — k3)6 ) . (B3c)

20B was able to construct this so-called Y=\ soliton compound after instructions by and extensive discussion with Prof Yuji Kodama, whose involvement

therein we kindly acknowledge.
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We can obtain the desired solution via a chord diagram in which k1 < 0,ky = —k1, ke = k; and k3 =0 = %(kl + ky) as well

as a = b= 1. When one picks a value for Y and 7, say Y5> = 3 and 73 = 0, one obtains the X 5 locations

In ((kg — k1) /[(k3 — k1)a]) k3 — k3
X, =— — (kg + k3) Yo+ —2—3_ B4
' (k2 — k3) (o )Y (ks —ks) ° (B4
In (kg — k2)/[(ks — k3)a]) k3 — k3
Xy =— — (kg + k3)Yo+ —2—3_ B4b
2 (kz—k:z) ( 2 3) 2 (k2_k3)7'2 ( )
U =20y 1nK:2—1K<X —UpX + T (B4c)
_\I/(XQ,YQ,TQ)—\I/(XM}/Q,TQ)
Vo= Xo— X, ’ (B0

in which W is X-periodic in X € [X;, X2]. We can see that in the & — 0 -limit the [1,4] far-field solitons have a maximum
amplification of four times the [2, 3] far-field solitons. The [1,4] solitons are nearly aligned in the Y -direction when Y — +o0.

This solution of u(X,Y,7) and ¥(X,Y,7) at 7 = 0 is shown in Fig. B1.
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(a) Chord diagram and sketch of soliton branches (based on discussion with Prof Y. Kodama).

u(X,Y, T=0.00)

W(X,Y, T=0.00)
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09
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-0.3
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(b) Snapshots of u(X,Y,7) and (c) ¥(X,Y,) at 7 = 0.

Figure B1. (a) Chord-diagram and sketch for a P-type soliton (courtesy Prof. Yuji Kodama). (b,c) Snapshot of a Y-\ soliton solution of
the scaled free-surface deviation u(X,Y,7) and potential \T!(X ,Y, 7) for the Kadomtsev-Petviashvili equation with wavenumber parameter
choices k1 = — % (%)1/3,1@ =ki+06,ks=0ks=—ki,a=b=1and § = 107°, which are identical to the settings of TC5 as in the

table within Fig 14. Dashed lines mark far-field soliton centre-lines used to make the domain ~ X -periodic.
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