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ABSTRACT

We present a comprehensive and flexible framework for modeling 1-D surface wave

dispersion in anisotropic and weakly attenuating media. The spectral element method

is employed to accommodate various stress-strain relationships, boundary conditions,

and multiphysics coupling effects. Both radial and general complex anisotropic re-

lations can be incorporated. Standard linear solid models, along with a correction
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method, are utilized to efficiently model attenuation effects. In addition, we provide

a sensitivity analysis framework for any quantity with respect to model parameters

using the adjoint method. Three numerical experiments are presented to demonstrate

the capabilities and flexibility of our approach. Overall, this study offers researchers

a powerful and versatile tool for investigating Earth’s subsurface structures.
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INTRODUCTION

The variation of elastic parameters in both the shallow and deep Earth plays a cru-

cial role in understanding the dynamics of the Earth’s system. Among the most

powerful tools for probing the subsurface are surface waves, which can be recorded

from earthquake events (Prindle and Tanimoto, 2006; Lin et al., 2009) or retrieved

from ambient noise data (Shapiro et al., 2005; Wang et al., 2018; Yang et al., 2024b;

Shen et al., 2024). A defining characteristic of surface waves is their dispersive be-

havior (Aki and Richards, 2002), which becomes particularly significant at different

spatial scales. This dispersion underpins a wide range of geophysical applications,

from local-scale seismic exploration (Xia et al., 1999; Kugler et al., 2007) to regional

studies (Ritzwoller and Levshin, 1998; Shen et al., 2016), and global surface wave

tomography (Woodhouse and Dziewonski, 1984; Nishida et al., 2009).

The propagation of surface waves in realistic Earth models is influenced by lateral

heterogeneities. Fortunately, under the assumption of slow variation — commonly

referred to as the surface wave WKBJ theory (Woodhouse, 1974; Tromp, 1994) —

the surface wavefield can be approximated as a superposition of dispersion effects

derived from a series of local 1-D models. This approximation necessitates fast and

robust computation of surface wave dispersion for a given 1-D model, a fundamental

task in surface wave studies. The most widely used approach for modeling surface

wave dispersion in 1-D radially anisotropic media is the propagation matrix method

(Thomson, 1950; Dunkin, 1965), which has been extended to more general anisotropic

media (Park, 1996; Martin and Thomson, 1997). These methods solve the plane-wave,
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source-free wave equations within each homogeneous layer and enforce continuity of

displacement and traction at layer interfaces to propagate the solution throughout

the structure. To improve numerical stability, techniques such as generalized re-

flection/transmission coefficients have been developed (Luco and Apsel, 1983; Chen,

1993). The final phase velocity is obtained by root-finding algorithms that ensure

satisfaction of both the free-surface and radiation boundary conditions (Knopoff and

Randall, 1970). For models with complex depth-dependent variations, alternative nu-

merical approaches have been introduced, including numerical integration methods

(Takeuchi and Saito, 1972), the finite element method (Haney and Tsai, 2017), and

the spectral element method (Hawkins, 2018), all of which have seen broad applica-

tions in modern surface wave research.

Attenuation is another critical factor that affects both the amplitude and phase

of seismic waves (Carcione, 1995). It arises from various physical processes, including

partial melting (Sherburn et al., 2006; Lanza et al., 2020), crustal deformation (He

et al., 2021), and fluid effects in rock samples (Yang et al., 2024a, 2025). The effects

of attenuation on surface waves have been extensively studied, particularly in the

context of body waves and earthquake-generated surface waves (Smith et al., 2023).

Recent studies also suggest that attenuation parameters can be extracted from ambi-

ent noise data (Li et al., 2020). When combined with forward modeling techniques,

this approach can significantly enhance constraints on subsurface material properties.

However, accurately computing phase velocities and the overall attenuation factor on

surface wave in attenuating media is challenging, as root-finding algorithms used in
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elastic case must be extended to the complex domain. These methods require precise

initial guesses and are susceptible to numerical instabilities and root omission, partic-

ularly during cases of mode kissing (Orta et al., 2022). In contrast, eigenvalue-based

approaches that solve linear systems directly (Park, 1996) offer a more robust and

stable alternative, avoiding issues related to missing roots.

Sensitivity kernels that link observed dispersion to subsurface model parameters

are crucial for seismic inversion. One of the most common approaches to compute

these kernels is based on Rayleigh’s principle, which relies on the Virial theorem stat-

ing that the time-averaged kinetic and potential energies are equal in elastic media

(Aki and Richards, 2002). However, this method has an important limitations that

it is only valid in elastic media, as the Virial theorem does not hold in viscoelastic

media. Therefore, most studies on the derivation of attenuation factors from sur-

face waves rely on perturbation theory based on an elastic background medium (Aki

and Richards, 2002), which is only valid under the assumption of weak attenuation.

While the dual Lagrangian formulation (Ben-Menahem and Singh, 2012) has been

proposed to address this issue, it is restricted to computing derivatives of eigenvalues

(i.e., phase velocities). Extending this framework to derived quantities such as group

velocities is challenging, as it requires first-order perturbations of the energy integrals

(Aki and Richards, 2002; Haney and Tsai, 2017). Another approach is the to compute

derivatives directly on the propagation matrices (Hu and Zhu, 2018). However, it is

constrained to stratified media and requires a large number of thin layers to accurately

represent smoothly varying structures. In contrast, adjoint methods (Tromp et al.,
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2005; Liu and Tromp, 2008) provide a robust and flexible framework for sensitivity

analysis in complex PDE-based constraints. These methods have recently been ap-

plied to surface wave dispersion studies (Hawkins, 2018), yet a comprehensive adjoint

formulation for anisotropic, attenuating media remains underdeveloped.

This paper is organized as follows. First, we briefly present the theory of sur-

face wave computation using the spectral element method (SEM). We then de-

scribe the discretization strategy and the integration of various physical phenom-

ena—anisotropy, attenuation, and acoustic-viscoelastic coupling—into the SEM frame-

work. Next, we discuss the adjoint method and its application for computing deriva-

tives of any quantity with respect to arbitrary parameters. Finally, we present three

numerical examples that demonstrate the accuracy and potential of our approach.

THEORY

We start with the source-free anisotropic (visco)elastic wave equation in the frequency

domain (Aki and Richards, 2002):

−ω2ρui = σij,j

σij = cijkluk,l

(1)

where ρ is the density and cijkl represents the fourth-order (visco)elastic tensor that

relate stress response and the strain within the material, ui is the displacement, σij is

the stress tensor and ω is the angular frequency. Throughout this paper, the indices

i, j, k, l range from 1 to 3 and are used to represent the spatial directions x, y, z. Unless

explicitly stated otherwise, we follow the Einstein summation convention, where any
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index that appears twice in a single term implies a summation over its range. In 1-D

model (Figure 1), we seek to find the homogeneous plane wave solution to equation

(1) with the ansatz (Dahlen and Tromp, 1998; Aki and Richards, 2002):

ui(r, z, ω) = Ui(z, ω) exp(iωt− ik · r) (2)

where Ui is the polarization vector, r is the horizontal coordinates, k = kk̂ denote the

horizontal wavenumber vector, k is the (complex) magnitude and k̂ is the unit direc-

tion vector. In this study, only weak attenuation is considered, which only involves

a homogeneous plane wave (the real and imaginary parts of the wavenumber vector

share the same direction) (Červenỳ and Pšenč́ık, 2008). Under free surface boundary

conditions at the top and radiation boundary conditions at infinity, equation (1) and

equation (2) together define an eigenvalue problem that determines the wavenumber

k for a given propagation direction k̂ and the angular frequency ω. By substituting

Eq.(2) into Eq.(1), we derive the eigen-equations ODEs for surface waves:

Ti = ẑjcijpq(−ikqUp + ẑq∂zUp) = ẑjσij

∂zTi − ikjcijpq(−ikqUp + ∂zUpẑq) + ρω2Ui = 0

(3)

where ẑ is the unit vector along z axis in Figure 1, Ti is the traction σi3.

Another important factor influencing surface wave dispersion is the presence of

fluid layers (Kugler et al., 2007), particularly in marine seismology, where the effect

of the fluid cannot be neglected at high frequencies (Wang et al., 2016) . To account

for the influence of the fluid, the frequency-domain acoustic wave equation (Chaljub

et al., 2007; Bottero et al., 2016) must also be modeled within the water column as :
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−ω2κ−1χ = (−ikiUi + ∂zUiẑi)

Ui = ρ−1(−ikiχ+ ∂zχẑi)

(4)

here κ is the bulk modulus and χ is the scalar potential in acoustic material which is

related to pressure as :

P = ω2χ (5)

At elastic-fluid boundaries, the coupling condition is:

Tz = ẑiTi = −P = −ω2χ

Tk = k̂iTi = 0

[uz]
+
− = [uiẑi]

+
− = 0

(6)

And the free surface (z = z0) and radiation boundary condition (z → ∞) are

applied as:

Ti|z→∞ = 0; χ|z=z0 = 0; Ti|z=z0 = 0 (7)

The eigenvalues can be determined using various numerical methods. In this paper,

we apply the spectral element method (SEM) (Hawkins, 2018; Shi et al., 2022) to

solve this eigenvalue problem. Consequently, we adopt the weak form of the wave

equation:

−ω2

∫ ∞

0

ρUiψ dz =− ikj

∫ ∞

0

cijpq(−ikqUp + ∂zUpẑq)ψ dz

−
∫ ∞

0

Ti∂zψ dz ± ω2

Ncs∑
n=1

[χψ]zn

−ω2

∫ ∞

0

κ−1χψdz =− k2
∫ ∞

0

ρ−1χψdz −
∫ ∞

0

ρ−1∂zχ∂zψ dz

±
Ncs∑
n=1

[U3ψ]zn

(8)
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Figure 1: Diagram of 1D anisotropic model. k̂ is the direction of wavenumber vector.

Here, ψ denotes the trial function, and Ncs represents the number of fluid-elastic

coupling surfaces. The sign ± is determined by the relative position of the elastic

and acoustic materials, depending on which side each material is located.

METHOD

Discretization

In SEM framework, the study region is discretized into a set of non-overlapping ele-

ments (Komatitsch and Tromp, 1999). Within each element, the wavefield and elastic

parameters are approximated using Lagrangian interpolation on given quadrature-

dependent nodes. Discountinuities and multiphysics coupling surface is honored by
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element boundaries.

The study region in this work includes both a finite domain and a half-infinite do-

main, necessitating different quadrature rules. For the finite domain, Gauss–Legendre–Lobatto

(GLL) nodes are employed, as they provide near-optimal interpolation accuracy in

practice (Hesthaven, 1998). For the half-infinite domain, we utilize Gauss–Radau–Legendre

(GRL) quadrature, which is well-suited for evaluating integrals in unbounded spaces.

This combination of GLL and GRL quadrature has been successfully applied in other

applications, such as the simulation of gravity anomalies (Gharti et al., 2018). There-

fore, in each element, we can approximate the wavefield and elastic parameters as:

Ui =
n∑

p=1

Up
i lp(ξ); ρ =

n∑
p=1

ρplp(ξ); cijkl =
n∑

p=1

cpijkllp(ξ) (9)

Here, lp(ξ) represents the p-th Lagrange interpolant, Up
i = Ui(ξp), and ξ denotes the

local coordinates obtained by mapping the original interval to the interval required

by the quadrature rules. Since the SEM is a Bubnov–Galerkin type method, the trial

functions are chosen as the same set of interpolants (Komatitsch and Tromp, 1999).

By inserting equation (9) into the weak form equations (8), we can finally reorganize

it to a quadratic eigenvalue problem of k:

ω2Mx = k2Kx+ kHx+Ex (10)

Where x = (U1, U2, U3, χ)
T represents the three components of displacement U , the

scalar potential χ and M ,K,H ,E are matrices through global assembly. This prob-

lem can be addressed by transforming it into a generalized eigenvalue problem (Tisseur

and Meerbergen (2001), also in Appendix B). The resulting eigenvalue problem can
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then be efficiently solved using Schur decomposition, a method that has been widely

implemented in various mathematical libraries, such as Intel MKL and OpenBLAS.

After we obtaining k, the (complex) phase velocity c can be obtained directly by

c = ω/k. For weakly anelastic medium, we can define the quality factor and the

propagation phase velocity as:

c̃ := ω/k = c

(
1 +

i

2Qc

)
(11)

where c and Qc are real-valued quantities representing the propagation phase velocity

and the quality factor associated with the phase velocity, respectively.

Radial Anisotropy

A practically relevant special case arises when the material exhibits radial anisotropy,

also known as vertical transverse isotropy (VTI). In this scenario, Rayleigh and Love

waves are separable, and coupling between the fluid and elastic wavefield only needs

to be considered for the Rayleigh wave (also known as Scholte wave). Additionally,

the phase velocity c(ω) is not dependent on the azimuthal angles. Therefore, we

can solve this problem by dividing them into two subproblems. By introducing a

transformation

Ū3 = ikU3; χ̄ = ikχ (12)

that can eliminate the first order of k in equation (10) and make all eigenfunctions

be in real numbers, which save memory cost for eigenvalue problem. By inserting the
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VTI model cijkl expressions:

cijkl = (A− 2N)δijδkl +N(δikδjl + δilδjk)

+ (F − A+ 2N)(δij ẑkẑl + δklẑiẑj)

+ (L−N)(δikẑj ẑl + δilẑj ẑk + δjkẑiẑl + δjlẑiẑk)

+ (A+ C − 2F − 4L)ẑiẑj ẑkẑl

(13)

here ẑ is the z axis direction in Figure 1, δij is Kronecker delta symbol. The Love

parameters A,C, L, F,N are defined by using several characteristic velocities:

A = ρα2
h, C = ρα2

v, N = ρβ2
h

L = ρβ2
v , F = η(A− 2L);

(14)

where αh and βh denote the horizontally polarized P- and S-wave velocities, respec-

tively, and αv and βv represent the vertically polarized P- and S-wave velocities along

the z-axis. Then we can obtain simplified eigenvalue problem for Love wave as :

ω2Mx = Ex+ k2Kx (15)

And for Rayleigh/Scholte wave:

ω2


M

M

M ′




U1

U3

χ̄

 = k2


K1 0 0

K2 K3 0

0 0 K5




U1

U3

χ̄

+


E1 E2 0

0 E3 E4

0 E5 E6




U1

U3

χ̄


(16)

The expressions for each element can be find in Appendix A.
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General Anisotropy

For general anisotropic models, the phase velocity depends on the horizontal propa-

gation direction, expressed as c = c(ω, k̂)(Tromp, 1994). In such cases, Rayleigh and

Love waves are no longer separable, requiring us to begin with equation (8):∫
ρω2uiψ dz =

∫
ik

[
cijpq(−ikk̂j k̂qup + ẑqu̇pk̂j)

]
ψ dz+∫ [

ci3pq(−ikk̂qup + ẑqu̇p)
]
∂zψ dz

(17)

It is important to note that above equation involves four distinct types of integrals,

each of which can be computed by using Gaussian quadrature:∫
Ωk

PUψ dz =
∑
j

wiPiJkδijUj

∫
Ωk

P∂zUψ dz =
∑
j

wiPil
′
j(ξi)Uj

∫
Ωk

PU∂zψ dz =
∑
j

wjPjl
′
i(ξj)Uj

∫
Ωk

P∂zU∂zψ dz = J−1
k

∑
j

∑
m

wmPml
′
j(ξm)l

′
i(ξm)Uj

(18)

Here P denotes the physical parameters such as rho or cijkl, and U is the eigenfunction

to solve, wi is the i-th quadrature weights, and Jk = dz/dξ is the Jacobian in k-th

element. Variables with subscript i, j, such as Uj are abbreviate of U(ξj). Finally

we can obtain the quadratic eigenvalue problem as equation (10), and the element

matrices can be found in Appendix A.
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Attenuation

In attenuating medium, the strain-stress relation is through Boltzmann’s superposi-

tion principle (Carcione, 1990)

σij(t) =

∫ t

0

dτ cijkl(t− τ)∂τ ϵkl(τ) (19)

We can approximate the attenuation effects using a series of standard linear solids

(Aki and Richards, 2002). In this assumption, the anelastic tensor cijkl is (Komatitsch

and Tromp, 1999):

cijkl(t) = cRijkl

[
1 +

N∑
p=1

τ pijkle
−ωpt

]
H(t), (20)

where cRijkl denotes the relaxed elastic tensor (limt→∞ cijkl(t)), H(t) is the Heaviside

function, N is the number of standard linear solids used, and ωp, τ
p
ijkl are the stress

relaxation frequency and a attenuation-related factor for p-th standard linear solid,

respectively. By Fourier transform, we can find the frequency domain expressions as:

σij(ω) = cRijkl

[
1 +

N∑
p=1

iωτ pijkl
ωp + iω

]
ϵkl(ω) =Mijkl(ω)ϵkl(ω) (21)

The definition of quality factor Q−1 is (Dahlen and Tromp, 1998; Aki and Richards,

2002):

Q−1
ijkl(ω) =

ImMijkl

ReMijkl

=

∑
p τ

p
ijkl

ω/ωp

1+(ω/ωp)2

1 +
∑

p τ
p
ijkl

(ω/ωp)2

1+(ω/ωp)2

. (22)

In the frequency band used in seismology, the quality factor Q is nearly constant,

so the parameters ωp and τ
p
ijkl are determined by solving a nonlinear inverse problem

that fits a given Q model, such as a constant Q or a power-law model. However, this

approach necessitates solving a nonlinear inverse problem for each distinct value of Q
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in the 1-D model, and it also poses challenges for computing the derivatives of Q. To

solve these two issues, Blanch et al. (1995) suggesting selecting ωp using logarithmic

spacing within the frequency range of interest and employing a single τijkl for all

standard linear solids. This approach allows for the use of an analytical τ -method to

determine the optimal parameters efficiently. But this will lead to under-estimated

when Q < 20. To address this problem, we adopt the correction approach proposed

by van Driel and Nissen-Meyer (2014), which aims to determine the optima ωp and

τ pijkl only based on the numerator of equation (22) for a reference quality factor Qr

using the simulated annealing method, then an iterative correction formula is then

applied to update τ pijkl for other target Q values:

δ1 = 1 +
1

2
τ1
Qr

Q

δn+1 = δn +

(
δn −

1

2

)
τn
Qr

Q
+ τn+1Qr

2Q

(τ p)′ = δp · τp
Qr

Q

(23)

where δp is the correction factor for p-th SLS,Qr is the reference quality factor used for

the nonlinear inversion and Q is the target quality factor. This approach significantly

reduces the computational cost, as it requires solving only a single nonlinear inverse

problem to estimate these parameters. Additionally, it enables direct and efficient

derivative computation for Q.

In practice, determining and inverting 21 constant quality factors within the seis-

mic frequency band, along with their corresponding standard linear solid (SLS) mod-

els, is challenging (Carcione, 1992). Therefore, in this study, we adopt a simplified

approach by selecting only four quality factors for VTI media (Zhu and Tsvankin,
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2006), affecting the complex modulus of A,C, L,N . For a general anisotropic model,

Carcione and Cavallini (1995) introduces up to four quality factors: one associated

with dilatational deformations and three for deviatoric deformations, which should

be chosen based on the symmetry of the anisotropic model. The construction of such

models on a case-by-case basis is beyond the scope of this study, as our focus is on

incorporating attenuation effects and sensitivity analysis into the SEM framework.

However, an API can be provided within the SEM code, allowing users to define their

own anisotropic attenuating quality factors.

Group Velocity

VTI Model

Another important feature of surface wave observations is the group velocity. For

Love wave in radially anisotropic viscoelastic media, we begin with equation (15).

Using a perturbation approach, we obtain:

2ωδωMx− δω ∂ωEx+ (ω2M −E − k2K)δx = 2k δkKx (24)

To eliminate the term that involves δx, we multiply both sides by the left-hand

eigenvector y, resulting in:

Ua,e
L,R =

∂ω

∂k
=

y†Kx

y† [cM − (2k)−1∂ωE]x
(25)

where the superscripts e and a stands for elastic and anelastic cases. It should be

noted the term ∂ωE is nonzero only at fluid-elastic boundaries. This expression is
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valid for both Love and Rayleigh waves, and applies to both elastic and anelastic

cases. However, the specific form of the eigenvectors and matrices involved can lead

to further simplifications depending on the wave type and material symmetry. Specif-

ically, for Love waves, all matrices are symmetric, and thus y = x in the elastic case

or y = x∗ in the visco-elastic case. Moreover, the fluid does not affect the dispersion

of Love waves. Altogether, these facts lead to:

U e,a
L =

xTKx

c xTMx
(26)

For Rayleigh waves, as we introduced the transformation (12) to avoid solving

quadratic eigenvalue problem, the new matrix system is not self-adjoint, so the left

and right eigenvectors are generally distinct, yielding:

U e
R =

yTKx

yT [cM − (2k)−1∂ωE]x
; Ua

R =
y†Kx

y† [cM − (2k)−1∂ωE]x
(27)

General Anisotropy

In this case we should start with variation of equation (10):

0 =2ωδωMx+ (ω2M − k2K − kH −E)δx

− δω ∂ωE − ∂ki(k
2K + kH)xδki

(28)

In this case, all eigenvectors are complex, so we multiply with the left eigenvector y†:

0 = y† (−2ωM + ∂ωE)x δω + y†∂ki(k
2K + kH)xδki (29)

note k2K and kH are quadratic and linear form of vector k (equation (17)), so we

can obtain:

Ua,e
i = ∂ω/∂ki =

y†(k∂k̂iK + ∂k̂iH)xδk̂i

y† [2ωM − ∂ωE]x
(30)
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For elastic solid media, all matrices are Hermitian (see proof in Appendix D), so:

U e,solid
i = ∂ω/∂ki = ∂ω/∂ki =

x†(k∂k̂iK + ∂k̂iH)xδk̂i

x† [2ωM − ∂ωE]x
(31)

Numerical Implementation

The efficiency and accuracy of the spectral element method (SEM) depend strongly

on the choice of element size and the order of Lagrange polynomials for a given fre-

quency and model. Additionally, the discretization of the study region must capture

all discontinuities, such as fluid-elastic interfaces. To account for this, we divide the

model into multiple regions, ensuring that discontinuities are properly represented.

Within each region, material properties can either remain constant or be approxi-

mated using linear interpolation. To reduce numerical dispersion the number of GLL

points is typically chosen as ≥5 (Komatitsch and Tromp, 1999; Lyu et al., 2020),

and the element size is generally set to approximately one wavelength at the target

frequency. To ensure sufficient accuracy in our implementation, we use NGLL ≥ 7

and allocate at least 1.5 elements per wavelength. Furthermore, the SEM mesh is

re-discretized for each frequency to maintain accuracy.

Another numerical challenge is handling the half-space. The GRL quadrature al-

lows for the application of an arbitrary scaling factor to the infinite element. Hawkins

(2018) suggested determining the optimal depth based on the maximum sensitivity

depth of the analytical solution for the half-space. However, in general viscoelastic

anisotropic media, obtaining such a solution is challenging. Therefore, in our im-

plementation, we set the scaling factor as 10–20 wavelengths within the half-space.
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Based on our numerical experiments, we choose the number of GRL nodes to be 15–25

in this study.

Note that using a matrix-based eigenvalue solver yields n eigenvalues, where n

is the number of points in the system—typically much larger than the number of

physically meaningful dispersion relations. These redundant dispersions originate

from numerical dispersion effects introduced by discretizing the system, which result

in eigenvalues with strong attenuation coefficients (Shi et al., 2022). To filter out

these spurious eigenvalues, we impose the conditions that the real part of the phase

velocity must be less than the maximum characteristic velocity in the half-space and

that|ℜk| ≥ |ℑk|.

An important consideration in anisotropic media is that phase velocity depends on

direction. Therefore, the characteristic velocity of the half-space, used in the spurious

eigenvalue filter, should be determined for each direction by solving the body-wave

eigenvalue problem of the Christoffel equation (Cerveny, 2001):

Γikgk = v2gi (32)

where Γik = cijkl/ρ n̂jn̂l is the Christoffel matrix, gi is the polarization vector and

n̂ is the unit vector for the given direction. We choose the minimum and maximum

eigenvalue v as the lower and upper limit used in the spurious mode filter.
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FRECHÉT KERNELS AND ADJOINT METHOD

The most prominent method to compute derivatives is utilizing the Lagrangian of the

system (Al-Attar and Crawford, 2016). For elastic wave, we have:

Le =
1

2
ρu̇iu̇i −

1

2
cijkluk,lui,j (33)

The Virial theorem states that the time and volume integral of this quantity is zero.

For visco-elastic medium, the Hamiltonian is not conserved and thus the Virial the-

orem does not hold, but we can introduce a ”mirror” anti-dissipation system, and

make the two systems as a whole (see Appendix C), and obtain the dual Lagrangian

as:

La = ρu̇iu̇
+
i − CR

ijkluk,lu
+
i,j −

1

2
CI

ijkl(t) ∗ u̇k,lu+i,j +
1

2
CI

ijkl(−t) ∗ u̇+k,lui,j (34)

where u+ is the displacement of anti-dissipation system, ∗ is the time convolution, the

definition of CR and CI can be found in Appendix C. Then by applying Rayleigh’s

principle (Dahlen and Tromp, 1998) we can find the derivatives of phase velocity with

respect to any model parameters.

Although this method is elegant, it introduces difficulties when we need to compute

complex derivatives for user-defined quantities. So in this study, we will seek to find a

general adjoint method (Tromp et al., 2005; Liu and Tromp, 2006) to find all required

derivatives.

We start from quadratic eigenvalue problem in equation (10), and let the quantity

we want to find derivatives relative to model parameters m as f , Then by Lagrange
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multiplier method, we can define an auxiliary function as :

S =f − λ†(Ax− αBx)− x†(A† − α∗B†)µ− s(x†x− 1)

− y†(A− αB)ξ − η†(A† − α∗B†)y − t(y†y − 1)

(35)

where α is the eigenvalue in the system (k or k2), † stands for the conjugate transpose,

A and B are matrices for which the eigenvalues are to be computed, x and y are

right and left eigenvectors, respectively, and λ,µ, ξ,η, s, t are Lagrange multipliers.

Then variation of S according to small variation of model parameters δm is:

δS =

[
∂f

∂xi
− λ∗j(Aji − αBji)− sx∗i

]
δxi +

[
∂f

∂x∗i
− (A∗

ji − α∗B∗
ji)µj − sxi

]
δx∗i

+

[
∂f

∂y∗i
− (Aij − αBij)ξj − tyi

]
δy∗i +

[
∂f

∂yi
− η∗j (A

∗
ji − αB∗

ji)− ty∗i

]
δyi

+

[
∂f

∂α
+ λ†Bx+ y†Bξ

]
δα +

[
∂f

∂α∗ + x†B∗µ+ η†B∗y

]
δα∗

−
[
λ†(

∂A

∂mi

x− α
∂B

∂mi

x) + x†(
∂A†

∂mi

− α∗∂B
†

∂mi

)µ

]
δmi

−
[
y†(

∂A

∂mi

− α
∂B

∂mi

)ξ + η†(
∂A†

∂mi

− α∗∂B
†

∂mi

)y

]
δmi

+

[
∂f

∂A
:
∂A

∂mi

+
∂f

∂B
:
∂B

∂mi

]
δmi

(36)

So we can obtain 6 adjoint equations as:

∂f

∂xi
− λ∗j(Aji − αBji)− sx∗i = 0;

∂f

∂x∗i
− (A∗

ji − α∗B∗
ji)µj − sxi = 0

∂f

∂y∗i
− (Aij − αBij)ξj − tyi = 0;

∂f

∂yi
− η∗j (A

∗
ji − αB∗

ji)− ty∗i = 0

∂f

∂α
+ λ†Bx+ y†Bξ = 0;

∂f

∂α∗ + x†B†µ+ η†B†y = 0

(37)

by utilizing normalization condition, we can solve s and t as:

s = xi
∂f

∂xi
= x∗i

∂f

∂x∗i
; t = y∗i

∂f

∂y∗i
= yi

∂f

∂yi
(38)

However, most quantities we are interested (such as phase velocity, group velocity and

HV ratio) is the 0-th order homogeneous function of eigenvector, i.e. f(cx) = f(x).
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Then by using Euler’s theorem for homogeneous function, we know both s and t are

zero. Then we need to solve 4 linear systems as:

(A− αB)†λ = (∂f/∂x)∗; (A− αB)†µ = ∂f/∂x∗

(A− αB)ξ = ∂f/∂y∗; (A− αB)η = (∂f/∂y)∗
(39)

Note that if we have found λ,µ, ξ,η, for any constants c1, c2, c3, c4, the λ+ c1y,µ+

c3y, ξ + c2x,η + c4x are still valid solutions, so we need another two equations as:

∂f

∂α
+ (λ+ c1y)

†Bx+ y†B(ξ + c2x) = 0;

∂f

∂α∗ + x†B†(µ+ c3y) + (η + c4x)
†B†y = 0

(40)

we can find:

c∗1 + c2 = −∂f/∂α+ λ†Bx+ y†Bξ

y†Bx

c3 + c∗4 = −∂f/∂α
∗ + x†B†µ+ η†B†y

x†B†y

(41)

Insert in equation (37), and also utilize A and B are linear functions of m we can

finally obtain:

δS =−
[
λ†(

∂A

∂mi

− α
∂B

∂mi

)x+ x†(
∂A†

∂mi

− α∗∂B
†

∂mi

)µ

]
δmi

−
[
y†(

∂A

∂mi

− α
∂B

∂mi

)ξ + η†(
∂A†

∂mi

− α∗∂B
†

∂mi

)y

]
δmi

−
[
(c∗1 + c2)y

†(
∂A

∂mi

− α
∂B

∂mi

)x

]
δmi

−
[
(c3 + c∗4)x

†(
∂A†

∂mi

− α∗∂B
†

∂mi

)y

]
δmi

+

[
∂f

∂A
:
∂A

∂mi

+
∂f

∂B
:
∂B

∂mi

]
δmi

(42)

Another important consideration is the efficient solution of the linear systems in

equation (39), which typically entails a computational complexity of O(n3). However,
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this cost can be significantly reduced by exploiting the generalized Schur decomposi-

tion of these two matrices:

A = QSZ†,B = QS′Z† (43)

Here,Q andZ are unitary matrices, and S and S′ are upper triangular matrices. This

structure enables the linear systems in the adjoint framework to be efficiently solved

using forward and backward substitution, reducing the computational complexity to

O(n2). Note that this decomposition was already computed during the computation

of eigenvalues and eigenvectors of the system, allowing the four resulting matrices to

be cached in memory and reused during sensitivity analysis.

Also note that the adjoint method used in this study depends on the specific

discretizations of the ODE system (3), distinguishing it from the approach in Liu

and Tromp (2008), which is based on functional analysis. Therefore, it is commonly

referred to the discrete adjoint method (Giles et al., 2003) .

NUMERICAL EXPERIMENTS

Love Waves in a Two-Layered Anelastic Radially Anisotropic

Medium

One classical example is the two-layer Love wave model, where an analytical dispersion

relation can be derived. Following Aki and Richards (2002), the dispersion relation
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in this VTI media is given by:

F (c) =
L2

L1

βv1
βv2

√
β2
h2 − c2√
c2 − β2

h1

− tan

[
ωH

cβv1

√
c2 − β2

h1

]
= 0 (44)

where H stands for the thickness of the first layer, c is the phase velocity, variables

with subscripts 1 and 2 denote parameters in the first and second layers, respectively.

After we find the phase velocity, the group velocity is given by:

U = c+ k
dc

dk
=
β2
h1

c

c2/β2
h1 + Ω

1 + Ω
(45)

where

Ω =
kHβh2
βv2

√
1− c2

β2
h2

[
ρ1
ρ2

c2 − β2
h1

β2
h2 − β2

h1

+
L2

L1

β2
h2 − c2

β2
h2 − β2

h1

]
(46)

The derivatives can be obtained by:

dc

dm
= −∂F/∂m

∂F/∂c
;

(
∂U

∂m

)
ω

=

(
∂U

∂m

)
ω,c

+

(
∂U

∂c

)
ω,m

(
∂c

∂m

)
ω

(47)

For anelastic model, we can substitute the modulus by using their complex counter-

part. Directly solving complex c from equation (44) is error-prone, but we can still

analyze the relative error between the true values and the values from SEM by rule

of propagation of uncertainty:

∣∣∣∣∆cc
∣∣∣∣ ≈ ∣∣∣∣ ∆F

c dF/dc

∣∣∣∣ (48)

Table 1 lists all the parameters used in this numerical test. Figure 2 presents a

benchmark comparison between the phase and group velocities computed using the

SEM and their analytical counterparts over the frequency range of 0.01 Hz to 1 Hz.

The results show that the relative error in phase velocity is generally below 10−3%,
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Table 1: Two-Layer Anelastic VTI Love Wave Model

Layer Number h ρ βv βh QL QN

1 35 2.8 3.0 3.3 220 200

2 ∞ 3.2 5.0 5.5 330 300

which is practically accurate. Higher-order surface waves exhibit larger errors due to

their more oscillatory eigenfunctions, which require higher resolution per wavelength.

Figures 3-6 show the comparison of the derivatives of phase and group velocities with

respect to model parameters with analytical expressions. We observe that the SEM

results coincide perfectly with the analytical solutions. Additionally, for each mode,

as frequency increases, the sensitivity gradually shifts toward the first layer. This

behavior is consistent with physical intuition, as long-period waves are more sensitive

to deeper structures.

Scholte Wave in the Ocean

This example focuses on the propagation of the Scholte wave in the ocean. We set

the thickness of the water column to 5 km. To benchmark the results with the matrix

method (Haskell, 1990; Dunkin, 1965), we only consider the isotropic media in Table

2, where the ocean bottom is set at the depth of 5 km.

Figure 7 presents the computed phase and group velocities obtained using the
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Figure 2: Benchmark on 2-layer Love wave model. Different colors denote different

order of surface wave. Dots are from analytical solution. (a) Phase velocity from

SEM. (b) Relative error between true eigenvalues and eigenvalues from SEM. (c)

Group velocity comparison between SEM and analytical conversion. (d) Group Q

value comparison between SEM and analytical conversion
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Figure 3: Phase velocity derivatives benchmark on 2-layer Love wave model. Differ-

ent colors denote different order of surface wave. Dots are from analytical solution.

(a),(b),(c),(d) are related to derivatives for βh1, βh2, βv1, βv2, respectively
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Figure 4: Phase velocity derivatives benchmark on 2-layer Love wave model. Differ-

ent colors denote different order of surface wave. Dots are from analytical solution.

(a),(b),(c),(d) are related to derivatives for Q−1
h1 , Q

−1
h2 , Q

−1
v1 , Q

−1
v2 , respectively
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Figure 5: Group velocity derivatives benchmark on 2-layer Love wave model. Differ-

ent colors denote different order of surface wave. Dots are from analytical solution.

(a),(b),(c),(d) are related to derivatives for βh1, βh2, βv1, βv2, respectively
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Figure 6: Group velocity derivatives benchmark on 2-layer Love wave model. Differ-

ent colors denote different order of surface wave. Dots are from analytical solution.

(a),(b),(c),(d) are related to derivatives for Q−1
h1 , Q

−1
h2 , Q

−1
v1 , Q

−1
v2 , respectively
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Table 2: Four-Layer Elastic Scholte Wave Model

Layer Number h ρ αh=αv βv

1 5 1.03 1.5 0

2 45 2.57 5.22 3.10

3 50 2.95 6.94 4.0

4 ∞ 3.57 5.0 8.75

spectral element method (SEM) and the matrix method over the frequency range of

0.01 Hz to 0.5 Hz, covering up to six modes. The results from both methods show

excellent agreement. Due to the presence of water, mode kissing can be observed

at specific frequencies. At higher frequencies, the influence of the fluid becomes

increasingly significant. Figure 8 shows the normalized eigen-displacements of the

horizontal and vertical components at 0.5 Hz. Notably, at the fluid–solid interface,

the tangential displacement is discontinuous across the boundary. For higher modes,

the eigenfunctions exhibit increased oscillations and penetrate to greater depths. All

displacements decay to zero in the half-space, consistent with the prescribed boundary

conditions.

Figures 9–10 present a benchmark comparison of the derivatives of fundamental-

mode phase and group velocities with respect to model parameters, obtained us-

ing the adjoint method and finite-difference approximations. The results show good
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Figure 7: Benchmark of phase/group velocities with SEM and Thompson-Haskell

matrix method. Dots in the figure are results from matrix method, and lines are from

SEM computation. Only 6 orders has been displayed.

agreement between the two approaches. Additionally, it can also be observed that

long-period surface waves exhibit greater sensitivity to deeper structures.

Surface Wave in Orthorhombic Media

Orthorhombic anisotropy is commonly observed in a variety of materials, including

fractured reservoirs (Mensch and Farra, 2002), olivine-dominated upper mantle (Keith

and Crampin, 1977) and polycrystalline aggregates of ice crystals (Sayers, 2018). The
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Figure 8: Normalized eigenvectors (displacement) at 0.5Hz from SEM. We see clearly

discontinuities at fluid-elastic boundary (5km depth) on x component
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Figure 9: Benchmark of phase velocity derivatives between adjoint method and finite

difference approximations. Left: phase velocity derivatives respect to P wave veloc-

ities in each layer. Right: phase velocity derivatives respect to S wave velocities in

each layer. Only fundamental modes are displayed.

Figure 10: Benchmark of group velocity derivatives between adjoint method and

finite difference approximations. Left: group velocity derivatives respect to P wave

velocities in each layer. Right: group velocity derivatives respect to S wave velocities

in each layer. Only fundamental modes are displayed.
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elastic stiffness tensor is expressed in a coordinate-free form as follows (Chevrot, 2006):

cijkl =(C13 + C23 − C12)δijδkl + (C55 − C66 + C44)(δikδjl + δilδjk)

+ (C12 − C23)(aiajδkl + δijakal) + (C12 − C13)(bibjδkl + δijbkbl)

+ (C66 − C44)(aiakδjl + aialδjk + ajakδil + ajalδik)

+ (C66 − C55)(bibkδjl + biblδjk + bjbkδil + bjblδik)

+ (C11 − C13 + C23 − C12 + 2C44 − 2C55 − 2C66) aiajakal

+ (C22 + C13 − C23 − C12 − 2C44 + 2C55 − 2C66) bibjbkbl

+ (C33 − C13 − C23 + C12 − 2C44 − 2C55 + 2C66) cicjckcl

(49)

where a, b, c are normal vectors of the three mutually orthogonal planes, and Cij

is the elastic tensor in the medium where these normal vectors are parallel to the

coordinate system (i.e. a = x̂, b = ŷ, c = ẑ). We define the attenuation effects only

on isotropic compression and shear deformation terms Qκ and Qµ (Carcione, 1990):

c′II = cII − Ē + K̄M1 +
4

3
µ̄M2, I = 1, 2, 3,

c′IJ = cIJ − Ē + K̄M1 + 2µ̄

(
1− 1

3
M2

)
, I, J = 1, 2, 3; I ̸= J,

c′44 = c44M2, c′55 = c55M2, c′66 = c66M2,

Ē =
1

3

3∑
I=1

cII , µ̄ =
1

3

6∑
I=4

cII . K̄ = Ē − 4

3
µ̄

(50)

where:

M1 = 1 +
N∑
p=1

iωτ pκ
ωp
κ + iω

; M2 = 1 +
N∑
p=1

iωτ pµ
ωp
µ + iω

(51)

are the SLS approximated complex modulus of the quality factor Qκ and Qµ, cij is

the orthorhombic elastic matrix, and c′ij is the new (an)elastic matrix after including

attenuation.
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We consider a four-layer model in this example. Each layer shares the same

Thomsen-style anisotropic parameters (Tsvankin, 1997), given by: ϵ(1) = 0.2, ϵ(2) =

0.1, δ(1) = 0.05, δ(2) = 0.2, δ(3) = −0.1, γ(1) = 0.15, and γ(2) = 0.05. The c-axis

orientation is defined by rotation angles θc = 90◦ and ϕc = 45◦. We first focus on a

non-dissipative medium; the ”isotropic model” parameters, including VP0, VS0, and ρ

for each layer, are shown in Figure 11(a). Figure 11(b) shows the phase velocities in

the 0.01–0.5 Hz frequency range at an azimuthal angle of 0◦. The dispersion curves

in Figure 11(b) can be broadly divided into three regions, delineated by three blue

lines. These lines correspond to the body wave velocities (2.68, 2.91, and 4.55 km/s,

respectively) in the half-space, as derived from equation (32). This segmentation can

be interpreted as follows: the existence of surface waves necessitates the presence of

inhomogeneous waves (Aki and Richards, 2002), which restricts the phase velocity c

to lie between the minimum and maximum characteristic velocities (or the body-wave

phase velocities at this direction) of the model.

Figure 12 presents the fundamental mode phase and group velocities at four dif-

ferent azimuthal angles. Since the group velocity does not necessarily align with the

phase velocity direction, it is decomposed into two components: ur, the velocity along

the wavenumber direction k̂, and ut, the component orthogonal to k̂. Prominent az-

imuthal variations in both phase and group velocities are observed, reflecting strong

anisotropic effects. Figure 13 further illustrates the azimuthal dependence of phase

and group velocities at 0.05, 0.1, and 0.2 Hz. The phase velocity reaches a maxi-

mum at 135◦ and a minimum at 45◦. At these angles, the group velocity (Figure
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Figure 11: Orthorhombic 1-D model and phase velocities at azimuthal angle = 0◦.

(a) 4-layer ”isotropic model”. (b) phase velocities at 0.01 - 0.5 Hz. The 3 horizontal

lines are the 3 body-wave phase velocities in half space (2.68, 2.91, and 4.55 km/s,

respectively) at current azimuthal angle.

13 (b)) aligns with the phase velocity, consistent with the initial configuration of the

anisotropic model. By incorporating attenuation (Figure 14(b)), we observe that the

dispersion curves are different from those of the elastic case, particularly for higher

modes. This suggests that neglecting attenuation in surface wave inversion could

lead to inaccuracies in the resulting model. Figure 15 shows the azimuthal variations

of both the phase velocity and the quality factor Qc, which align with the model

configuration, where the slow axis is oriented at 45◦. These results indicate that,

in attenuating anisotropic media, it is generally possible to constrain the anisotropic

model in surface wave inversion by combining the azimuthal variations of both c and

Qc.
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Figure 12: Fundamental mode phase velocities and group velocities at 4 different

azimuthal angles. Since the group velocity does not necessarily align with the phase

velocity direction, we represent it in terms of components: the velocity along the

wavevector k̂ direction, ur, and the orthogonal component, ut.
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Figure 13: Azimuthal variation of the fundamental mode dispersion for the or-

thorhombic model. (a) phase velocities and group velocities ur at 0.05, 0.1, 0.2 Hz.

(b) group velocities ut at 0.05, 0.1, 0.2 Hz

DISCUSSION AND CONCLUSION

This study aims at providing comprehensive and flexible framework based on the

spectral element method for modeling 1-D surface wave dispersion and it’s deriva-

tives. The framework is capable of simulating elastic, viscoelastic, and multiphysics

effects in complex media. To capture attenuation effects, we employ standard linear

solid models enhanced with a correction method, resulting in an efficient and differen-

tiable attenuation model. For sensitivity analysis with respect to model parameters,

we develop an adjoint method. Through three numerical experiments, the proposed

approach demonstrates strong potential for accurately modeling complex dispersion

phenomena across various media. In general, this study provides researchers with a

powerful and versatile tool for investigating the subsurface structures of the Earth.
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Figure 14: Orthorhombic visco-elastic 1-D model and phase velocities at azimuthal

angle = 0◦. The ”isotropic model” is same as Figure 11. (a) 4-layer ”isotropic model”.

(b) phase velocities at 0.01 - 0.5 Hz. The 3 horizontal lines are the 3 body-wave phase

velocities at half space (2.68, 2.91, and 4.55 km/s, respectively) for current azimuthal

angle. Black dots are phase velocites for elastic model, and triangulars are phase

velocities from visco-elastic model.
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Figure 15: Azimuthal variation of the fundamental mode dispersion for the visco-

elastic orthorhombic model. (a) phase velocities at 0.05, 0.1, 0.2 Hz. (b) quality

factor Qc at 0.05, 0.1, 0.2 Hz

Although this framework performs well across all examined topics, there remain op-

portunities for further work and development based on it.

First, this study is based entirely on flat-layer models, which approximate spheri-

cal layering. While the Earth-flattening transformation (Schwab and Knopoff, 1970)

can be employed to simulate spherical effects, it becomes inaccurate when complex

anisotropy is involved. Moreover, for surface wave propagation over the entire Earth,

additional physical effects such as gravity and Earth’s rotation must also be incor-

porated into the forward modeling. This introduces significant complications in both

boundary conditions and multiphysics coupling (Tromp, 1994). Even in a simplified

scenario where these additional physical effects are neglected, equation (1) must still

be reformulated in spherical coordinates, which in turn requires a new discretization
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within the SEM framework.

Second, it should be noted that the entire framework presented in this study

is applicable only to weakly attenuating media. In strongly attenuating cases, the

real and imaginary parts of the wavenumber vector k may differ significantly (called

inhomogeneous waves). Moreover, the attenuation models employed in this work

are all based on the simplified constant-Q approximation. More realistic models,

such as nearly constant-Q models (Hao and Greenhalgh, 2021), could be adopted

in future work, although they require different standard linear solid parameters and

alternative approaches for computing derivatives. This extension could be facilitated

by providing a user API in the SEM code, allowing users to implement and apply

their own attenuation models. Additionally, anisotropic configurations beyond the

Love parameters used in the VTI case or the full stiffness tensor C in the general

anisotropic case could be supported through template scripts that handle pre- and

post-processing, converting user-supplied models and derivatives into the required

internal format.

One of the key applications of surface wave dispersion is surface wave tomography

(Shapiro et al., 2005), where ray tracing on 2-D dispersion maps plays a central role.

The underlying theory is based on Fermat’s principle, which requires the travel time to

be stationary with respect to frequency-dependent ray paths (Woodhouse and Wong,

1986):

t(ω) =

∫
k̂ · û
c(ω)

ds (52)

Here, k̂ denotes the unit wavenumber vector, and û represents the unit vector in the
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direction of group velocity. The term c(ω) refers to the phase velocity, while ds is the

infinitesimal arc length along the surface wave ray path. In isotropic media, k̂ and û

are aligned, and equation (52) simplifies to the well-known result that the ray path

of surface waves is solely determined by the phase velocity. However, in the presence

of anisotropy, phase and group velocities generally do not share the same direction.

Consequently, accurate ray tracing requires knowledge of the azimuthally dependent

phase and group velocities at every point along the free surface.

In practice, a widely used method for ray tracing based on equation (52) is the

shortest-path method (Zhou and Greenhalgh, 2005), which applies Dijkstra’s algo-

rithm to identify the path that minimizes frequency-dependent travel time among

all possible trajectories. This approach involves constructing a graph over the 2-D

free surface, where each node represents a spatial point with known phase and group

velocities in various directions. The travel time between two connected nodes is then

computed based on the trapezoidal rule:

∆t(x1,x2) =
1

2

[
k̂(θ1) · û(x1, θ)

c(x1, θ1)
+
k̂(θ2) · û(x2, θ)

c(x2.θ2)

]
|xi − xj| (53)

Here, θ denotes the direction of the straight line connecting two points, while θi and

θj represent the angles at points xi and xj, respectively, used to compute the group

velocity in the direction of θ. However, determining θi directly is not straightforward.

In practice, the procedure typically begins with the direction θ, and a local search is

conducted within a small angular window around it to identify the angle that yields

a group velocity vector most closely aligned with the direction θ.

A notable distinction between surface waves and body waves can be observed from
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equation (52). In body wave ray theory, the following identity holds (Cerveny, 2001):

s · u = 1, (54)

where s is the slowness vector and u is the group velocity vector. This identity implies

that the projection of the group velocity in the direction of the phase velocity, denoted

as ur, is equal to the phase velocity itself. As a result (from equation (52), the ray path

of a body wave is determined solely by its group velocity. However, as illustrated in

Figure 13, this identity does not hold for surface waves, since ur ̸= c. This indicates

that, unlike body waves, the ray path of surface waves cannot be described solely

by the group velocity and requires consideration of both phase and group velocity

directions. A more complex case arises when k̂ · û < 0, which is associated with a

decrease in the Maslov index (Tromp and Dahlen, 1993). In such situations, Dijkstra’s

algorithm becomes unsuitable for ray tracing, as it assumes non-negative edge weights

and cannot handle the occurrence of negative travel times in the ray-tracing graph.

Instead, the Bellman–Ford algorithm (Bellman, 1958) should be employed, as it is

capable of handling graphs with negative weights and can still correctly compute the

minimum travel-time paths.
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APPENDIX A

VTI MATRICES AND IMPLEMENTATION DETAILS

In Love wave:

Mij =
hkwiρi

2
δij

Kij =
hkwiNi

2
δij

Eiq =

[
n∑

s=1

wsLsl
′
i(ξ

s)l′q(ξ
s)

]
2

hk

(A-1)

here wi is the weights for numerical integral, Jk = dz/dξ in k-th element, hk is the

length of k-th element.

For Rayleigh/Scholte Wave:

Mij = wiρiJkδij; K1
ij = wiAiJkδij

K2
ij = wjFjl

′
i(ξj)− wiLil

′
j(ξi)

K3
ij = wiLiJkδij

E1
ij = J−1

k

∑
m

[
wmLml

′
i(ξm)l

′
j(ξm)

]
E2

ij = wiFil
′
j(ξi)− wjLjl

′
i(ξj)

E3
ij = J−1

k

∑
m

[
wmCml

′
j(ξm)l

′
i(ξm)

]

(A-2)
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APPENDIX B

QUADRATIC EIGENVALUE PROBLEM

Suppose we want to solve the eigenvalue λ of this quadratic eigenvalue problem

(QEP):

(λ2K + λH +M )x = 0 (B-1)

We can linearize this system by define two auxiliary matrices and a auxiliary

vector z (also called the first companion):

A =

 0 I

−M −H

 B =

I 0

0 K

 z =

 x

λx

 (B-2)

It can be verified that the original quadratic eigenvalue problem is equivalent to

generalized eigenvalue problem of this new system:

Az = λBz (B-3)

For the left eigenvector y, we seek to find the trial solution

w†

 0 I

−M −H

 = λw†

I 0

0 K

 w† =

[
y†F y†G

]
(B-4)

The matrix F and G are needed to be decided by matching the equation (B-4) with

the original QEP problem, then we have:

− y†GM = λy†F

y†F − y†GH = λy†GK

(B-5)
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Insert the first equation into the second one, we have

λ2y†GK + λy†GH + y†GM = 0 (B-6)

which means we can choose:

F = −λ−1M ; G = I (B-7)

Therefore, we can only do one Schur decomposition on matrices A and B to obtain

the two auxiliary vector z and w, then the first/last segment of it are the eigenvectors

we want.

APPENDIX C

DUAL LAGRANGIAN

For visco-elastic medium, we can introduce an anti-dissipation system in which the

modulus is the complex conjugate of Mijkl in equation (21). So in time domain, we

have:

c+(t) = CRF−1

[
1

iω
−

N∑
p=1

τ p

ωp − iω

]
= CR

[
H(t)−

N∑
p=1

τpe
ωptH(−t)

]
(C-1)

So we can write down the PDE for these two systems as:

ρüi = σij,j =
[
CR

ijkluk,l + CI
ijkl(t) ∗ u̇k,l

]
,j

ρü+i = σ+
ij,j =

[
CR

ijklu
+
k,l − CI

ijkl(−t) ∗ u̇+k,l
]
,j

njσij|∂Ω = njσ
+
ij |∂Ω = 0

ui|t=0 = u̇i|t=0 = u+i |t=0 = u̇+i |t=0 = 0

(C-2)
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To determine the Lagrangian of this dual system, we first compute the elastic

potential energy density in this system:

Φ =
1

2

(
σij + σ+

ij

) (
ui,j + u+i,j

)
=

1

2
σijui,j +

1

2
σ+
iju

+
i,j +

1

2
σiju

+
i,j +

1

2
σ+
ijui,j

= ΦS + ΦI

(C-3)

where σij and σ
+
ij is the stress tensor produced by each system, and ΦS, ΦI are called

the ”self energy” and ”dual energy” of this dual system. Note that:∫
dV dt ΦS = −1

2

∫
dV dt

[
σij,jui + σ+

ij,ju
+
i

]
= −1

2

∫
dV dt ρ

[
üiui + ü+i u

+
i

]
=

1

2

∫
dV dt ρ

[
u̇iu̇i + u̇+i u̇

+
i

] (C-4)

And the kinematic energy density can also be divided as ”self kinematic energy”

and ”dual kinematic energy”:

T =
1

2
ρ(u̇i + u̇+i )(u̇i + u̇+i ) =

(
1

2
ρu̇iu̇i +

1

2
ρu̇+i u̇

+
i

)
+ ρu̇iu̇

+
i = TS + TI (C-5)

So we can obtain the action:

S =

∫
dV dt (T − Φ) =

∫
dV dt (TS − ΦS) +

∫
dV dt (TI − ΦI) (C-6)

obviously the first term above equation is 0, so we can define the integrand of the

second term (which is only related to dual energy) as the dual Lagrangian:

L = TI −ΦI = ρu̇iu̇
+
i −CR

ijkluk,lu
+
i,j −

1

2
CI

ijkl(t) ∗ u̇k,lu+i,j +
1

2
CI

ijkl(−t) ∗ u̇+k,lui,j (C-7)

Then we can prove the Virial theorem hold for this dual system, i.e. the action is
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0. Note: ∫
dV dtρu̇iu̇

+
i = −

∫
dV dtρüiu

+
i = −

∫
dV dtρü+i ui

=

∫
dV dt

[
CR

ijkluk,lu
+
i,j + CI

ijkl(t) ∗ u̇k,lu+i,j
]

=

∫
dV dt

[
CR

ijkluk,lu
+
i,j − CI

ijkl(−t) ∗ u̇+k,lui,j
]

(C-8)

So:

2S = 2

∫
dV dtL =

∫
dV dt

[
1

2
CI

ijkl(t) ∗ u̇k,lu+i,j +
1

2
CI

ijkl(−t) ∗ u̇+k,lui,j
]

+

∫
dV dt

[
−1

2
CI

ijkl(t) ∗ u̇k,lu+i,j −
1

2
CI

ijkl(−t) ∗ u̇+k,lui,j
]

= 0

(C-9)

Then under small change of δui, the variation of S is

δS =

∫
dV dt

[
∇ui

Lδui +∇ui,j
Lδui,j

]
=

∫
dV dt

[
ρδu̇iu̇

+
i − 1

2

(
CR

ijklu
+
k,l − CI

ijkl(−t) ∗ u̇+k,l
)
δui,j

]
−∫

dV dt
1

2

[
CR

ijklu
+
k,lδui,j + CI

ijkl(t) ∗ δu̇k,lu+i,j
]

= δS1 + δS2

(C-10)

Integration by parts:

δS1 =

∫
dV dt

[
−ρü+i +

1

2

(
CR

ijklu
+
k,l − CI

ijkl(−t) ∗ u̇+k,l
)
,j

]
δui (C-11)

To compute δS2, note that:∫
dt f ′(t) ∗ g(t)h(t) =

∫
dτ g(τ)

∫
dt f ′(t− τ)h(t) (C-12)

We set fR(t) = f(−t), then:∫
dt f ′(t) ∗ g(t)h(t) = −

∫
dτ g(τ)

∫
dt f ′

R(τ − t)h(t)

= −
∫

dt f ′
R(t) ∗ h(t)g(t) = −

∫
dt fR(t) ∗ h′(t)g(t)

(C-13)
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So:∫
dt CI

ijkl(t)∗δu̇k,lu+i,j =
∫

dt ĊI
ijkl(t)∗δuk,lu+i,j = −

∫
dt CI

ijkl(−t)∗ u̇+i,jδuk,l (C-14)

Then

δS2 =

∫
dV dt

1

2

(
CR

ijklu
+
k,l − CI

ijkl(−t) ∗ u̇+k,l
)
,j
δui (C-15)

So:

δS = δS1 + δS2 =

∫
dV dt

[
−ρü+i +

(
CR

ijklu
+
k,l − CI

ijkl(−t) ∗ u̇+k,l
)
,j

]
δui = 0 (C-16)

where the last equation is by using the wave equation of the anti-dissipation system.

The same derivation can also be applied for δu+i . Therefore, expression (C-7) satisfy

all requirements of a Lagrangian of a conserved system, we can apply the Rayleigh’s

principle on this new Lagrangian to obtain derivatives related to phase velocity.

APPENDIX D

SYMMETRY OF SEM MATRICES

we start from the wave equation in frequency domain:

−ρω2ui = (cijkluk,l),j (D-1)

substitute ui = Ui(z)e
iωt−ik·r, we have :

∇puq = (−ikk̂pUq + ẑp∂zUq)e
iωt−ik·r (D-2)

Therefore:

−ρω2Ui = −ikk̂j
[
cijpq(−ikk̂qUp + ẑq∂zUp)

]
+ ẑj∂z

[
cijpq(−ikk̂qUp + ẑq∂zUp)

]
(D-3)
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To simplify the analysis below, we can set k̂ = x̂ and then by the weak form we have:

∫
ρω2Uiψ dz =k2

∫
ci1p1Upψ dz +

∫
ci3p3∂zUp∂zψ dz + ik

∫
[ci1p3∂zUpψ − ci3p1Up∂zψ] dz

(D-4)

Insert the element matrix as:∫
Ωk

PUϕ dz ⇒ P 1
ij = wiPiJkδij∫

Ωk

P∂zUϕ dz ⇒ P 2
ij = wiPil

′
j(ξi)∫

Ωk

PU∂zϕ dz ⇒ P 3
ij = wjPjl

′
i(ξj)∫

Ωk

P∂zU∂zϕ dz ⇒ P 4
ij = J−1

k

∑
m

wmPml
′
j(ξm)l

′
i(ξm)

(D-5)

we can obtain the matrix form:

ω2Mx = k2Kx+ kHx+Ex (D-6)

The element matrices in one element e for are:

Kip
ab = ωac

b
i1p1Jeδab

Eip
ab = J−1

e

∑
s

csi3p3ωsl
′
b(ξs)l

′
a(ξs)

H ip
ab = i

[
cai1p3ωal

′
b(ξa)− cbi3p1ωbl

′
a(ξb)

]
(D-7)

In SEM, we should assemble each element matrix to a global matrix through the

connectivity matrix:

A = C(e, a) (D-8)

where e is the e-th element and a is the a-th GLL nodes. Now the eigenvector have 3

components, so it will cover n× 3 points in total, where n is the global unique points

for wavefield. If we arange the eigenvector in components by components way, i.e.

51



put the 1st component for the first n points, and then the second components, we can

obtain the contribution of (a, b)-th element to global matrix element (A,B) through:

A = C(e, a) + (i− 1) ∗ n; B = C(e, b) + (p− 1) ∗ n (D-9)

So we can get the transpose of global matrix as:

Kg
BA ⇒ Kpi

ba = Jeωbc
a
p1i1δba = Jeωac

b
i1p1δab = Kip

ab = Kg
AB

Eg
BA ⇒ Epi

ba = J−1
e

∑
s

csi3p3ωsl
′
a(ξs)l

′
b(ξs) = Eip

ab = Eg
BA

Hg
BA ⇒ Hpi

ba = i
[
cbp1i3ωbl

′
a(ξb)− cap3i1ωal

′
b(ξa)

]
= −H ip

ab = −Hg
AB

(D-10)

If all elastic parameters are real number, we can know all matrices are Hermitian, this

is the in agreement with the facts the linear wave equation operator is self-adjoint.
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