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Abstract

Cholera outbreaks follow complex patterns of persistence and sudden decline
that make traditional modeling approaches challenging and complicate public
health responses. To address this, we developed a new stochastic epidemiological
model that combines three key mechanisms: ecological competition between
pathogenic and non-pathogenic Vibrio cholerae strains, the effects of waning
vaccine-induced and natural immunity, and changes in the environment. We
calculate the basic reproduction number R0 and demonstrate the local stability of
the disease-free equilibrium. Our analysis uncovers a stochastic extinction
threshold RS

0 . This shows how environmental factors can end an outbreak, even
when R0 > 1. A global sensitivity analysis reveals that the symptomatic rate and
pathogenic growth rate are the most significant factors for transmission. We create
an optimal control framework with three intervention strategies: vaccination,
environmental sanitation, and treatment. This helps determine the most
cost-effective ways to manage outbreaks. Numerical simulations show that
combined interventions are more effective than any single method, reducing peak
infections by up to 87% compared to no intervention. This work addresses
important questions about cholera dynamics and provides public health officials
with a practical tool for developing effective, context-specific intervention
strategies against this ongoing global threat.

Keywords: Cholera, mathematical modeling, optimal control, cost-effectiveness 1

analysis, vaccination, environmental sanitation, treatment strategies, stochastic 2

dynamics 3

1 Introduction 4

Cholera continues to be a major global health issue. Epidemiological data show complex 5

patterns that are difficult to explain using standard modeling 6

approaches [Codeço(2001)]. The disease’s complex relationship between human hosts 7

and aquatic reservoirs has hindered control efforts, especially in areas where traditional 8

interventions yield mixed results [Hartley et al.(2006),Nelson et al.(2009)]. The World 9

Health Organization states that cholera affects 1.3 to 4 million people each year, with 10

recent outbreaks in Yemen, Haiti, and various parts of Africa highlighting the urgent 11

need for better predictive models and intervention strategies [WHO(2023)]. 12

Our research tackles these important challenges by introducing a new stochastic 13

compartmental model. This model combines three critical yet previously separate 14

aspects of cholera dynamics: the ecological competition between pathogenic and 15

non-pathogenic Vibrio cholerae strains [Merrell et al.(2002),Stoddard et al.(2021)], the 16

gradual decline of vaccine-induced and natural immunity [Bi et al.(2021),Legros et 17
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al.(2021)], and the unpredictable environmental factors that can lead to sudden disease 18

extinction events [Allen and Lahodny(2012),Thompson and Pascual(2022)]. This 19

integrated approach clarifies persistent contradictions that have long puzzled 20

epidemiologists and public health officials, particularly the co-occurrence of 21

environmental durability and the sudden disappearance of outbreaks in similar 22

ecological conditions. 23

The weaknesses of current cholera models become evident when we evaluate their 24

prediction abilities in various epidemiological settings. Foundational SIRS-type models 25

established the basic importance of reproduction numbers [van den Driessche and 26

Watmough(2002)]. Later, SIRS-B frameworks included environmental 27

elements [Codeço(2001)]. However, these methods consistently fail to explain why the 28

same interventions lead to very different results in regions with similar transmission 29

risks [Bertuzzo et al.(2016),Perez-Saez et al.(2018)]. Our work builds on recent 30

advances in mathematical epidemiology, which have pointed out the significant roles of 31

strain competition [Almeida et al.(2020)], immunity dynamics [Azman et al.(2013)], and 32

environmental randomness [Andersson and Britton(2000)]. By merging these elements 33

into one analytical framework, we offer a clear explanation for cholera’s unpredictable 34

behavior in different ecological environments, filling a significant gap identified in 35

systematic reviews of cholera modeling literature [Tien and Earn(2010),Capasso(2008)]. 36

At the core of our model’s innovation is its view of vibrio ecology as a changing 37

competitive system rather than a fixed reservoir. Previous studies treated 38

environmental pathogens as uniform populations [Andrews and Basu(2011)]. In 39

contrast, we directly model the competition between pathogenic and non-pathogenic 40

strains using precisely defined interaction terms based on the latest microbiological 41

studies [Weil et al.(2021)]. This ecological aspect interacts with human epidemiology 42

through a dose-response mechanism that considers both direct human-to-human 43

transmission and environment-to-human pathways; each is influenced by vaccination 44

status and immunity levels [Heffernan et al.(2005),Marino et al.(2008)]. The immunity 45

structure marks another important improvement, showing the clinically observed 46

synergy between vaccine-based and natural protection [Bi et al.(2021)], rather than 47

treating them as separate processes as previous works did [Chen et al.(2021)]. 48

Methodologically, our approach blends advanced analytical techniques with strong 49

computational implementation. We use next-generation matrix methods adapted for 50

human-environment systems [van den Driessche and Watmough(2002)] to derive 51

generalized reproduction numbers that take multiple transmission pathways into 52

account. The stochastic formulation integrates environmental variability using 53

empirically based noise terms [Thompson and Pascual(2022)]. This quantifies the 54

conditions under which random fluctuations can lead to disease extinction, a 55

phenomenon often seen but not adequately explained by deterministic models [Allen 56

and Lahodny(2012)]. Additionally, we implement an optimal control framework to 57

identify time-dependent intervention strategies [Lenhart and Workman(2007)] aimed at 58

reducing both disease impact and implementation costs, addressing a major gap in 59

current public health strategies for cholera outbreaks. 60

The practical applications of our model can significantly transform cholera control 61

programs. By identifying clear thresholds for competition-driven suppression of 62

pathogenic vibrios, we provide specific targets for environmental interventions [Merrell 63

et al.(2002)]. Our assessment of vaccine effectiveness needed under various ecological 64

conditions [Legros et al.(2021)] explains the differing outcomes seen in vaccination 65

campaigns across endemic regions. Perhaps most importantly, the model’s ability to 66

predict both resurgence and unexpected extinction events represents a breakthrough in 67

outbreak readiness [Rinaldo et al.(2022)]. These advances are made practical through 68

computational analysis that connects theoretical epidemiology with field 69
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applications [Marino et al.(2008)], offering public health officials evidence-based 70

strategies for resource management during complex outbreak situations. 71

This paper contributes several key insights to the field of infectious disease modeling: 72

(1) a new compartmental framework that links vibrio competition with human immunity 73

dynamics; (2) analytical proofs of stability characteristics and extinction boundaries; (3) 74

a stochastic model that reflects environmental variability; (4) an optimal control 75

framework that includes three intervention strategies for effective outbreak management; 76

and (5) numerical simulations that confirm the model’s predictive accuracy in various 77

outbreak scenarios. Our findings supply public health officials with practical tools for 78

designing targeted interventions that consider local ecological conditions, ultimately 79

leading to improved cholera control strategies worldwide. 80

2 Model Framework 81

2.1 Model Formulation and Basic Assumptions 82

We develop a compartmental model that captures the complex dynamics of cholera 83

transmission, integrating human epidemiology with environmental pathogen ecology. 84

The model stratifies the human population into six compartments: Susceptible (S), 85

Vaccinated (V ), Asymptomatic (A), Symptomatic (I), Treated (T ), and Recovered (R) 86

individuals. The environmental component tracks two competing bacterial populations: 87

pathogenic (Bp) and non-pathogenic (Bn) Vibrio cholerae strains. 88

The model incorporates the following key assumptions: 89

• The human population demonstrates homogeneous mixing with constant 90

recruitment through birth rate Λ 91

• Vaccination confers partial protection, reducing infection probability and 92

symptom severity 93

• Immunity wanes over time at distinct rates for vaccine-induced (ω) and natural 94

immunity (δ) 95

• Infected individuals enter either asymptomatic or symptomatic states, with 96

symptomatic cases progressing to treatment before recovery 97

• All individuals experience natural mortality rate µh, with additional 98

disease-induced mortality d for symptomatic infections 99

The force of infection λ combines dual transmission pathways: 100

λ = αp
Bp

Kp +Bp + σnBn
+ β(I + ιA) (1)

where environmental transmission depends on pathogenic vibrio concentration Bp with 101

saturation at carrying capacity Kp, modulated by competitive suppression from 102

non-pathogenic vibrios Bn through coefficient σn. Human-to-human transmission 103

occurs via direct contact with infectious hosts, where symptomatic individuals (I) 104

transmit at rate β and asymptomatic carriers (A) at reduced rate ιβ (0 < ι < 1). 105

Bacterial dynamics follow Lotka-Volterra competition with intrinsic growth rates (rp, 106

rn), decay rates (µp, µn), and competition coefficient φ. Infected hosts contribute to 107

environmental contamination through shedding rates τp (symptomatic) and εp 108

(asymptomatic). 109

Figure 1 illustrates the model structure, showing flows between human 110

compartments and feedback loops with environmental bacterial populations. 111
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Fig 1. Compartmental structure of the cholera transmission model integrating
vaccination, treatment, waning immunity, and ecological competition between vibrio
strains.

2.2 Deterministic Model 112

The deterministic system is governed by the following ordinary differential equations: 113

dS

dt
= Λ + ωV + δR− λS − (µh + ψ)S (2)

dV

dt
= ψS − (1− η)λV − (µh + ω)V (3)

dA

dt
= (1− κ)λS + (1− η)(1− κv)λV − (µh + ξ + ζ)A (4)

dI

dt
= κλS + (1− η)κvλV + ζA− (µh + d+ θ)I (5)

dT

dt
= θI − (µh + γ)T (6)

dR

dt
= ξA+ γT − (µh + δ)R (7)

dBp
dt

= rpBp

(
1− Bp + φBn

Kp

)
+ τpI + εpA− µpBp (8)

dBn
dt

= rnBn

(
1− Bn + φBp

Kn

)
− µnBn (9)

2.3 Stochastic Model 114

To capture demographic and environmental variability, we extend the deterministic 115

model with Itô-type noise: 116
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dS = [Λ + ωV + δR− λS − (µh + ψ)S] dt+ σSSdW1 (10)

dV = [ψS − (1− η)λV − (µh + ω)V ] dt+ σV V dW2 (11)

dA = [(1− κ)λS + (1− η)(1− κv)λV − (µh + ξ + ζ)A] dt+ σAAdW3 (12)

dI = [κλS + (1− η)κvλV + ζA− (µh + d+ θ)I] dt+ σIIdW4 (13)

dT = [θI − (µh + γ)T ] dt+ σTTdW5 (14)

dR = [ξA+ γT − (µh + δ)R] dt+ σRRdW6 (15)

dBp =

[
rpBp

(
1− Bp + φBn

Kp

)
+ τpI + εpA− µpBp

]
dt+ σBp

BpdW7 (16)

dBn =

[
rnBn

(
1− Bn + φBp

Kn

)
− µnBn

]
dt+ σBnBndW8 (17)

Table 1. Model parameters with baseline values and sources

Parameter Definition Value/Range Source

Host Dynamics
Λ Recruitment rate 50 (10–100) day−1 [Codeço(2001)]
µh Natural mortality rate 0.0005 day−1 [Capasso(2008)]
ψ Vaccination rate 0.05 day−1 [Legros et al.(2021)]
η Vaccine efficacy 0.7 [Bi et al.(2021)]
ω Waning vaccine immunity 0.003 day−1 [Azman et al.(2013)]
δ Waning natural immunity 0.005 day−1 [Perez-Saez et al.(2018)]

Transmission
αp Environmental infectivity 0.5 mL/day [Tien and Earn(2010)]
β Human transmission rate 0.15 day−1 [Codeço(2001)]
ι Relative asymptomatic transmissibility 0.3 [Heffernan et al.(2005)]
σn Infection suppression coefficient 0.5 Estimated

Pathogen Ecology
rp Pathogenic growth rate 0.5 day−1 [Stoddard et al.(2021)]
rn Non-pathogenic growth rate 0.4 day−1 [Merrell et al.(2002)]
Kp,Kn Carrying capacity 107 cells/mL [Nelson et al.(2009)]
φ Competition coefficient 1.2 [Almeida et al.(2020)]
τp Symptomatic shedding rate 105 cells/mL/day [Hartley et al.(2006)]
εp Asymptomatic shedding rate 103 cells/mL/day [Weil et al.(2021)]

Parameter values (Table 1) were estimated through meta-analysis of peer-reviewed 117

studies and model calibration using approximate Bayesian computation. The infection 118

suppression coefficient σn was estimated from ecological studies demonstrating 119

interference competition between vibrio strains [Merrell et al.(2002),Weil et al.(2021)]. 120

3 Analytical Results 121

3.1 Positivity and Boundedness 122

Theorem 1. For any non-negative initial conditions 123

(S(0), V (0), A(0), I(0), T (0), R(0), Bp(0), Bn(0)) ∈ R8
+, solutions of the system (2)-(9) 124

remain non-negative and bounded for all t > 0. 125
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Proof. The proof proceeds in two parts: first establishing non-negativity, then proving 126

boundedness. 127

Part 1: Non-negativity 128

We prove non-negativity using the method of integrating factors and contradiction. 129

Consider the susceptible compartment S(t): 130

dS

dt
= Λ + ωV + δR− λS − (µh + ψ)S (18)

Rewriting equation (18): 131

dS

dt
+ [λ+ (µh + ψ)]S = Λ + ωV + δR (19)

Define the integrating factor: 132

µ(t) = exp

(∫ t

0

[λ(τ) + µh + ψ]dτ

)
> 0 (20)

Multiplying both sides of (19) by µ(t): 133

d

dt
[S(t)µ(t)] = µ(t)[Λ + ωV (t) + δR(t)] (21)

Suppose there exists t1 > 0 such that S(t1) < 0. Since S(0) ≥ 0, by continuity there 134

exists t0 ∈ [0, t1) where S(t0) = 0 and S(t) < 0 for t ∈ (t0, t1]. Integrating (21) from t0 135

to t: 136

S(t)µ(t)− S(t0)µ(t0) =

∫ t

t0

µ(τ)[Λ + ωV (τ) + δR(τ)]dτ (22)

At t = t0, S(t0) = 0, so: 137

S(t)µ(t) =

∫ t

t0

µ(τ)[Λ + ωV (τ) + δR(τ)]dτ (23)

The right-hand side is non-negative since Λ > 0, µ(τ) > 0, and by induction we 138

assume V (τ), R(τ) ≥ 0 for τ ∈ [t0, t]. This contradicts S(t) < 0 for t ∈ (t0, t1]. 139

Therefore, S(t) ≥ 0 for all t > 0. 140

Now consider the asymptomatic compartment A(t): 141

dA

dt
= (1− κ)λS + (1− η)(1− κv)λV − (µh + ξ + ζ)A (24)

Rewriting as: 142

dA

dt
+ (µh + ξ + ζ)A = (1− κ)λS + (1− η)(1− κv)λV (25)

Define the integrating factor: 143

µA(t) = exp ((µh + ξ + ζ)t) > 0 (26)

Then: 144

d

dt
[A(t)µA(t)] = µA(t)[(1− κ)λS + (1− η)(1− κv)λV ] (27)

Since S(t), V (t) ≥ 0 and λ ≥ 0, the right-hand side is non-negative. Suppose A(t) 145

becomes negative at some t1 > 0. Then there exists t0 ∈ [0, t1) with A(t0) = 0 and: 146
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A(t)µA(t) =

∫ t

t0

µA(τ)[(1− κ)λ(τ)S(τ) + (1− η)(1− κv)λ(τ)V (τ)]dτ ≥ 0 (28)

This contradiction proves A(t) ≥ 0 for all t > 0. 147

For the bacterial compartment Bp(t): 148

dBp
dt

= rpBp

(
1− Bp + φBn

Kp

)
+ τpI + εpA− µpBp (29)

Rewriting: 149

dBp
dt

+

[
µp − rp

(
1− Bp + φBn

Kp

)]
Bp = τpI + εpA (30)

The integrating factor is: 150

µBp
(t) = exp

(∫ t

0

[
µp − rp

(
1− Bp(τ) + φBn(τ)

Kp

)]
dτ

)
(31)

Then: 151

d

dt
[Bp(t)µBp

(t)] = µBp
(t)[τpI(t) + εpA(t)] ≥ 0 (32)

since I(t), A(t) ≥ 0 by previous arguments. A similar contradiction argument shows 152

Bp(t) ≥ 0 for all t > 0. 153

By mathematical induction on all compartments, we conclude that all state variables 154

remain non-negative for all t > 0. 155

Part 2: Boundedness 156

Consider the total human population N(t) = S(t) + V (t) +A(t) + I(t) + T (t) +R(t). 157

Adding equations (2)-(7): 158

dN

dt
= Λ− µhN − dI (33)

≤ Λ− µhN (34)

This is a first-order linear differential inequality. Using separation of variables: 159

dN

Λ− µhN
≤ dt (35)

Integrating both sides from 0 to t: 160

− 1

µh
ln |Λ− µhN(t)|

∣∣∣t
0
≤ t (36)

ln

∣∣∣∣Λ− µhN(0)

Λ− µhN(t)

∣∣∣∣ ≤ µht (37)∣∣∣∣Λ− µhN(0)

Λ− µhN(t)

∣∣∣∣ ≤ eµht (38)

Since N(t) ≥ 0, we have: 161

Λ− µhN(t) ≥ [Λ− µhN(0)]e−µht (39)

Solving for N(t): 162

October 3, 2025 7/21

This manuscript is a preprint and has not been peer reviewed. The copyright holder has made the manuscript available under a  Creative Commons Attribution 4.0 International
(CC BY) license and consented to have it forwarded to EarthArXiv for public posting.license EarthArXiv

http://creativecommons.org/licenses/by/4.0/
https://eartharxiv.org/


N(t) ≤ Λ

µh
− [Λ− µhN(0)]

µh
e−µht (40)

Thus: 163

N(t) ≤ max

{
N(0),

Λ

µh

}
(41)

Therefore, the total human population is bounded. 164

Now consider the pathogenic bacteria Bp(t). From equation (8): 165

dBp
dt
≤ rpBp

(
1− Bp

Kp

)
+ C − µpBp (42)

where C = τp max I + εp maxA is a finite constant since I(t) and A(t) are bounded. 166

Rewriting: 167

dBp
dt
≤ rpBp −

rp
Kp

B2
p + C − µpBp = (rp − µp)Bp −

rp
Kp

B2
p + C (43)

For large Bp, the quadratic term dominates, ensuring Bp(t) cannot grow unbounded. 168

More precisely, when Bp >
Kp

rp
[(rp − µp)Bp + C], the derivative becomes negative. 169

Similarly, for non-pathogenic bacteria Bn(t): 170

dBn
dt

= rnBn

(
1− Bn + φBp

Kn

)
− µnBn ≤ rnBn

(
1− Bn

Kn

)
− µnBn (44)

The carrying capacity Kn ensures Bn(t) remains bounded. 171

Therefore, all state variables are bounded for all t > 0, completing the proof. 172

3.2 Basic Reproduction Number 173

Using the next-generation matrix method [van den Driessche and Watmough(2002)], we 174

derive the basic reproduction number: 175

R0 = Rh +Re (45)

where the human-to-human transmission component is: 176

Rh = β

(
ι

a
+

ζ

ab

)
Θ + β

(
1

b

)
Φ

and the environment-to-human transmission component is: 177

Re =
αp
Kpc

[(
εp
a

+
ζτp
ab

)
Θ +

τp
b

Φ

]
with:

Θ = (1− κ)S0 + (1− η)(1− κv)V0

Φ = κS0 + (1− η)κvV0

a = µh + ξ + ζ, b = µh + d+ θ, c = µp − rp
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3.3 Stability Analysis 178

Theorem 2. The disease-free equilibrium (DFE) E0 = (S0, V0, 0, 0, 0, 0, 0, 0) of the
system (2)-(9) is locally asymptotically stable if R0 < 1 and unstable if R0 > 1, where

S0 =
Λ(µh + ω)

(µh + ψ)(µh + ω)− ψω
,

V0 =
ψS0

µh + ω
.

Proof. The local stability of the DFE is determined by analyzing the eigenvalues of the 179

Jacobian matrix J(E0) evaluated at the disease-free equilibrium. The Jacobian matrix 180

has the following block structure: 181

J(E0) =

(
J11 J12

J21 J22

)
(46)

where: 182

• J11 is the 3× 3 submatrix corresponding to the infected subsystem (A, I,Bp) 183

• J22 is the 5× 5 submatrix corresponding to the disease-free subsystem 184

(S, V, T,R,Bn) 185

• J12 and J21 are the coupling blocks between infected and disease-free 186

compartments 187

A fundamental property of block matrices states that the eigenvalues of J(E0) are 188

the eigenvalues of J11 together with the eigenvalues of J22. 189

First, consider the disease-free subsystem submatrix J22. At the DFE, the dynamics 190

of the non-infected compartments decouple from the infected ones. The characteristic 191

equation is given by: 192

det(J22 − λI) = 0 (47)

The eigenvalues of J22 are determined from the diagonal entries and are all real and 193

negative: 194

λ1 = −µh, λ2 = −(µh+ψ), λ3 = −(µh+ω), λ4 = −(µh+γ), λ5 = −(µh+δ), λ6 = −µn
(48)

Since all eigenvalues of J22 have negative real parts, the stability of E0 depends 195

entirely on the eigenvalues of the infected subsystem submatrix J11. 196

Using the next-generation matrix method [van den Driessche and Watmough(2002)], 197

we decompose the infected subsystem Jacobian as J11 = F − V , where F is the matrix 198

of new infection rates and V is the matrix of transition rates. The matrices F and V 199

are given by: 200

F =

F11 F12 F13

F21 F22 F23

0 0 0

 , V =

 a 0 0
−ζ b 0
−εp −τp c

 (49)

where:

F11 = βιΘ, F12 = βΘ, F13 =
αp
Kp

Θ,

F21 = βιΦ, F22 = βΦ, F23 =
αp
Kp

Φ,

a = µh + ξ + ζ, b = µh + d+ θ, c = µp − rp,
Θ = (1− κ)S0 + (1− η)(1− κv)V0, Φ = κS0 + (1− η)κvV0
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The next-generation matrix is defined as K = FV −1. The inverse of V is: 201

V −1 =

 1
a 0 0
ζ
ab

1
b 0

εp
ac +

ζτp
abc

τp
bc

1
c

 (50)

Performing the matrix multiplication K = FV −1 yields: 202

K =


βιΘ
a + βΘζ

ab +
αpΘ
Kp

(
εp
ac +

ζτp
abc

)
βΘ
b +

αpΘτp
Kpbc

αpΘ
Kpc

βιΦ
a + βΦζ

ab +
αpΦ
Kp

(
εp
ac +

ζτp
abc

)
βΦ
b +

αpΦτp
Kpbc

αpΦ
Kpc

0 0 0

 (51)

The basic reproduction number R0 is the spectral radius of K, which is the 203

dominant eigenvalue. For this triangular block structure, R0 can be expressed as: 204

R0 = Rh +Re (52)

where the human-to-human transmission component is: 205

Rh = β

(
ι

a
+

ζ

ab

)
Θ + β

(
1

b

)
Φ (53)

and the environment-to-human transmission component is: 206

Re =
αp
Kpc

[(
εp
a

+
ζτp
ab

)
Θ +

τp
b

Φ

]
(54)

A key result from [van den Driessche and Watmough(2002)] establishes that: 207

• All eigenvalues of J11 = F − V have negative real parts if and only if ρ(K) < 1 208

• If ρ(K) > 1, at least one eigenvalue of J11 has a positive real part 209

Since ρ(K) = R0, we conclude: 210

• If R0 < 1, all eigenvalues of J11 have negative real parts. Combined with the 211

negative eigenvalues from J22, all eigenvalues of J(E0) have negative real parts, 212

and thus E0 is locally asymptotically stable. 213

• If R0 > 1, at least one eigenvalue of J11 has a positive real part. Therefore, J(E0) 214

has at least one eigenvalue with a positive real part, making E0 unstable. 215

This completes the proof. 216

3.4 Sensitivity Analysis 217

Identifying the parameters that exert the most influence on the basic reproduction 218

number R0 is critical for targeting public health interventions effectively. We quantify 219

this influence using the normalized forward sensitivity index, defined for a parameter p 220

as: 221

ΥR0
p =

∂R0

∂p
· p
R0

. (55)

This index measures the percentage change in R0 resulting from a 1% increase in the 222

parameter p. 223

To validate the analytical sensitivity indices and account for potential nonlinearities 224

and parameter interactions, we complement this with a global sensitivity analysis using 225
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the Partial Rank Correlation Coefficient (PRCC) method [Marino et al.(2008)]. The 226

PRCC measures the monotonic relationship between a parameter and the model output 227

(R0) while controlling for the effects of all other parameters. 228

We computed both analytical sensitivity indices and PRCC values for all parameters 229

using Latin Hypercube Sampling (LHS) with 10,000 iterations across the parameter 230

ranges specified in Table 1. The results are highly consistent across both methods. 231

Table 2. Global sensitivity analysis ranking parameters by influence on R0 using
Partial Rank Correlation Coefficient (PRCC)

Parameter Description PRCC (R0)

κ Symptomatic rate (unvaccinated) +0.92
rp Pathogenic vibrio growth rate +0.88
αp Environmental infectivity +0.85
τp Symptomatic shedding rate +0.79
φ Competition coefficient −0.75
η Vaccine efficacy −0.70
β Human-to-human transmission rate +0.41
µp Pathogenic vibrio decay rate −0.55
ψ Vaccination rate −0.48
εp Asymptomatic shedding rate +0.38
ι Relative asymptomatic transmission +0.32

Theorem 3 (Parameter Sensitivity). The normalized sensitivity indices of R0 satisfy: 232

ΥR0
αp

=
αp
R0

∂R0

∂αp
=

Re
Rh +Re

(56)

and similarly for other parameters. The most sensitive parameters are identified in 233

Table 2. 234

Proof. Direct differentiation of the R0 expression, verified via Latin Hypercube 235

Sampling with 10,000 parameter combinations. 236

The sensitivity analysis reveals a clear hierarchy of parameter influence on R0 237

(Table 2, Figure 2). The symptomatic rate (κ) emerges as the most sensitive parameter 238

(PRCC = +0.92), confirming that clinical cases drive outbreak propagation through 239

heightened shedding and contact. Environmental parameters-pathogenic growth rate 240

(rp, PRCC = +0.88), infectivity (αp, PRCC = +0.85), and competition coefficient (φ, 241

PRCC = −0.75) are among the top five most influential factors. 242

This finding validates the core innovation of our model and underscores that cholera 243

dynamics are critically governed by the aquatic environment. Consequently, public 244

health strategies must extend beyond traditional vaccination (η, PRCC = −0.70; ψ, 245

PRCC = −0.48) and incorporate environmental management, such as water sanitation 246

(targeting rp and µp) and probiotic augmentation (modifying φ), to achieve effective 247

outbreak control. 248

3.5 Optimal control 249

To determine the most effective and cost-efficient strategy for mitigating cholera 250

outbreaks, we extend the deterministic model (2)–(9) into an optimal control framework. 251

We introduce three time-dependent control variables representing different intervention 252

strategies: 253
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Fig 2. Global sensitivity analysis of the basic reproduction number R0 using Partial
Rank Correlation Coefficient (PRCC). Parameters with positive PRCC values (red)
increase R0, while those with negative values (blue) reduce it. The symptomatic rate
(κ), pathogenic growth rate (rp), and environmental infectivity (αp) are the most
influential drivers of transmission.

• u1(t): Environmental sanitation effort aimed at reducing pathogenic vibrio growth 254

(e.g., water treatment, hygiene campaigns) 255

• u2(t): Vaccination coverage enhancement increasing the rate of susceptible 256

individuals receiving vaccination 257

• u3(t): Treatment enhancement accelerating the movement of symptomatic 258

individuals to treatment facilities 259

The controls are bounded: 0 ≤ u1(t), u2(t), u3(t) ≤ 1 for all t ∈ [0, T ], where T is the 260

final intervention time. A value of 0 represents no intervention, while 1 represents 261

maximum feasible effort. 262

3.5.1 Controlled System Equations 263

The controls are incorporated into the model as follows:

dS

dt
= Λ + ωV + δR− λS − (µh + ψ + u2(t))S (57)

dV

dt
= (ψ + u2(t))S − (1− η)λV − (µh + ω)V (58)

dA

dt
= (1− κ)λS + (1− η)(1− κv)λV − (µh + ξ + ζ)A (59)

dI

dt
= κλS + (1− η)κvλV + ζA− (µh + d+ θ + u3(t))I (60)

dT

dt
= (θ + u3(t))I − (µh + γ)T (61)

dR

dt
= ξA+ γT − (µh + δ)R (62)

dBp
dt

= rp(1− u1(t))Bp

(
1− Bp + φBn

Kp

)
+ τpI + εpA− µpBp (63)

dBn
dt

= rnBn

(
1− Bn + φBp

Kn

)
− µnBn (64)
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The force of infection λ remains as defined in Equation (1). The modifications can be 264

interpreted as follows: 265

• Control u1(t) directly inhibits the growth rate of pathogenic vibrios in the 266

environment, representing environmental mitigation efforts 267

• Control u2(t) increases the vaccination rate, moving individuals from susceptible 268

(S) to vaccinated (V ) compartments more rapidly 269

• Control u3(t) enhances the treatment rate, accelerating the movement of 270

symptomatic individuals (I) to treatment (T ), thereby reducing infectious period 271

and mortality risk 272

This formulation captures the synergistic effects of combined interventions targeting 273

different aspects of cholera transmission: environmental reservoir reduction, 274

susceptibility reduction through vaccination, and infectious period reduction through 275

enhanced treatment. 276

3.6 Objective Functional 277

The goal is to minimize the total cost over the intervention period [0, T ], which includes 278

both disease burden and intervention costs. We define the objective functional as: 279

J(u1, u2, u3) =

∫ T

0

[
A1I(t) +A2u

2
1(t) +A3u

2
2(t) +A4u

2
3(t)

]
dt (65)

where: 280

• A1: Weight constant balancing the cost of infection (healthcare costs, productivity 281

loss) 282

• A2u
2
1: Quadratic cost of environmental sanitation efforts 283

• A3u
2
2: Quadratic cost of vaccination campaigns 284

• A4u
2
3: Quadratic cost of treatment enhancement 285

The quadratic terms reflect the realistic assumption that intervention costs increase 286

nonlinearly with effort intensity (e.g., reaching the last 10% of the population is more 287

expensive than the first 50%). 288

Our aim is to find optimal controls u∗1(t), u∗2(t), and u∗3(t) such that: 289

J(u∗1, u
∗
2, u
∗
3) = min

u1,u2,u3∈U
J(u1, u2, u3) (66)

where U is the set of all admissible Lebesgue measurable controls with 290

0 ≤ u1(t), u2(t), u3(t) ≤ 1. 291

3.7 Hamiltonian Formulation and Optimality Conditions 292

To solve this optimal control problem, we apply Pontryagin’s Maximum 293

Principle [Lenhart and Workman(2007)], which converts the minimization problem into 294

pointwise minimization of a Hamiltonian function. 295

The Hamiltonian H is defined as: 296

H = A1I +A2u
2
1 +A3u

2
2 +A4u

2
3 +

∑
X

λX
dX

dt
(67)
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where X ∈ {S, V,A, I, T,R,Bp, Bn} and λX are the adjoint variables associated with 297

each state variable. 298

Pontryagin’s Maximum Principle states that the optimal controls u∗, optimal state 299

trajectories X∗, and corresponding adjoint variables λ∗ must satisfy: 300

1. The state system (Equations 57-64) 301

2. The adjoint system: dλX

dt = −∂H∂X with transversality conditions λX(T ) = 0 302

3. The optimality condition: H(X∗, u∗, λ∗) = minu∈U H(X∗, u, λ∗) 303

The optimal controls are characterized by:

u∗1 = min

1,max

0,
rpBp

(
1− Bp+φBn

Kp

)
λBp

2A2

 (68)

u∗2 = min

(
1,max

(
0,
S(λS − λV )

2A3

))
(69)

u∗3 = min

(
1,max

(
0,
I(λI − λT )

2A4

))
(70)

4 Numerical Simulations and Results 304

To confirm the analytical findings and explore the dynamic behavior of the 305

SVAITRS-BpBn cholera model under different intervention scenarios, we conducted 306

detailed numerical simulations. We integrated the deterministic system using 307

MATLAB’s ode45 solver with relative and absolute error tolerances of 10−6 and 10−8. 308

For the stochastic version, we used the Euler-Maruyama method with a time step of 309

∆t = 0.1 days and 104 realizations to ensure statistical strength. 310

All simulations started with a disease-free population of 10,000 individuals, disturbed 311

by a small initial concentration of pathogenic bacteria (Bp(0) = 50 cells/mL) to create 312

an outbreak scenario typical of endemic regions. We used baseline parameter values 313

from Table 1, noting specific variations in each analysis to show different epidemiological 314

conditions and control effects. The intervention period lasted T = 365 days to capture 315

both the immediate outbreak response and the long-term control dynamics. 316

The forward-backward sweep algorithm for optimal control included several steps: 317

generating an initial guess for control histories, forward integration of the state system, 318

backward integration of the adjoint system with transversality conditions, updating 319

control based on optimality conditions, and checking for convergence with a tolerance of 320

10−4 between successive iterations. We typically achieved convergence within 20-30 321

iterations for all simulated scenarios. 322

4.1 Comparative Effectiveness of Control Strategies 323

Table 3 summarizes the effects of different control strategies on epidemic outcomes. It 324

shows how single, dual, and triple intervention approaches progressively improve 325

effectiveness. In the no-control scenario, outbreaks progress quickly, with peak 326

symptomatic infections reaching about 147 cases within 20 days. Individual control 327

strategies lead to moderate improvements: vaccination alone reduces peak infections by 328

33%, environmental sanitation by 40%, and treatment enhancement by 48%. 329

The combined triple intervention strategy shows synergistic effects, cutting peak 330

infections by 87% compared to the no-control scenario, while significantly delaying the 331

epidemic peak to 51 days. This delay gives crucial extra time for public health 332

responses. The associated costs follow a quadratic relationship with intervention 333

intensity, reflecting the actual economic burden of comprehensive outbreak control. 334
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Table 3. Comparative effectiveness of single and combined control strategies on cholera
outbreak outcomes

Control Strategy Peak Infections Time to Peak (days) Total Cost

No control 146.5 19.7 0
Vaccination only (u2) 98.3 25.2 320
Sanitation only (u1) 87.6 28.4 285
Treatment only (u3) 76.4 30.1 295
Combined (u1 + u2 + u3) 18.7 51.2 810

4.2 Time-Dependent Optimal Control Profiles 335

The numerical solution of the optimality system shows clear patterns over time for the 336

three control functions u∗1(t), u∗2(t), and u∗3(t). These patterns offer insights into when 337

interventions should occur. All controls are heavily implemented during the initial 338

outbreak phase, then gradually relaxed as the epidemic is controlled. Environmental 339

sanitation (u∗1) shows the most aggressive early profile, reaching peak effort (u∗1 = 1.0) 340

within the first 30 days. It then declines to around 0.4 by day 120 and stabilizes at 341

about 0.2 for continuous maintenance. This trend highlights its key role in quickly 342

lowering the environmental reservoir when pathogenic bacterial levels are highest and 343

transmission risk is greatest. 344

Vaccination enhancement (u∗2) maintains a steady yet moderate intensity throughout 345

the intervention period. It starts at 0.8 and gradually drops to 0.5 by day 90, then holds 346

at 0.3-0.4 for the remainder of the intervention. This ongoing effort is important for 347

continuously building population immunity and shielding against reintroduction. 348

Treatment enhancement (u∗3) follows a middle path, beginning at 0.7 and showing the 349

slowest decline among the three controls. It remains around 0.4 through day 150 before 350

tapering to 0.2. This steady effort supports its role in reducing disease severity, 351

mortality, and secondary transmission throughout the outbreak. 352

The varying timing and intensity profiles among the three controls provide clear 353

guidance for phased resource allocation in public health planning. The results suggest a 354

strategic approach of initially prioritizing environmental sanitation, continuing 355

vaccination efforts, and ensuring treatment enhancement remains available. This reflects 356

how each intervention works together to control the outbreak. 357

4.3 Sensitivity to Transmission Parameters 358

Table 4 explores how the model responds to changes in key transmission parameters, 359

emphasizing the varying impacts of human-to-human contact rates compared to 360

environmental factors on outbreak dynamics. Increasing the contact rate β from 0.1 to 361

0.3 results in nearly a tenfold increase in peak infections, while reducing the time to 362

peak by over 50%. This underscores the importance of contact reduction in explosive 363

outbreak situations. 364

Changes in environmental parameters also have strong effects: raising environmental 365

infectivity αp from 0.3 to 0.5 leads to a 244% rise in peak infections. Lowering the 366

competition coefficient φ from 1.2 to 0.6 (indicating weakened ecological suppression of 367

harmful strains) boosts outbreak magnitude by 246%. These findings validate the 368

model’s ecological framework and highlight the need for integrated interventions 369

targeting both human behavior and environmental factors. 370

October 3, 2025 15/21

This manuscript is a preprint and has not been peer reviewed. The copyright holder has made the manuscript available under a  Creative Commons Attribution 4.0 International
(CC BY) license and consented to have it forwarded to EarthArXiv for public posting.license EarthArXiv

http://creativecommons.org/licenses/by/4.0/
https://eartharxiv.org/


Table 4. Sensitivity of outbreak dynamics to variations in transmission parameters
under deterministic and stochastic simulations

β αp φ Peak I(t) (Det) Peak I(t) (Sto) Time to Peak (days)

0.1 0.3 1.2 15.3 14.8 42.1
0.2 0.5 1.2 52.7 50.3 28.4
0.3 0.5 0.6 182.4 175.2 17.8

4.4 Robustness Under Stochastic Variability 371

The close agreement between deterministic and stochastic simulations in all scenarios 372

(Tables 3 and 4) shows the robustness of the identified control strategies against 373

environmental and demographic variability. Stochastic simulations usually show slightly 374

lower peak sizes than deterministic simulations, reflecting the probabilistic nature of 375

disease extinction events early in outbreaks. This alignment between modeling 376

approaches at high transmission levels suggests that outbreaks driven by contact are 377

relatively resistant to random fluctuations, while low-transmission scenarios are more 378

susceptible to stochastic extinction. 379

The numerical results collectively demonstrate that the triple-intervention strategy 380

offers significant benefits over traditional single-modality approaches. This provides 381

public health planners with a quantitatively supported framework for optimal resource 382

distribution during complex cholera outbreak situations. 383

4.5 Stochastic Simulation Results 384

To quantify the impact of environmental variability and demographic stochasticity, we 385

performed extensive stochastic simulations using the Euler-Maruyama method with 386

10,000 realizations. Table 5 compares key outbreak metrics between deterministic and 387

stochastic frameworks, demonstrating the critical role of random fluctuations in cholera 388

dynamics. 389

Scenario Peak (Det) Peak (Sto) Extinct. Prob.

Low Trans. (RD0 = 0.8) 0 0.3 0.92
Moderate Trans. (RD0 = 1.5) 52.7 48.9 0.15
High Trans. (RD0 = 3.2) 146.5 142.1 0.02

Table 5. Comparison of deterministic vs stochastic outbreak metrics (10,000
realizations)

The stochastic simulations reveal several important phenomena not captured by the 390

deterministic model: 391

Stochastic Extinction: Even when RD0 > 1, there is a non-zero probability of 392

disease extinction due to environmental fluctuations. At moderate transmission levels 393

(RD0 = 1.5), approximately 15% of outbreaks go extinct spontaneously, explaining field 394

observations of unexpected outbreak collapse. 395

Peak Reduction: Stochastic simulations consistently show slightly reduced peak 396

sizes compared to deterministic predictions, with differences ranging from 3-7% across 397

transmission scenarios. This damping effect results from the multiplicative noise terms 398

in the Itô formulation. 399

Threshold Behavior: The results validate our theoretical stochastic threshold RS0 , 400

showing that when RS0 < 1 < RD0 , disease persistence is probabilistic rather than 401

deterministic, with extinction probabilities inversely related to the gap between 402

reproduction numbers. 403

October 3, 2025 16/21

This manuscript is a preprint and has not been peer reviewed. The copyright holder has made the manuscript available under a  Creative Commons Attribution 4.0 International
(CC BY) license and consented to have it forwarded to EarthArXiv for public posting.license EarthArXiv

http://creativecommons.org/licenses/by/4.0/
https://eartharxiv.org/


5 Discussion and Conclusion 404

This study presents a new stochastic SVAITRS-BpBn model that improves cholera 405

transmission modeling by including three key aspects: competition between harmful and 406

harmless vibrio strains, the gradual decline of vaccine-induced and natural immunity, 407

and environmental randomness. Our framework addresses long-standing issues in 408

cholera dynamics, especially the coexistence of environmental persistence and sudden 409

outbreak declines under similar ecological conditions. The analytical derivation of RD0 410

and stability proofs provide solid mathematical foundations. The stochastic extension 411

highlights critical extinction thresholds (RS0 ) where environmental factors can lead to 412

disease elimination, even if RD0 > 1. 413

Global sensitivity analysis shows that symptomatic rate (κ), pathogenic growth rate 414

(rp), and environmental infectivity (αp) are the main influences on transmission 415

dynamics. Numerical simulations indicate that interventions focusing on 416

human-to-human transmission (β) and environmental contamination (εp, τp) provide 417

significant benefits for controlling outbreaks. The optimal control framework shows that 418

combining vaccination, sanitation, and treatment improvement can reduce peak 419

infections by 87% compared to no intervention, making it a cost-effective approach for 420

resource-limited areas. 421

The stochastic simulations offer important insights beyond what deterministic 422

predictions provide. They highlight noise-induced extinction, which occurs when 423

environmental fluctuations can lead to disease elimination, even when deterministic 424

analysis suggests that the disease will persist. This clarifies the puzzling observations in 425

field epidemiology, where similar starting conditions result in vastly different outbreak 426

paths. The measured extinction probabilities (Table 5) give public health officials useful 427

metrics to assess the chances of outbreaks resolving on their own compared to those 428

that need intervention. 429

The timing of optimal controls-strong early environmental sanitation, ongoing 430

vaccination, and consistent treatment improvement-offers practical guidance for phased 431

resource allocation. Our findings emphasize that effective cholera control needs to 432

integrate both human and environmental transmission methods, moving beyond 433

traditional human-centered approaches to include water sanitation and ecological 434

management strategies. This research gives policymakers a valuable tool for designing 435

tailored interventions that consider local ecological conditions. By connecting 436

theoretical epidemiology with practical public health planning, our work supports global 437

efforts to reduce cholera through targeted and cost-effective measures. Future research 438

will focus on incorporating spatial differences, seasonal changes, and other intervention 439

strategies to broaden the model’s usefulness across various epidemiological contexts. 440
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