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Fracture mechanics of rate-and-state faults
and fluid injection induced slip*

Dmitry I. Garagash'

Abstract

Propagation of a slip transient on a fault with rate-and-state dependent friction resembles a
fracture which near tip region is characterized by large departure of the slip velocity and fault
strength from the steady-state sliding. We develop a near tip solution to describe this unsteady
dynamics, and obtain the fracture energy G., dissipated in overcoming strength-excursion
away from steady-state, as a function of the rupture velocity v,. This opens a possibility to
model slip transients on rate-state faults as singular cracks characterized by approximately
steady-state frictional resistance in the fracture bulk, and by a stress singularity with the
intensity defined by G¢(v,) at the crack tip. In pursuing this route, we develop and use an
analytical equation of motion to study 1D slip driven by a combination of uniform background
stress and a localized perturbation of the fault strength with the net Coulomb force AT. In
the context of fluid injection, AT is a proxy for the injection volume Vin;. We then show
that, for ongoing fluid injection, the maximum propagation speed of the transient induced
on a frictionally-stable fault is bounded by a value o Vinj(t), and, for stopped injection, the
maximum slip run-out distance is o ‘/iij,total-

Keywords: rate-and-state dependent friction, fracture mechanics, rupture fronts, equation
of motion, injection-induced slip

1 Introduction

Rate and state dependent friction model has been widely used to describe slip behavior on the
nature faults [1] and material interfaces [2]. Emerging from rock mechanics experiments [3, 4, 5],
this modeling framework embodies two fundamental mechanisms governing the resistance of an
interface to sliding, namely, dependence of friction on the rate of sliding and on the continually
accrued slip, the latter pacing evolution of the ‘state’ of the interface in response to changes in slip
rate. Despite the framework’s limitations when applied to high (seismic) slip velocities (when the
shear-heating-driven thermal pressurization of pore fluid, microscopic flash heating of frictional
asperities, and possibly macroscopic melting of the fault gouge [6, 7, 8] can dramatically alter
the fault strength), the adoption of the rate-state friction in the numerical and analytical models
over the last couple decades has allowed to study a wide spectra of fault slip. These include,
on one hand, studies of the earthquake nucleation process [9, 10, 11], seismic rupture styles and
their transitions [12, 13, 14], and earthquake cycle [15, 16], and, on the other, studies of slow slip
transients which may arise as the result of a ‘failed’ earthquake instability on a frictionally-unstable
(rate-weakening) fault [17, 18], or on presumably frictionally-stable (rate-strengthening) parts of
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the fault in response to the loading from a near-by earthquake [19], or due to the fault strength
reduction enacted by fluid injection [20, 21].

A wealth of numerical simulations of slip on rate-state faults and laboratory observations of
sliding on frictional interfaces ([22] and references therein) show that transient propagation of
slip events bear resemblance to fracture, characterized by the leading edge well-defined by locally
very large but finite slip-rate gradient (in contrast to ‘pure’ fracture with its infinite displacement
discontinuity gradient at the leading edge). This fracture-like behavior is not limited to seismic
ruptures, but rather occurs across the spectra of slip events from slow to fast. The fracture-like
slow slip transients are illustrated on Figure 1 for two scenarios of fluid injection in the vicinity of a
frictionally-stable (rate-strengthening) fault. The first corresponds to a fixed-volume injection into
a hydraulically sealed reservoir layer abated by a fault (with no fluid leakage along the fault and out
of the reservoir layer allowed), resulting in a fixed pore pressure increase Ap=const along the fault
segment in contact with the reservoir (e.g. [23]). The second corresponds to a continuing, fixed-
volume-rate injection directly into the permeable fault damage zone, with ensuing pore pressure
diffusion along the fault, Ap = Ap(z,t), (e.g. [24]). The generated slow slip transients spread
symmetrically along the 1D fault (implying fluid injection over a long line source (horizontal
wellbore segment) parallel to the fault in the out-of-plane direction, see inset of Figure la,a’) and
have decelerating / approximately steady long-term dynamics in the fixed-volume / fixed-volume-
rate case.

Notwithstanding the diverse dynamics of slip, the transients have a well-defined leading edge
(fracture tip) characterized by very large slip-rate gradient (Figure lc,¢’) and associated with
the maximum value of the friction departure Af from its instantaneous steady-state value (b,b’).
Snapshots of the A f-distribution along the fault allow to identify (i) a relatively narrow, near tip
‘fracture process zone’ corresponding to a strong excursion of friction away from the steady-state
(Af > b), followed by (ii) an approximately steady-state conditions (Af = 0) in the bulk of the
slipping patch, i.e. away from the fracture tip. It is this type of the fracture-like behavior that
led J.R. Rice [25] to advocate for applying the ‘small scale yielding’ (s.s.y.) concept of fracture
mechanics [26] to model rate-state slip transients as singular cracks characterized by the simplified,
steady-state frictional resistance in the bulk of the fracture, and by a stress singularity at the
fracture tip with the intensity defined by the fracture energy G. (the rate of the energy dissipation
within the near tip process zone when overcoming the frictional resistance Af in excess of the
steady-state value). Recent study [27] landed further support to the idea by explicitly identifying
the energy release rate into the tip region of numerically simulated ruptures on a rate-state fault.

Systematic application of the outlined fracture mechanics concepts to the analysis of the rate-
state frictional ruptures have been, however, hampered by the lack of the robust prediction of the
fracture energy and its dependence on the characteristics of the near tip region (e.g., rupture front
speed v,.) over the entire spectrum of slip, from slow to fast. Notwithstanding is a suggestion [9, 10]
to use the frictional state evolution in response to a step-increase in slip velocity (approximating
the passage of the rupture front) as a proxy to calculate the fracture energy. Application of this
ad hoc approximation remains challenging given that the ‘slip velocity step’ is a priory unknown,
and, furthermore, not well-defined, as the slip rate behind the rupture front may exhibit significant
spatial and temporal variability (e.g., Figure 1lc,c’).

In this work we consider the near-tip modeling of the rate-state frictional rupture! and solve for
the fracture energy G and the peak stress perturbation carried by the rupture front as functions of
the instantaneous rupture front speed v,., which can assume any value, from slow / aseismic to fast /

Lof the kind used previously in [28, 7] to determine fracture energy associated with co-seismic fault weakening
by thermal pressurization and flash heating of frictional asperities
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seismic. We then use the s.s.y approach to develop an Equation of Motion (EoM) for slip transients
driven on a 1D fault by a combination of two types of loading: (i) a uniform background overstress
Af, (the initial fault stress-ratio in excess of the steady-state friction value at the ambient fault
sliding velocity), and (ii) localized fault strength perturbation at the slip ‘hypocentral region (due
to, e.g., a fluid injection) quantified by the time-varying magnitude of the net Coulomb hypocentral
force AT(t). General properties of slip transients, as predicted by the EoM and validated by a
number of fully numerical slip simulations (such as in Figure 1), are discussed when either the
magnitude of the Coulomb force AT or its rate AT is a fixed constant. Particularly, we show
that the maximum run-out distance of the aseismic slip transient on a rate-strengthening fault
is o« AT? when AT = const, while the long-term run-out speed of the slip front is o« AT when
AT = const.

For fault slip driven by fluid injection, the assumption of the localized nature of strength
perturbation stems from numerical modeling observations [20, 21] and inferences from in situ
experiments [29, 30] that aseismic slip can significantly outpace pore pressure diffusion along the
fault. The resulting Coulomb hypocentral force, AT ~ fo [ Apdz with f; = a representative value
of friction there, is a simple proxy of (proportional to) the fluid volume injected into the fault zone
- a result previously established by [23] for the particular case of a injection into a hydraulically
sealed reservoir (such as Scenario 1 in Figure 1, when no fluid diffusion along the fault is allowed),
but shown here to be generally valid for arbitrary injection history into a permeable fault. As
such, EoM allows to track the maximum run-out distance of the aseismic slip in terms of the total
injected fluid volume, and maximum slip front speed in terms of the average injection rate for an
ongoing injection.

We finish the paper by drawing some conclusions and suggesting possible extensions of this
work.

2 Near Rupture Front Considerations

2.1 Rate-state friction

The rate- and state-dependent friction can be written as [25]

f=fan(V) 46, fu(V)=fotalny &
o

where fqi, (V) is the so-called ‘direct-effect’ term, which governs the instantaneous response of
friction to a change in the slip rate V = dd/dt from the ambient fault state characterized by slip
rate V, and background stress ratio f, = 7,/7,, while © is the so-called ‘state’ term, which governs
the dependence of friction on history of slip. Evolution of the state @ with either incurred slip ¢ or
time t is driven by the departure of friction f from its instantaneous, slip-rate-dependent steady
state value f,5(V'), denoted as

Af=f- fSS(V)» (2)
that can be generally written as

O~ Tuar 3)

ds L

Here L is the state evolution distance (characteristic slip over which the change of the state takes
hold) and function ¥(Af) is such that ¥(0) = 0 and the sign of U(Af) is that of Af, or, in other
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1) Fixed-volume fluid injection: AT = 50, Af, = 0, slip law (a/b = 1.1)
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2) Fixed-volume-rate fluid injection: AT = 10*, Af, =0, slip law (a/b=1.1)
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Figure 1: Symmetric slip development on a fault characterized by a rate-strengthening, rate-state
friction in response to two scenarios: 1) a fized-volume injection into a sealed-off reservoir abated
by a fault (a-f) and 2) a fized-volumetric-rate injection into a permeable fault (a’-f”). Snapshots
of slip, (a), departure of the stress ratio (friction) from the stready-state, Af = f — f(V), (b),
and slip rate, (c), are shown at 4 mm increments of the fault average slip dave(t), (d). The front
of the slipping patch (‘crack’), z = £(t), is defined as the location of the peak friction change,
Af,, shown by ‘x’ in (b), while the evolution of the crack half-length ¢ (x) and of the crack tip
"process zone’ size ¢, (/) with time ¢ shown in (d) and Af,(¢) in (e). Approximate collapse of
the slip rate profiles from (c) when rescaled in the fracture tip scaling (V/V.) and centered on the
moving fracture tip (with the scaled distance to the tip x = (¢(¢) — 2)/¢.), is shown in (f), where
it is contrasted to the universal fracture tip solution (dashed line). (The scales V. and ¢, are given
by universal functions of the instantaneous rupture front speed v, = d¢/dt as defined in the text).
The fracture tip solution prediction of Af, is shown in (e) by dashed line.

Geometry: H = 4 km, h = 60 m (scenario 1); discretization: Az = 273 H; elasticity: u = 30 GPa;
friction: a/b= 1.1, b= 0.01, L = 1 mm, ¢, = (u/b5,)L = 50 m; initial fault state: V, = 6 x 10712
m/s, fo = 0.5+ Af,, zero overstress Af, =0, 5, = 0, — p, = 60 MPa; perturbation (1): constant
excess resevoir pore pressure Ap = 50.7 MPa (after 10-hour ramp-up period) corresponding to
constant hypocentral Coulomb force AT = fix;o fApdz ~ 50 x uL; pertrubation (2): constant
fluid injection rate (per unit out-of-plane injection interval and unit permeable fault zone thickness)
¢ =3.7%x10"7 m?®/m?s corresponding to constant hypocentral Coulomb force-rate AT = 10* x uV,
(pore compressibility 8 = 1/GPa and hydraulic diffusivity a = 0.01 m?2 /s of fault rocks).
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words, a positive / negative change Af pf friction from the steady state leads to a decreasing /
increasing © with slip, and, thus, a tendency of the friction to evolve towards the steady state.

The state evolution function W(Af) can be taken in either the ‘slip law’ or the ‘ageing law’
form? [4]

U(Af) = Af (slip law), T(Af)=b [1 — exp (-Abfﬂ (aging law) (4)

The two laws are equivalent when that departure is small, |A f|/b < 1. The logarithmic dependence
of the steady-state friction fss on the slip rate, dfss/dV = (a — b)/V has been suggested by low
velocity laboratory frictional sliding experiments [3, 31, 5], and manifest either as a small rate-
weakening (RW), when a — b < 0, or small rate-strengthening (RS), when ¢ — b > 0, of the
steady-state fault friction with |a — b| < 1. It will be convenient to write the steady state friction
expression in terms of the ambient fault state, V,, and f,,

FoolV) = (fo = Af) + a— D) o)

o

where by definition (2), f, — Af, = fss(V,) is the value of the steady state friction at V,, and Af,
is the ambient value of the fault under (< 0) or over (> 0) stress ratio.

Rewriting (1) with help of (2) as Af = Afair + O, where Afg, = Af, +bIn(V/V,), and then
differentiating with regards to slip, we get

as —  do L

2.2 Near rupture tip solution

Consider now evolution of slip near the ‘front’ of expanding slipping patch/rupture as exemplified
in Figure 1. Although such front is not mathematically sharp, it can be easily identified as a
narrow band of very large but finite slip rate gradient (Figure 1c) and a sharp peak in the friction
departure Af form the steady-state (Figure 1b). Upon arrival of the front at a given point of the
fault, the friction increases by the direct effect, i.e. f =~ fqir(V), to the level significantly above
the instantaneous steady-state value fqs(V'), until the fault has slipped a distance comparable to L
and the emerging state-evolution reverses the friction towards the new steady-state value (Figure
1b). The corresponding peak change of friction Af, from the steady-state is then constrained by
the direct-effect friction approximation on one hand, and by requiring dAf/dé = 0 in (6) on the

other,
(dAfdir B bdan) T(Afp)
f

Afp = Afair(Vy,), 5 = =—7 (7)
where V;, is the slip rate value at the peak departure from the steady-state (different from the
peak value of the slip rate attained further behind the rupture front). In order to solve (7) for the
Afp and Vi , we need to know the slip evolution, or more specifically that of d1lnV/dé.

The subsequent post-peak evolution of friction towards the steady-state attained away from
the rupture front, but at distances still small compared to the rupture length, can be modeled by

2Note that the ageing-law form of ¥ given here relies on the classical, low-velocity-type of the steady state friction
dependence on V, while the slip-law form of W is applicable for any type of the steady-state friction dependence on
V (e.g. high-velocity, flash heating type, etc)
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a semi-infinite crack with the mathematically sharp tip steadily advancing at the instantaneous
value of the rupture velocity v,.. The solution is governed by the elastic equation of stress transfer
for a semi-infinite crack written in the coordinate z = v,t — z moving with the crack tip (see Sup.
Material for details)

2no T —x dx

Af(x) _ ,L_L(Ur) /OOO d(;/dz/d.f/, V(l‘) _ 'Urdid (8)

where i = 11 g(v,.) is the apparent shear modulus which decreases with v,. from the quasi-static value
given by p for the mode IIT and p/(1 —v) for the mode II fracture to zero when v, is approaching a
limiting velocity given by the shear wave speed ¢y in mode III and the Raleigh speed cg in mode IT
[32]. E.g., g = /1 — (vr/cs)? in mode II1. Evolution of the frictional change A f from steady-state
follows from the post-stress peak form of (6), where the state evolution —¥ (A f)/L dominates over
the direct-effect dA fg;/dd, and, thus, dAf/dé = —U(Af)/L. Integrating the latter, one obtained
the following post-peak slip-weakening relations

A A
Af ~ exp <—2> (slip law), A}’]; ~ Abfp In [1 + (exp % — 1) exp (—2)] (aging law)
(9)

The ageing-law relation is parametrized by Af,/b, and can be shown to asymptotically coincide
with the exponential slip-weakening form of the slip-law relation when A f,,/b < 1, while it becomes
a linear slip-weakening Af = Af, — bd/L when Af,/b > 1 (Figure 2a). Furthermore, both
ageing- and slip- law weakening relations are of exponential slip-weakening form for large enough
slip 6 > L, but with different prefactors®, which then leads to a well-defined fracture energy
Ge = [y  Afa db, as follows,

Ge.=Afp,aL (sliplaw), G.=—Li, (1 — exp Abfp> x boL (aging law) (10)

and Lis is the polylog function [33]. It is instructive that for small Af,/b, the fracture energy of the
ageing-law friction is asymptotically the same as that for the slip law and, therefore, linear in A f,,
while for large Af,/b the ageing-law fracture energy increases much more rapidly (quadratically)
with Af,, G./boL = 0.5(Af,/b)* (Figure 2b).

The solution of the sharp-rupture tip problem (8-9) for the normalized friction change Af/Af,,
slip rate V/V,, and slip 6/, with the normalized distance from the tip z/{. is obtained using a
method based on Gauss-Chebyshev numerical calculus [34] and shown on Figure 3 for the slip and
ageing laws of the rate-state friction*, respectively. Here the characteristic slip weakening distance
dc, slip rate V., and lengthscale ¢, are defined by
G, v Af,o

0=t s, (11)

0e = > c ——Ur, = =
Afpo fi Af,&

The normalized solution is parameter-less for the slip law, for which G, = Af,6L and 6. = L.
In the case of the ageing law, the normalized solution is parameterized by Af,/b, since é./L =
G./(AfpaL) is a function of Af,/b following from (10.2), varying between 1 (when Af,/b < 1)
and 0.5 Af,/b (when Af,/b > 1). The slip rate (Figure 3a) is seen to evolve with distance from the

3For the ageing law, Af ~ b(exp(Afp/b) — 1) exp(—5/L) when §/L > 1.
4The slip law solution is mathematically equivalent to the near-tip, underained-adiababtic solution for the rupture
driven by the thermal pressurization obtained in [28].
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Figure 2: The post-peak slip-weakening near the rupture front, Af/Af, vs. §/0.(Afp), for various
Af,/bvalues, (a), and normalized fracture energy G./(Af,6L) (and slip weakening distance d./L)
as a function of Af,/b, (b), for the ageing law of rate-state friction. The post-peak evolution in
the case of the slip law of rate-state friction for arbitrary A f,,/b is identical to the limit Af, /b < 1
of the ageing case, see solid and dashed black lines in (a) and (b), respectively.

rupture front from the near, V/V, = ko(z/£.)"/? when x < £, to the far, V/V. = (2/x"/?)(¢./x)"/?
when = > /., field asymptotes, while attaining the peak value ~ V. at an intermediate distance
x ~ £.. The the near-field prefactor k¢ in the ageing law solution is moderately varying with Af,/b
between 1.845 and 1.614 (inset in Figure 3a), while it is a constant (ko ~ 1.845) in the slip-law
case. The far-field corresponds to the classic LEFM singularity for a fracture characterized by a
finite fracture energy G..

2.3 Peak friction change and fracture energy

The post-peak ‘sharp-tip’ solution allows to determine the fracture energy of the frictional process
near the rupture front, (10), in terms of the peak value Af, of friction departure from the steady
state. The latter depends on the pre-peak evolution of slip, which is neglected in the sharp-tip
solution. To determine A f,,, we will assume that the relationship between the slip and slip rate in
the near field of the sharp-tip solution®, §/8. = (2/3k3) (V/V.)3, can be approximately extrapolated
to the pre-peak region. If so, conditions (7) at the peak friction change can be rewritten as

_ pr b k(% Ve ’ _ \Il(Afp)
Afp—Afo+b1n VO, E? (pr) —T (12)

Accounting in the above for the dependence (11) of scales V. and 6. on v, and G.(Af,), we can
solve for the rupture velocity v, as a function of the peak friction change A f,:

Ur [T
g(vy/cs)

is a characteristic rupture velocity scale embodying the dependence on the fault ambient conditions,
and function ¥ (Af,/b) is given by

= V(Af,/b), where ﬁo:exp(—Afo/b)%Vo (13)

—ef (1= )P Lig/? (1 - e6)
<4/3

¢
YO =rogr (liplaw), 7(0)=ro(¢) (aging law)

5as follows from integrating the slip-rate near-field asymptote V o /2 for slip § oc z3/2
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Figure 3: The post-stress-peak, sharp rupture tip solution for the normalized (a) slip rate V', (b)
stress ratio change A f, and (c) stress gradient dA f/dz with distance from the tip « for the ageing
law of the rate-state friction in the limit of small (Af,/b < 1) and large (Af,/b > 1) peak friction
departure from the steady-state. Dotdashed lines in (a) show the near and the far fields of the
slip rate, with the corresponding near field prefactor ko shown in the inset as a function of Af,/b.
Dashed lines in (c¢) show the normalized slip rate from (a) to compare to the normalized stress
gradient profiles. The rupture tip solution for the slip law of the rate-state friction for arbitrary
value of Af, is given by the ageing law solution with Af,/b < 1. The length ¢, and slip rate V.
scales are defined in terms of the fracture energy (or, conversally, in terms of Af,) in (11).

Here ro = (2/k3)'/3 is a constant ~ 0.838 for the slip law and is a function with values between
k0(0) = 0.838 and kg(o0) ~ 0.916 for the ageing law. The corresponding value of friction at the
peak change follows from f, = Af, + fss(Vy,) = (a/b)(Afp, — Afo).

Equation (13) provides an implicit form of the dependence of the peak friction change Af,
and, therefore, of the fracture energy G., (10), on the rupture speed v,. This is plotted in Figure
4, showing Af,/b and G./boL vs. the scaled rupture velocity function® v,./0,g(v,/cs). We note
that the given scaled relations are parameter-free (i.e. universal), and can be used to unravel the
full dependence of the solution for the fracture energy on the problem parameters. The solution
has distinct decreasing (Af,/b < 1) and increasing (Af,/b 2 1) branches, which characteristically
correspond to distinct slip rate Vy, values that are comparable to and larger than the fault ambient
slip rate V,,, respectively. We anticipate that the underlining sharp-crack-tip model does not hold
for the former decreasing branch, and henceforth consider the increasing A f, branch only. The
solution is characterized by the minimum value of the fracture energy Ge min/b0L = Afp min/b =
2.552 attained at vy min = 5.76 U,, and by the approximately-logarithmic increase of Af, for large
values of v,/7,. Interestingly, the Af, solutions for the slip and ageing laws are at most few
percent different, making them practically indistinguishable in log-scale of Figure 4. However, the
fracture energy solutions for the two friction laws are drastically different when v, > ¥, (and
Af, > b), with the ageing-law G-values much larger than the slip-law ones, owing to the different
dependence (10) of the fracture energy on the peak friction change Af, for the two laws.

Equation (13) is implicit in { = Af,/b, and convenient explicit approximations to its solution
are obtained by applying an iterative process ¢t = In(#/x(¢) to invert #(¢) = x(¢)eS (where,
e.g., X(¢) = ko /C?/? for the slip law). Selecting the (seed) zeroth order approximation as (0 (%) =
In(¥ /ko) yields an excellent approximation by the 2nd iteration, ¢(® (%) (Figure 4). Although
((0)(7/ ) provides a rather crude approximation, it does allow for a fair bit of interpretational

SFor aseismic ruptures, g ~ 1 and the latter simply becomes a normalized rupture velocity v,/
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Figure 4: Normalized peak friction departure from the steady state Af, = (f — fss(V))peak
and fracture energy G, as functions of the normalized rupture speed v, v,/(¥, g(v,/cs)), where
Uo = exp(—Af,/b) (1/b7) V, embodies the dependence on the fault ambient conditions and g(v,/cs)
is the elastodynamic factor (g(0) = 1 and g(1) = 0 in mode III). The increasing / decreasing
solution branch is shown by solid / opaque line. Red dotted and dashed lines show the simplified
Oth (Eq. (14)) and 2nd iteration approximations of the increasing A f, solution.

simplicity. Indeed, in this approximation (13) reduces to

N Up [V
Af,~Af,+bln P (Afp>b) (14)

with the rupture velocity scale v, = (11/b5)V, is now determined by the fault ambient slip rate V,
only, and for the absolute value of the ‘at peak’ friction

fo= fo+aln UT/UO

HOQ(UT/CS) (Afp > b) (15)

Comparing the above approximations with the first in (12), the quantity under the logarithm is
the corresponding approximation of the slip rate at the peak friction change scaled by the ambient
value, i.e. Vi, /Vi.

The developed universal tip solution (Figure 3) in the process zone scaling (11) and the corre-
sponding solution for the peak friction change (Figure 4) are validated by comparing to the near
tip region of full numerical solutions for the slow-slip transients on a fault with slip-law, rate-state
friction, Figure 1(f,f") and 1(e,e’). (Similar comparisons for other slow-slip numerical examples
for the slip-law and ageing-law of fault friction are shown in Sup. Figures 1-3). Particularly,
the numerical slip rate profiles with peak velocities varying over several orders of magnitude over
the event propagation time (Figure lc,c’) are seen to collapse when using the tip scaling (11)
and approximately match the universal tip solution profile (Figure 1f,f"). The latter somewhat
underestimates the former, but the agreement between the two improves with increasing rupture
speed, or, conversely, deteriorates as the slip front and slip rate decelerate in the case of constant
hypocentral force (which also contributes to a moderate scatter of the rescaled numerical profiles,
see also Sup. Figure 2 for examples of more ‘vigorous’ slow slip transients on an overstressed
fault). Similarly, the peak friction change Af,, and hence the fracture energy, extracted from the
numerical solutions compare well to, if somewhat overestimated by, the rupture-speed-dependent
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prediction of the universal tip solution (Figure le,e’). The approximate nature of the universal tip
solution is likely a consequence of the assumptions taken (i.e., neglected direct effect post-friction-
peak and the ‘sharp’ crack tip approximation, see further discussion in Sup. Materials), which
could be relaxed in future work.

3 Equation of Motion

Examination of slip transients propagating on rate-state faults shows that the friction excursion
away from the steady-state is mostly confined to a relatively narrow region near the leading edge of
the rupture, while the friction is approximately at the steady-state within the rupture bulk. This
suggests [25] that the rupture can be approximately modeled by that overcoming the steady-state
frictional fault strength in the bulk of the slipping region and the finite fracture energy at the
advancing front, with the latter is now an established function of the rupture velocity obtained
from the universal near-tip solution.

3.1 Fracture Mechanics of Slipping Patch Propagation

The propagation of the slipping patch within the above assumptions is governed by a variant of the
small scale yielding fracture mechanics [26, 32|, stating that the energy release rate G = K?2/(2f1)
at the propagating crack tip matches the the fracture energy G. = Af,(v,)d,L obtained in the
preceding section. The dynamic stress intensity factor K can be written as a product K = k(v,.) K
of the static stress intensity factor K and a prefactor function k(v,) of the rupture velocity. The
latter is only weakly dependent on the fracture configuration and the propagation history, and
is approximated here by the form obtained from the self-similar, constant stress-drop symmetric
crack expansion solution, which in the mode III case is given by k(v,) = \/1 —v2/c2/E(1 —v2/c?)
where E is the complete elliptic integral of the 2nd kind (e.g., [35])7. Thus, we can write the
propagation condition in terms of the static stress intensity factor as

K~ K. =/2uG.g/k> (16)

where the fracture toughness K, is a uniquely defined function of the rupture velocity v, = ‘.

We consider homogeneous ambient fault conditions, characterized by the background shear
Thg,0 = foOo and effective normal & = &, stresses, over which the rupture (slipping patch) propa-
gation takes place either quasi-statically (aseismically) or dynamically from a hypocenter at = 0.
In the hypocentral region the fault loading and/or strength may be perturbed from the ambient
values, which is presumed to give either initial or continuous stimulation of fault slip. E.g., it
can be a temporal hypocentral loading leading to nucleation of run away dynamic rupture on fric-
tionally unstable fault (in which case it can be reasonably neglected for large time analysis of the
rupture run-out), or it can be temporal or continual loading leading to aseismic slip propagation,
as in, e.g., localized reduction of fault strength by pore pressure increase due to fluid injection.
In either case, we going to assume that the spatial extent of the perturbed hypocentral region is
small compared to the slipping patch size, which lands itself to be modeled as a net Coulomb force
AT(t) acting at the hypocenter.

"To further substantiate the claim of the weak dependence of the k(v;) on a particular crack configuration, we
observe that the expression k(v,) = /1 — v /cs for a semi-infinite non-uniformly propagating mode III crack (e.g.,
[32]) is quantitatively only marginally different from the one adopted here.
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Consequently, we adopt the following approximate decomposition for the static stress intensity
factor
K = Kar + Kar (17)

KA~ is the contribution to K due to the generally spatially variable stress drop AT = 74 — f&
along the bulk of the patch, away from the possibly perturbed hypocentral region, such that
Thg = Tbg,0 = fo0o and & = G,, and away from the rupture front, such that f ~ fss(V),

\/>/H fsi xz)"" dz = Areg V7L, (18)

and the effective (equivalent uniform) stress drop A7eg can be written in terms of the patch effective
slip rate V,g as

: 1 [° fe(V
ATeff = (fo - fss(%ff))a-o with fss(‘/eff) = */ fi()dx (19)
T J_y 62 _ 1'2
Kt is the contribution to K due to the hypocentral perturbation,
AT
Kar = — (20)

vl

where the net hypocentral Coulomb force

+lo 1 [t
AT:/e (Tog—fss(V)T)dx = ATy~ foAN  with  fo = fos(Vemr0) = % | fss(V)da (21)

embodies the effects of perturbations 7,y = Tpg — [0, and 0 = — 7, (= —Ap) of the background
shear and effective normal stresses, respectively, assumed to be confined to a small hypocentral
region |z| < fo with ¢y < ¢. An approximate expression for AT is given in (21) in terms of the

assumed-to-be-known net background shear ATy, = fjfoo Tpgdz and net effective normal AN =

/ :rzio odzx perturbative forces, and, in general, unknown value of the hypocentral friction fj.
Using (17) with (18) and (20), the propagation condition (16) can be written as

AT K.

Tl i

We next derive the bulk effective slip rate Vg, defined in (19), as a function of £ and ¢ by considering

the slip rate distribution along the slipping patch, while similar derivation of the hypocentral slip

rate Voo given in Sup. Materials®, and, thus, establish (22) as the rupture front equation-of-
motion (EoM).

ATeg +

with A’Teﬁ‘ = (fo - fss(‘/:eff))a—o (22)

3.2 Slip Rate Distribution and Vg

In line with the crack loading decomposition, the slip along the patch is approximated by the
superposition of that due to the effective uniform stress drop A7eg , dar, and of that due to the
hypocentral Coulomb force AT, dar,

2AT, 2AT 4 X
§ = 0ar +0ar with dar; = %\/62 —22, dar = i cosh™ ] (23)

8Note that the dependence of ATeg on Vg is more essential to the accurate evaluation of EoM (22) than that
of AT on Vig,0, since the small changes of the former with effective slip rate are amplified in (22) by increasing
function of crack length, either £ or v/¢, when comparing the EoM terms.
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Here fi(v,) = pg(v,)/k(v,) is an apparent shear modulus which monotonically decreases with v,
from the quasi-static value given by p in mode III and u/(1 — v) in mode II to a finite fraction
thereof when v, is approaching a limiting velocity given by the shear wave speed cs in mode III
and the Raleigh speed cg in mode 11 [35, 32|°. Specifically, for the mode I1I g/k = E(1—v2%/c?), in
which E is the complete elliptic integral of the 2nd kind, varies modestly between (g/k)(0) = 1 to
(g9/k)(1) = 2/m. The corresponding slip rate distribution follows by time differentiation!® of (23)
and the use of (22)
9K, i ONT ¢
NNl + i cosh 2] (24)
Consider first evaluating the effective slip rate Vog, (19), when either the rate of change of
the hypocentral Coulomb force or of the fracture toughness is negligible. For the low-velocity
(logarithmically dependent on V') friction, we can get

V =~

T K. _ AT
veT=0 g 2 - RS0 g 4569 x = (25)
el
In the general case, we can obtain from (19), after some manipulations,
4K 0 ATVl
Vet = F(2) , where £ = 2oV (26)
vl K.t

is the non-dimensional parameter with the meaning of the normalized point-force-rate, and function

F (), defined by

1 [t P 1 de¢

In.Z (%) = —/ In (1 + = \/1—¢cosh ) _ (27)
m™J_1 ™ 1€1) /1 —¢2

and plotted in Sup. Figure 4, provides the transition with & from the toughness-dominated

(2 < 1 or negligible AT), .Z ~ exp(Z/7) ~ 1, to the point-force-rate-dominated (£ > 1 or

negligible K.), .# ~ 0.1142 x &, regime. General expression (26) for the bulk slip rate naturally

reduces to the asymptotic ones given in (25) when & is much smaller/larger than 1.

As a final note on the formulation of EoM, we acknowledge that the ambient slip rate on faults
that are initially over or understressed, i.e. when Af, # 0, will evolve over a long (ambient)
timescale t, = L/V, towards the new steady-state value, thus leading to reduction of the absolute
value of Af, over the same timescale. This baseline evolution of V, and Af, can in principle
be inserted into the EoM considerations without any change to the latter, but are practically
unnecessary when considering transient evolution of a ’stimulated’ slip events on timescales shorter
than ¢, (e.g., equal to t, ~ 5.3 years for the fault parametrization in the numerical examples of
slip transients considered in this work, such as Figure 1).

9This form of the apparent shear modulus is strictly valid for a self-similarly expanding crack with constant
uniform stress drop. Here we tentatively assume that the solution for the crack driven by by a point-force can be
formulated in terms of the same apparent modulus.

10assuming a slowly varying toughness K. and apparent modulus /i, and, thus, neglecting their rates when carrying
differentiation
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3.3 EoM predictions

Let us make use of the following natural elasto-frictional scaling

¢ - t, il S0, K—)V, g—>AT £—>AT, G

LN G
to Oy Vo v, uL T uv, -

K. .
ba,  boo/ly

defined in terms of the characteristic length ¢, = (u/b5,)L and time t, = ¢,/v, = L/V, scales.
EoM (22), normalized with help of (28), reads

K. (28)

AT K. K, AT /7l
AL b — (afb—1)InVig + o — ith Vg = df—c g [ 2L YT
fo/b=(a/b= DinVeg +=5 = == W = (4 Kc)

(29)

Aterr/ (7o)

where the scaled fracture energy G, = G.(e2f°/?(/g) (Figure 4) and toughness K. = \/2G.g/k>

are functions of the scaled rupture velocity v, = ¢ (while g and k are the previously defined
elastodynamic functions of v, /(¢s/v,) with g = k = 1 for aseismic slip). EoM is an implicit 1st order
ordinary differential equation governing evolution of the rupture scaled half-length ¢ = £(¢), which
is parametrized by the direct-to-state friction parameters ratio a/b, ambient overstress Af,/b,
scaled wave speed ¢, /v, (only of importance for seismic ruptures), and scaled hypocentral force
AT and its time-rate AT.

Consider the case of constant hypocentral Coulomb force (AT = const, AT = 0, and
#(0) = 1) for which the EoM does not depend explicitly on time, and is entirely described by a
trajectory!! in the phase-plane (¢,¢). The EoM phase trajectories are shown in Figure 5 for the
case of the slip-law friction'? and for systematically varied frictional rate-dependence parameter
a/b (from rate-weakening, a/b < 1, to rate-strengthening, a/b > 1), Coulomb force AT, and
ambient fault overstress Af,/b.

For frictionally-stable faults (RN and RS panes of the figure), the overstressed conditions
(Af,/b = +1) are seen to support long-term expansion and acceleration of slow slip, as the rupture
speed and the bulk slip rate Vog (shown by the color gradient) increase with run-out distance to
eventually seismic values'®. This eventual seismic transition on RS faults predicted to occur over
exceedingly large slip run-outs, which are likely not practical to observe in nature. In the case
of a finite hypocentral perturbation (AT > 0), early-time development of slip is dominated by a
possibly seismic (for large enough AT) transient owing to an abrupt application of the Coulomb
perturbation [19] followed by the rupture deceleration at intermediate times/lengths irrespective of
the fault initial conditions (overstress value). This hypocentral-perturbation-dominated behavior
eventually gives way to the long-term slip accelerating dynamics on overstressed faults, as already
described in the above, while the slip-rate fizzles to the ambient value on under- and neutrally-
stressed faults (Af,/b < 0), essentially signaling termination of the slip transient run-out'4. EoM
examination of the slip development on frictionally-stable faults with ageing-law of friction (phase
plots on Sup. Figure 5) shows qualitatively similar but much slower dynamics owing to a much
larger fracture energy when compared to the slip-law friction case at the same value rupture speed

Hwhich can be easily integrated to obtain rupture front progression with time ¢ = £(t)

12phase-plots for the ageing-law of friction are shown in Sup. Figure 5

L3also observed by [21] but in the context corresponding to a constant rate of Coulomb force (constant rate of
fluid injection into the fault in that study).

14 The slightly accelerating long-term rupture predicted by the EoM for the case of neutrally stressed fault A f, = 0
with AT > 0 corresponds to the slip-rate in bulk of the rupture asymptotically approaching the ambient fault value,
and, thus, an artifact of application of EoM outside of its underline assumptions.
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(Figure 4). A practical estimate of the maximum slip run-out distance #;,,x on neutrally- and
under- stressed (Af, < 0), frictionally-stable (a/b > 1) faults is obtained from the EoM by setting

normalized bulk slip rate Vog ~ 1 and corresponding G. ~ 1, which leads to a simple quadratic
equation for £,,.. At zero fault overstress,

Afo=0: lpax = AT?/27 (30)

For frictionally-unstable, RW faults (left pane of the figure), a rather complicated variety of
rupture behaviors is suggested by the EoM, including the non-unique rupture velocity (simulta-
neous existence of the accelerating and decelerating solution branches) for large enough rupture
run-out distance. The minimum run-out distance at which the non-uniqueness emerges may indi-
cate the slip instability (earthquake nucleation) studied in the numerous previous works including
[9, 10, 11]. Exploration of this possible connection is outside of the scope of this work, we do note
however, that (i) care would need to be exercised in applying the crack-like EoM to earthquake
nucleation on faults with slip-law rate-state friction, which were shown to support the pulse-like
rupture propagation mode [10]; and, more optimistically, (ii) the critical slip run-out distance pre-
dicted by the EoM on initially steady-state faults (Af, = 0) with ageing-law of friction is very
well approximated by £o, = £,/(7(1—a/b)?), in agreement with the earthquake nucleations studies
[9, 11].

In case of a constant rate of the hypocentral Coulomb force (AT > 0), a useful approxi-
mation of the EoM (29) is obtained by differentiating in time and reasonably neglecting the rates
of K. and Areg (since both the toughness and the bulk stress drop are only weakly dependent
upon the time-varying rupture velocity)

AT 1K,
Af,Jb—(a/b—DInVig +— ~ = —C 31
fo/b—(a/ ) In Ve v s By (31)

ATeg/(b5,)

When AT is a constant, EoM (31) does not explicitly depend on time, and, thus, is fully-described
by a trajectory in the phase-plane. Figure 6 (Sup. Figure 6) shows the EoM solution trajectories
for the slip-law (ageing-law) friction, for a range of values of the rate-dependence parameter a/b,
ambient overstress A f,, and the rate of the hypocentral Coulomb force AT, respectively. Focusing
on the response of rate-strengthening faults (c) to the linear increase of the hypocentral Coulomb
force with time , we observe that the initially overstressed faults (Af, > 0) support continually
accelerating slip transients at large run-out distances similarly to the case with a constant Coulomb
force (Figure 5). This simply suggests that the fault overstress (when present), not the hypocen-
tral perturbation, dominates the slip response at large time/run-out. However, the large-run-out
rupture behavior on neutrally- or under- stressed faults (Af, < 0) is markedly different from that
for a constant Coulomb force, as the slip is seen to continuously accelerate towards the terminal
rupture speed (Figure 6b,c). This behavior corresponds to the diminishing effect of the toughness
compared to that of the Coulomb force-rate with increasing run-out distance, and bulk slip rate
Vest approaching the zero toughness limit given in (25). Corresponding, zero-toughness reduction
of the EoM can be solved for the normalized value of the terminal rupture speed
-1
Uptim = % [(a/b= D) mVE= = af,p]  with VST =04560AT  (32)

shown by dashed black lines on Figure 6b,c.
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Figure 5: Equation of motion for constant Coulomb hypocentral force - phase plot of the rupture
front speed v, (scaled by v, = (11/b3)V,) vs. half-rupture-length ¢ (scaled by ¢, = (1/b3)L) for
a symmetric rupture on a fault with rate-state (slip law) friction characterized by rate-weakening
(RW, left), rate-neutral (RN, middle), and rate-strengthening (RS, right) steady-state behaviour,
and different initial overstress Af,/b = —1,0,+1. Top to bottom panels correspond to different
values of Coulomb force AT/uL =0 (top), 2, 10, and 50 (bottom). The effective slip rate magni-
tude within the bulk of the slipping patch is shown by color gradient. Several examples of v, vs.
£ evolution in full numerical solutions of fault slip transients driven by localized pore overpressure
due to the fixed volume injection (such as in Figure 1.1) are shown by ‘x’ for comparison.
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Figure 6: Equation of motion (31) for constant rate of Coulomb hypocentral force - phase plot
of v, vs. ¢ for a symmetric rupture on a fault with rate-state (slip law) friction characterized
by rate-weakening (left), rate-neutral (middle), and rate-strengthening (right) behaviour, various
initial overstress Af,/b = —1,0,+1, and various values of the Coulomb force rate AT/uV, =
103,104,105, The effective slip rate magnitude within the bulk of the slipping patch is shown by
color gradient. Terminal (large run-out) rupture velocity vy iy for the rate neutral (middle panel)
and strengthening (right panel) friction is shown by horizontal dashed lines.

4 TImplications for slip induced by fluid injection

The EoM can be applied to study the fluid-injection induced slip, e.g., in the context of the two
Scenarios discussed in the Introduction and Figure 1, provided that the hypocentral Coulomb force
(21) and its evolution can be evaluated based on the history of fluid injection and its associated pore
pressure perturbation on the fault. In the absence of the shear stress perturbation, ATy, = 0, the
Coulomb force is AT(t) = fo [ Ap(z,t)dz where the pore pressure perturbation is approximately
confined to a hypocentral region along the fault, |z| < ¢y(t), with half-length £o(t).

In the injection scenario 1 (Figure 1.1), when injecting into a hydraulically sealed reservoir
abated by a fault, 2y = h = the thickness of the reservoir, while the pore pressure perturbation
is proportional to the injected fluid volume Vinj, Ap = Vinj/BVieservoir, [23], where 3 is the pore
compressibility of the reservoir rock, thus, yielding, AT = fyVinj/(8Vieservoir/) [N/m].

In the injection scenario 2 (Figure 1.2), when injecting directly into or nearby the perme-
able fault zone, fy = v/4at = pore pressure diffusion front run-out along the 1D-fault, and
pore pressure can be found by convolution Ap(z,t) = fot(dq/dt’)pg(z,t — t')dt’ of the injec-
tion rate ¢(t) = (dVinj/dt)/(wrzLin;) [m/s| (per unit permeable fault zone thickness wrz and
unit out-of-plane length of the fluid line-source, a segment of a horizontal injection wellbore
parallel to the fault plane, Li,;) with the Green’s function given by the ¢ = 1 solution[36],
pa(z,t) = (2v/maf) o (t) (|2 /lo(t)) and TI(§) = exp(—£2) — /merfe(€). Integrating the pore
pressure perturbation over the fault, one gets a very useful result that the Coulomb force is simply
proportional to the currently injected fluid volume, AT (t) = foVinj(t)/(BwrzLinj) [N/m], irrespec-
tive of the injection history. Furthermore, this result is not restricted to the 1-D geometry of the
problem, such that, e.g., for fluid injection into a 2D-fault one finds AT'(t) = foVinj(t)/(Bwrz) [N].

The full numerical solution of slip transients in the two scenarios corresponding to fixed-volume
(stopped) and fixed-volume-rate (continuing) injection are given in Figure 1 for the case of zero
ambient overstress Af, = 0 and the choice of injection parameters for which, in scaling (28), the
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Coulomb force AT ~ 50 and the Coulomb-force-rate AT =~ 10%, respectively. When evaluating
AT in these and other examples, we approximated the hypocentral friction fo = fss(Vesr,0) by
a representative constant!®, which particular value has been chosen as the mean f, — Af,/2 of
the background stress-ratio value f, and the steady-state friction value at the ambient slip rate
fs(Vo) = fo — Afo. (We note though that this approximation likely breaks down in case of
an earthquake slip instability, manifested by slip rate changes of many orders of magnitude, in
which case rigorous evaluation of fy = fss(Ves,0) will be likely required, see Sup. Materials). The
numerical rupture dynamics in the two scenarios (see Figure 1d,d’ for the rupture half-length vs.
time) is contrasted to the EoM predictions in the phase plot of the rupture speed vs. rupture half-
length in Figures 5 (bottom-right) and Figure 6¢c, respectively, where the numerical solutions are
shown by ‘x’. We observe that EoM provides generally very good approximation of the decelerating
(fixed-fluid-volume) and continuously accelerating (fixed-fluid-volume-rate) rupture dynamics in
these two scenarios once the rupture is grown large enough compared to its hypocentral region.
The EoM is seen to somewhat underpredict the rupture velocity in the fixed-volume case, which
is attributed to the influence of the direct friction effect which tends to slightly reduce the friction
in bulk of a decelerating rupture when compared to the its steady-state value (see Sup. Figure 8)
and, thus, ‘ease’ the rupture propagation compared to the EoM prediction, where the direct effect
is neglected in the bulk of the crack.

The EoM also provides a good approximation of the rupture dynamics (Figures 5, 6) when
injecting into initially overstressed (Af, > 0), rate-strengthening faults (see Sup. Figure 2 for
the full numerical solutions). The only attempted numerical example which the EoM failed to
approximate corresponds to the accelerating aseismic rupture on overstressed (Af,/b = 1), rate-
neutral fault (a/b = 1) with slip-law friction subject to perturbative force AT = 2 (Figures 5),
which propagates as a slip pulse rather than a crack (see Figure 3a). The pulse-like propagation
mode has been previously observed on rate-weakening, slip-law faults by [10]. When considering
the same injection scenario and loading conditions, but on the ageing-law fault, the propagation
is crack-like (Figure 3a’) and the EoM prediction is adequate (Sup. Figure 5).

5 Conclusions

In this work, we have developed a universal solution near the leading edge of a slip transient
propagating on a fault with rate-state dependent friction. This ‘tip solution’ quantifies evolution
of the slip velocity associated with the passage of the rupture front, characterized by the initial
dramatic slip acceleration followed by deceleration towards the steady-state sliding in the bulk
of the slipping patch. The corresponding maximum values of the slip velocity and shear stress
perturbation carried by the rupture front (the latter related to the maximum excursion Af, of
friction from the steady-state) are established as functions of the instantaneous rupture front
velocity v.. The characteristic size f.(v,) of this near tip process zone, shown to be a small
fraction (e.g., given by b/A f,(v,) for the slip-law of the rate-state friction) of the classical frictional
lengthscale ¢, = (u/b5)L, provides an upper bound for the fault discretization size necessary to
resolve slip transients by numerical approaches [15, 19].

Developed tip solution allows for explicit evaluation of the fracture energy G.(v,) dissipated
within the near tip process zone when overcoming the frictional resistance Af in excess of the
steady-state value. This opens a possibility to model slip transients on rate-state faults as singular

15in lieu of the weak dependence of the steady-state friction fss on V, which typically amounts to a percent or
less change in fss over few orders of magnitude change of V
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cracks characterized by the simplified, steady-state frictional resistance in the bulk of the fracture,
and by a stress singularity at the fracture tip which intensity is given by G.(v,.). We have pursued
this route and developed an analytical equation of motion for 1D slip transients driven by a
combination of an uniformly-distributed background overstress A f, and a localized fault strength
perturbation at the hypocentral region, quantified by the net Coulomb force AT'(t).

We have studied general properties of slip transients predicted by the equation of motion and
further validated by a number of fully numerical slip simulations. Particularly, we have established
that the maximum run-out distance of an aseismic slip transient on a rate-strengthening fault is
o AT? when the Coulomb force AT is a constant (AT = 0), and that the long-term rupture
speed v, jim of the transients is oc AT when AT > 0. In the context of slip induced by fluid
injection, the hypocentral Coulomb force is shown to be proportional to the injected fluid volume,
e.g., AT(t) = foVinj(t)/BwrzLin;j in the case of injection into the permeable/damaged fault zone of
thickness wrz over injection interval length L;y,j, where 3 is the pore compressibility of the fault rock
and fj a representative value of fault friction. The EoM solution then provides (i) a time-dependent
upper bound for aseismic slip propagation on a frictionally-stable fault £y, (t) ~ f U limdt o< Vi (t)
while the injection is ongoing, and (ii) the maximum run-out of the induced slip, £max ¢ Vi2; iotals
once injection has been stopped.

Developed slip equation of motion and its possible extension to 2D slip, provide a relatively
simple analytical tool which can be applied to study a variety of transient fault slip phenomena,
slow and fast, natural and induced by anthropogenic activities.
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A Supplementary Material

A.1 Small scale yielding rational for rate-state fault ruptures

The above treatment of the near rupture tip region suggests that the way for approximate s.s.y.
modeling of the rupture propagation, when the rupture process is such that the frictional evolution
away from the frictional steady-state is mostly confined to the region adjacent to the advancing
front, while the friction is approximately at the steady-state within the rest of the slipping patch,
as previously suggested by [25]. If so, the rupture can be modeled by that overcoming the steady-
state frictional fault strength in the bulk of the slipping region and the finite fracture energy at
the advancing front.

Consider therefore the ’outer’ solution for the slipping patch sliding at the steady-state fault
friction 7°%(z) = fss(V°"(z)) 5 valid in the bulk of the crack, i.e. away from the tip x > /.,
where = £ — | X| denotes the distance from the crack tip, and /. is the small spatial scale of the
tip process zone, ¢, < ¢. While within the fracture tip process zone, z < ¢, the corresponding
'tip’ solution 7% (z) = fP(z) & is to describe the away-from-steady-state slip there. For such a
composite solution structure to be realized, the two solutions have to match over the intermediate
distances from the tip /. < x < ¢, where both solutions reduce to the intermediate asymptote
corresponding to the LEFM solution with a finite fracture energy G,

2
Vrx/l,

(The slip V. rate and distance £, scales defined in the main text in terms of G.. With this definitions
the LEFM asymptote takes a familiar form VIEFM /o = (45 /dx)ME"M = | 2G . /7jx).

b < l: Vo z) = VIP(z) ~ VEEFM () =/,

A.2 The rupture tip (process zone) solution

Let us henthforth focus on the tip solution and drop the subscript tip for brevity. In view of the
above, the inner solution has to satisfy the equation of elastic shear stress transfer, modeled by that
of a semi-infinite crack with background stress-level corresponding to the intermediate (LEFM)
stress asymptote

F(@) = fos(VEEFM(2)) = fi(vr) /°° ds/da’ @
0

d/ V= AT
x , de

2mo x —x

and by the reduced form of the friction law within the tip process zone, as given by the slip-
weakening relation (9) for the friction departure from the steady-state Af = f — fss(V)

Af=Af(5)
In view of the above, the stress transfer equation along the crack can then be rewritten
i  dd/dx’
A _ LEFM _ fivr) / /
f(é(x)) + [fSS(V(.%‘)) fSS(V (x))] e Jy o —a dx (33)

and the fracture energy as

Gofr = [ @)=LV @) ) = [ AT a5+ [ (V@) — SV )] d5(0)
0 0 0 (34)
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In solving the inner problem formulated in the above, we further neglect the bracketed terms
under assumption that the variation of the steady-state value of friction in the process zone from
its far-field (LEFM) value is small compared to the friction departure from the steady-state, i.e.
Fos(V) = fos (VEEFM) < £ — £ (V). The tip solution under the above assumptions is given in the
main text.

Consider estimating the goodness of the approximations taken in deriving the sharp-tip rupture
solution and associated fracture energy GG.. The approximations were twofold.

Firstly, the direct friction effect has been neglected in the near tip friction evolution. While the
assumption is plausible when friction undergoes relatively large changes driven by the evolution
of the state (i.e. away from the steady-state), it is expected to break down in the far field of the
tip solution, as the latter approaches the steady state (Af — 0 as x/¢. — o0). To evaluate the
associated error, we use the obtained tip solution for the slip § and slip rate V to integrate the full
rate-state friction equation (6), and compare the result, denoted as A f™*, to the tip solution value
Af (see Figure 7a for the case of slip law rate-state friction solution). The corresponding relative
error associated with the use of the approximate fracture energy G, = 6fooo Af(6)dd = Af,a0.
can be defined as

674G = g0 [ TIAF6) - AF(D)]do (35)

It can be seen from Figure 7a, that the direct effect slightly modifies how the friction change A f
vanishes at large slip, specifically, A f** is seen to dip below zero before returning asymptotically
to zero as ~ —d./d at large slip (the feature observed before in the rupture tip solution accounting
for direct effect [Viesca&Garagash, 2012/37). As the result, the integral in &"5(G.) is actually
diverging logarithmically with large slip. We are not that interested in (or discouraged by :)
this logarithmic “tail” of the fracture energy at large slip (since most of the fault weakening is
accomplished over slip distances ~ ¢..), and replace the upper (infinite) limit of integration in (35)
by the slip value at the min A f** in evaluating the fracture energy error &"%(G.). The resulting
error estimate is plotted as function of Af,/b on Figure 7b for the slip law rate-state friction case.

Secondly, the bracketed term in (33) and (34), corresponding to the variability of the steady-
state friction value within the process zone, has been neglected in the near tip solution. To evaluate
the validity of this assumption we use the tip solution to evaluate the bracketed term contribution
to the full expression for the fracture energy (34), and defining the relative error associated with
the approximate fracture energy G, = Af,00. as,

—iﬁ - T)) — LEFM (5. T) = a-b wi = oom 7‘//‘/5
50 = g7 [ V@)~ VM) i) = x g with x= [T | U
)

Prefactor x = x(Af,/b) can be evaluated from the sharp-tip solution: it is a constant ~ 0.816 for
the slip law rate-state friction, and is a function with values between x(0) ~ 0.816 and x(o0) ~
0.936 for the ageing law. Error &(G.) is shown as a function of Af,/b by a dashed line in Figure
7b for the slip law rate-state friction case with a/b = 1.1.

A.3 Hypocentral slip rate

Considerations similar to those for the bulk effective slip rate lead to the following expression for
the hypocentral effective slip rate
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1 l 2AT -
Vert,0 = Fo (9 —In 2%) X ——  with Fy(z) =ze™ ¢ Ei(-2) (37)
It can be established that V.g o varies between the toughness-dominated V;(HAOT =0 _ 2% (a half

of the corresponding bulk value (25)) and the point-force-rate-dominated Ve(éfgzo) =% (—In %) Q%T
limits with increasing &. Substituting (37) into AT = ATy — fes(Verr,0)AN, (21), allows to
solve for AT. Consider a simplified approach to the solution, where we differentiate the latter
with respect to time while assuming that fss(Veg,0) is a slowly varying quantity, resulting in
AT =~ ATbg - fSS(VeH)O)A.N. The latter together with (37) provides implicit algebraic equation
to solve for AT and Vegr,0 as function of ¢ and ¢ (while extent £y of the hypocentral region and
corresponding normal AN and shear ATy, perturbative forces and their rates are known).
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B Supplementary Figures

1) Fixed-volume fluid injection: AT = 50, Af, = 0, ageing law (a/b = 1.1)
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Figure 1: Symmetric slow slip development on a fault characterized by a rate-strengthening, ageing-
law friction for the injection scenarios 1 (a-f) and 2 (a’-f’) and zero initial fault overstress. See
Figure 1 for the same slip scenarios / fault loading, but different fault friction (slip law). The
rupture length evolution and some other slip characteristics from Figure 1 are shown here in (d,e)

and (d’,e’) by opaque symbols/lines for comparison.
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Fixed-volume fluid injection: AT =50, Af,/b =1, slip law
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Figure 2: Symmetric slow slip development on a fault characterized by a rate-strengthening, slip-

law (a-f) and ageing-law (a’-f’) friction for the injection scenario 1 and non-zero initial overstress
See Figure 1.1 and Sup. Figure 1.1 for the same slip scenarios bar different (zero) initial overstress.
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Figure 3: Symmetric slow slip development on a fault characterized by a rate-neutral, slip-law (a-f)
and ageing-law (a’-1") friction for the injection scenario 1 and non-zero initial overstress. Note the
pulse-like rupture mode (a) for the slip-law friction case, compared to the usual crack-like mode
(a’) for the ageing friction. (See Sup. Figure 2 for the same slip scenario and initial fault overstress
conditions, but different sense of the friction rate-dependence (rate-strengthening), where rupture
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Figure 4: Normalized effective slip rate .# as function of normalized point-load-rate &2, (27). The
small/large &2 asymptotes (see the text) are shown by dashed lines.
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friction rate dependence a/b
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Figure 5: Same as Figure 5 but for the ageing law of rate-state friction: Equation of motion for con-
stant Coulomb hypocentral force - phase plot of the rupture front speed v, (scaled by v, = (11/b5)V,)
vs. half-rupture-length ¢ (scaled by ¢, = (u/ba)L) for a symmetric rupture on a fault with rate-
state (ageing law) friction characterized by rate-weakening (left), rate-neutral (middle), and rate-
strengthening (right) steady-state behaviour, and different initial overstress Af,/b = —1,0,+1.
Top to bottom panels correspond to different values of the constant Coulomb hypocentral force
AT/(boty) =0 (top), 2, 10, and 50 (bottom). The effective slip rate magnitude within the bulk of
the slipping patch is shown by color gradient. The characteristic lengthscale £, = £,/(w(1—a/b)?)
is shown by vertical dashed line for the RW friction case (left panel). Phase plots for the slip law
of rate-state friction of Figure 5 are shown by opaque curves for comparison.
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Figure 6: Same as Figure 6 but for the ageing law of rate-state friction: Equation of motion
for constant rate of Coulomb hypocentral force - phase plot of v, vs. ¢ for a symmetric rupture
on a fault with rate-state (slip law) friction characterized by rate-weakening (left), rate-neutral
(middle), and rate-strengthening (right) behaviour, various initial overstress Af,/b = —1,0,+1,
and various values of the Coulomb force rate AT/uV, = 10%,10%,10°. The effective slip rate
magnitude within the bulk of the slipping patch is shown by color gradient. Terminal (large run-
out) rupture velocity vy jim for the rate neutral (middle panel) and strengthening (right panel)
friction is shown by horizontal dashed lines. Phase plots for the slip law of rate-state friction of
Figure 6 are shown by opaque curves for comparison. Several examples of v, vs. £ evolution in full
numerical solutions of fault slip transients driven by fixed volume-rate injection (such as in Figure
1.2) are shown by ‘x’ for comparison.
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Figure 7: (a) Normalized friction departure from the steady-state A f*5/A f? vs. slip §/6. obtained
from integration of the full form of the slip law rate-state friction (6) with the slip-rate field
prescribed by the approximate sharp-tip rupture solution (in which the direct effect is neglected
compared to the state evolution effect, see main text for details) for various values of Af,/b.
Deviation of Af"~* from the sharp-tip friction solution Af/Af, = exp(—J/d.) vanishes in the
limit of large A f,,/b. (b) Relative errors of the sharp-tip solution for the fracture energy associated
with neglecting the direct effect, (35), and with neglecting variation of the steady-state friction
value, (36) with a/b = 1.1, are shown by solid and dashed lines, respectively.
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Figure 8: Snapshots of departure of the stress-ratio (friction) from the steady-state, Af = f —
fss(V), as in Figure 1b, but zoomed in about the steady-state line (Af = 0). The relatively small
negative Af ~ 0.1b in the bulk of the propagating crack, compared to the peak values at the
rupture front ~ 10b, is the result of the friction direct effect due to the slip deceleration.



