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ABSTRACT2

We address the question of separating the ocean’s deterministic response to time-dependent3
forcing from its intrinsic chaotic variability. Because the forcing is neither stationary nor periodic4
and spatial homogeneity is precluded by both the forcing pattern and boundary conditions,5
statistical analysis must rely on ensemble averaging. Here, we define this as the arithmetic6
mean over realizations with equally probable initial conditions. Ideally, one could compute the7
ensemble mean directly without performing numerous realizations, but this requires knowledge8
or closure of the second-order statistics — the classical turbulent-closure problem, here recast9
for a non-equilibrium, geophysical setting. Building on the ideas of nonlinear midlatitude ocean10
adjustment (Dewar 2003), we examine this problem using idealized quasigeostrophic (QG)11
double-gyre ensembles subjected to episodic temporal variations in wind forcing. Our objective12
here is not to develop a subgrid parameterization of unresolved eddies, but rather to construct13
and test prognostic equations for the ensemble mean itself, using the simplest possible closure14
assumptions. We find that the performance of ensemble mean closures is highly dependent on15
the spatiotemporal structure of the forcing. Under slowly varying forcing, approximate closures16
reproduce the mean evolution reasonably well; under rapidly varying, near-zero-mean forcing,17
the simplest ensemble-mean closures fail, even at the level of basin-averaged total energy and18
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enstrophy. In both regimes, the ensemble-mean response is not simply the accumulated imprint19
of the applied forcing, but instead appears as a continuing, non-equilibrated dialogue between20
the mean and eddy fields.21

Keywords: Ensemble simulation, ensemble mean, eddy parameterization, quasi-geostrophy, wind-driven gyre, mesoscale eddies22

1 INTRODUCTION

Understanding how large-scale ocean circulations adjust to changes in external forcing remains one of the23
central challenges of geophysical fluid dynamics. At climate scales, the difficulty is not simply that the24
governing equations are nonlinear and chaotic, but that the ocean’s mean state and its intrinsic variability25
are dynamically entangled. Even under steady forcing, mesoscale turbulence continually feeds back on26
the large-scale flow, producing a fluctuating equilibrium that is only statistically stationary. When the27
forcing itself varies in time, this balance is disturbed and the ocean’s adjustment reflects both deterministic28
and stochastic elements of the dynamics. Predicting that adjustment—and, in particular, predicting the29
evolution of the ensemble mean circulation—is the subject of this paper.30

In modern climate modeling, such questions are typically recast as problems of parameterization. Global31
circulation models cannot resolve the full spectrum of mesoscale and submesoscale motions, so their32
collective influence must be represented through effective diffusivities or flux laws (e.g., Gent and33
McWilliams, 1990; Gent et al., 1995; Marshall et al., 2012; Mak et al., 2017; Wei et al., 2024). Despite their34
success in stabilizing coarse-resolution models, these schemes rest on heuristic assumptions—most notably35
that eddy fluxes act downgradient with respect to mean quantities (Cessi, 2008; Eden and Greatbatch, 2008;36
Ferrari et al., 2010; Eaves et al., 2025)—whose physical justification remains limited. The ocean’s energy37
pathways are not strictly diffusive, and eddy–mean flow interactions are reciprocal rather than one-way38
(Vallis, 2006; Arbic et al., 2014; Uchida et al., 2022b, 2024a,b).39

An ensemble framework provides a natural language for this problem. Most theoretical descriptions of40
turbulence, chaos, and climate variability are implicitly ensemble-based (Smagorinsky, 1963; Kraichnan,41
1976; Young, 2012; Maddison and Marshall, 2013; Serazin et al., 2015; Leroux et al., 2018; Romanou42
et al., 2023; Gu et al., 2024). The ensemble average offers a convenient, computationally demanding,43
approach to separating the externally forced, deterministic system response from its internally generated44
variability, free from the ambiguities of spatial or temporal filtering (Chen and Flierl, 2015; Penduff et al.,45
2018; Uchida et al., 2021a). In this sense, the ensemble-mean equations represent the “gold standard” that46
any eddy parameterization should strive to emulate. At the same time, they define an ideal test bed for47
examining how well simplified closures capture the feedback between the mean and eddy fields.48

Here, rather than attempting to parameterize the unresolved scales directly, we ask a more fundamental49
question in the case of non-autonomous forcing: Can one construct a stable dynamical equation for the50
ensemble mean itself, and evolve it prognostically, using only minimal and physically motivated closure51
assumptions? This reframing replaces the subgrid-scale parameterization problem with the broader issue of52
ensemble-mean predictability. The goal is not to model the small scales, but to test whether the ensemble53
mean—the “deterministic part” of the turbulent system’s response to external forcing—can be predicted54
without performing a prohibitively large ensemble of realizations.55

As a minimal model for the wind-driven gyres of the North Atlantic and Pacific, the quasi-geostrophic (QG)56
double-gyre model has long served as a paradigm for studying the large-scale response of the ocean to57
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wind forcing (Veronis, 1963). Despite its simplicity, the system captures many of the essential ingredients58
of the midlatitude ocean circulation: basin-scale recirculations, an energetic eastward jet reminiscent of59
the Gulf Stream or Kuroshio. In this idealized setting, nonlinear eddy–mean flow interactions can be60
isolated and examined without the confounding influences of complex topography or buoyancy forcing.61
The double-gyre model thus provides a compact, easily-computed, and physically interpretable test bed for62
exploring how large-scale oceanic jets adjust to changes in external forcing.63

A substantial body of work has shown that such flows behave as weakly nonlinear oscillators, capable of64
multiple equilibria, regime transitions, and intrinsic low-frequency variability even under steady forcing65
(Berloff and McWilliams, 1999; Simonnet, 2005; Berloff et al., 2007). In a broader sense, this behavior66
exemplifies the idea that the ocean’s mean circulation should be viewed as a continuously forced, weakly67
non-equilibrium system, in perpetual dialogue with its own turbulence—a perspective articulated in earlier68
studies of midlatitude adjustment and energetics (Dewar, 2003). Here, we revisit that viewpoint using69
ensembles of QG double-gyre simulations subjected to episodic and oscillatory wind forcing. The QG70
framework retains the essential baroclinic dynamics and nonlocal eddy feedbacks of the mesoscale ocean71
(Grooms et al., 2015; Uchida et al., 2021b, 2022a; Deremble et al., 2023), while remaining simple enough72
to permit fully controlled ensemble experiments over climatically relevant timescales.73

Our approach is deliberately simple. We first establish a statistically stationary, eddying double-gyre74
circulation under steady wind forcing and diagnose its time-mean and fluctuating properties, including75
the dominant space–time modes obtained via Spectral Proper Orthogonal Decomposition (SPOD; Towne76
et al. 2018). We then generate large ensembles of simulations subjected to two distinct classes of time-77
dependent forcing. The first (Case 1) modulates only the amplitude of the large-scale wind stress, producing78
a basin-scale “pulse” that perturbs the mean jet but leaves its spatial structure unchanged. The second79
(Case 2) imposes forcing patterns with the same space–time scales as the most energetic eddy modes,80
effectively driving the system at the fluctuation scales. These two experiments bracket the spectrum of81
possible eddy–mean interactions, from slowly varying, quasi-equilibrium adjustment to rapidly varying,82
near-resonant excitation.83

To clarify the dynamical controls governing the evolution of the ensemble mean, we derive a simple84
prognostic closure model and compare its behavior with fully simulated, reference ensembles and with two85
idealized dynamical-response models. The prognostic steady-stress (or frozen-turbulence) model replaces86
the instantaneous Reynolds stresses with their long-time means, providing a minimal closure that predicts87
the mean field from fixed eddy statistics. The two response models, by contrast, completely neglect the88
influence of ensemble fluctuations, describing how the mean field adjusts to prescribed forcing in the89
absence of any eddy contributions. The nonlinear version retains advection of the mean flow but omits90
coupling to the background state, while the linear version further simplifies the dynamics to a classical91
β-plane response. Comparing these simplified models to the fully diagnosed ensemble evolution allows92
us to assess when, and under what forcing regimes, the ensemble mean can be accurately predicted from93
limited statistical information.94

The results demonstrate that the ability to forecast the ensemble mean depends critically on the temporal95
and spatial structure of the forcing. When the forcing acts on large, basin-scale structures (Case 1), the96
ensemble mean responds coherently and the frozen-turbulence closure performs well. When the forcing97
operates at the scales of the internal eddies (Case 2), energy is rapidly transferred from the mean to the98
fluctuating field, and all simplified closures fail—even at the level of total energy. In both cases, the99
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ensemble mean is not merely the accumulated imprint of the external forcing, but a dynamically active100
field engaged in continuous exchange with the underlying turbulence.101

These findings highlight the non-equilibrium nature of the oceanic mean state and provide a controlled102
framework for evaluating closure assumptions in more complex models. While our experiments are103
idealized, they reveal general principles likely to extend to the real ocean: that ensemble-mean predictability104
hinges not only on the amplitude of the forcing, but on its time–scale separation from the intrinsic variability105
of the system. In this sense, the ocean occupies a regime between the two cases examined here—neither106
fully equilibrated nor purely stochastic—and it is this intermediate regime that presents the greatest107
challenge for parameterization and prediction.108

The remainder of this paper is organized as follows. Section 2 describes the QG model and ensemble109
methodology, including the SPOD analysis used to identify dominant eddy modes. Section 3 presents the110
results from the two forcing experiments and evaluates the performance of the three prognostic models.111
The focus of this paper is on the ensemble mean, referring to past results that emphasize the importance112
of capturing an accurate mean state in order to accurately capture the eddies (Hallberg, 2013; Mak et al.,113
2023), but we shall end with some discussion of the eddies in Section 4 and on the broader problem of114
predicting the large-scale ocean response to time-dependent forcing.115

2 DATA AND METHOD

Throughout our study, we document the characteristics of an ensemble-mean oceanic jet using the QG116
wind-driven gyre system. We numerically solve the canonical QG potential vorticity (PV) using the117
Fast-Fourier Transform (FFT)-based qgw solver (Deremble et al., 2024),118

∂qi
∂t

+ J(ψi, qi) =
τ0
H1

F (x, t)δi,1 + ν∇2qi . (1)

For two layers, the layer PV, qi, and stream function, ψi, are non-locally related by:119

q1 = ∇2ψ1 +
f20
g′H1

(ψ2 − ψ1) + βy,

q2 = ∇2ψ2 +
f20
g′H2

(ψ1 − ψ2) + βy.

The total energy (per unit density and area) in the domain is given by120

TE(t) = KE(t) + APE(t) = − 1

2A

2∑
i=1

∫
Hiψiqi dx dy := −{qψ} , (2)

with units m3

s2 .121
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2.1 Base Case:122

We take the simplest two-layer configuration, (H1, H2) = (400, 2600)m, in a square domain Lx =123
Ly = L = 3840 km on an interior grid 5122 (∆x = 7.5 km). The parameters are f0 = 9.4 × 10−5 s−1,124
β = 1.7× 10−11 m−1 s−1, and g′ = 0.045m s−2 with a resulting Rossby deformation radius Rd = 42 km.125

The steady, asymmetric wind-stress curl follows Berloff and McWilliams (1999):126

F (x, t) = F (y) =
π

L

{
sin

[
2π

(y − L/2)

L

]
− λ0 cos

[
π
(y − L/2)

L

]}
, (3)

with τ0 = 4.0× 10−5 m2 s−2 and asymmetry parameter λ0 = 0.25. This choice places the zero wind-stress127
curl at y ≈ 2000 km, slightly breaking the meridional symmetry.128

The numerical solution is computed with free-slip boundary conditions for 1,000 years following a 50129
year spin-up from rest. The Laplacian diffusivity is ν = 75m2 s−1. The results of steady wind forcing at130
these parameters show a statistically stationary eddying flow with ∼10-15% fluctuations of the total energy131
about the time-mean state (Fig. 1a). As shown in the spatial plots of the upper layer PV, the flow is strongly132

eddying. With the time-mean defined by g(x) def
= limT→∞

1
T

∫ T
0 g(x, t) dt, the time-averaged total energy133

can be decomposed into mean and eddy reservoirs134

TE = −
{
qψ
}
− {q′ψ′} = ME+ EE

and we find a roughly even split, Total energy = 89 units = 53 (mean) + 46 (eddy), between the two135
components.136

To quantify the dominant coherent space–time structures within the statistically stationary eddying regime,137
we apply Spectral Proper Orthogonal Decomposition (SPOD; Towne et al., 2018) to the potential vorticity138
and streamfunction fields. SPOD provides an energy-optimal modal basis in the joint spatial–temporal sense:139
each mode represents a coherent structure oscillating at a single frequency, ranked by its contribution to the140
total fluctuation energy. In contrast to the traditional spatial POD, which diagonalizes the spatial covariance141
at zero time lag, or Singular Spectrum Analysis (Ghil et al., 2002) that considers time-lagged covariances,142
SPOD diagonalizes the cross-spectral density tensor—the Fourier transform of the temporal correlation143
operator—thereby isolating physically meaningful, frequency-resolved modes. The mathematical details of144
the implementation, including the energy inner product appropriate to the quasi-geostrophic system, are145
provided in Appendix A.146

For the present analysis, we use the final 1,000 years of statistically steady data. To estimate the cross-147
spectral statistics with adequate frequency resolution and statistical convergence, the full time series is148
divided into ten non-overlapping segments of 100 years each. Each block is windowed, Fourier transformed,149
and used to compute a segment-averaged cross-spectral density matrix from which the SPOD eigenvalues150
and modes are obtained.151

Figure 2 summarizes the results. Panel (a) shows the SPOD eigenvalue spectrum for the leading two152
modes, λ1(f) (black) and λ2(f) (red), as functions of the frequency. The eigenvalue curves indicate how153
the total fluctuation energy is distributed over frequency and between coherent spatial patterns. Three154
frequency bands, highlighted by dashed vertical lines, correspond to distinct dynamical regimes of the155
flow: a low-frequency, large-scale meandering of the mean jet (f ≈ 0.21), an intermediate-frequency156
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Figure 1. (a) 1,000-year time trace of the volume-averaged energy under steady forcing. (b–d) Snapshots
of the upper-layer PV at time 200 years (b), the time-mean upper-layer PV, q(x) (c), and the fluctuation
upper-layer PV, q′(x, t) at time 50 years (d).

mode associated with gyre-scale recirculation variability (f ≈ 0.65), and a higher-frequency, mesoscale157
wave-like pattern (f ≈ 0.95).158

Panels (b–d) show the real parts of the leading SPOD potential vorticity modes, ℜ[ϕ1(x; f)], normalized159
by their spatial amplitude for the three distinct time-scales. The low-frequency mode is equivalent to the160
’gyre-mode’ examined in Berloff et al. (2007) encapsulating slow jet migration and changes in the intergyre161
boundary. The intermediate-frequency mode captures coherent eddy-shedding fluctuations along the162
western boundary current extensions, while the selected high-frequency mode shows compact, oscillatory163
vortical features localized in the jet core and recirculation zones. Together, these modes form a natural164
energetic hierarchy of the flow variability, separating slowly varying gyre–jet adjustment from the more165
rapid eddy motions that potentially modulate it.166

2.2 Modeling evolution of the ensemble mean167

Statistical stationarity implies, via the ergodic theorem (Birkhoff, 1931; Frisch, 1995; McWilliams, 2006),168
the equivalence of time and ensemble averages. If the forcing is independent of time, then the time average169
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Figure 2. Spectral Proper Orthogonal Decomposition from 1,000 years of steady wind forcing. (a)
Temporal spectra of first two POD modes (frequencies in units of year−1). (b-d) Spatial patterns of the real
part of the leading POD pv-mode at three selected frequencies (corresponding to blue lines in (a)).

of Eq. (1) is170
J(ψi, qi) = F (y)δi,1 + ν∇2qi − J(ψ′

i, q
′
i) , (4)

where f(x) def
= limT→∞

1
T

∫ T
0 f(x, t) dt and, for bounded vorticity, the contributions from the time171

derivative can be made vanishingly small for large enough T . Importantly, under steady forcing, the172
evolution equation for the fluctuations, q′(x, t) = q(x, t)− q(x),173

∂q′i
∂t

+
[
J(ψi + ψ′

i, q
′
i) + J(ψ′

i, qi + q′i)
]
= ν∇2q′i + J(ψ′

i, q
′
i) , (5)

contains no direct contribution from the forcing. The fluctuations feel the effect of steady forcing only174
through its imprint on the time-averaged stream function, potential vorticity, and Reynolds stress terms.175
This is distinctly different from other situations forced to statistical stationary, perhaps stochastically, by176
forcing of the form Fi(x, t) = F (x) + F ′

i (x, t) where the fluctuations are directly driven. The time-mean177
decomposition of the flow field shown in the lower panels of Fig. 1 clearly indicates that the details of the178
instantaneous interior PV at any time is dominated by the intrinsic variability represented by q′, but its179
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large-scale structure, of weaker amplitude, is captured by the time mean and mostly reflects the imposed180
forcing.181

Equivalent results hold for temporally periodic forcing with given period, T ,182

F (x, t) = F (x, t+ T ) .

In this case, the forcing is invariant under phase averaging,183

g(x, τ)
def
= lim

M→∞

1

M

M∑
j=0

g(x, τ + jT ) ,

with τ ∈ [0, T ). Since F (x, τ) = F (x, τ), Eq. (5) holds for the phase-averaged fluctuations which receive184
no direct input from the periodic forcing.185

In the following, we shall develop ensembles of two-layer QG double-gyre simulations which only differ186
by their initial conditions. Before presenting the results from the numerical experiments, we consider the187
consequences of aperiodic temporal forcing. Under these conditions, time is no longer a homogeneous188
direction and the only rigorous averaging operator in the statistical sense is the ensemble average,189

⟨f(x, t)⟩ def
= lim

N→∞

1

N

N∑
n=1

fn(x, t) .

Here the individual members of the ensemble, fn, are assumed to be drawn from the set of equally190
probable flow states at some initial time. By construction, the ensemble mean commutes with any linear191
spatio-temporal operator and the ensemble mean retains the full dimensionality of any single ensemble192
member (Chen and Flierl, 2015; Sérazin et al., 2017; Jamet et al., 2022; Uchida et al., 2021b, 2023, 2024a).193
Mathematical notations are summarized in Table 1.194

Although the forcing in Eq. (1) is now time dependent, the fact that it is simply additive implies that195
⟨F (x, t)⟩ = F (x, t). The evolution of the ensemble-mean PV,196

∂⟨q⟩i
∂t

+ J(⟨ψ⟩i, ⟨q⟩i) = F (y, t)δi,1 + ν∇2⟨q⟩i − ⟨J(ψ†
i , q

†
i )⟩ , (6)

differs from that of the time mean only by the retention of the time derivative and, critically, by the197
statistical definition of the fluctuations comprising the eddy stress term. The corresponding evolution of the198
ensemble mean energy, ME = −{⟨q⟩⟨ψ⟩} is given by,199

d

dt
ME = −H1

∫∫
⟨ψ1⟩F dA − D +Π (7)

where the transfer from mean to eddy reservoirs is200

TM→E = −Π
def
= −1

2

2∑
i=1

Hi

∫∫
⟨ψi⟩ ⟨J(ψ†, q†)⟩ dA. (8)
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By construction, for identically forced ensemble members, there is no direct contribution of such forcing201
to fluctuations about the ensemble mean (i.e., the forcing does not appear in the equation corresponding to202

fluctuations; q† def
= q − ⟨q⟩, F † = 0), and the ensemble fluctuations evolve in analogy to Eq. (5).203

Table 1. Definition of mathematical notations.
Notation Description

(·) Time mean
(·)′ = (·)− (·) Temporal fluctuation

⟨·⟩ Ensemble mean
(·)† = (·)− ⟨·⟩ Ensemble fluctuation
(̃·) = ⟨·⟩ − (·) Temporal deviation of ensemble mean from its steady state

q̃FT Steady-stress (frozen turbulence) model (11)
q̃LR Linear response model (12)
q̃NLR Nonlinear response model (13)

The parameterization problem involves modeling the final expression on the right-hand side of Eq. (6)204
in terms of known mean quantities: ⟨J(ψ†, q†)⟩ = G(⟨q⟩). Here we consider the ensemble response to205
episodic changes in the forcing about some steady reference state. The goal is to predict the deviation of206
the ensemble mean from the given reference steady state whose time-mean statistics are known (based, for207
example, on our 1,000-year simulation; Fig. 1).208

The equation for the deviation of the ensemble mean from the temporal mean, q̃i(x, t) = ⟨qi⟩(x, t)−qi(x)209
(dropping the layer index i for brevity) is210

∂q̃

∂t
+ J(ψ̃, q̃) + J(ψ̃, q) + J(ψ, q̃) = L (q̃) + F̃ +

[
J(ψ′, q′)− ⟨J(ψ†, q†)⟩︸ ︷︷ ︸

=G(⟨q⟩)

]
. (9)

F̃ = F (y, t)− F (y) is the temporal deviation of the imposed forcing from its steady value, and L (q̃) is211
the linear diffusion term.212

Assuming knowledge of the first-order, time-mean statistics (q, ψ), (9) can be closed by adopting a quasi-213
equilibrium, or frozen-turbulence, approximation (Taylor, 1938; Farrell and Ioannou, 2003; Marston et al.,214
2016) and simply ignoring any temporal variations in the second-order fluctuation terms. Setting215

⟨J(ψ†, q†)⟩ = G(⟨q⟩) ≈ J(ψ′, q′) , (10)

produces a closed, nonlinear model for q̃FT that includes interaction with the underlying time-mean fields,216

∂q̃FT

∂t
+ J(ψ̃FT, q̃FT) + J(ψ̃FT, q) + J(ψ, q̃FT) = L (q̃FT) + F̃ . (11)

Although this closure is by no means “perfect,” it should be viewed as a baseline rather than an optimal217
scheme. In the steady-stress (frozen-turbulence) model, the Reynolds stresses are fixed at their statistically218
steady values under the control forcing and cannot evolve in response to changes in the ensemble-mean flow.219
As a result, the model cannot represent the time-dependent transfer of energy or potential vorticity between220
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the ensemble mean and the eddy field. Within that limitation, it nevertheless provides a simple and physically221
interpretable benchmark, likely competitive with existing prognostic mesoscale parameterizations so long222
as the modeled regime does not cross a bifurcation point (Simonnet et al., 2003).223

Given the common interpretation of the ensemble mean as the forced response of the system (Penduff et al.,224
2018; Zhao et al., 2021; Narinc et al., 2024; Uchida et al., 2024a; Takasuka et al., 2025), we also consider225
simple force-response models that completely ignore the effects of the fluctuations; both the fully linear226
response model, q̃ = q̃LR,227

∂q̃LR

∂t
+ β

∂ ˜ψLR

∂x
= L (q̃LR) + F̃ . (12)

as well as the nonlinear response, q̃ = q̃NLR,228

∂q̃NLR

∂t
+ J(ψ̃NLR, q̃NLR) = L (q̃NLR) + F̃ . (13)

Comparison of the full ensemble-mean response, ⟨q⟩, to q̃FT, q̃NLR and q̃LR quantifies the relative importance229
of nonlinearity, time-mean interactions and temporal variations in the Reynolds stresses in response to230
changes in the forcing.231

3 RESULTS

In what follows, we investigate how the statistically stationary eddying flow responds to episodic changes in232
the imposed forcing. As shown above, for identically forced ensemble members, deviations from the steady233
forcing act only on the ensemble mean. The spatial–temporal structure of the mean field determines the234
pathways through which energy and potential vorticity anomalies are communicated to, and subsequently235
redistributed by, the eddy field. Here we consider two extreme cases.236

In Case 1, the spatial form of the wind stress is fixed, but the amplitude varies in time as237

τ0 → τ0 (1 + b(t; a, t0, σ)) ,

where b(t) is the Gaussian238

b(t; a, t0, σ) = a exp

(
(t− t0)

2

2σ2

)
.

In Case 2, by contrast, the spatial and temporal scales of F̃ (x, t) are chosen to roughly match those of239
the most energetic eddy structures identified through the SPOD analysis of the statistically steady flow.240
This formulation allows us to explore how the ensemble-mean circulation responds when externally driven241
by patterns that resemble the internal, energetic modes of the turbulent flow, rather than by a basin-scale242
modulation of the steady wind stress.243

This forcing framework—examined here in the ensemble-mean context—is closely related to that244
introduced by Dewar in his study of nonlinear midlatitude ocean adjustment (Dewar, 2003). Our Case 1245
is essentially a “turn-on/turn-off” experiment, while Case 2 corresponds conceptually to his periodically246
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forced regime, in which the spatial and temporal structure of the forcing is tuned to resonate with the247
intrinsic variability of the system.248

3.1 Case 1: Change in wind-stress amplitude249

We begin with the simpler case of a time-dependent modulation of the large-scale wind stress amplitude.250
An ensemble of initial conditions is constructed by randomly sampling the 1,000-year time series in Fig. 1251
120 times with a minimum of five years between each sample. Namely, we create a 120-member ensemble252
differing only by their initial conditions. The parameters of the Gaussian bump are a = 4.0, t0 = 3, and253
σ = 1/2 years. Each realization is integrated for 20 years under this forcing history, which represents254
a temporal “blip”—a short-duration, basin-wide amplification of the same spatial forcing pattern that255
maintains the steady double-gyre circulation.
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Figure 3. Case 1: (a) Left y axis shows evolution of the total energy for 120 individual ensemble members
(light grey curves) and the ensemble mean of total energy (black). Right y axis shows evolution of
the ensemble mean eddy energy (red). Temporal dependence of F̃ (t) shown schematically in blue. (b)
Evolution of the components of reference ensemble mean energy budget.

256
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Figure 3 summarizes the ensemble-mean energetics. Panel (a) shows the evolution of the total energy257
for all ensemble members (light grey) together with the ensemble-mean total energy (black) and the258
ensemble-mean eddy energy (red). The blue curve indicates the temporal shape of the imposed forcing259
anomaly F̃ (t).260

As shown in Fig. 3a, the fourfold increase in wind stress produces a rapid, roughly 350% rise in total energy,261
peaking about one year after the maximum forcing. This response is followed by a slower relaxation back262
toward the equilibrium value. Decomposition of the energy into mean and eddy components (Fig. 3a)263
indicates that the injected energy is directly fed into the ensemble-mean component, with little short-term264
change in the eddy reservoir during the brief forcing pulse.265

Panel (b) shows the diagnosed terms of the ensemble–mean energy budget,266

d

dt
ME(t) = Pin(t) + Π(t) +D(t),

where ME(t)
def
= −{⟨q⟩ ⟨ψ⟩} is the basin–mean energy, Pin(t) is the wind–work input, Π(t) is the reversible267

exchange between the mean and eddy reservoirs (negative values denote mean→eddy transfer), and268
D(t) ≤ 0 is the mean–field dissipation, diagnosed as the residual D = dME/dt − Pin − Π. During the269
pulse Pin rises sharply and accounts for nearly all of the positive dME/dt, while Π remains small: the wind270
energizes the mean circulation directly. After the pulse, Pin relaxes toward its control value but Π becomes271
strongly negative, indicating a delayed mean→eddy cascade; dME/dt crosses zero when |Π|+ |D| exceeds272
Pin, and the mean energy decays on the basin–adjustment timescale. This two–stage sequence—direct273
wind input to the mean followed by a lagged transfer to the eddies—explains the phase offset between the274
input forcing and the peaks in TE(t) and eddy energy seen in Fig. 3(a). The magnitude of the direct mean275
dissipation is small and in phase with the mean response.276

To assess model performance, we track the basin-integrated energy of the ensemble mean, ME(t)
def
=277

−{⟨q⟩⟨ψ⟩}, and two field-level skill metrics between modeled and reference upper-layer ensemble-mean278
PV: an area-weighted RMS error and a spatial pattern correlation r(t),279

RMS(t) =

[
1

A

∫∫ (
⟨q⟩mod − ⟨q⟩ref

)2
dA

]1/2
,

280

r(t) =

∫∫ (
⟨q⟩mod − ⟨q⟩mod

)(
⟨q⟩ref − ⟨q⟩ref

)
dA√∫∫ (

⟨q⟩mod − ⟨q⟩mod

)2
dA

√∫∫ (
⟨q⟩ref − ⟨q⟩ref

)2
dA

,

where ⟨q⟩mod
def
= q̃mod + q represents the modeled ensemble mean from (11)–(13) and ⟨q⟩ref is the reference281

ensemble mean diagnosed from the actual ensemble computations. Comparisons of the three models are282
shown in Fig. 4.283

All three models reproduce the rapid, one-year-lagged rise of ME(t) and its slower decay (Fig. 4a), as284
expected for basin-scale forcing that projects directly onto the steady mean state. Larger differences are285
seen in the field-level metrics (Fig. 4b,c): FT has the smallest RMS and the highest r(t) throughout most of286
the 20-year window; LR shows intermediate skill—tracking the early adjustment but losing correlation287
during the recovery as phase and amplitude drift; NLR performs worst, overshooting the peak response and288
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diverging thereafter. The largest decline in r(t) for steady-stress model occurs during the period of strong289
mean-eddy coupling shown in Fig. 3b.290
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Figure 4. Case 1: Comparison between the directly computed and modeled upper-layer potential vorticity
response to time-dependent forcing. (a) Mean energy −{⟨q⟩⟨ψ⟩}(t) from the reference ensemble (black)
and from the frozen-turbulence (FT, blue), nonlinear-response (NLR, magenta), and linear-response
(LR, green) models. (b) Root-mean-square difference RMS[⟨q⟩model − ⟨q⟩obs] between the modeled and
reference upper-layer ensemble mean fields. (c) Spatial pattern correlation r(t) between modeled and
reference ensemble mean fields.

Snapshots of the upper-layer ensemble-mean PV fields (Fig. 5) explain the skill ranking. The diagnosed291
ensemble mean (⟨q⟩ref, first column) exhibits a coherent intensification and northward shift of the jet during292
the forcing pulse, followed by a gradual relaxation toward its pre-forcing state. The steady-stress model293
(⟨qFT⟩, second column) captures this large-scale adjustment, though with a somewhat broader and more294
diffuse jet core—a direct consequence of neglecting time-dependent eddy feedbacks. Because it retains295
the time-mean Reynolds stresses, it still “knows” the structure and stabilizing influence of the mean flow,296
producing the correct, bounded evolution.297
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Figure 5. Case 1: Instantaneous snap-shots of the reference and modeled upper layer ensemble-mean PV,
⟨q⟩ref/f0 and ⟨q⟩mod/f [= (q̃mod + q)/f0] respectively, at three time steps (at years three, four and five;
cf. Fig. 3). The first second column from the left corresponds to the ‘true’ ensemble mean, second column
to ⟨qFT⟩, third column to ⟨qNLR⟩ and the right column to ⟨qLR⟩. Colormaps and contour levels are identical
across each row.

The nonlinear response model (⟨qNLR⟩, third column) behaves very differently. Lacking any reference298
to the background mean state or its stabilizing Reynolds-stress divergence, it reacts to the large forcing299
amplitude by developing its own mesoscale instabilities. Within a few years the field becomes fully300
eddying, effectively spinning up a new chaotic turbulent circulation unrelated to the directly computed301
ensemble-mean adjustment. In this sense, its apparent realism—nonlinear eddy activity—is misplaced, as302
it arises from the absence of mean-flow anchoring rather than from correct eddy–mean dynamics.303

The linear response model (⟨qLR⟩, fourth column) remains stable but produces overly smooth and symmetric304
PV anomalies. Because the evolution retains the β-term, even weak zonal variations excited by the305
boundaries generate barotropic Rossby waves. The Gaussian temporal pulse excites a westward-propagating306
packet with (barotropic) phase speed cR = β

k2+l2
. Without mean-flow absorption or nonlinear redistribution,307

this wave activity reflects at the western boundary where cR → 0, leading to the excessive PV buildup along308
the western wall visible in the linear model. In contrast, in the fully eddying ensemble and the steady-stress309
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model, westward energy fluxes are absorbed by eddy stresses and re-emitted more isotropically, preventing310
this unrealistic accumulation.311

Although all three models produce comparable basin-integrated energy curves, only those that maintain an312
explicit coupling to the time-mean flow reproduce the observed, coherent, and reversible ensemble-mean313
response. The linear model, dominated by β-plane Rossby adjustment and diffusion, remains overly smooth314
and accumulates PV at the western boundary, while the unconstrained nonlinear model destabilizes and315
spawns its own eddy field. The steady-stress closure, though neglecting temporal feedbacks, best captures316
the large-scale, bounded evolution of the ensemble mean.317

The response in Case 1 thus reflects how the ensemble mean adjusts when the external perturbation acts at318
the same spatial scales as the time-mean forcing. In the next experiment, we shift perspective: the forcing319
itself is designed to operate on eddy scales, with spatial and temporal organization patterned after the320
dominant SPOD mode of the turbulent flow. This coherent eddy-scale (SPOD-mode) forcing provides a321
complementary test of how the ensemble mean responds when driven not by basin-wide modulation but by322
forcing at scales that characterize its intrinsic eddy variability.323

3.2 Case 2: Coherent eddy-scale (SPOD-mode) forcing324

We next consider a perturbation whose spatial and temporal structure is patterned after the most energetic325
eddy variability of the statistically steady flow. As before, an ensemble of 120 identically forced integrations326
is performed, differing only by their initial conditions drawn from the long steady-state record. In this case,327
F̃ (x, t) is chosen to act on time-space scales consistent with the leading SPOD mode at f = 0.65 year−1.328

As shown in Fig. 6a,c, the leading SPOD mode represents an oscillatory jet-centered structure. The329
mode exhibits a Gaussian-like envelope in the meridional direction, centered on the inter-gyre jet, and330
a quasi-sinusoidal variation in the zonal direction with an effective wavelength of about one quarter of331
the basin width. Roughly two complete zonal oscillations are visible within the first half of the domain,332
with the amplitude decaying downstream along the jet. To obtain a compact and analytically tractable333
representation, we idealize this pattern as a simple dipole in x modulated by a Gaussian in y giving the334
fields A(x, y) and B(x, y) shown in panels (b) and (d). This abstraction retains the dominant spatial phase335
relationship and scale of the coherent mode.336

These two fields are then combined to define the time-dependent forcing,337

F̃ (x, t) = τ1 h(t− t0)
{
A(x, y) cos

(
2πω(t− t0)

)
+B(x, y) sin

(
2πω(t− t0)

)}
.

As shown in the insets on panels (b,d), the forcing oscillates with period 1.5 years, and h(t) is a smooth338
bump-function envelope active for t ∈ [1, 9] years, giving 6 cycles of the forcing. The amplitude, τ1 is set339
to 10τ0.340

Figure 7a shows the basin-averaged energetics for the full ensemble. Because all ensemble members341
experience identical forcing, external work enters only through the ensemble-mean equations. Nevertheless,342
this energy is almost immediately transferred to the eddy component through nonlinear eddy–mean343
interactions. The modest growth in total energy over the forcing period is due to the increase in the344
eddy component, not the mean. Panel (b) decomposes the anomaly energy budget into its principal345
components—rate of change, wind-work, and mean–eddy transfer—revealing that the externally supplied346
power is almost immediately exported to the eddy field. In contrast to Case 1—where injected energy first347
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Figure 6. Forcing function for Case 2. (a,c) Real and Imaginary parts of the most energetic spatial SPOD
modes (only y ∈ [1/3, 2/3]Ly shown). (b,d) Idealized A(x, y), B(x, y) with temporal dependence inset.

accumulated in the mean reservoir and only later cascaded into the fluctuating reservoir, the response here348
exhibits a persistent and efficient mean→eddy energy transfer operating continuously during the forcing349
window. As a result, the anomaly mean response is not merely a phase-lagged copy of the forcing but350
instead cycles at a higher, internally determined, frequency.351

As shown in Fig. 8, the simple prognostic models for q̃ are incapable of capturing such dynamics. Each352
absorbs the applied power directly into the mean equation but lacks any mechanism to transfer that energy353
to the evolving eddy field. Consequently, all three clearly overpredict the ensemble-mean energetics:354

1. The linear response model integrates the oscillatory forcing into a large, smooth rise of mean energy,355
tracking the envelope h(t). Without nonlinear redistribution, the β-term merely drives westward-356
propagating barotropic and baroclinic Rossby packets that reflect at the western wall, amplifying the357
mean field still further.358

2. The nonlinear response model, though containing self-advection, still lacks coupling to the underlying359
steady eddy stresses. It therefore traps the injected energy within the mean until perturbations reach360
finite amplitude, at which point new mesoscale instabilities emerge and the model spins up a spurious,361
self-sustained eddy field.362

3. The steady-stress prognostic model performs best. Because it includes the spatial structure of363
the statistically steady Reynolds-stress divergence, it can redistribute the injected anomalies along364
mean-flow pathways, exporting energy toward regions of enhanced dissipation.365

While RMS comparisons of q̃ref(= ⟨q⟩ref − q) and q̃mod (Fig. 8b) are roughly consistent with those for366
the energy, all three models yield very similar r(t) curves that oscillate between positive and negative367
values (≈ ±0.5). As seen in Fig. 7b, the directly computed ensemble responds to the periodic forcing at its368
own internal frequency. By contrast, the models lack a time-dependent mean↔eddy pathway, and their369
responses are inherently locked to the forcing frequency, producing alternating spatial alignment of the370
model and reference ensemble-mean fields (Fig. 9).371
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Figure 7. Case 2: Energetic response to the time-dependent wind-stress forcing. (a) Reference ensemble-
mean total energy, −{⟨qψ⟩}(t) (black) and eddy energy −{⟨q′ψ′⟩}(t) (red), computed from 120 ensemble
members (thin grey lines). The shaded region denotes the temporal envelope of the oscillatory wind forcing.
(b) Corresponding anomaly energy budget terms showing the rate of change dẼ/dt (black), the wind-work
input P̃in (blue), and the mean-to-eddy energy transfer Π̃ (red). Both panels share the same time axis; the
forcing period in (a) is vertically aligned with the response in (b).

Case 2 highlights the qualitative change in the energy pathways when the external forcing acts at eddy372
scales. Even though the external work formally enters only in the ensemble-mean equation, in the reference373
ensemble solution that energy is rapidly and continuously transferred to the eddy field through nonlinear374
eddy–mean coupling. Forced perturbations of the ensemble mean remain weakly energetic, serving375
primarily as an intermediary through which energy is injected and immediately exported to the eddies. All376
three prognostic models fail to capture this redistribution: Forced to absorb the injected energy directly,377
they overpredict the amplitude of the mean response by large factors. The steady-stress model, by retaining378
the stationary eddy-stress divergence, is able to advect the perturbations away and limit their accumulation,379
but it still lacks the explicit feedback necessary to reproduce the observed eddy energy growth.380
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Figure 8. Case 2: (a) Mean anomaly energy −{q̃ψ̃}(t) from the reference ensemble (black) and from the
frozen-turbulence (FT, blue), nonlinear-response (NLR, magenta), and linear-response (LR, green) models.
(b) Root-mean-square difference RMS[q̃model − q̃ref ] between the modeled and reference upper-layer
anomaly fields. (c) Spatial pattern correlation r(t) between modeled and reference upper layer anomalies.

These results emphasize that the dominant pathway of adjustment at eddy scales is the continual381
mean→eddy transfer, not storage within the mean circulation. Accurately capturing this behavior requires382
explicit representation of time-dependent eddy feedbacks, which are absent in all simplified closures tested383
here.384

4 CONCLUSIONS AND DISCUSSION

In studying parameterizations of oceanic turbulence, one must decide what is meant by the “mean” and385
by the “eddies” whose effects are to be represented. A common practice in coarse–grained modeling is to386
define these quantities through a spatial or temporal filtering operator, leading to filtered–residual equations387
that depend explicitly on the filter scale. This procedure inevitably introduces inconsistencies in how forcing388
terms appear in the mean and residual equations. Applying the spatial filter with length scale ℓ to the389

forcing F would result in its filtered F
ℓ

and residual F − F
ℓ

terms appearing in the equations. This would390
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Figure 9. Case 2: Reference and modeled upper layer PV anomaly, q̃ref = ⟨q⟩ref − q and q̃FT , q̃LR, q̃NLR
respectively, at opposite phases of forcing cycle (4.5 and 5.25 years). Colormaps and contour levels are
identical across each row.

imply that F − F
ℓ

injects variability to the residual flow. By contrast, the ensemble formulation used here391
provides a mathematically consistent decomposition: The external forcing enters only the ensemble–mean392
equation, ⟨F ⟩ = F , while the fluctuations evolve without direct forcing. In this sense, the ensemble mean393
represents the deterministic, externally forced response of the system, and the fluctuations represent its394
intrinsic, chaotic variability. Such a statement is reminiscent of the Green’s function approach (Lembo395
et al., 2020; Haine et al., 2025), which would in theory allow one to predict the immediate response by the396
system to any forcing. The deterministic and chaotic variability, however, are dynamically coupled, and397
their exchange of energy and potential vorticity renders the overall statistics intrinsically unequilibrated398
(Pierini, 2020; Fedele et al., 2021).399

We have tested this paradigm in perhaps the simplest possible nonlinear “ocean” model—a two-layer QG400
double-gyre circulation—by constructing ensembles of identically forced simulations subject to episodic401
changes in the wind stress. Two experiments were designed to highlight opposite ends of the spectrum of402
mean–eddy interaction. In Case 1, a basin-scale modulation of the wind stress amplitude produces a clear403
and intuitive response: The ensemble mean adjusts directly to the imposed change in forcing, and energy404
subsequently flows from the mean reservoir into the fluctuations as the system relaxes. In Case 2, the405
forcing varies at the observed eddy scales, patterned after the dominant SPOD mode of the turbulent state.406
Here, the ensemble mean response is highly muted—the injected power is almost immediately transferred407
to the fluctuating fields, and the mean acts mainly as an intermediary in a continuous mean→eddy energy408
exchange. These contrasting cases emphasize that even in a nominally forced–dissipative equilibrium, the409
ensemble statistics remain far from equilibrium when the forcing varies in time or scale.410

To interpret these results, we compared three simple prognostic models for the ensemble mean:411
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(i) A “steady-stress” model in which the instantaneous Reynolds stresses are replaced by their steady,412
time-mean values, providing a closed but nonlinear equation that “knows” about the underlying413
stationary state;414

(ii) A purely linear response model that neglects all nonlinear and mean-flow interactions; and415

(iii) A nonlinear model that evolves with self-advection but is completely ignorant of the stabilizing416
influence of the background eddy field.417

The results demonstrate that, while the ensemble mean may conceptually represent the forced response of418
the system, one cannot simply obtain it by linear superposition of the forcing. The linear model reproduces419
the integrated energy variations but fails to capture the spatial evolution of the mean fields. The nonlinear420
response model, lacking any information about the stabilizing Reynolds-stress divergence, quickly develops421
its own chaotic dynamics—behaving more like an individual ensemble member than an ensemble mean.422
Only the frozen-turbulence model yields a bounded and physically realistic evolution: it remains stable for423
the amplitude of forcing perturbations studied here, performs reasonably well for the large-scale forcing of424
Case 1, but substantially overpredicts the ensemble-mean energy in the eddy-scale forcing of Case 2. The425
absence of feedback between the evolving mean and eddy statistics thus limits its validity to situations in426
which the energy exchange is slow and one-way.427

These findings reinforce the view that parameterizations based solely on steady or time-mean statistics428
will be inadequate in systems where the eddy–mean exchange is intrinsically time dependent. In non-429
equilibrium regimes, the mean flow and fluctuations co-evolve, and their mutual adjustment must be430
represented explicitly if the correct amplitude and phasing of the ensemble mean are to be captured. From431
a practical standpoint, our experiments provide an a posteriori test of closure ideas: the steady-stress432
approximation works surprisingly well when the forcing acts at large scales but breaks down when the433
system is driven at the scales of its intrinsic variability. We argue that such a posteriori testings are crucial434
to avoid overfitting parameterizations to specific configurations (cf. Uchida et al., 2025a).435

Looking more broadly, our results are consistent with the notion that the oceanic circulation resides in a436
regime between Case 1 and 2 where the forcing injects variability to the mean and eddy flow in dynamically437
active regions such as the separated western boundary currents and the Antarctic Circumpolar Current438
(Penduff et al., 2018; Uchida et al., 2022b; Hogg et al., 2022). The long-term goal of any parameterization439
scheme should therefore include representations of this intrinsic variability, not merely its mean imprint.440
Given that the ensemble mean structure is at least partially predictable, one may wonder whether it is441
possible to model the eddies that grow on top of such mean flow. Uchida et al. (2022a) and Deremble et al.442
(2023) are intriguing attempts at explicitly predicting the eddy flow in wind-driven gyres443

∂q†

∂t
+ J(ψ†, q†) +

[
J(ψ̃FT + ψ, q†) + J(ψ†, q̃FT + q)

]
= L (q†) + J(ψ′, q′) , (14)

an approach which is sometimes referred to as superparameterizations where one explicitly models the444
sub-grid features (Khairoutdinov et al., 2005; Campin et al., 2011; Majda and Grooms, 2014)1. Interestingly,445
Eqs. (11) and (14) form a complete set to represent a single QG realization, q(≈ q + q̃FT + q†), given446

the steady-state statistics, (·). If we were to admit that the mean flow, (̃·), evolves on a slower time scale447
than the eddy flow, (·)†, we might be able to get away with coupling the two equations using separate time448
stepping between the two (somewhat analogous to the split in barotropic and baroclinic time stepping449

1 We have subtracted (4) and (11) from (1) to arrive at (14).
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regularly adopted in GCMs; Marshall et al., 1997; Hallberg, 1997). We leave the examination on how450
this strategy fairs against an actual eddy-resolving simulation realized by solving for (1) for future work.451
There have been some promising efforts led by Mémin (2014); Li et al. (2023); Tissot et al. (2024) and452
Tucciarone et al. (2025) where they build upon such an idea of time-scale separation; the ’eddies’ are453
modeled as random (in time, but spatially correlated) Brownian processes and use stochastic (Itô) calculus454
to account for their impact on the mean flow through spatial covariations.455

We conclude on the remark that our ensemble experiments are highly idealized. Effects of bathymetry and456
vertical gradients of interior PV are not included in our flat-bottom two-layer configuration (Sterl et al.,457
2025; Lobo et al., 2025). Furthermore, the QG setting gives little to no consideration on the vertical velocity458
nor thermodynamics, which are key components in the ocean and climate system (Penduff et al., 2018;459
Griffies et al., 2015, 2024; Uchida et al., 2019, 2025a,b; Sun et al., 2025). Namely, the stratification does460
not drift in response to the forcing. All of such factors will modify the balance between forced and intrinsic461
variability in more realistic settings. Nevertheless, we expect that some of the fundamental features we find462
in QG settings to carry over to primitive-equation (PE) settings as QG dynamics comprise an important463
part of the full dynamics (Eady, 1949; Charney, 1971; Phillips, 1990; Vallis, 2006; Early et al., 2011;464
Kondrashov and Berloff, 2015; Uchida et al., 2023; Meunier et al., 2023; Deremble et al., 2023; Jamet465
et al., 2024). The basic lessons here appear robust: The evolution of the ensemble-mean depends not only466
on the external forcing but also on how energy is exchanged between the mean and fluctuating fields—a467
process that is fundamentally in non-equilibrium and central to the dynamics of the real ocean. It would468
be interesting to expand on our results by examining the ensemble-mean response to episodic forcing in469
stacked-shallow water and PE settings (Thiry et al., 2024; Zhang et al., 2025) but is beyond the scope of470
this study471
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APPENDIX A: SPECTRAL PROPER ORTHOGONAL DECOMPOSITION (SPOD) WITH
QG ENERGY NORM

The analysis of the multi-layer quasi-geostrophic (QG) model’s spatio-temporal dynamics was performed496
using a modified version of the Spectral Proper Orthogonal Decomposition (SPOD) procedure. This497
approach, while following the general framework of SPOD, was adapted to incorporate a physically498
relevant energy norm. This ensures that the resulting modes and their ranking are directly tied to the499
energetics of the system, providing a physically meaningful decomposition.500

General SPOD Procedure501

The SPOD method, as formulated by Towne et al. (2018), provides a rigorous framework for identifying502
and ranking statistically stationary coherent structures by frequency. The procedure is based on the method503
of snapshots, but instead of analyzing instantaneous fields, it operates on the Fourier-transformed data.504
The core of the method is the computation and eigendecomposition of the cross-spectral density (CSD)505
matrix, which captures the average two-point correlations in the frequency domain.506

Our implementation, adapted for the multi-layer quasi-geostrophic (QG) model, follows these steps:507

1. Data Segmentation: A time series ofN snapshots, represented by the state vector u(x, t), is segmented508
into Nb overlapping blocks. Each block, uk(x, t), contains Nt snapshots. This blocking allows for the509
use of a time-averaging ensemble, crucial for statistical convergence. In our two-layer model with510
Ns = Nx ×Ny spatial points, the state vector at each time step, u(t), is a column vector of 4Ns points,511
specifically containing the values of the potential vorticity qi and streamfunction ψi for both layers:512

u(t) = [q1(t), ψ1(t), q2(t), ψ2(t)]
T

where the fields are stacked in column-vector form.513

2. Windowing: A windowing function, such as a Hanning window, is applied to each block in time to514
minimize spectral leakage and improve the frequency resolution.515
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3. Fourier Transform: A discrete Fourier transform (DFT) is applied to each windowed block to516
transform the data into the frequency domain. This yields a set of Fourier-transformed snapshots,517
ûk(x, ω), for each block k and frequency ω.518

The Physically-Based Energy Norm and Weighting Matrix L519

A critical deviation from the standard SPOD formulation is our use of a basin-averaged energy norm to520
define the inner product. This is essential for ensuring that the resulting modes are orthonormal with respect521
to the system’s energy. In the context of our multi-layer QG model, the total energy of the system is the522
sum of the kinetic and potential energies, which can be expressed in terms of the streamfunction ψi and523
potential vorticity qi for each layer i:524

E =
∑
i

1

A

∫∫
A
−{ψiqi} dA

To incorporate this energy norm into the discrete SPOD procedure, we define a weighting matrix, L, such525
that the inner product between two state vectors, u and v, is given by ⟨u,v⟩ = u∗Lv. The matrix L is a526
block-diagonal matrix whose structure is determined by the energy equation. For our two-layer, uniform527
grid system, L is a 4Ns × 4Ns matrix:528

L =


0 −∆AI 0 0

−∆AI 0 0 0
0 0 0 −∆AI
0 0 −∆AI 0


Here, ∆A is the constant area of a single grid cell and I is the Ns×Ns identity matrix. This matrix ensures529
that the SPOD analysis identifies and ranks modes based on their contribution to the total energy of the530
system, rather than on a generic mathematical norm.531

CSD Matrix and Eigenvalue Decomposition532

4. CSD Matrix Construction: For each frequency ω, the CSD matrix, S(ω), is computed as an ensemble533
average of the outer product of the Fourier-transformed data from all blocks, weighted by the matrix534
L:535

S(ω) =
1

Nb

Nb∑
k=1

ûk(x, ω)Lû
∗
k(x, ω)

This explicit form of the CSD matrix calculation directly incorporates our energy norm.536

5. Eigenvalue Decomposition: The CSD matrix is then decomposed into its eigenvalues and eigenvectors:537

S(ω)ϕj(x, ω) = λj(ω)ϕj(x, ω)

The eigenvectors, ϕj(x, ω), are the SPOD modes—spatially coherent structures that oscillate at538
frequency ω. The corresponding eigenvalues, λj(ω), represent the energy of each mode at that539
frequency. By ranking the eigenvalues, we can identify the most energetic and dynamically significant540
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structures in the system. The time-dependence of the modes is harmonic, given by Φj(x, t) =541
Re[ϕj(x, ω)eiωt].542
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