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Abstract

A numerical method is developed to calculate coastal trapped wave (CTW) modes
in the low-frequency limit (w < f). The modes are solutions to a 2-dimensional

eigenvalue problem. Useful properties like orthogonality are derived from the bilinear
form associated with the operator of the eigenvalue problem. Our formulation uses the
z coordinates and the CTW equation is discretized with a finite-difference method.
We transform the set of the finite-difference equations in such a way that it has an
analogous bilinear form and hence has an exact orthogonality condition and a few exact
properties that the original differential equation has. By casting the set into a matrix
form, we further prove that there are exactly as many modes as there are gridpoints
in the vertical. We also prove another property that makes it trivial to filter out
unphysical solutions. With our code, which have been made publicly available, all the

numerical CTW modes are obtained at once for a given N(z) and bottom topography
z = —h(z). By no means does our code supersedes Brink and Chapman’s (1987),

however, the latter being much more versatile.
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1 Introduction

1.1 Coastal trapped wave modes

Coastal trapped waves (CTWs) are subinertial waves that propagate with the coastline on
their right-hand (left-hand) side in the northern (southern) hemisphere. See, for example,
the review papers Brink (1991) and Hughes et al. (2019), and references therein. When
the stratification is negligible, as for shallow continental shelf, and for w <« f, CTWs
reduce to “shelf waves” (e.g., Robinson 1964; Buchwald and Adams 1997); and when the
bottom slope is a vertical wall followed by a flat bottom and for w < f, they reduce to
coastal Kelvin waves (Hughes et al. 2019).

When f is assumed to be constant, the background stratification is assumed to be uniform
in the horizontal directions, i.e., N = N(z), and the bottom topography is uniform in the
longshore direction, i.e., z = —h(z), the wave takes a separable form p = F(z, z) ¢(y, 1),
where x and gy are the cross-shore and long-shore coordinates, and F' is a solution to
a 2-dimensional (2-d) eigenvalue problem, where the frequency is the eigenvalue (Wang
and Mooers 1976; Clarke 1977). Further, when w < f, the longshore wavenumber can be
factored out of the equations, and the eigenvalue problem can be cast into a form where the
longshore propagation speed, ¢, plays the role of the eigenvalue. The longshore propagation
becomes non-dispersive, with ¢(y, t) being a solution to the monodirectional wave equation
¢t + ¢y /c = 0. Once the eigenpairs have been obtained for the 2-d eigenvalue problem, the
4-d solutions can be constructed as a superposition p(z,y, z,t) = >, FM (g, 2)¢™ (y,1).

These modes have been used to interpret observed variability (e.g., Clarke 1977; Church
et al. 1986) and also to construct theoretical coastal response to a given forcing (e.g.,
Furue 2022; Tanaka & Kida 2025, manuscript in preparation ?7777777777777).

The so-called “vertical modes” have also been widely used. When the “slope” is purely
vertical and intersects a flat bottom, the CTW eigenvalue problem is separable between x
and z (section 2 below) and the z structure function ¢ (z) is a solution to the well-known
vertical-mode eigenvalue problem (e.g., McCreary 1981). In this case, not only do the
CTW modes reduce to the product of a vertical mode and an associated offshore decay
as exp[—|z/(c/f)]], but also the linearized, inviscid primitive equations are separable be-
tween z and (x,y,t) and the (x,y,t) functions obey the reduced-gravity equations, which
the vertical-mode eigenvalue ¢(™ enters as the characteristic speed of gravity waves (e.g.,
McCreary 1981). Therefore the 4-d solutions of the linearized primitive equations can
be expressed as a superposition of the form p =" Y™ (2)p™ (z,5,t), where (™ is the
n-th vertical mode and p(™ is the solution to the corresponding reduced-gravity equations.
Even when there are no analytic solutions for 1™ (2) or p(™ (x,y, 1), it is relatively easy to
calculate each numerically. This framework is so useful that it has been used in a number
of studies to construct theoretical 4-d flow field (e.g., Miyama et al. 2006; Song et al. 2023;
Furue et al. 2024).

To numerically calculate the F(z,z) modes for general CTWs, the Fortran program by
Brink and Chapman (1987) has been widely used. Although versatile, this program is
not quite convenient when one wants to calculate a set of modes. That may have been a
reason why the superposition p = 3> F(™(x, 2)¢(™ (y,t) has not been often carried out.

Moreover, orthogonality of the modes is desired in expanding variability in terms of the
modes. For the numerical vertical modes, it is relatively easy to ensure that the numerical
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vertical modes are exactly orthogonal (see section 3 below), but it is not clear how to
produce numerical CTW modes that are orthogonal.

1.2 Present study

The main goal of this paper is develop a computer program to calculate all the CTW modes
at once under the low-frequency approximation (w < f) which satisfy useful properties
including orthogonality. To achieve this goal, we carry out mathematical analysis on the
set of finite-difference equations, which by itself may be useful for other similar numerical
problems. We explain this analysis in detail for this reason.

The code originates from Tanaka’s (2023) using the sigma coordinates but the present one
uses the z coordinates and allows for variable grid spacing. These properties allow for the
mixture of gentle slopes and very steep (even purely vertical) slopes in the bottom topog-
raphy, making our code suitable for deep Kelvin-wave-like CTWs along the continental
slope.

Section 2 briefly summarizes the eigenvalue problem of CTW modes and derives orthog-
onality and other properties of the solutions using the bilinear form associated with the
problem. Section 3 develops a finite-difference scheme, derives an associated bilinear form,
and proves that the solutions have exactly the same properties as the solutions to the orig-
inal differential equation. In particular, it derives an exact orthogonality condition for the
finite-difference solutions. This analysis also derives a few useful exact properties of the
numerical solutions. Finally, section 5 summarizes the paper.

Sections S1 and S2 provide details omitted in sections 2 and 3, respectively. These sup-
plementary sections are designed to be as much self-contained as possible to enable the
interested reader to skip sections 2 and 3 of the main text and read the supplementary
text instead.
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2 Coastal trapped wave modes

We consider slow (w < f) coastal trapped waves on an f plane along a western boundary
(x > 0). The bottom topography is z = —h(z) and uniform in y. We assume that h, > 0.
The background stratification, N(z), is assume to be uniform in the horizontal directions.
In this case, coastal wave solutions can be written as p = 3 00 ;o™ (y, t)F(") (z, z).

The CTW modes, F(™ are the solutions to the eigenvalue problem

F;
Frp + <NQ> =0 in the interior (0 < z and —h(z) < z < 0), (1a)
F, 2
= = —f—F on z =0, (1b)
N2 g
F,—0 as T — 00, (1c)

1 F. f B

F, + mae e on z = —h(x), (1d)

where N = N(z)/f; the eigenvalue is f/c. The “slope boundary condition” (1d) can be
used even when part of the slope is purely vertical (h, = oo) or purely horizontal (h, = 0);
in which case, (1d) reduces to either

E, = iF (along a vertical wall: h, — oc0) or
c
F
N—; =0 (along a flat part of the bottom: h, = 0).

We often invoke the rigid-lid condition g — oo, but we retain the free-surface term in this
derivation, not because the solutions change much but for mathematical convenience (see
below).

Note that the CTW equations become separable when the “slope” is a purely-vertical
wall followed by a flat bottom and then the n-th eigenfunction takes the form of
F)(z,2) = exp(—xz/[c™/f]) ™ (2), a Kelvin-wave mode, where (" (2) is the n-th
vertical mode and ¢(™ is the associated eigenvalue (section S1.3). Otherwise, the CTW
problem remains a two-dimensional eigenvalue problem.

When deriving orthogonality and other properties of the solutions, it is convenient to use

(q,7) = //Qdazdzqr

(g;r)p = /0 dz hy qT’z:_h(;p) ) (2)

these “inner products”:

where 2 is the entire ocean domain in the x-z plane. The second inner product is a line
integral along the slope or bottom z = —h(z). Flat regions, if any, of the slope do not
contribute to the integral as h; = 0 there. If the slope includes purely vertical regions,
the integral still works because dx h, = —dz, and the slope integral becomes a vertical
integral there (see eq. (S1.16)). The integral (g, r), is therefore expressed as a sum of
vertical integrals over vertical portions and slope integrals of the above form. Both these
integrals are bilinear and symmetric.



110

111

112

113

114

115

116

117

118

119

120

121

122

123

Denoting the interior operator in (1a) by

Lr =rp, + (7})
N2 ).

and assuming that (F,c) is an eigenpair, we find
o0
> f / dz rF|,_,
0

(r, LF) // drdz (rm

e dxh |~ hia (3a)
0

after integration by parts and substitution of the boundary conditions, or equivalently

(r,LF)=A(r,F) — %(r, F)y, (3b)

where A is another bilinear symmetric form,

Alg,r) = —// de dz (m + ”FZ) - fz/O dz rF|,_,. (4)

See eq. (S1.10) and the discussion that leads to it.

Since LF = 0 when F' is an eigenfunction (eq. (1a))

f

<T,£F>=A(T,F)—E<T,F>b:0. (5)

First, suppose that there are two eigenfunctions, F) and F(™ the latter with an eigen-
value ¢, Plugging F = F(" ¢ = ¢ and r = FO into (5) gives

(PO, LMY = AP0, p0)) _ %< FO_ Ry, — ) (6a)
and swapping [ and n gives
(FM LFOYy = A(F™ Oy - L (FM) pOy —q. (6b)

Subtracting the second equality from the first gives

(C(fl) _ f><F<l>,F<n>>b _0

c(n)
because A(,) and (, ), are both symmetric. This proves the orthogonality that
(FO FMYy, =0 if ¢® £ ™
Next, if (F, ¢) is an eigenpair, (F™*, ¢*) is also an eigenpair since (1) includes only real coef-

ficients. Plugging (F(®),c®) = (F,¢) and (F™, ™) = (F*,¢*) into the above derivation
gives
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But, this time,
for
c

- =0
c

is the result because (F, F*), = [dx hy ‘FP‘szh(x) > 0. [(F, F*)p, = 0 would imply that
F| s=—h(z) = 0 where h, # 0. We do not know how we can exclude that possibility, but
we are able to exclude that possibility for our numerical solutions. See section 3.3.] This
proves that the eigenvalues are real. We can also ignore complex eigenfunctions without
loss of generality (section S51.2.3).

Finally, plugging [ = n into (6a) gives
Since A(,) is negative definite (eq. (4)) and (, )}, is positive definite,

f/e<o.

That is, CTWs propagate southward (¢ < 0) along the western boundary in the northern
hemisphere (f > 0).

In the next section, we develop a finite-difference scheme and its matrix representation
that have all these properties by constructing finite-difference analogues of {(q, Lr), A(q,r),

and (q, 7)p.
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3 Discretized system

To solve (1) numerically, we use a standard finite-difference method. But, how do we
choose a method among various possible ways to discretize the equations? Here, we aim
at constructing a finite-difference scheme that has the same integral properties as derived
above.

The key is the following observation. Each of the two terms on the left-hand side of (1a)
takes the form of a “flux” divergence, which enabled the integration by parts that led
to (4). We hence choose a discretization scheme that allows for “integrations by parts”.

To present how this idea is applied to a finite-difference equations in the simplest possible
terms, we take the second term of (1a), (r,/N?),, as an example (section 3.1). We then
present our finite-difference scheme for the full CTW problem and derive its properties
(section 3.2). We cast the finite-difference equations into a matrix form to solve the
eigenvalue problem using matrix solvers in common linear algebra libraries and to further
derive a few important properties of the solutions (section 3.3).

3.1 1-d analogue

The differential operator of the second term of (1a) is the same as that of the well-known
eigenvalue problem (S1.20) for “vertical modes”. With the definition

L'r=(r./N?)., (7a)
the 1-d eigenvalue problem is
L'F+c?F =0, (7b)
F,/N?=—F/g atz=0, (7c)
F,/N*=0 at z = —D. (7d)

The operator is “conservative” in that there is no “source” or “sink” in the interior and
the only potential source/sink comes from the boundaries:

/O dzL'r =[r./N?%__,. (7e)
D

From this property, we can further show that the “bilinear form” (g, £'r) is a symmetric
and negative-definite integral plus boundary terms:

0 0
(q,L'r) = /Ddz ql'r = /Ddz [(QTZ/Nz) — quZ/NQ]

0
= [qr./N?° — /Ddz q.7. /N> (71)

If r = F is an eigenfunction,

0
@.LF) == aPlgl.o— | dz.F./N*= A, F), (7e)



160

161

162
163
164

165

166

167

168

169

170

171

172

173

174

175
176

177

178

179

using the boundary conditions (7c) and (7d). Further, since £'F + ¢ 2F = 0,
0=(q.L'F +cF) = A(r,F) + (g, F). (7h)

This problem has the same structure as the CTW problem discussed in the preceding

subsection. The symmetry of A(,) and (,) proves that the vertical modes are orthogonal
to each other and that the eigenvalues ¢? are all real. The negative definiteness of A(,)
further proves that ¢ > 0.

Under a standard finite difference scheme, the operator of the vertical-mode equation (7b)
can be .
Tk—1 — Tk Tk — Tk+1
£/T = - ) 8a
‘k Az (nglAzk:—l N]?Afk ) ( )

for k = 1,..., M, where the r; value is defined at the center of grid cell k, Nj defined
at the lower edge of cell k, Az is the height of cell k, and Az = (Azg + Azgy1) is the
distance between the cell centers. With this definition, the eigenvalue problem is

LF| +¢?F,=0, k=1,....,M 8b
k
Fy— Fy 1—
— 8
N(%AE() g 0 ( C)
Fyp — Fara

where Flg = (Fy + F1)/2 is the surface value. This finite-difference scheme is identical to
that results from the CTW finite-difference scheme below when the “slope” is a vertical
wall followed by a flat bottom (section S2.6).

The operator is conservative in that

M
dzLlr ~ 3 Az Ll =~ L T T T 8
/ 2L ; 2L N?Az, | NZ Ay (8e)

(eq. (52.3)); only the contributions from boundary fluxes remain. This is the analogue
of (7e). This is because the finite difference is designed so that exactly the same flux

r./N? that exits one cell across an edge enters the adjacent cell. This is how OGCMs
ensure, say, the conservation of salinity (777? REFERENCES 77777777777).

Since (,) is a vertical integration, its natural definition for the present discrete system is

M
(@.7) = Az qirs.
k=1
With this definition,

M
1 1= —
(q,L”r>:ZA2kaA ( Fa T THI)
k=1

2k N;g_lAik—l N]?Aik
:qTo—Tl_q ™ —TM+1
lNgAEO M N]%/[AEM
M qr — q 1 rp—r
_ Gk — Qk+1 E— Tk41
— AZ — 8f
; k Az ng Az ( )
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(eq. (S2.4b)). This is the analogue of (7f). The derivation above uses an analogue of “in-
tegration by parts”, which is possible only because the finite difference is written in a
“conservative” form.

When r = F is an eigenvector, we plug in the boundary conditions. From the bottom
boundary condition, the bottom flux term in (8f) vanishes. To bring the surface-flux term
to a symmetric form, we add a new term that is identically zero and split the original term
into two halves:

Fy—Fy
— 0
« NSAZO +
1F0—F1 1F0—F1 qo0 1— 1—
= - = —|——Fo+ -F
Q1<2N§A20+2N§A20> Tao\Tgre g

 GoFo Azq-q 1 Fo—Fy
= - - A (8g)
g 2 AZ() NO AZO

Several intermediate steps have been omitted. See the derivation of eq. (S2.5). Plugging
this expression into (8f) yields
_qoFo

q,L'F) =
{ ) P

_ M-1
CAng-—q 1 Ffy—F »e Gk — Qre+1 1 F — Fpqn
2 AZy Ng AZy P k AZ N,g AZ

= A(q, F). (8h)

This is the analogue of (7g). The second line can be interpreted as the vertical integral

f? pdzq. /N 2 evaluated with the trapezoidal rule, where the integrand is defined at the
edges of the cells. The contribution from the bottom edge, e.g., kK = M of the summation,
has vanished because of the bottom boundary condition.

Finally, since the discrete version of the eigenvalue problem is L'F|, + ¢ 2F, = 0 for
k=1,..., M, we obtain the same expression as (7h). From their definition, it is clear that

A(,) and (,) are symmetric and that A(F, F) is negative. Even though we assumed that
F satisfies the boundary conditions to arrive at the above expression, A(q,r) as defined
above is generally negative definite: Assume that A(r,r) = 0 for an r # 0; since all the
terms in A are squares of real numbers, each must vanish; for the second line of A(r,r)
above to vanish, ro =1y = --- = ryy # 0, but then 7o = (rg + r1)/2 = 19 # 0, implying
that A(r,r) < 0 because of the first line. Contradiction.

To summarize, a “conservative” (flux) formalism enables “integration by parts” of the
bilinear form (g, £'F') and the resultant interior integral becomes symmetric and negative.
The boundary terms can be converted to a negative and symmetric form by adding and
subtracting terms that obey the boundary conditions.

3.2 Finite-differencing CTW equations

In this section, we show that a standard finite-difference version of (la) has the same
properties as developed above.

We use the z coordinates, first, for simplicity; we have not tried to construct a finite-
difference scheme for the sigma coordinates that has the same integral properties. The
z coordinates also have a distinct advantage that they can handle slopes that include
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Figure 1: Schematic diagram of the grid, indexing scheme, and gridpoint arragement.
The thick solid line indicates the continental slope and bottom at z = h(z), and the thin
solid line, the sea surface at z = 0. The offshore edge of the computational domain is
at © = Ly. The dashed lines indicate the grid and F values are defined at the center
of each gridbox. The indices run over ¢ = 0,..., My + 1 and kK =0,..., M, + 1, where
i=1,...,Mpand k = 1,..., M, cover the physical domain. “Lobe” regions are set above
the sea surface £k = 0 and to the right of the physical domain ¢ = M), + 1; the values in
these lobes are used in order to define F,, F,, and F = [F(i = My) + F(i = My, +1)]/2
on the right boundary and F' = [F(k = 0)+ F(k = 1)]/2 on the surface. Along the slope-
bottom boundary (thick black line), the boundary values are defined on the boundary
(red circles); those values are, however, “stored” in the F array at the adjacent cell-
center positions (cyan crosses) where the boundary is horizontal or vertical. Where
the boundary is diagonal, however, the boundary point coincides with the cell center
and the F' value is naturally stored there. Our code ensures that Azg = Az and
AZ’M}]+1 = AZMh.

purely-vertical sections. Indeed, when the entire slope is a vertical wall followed by a
flat bottom, our finite-difference scheme below becomes separable in x and z and yields
a finite-difference version of the vertical-mode eigenvalue problem and a finite-difference
analogue of X, + (¢/f)?X = 0, which gives the offshore exponential decay of the Kelvin
mode (section 52.6).

Figure 1 shows the grid configuration for a continental slope followed by a flat bottom.
The slope depicted in Fig. 1 is artificial in order to indicate that our scheme allows for
flat portions and purely-vertical ones within the slope. The right boundary condition that
limy 00 Fir = 0 (eq. (1c)) is replaced by Fy|,_ r, = 0. Aslong as x = Ly is far enough as
compared with the offshore decay scale of the baroclinic modes (See examples of solutions
in section 4), the value Ly should not matter. BC87 recommend, as a rule of thumb, that
Ly be twice the width of the slope.

The F values are defined at the center of each grid cell in the interior. We use the notation
F(i,k) or F;j, for the value at cell (i, k), whichever is convenient or clearer in the context.
We sometimes omit one of the indices like “Fj1” to mean Fj ;11 if the context allows.

10
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Above the sea surface and to the right of the right boundary are “ghost cells”. The surface
ghost cells constitute the surface “lobe” and the right ghost cells the right “lobe”. They

also have F' values at their centers and participate in the equations through the relation
Fo = (Fy+ F1)/2, where [y is the value in a surface ghost cell, F is the value just below
the surface, and Fy is the value right at the surface. The right lobe is used similarly.

For the surface and right-edge boundary conditions, we use the symbol F as a short hand
for the simple average like Fg = (Fy + F1)/2. The variables that participate in each
equation are still the interior variable and the neighboring ghost-cell variable. The av-
erage like (Fy + F1)/2 is the right one because our code ensures that Azy = Az; and
Axpn+1 = Axpy. Along the slope-bottom boundary, however, the width or height

of the neighboring ghost cell is different from the interior one and the average like
Fo = (Fo+ F1)/2 is not the right one. This makes it hard (impossible?) to construct the

symmetric form (see below).

To avoid this problem, the boundary values of F' are “defined” on the slope/bottom bound-
ary (circles on the thick black line in Fig. 1), not as an average between the interior value
and the ghost-cell value. The ghost cells to the left of vertical walls or those below flat
bottoms (cyan crosses in Fig. 1) do not have their own F' values; they are just used to
“store” F values in our computer program. We still use the notation Fjj to represent the
value stored in cell (i, k). The “corner cell”, a cell split by a diagonal segment (thick black
line) of the slope, is a special case: the boundary value F is defined at its cell center.

With this preparation, the operator of the interior equation (1la) is

CFlL I (Fiqp—Fip g —Fiog
bk Ax; AZ; AT;_1
1 (Fig—1— Fip Fik_Fik—H) .
+ - = : for (i,k) € . 9
Az, ( NgflAZk—l NI?AZk ( ) ( )

This form is a straightforward extension of (8a) and obviously “conservative”. The ocean
domain €2 represents the set of the “interior” gridpoints, excluding the boundary points
(circles in Fig. 1) and the ghost points (orange cells).

If there were no “corner cells” (Fig. 1), that is, if the “slope” consisted entirely of ver-
tical and horizontal steps, the slope boundary condition (1d) would reduce either to
F, = (f/c)F (where hy — o0) or to F, = 0 (where h, = 0) at each segment of the
steps. In this case, the following derivation would not be much more complicated than in
the above 1-d case. Initially, we did use this scheme and obtained numerical solutions. It
turned out, however, the accuracy of the solutions was not adequate as compared with that
of solutions from BC87’s program (not shown). For this reason, we have introduced the
corner cells, which have brought our solutions much closer to those from BC87’s program
(section 4) at the cost of the significantly more complicated derivation below.

11
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With the definition (9), our finite-difference version of (1) is

LF|,, =0, (i,k) € Q (10a)
Fo—Fix P Fo+Fi _0 i—=1 M, (10b)
NEAz g 2 , o
P, — Pk _ k=1,...,M (10c)
Ay, ’ T
Fiiix — F Az; Fi 1 — F; :
+1J€_ k4 Ti Fik—1 = ik _ f ks (i, k) € Corner Cells. (10d)
Az, Azy Azp_1Ny—y ¢
FliJk] k) — F(iakl —1,k)  f— . .
(s K] )A;c%[,jz/Q[ ] ) = %F(zs[k] —1,k), k € [k|vertical wall]. (10e)
F(Z, ks[Z]) — F(Z, ]‘Js[z] + 1) =0, = [z\ﬂat bottom] (IOf)
Az /2

The last three equations come from the slope boundary condition (1d). The first of the
three boundary conditions is a straightforward rendition of (1d) because h, = Azy/Ax;
for the corner cell (i, k). To derive this, we have used Gauss’s theorem on the area integral
of LF over the triangle within the corner cell (blue area, Fig. 1). This is a standard
“finite-volume method”, that is, to construct a conservative discretized form from a multi-

of the slope boundary condition are also straightforward renditions of F, = (f/c)F and
F./N? = 0. Recall, however, that the values denoted by F are defined on the boundary
(circles in Fig. 1), not as an average between the neighboring interior and ghost-cell values.

We now calculate
(¢, LF) = Z Az Az i (LF)ik
(3,k)eQ

for an eigenvector F'. The techniques are the same as for the 1-d case above: integration
by parts and the addition and subtraction of boundary terms. The calculation is shown
in section S2.3, which is tedious without being difficult. The result is (S2.25). Without
reproducing it here, we summarize it in the familiar form:

A(q, F) f<Q7F>b =0,

c

where A takes an analogous form to (4). The boundary “integral” is

M.
(g;r)p = Zﬁquk?k, (11)
k=1

where g;,’s and T1’s denote the slope-boundary values (circles on the slope in Fig. 1 except
for those on the flat-bottom segments). The orthogonality of the modes
(F(l), F(n)>b =0 ife® £ ™

and the reality of the eigenvalues follow from the symmetry of A(,) and (, )}, and addi-
tionally, the negative definiteness of A proves that f/c < 0 except for the barotropic mode
under the rigid-lid approximation (section S2.2).
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As discussed in section 2, the continuous version of this boundary integral is

(@, = /0 0@ b 47,y (12)

which potentially includes purely-vertical regions within the slope. The relation of this
continuous form with the discrete version (11) is the observation that dz h, = —dz. To
obtain a clearer correspondence, we first remove the flat parts of the slope/bottom: the
range of integration is Q' = {x | 0 < z < oo & hy(z) > 0}, the removal not affecting
the value of the integral because h, = 0 there. We next change variables from z to z by
z = —h(zx). Then the “bottom” is = s(z), which is the inverse of z = —h(x). The inverse
does not exist on the flat parts of the slope/bottom (Which value should z take along a
flat bottom z = 2;7), but the flat parts have already been removed from the integral and
are expressed as harmless jumps in s(z). The new range of integration, therefore, is from
z =0 to z = —D without any gaps, and

-D 0
{¢;r)p = / dz hy qr|z:—h(x) = / (—dz) qr|xzs(z) = / dz qr’x:s(z) ‘
oY 0 -D
This is a natural counterpart of the discrete form (11). When the “slope” is a purely
vertical wall followed by a flat bottom, the CTW modes are reduced to vertical modes and
the inner product (g, 7)1, reduces to the regular vertical integral and the orthogonality of
CTW modes reduces to that of the vertical modes (section S1.3). Exactly the same story
holds for the discrete form (11) (section S2.6).

Orthogonality in terms of (11) implies that there should be at most M, independent modes
even though there are much more gridpoints. This is what we prove in the next section
among other things.

3.3 Matrix formalism

While most mathematical properties of the finite-difference scheme have been derived
from the raw finite-difference forms in the previous section, we translate the set of the
finite-difference equations into a matrix equation for three reasons: 1) With the matrix
formalism, we can fairly easily prove that there are exactly M, physical solutions to the
finite-difference eigenvalue problem even though the eigenvalue problem itself has as many
solutions as there are active gridpoints and that the remaining solutions are all unphysical
with ¢ = 0; 2) Our computer program to solve the equations uses solvers of matrix
eigenvalue problems and so the user would need to understand the matrix formalism to
understand the code; 3) We will show how to make the matrices symmetric below, which
will enable our code to utilize a much faster and easier-to-use eigenvalue solver than
general solvers. As to the last point, if the matrices are symmetric, the bilinear forms
(section S2.3) are also symmetric, but not necessarily the other way around. Section S2.4
provides all the details and this subsection shows an outline and summarizes the results.

3.3.1 Constructing the matrices

First, we have viewed the discrete F' values as arranged in the 2-d plane: Fjj, as in
Fig. 1. For the matrix form, we line up all these “active” variables in a column vec-
tor F = [..,Fi1,...,F12,.. JT. “Active” variables are those that are used in one of
the finite-difference equations (10) (Fig. 1). In doing so, we give the gridpoint (i, k) of
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each active [, a serial number v(i, k) and write F[v(i, k)] = F; ;. With this notation,
F =[F[1],F[2],...,F[M]]T, where M is the total number of the active gridpoints.

In this view, each equation in the set (10) takes the form of either
f
AN V] Flv]=0 ANV Flvl==) BI\V|F
EV (A v FlY] or EV (A v Flv] CEV A v Fl,

where A is a serial number of the particular equation. A and B are the matrices we are
constructing. Since only 2—4 F' variables are involved in each equation, A and B are very
“sparse”’—all their components being zero except for those 2-4 nonzero components per
row.

Next, we multiply (10a) by Az;Azg, (10b) by Azg, (10c) by Az;, (10d) and (10e) by
Azp, and (10f) by Az;. These factors are necessary to achieve symmetry and have been

inspired by the calculation of (F, LF") in section 3: we will see that with our definition of
the matrices, we find that (almost) ¢7A7 = A(q,7) and that ¢7B7 = (¢, 7)p.

We also have to add and subtract boundary terms to some of the left-hand sides of the
equations. This corresponds to the technique we explained in section 3.2 to bring (g, Lr)
to a symmetric form. Section S2.4 defines A and B to be symmetric from the beginning,
but, to reduce the information density here, we first explain the method of arranging the
equations to determine the matrices. At this point B is already symmetric, but A is not.
We then explain how to modify A to bring it to a symmetric form.

We determine the numbering (order) of the equations and the numbering of the active
gridpoints so that A and B become symmetric. Only the relation between these two sets
of numbers matters and the exact ordering of the equations does not, except that we put
the equations involving (f/c) to the last for convenience (see below).

For each interior cell (i, k), there is one interior equation (10a) which is centered at that
gridpoint. We number the equations and the gridpoints in such a way that A = v(i, k), the
serial number of the equation being equal to the serial number of that central gridpoint.
In this way, Alv, v], the diagonal of A, becomes the coefficient of that central F'[v] value,
where v = v(i, k). We have now defined the first Mj,; rows of A, where My is the number
of the interior points and the number of the interior equations. We consider the interior
gridpoints as “used” now.

We next line up the surface boundary conditions (10b). Each of the M}, equations includes
one interior point F;; and one ghost point Fj g, the latter having not been “used” yet.
We now order these equations and the ghost points in such a way that A = v(,0). The
diagonal A[v,v] is now the coefficient of F[v], where v = v(7,0). We have now defined
rows A\ = Miy + 1 to Miny + My, of A and “used” the surface ghost cells. In the same
manner, we define the next M, rows of A for the right-edge boundary conditions (10c).

We next line up the flat-bottom boundary conditions (10f), which apply not only to the
flat-bottom region but also to flat regions, if any, within the slope (Fig.1). Let the number
of the flat-bottom gridpoints be My, and the number of corner points be Mcorner; then
Maat + Meorner = My, (Fig.1). The “unused” F values are F'(i, ks[i]+ 1), which are “stored”
in the ghost cell (4, ks[i]+1). As for the preceding equations, then, we set A = v(3, ks[i]+1),
which defines the Mjy,; new rows of A.
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So far, B has not appeared in the equations and therefore its first Min, + My + My + Mg,y
rows are all zero. Next, we line up (10d) and (10e) together in the order of k =1, ..., My;
that is, vertical-wall gridpoints and corner gridpoints are arranged vertically in their natu-
ral order (Fig.1). Accordingly, each “unused” point is either a corner point F'(i, j), in which
case A = v(i,j), or a vertical-wall point F(is[k] — 1,k), in which case A\ = v(is[k] — 1, k).
This determines the remaining M, rows of A and B. Importantly, B has only M, non-zero
components and they are all along the diagonal: B(v,v) = Az for the last M, rows.

We can use these matrices to numerically solve the eigenvalue problem, but A is not
symmetric. The central point v = v(i,1) of the interior equation (10a) is just below the
sea surface, and the equation includes the ghost cell vy = v(i,0) above the surface. For
symmetry, the coefficient A(v1, 1) of F(i,0) in that interior equation must be equal to the
corresponding coefficient A(1p, 1) in the boundary equation (10b) whose “central” point
is (i,0). Specifically, the derivative
Fio—Fi1

NgAZO
appears both in the interior equation (10a) at (i,1) and in the z = 0 boundary equa-
tion (10b) at (i,0). The off-diagonal component

1
A ',]. 3 .,0 - A i
(6 1),v05,0) = A

of the interior equation is not equal to the off-diagonal component

. . 1
A[V(Za 0)7 V(/Lv 1)} = _Axl N2 + Axiif

of the boundary equation. In other words, the problem of the surface boundary condition
is that the boundary term (f2/g)(Fy + F1) enters A.

To remedy this, we use essentially the same technique as used in transforming the bilinear
by modifying the surface-boundary term in (8g). Specifically, we “split” the derivative in
the interior equation into two halves and replace one of them with the boundary value
using the boundary condition (10b):
Fio—Fia
N(%AEO
1Fo—Fi1  1Fo—F
T2 N2Az, 2 NEA
0 0 0 0
_1Fo—Fa 1 f2F o+ Fia

= = - 13
2 NgAEO 24 2 ( )

After this transformation,

2 N2Az 2 g2

Alv(i,1),v(i,0)] =

On the other hand, we multiply the boundary equation (10b) by —1/2 and then its off-
diagonal component becomes
Az, 1 Az; f21

2 N2Az 2 g2

Alv(i,0),v(i,1)] =
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which is equal to the off-diagonal component of the interior equation, A[v(i, 1), v(7,0)].

Likewise, the left-hand side of the corner-cell equation (10d) has to be modified in the
same way where its center is just below the sea surface (Fig. 1). Otherwise, the slope
boundary equation needs no modification because the boundary term (f/c)F occurs on
the right-hand side, entering B without affecting A. The other boundary conditions need
no modifications except that the flat-bottom equation needs a sign flip.

3.3.2 Properties of the matrix eigenvalue problem

In this way, we now have a generalized matrix eigenvalue problem with symmetric matrices
A and B:

AF = iBﬁ, (14)
c
which is called “generalized” because of B. Multiplying ¢7 on both sides, we can follow
the same argument as in the preceding sections to prove that f/c is real and that the

eigenvectors are orthogonal in the sense that
FOTBEM = if ¢ £ 0,

As explained above, the components of B are all zero except on the diagonal of the last
M, rows from the vertical-wall or corner-point boundary equations, where B[y, v] = Az.

Therefore,
M.

"B = Azgy Ty,
k=1
where g, and 7 refers either to the vertical-wall boundary point or to the corner point,
whichever it is at depth k. That is, ¢7B7 = (¢, 7)1, as defined in the previous subsection

(eq. (11)).

The calculation of ¢7A7 (section S2.5) is similarly to, and as tedious as, that of A(g,r)
(section $2.3). It turns out that g7A7 is almost equal to A(q,7) and that §TAF = A(q, F)
if Fis an eigenvector. This is because we used the bottom boundary condition F,/ N2=0
to eliminate the bottom flux term from A(g, F ) whereas the matrix A just uses the left-
hand sides of the boundary equations and the calculation of §7A7 does not use equalities

like F,/N? = 0.
z=—D

Near the end of the preceding subsection, we deduced that A(q,7) is negative definite
under the free-surface condition. The same argument applies to §7A7 (section S2.5),
proving that the matrix A is negative definite. That not only proves that f/c < 0 but
also leads to an important property as follows.

Consider a column vector of the form
F' =[a[1],a[2],...,a[M"],0,...,0]", (15)

where M’ = M — M,. This vector gives BF' = 0 because all the first M’ rows of B
are zero. This F’ with ¢ = 0 is therefore a solution, whatever the values a[v] are, to the
eigenvalue problem

BF = SAF,
/
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which is equivalent to (14). This solution is clearly unphysical, with a random distribution
of values off the slope-bottom boundary. Since there are M’ linearly independent vectors
of the form (15), there are M’ independent unphysical eigenvectors with ¢ = 0.

Conversely, if ¢ = 0, the associated eigenvector must satisfy BF = 0, that is, Az, F = 0
for all k. Such a vector must hence be of the form (15).

Is it, then, possible that BF = AF =0 and ¢ # 07 The answer is no. If AF = 0, then
FTAF = 0; but this is possible only when F = uniform # 0 under the rigid-lid condition.
In this case, BF' # 0.

This proves that there are exactly M’ eigenvectors associated with ¢ = 0 and the remaining
solutions have ¢ # 0. This fact makes it easy to filter out these unphysical solutions.

Moreover, from the negative definiteness of A, we can prove that there are exactly M
eigenvectors (section S2.4.7). This proves (under the free-surface condition) that there are
exactly M, = M — M’ physical eigenvectors with ¢ # 0. (We do not know how to prove
this under the rigid-lid condition, but from our experience with numerical solutions, we
always find exactly M, physical solutions even under the rigid-lid condition. There may
be a way to prove this.)
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4 Numerical solutions

This matrix eigenvalue problem is solved numerically using the LAPACK library (Ander-
son et al. 1999). For the free-surface case, the matrix equation is (—B)F = (¢/f)(—A)F
(sections 3.3 and S2.4). It is solved with the DSYGD subroutine, which is specialized in
cases where both matrices are symmetric and the matrix on the right-hand side is positive
definite. [The algorithmic description of this subroutine is found in the “Generalized Sym-
metric Eigenproblems (GSEP)” section of Anderson et al. (1999).] Unphysical solutions
are distinguished because ¢/ f = 0 for them (section 3.3).

For the rigid-lid case, the matrix equation is AF = (f/ c)Bﬁ ; it is solved with the DGGEV
subroutine, which is a general general-eigenvalue problem solver. This subroutine returns
two values, denoted o and [ in the manual, for each solution such that «/f is the eigen-
value. If the eigenvalue is +o00, the routine returns 5 = 0. [The algorithmic description
of this subroutine is found in the “Generalized Nonsymmetric Eigenproblems (GNEP)”
section of Anderson et al. (1999).] This situation indicates that ¢ = 0, enabling us to
distinguish the unphysical solutions. For the barotropic mode, whose eigenvalue should
be ¢ = 00, the subroutine returns a very small o/ value.

As of this writing, we use LAPACK 3.12.0, which comes with macOS 16
(https://developer.apple.com/documentation/accelerate/blas-library).

In what follows, we show examples of solutions from our code. The test cases are listed
in table 1. Solution CSO uses a linear continental, a constant stratification, and a uniform
grid to show basic features of the solutions. To demonstrate that the solutions from our
code are very similar to those from BC87’s, we obtain a set of solutions with as similar a
configuration as possible from BC87’s code and compare the two sets of solutions. Since
our purpose is not a systematic comparison, however, this is the only example for such
comparison.

Solution CS1 then uses the same configuration except with a little more realistic stratifi-
cation. This solution points to a problem of a uniform grid. Solution CS hence modifies
the grid spacing to make it suite the variable stratification better. This demonstrates the
usefulness of variable grid spacing.

Solution ShCS next explores changes when a gentle continental shelf is attached to the
steep continental slope. This test again demonstrates the usefulness of having a vastly dif-
ferent grid spacing between the shelf and continental slope. Solution ShVW then replaces
the continental slope with a vertical wall, exploiting an advantage of the z coordinates.
These two solutions also suggest a scientifically interesting issue of the coupling between
shelf waves and Kelvin waves. Finally, VW removes the continental shelf, demonstrating

Table 1: Test solutions.

Solution Slope N(z) Az
CSo linear const uniform
CS1 linear exponential  uniform

CS linear exponential o 1/N(z)
ShCS  shelf+slope exponential o 1/N(2)
ShVW  shelf+wall exponential o 1/N(z)

VW wall exponential o 1/N(z)
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the similarity between the structure on along the continental slope in ShVW and the ver-
tical structure of the vertical-wall modes (Kelvin wave modes). As such, the final three
test solutions are designed to demonstrate advantages of our code as well as to inspire a
future study.

4.1 Linear continental slope and uniform N

In the first test (CS0), we use a simple configuration, where there is a linear continental
slope for 0 < < 100km followed by a flat bottom at 5000 m. The right edge of the com-
putational domain is at x = 300 km. Even though our code, since it uses the z coordinates,
can handle a vanishing depth at z = 0, we set h(0) = 50 m before the linear slope starts.
This is in order to compare our solutions with corresponding solutions from BC87’s code,
which uses the sigma coordinates. The Coriolis parameter is set to 10™#rad/s, a value at
43°N. This configuration is inspired by the continental slope off southeastern Australia
around 142°E, 40°S (Han et al 2025, revision under review). The Brunt-Vaisélé frequency
is set to N = 0.003rad/s = const. for this first test and will be set to a somewhat more
realistic profile in the next test. The free-surface boundary condition is used.

For our code, Az; = 50m so that the initial “vertical wall” h(0) = 50 m is expressed by
a single grid cell. Subsequently, there are 50 cells in the vertical such that Az = 99m
for k =2,...,51 and Az; = Az/h, = 2km for ¢ = 1,...,50. In this way the slope from
z=—50m to z = —5000m and from = = 0 to x = 100 km is all expressed by a series of
“diagonals” (Fig. 1) since one vertical step Az is always followed by one horizontal step
Ax; = Axg_1 = Azp_1/h,. After the continental slope in the flat-bottom region, Ax; is
gradually increased like Ax;11 = rAx; with » &~ 1.1 until x = Ly is reached. The grid
spacing Ax; of the flat-bottom region is slightly adjusted so that the right edge exactly
coincides with = Ly. As a result, there are M), = 75 grid cells in the z direction. As
indicated above, M, = 51.

We use the version of BC87s code called bigload4.for (see the addendum
https://www.whoi.edu/cms/files/Fortran_30425.htm to Brink and Chapman (1987)). This
version uses an offshore boundary condition that u, = 0 at x = Ly, which is equivalent
to p, = 0 in the long-wave approximation because fu = —py/p, and both v and p are
separated between (x,z) and (y,t).

For BC87’s code, we set Ax = 2km to get a comparable horizontal resolution on the slope,
which gives 151 gridpoints over 0 < z < 300km. (Note that the gridpoints are located
at vertices of the cells in BC87’s code.) The sigma grid spacing is set to 1/50 (non-
dimensional) and therefore there are 51 gridpoints in the vertical. The vertical resolution
is then comparable at the bottom of the continental slope (x = 100km, h = 5000 km)
with that of our code while the vertical resolution becomes higher toward the coast as
h(z) decreases in the sigma coordinates.

To obtain solutions that are equivalent to those from our code, the free-surface boundary
condition (with the same g value of course) and the long-wave approximation are used.
The code searches for such a value of w as to satisfy the eigenvalue problem starting from
initial guesses. But, because of the long-wave approximation, w = c¢f, which enables us
to specify initial guesses of w on the basis of ¢ values by fixing ¢ to an arbitrary value.
The initial guesses of w we provide are centered around ¢(™? for each mode n, where the
value of ¢(™ is the solution from our code. The relative accuracy (Aw/w) is set to 0.0005,
1/10 of the value quoted in BC87 as typical. To check whether the solution is the right
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one, we count the number of zero-crossings along the wall-slope boundary (first along the
vertical wall at z = 0 and then along the slope z = —h(x)). The number should agree with
the mode number. [We are not aware of mathematical proof for the present eigenvalue
problem, although this is common empirical knowledge and there are other eigenvalue
problems for which this property is proven; e.g., the vertical-mode eigenvalue problem (7)
(e.g., Courant and Hilbert 1989) and shallow-water modes in a channel (Iga 1995).] Each
search converged to the right mode for n = 1-10 and to the wrong mode for the given
1) Since our purpose is not to discuss the accuracy of higher modes, which would be
difficult as we do not know true solutions, we stop at n = 10.

We ignore the barotropic mode, which, from our program, has an eigenvalue of
c® ~ 1640m/s and an almost uniform F©)(z,z) field (not shown). This eigen-
value is too large for the true offshore barotropic mode, whose eigenvalue should be
A9 ~ /gH ~ 220 m/s. The reason for the large value is not clear. It may be result-
ing from the artificial boundary at x = Ly.

In comparing solutions from the two programs, we normalize the solutions using a common
norm based on the boundary inner product (2) in such a way that (F(, F(")), /D =1 for
each n, where D is the total depth, that is, the depth of the flat-bottom region. Because
the boundary inner product is a form of vertical integral (eq. (S1.16)), this normalization
makes F(™ dimensionless and of O(1). For our finite-difference scheme, this inner product
takes the form of (11).

For BC87’s discretization scheme, we do not know whether there exists a documentation
that discusses discretized versions of the inner product. Considering that the data are
defined at vertices of grid cells, we tentatively use the most natural trapezoidal rule for
the boundary integral:

(.7} = kz ]\Z,(O—) : q(0,k — 13 +q(0,k) (0, k — 13 +7(0, k)
=1
+ZAziq(2_1’K;+Q(Z’K)T(Z_1’K;+T(Z’K)’ (16)

where i = 0 and i = M, are the left and right edges of the grid and £k = 0 and k = M,
are the sigma levels at the sea surface and bottom. The first summation is a discretized
version of the vertical integral along the vertical wall at x = 0; the second summation
represents the along-bottom integral [ dx hyqr (eq. (2)) because

hi — hi—1
=A 9
Ax “

dz hy ~ Ax
where Az; = h; — h;_1 and therefore Az; = 0 off the continental slope. In the addendum
(https://www.whoi.edu/cms/files/Fortran_30425.htm) to the original documentation,
BC87 promised that (F, F)p, = f in the output from their program. [See Brink (1989)
for the reason for this normalization.] Using the tentative formula (16), then, we have
confirmed that (F,F), = f (precisely speaking, |1 — (F,F),/f] < 1071%) for all the
10 modes, which strongly suggests that the above inner product is what BC87 use in
their code. Using this norm, we re-normalize the solutions from BC87’s code so that
(F F™M)), /D = 1 for each mode. We also flip signs, if necessary, to ensure that the
spatial pattern agrees between the two sets of solutions.
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Figure 2: Solution CSO: Eigenvalue vs mode number for our code (blue) and BC87’s
(orange). Mode 0 (barotropic) is omitted. Only modes 1-10 are obtained with BC87’s
code. See text for details.

Figure 2 compares ¢(™ from the two methods. The ¢(™ values from our code are slightly
larger than those from the other code, with the relative error larger for higher modes.
Figure 3 shows the F(")(z, 2) fields as well as the ¢(™ values for the lowest 4 modes from
the two programs. The only visual difference is that sometimes the locations and shapes
of some of the zero contour lines differ. The difference in ¢(™ is about 0.01 m/s for them.

For more quantitative comparison, we plot F(™) along the bottom in Fig.4. The solutions
from our code (circles) slightly deviate from those from BC87’s code (curves) at the peaks
and troughs of the curves in the bottom half of the slope (50km < z < 100km) for
modes 3 and 4. As Fig. 3 indicates, both the vertical and horizontal scales of variability
decrease for higher modes, and therefore it is expected that difference between different
finite-difference schemes will be larger for higher modes. It is, however, hard to pinpoint
the reason for the difference.

4.1.1 Orthogonality

The most natural measure of orthogonality is the standard correlation coefficient:

(FO, FM),
(FO), FONL2(Fm) pony /2

r(A,n)

Perfect orthogonality means that 7(A,n) = 0 when A # n. For our discretization scheme,
we have proven this property for the finite-difference equations (section 3.2); we have also
confirmed that |r(A,n)| < 10~ for all combinations of the 51 numerically-obtained modes.
Our code carries out all calculations in double precision and (for this test) saves the result
in single precision; the accuracy of 1077 is consistent with single precision.

For BC87’s code, we use the discrete inner product (16). The correlation is below 0.05
between mode 1 and the other 9 modes (Fig.5). The correlation becomes larger for higher
modes; for mode A > 2, correlation with mode A + 1 tends to be most prominent. In a
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Figure 3: Solution CS0: F((z,z) for n = 1-4 from our code (upper panels) and
BC87’s (lower panels). The eigenvalues are shown at the top of each panel.
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Figure 4: Solution CS0: Bottom trace, F(")(z, z = —h(z)), of the mode functions for
n = 1,2 (left panel) and n = 3,4 (right panel) from our code (circles) and BC87’s (lines).
Each circle has a dot at its center.
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Figure 6: Solution CS0: Bottom trace, F(™(z,z = —h(z)), of the mode function for
the last 3 modes from our code.

sense, this result indicates that the inner product (16) is “wrong” for BC87’s code but we
do not know how to discover the “correct” discrete version of the inner product.

4.1.2 Higher modes

Even though all eigenmodes are exact solutions to the matrix eigenvalue problem (up to the
precision of the floating-point number representation on the computer), and even though
they all have not-unrealistic eigenvalues and exactly satisfy the orthogonality condition,
they can still be unphysical in a different way. Figure 6 shows the bottom traces of F(™)
for the last 3 modes. For n = 48 and 49, most loops (peaks and troughs) are captured only
by single gridpoints, suggesting that these modes are only marginally resolved. Indeed,
mode 50 “collapses” to a totally unphysical profile; the reason must be that the actual
wavelength of the mode is too small for the grid to represent. This sudden jump from

n = 49 to n = 50 may be the reason for the slight deviation from the general trend in the
™ curve (Fig.2), where ¢ drops a little more than is expected from the smooth curve.
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Figure 7: Solution CS1: Bottom trace, F("™ (x, 2 = —h(z)), of the mode function for
n = 14 and 22.

In reality, higher modes will be damped more strongly by bottom friction and other mixing
and would contribute much less to real variability. The present analysis of the behavior of
higher modes is, however, helpful when we use the modes to expand variability or forcing
(e.g., see Tanaka & Kida 2025, manuscript in preparation 77777777777777777777).

We do not expect that further analysis of the realism of such high modes would be neces-
sary; in the present paper, we present this result mainly as an aid for the user to deter-
mine necessary horizontal and vertical resolution depending on the problem they intends
to solve. The next test solution illustrates the point.

4.2 Linear continental slope and exponential N(z)

In the next test, CS1, we switch to an exponential N (z) profile; N(0) = Ny = 4.5x10"3rad/s
at the sea surface, N(—D) = Ny = 0.5 x 1073 rad/s at the bottom, z = —D = —5000m,

and an exponential profile inbetween:

exp(D+2z)/s—1
expD/s—1

N(Z) :N2+(N1 —Ng)

where s = 1700 m is the vertical scale of the exponential. This stratification is a subjective
(“by eye”) fitting of the annual-mean stratification around 142°E, 40°S from the 1° x 1°
version of the World Ocean Atlas 2018 (Garcia et al. 2019). The background stratification
is the only difference from the previous solution, CSO0.

Figure 7 shows the bottom traces of a relatively low mode and a medium mode. The most
prominent difference from the uniform-N case is that the local wavenumber tends to be
large where N is large in each mode. As a result, the mode function “collapses” near the
surface when the local wavelength has become shorter than the grid spacing. The curve
for n = 22 in Fig. 7 is an example of this: it is nearly zero over 0 < x < 7km. Naturally,
the “collapsed” region near the surface advances to depth for higher modes (not shown).
For the unifrom-N case, CS0, this collapse did not happen until the very end of resolution
(n = 50) because the local wavelengths were almost uniform along the slope.
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Figure 8: Solution CS: F(™)(z, z) for n = 1-4 from our code. Note that the contouring
range is wider here than for Fig. 3.

This WKB-like relation between local wavenumbers and stratification is likely behind the
recommendation of using the stretched coordinates d¢ = dz/N for the calculation of
vertical modes (Early et al. 2020). Inspired by this discussion, we next determine Az
in such a way that Az is approximately proportional to the local value of 1/N. As a
result, for the new test (Solution CS), the vertical grid spacing is about 38 m near the
surface and 290 m near the bottom. The height of the initial vertical wall at x = 0 is also
Az =~ 38m. With this arrangement, there are 51 cells in the vertical. The horizontal
resolution is determined by Ax; = Az;11/h, for i = 1,... until the flat bottom region is
reached at x = 100 km. The Az in the flat-bottom region is determined by Az;y; = aAz;
with « =~ 1.1 until the right edge of the computational domain is reached at z = L.
Since Az is much larger near the bottom of the slope, there are only 65 grid cells in the
x direction for this solution as compared with 75 in the previous solutions.

Figure 8 shows modes 14 from this solution. Unlike the uniform-/N case, CS0, the am-
plitude of oscillation along the slope is largest near the surface, decreasing downslope.
Because of the normalization (F, F');,/D = 1, the amplitude is much larger than 1 at the
surface and is much smaller than 1 near the bottom. Fig.9 shows the bottom traces of the
first four modes and selected high modes. This time, the mode function remains “healthy”
up until n ~ 40 and the “collapse” starts only around n ~ 45. The curve (orange) for
n = 44 starts to lose amplitude near the bottom (z = 100km), the one (green) for n = 46
is nearly zero over 80km < z < 100km, and the highest mode (n = 50) has nearly
zero amplitude over 30km < x < 100km. This result indicates that the upper ocean is
somewhat oversampled and the lower ocean is somewhat undersampled; even though the
scaling Az o< 1/N delays the collapse but is not an ideal scaling.

4.3 Solutions with a continental shelf

Since our code uses the z coordinates, it can handle purely-vertical walls, which would
help theoretically compare CTWs with Kelvin waves or interpret coastal waves in coarse-
resolution OGCMs where the continental slopes are very poorly resolved. As a demon-
stration, solutions for three bottom profiles are compared. Those profiles are shown in
Figs. 10 and 11 below.

4.3.1 Shelf with continental slope

For the first bottom topography of the set, ShCS, we use the same continental slope as
previous solutions but attach a wide continental shelf: Specifically, the shelf is a linear
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Figure 9: Solution CS: Bottom trace, F(")(z,z = —h(x)), of the mode function for
n = 1-4 (upper panel) and for selected high modes.
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slope from (x,z) = (0,0) to (150 km,—100m) and the continental slope is a linear slope
from the latter point (which is the shelf break) to (z,z) = (250 km, —5000m). The extent
of the flat-bottom region, 200 km, is the same as for Solution CS.

Preliminary numerical solutions (not shown) indicated that the bottom trace
F)(z,2 = —h(x)) is oscillatory in z on the shelf and requires smaller Az near the
coast as the apparent wavelength is shorter there. For this reason, we use an empirical
grid spacing that increases from Ax; ~ 2km to Ax15 ~ 15km just before the shelf break.
The vertical grid spacing is determined by Az, = Az;h, for each k = i = 1...,15.
The horizontal and vertical grid spacing below the shelf break is very similar to that of
Solution CS and the horizontal resolution along the flat bottom is also very similar to
that of Solution CS. There are 63 gridpoints in the vertical with 15 for the shelf and
48 for the continental slope. There are 78 gridpoints in the x direction with 15 in the
flat-bottom region.

Figure 10 compares modes 1-8 of ShCSwith “corresponding” modes of CS. This “cor-
respondence” requires i) that the number of nodes on the continental slope must be the
same and ii) that the F(z, z) structure must look similar and the characteristic speed ¢
must be similar. Criterion (i) is objective and criterion (ii) is subjective. When we discuss
the structure of the solution on the continental shelf below, we look at the bottom trace
(not shown) as it is not visible in Fig. 10. We also note that the amplitude on the shelf is
~3-15 (not shown) for the first 12 modes of Solution ShCS. The contribution of this large
amplitude to the total energy can still be small as it is weighted by Az not by Ax (see

eq. (11)).

Mode 1 of ShCS appears to be a mode-0 shelf wave'; its ¢(!) is too large for a baroclinic
CTW and the amplitude is almost entirely confined to the shelf with a very weak tail on
the continental slope. There is no node on the shelf and there is one somewhat down the
continental slope. Solution CS does not have a counterpart.

Mode 2 of ShCS has one node on the shelf and another along the continental slope. Mode 1
of CS] also has one node along the slope and the F(x, z) structure is similar between the
two solutions. The characteristic speed is also similar. This result suggests that mode 2
of ShCS can be interpreted basically as a mode-1 CTW on the continental slope with a
“tail” that takes the form of a shelf wave.

Mode 3 of ShCS has still one node on the shelf and two along the continental slope, where
even though the structure is not very different from that of mode 2 of CS, the amplitude
is much smaller than on the shelf, where the amplitude reaches ~15 (not shown). For this
reason, mode 3 of ShCS may be interpreted as a “mode-1” shelf wave with a baroclinic
CTW-like tail on the continental slope.

Like mode-2, mode 4 of ShCS has a very similar structure and amplitude along the con-
tinental slope to that of mode 2 of CS.

The subsequent modes do not necessarily follow this pattern: Mode 5 of ShCS is very
similar to mode 3 of CS, with two nodes on the shelf; Mode 7 has 3 and 4 nodes on
the shelf and slope, respectively, and mode 8 has 3 and 5 nodes on the shelf and slope,
respectively, Mode 6 of ShCS falls between modes 5 and 7 in that it has 2 and 3 nodes on
the shelf and slope, respectively, and one node very close to the shelf break. Even though

'Robinson (1964) considered a shallow-water equation on a linear shelf followed by a cliff down to a
deep flat bottom at low frequencies and found wave-like modes (Jo(x/u)). See also Mysak (1980).
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Figure 10: F(")(z,2): (a) n = 1-4 for ShCS (upper) and n = 1,2 for CS (lower), and
(b) n = 5-8 for ShCS (upper) and n = 3-5 for CS (lower).
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it has a very similar structure to mode 3 of CS if signs are flipped, its amplitude is smaller
and the wave speed is too different. For this solution the coupling between the shelf and
slope modes does not quite follow the patterns for the other modes.

4.3.2 Shelf with vertical wall

The next solution, ShVW, replaces the continental slope with a vertical wall. The hori-
zontal and vertical grid spacing on the shelf and the vertical grid spacing below the shelf
break are exactly the same as for ShCS. The horizontal grid spacing along the flat bottom
is much smaller to resolve smaller horizontal scales of the modes (Fig. 11): next to the
vertical wall, Az15 ~ 0.8km, extending according to Az;+1 ~ 1.1Az; up to the right
edge. The extent of the flat-bottom region is the same as for ShCS. The number of the
gridpoints is the same in the vertical as for ShCS; there are only 49 gridpoints in the
horizontal as there is no continental slope.

The last test, VW, just removes the continental shelf; the boundary is a vertical wall
followed by a flat-bottom. The only exception is the corner grid cell where the bottom of
the vertical wall meets the flat bottom; this cell is automatically tapered and the right-
angled bottom-left corner is replaced by a diagonal slope by our code as in Fig. 1. The
vertical grid spacing is very similar to those of CS, ShCS, and ShVW with Az o< 1/N and
there are 51 grid cells in the vertical, same as CS. The horizontal grid spacing is exactly
the same as that of the flat-bottom region of ShVW.

Figure 11 shows these two solutions in the same manner as Fig. 10. The sequence from
n =1ton = 8 of ShAWW (Fig. 11, upper rows of (a) and (b)) is qualitatively similar to
that of ShVW (Fig. 10). Mode 1 of ShVW is basically a mode-0 shelf wave with a weak
tail on the vertical wall, where the node is. The characteristic speed is similar to that
of ShCS. Mode 2 of ShVW is very similar to mode 1 of VW with one node on the slope
(wall). Mode 3 of ShVW has a large amplitude on the shelf (not shown) with a weak tail,
which has a similar structure as mode 1 of VW, it has one node each on the shelf and on
the slope and one node very close to the shelf break. Mode 4 of ShVW is very similar to
mode 2 of VW with two nodes on slope (wall). The descriptions of modes 5, 7, and 8 are
the same as for the corresponding modes in Fig. 10.

Mode 6 of ShVW is again similar to that of ShCS, with 2 and 3 nodes on the shelf and
slope, respectively, and one node very close to the shelf break. This time, however, the

amplitude on the wall is not much smaller than that of mode 5, and ¢ of ShVW is not
too different from ¢(© of VW.

Coupling between the shelf and slope modes thus seems to be subtle. While this is an
interesting subject, we leave it for future studies as our present purpose is to demonstrate
the usefulness of the z coordinates when dealing with steep slopes or even vertical walls.
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Figure 11: F()(z,2): (a) n = 1-4 for Solution ShWWW (upper) and n = 1,2 for
Solution VW (lower), and (b) n = 5-8 for Solution ShVW (upper) and n = 3-5 for
Solution VW (lower). Note that the n = 3 mode is repeated in the last row.
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5 Summary and concluding remarks

5.1 Summary and discussion

To numerically solve for coastal trapped wave modes at low frequencies, we have developed
a finite-difference scheme and proved that solutions to the set of finite-difference equations
exactly satisfy an orthogonality condition and other useful properties which solutions to
the original differential equation satisfy. These properties are derived from the symmetry
of the bilinear form, (g, Lr), associated with the differential operator (section 2), and so
the goal of the finite-difference scheme is to enable an analogous symmetric bilinear form.
The key idea is to use the “flux form” for the finite difference, which enables “integration
by parts” and leads to a symmetric bilinear form (section 3).

A useful result is the exact discrete inner product (11) by which the finite-difference modes
are orthogonal to each other (section 3.2). Whatever finite-difference scheme can be used
to obtain a set of linearly-independent eigenvectors, but finding the “right” inner product
for the discrete system is not trivial (e.g., Appendix B.3 in Furue et al. 1995). Another
useful property is that our finite-difference scheme ensures that all eigenvalues are real.
This was proven also thanks to the symmetry of the bilinear form (section 3.2). This
result is not trivial either. Tanaka (2023) developed the original version of our code that
uses the sigma coordinates; the code returns imaginary eigenvalues and eigenvectors.

We next cast the set of finite-difference equations into a generalized matrix eigenvalue
problem (section 3.3). If the total number of active grid points is M, the matrices are
M x M and there are M eigenvectors. From the matrix formalism, however, we have
proven that there are only exactly as many physical eigenvectors as there are grid cells
in the vertical and that the remaining solutions are all unphysical with ¢ = 0. A random
F(z,z) field is such an unphysical solution as long as F' = 0 along the slope/bottom.
This makes it trivial to filter out unphysical solutions from the solutions from the matrix
eigenvalue solver.

When constructing the matrices, we modified the finite-difference equations in such a
way as to make the matrices symmetric. By calculating the bilinear form associated
with the main matrix, we proved that the matrix is negative definite under the free-
surface condition. These two properties enable us to use a faster eigenvalue-problem
solver (section 3.3).

The next section (section 4) showed six examples. The first three used a linear continental
slope to discuss practical use of our code. For the first test case, where N = const., we com-
pared our solutions with BC87’s (Brink and Chapman 1987) and found good agreement.
The next two solutions indicated how “bad” solutions arise and how to adjust horizontal
and vertical resolutions to fix them. The last three cases (section 4.3) demonstrated the
usefulness of the z coordinates and the variable (non-uniform) resolution for theoretical
consideration when both gentle and steep slopes are present. They also pointed toward a
potentially interesting scientific issue about the coupling of deep baroclinic Kelvin waves
and shelf waves.

5.2 Concluding remarks

In conclusion, we have developed a program to solve for all the CTW eigenmodes at
once as easily as for the ordinary vertical modes. We have made our code public at
https://github.com/ryofurue/ctwmodes (DOI:10.5281/zenodo.17507173).
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Main advantages of our code are that it gives all the modes at once and allows for variable
horizontal and vertical resolutions. Our code, however, by no means supersedes BC87’s.
The latter is much more versatile: it can handle high frequencies and non-monotonic h(x)
and can include a cross-shore variation in f and bottom friction; it can output the mode
functions for u, v, and p. We will extend our code as needs arise. For high frequencies,
however, the 2-z differential equation involves both w and w?, where w is the eigenvalue
(Wang and Mooers 1976), and simple discretized forms do not take a form of AF = )\Bﬁ;
a different approach like BC87’s is required.
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solutions.
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Suppl. Text S1: Coastal trapped wave modes 1

S1 Coastal trapped wave modes

This appendix collects mathematical discussion relevant to the present study from past
studies (e.g., Brink 1991, and references therein) and derives important properties of
coastal-trapped wave (CTW) modes in the long-wave limit (w < |f|). Its main purpose
is to serve as a reference from the main text and from Section S2. This appendix is
designed to be as much self-contained as possible, in order to allow the interested reader
to skip Section 3 of the main text and read this instead. To avoid frequently referring to
the main text, this appendix contains overlaps with the main text. For such an overlap,
the version of the discussion in the main text is much condensed and the version here is
extended fully.

Section S1.1 summarizes the well-known CTW eigenvalue problem in the long-wave limit,
and Section S1.2 derives the orthogonality of the CTW modes and other properties using
bilinear forms. Section S1.3 proves that the so-called “vertical modes” are CTW modes
when the “slope” is a purely vertical wall followed by a flat bottom.

S1.1 CTW formulation

We consider CTWs along a north-south coast on an f-plane, assuming that the bottom
topography z = —h(z) is monotonic in x and uniform in the meridional (y) direction
and that the background stratification N(z) is horizontally uniform. For simplicity,
we consider a western boundary so that x > 0 and h, > 0. The primitive equations
linearized around a background state of rest are

ug — fo = —my, (S1.1a)

v+ fu = —my, (S1.1b)

0=—m, +0, (S1.1c)

—by = N2, (S1.1d)

Up + vy +w, =0, (S1.1e)

where ™ = p/po, b = —gp'/po, and the other symbols are standard. If we assume that

lug| < |fv| (“longshore geostrophy”), the pressure anomaly of free CTWs can then be
written as

o
po(@,y, 2,0) = Y F(z,2) o™ (y,1), (S1.2)
n=0
where ¢(™ obeys the simple monodirectional wave equation

™ + e =0 (S1.3)
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(e.g., Wang and Mooers 1976; Clarke 1977; Brink 1991). The CTW modes, F(™ and

¢ are solutions to the eigenvalue problem

Frp + <N2> =0 in the interior (0 < x and —h(z) < z < 0), (S1.4a)
F, 2
— = —f—F on z =0, (S1.4Db)
N2 g
F,—0 as r — 00, (S1.4c)
1 F, f B

where N = N(z)/f. We are looking for solutions that decay offshore (z — c0). Note
that (S1.4d) includes as special cases

F, = iF (along a vertical wall: h, — 00), (S1.5a)

c
F,=0 (along a flat part of the bottom: h, = 0), (S1.5Db)

which past studies showed as separate boundary conditions. We use (S1.4d) instead for
simplicity, keeping in mind that h, can be zero or infinity.

Equation (S1.4b) is the free-surface boundary condition. We can invoke the usual
rigid-lid approximation by setting g — oo. The rigid-lid approximation hardly affects
the solutions (not shown), except obviously for the phase speed 9 of the barotropic
mode. [It is straightforward to verify that under the rigid-lid approximation (g — 00),
(F,c) = (const., £00) is a solution to the set (S1.4). This is obviously the barotropic
mode.] We nevertheless retain the free-surface condition because it makes theoretical
discussion cleaner (Sections S1.2.3 and S2.4.7) and the numerical calculation faster (Sec-
tion 52.4).

Past studies have found (e.g., Clarke and Van Gorder 1986) that it is sometimes conve-
nient to use the vector notation

B = (F,,F./N). (S1.6)

With this, the eigenvalue problem (S1.4) can be written as

V-B=0 (x,2) € Q (S1.7a)

n-B= %ﬁ(F, 0) (x,y) € 00 (S1.7Db)
f2

n-B= —ZF (x,y) € 09 (S1.7¢)

F.,—0 as T — 00, (S1.4c)
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g4  where m is the unit vector perpendicular to the boundary and pointing outward of the
sos domain, ) is the domain, and 9y, and 0€)s are the bottom/slope part and the surface
sos part of the boundary of the domain.

sv 31.2 Orthogonality and other properties of the solutions

ges S1.2.1 Bilinear form

80 As in the past studies, the eigenmodes can be shown to be orthogonal to each other. Let

Lo =0.,(0)+ 0, 8Z~(.)

oo which is the operator on the left-hand side of (S1.7a), and let

(q,r) = //Qdmdzq(a:,z)r(a;,z),

oot which is an “inner product”. Multiplying ¢ on the left-hand side of (S1.7a), integrating
902 them over the domain, and carrying out integration by parts gives

(q,LF) —//dxdqu-B
Q

:f dsﬁ-(qB)—//d:L‘dz(Vq)-B
o0 Q
00 00 2
-/ dxhzq<Fz+Fz~) - [Tar Lor
0 haN z=—h(z) 0 g 2z=0
//dd< F+quZ> (S1.8)
- TAZ | L'y = ) .
Q ¢ N2

903 where the sea-surface portion of the boundary integral was calculated as

0 F,
/ dsqﬁ,-B:/ (—dx) ¢ =
09 o0 N?

o] 2
0 g

z=0

2=0

o from (S1.7c). The x — oo part of the boundary integral vanished because we can first
o5 set the boundary at © = a and then move it to infinity:

/ dsn-(¢B) = lim /dz%-qum
T—00 a—ro0

:ali_{glo/dz qFzl,_,

=0
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from (S1.4c). The z = —h(z) part of the boundary integral in (S1.8) was calculated as

/dsﬁ-(qB)

:/Ooda: 1+h2q< _—he F1>
0 V14+h2 N /1+h2

o0 F,
:—/0 dz q (h$F$+N

ds = dz /1 + h2, ﬁ:( —ha , ! )

VI+hZ 1+ 02

Note that the result of this calculation is still valid even when the bottom boundary

z=—h(x)

(S1.9)

z=—h(z

because

z = —h(z) includes “vertical walls”, where h; = co. Suppose, for example, that there is
a downward step from z = 21 to z = 2o, where z1 > 29, at x = x1. Along this vertical
wall, n = (—1,0) and the boundary differential is ds = —dz. Therefore,

z2 Z1
/ Hdsﬁ-(qB) = —/ dz q(—Fi)|pey, = —/ dz qFy|,—,, -
wa. 21 22

The wall part of eq. (S1.9), on the other hand, can be rewritten as

140 F
—/ dazhxq<Fx+z~>
1'1—0 th

z1+0
T]—

z=—h(z)

22
- [ a2 e,

Z1

because dz = d(—h) = —(dh/dx)dz along the wall. (This is an informal derivation using
the idea of Stieltjes integral.) This (informally) proves that although the derivation uses
h; and y/1 + h2 in the intermediate steps, the result is still valid even when h, = oo

Plugging (S1.4d) into (S1.8) yields

FZ 2
(¢, LF) = //dxdz (qu + ) f/ dx ¢F|,_,
0

- = dx ha qF|,—_p 2 (S1.10a)
0
=Ag, F) - £<Q7F>b, (S1.10Db)
where
4Tz f2 /OO

A(g,r)=— [ dad + 22 )| d B

1= s 35 £ [
(g,m)p E/ Az ha g 7] () (S1.11)

0

for arbitrary functions ¢(z, z) and r(z, z). Note that all these “bilinear” forms are sym-
metric, in that {(q,r) = (r,q), A(q,r) = A(r,q), etc.

Finally, since LF = 0 for a solution ((S1.4a)), (S1.10a) implies

f

Alg, F) = {a, F)v. (S1.12)
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S1.2.2 Orthogonality, amplitude, and spectrum

The bilinear form A(, ) is negative definite: if r #Z 0, A(r,r) < 0. Setting ¢ = F'in (S1.12)
and multiplying it by c gives

cA(F,F) = f(F, F)yp,
which suggests that there may be strange solutions such that
Fl,__, =0, ¢c=0.

Although we do not know how to prove the existence of such solutions for the continuous
problem we are dealing with now, we report that we prove the existence of such solutions
for our discrete version of the eigenvalue problem (Section S2.4.7). In the following
discussion, we exclude such solutions.

Plugging ¢ = F® and F = F(™ into (S1.12) gives one equation and swapping [ and n
gives another. By subtracting the former from the latter yields

(f _ f) (FO, )y, — 0, (S1.13a)

c(l) c(”)

or

<F(l), F(n)>b =0 if C(l) + C(”)’ (Sl.l3b)

because A(,) and (, )}, are both symmetric. This is the orthogonality relation between
the CTW modes (e.g., Wang and Mooers 1976).

Since F’s are real-valued functions (see below), (F, F), > 0, with the equality holding
only if F' = 0. For this reason, /(F, F'), can be and is used to measure the amplitude
of F. A common practice is to scale the amplitude of the function so that (F, F), =1

(nondimensional). Brink (1989), on the other hand, found that when f slowly changes
iny, (F(”), F(”)>b has to be proportional to f~! to conserve energy flux in y. This is how
BC87 scales the numerical solutions in their code. In this study, however, we sometimes
normalize F’s in such a way that (F, F)), = D. This choice is convenient because with
it, F' is dimensionless and also F' = O(1).

Moreover, suppose that some function ¢(x, z) is expanded into the modes:
q= Z anF™ (2, 2).
n

Orthogonality makes it easy to calculate a:

Also,
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The variance of the original function is equal to the sum of the variances of the modes.
That is, {ad, a2, ...} is the power spectrum of g. The above relation is commonly known
as Parseval’s theorem.

S1.2.3 Properties of eigenvalues

If a solution (F'(z, 2), c) takes complex values, it is clear from the form of the eigenvalue
problem (S1.4) that its complex conjugate (F™*(z,z),c*) is also a solution. Substituting
FO =F* F) = F ) = ¢* and ¢™ = ¢ into (S1.13a), then, yields

AN
(C*—C>/0 dzhg [FPP|,__, ) =0 (S1.14)

Since the integral is nonzero, all eigenvalues are real.

If F is imaginary (i.e., S[F] # 0), the eigenvalue c is degenerate, having (at least) two
independent eigenfunctions F' and F*. In this case, however, any linear combination of
F and F* is also an eigenfunction associated with the same ¢, and using this property,
we can transform the complex-conjugate pair into a pair of independent real functions
via Fr = (F + F*)/2 =R[F] and F; = (F — F*)/(2i) = S[F]. That is, if an imaginary
eigenfunction is obtained, its complex conjugate is also an eigenfunction associated with
the same ¢ and the pair can always be transformed into a pair of independent real
eigenfunctions. We can therefore completely ignore imaginary eigenfunctions and assume
that all eigenfunctions are real without loss of generality.

Moreover, substituting F = F() = F(") into (S1.12) gives
f

Cc

A(F,F) - L(F, FYy, = 0.

For the barotropic mode under the rigid-lid approximation (¢ — oo, F(z,z) is uni-
form), A(F,F) = 0 and ¢ = oo, which satisfy the above relation. Except for this case,
A(F, F) < 0; and since (F, F)p, > 0,

fle<o. (S1.15)

This is a mathematical expression of that in the northern hemisphere (f > 0), the phase
speed of CTW is southward (¢ < 0) along the western boundary.
S1.2.4 Boundary integral

As we have seen, the boundary integral | dz hye is central as a “measure”. This boundary
integral can be viewed as a “vertical” integral in that

o) oo 0
/0 Az he gl ) = —/O Az Zo 4l ) = /DdZ(ﬂﬁ) 4lo=—h() > (51.16)

where Z(x) = —h(z) and the last form is a Stieltjes integral. Note that the above
integral is well defined even if h(z) includes steps (where h, = 00). In particular, if h(x)
consists of a series of steps Az; at © = x; interspersed by flat regions (h, = 0),

00 1 2p—1
/0 da by ql,—_p(p) = Z / dz q(z, 2), (S1.17)
k

k=M, " *
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if there are M, steps in total, where [zx, z;x_1] is the vertical range of the step at x = zy,
with zp7, = —D and zp = 0. The general form (S1.16) can be viewed as a limit of the
sum of infinitely many vertical integrals like this.

S1.3 Vertical wall and vertical modes

In this subsection, we derive how long-wave CTW modes are related to the so-called
vertical modes. Consider a case where x = 0 is a vertical wall (h, = oo there) followed by
a flat bottom (h; = 0 there). The boundary conditions along these boundaries are (S1.5).
In this case, the solutions take a separable form F(x,z) = X(z)1(z). Plugging this

expression into (S1.4a) gives
X 100
X 2 Y \N? ),

where N? = N2/ f? has been substituted. The following relation must hold

1 p 1 Xpa
¢<;\ﬁ[2> = -C=-3T (S1.18)

with a constant of separation C. From the boundary condition (S1.5a), then,

X(z) = exp (- |fo|> (S1.19)

and C' = 1/c?; here, we have chosen one of the two roots so that X (x) — 0 as x — oo.
The other equation is

B 1
<]\~[2> = _§¢, (S1.20a)
and the boundary conditions for 1) are
N2
Y, = —?7,11 at z=10 (S1.20b)
Y, =0 at z =—-D (S1.20c¢)

from (S1.4b) and (S1.5b). Equations (S1.20) form the standard eigenvalue problem of
vertical modes (e.g., McCreary 1981).

The solutions to the CTW eigenvalue problem (S1.4) are, therefore,

FO(z, 2) = exp<— ‘C(n”’)“/fo ™ (2), (S1.21)

where (™ and ¢ are solutions to the eigenvalue problem (S1.20). Each “vertical-
wall CTW mode” (S1.21) is a product of a vertical mode and an associated exponential
decay with a decay scale of the deformation radius |¢™ /f|. This is the z-z structure
of the standard coastal Kelvin wave (KW). For the barotropic mode under the rigid-
lid approximation (¢ — o0), this solution reduces to FO) = const. and ¢ = o as
expected.

For KWs, the orthogonality condition reduces to that of the vertical modes: Since the
bottom topography h(z) consists of just one vertical wall at x = 0 followed by a flat
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bottom, the orthogonality condition (S1.13b) reduces to

0= (FO, pM)y, / dzF1(0,2) FM(0,2) = / dz O (2) ™ (2),
which can also be derived directly from (S1.20) (e.g., McCreary 1981).

S1.4 Self-adjointness

For Sturm-Liouville equations like (S1.20), it is standard to prove the reality of the
eigenvalues and the orthogonality of the eigenfunctions in the following way. First we
prove that the operator on the left-hand side, £'e = [(»)./N?],, is self-adjoint under the
given boundary condtions:

®,,H)72=0 O]
W prpm)y, | PP _/ Yy
(W, L™y, [ N ]Z:D . N7 (S1.22a)
_ iyl 0 Pyl
= J By /;D dz e (S1.22b)

= (L'pD ™)),
Once it is proven, then from
W0, L9y, = —— 0,y
(L0, ), = g (O, ),

we get

. M) )y, —
e ] O =0,

c ”)2
proving the orthogonality that
WO, ™y, =0 if (™7 2 (O

The reality of the eigenvalues is also be derived likewise.

But, the self-adjointness of £ is not essential. From the eigenvalue problem (S1.20),

1 1
— <¢(l)7/;/¢(n) + : )2¢(n)>b — A’(w(l),w(l)) + Ww(l)’w(l)%, (S1.23)
c\n c\"
where )
OO 1/, n
A¢Qw05—w —/ dz =2
( ) 57 o D ]\72

This integral equation has the same form as the corresponding integral equation for
CTW modes (S1.10b). Using only the symmetry of A’(¢,r) and (g, ), therefore, we
can derive the reality of eigenvalues and the orthogonality of eigenfunctions. Moreover,
since A'(r,r) < 0 for any nonzero 7(z), it is easy to see from (S1.23) that ¢ > 0. This
argument is the same as when we derived f/c < 0 for CTW modes (Section S1.2.3).
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The operator on the left-hand side of the CTW interior equation (S1.4a) is not self-
adjoint: (S1.10b) indicates that

<F(l)7£F(n)> # <£F(l)’F(n)>.

Even though £ of the CTW problem is not self-adjoint, the orthogonality is proven in a
very similar manner.

What the two problems share is the symmetry of the domain integrals like (S1.22)
and (S1.10). The self-adjointness of £’ followed from the symmetry of A’(,). In this
view, the self-adjointness of the operator £’ is not essential; the symmetry of A’(q,r)
and (q,r)p is.

Indeed, we can formulate the same eigenvalue problem as follows: Find a pair (¢, c?)
that satisfies

(g, 0) + (4,0 = 0

for an arbitrary function ¢(z). Taking a variation on ¢, one can prove (not shown) that
the above problem is equivalent to the origianl eigenvalue problem (S1.20). Likewise,
the CTW eigenvalue problem (S1.4) is equivalent to: Find a pair (F,c) that satisfies

f

C

Al F) = ={¢; F), =0

for an arbitrary function ¢(z).

Finally and conversely, we can define operators A and B such that

<q7 AT> = A(Q7 T)v <Q7 BT’> = <Q7 T>b

for arbitrary functions ¢(z,z) and r(z,z). Since (,), (,)b, and A(,) are all bilinear, it
is easy to demonstrate that A and B are linear operators, and since (,), (,)1,, and A(,)
are all symmetric, it is easy to demonstrate that A and B are self-adjoint. Using these
definitions, the CTW eigenvalue problem can be formulated as: Find a pair (F,c) that

f

C

satisfies

<Q7'AF>_ <Q7BF>:O

for an arbitrary function ¢(z) or equivalently,

f

f1l7 - 251317 — 0.

In Section S2.4, we find that a finite-difference form of (S1.20) takes the form of

AF - LBF =0
c
with symmetric matrices A and B, that the reality of the eigenvalues and the orthogonal-
ity of the eivenvectors follow from the symmetry of A and B, and that the result f/c < 0
follows from the negative-definiteness of A and the positive-definiteness of B. (Strictly

speaking, B is positive definite only for physically valid eigenvectors. See Section S2.4.)
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This is the underlying connection between the matrix formalism of the finite-difference
scheme (Section S2.4) and the continuous eigenvalue problem (S1.4).
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Suppl. Text S2: Discretized CTW eigenvalue problem 1

S2 Discretized CTW eigenvalue problem

This appendix derives a finite-difference scheme to solve the coastal trapped wave (CTW)
eigenvalue problem (1) and derives its properties. To explain ideas and techniques used
to construct and manipulate the finite-difference equations, we first explain them for the
“vertical-mode” eigenvalue problem (Section S2.1) before applying them to the CTW
problem to construct the finite-difference equations (Section S2.2) and to derive their
properties (Section S2.3). We then cast the set of the finite-difference equations to
a matrix form (Section S2.4) to further derive important properties of the solutions
(Section S2.5). Finally, Section S2.6 shows that the finite-difference CTW equations
become separable in x and z to yield a finite-difference version of the standard vertical-
mode eigenvalue problem and a finite-difference version of the X, + (c¢/f)?X = 0, which
determines the offshore structure of the mode.

This appendix together with Section S1 is designed to be as much self-contained as
possible, in order to allow the interested reader to skip Section 3 of the main text and
read the appendices instead. To avoid frequently referring to the main text, the two
appendices contain overlaps with the main text. For such an overlap, the version of the
discussion in the main text is much condensed and the version here is extended fully.

S2.1 1-d finite difference

We reproduce the vertical-mode eigenvalue problem (eq. (7)):

L'F+c¢2F=0,
F./N?=—F/g atz=0,
F,/N?=0 at z=—D,

where L'r = (r,/N?).. We use a standard grid configuration and a standard finite-
difference scheme for this 1-d problem:

/ I R e
_ _ 2.1
=1 N2 Az, NIAz, ) (82.1)
where A A
Az, = 2R T 2L +2 ey (S2.2)

Y = 1 (zk) is defined at cell centers, and the function N(z) is defined at cell edges. The
above finite difference is “conservative” because the domain “integral”

M M
Y1 — Yk Yr — g1
Az L)y = -
Z Zk»c T/}|k Z (ng_lAZk—l N2A2k >
k=1
Z Loy, — Y1 Z R
N2Azk NZAZk

_ %ﬁo—% B ¢M—¢M+1
NE Az N2, Azy

(S2.3)
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includes only “fluxes” across the surface and bottom boundaries. Imagine that 1) obeys
the fictitious “diffusion” equation: 1; = £’1p. Then, the “total amount of )" is conserved:

Yo—t1 Yy —Ymi
N(?AEO NJQWAEM '

0y Az =
k

This “conservation” holds because the same “flux” v, /N? that leaves one grid cell enters
the next grid cell; there is no sink or source in the interior, leaving only the boundary
fluxes as potential source or sink.

The corresponding bilinear form, analogous to (S1.22a), is

M
U (1 — Yk Yr— Yrp1
! = g A -
<q’£ w>b “kk Az <N2 Afk_l N2A2k

:f Yrp—1 — Uy Z Y — Y1
2NN “NZAz,

1 k-1

M-1
Vi — ?/Jk+1 Vi — ¢k+1
2.4

R s

Yo -1 ¢M - ¢M+1

NgAZO N]@AZM
B _ Gk — Qe 1 Yk — Y

Z A% Am N2 A (S2.4D)

In the transformation that led to (S2.4a), we transformed k& — k + 1 only for the first
summation and found that the “flux” (¢, —tbg41)/(NZAZ,) was exactly the same between
the two summations whereas the factor on the flux was gx; in the first summation and
gk in the second. The summations were then combined to form the last line of (S2.4b)
except for the k = 0 term of the first summation and the £k = M term of the second.
These two terms are the surface and bottom “energy” fluxes on the last-but-one line.
This “integration by parts” was possible only because the finite difference is written in
a “conservative” form (S2.1).

We next use the free-surface boundary condition (S1.20b) and the standard bottom
boundary condition (S1.20c), which are naturally implemented as
e R S 1) Ve L VS |

_7¢07

= =0,
NEAz, g NEAzZy

where g = (1o + 11)/2 is the surface value. From the bottom boundary condition, the
bottom flux in (S2.4b) vanishes. To bring (S2.4b) to a symmetric form, we add a new
term that is identically zero and we “split” the original term into two halves:

100 —n
<—1¢0 + 1%)
g g

NAZO 0
- to—1
<: é]%bo l\721& 0:)

_ 71/10—1/11+1¢0—¢1 N
M\ 2'NZAz, T 2 N2AE,

_ <17/Jo—1l11 _1@50>
—n 2N2AzZy 2g

IESEENIES
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@t wte @—qto—

2 g 2 NZAz
To¥ AZoqo—q1 1 g —
_ Qoo ~ AZqo _Q172¢0 _1#1' ($2.5)
g 2 Az N5 Az

In the above derivation, we have used the surface boundary condition twice to switch

between (g —1)1)/(N3AZ) and —tpg/g. After this transformation, we find that (S2.4b)
is symmetric in ¢ and :

Go%o

<q7 Elw>b =2

M-1
AZyqgo—q1 1 Yo —n _Qk — Q1 1 Y — Y
— — — A — . S2.6

2 Azg N2 Az ; A, N Az, (52.6)

This is the analog of (S1.22b). The second line can be interpreted as the vertical integral

0
90

dz
/D N2

evaluated with the trapezoidal rule, where the integrand is defined at the edges of the
cells. The contribution from the bottom edge, e.g., kK = M of the summation, is missing
because of the bottom boundary condition.

Since (1/1(1), L 1/1(")>b is symmetric, the solutions to the eigenvalue problem L'F = \F
satisfy the orthogonality relation

M
(p® )y, = Z Akal(gl) l(cn) =0 if A0 720
k=1

and the eigenvalues are real. Moreover, since (), £/4)(™)y is negative and (1)), h(™)y,
is positive, A < 0. This is the same argument we developed for the continuous system
in Section S1.4.

Under the rigid-lid approximation (g — c0), ¥/(%) = (b,b,...,b) with an arbitrary b # 0
is a solution to the original eigenvalue problem with A(®) = 0. This is the barotropic
mode. In this case, (9?0, £/1)(©)), = 0; this integral is only negative semi-definite. As
we shall see, definiteness of the corresponding integral affects the choice of the matrix
solver for numerical solutions to the CTW eigenvalue problem (Section S2.4).

These results are not trivial. The finite-difference scheme (S2.1) is just one of many
potential ones and not all schemes lead to these useful properties that mirror those of
the original continuous system. The success is due to the successful “integration by
parts” (52.4), which in turn is due to the conservative nature of the finite-difference
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scheme (S2.1). In the next subsection, we extend this method to the CTW eigenvalue
problem.

S2.2 Finite difference form of the CTW eigenvalue problem
The CTW differential operator is

EFEV-B:FQ;QC—F(]?).
N2/,

We use the same inner product

(q,r) = //Qdac dzq(z,z) r(z, z)

as defined in (S1.11). Under the CTW boundary conditions (S1.4d), (S1.4b) and (S1.4c),
the eigenfunctions satisfy the orthogonal relation (S1.13) and other useful properties
(Section S1.2.3). In this section, we extend the methods in Section S2.1 and develop a
finite-different scheme that has the same useful properties as derived for the continuous
system (Section S1.2.3). These properties turn out to be more useful for the CTW prob-
lem because they are useful to quickly distinguish unphysical solutions (Section S2.4).

We use the z coordinates. The simplest scheme is to treat the bottom slope, not as an
approximation but really as a series of steps, which greatly simplifies the mathematical
handling of the finite-difference equations as well as coding the scheme. This nice finite-
difference scheme, however, resulted in significant error in the eigenvalues (¢’s) (not
shown). For this reason, we use a somewhat more sophisticated bottom-slope boundary
condition, which has, unfortunately, greatly complicated the calculations below.

Figure 1 is a schematic diagram showing the grid configuration. The computational
domain (z,z2) € (0, Ly) x (=D, 0) is divided into rectangle cells (i, k) with i = 1,..., My
and k = 1,...,M,. Some of the cells outside this domain (Fig. 1) are used to handle
boundary conditions (see below). The grid cell at (i, k) has a width and height of Ax;
and Azg; the distances between cell centers are

Az = %(AMI + Az) (i=0,... M) (52.7a)
1
AZk = i(AZk_;’_l + AZk) (k = O, cey Mv), (S27b)

which are defined on cell edges. Note the index scheme here: the right edge of cell 7 is

edge ¢ and the bottom edge of cell k is edge k. Purely for mathematics, we should be
using a notation like 7 + % to indicate the edge between cells ¢ and ¢ + 1, but our indices

are designed to mirror those in our computer program.

The mode function value F' “stored” in cell (¢, k) is denoted by F; ;, or F'(i, k), whichever
is convenient depending on the context. Further, we sometimes write F; or Fj to mean
F; ), when the omission is obvious from the context. In the “interior”, the value F'(i, k) is
“defined” at the center of cell (7, k). The handling of boundary values is discussed below.
The normalized Brunt-Viisaild frequency, N, is defined at the lower edge of the grid
cell (i,k); this arrangement is necessary for “conservation” (Section S2.1). We denote
the left-most ocean point at each depth k by i = is[k] and the deepest ocean point for



1169

1170

1171

1172

1173

1174

1175

1176

1177

1178

1179

1180

1181

1182

1183

1184

1185
1186

1187

1188

1189

1190

1191

1192

1193

1194

1195

1196

1197

1198

1199

1200

1201

1202

1203

Suppl. Text S2: Discretized CTW eigenvalue problem 5

each position i by k = kg[i]. The “ocean domain” can then be spanned either by
k=1,...,ks[i] scanning downward at each i =1,..., My (S2.8a)
or by
i =1is[kl],..., My scanning rightward at each k =1,..., M,. (52.8Db)

For simplicity, we sometimes use the notation “(i,k) € Q1" when the point is in the
ocean.

The “corner cell” is a special case. Figure 1 shows cells with diagonal thick lines cutting
through them; they are the corner cells. The corner cell is the deepest for its position ¢
and the left-most for its depth k: that is, (i,k) = (is[k], k) = (i, ks[é]) for it. In our
terminology, it is an “ocean cell” belonging to €2, and its center is a “boundary point”.
We call the part of the ocean domain that excludes the corner cells “the interior” and
denote it by 2.

The number of the grid cells which are not ocean in the 1 < i < My and 1 < k < M,
range is
M
Miana = Zk:l (Zlgi<is[k])
and then the total number of the ocean grid cells is My My — Mjang.-

The “boundary values”, denoted by F, are located and defined on the boundaries (Fig.1).
Along the sea surface and the right edge (x = Ly), the symbol F' is used as a short hand
for the average

— F E

Fio = % i=1,..., M, (52.9)
F F

Foanp = My, k +2 My, +1, k’ k=1,...,M,, (S2.10)

where Fj o is defined at the center of “ghost cell” (7,0) above the sea surface and Fys, 41k
is defined at the center of ghost cell (M, + 1, k) to the right of the right edge (Figure 1).

We call these regions that consist of ghost cells above the sea-surface or to the right of
the right edge, “lobes”.

In contrast, on the “slope/bottom surface”, depicted by the thick black line in Fig. 1, the
boundary values themselves are used in the equations (below). Along a vertical wall, the
closest ocean point is (is[k], k) and the boundary value is denoted by F(is[k]—1, k), which
we “store” in the (is]k] — 1,k) cell; that is, in the mathematical derivation below, we
write F(is[k] —1,k) to mean F(is[k] — 1, k) whenever it is convenient to do so. Likewise,
along the flat part(s) of the slope or of the flat bottom (2 = —D), (4, ks[¢]) is the closet
ocean point and F(i, kg[i] +1) = F(i, ks[i]) is defined at the bottom boundary but stored

below the bottom. At a diagonal portion of the slope, the center of the corner cell is
the boundary point and therefore simply F'(i, k) = F(i, k). No extra grid cell is used for

this value.

There is one potential problem: If there is a vertical “cliff” at the right edge of a flat
region in the slope/bottom topography, the ghost cell (i, k) to the lower-left of the cliff
edge would have to store both the value below the flat bottom, F'(i, ks[i] + 1), and the
value to the left of the cliff, F'(is[k] — 1, k). To avoid this situation, we always shave off
the cliff edge and make (i, k) a corner cell. The treatment also contributes to smooth the
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given topography. Our program includes a subroutine to modify the slope topography
this way if necessary, with a warning message.

To summarize our terminology, the ocean cells include interior cells and corner cells.
On the boundaries are the boundary points; along the sea surface and right edge, the
F values at the boundary points are represented by averages between the neighboring
interior values and ghost-point values; on the diagonals of corner cells, the F values
are defined at the cell centers; on vertical-wall or flat-bottom boundaries, F' values are

defined on the boundaries and “stored” in the neighboring ghost cells (Figure 1). We
these preparations, we now define the finite-difference equations.

S2.2.1 Surface and right-edge boundary conditions

We start with the simplest of the equations, which are the surface and right-edge bound-
ary conditions. The surface boundary condition (S1.4b) is discretized as
Fio—Fi1 fin',o + Fiq
N g AZy g 2

=0, i=1,..., M, (S2.11a)

where Fj o is defined in the surface lobe (Fig.1) and AZy = (Azp+Az)/2 = Az because
we always set Azg = Az;. The above boundary condition can then be rewritten as

Fio— F 2 _
30 il LF,,O =0, (S2.11b)
N3A21/2 g

where the surface value is defined as F@o = (Fj0+Fi1)/2. For consistency with the han-
dling of the slope-bottom boundary to be explained below, we could use the form (S2.11b)
and store F; in the surface lobe, but that would further increase complexity of coding
in the handling of Az, without any practical advantage. For this reason, we stick to the
form (S2.11a). Likewise, the z-boundary condition at z = Ly is

Fyvv1e — Fuy i
Ath

=0, k=1,..., M, (S2.12)
where Fyp, 111 is defined in the right lobe (Fig.1). We also ensure that Az, 11 = Az, -

S2.2.2 Diagonal-slope boundary condition

To derive a discrete version of the slope boundary condition (S1.4d), we integrate the
interior equation (S1.7a) over the upper triangle of the corner cell and apply Gauss’s
theorem to get

'Fz(i7k'_ 1)

; 20T T n Bt 2 2 —
Az Fp(i k) + Az, N(E_1) +n-B(i,k)\/Az; + Az, =0, (52.13)

where the functions symbolically represent their values on the three edges of the triangle.
The derivatives Fy(i, k) and F,(i,k — 1) on the right and upper edges of the triangle are
naturally discretized as

Fiy1 — F;

Fyp_q— Iy,
AZ; ’ '

l?r } = —
(i, k) Ao

F.(i,k—1) = (S2.14)
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Noting that

Ao (_ Az B Az )
VAZZ + A2 A2+ A2
on the diagonal and using the boundary condition (S1.7b), we find that

n-B(i,k)\/Az? + Az = %ﬁ-(F(i,k),O)\/A:U? + Az?
= —%Asz(i,k). (S2.15)

Plugging (S2.14) and (S2.15) into (S2.13) gives

Fiy10— Fi Az; Fi g1 — F; :
ok~ Fig | Az Pk = Bk _Jp Gy € Corner Cells, (S2.16)
AZ; Az AZp_1Np_q c

In this equation, F;j is at the central gridpoint of the corner cell and located on the
diagonal (cyan cross in Fig. 1). Recognizing that h,(i,k) = Azp/Ax; for the grid cell,
we note that the above equality is a natural, single-sided finite differencing of the slope
boundary condition (S1.4d).

Even though (S2.16) can be used as is to obtain solutions, the matrix of the eigenvalue
problem would not be symmetric, which is inconvenient for solving the problem (see
below). Here we transform (S2.16) for at k = 1, combining it with the surface boundary
condition (S2.11a). That is, applying the technique we showed for the 1-d problem

(Section S2.1), we “split” FZ/NZ‘ . 8
z=

Fio—Fia _ 1Fio—Fi1 | 1Fo—Fi
NO2A§0 2 NgAZU 2 N(%AEO
_1Fo—-Fi1 }iji,o + Fiq

= > S2.17
2 NgAZO 29 2 ( )
This expression can be incorporated into (S2.16) to yield
Fioip— Fip Az ( Fip—1— Fip P Fip1+ sz) f
- + 0 re—— —Sk———— | = —tik
Az; Az AZr 1 Np_q g 2 c
(i,k) € Corner Cells (S2.18)
where
(3:3) k=1,
Vi Sk) =
( ) {(1, 0) otherwise.

These factors affect the equation only at £k = 1 and are introduced for later convenience
when manipulating the equations (Section 52.4). This modification appears artificial
but is crucial in transforming the operator into a symmetric form.

S2.2.3 Vertical wall and flat bottom

We also place boundary points right on the boundary as indicated by circles in Fig. 1
and we accordingly halve Ax; and Az for the finite differences of F, and F, here. The
z-boundary condition (S1.5a) at a vertical segment of the slope is therefore

F(is[k], k) — F(is[k] — 1,k) f*z' -
Az; /2 - CF( slk] — 1, k), (52.19)
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where F is the value on the vertical segment (circles in Fig.1 on vertical slope segments);
and the z-boundary condition at a flat segment of the slope or the bottom (S1.5b) is

F(i, ks[i]) — F(i, ki) + 1)
Azkg[z]/2

=0, (S2.20)

where again F is the value on the flat segment.

Below, we modify the definitions of AZ and AZ at the vertical-wall and flat-bottom
boundaries for notational convenience:

. {(A:ﬁi + Az 1)/2 i > il
Az =
Az;/2 i = is[k]

for each k and

As {(Azk + Azpi1)/2 k< kli]
2L =
Azp/2 ke = kil

for each i. Even though the modified AZ; depends on k and the modified Az, depends
on ¢ next to the respective boundaries, we omit these extra indices because the omission
is always obvious.

S2.2.4 Interior equation

The most straightforward “conservative” finite difference scheme for the interior equa-
tion (S1.4a) is

0= LF|;
_ 1 (Fipe— Fig B Figp — Fio1k
Az; AZ; AZiq
1 /Fv 4 —F F._F
n < k=1 ik _ Lok %k+1> for (i,k) € Q. (S2.21)
Az ng_lAik—l N;?Agk

It is possible that i = is[k] when cell (i, k) is next to a vertical segment of the slope
(Fig.1). In that case, the cell to the left of (i, k) is the ghost cell (i — 1, k) and therefore
Fi 1 = Fi g1,k the value on the vertical wall. Likewise, it is possible that k = s|i]
and there Fj ;. x41 = Fi,ks[k] is stored in the ghost cell below the bottom. Similarly, just
below the surface or just to the left of the x = Ly boundary, the above equation includes
grid cells that are just outside the ocean; as discussed earlier, the F' values above the
sea surface, Fj, are stored in the top lobe (Fig. 1) and those to the right of z = Ly,
Far 1.k, are stored in the right lobe.

For the same reason as for (52.18), (S2.17) can be incorporated into (S2.21) to yield

Fipaw—Fip  Fig—Fio1g
O — A ) 9 _ 9 9
Zk< AZ; AZ;_1 )

Fig1—Fip gkfj Fipa+Fr  Fig— Fi,kﬂ)
Ng_lAgkfl g 2 NI?AEk
for (i,7) € Q, (52.22)

+ Ax; (’Yk
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S2.3 Bilinear form for the discretized system

With these preparations, we calculate the bilinear form (g, LF"). For the continuous sys-
tem it is an area integral over the ocean domain (eq. (S1.11)). For the finite-differenced
system, the most natural definition would be

(q,r) = Z Ax; A2y i g i -
(3,k)EQ

(Recall that the corner cells and boundary points (Fig. 1) are excluded from this interior
“integral”.) We demonstrate that this is the “right one”.

In the following, we calculate (g, LF') for our finite-difference form shown above, using the
techniques, developed for the 1-d problem (Section S2.1), of “integrating by parts” and
adding and subtracting boundary terms to bring the integral to a symmetric form. Here,
we focus on bringing it to a symmetric form and showing that it is negative definite. We
will not attempt to bring the result as close to the continuous form (S1.10a) as possible:
the form we obtain below is complicated enough and further manipulation is not worth.
Since the derivation is complicated, we calculate components of the sum piece by piece
and add them together at the end.

S2.3.1 [daxqFy,

At depth k where i = i5[k] is not a corner cell, we calculate the zonal integral

/quFm

= A4h

Z Azig (EH—Fi_Fi—Fz‘—1)
pard A Ax; AZ; AT
=M, My—1
s Fz+1 ey z+1 F;
= Z Q= Z Qi+l — A=
1=1g i=1s—1
=My, —1 —
_ o zh: (qist — q,)FiH — 5 +q Fapr1 — Fuy, " Fi, — Fi
= ol ! AZ; M Ai‘Mh s Ai’isfl
=My, —1 =
:_Zzh: ( o )E+1_Fl_ 4Fis_Fis*1
s qdi+1 — q; Az, qis Afisfl )
where we have used the z = Ly boundary condition (S2.12) and substituted

F,,.1 = Fi,—1. In the 1-d problem (Section S2.1), we added and subtracted a term
to bring in a boundary term. Similarly, we add a term which is identically zero from the
boundary condition (S2.19) and get

F.—Fi1 [
Jaramesa (B - (R
1s—

B izghj_l( . ‘)Fi-l-l - F;
= s qdi+1 — g; A.’i‘i

— }75 — jﬁ‘s“1 — j?AA
— (@i, — Qis—l)ﬁ - qis—leis—l- (S2.23a)
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1203 At depth k where i = ig[k] is a corner cell, that cell is excluded from the “

1204 integral:

1205 S2.3.2 fdz q(FZ/N)Z

1296 Likewise, at position ¢ where k = kg[i] is not a corner cell,

ke=ks
B A 1 (Fr1—F, Fy—Fpp
- Z Zkdk V2 Az . N2A»
k Nk_lAZk—l NkAZk
k=kq+1
_ Fo —Fp Z+ - Frp—1 — I
2 N]?_lAEkfl

= Fp | — F, Fy— Fy Fy. — F.
=3 (s — D= By~ o

= — q1—=5 . _ ks —= —
N,?flAzk_l NgAzo N]?SAzkS

= (k-1 — qx) Pt — B C_IlFO_F1
2 ng 1A2k—1 N[%Aio

10

interior”

(S2.23b)

1207 where we have used the surface boundary condition. We “split” the surface F, term with
oz formula (S2.17) and again add a boundary term that is identically zero (eq. (S2.11a)):

__kzlisq _yq Flc R St <1F0F1_1f2F0+F1>
o kalAzkl 2NNz 29 2
<F0—F1 f2F0+F1>
NAZO 2
k=hs

:_Z(qk L —an) Foaa—Fr  q—-—qto—F _ﬁqo+q1F0+F1
) NE Az 2 N2Az g9 2 2

(52.23c¢)
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1200 Likewise, at position ¢ where k = kg[i] is a corner cell,

Juul2),

k=ks—1
_ Z Azvds 1 ( Fpo1—F,  Fy— Fk+1>

el Az Ng_lAZzﬁ_l ngAZk
k=ks—1
N s g BB R
2 N,?_IA,?]C,1 ° ng 1A2ks*1
—q Fy— F 2 Fy+ F
ol -R” [ffotaft+ R ($2.23d)
2 N&AZO g 2 2

1o S52.3.3 Lines intersecting corner points

1301 We first combine one horizontal integral and one vertical integral which intersect with a
1302 single corner cell (¢, k"). With that definition, i’ = i5[k’] and k¥’ = ks[i’]. We also add a
1303 term that is identically zero from the slope boundary condition (S2.16):

F'/ lk’_F"k” A:L"/F'/k./_l—F'/k/
‘l‘qz"7k’A2k’< i +1, _ i, 7 ZL _ 1, _iFi’,k’
ACL'Z'/ AZk;/ Azk’—lNk’—l &
i=Mp—1
= —Azp Z (Gip1 b — /)—Fiﬂ’k, mbit Az g /—FiSH’k/ — Fiw
k L i+1,k i,k Afl_fz k' Yis+1.k Ai’z‘q
i=is+1 )
k=ks—1
A Fip1—Fyy A Fi kg1 — Fir g,
- Ay Z (Gir -1 — qi/,k)—N2 Az — ATy k-1 N2 A
k=2 k—12%k—1 feum 12 Zks—1
2
Ag o aFo-1  fTataft R
—_— ,L'/ = - ,L'/i
2 N2A% g 2 2
F'/ 1k/—F'/k/ F'/k”—l_F"k’
+ qi/7k/Azk/H_’—_Z’ + qi/7k/A.’L'i/Z’7—~z’ — i(Ii’,k’AZk’-Fi’,k’
Al’i/ Zy 1Ny _1 &
i=Mp—1

Fiip — Fip

= —Azp E Qi1 — Qi) ————
- ( 1+1, 1, ) Ajfz

i=ig

k=ks

Fora—Fop f
— Az > (Gt h—1 — Qi j) —=——— — =it Az Fyr gy
KA kZZQ KA KA NkQ_lAZk_l c KA T
—q Fy— F 2 Fo+ F
CAgy o fo— B Axi/LQO+Q1 o+ F (52.24)
2 N(?Ago g 2 2

14 S52.3.4 Adding the rest

1305 Summing 1) this expression over all corner cells (i, k'), 2) Az x (S2.23a) over k except for
1306 k’s that include corner cells, and 3) Ax; x (52.23c) over i except for ¢’s that include corner
1307 cells completes the domain integral (¢, LF'). Recall that we have added terms that are
1308 identically zero along the slope/bottom boundary. The sum of those terms corresponds
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1309 to the line integral, along the slope, of the slope boundary condition. Symbolically, then,

0= (L) + [ dsalFy+hila./ N = ffcF)

= ) Az(S223a) + ) Az(S2.23c) + ) (S2.24)
ke[k|(is|k],k)#corner cell]  i€{i|(,ks[t])£corner cell}  (i/,k’)€{corner cells}

My, —1
- i=My— Fi—i—l,k’ — Fi,kz
S E Az E (Gip1k — Qi,k)T
3

1=1lg

- F‘s,k — F's_l,k
_ Z Az (Gig ke — qis—lvk)ﬁ
1s—1,

k=k
Y Fir1—Fr  qo—4qiqFio— Fiq
- Z Ax; |: QZ k—1 — Qi,k:) . - + : : = :

N]?_lAZk—l 2 N02A20
2 q 0+q 1 Fio+ Fiq I —=
D D DI~ (Y.t
i g (,k)€(slope/wall)
F, il Fip— F;
= — A . A, s,k Zs—lk i,k — Li—1,k
Z 2k |:(st£ qzs_ug) ATy 11 +2§1 Tk — Gi1k) o ATy
k=Fk
Y sz: 1— sz::|
— Az Lt
Z z|:Qz0 qH)NQA /s ;%k1 ) o
f2 _ =
- ;ZAwiqi70F10 ZAquka (S2.25)

130 In the final summation, “F},” is a shorthand for the boundary value on along the slope
1311 as there is only one slope-boundary point for each k. This is the discrete version of the
1312 bilinear form (S1.10a) for our finite-difference scheme. We can also rewrite the above

L. Py =0,

1313 expression as
A(G F) -
1314 which corresponds to (S1.10b). Both A(,) and (, )}, are symmetric.

115 Then, the same argument as for (S1.10a) proves the orthogonality that

(FO Fmy, = Z Aszk =0 if £ (S2.26)

1316 and the reality of the eigenvalues. This “integral” takes the form of “vertical” (Stieltjes)
1317 integral of (S1.16), which is because dz h, = Ax;(Azp/Ax;) = Az, for corner cells.
1318 Likewise, all eigenvalues are proven to be real.

1319 Next, consider A(7,7) for an arbitrary nonzero vector 7 # 0. Then all the terms are
120 sums of squared real numbers, and therefore, A(7,7) < 0. Is it possible that A(7,7) = 07
13221 For the first two terms of A to vanish, all the r values involved in (S2.25) must be the
2 same: 7 = [b,b,...,b] # 0. But, the third term (—(f%/g)>_, ?g’i) is negative because
1323 7 # 0. This proves that A(, ) is negative definite under the free-surface condition. Under
1324 the rigid-lid condition (¢ — o0), A(7,7) = 0 with this #. The A(,) is only negative
1325 semi-definite under the rigid-lid condition.
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If we plug r = F, an eigenvector, into the equation A(F, F) = (f/c)(F, F)p, we conclude
that the rigid-lid condition allows for a solution such that F' = uniform # 0 with ¢ = +00
(since (F', F), > 0). This is the barotropic mode under the rigid-lid condition.

Is it possible that (ﬁ F )b = 0?7 It is possible only when F, = 0 for all k& along the
slope. Is it possible that A(ﬁ , F ) = 0 at the same time? That would demand that
F = uniform # 0, contradicting to (F, F)y, = 0. Therefore (F', F), = 0 requires that
A(F,F) < 0. Therefore, (F™ F(™), = 0 implies that ¢ = 0. Our numerical solutions
do include such unphysical solutions as explained in Section S2.4 below.

For physical modes, <F", ﬁ>b > 0, and then A(ﬁ, F) < 0 proves that f/c < 0 except
for the barotropic mode under the rigid-lid condition. In this way, all properties of the
solutions in the continuous system (Section S1.2.3) hold for our finite-difference system.

S2.4 Matrix formalism

We have pictured the gridpoints as arranged in the 2-d z-z space (Fig. 1) and viewed

gridded values of F'(z, z) as a 2-d array [F; ;. To cast the set of the finite-difference
equations (Section S2.2) into matrix form, we line up all active grid-point values in a

1-d column vector F. The order of the values is determined as follows.

We assign a serial number to the “active” gridpoints, e.g., gridpoints which appear
in the finite differnce equations including the boundary points and those in the lobes
(Section S2.2). We then denote the gridpoint number of gridpoint (i,k) by v(i,k)
and the value of F' there by F[v(i, k)], that is, Flv(i,k)] = F; ;. With this notation,
F=[F[1],F[2],...,FIM]]T, where M is the total number of all the active gridpoints.

There are also M equations, the set of which can be summarized as

AF = iBﬁ; (S2.27)
c
that is, equation A takes the form of
M f M
AN VIFV] = = B[\ V|F
> ANAFY] = ¢ 3 B

where ) is a serial number of the finite-difference equation, which is the row number of
the matrix equation. In what follows, we determine the coefficients, A[l, v]’s and B][l, v]’s.
Since the majority of the coefficients are zero, we define only the non-zero components.

To make A and B symmetric, two issues are critical: the ordering of the equations and
the addition of boundary terms that are identically zero. For the ordering, the critical
observation is that each equation includes just one “unique” gridpoint, which we call
the “central” gridpoint of the equation. In the derivation below, we identify the central
gridpoints.

To make the bilinear form (S2.25) symmetric, we added some boundary terms that are
identically zero. We apply an equivalent treatment to the equations themselves. Even
though the addition does not change the values of the left-hand sides of the equations (of
course!), the coefficients on the individual gridded values (F’s) change, which is critical
to make A and B symmetric.
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For each k along the slope, the boundary gridpoint is either a vertical-wall point or the
center of a corner cell (circles on the slope in Fig. 1). Where the boundary is a vertical
wall, the boundary value is F(is[k] — 1, k) = F(is[k] — 1, k) and where it is a corner cell,
the boundary value is F'(is[k], k). For convenience, we denote these boundary points by

(in[k], k).

S2.4.1 Interior equations

First, we write down the interior equations (5S2.22). Remember each of these equations
is defined for a pair of (i, k), which is an “interior cell”, that is, an ocean cells which is
not a corner cell. That particular cell is the “center” of the equation, which also uses F
values from neighboring cells.

We first line up the interior cells (7, k) and give them numbers v = 1, ..., My, where the
order of the cells is arbitrary; but once we have assigned the numbers to the interior cells,
we re-order the interior equations in such a way that A = v(i, k); that is, the equation
number is set equal to the gridpoint number of the central cell of the equation.

For each k = 1,..., M, interior cells are (i, k) for i = ip[k]+1,..., My. From the interior
equations (52.22), we find that

. . Az, Az Ax; Az; f? Az;
‘Zl ) }C ) ’ }6 = - —_ — - = - = — —_—
R R = R Ry M RE Az WAz g 2
(S2.284a)
. ) Az
Alv(i k), v(i+ 1,k)] = Az (52.28b)
Alv(i, k), v(i — 1, k)] = AA;’“ (S2.28¢)
i—1
) ) Ax; f? Ax;
Alv(i, k), v(i,k —1)] = v— — S2.28d
) i k= D) = gy e (s2.280)
Ax;
Alv(i k), v(i k +1)] = =——— (S2.28e)
N/%Azk

kz1,...,Mv;i=ib[k‘]—|—1,...,Mh.

Note that the first index into A is always A = v(i, k), referring to the equation number
and central gridpoint whereas the second indices include off-center gridpoints and even
non-interior gridpoints when the center is next to a boundary.

S2.4.2 Sea surface

Next we line up the M, surface boundary conditions A = Mj +1,. .., Myt + My. Each
of these My, equations introduces a new grid cell, (i,0), in the upper lobe, which is the
“central” cell of the equation. Accordingly, we give them the same cell numbers as the
equation numbers:

A=DMy+1 =u(1,0)
A=Mp+2 =uv(2,0)

A= My + My, = v(Mj,0)
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We multiply each surface boundary condition (S2.11a) by —%Aaci and then the coeffi-

cients are
. . sz f2 A.’I}i
Alv(i,0),v(1,0)] = =11 —= — g1 — , S52.29a
06:0). .00 =~ i a5 (52.290)
Ax; f? Ax;
Alv(i,0),v(i,1)] = = -1 — S2.29b
V606 = it ey (52.290)
because v; = ¢ = % The reason for the factor —%Ami will become clear when we

consider the symmetry of matrix A.

S2.4.3 Right-edge boundary condition

Likewise, we line up the x = L, boundary conditions; they introduce M, new grid cells
(My + 1,k) for k = 1,..., My, which we give the same cell numbers as the equation
numbers, as

A= M +M,+1 =v(M,+1,1)

A= My + My, + 2 I/(Mh—i-l,Q)

A= Mint =+ Mh + Mv = V(Mh -+ 1, Mv)

We multiply each of these boundary conditions (S2.12) by —Az, and then their coeffi-
cients are

A
Alv(My, + 1, k), v(My, + 1,k)] = —Mj’; , (S2.30a)
h
A
Alv(My + 1,k), v(Mp, k)] =  —%. (S2.30b)
AZ g,

S2.4.4 Flat bottom

Along the slope, there can be flat-bottom regions (Fig. 1). We handle these potential
flat-bottom regions and the flat bottom at z = —D after the slope together. Let Mg, be
the number of the bottom-boundary grid points in these flat-bottom regions. Since one
corner cell takes up one horizontal grid spacing, the number of flat-bottom gridpoints
decreases from My, by the number of corner cells, Mcorner- That is, Maa; + Mcorner = M.
We denote the i indices of these flat-bottom gridpoints as i(1),4(2),...,i(Mga). Phys-
ically, these bottom-boundary grid points are located right at the bottom, but in the
code, we store these values in the cells below the bottom, (i, ks[i] + 1).

We then give these cells the same cell numbers as the equation numbers:

A= My + My + My +1  =v(i(l), My + 1)
A= M + My + My, + 2 =v(i(2), M, +1)

A= Mint + Mh + Mv + Mﬂat - V(i(Mﬂat)u Mv + 1)
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We multiply each of the bottom boundary conditions by —A$1/N§S[i] and then the
coefficients of the boundary conditions are

Al (i, k[i] + 1), v(i, ks[i] + 1)] = —WAX"_W, (S2.31a)
s [i] = Phs[i
Alv (3, k[i] + 1), v(i, ks[i])] = Aai (S2.31b)

Ny A%k,
for i = i(1),i(2), .., i( Maay).

S2.4.5 Vertical-wall grid points and corner cells

So far, only A has given nonzero components, since the remaining M, equations are the
only ones that include f/c and therefore give nonzero values to B. They are the vertical-
wall boundary conditions (S2.19) and the corner-cell boundary conditions (S2.18). Since
each k =1,..., M, has exactly one of these conditions, we just order the equations from
k=1to k= M,:

A= Ming + My + My + Mgyt + 1 :V(ib[l]vl)

A = Mint + My, + My + Mgy + M, = I/(ib[Mv], MV).

and use either the vertical-wall boundary condition (52.19) or the corner-cell boundary
condition (S2.18).

We multiply each of the vertical-wall boundary conditions by Az, and then the coeffi-

cients are
Alv(in[k], k), v(ip[k], k)] = _Aa;A-Z/z’ (S2.32a)
Alv(ip[k], k), v(in[k] + 1, k)] = A:CA-:]/?’ (S2.32b)
Blu(ip[k], k), v(in[k], k). = Az (S2.32¢)

Recall that i,[k] = is[k] — 1 for these points. We multiply the corner-cell boundary
conditions (S2.18) by Az, and the coefficients are

A Az; 2 Az
Alv(ip[k], k), v(in[k], k)] = — Aif“ ~ %5 sz 1 —<kfg ; : (S2.33a)
(] k—1 —
Alv(iplk], k), v(iplk] + 1, k)] = i;:’ (S2.33D)
2
Alv(in[k], k), v(ip[k], k —1)] = v = A _ gkffml, (S2.33¢)
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where we have used ¢ = ip[k] = is[k] as a short hand. Either (S2.32) or (S2.33) applies to
each k. Note that the only nonzero components of B are the M, diagonal components
B(vg, vi) = Az, where v, = v(ip[k], k).

S2.4.6 Symmetry

Symmetry in i. Replacing i — i — 1 in (S2.28b) gives

A
Av(i — 1,k), v(i, k)] = A;:, i =ip[k] +2,..., My +1.

Comparing this with (S2.28¢), we see that
Alv(i — 1,k),v(i, k)] = Alv(i, k),v(i — 1,k)], i=1iplk] +2,..., My. (52.34)
Next, setting i = ip[k] + 1 in (5S2.28¢) gives

Az

Alv(ip[k] + 1, k), v(ip[k], k)] = AT,

If the gridpoint (ip|k], k) is a corner-cell point, i,[k] = is[k] and therefore comparison
with (52.33b) indicates that

A (in[k] + 1, k), v(in[k], k)] = Alw(ip[k], k), v(in k] + 1, k)] (52.35)

If the gridpoint (iy[k], k) is a vertical-wall point, ip[k] = is[k] — 1 and AZ; 1) = Az 1)/2
and therefore comparison with (S2.32b) indicates (52.35) again. Equation (52.35) is an
extension of (52.34) to i = iy [k] + 1.

Setting ¢ = M}, in (52.28b) and comparing the result with (52.30b) gives
Alv(My + 1,k),v(My, k)] = Alv(My, k), v(My + 1, k).
This is an extension of (S2.34) to i = My + 1. To summarize, then,
Alv(i — 1,k),v(i k)] = Alv(i, k),v(i — 1,k)], i=1iplk]+1,...,My+1 (52.36)

for k =1,..., M,. The gridpoints involved, (i — 1, k) and (¢, k), cover all the gridpoints
in the 1 < k < M, range.

Symmetry in k. For each i, we define k = ky[i] to be k of the bottom-boundary point;
at a flat-bottom point, ky[i] = ks[i] + 1, and at a corner cell, ky,[i] = ks[i]. The interior
equations (52.28) hold only for k =1,..., kp[i] — 1 for each i.

When ky[i] > 1, replacing k — k + 1 in (S2.28d) gives

AW )60 = 50— = 57 (S2.37a)
0
Alv(i, k +1),v(i, k)] = Nfz;c (S2.37b)
k

for k = 1,...,kp[i] — 2 for each of i = 1,..., M}, such that kp[i] > 1. For positions ¢
where the deepest grid point is on a flat bottom, the bottom boundary condition (S2.31b)
extends (52.37) to k = ks[i| = kp[i] — 1. For positions ¢ where the deepest grid point is
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in a corner cell, the corner boundary equation (S2.33c) implies

Al (i, kyld]), v (i, kpli] — 1)] = — -
Nkb[i]—lAzkb[i]*l
because k = kp[i] > 1 for the corner cell. The expression also extends (S2.37) to

k= ks[l] = kb[z] -

When ky[i] = 1 for some 4, the interior equations (52.28d) cannot be used; and the entire
water column is a single corner cell and the corner boundary equation (S2.33c) implies

1 Ax; 1f? Az,

Alv(i,1),v(i,0)] = 2N Az 29 2

because ky[i] = ks[i] = 1 for such corner cells. Therefore, (S2.37) holds whether k,[i] > 1
or kpli] = 1.

Comparison of (S2.37) with (S2.29b) and (S2.28e) indicates that

Alv(ik+1),v(i, k)] = Aw(i, k), v(i,k+1)], k=0,... kp[i] —1 (S2.38)
for each i = 1,..., My. These grid points, (i,k+ 1) and (4, k), cover all gridpoints in the
range 1 = 1,..., My.

Finally, egs. (52.36) and (S2.38) include all off-diagonal components of matrix A, proving
that A is symmetric. Matrix B is obviously symmetric as only its last M, rows include
non-zero values (Azg) only on its diagonal.

S2.4.7 Properties of the solutions

Except for the negative definiteness of A, all properties we derived for the eigenvalue
problem can be more easily derived in the matrix formalism; not only that, but also one
more important property is derived from it. The matrix formalism is also necessary to
utilize existing eigenvalue-problem solvers.

First, we consider this bilinear form:
qTA7 = (TART = 7TAT g = 7T Aq.

That is, the bilinear form is symmetric because A is symmetric. The binary form asso-
ciated with B is also symmetric. Following the same argument as in Section S2.3, we
arrive at the orthogonality condition

1 1

that is, the eigenvectors are “B-orthogonal”. This result is exactly the same as (S2.26),
because, from the definition of B as shown in egs. (S2.32¢) and (S2.33d),

(FNTBF™) ZAszk ),

where F'y, = F(ip[k], k) by definition. Using the above bilinear form, it is also straight-
forward to prove that c’s are real.
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As stated above, B is diagonal and only its last M, diagonals are nonzero. Therefore,
there are M — M, linearly independent vectors that satisfy BF' = 0. Such a vector must

satisfy o
Az Fp =0

for each K = 1,...,M,. Since Azkz 0 for all k, it is concluded that Fj, = 0 for all
k for such a vector. Conversely, if Iy, = 0 for all k, BF = 0 regardless of the other
components of F'.

Any vector such that BF =0 is a solution to the eigenvalue problem

BF = %uﬁ (S2.39)

with ¢ = 0, regardless of the values of AF.

Is it possible that AF = BF = 0 for F # 0?7 Using the same argument as before, only
under the rigid-lid approximation is AF =0 possible but that would result in BF #0
because F' = uniform # 0 in that case. Therefore, it is impossible that AF = BF =0
as long as F = 0. For this reason, BF =0 implies ¢ = 0 and vice versa.

To conclude, there are M — M, linearly independent eigenvectors all with ¢ = 0 and
F;, = 0, and conversely, any vector with F';, = 0 is an eigenvector with ¢ = 0. These are
clearly unphysical solutions. For the other solutions, BF' # 0.

S2.4.8 Consequences from the negative definiteness of A

Further, the next section (Section S2.5) actually calculates ¢7A7 and shows that
7TA7 < 0 and that only under the rigid-lid condition is it possible that #7A7 = 0. The
same argument as in Section S2.3 therefore proves that f/c < 0 under the free-surface
condition.

An equivalent eigenvalue problem (—B)F = (¢/f)(—A)F can then be transformed into
the form B'F’ = (¢/f)F’ with a symmetric B'.

Proof: Since (—A) is positive definite and symmetric, all its eigenvalues are positive
and its eigenvectors are orthogonal, allowing for the diagonalization:

PT(—A)P = diag(a?,...,d3,),

where aJQ- > 0 are the eigenvalues and P is an orthonormal matrix (P” P = I) constructed
from the eigenvectors. Further,

QT (-A)Q = diag(1,...,1) =1,

where Q = Pdiag(al_l,...,a]}[l). Note that Q~! = diag(as,...,ar)PT. Then, the
eigenvalue problem can be transformed into

QT(-B)QQ™'F = Q" (c/f)(—A)QQ'F

B'F' = (¢/)F,

where B’ = QT(-B)Q, A’ = QT (- A)Q, and F’ = Q 'F. The matrix B’ is obviously
symmetric. Since B’ is symmetric, there are M independent eigenvectors, which can be
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transformed back with F = Qﬁ ’. Since @ is invertible, the set of the M independent
eigenvectors are transformed to a set of M linearly independent vectors, which are the
eigenvectors of the original problem. [J

This argument proves that there are exactly M, physical solutions with ¢ # 0. In
practice, this property makes it straightforward to filter out the unphysical modes. Under
the rigid-lid condition, we do not know whether there should always be exactly M,
physical solutions. (In the above proof we used the property that A is negative definite.)

We suspect that there is a proof even when A is negative semi-definite (when there is a
vector 7 # 0 such that #TA# = 0). Our experience with our numerical solutions is that
there are exactly M, physical solutions even under the rigid-lid condition.

Finally, there are two subroutines in LAPACK to solve the type of generalized eigenvalue
problem we are dealing with (Section 4). One is the most general one, which are able
to solve non-symmetric eigenvalue problems with complex eigenvalues. The other works
only when A and B are symmetric and one of them is positive definite. Even though
both are symmetric for our case, B is hardly definite as there are vectors such that
BF = 0. Also, AF® = 0 for the barotropic mode under the rigid-lid approximation.
On the other hand A is negative definite under the free-surface boundary condition.

For this reason, we use the free-surface boundary condition by default and transform
the eigenvalue problem into the form

(—Bﬂizgpﬁgﬁ. (S2.40)

The LAPACK routine fails with an error message if some of the prerequisites on —B or
—A are not satisfied.

If, for any reason, we need to use the rigid-lid boundary condition, we use the general
eigenvalue-problem solver. The only practical difference is that the general solver is
much slower, uses more memory, and returns complex eigenvalues, because of which we
have to check whether the imaginary parts are really zero as they should.

S2.5 Bilinear form using the matrices
We calculate

GrAT =Y g\ > AN V(v
by v

without assuming that either ¢ or r is a solution to the eigenvalue problem. We use the
definition r[v (i, k)] = r; k.
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153 First, we calculate the “interior” section (Section S2.4.1) of the summation ) ,:

Ming
> al\ ) AN v
A=1 v
- (i,k)eQ o Az Azig N2 | Azp4 g 2 N2AZ, Tk
Azk Azk
+ T@THM + mm—m
+ <7k]\~7]§_1Azk1 - §kg2>7"z',k—1 + ]%Ti’k+l]

_ Gin| Az Tivlk —Tik  Tik —Ti—1k
= E ik k - - -
) A AT; AT

4 A < a7 Rk O i = s T e ”’Hlﬂ (52.41)
k 1A2’k 1 g 2 NkAék

131 Next, the sea-surface section (Section S2.4.2) is

Mint+Mh

S NS AR )
A:Mint"!‘l v
% [ ( Az 2 Axl) . < Az 2 Ami> ]
= i - = =Sl | = ) LK
: 4,0 g N2Az 1 g 2 0 71 N2A% 1 g 2 1
Ti0 = Ti1 f27‘io+7“i1>
= i 0AL; - S52.42
Zq 0 ( e Azo T (52.42)
1522 Recall, in what follows, that i,[k] = is[k] — 1 when (is[k],k) is next to a verti-
1533 cal wall whereas ip[k] = is[k] when (is[k],k) is a corner point. With this notation,

13 1 = iplk] + 1,..., My denote the interior. In particular, i,[1] = 0 if (1,1) is a verti-
1535 cal wall boundary point and the boundary value is stored in the (0,1) cell. Likewise,
136 kpli] = ks[i] + 1 when (7, ks[i]) is above a flat bottom or a flat part of the slope and
1537 kp[i] = ks[i] when (4, ks[é]) is a corner point.
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1533 Combining the partial sums (S2.41) and (52.42) gives

Ming+My

Yo a ) AN VY]

A=1
A Tivlk —Tik  Tik —Ti—1k
Z Qi kRZk — - —
sz- Aﬁz‘—l

(3,k)eQ

M, kb[Z] ! T T T T

ik—1 —Tik  Tik — Tik+1
YD el - )
i=ip[1]+1 k=2 Zh—1 kDR
Mh

" i1 Az (71 7,0 — Ti1 < fPriotrin rig - 7%',2)
%, 7 oA ST T T oo AL
i=ip[1+1 NO AZy g 2 Nl AZy

Ti0 1 fArio+ria
+ZQzOAx1( ;VQA_ _§122Z>

g
1"7,+1 k — R Titlk —
— Z Z Gk Az ————— Z Z Git1 kA2 AT Aﬂc
k i=iplk]+1 b=kl
My kpli]—2 T R i
et k41
n Z Z qz k_t,_lAwl QA; - Z Z Q’L kAl"L QA;
= 1b[1 +1 k=1 i=ip[ll+1 k=2 '
N I
2y 2
_ meﬂ N1 Az
rio = f Ti0 + 7Tl
1= ’Lb[l +1 0
. 1,0 = T1,1 fPro+mg
+ (il > 0)Az (_ L’—§”) S2.43
(in[1] > 0)Az1g10{ —m N2AZ 'y 2 ( |

1539 For the first two lines, we are in the process of applying the “integration-by-parts” trick.
1590 For the second line, we have written i = i,[1] + 1 as the lower bound of the summation
1541 to exclude the potential corner cell at ¢ = 1. The last line is a potential leftover which
12 exists if the (1,1) is a corner point because in that case, (1,1) is not included in the
143 summation starting from ¢ = 4,[1] + 1; @ is an ad-hoc notation such that

ST

1524 to include or exclude the term from the potential corner cell.
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To continue the calculation,

A4}nt‘kjb[h
S g S A v
A=1 v
M,—1 .
1,k — Tik
== Z Z (Git1k — Qi,k)AzkH_T
k=i [k]4+1 v
7,]\4h+1 k — Mh, b[k}'i'l:k B Tib[k}fk
+ Z qMy, k Az, Az Zar, — Z Qi [k]+1, kAZk Ai‘ib[k]
My kpli]—2 . .
ik — Tik+1
- > D> (G- qz’,kﬂ)Awiﬁ
i=ip[1]+1 k=2 k2 k
S ri S kplil—1 ~ Tiky i
i1 — Tikpli]—1 — Vi kyli
+ Z qi, oAz ——= NQAZ Z Qi Jey, [i]— N K Az Ab
i=ip[1]+1 1 i=ip[1]+1 kp[i]—1—%kp[i]—1
My
- Z qi 1A37'LTTZ72
i=ip[1]+1 1
- Ti,0 — Til fPrio+ria
+ Z qi 1 Az; <—71(Qi,0 - Qi,l);\]ﬁ - §1(Qz 0+ ¢q, 1)— = 9 : >
i:ib[l]-i-l <0 g
+ @ (ib[1] > 0)Az1q1,0 (_717"1,0 ERESA §1f:7ﬁ’0 - Tl’l)
' N(%AEO g 2
My—1
Titlk — Tik
== Z Z (Git1k — Qi,k)AzkH_lATl
k i=ip[k]4+1 v
TMy+1,k — TM, vk +1,k — Tip [k k
Z& h h _ Z&
+ZQMh,k Rk AxM} Z%b[kHlk Zk Al’z’b[k]
My, kpli]—2 , ’
Z Z dik — 4, k—l—l)A %
i= zb[l] +1 k=1 k—k
Z a4 il 1AJI ’Lk‘b[l] 1= ’i7k‘b[’i]
i,k |2 7 2
i= zb[l ]+1 k [i]— 1Azkb[i]*1
Ti,0 — Ti,1 fPrio+ria
+ a, Am(— 40 — Gi) " T G (gio + g )
i:ib%Jrl 2,1 % 71( 4,0 21) NQAZO 1( 4,0 zl)g 2
. r10—7T Zrio+r
+ @(ib[1] > 0)Az1q1,0 (-71M - @‘1];1’[)21’1). (52.44)
0 0

The section of the summation from the right-edge boundary equations (Section S2.4.3)

is
A4}nt‘F]L[h‘F]v{v
Az Az
Z q[A] Z AN vlrfv] = Z qMy,+1,k (MMhTMh,k - MMhT’Mh-s-l,k>
A::A4int4_ﬂ4h‘F1 v k

TM,+1,k — TMyk
= - E My 41,6 A2, Az ,
J;Mh
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1545 which we add to (S2.44) to obtain

Mint+Mh+Mv
> al) AN
A=1 v
Mt r r
ok — Tk
==Y > (Gnk— qz‘,k)AZkZH’ATZ’
k i=ip[k]+1 ’
TMy+1,k — "My, k Tip[k]+1,k — Tiy[k],k
_ _ A h h A
Zk:(QMthl,k A, k) Az, Az, Z%b kJ+1,k2 %k ATy
kp[i]—2 o
Z Z Qi k — qi, k-i—l A z%
i= zb[1]+1 k=1 kD Rk
Z Gk Tiky[i]—1 — T,k 1]
1 b 2
i=ip[1]+1 Nk; [i]—lAzkb[i]*l
M, 2
74,0 1 forio+rin
+ Ax; {_’Yl 4i,0 — qi,1 Ho—hl _ g ¢i,0 + Gi1 }
i:z%l:]ﬂ |l @) N§Az o+ 2, )9 2
‘ 710 — T1,1 fArio 4
+ w(ip[l] > 0)Ax (— L’—g”). S2.45
(ib[1] > 0)Az1q10{ —m oA g 2 (52.45)

1599 The flat-bottom piece (Section S2.4.4) is

Mint+Mp+My+Mgag

> a[\] Y A V(Y]

A=Ming+My+My

Ax; Az;
= Y Gimi| = Tik AL Tl

ie{flat bottom} k [Z]A ksli] k [Z}Azkg[]
i,k (i — Tikyli
- Z Qi oy [i] AT NQbH Az Y (S2.46)
i€{flat bottom} fep[i] -1 Fkpli] -1

1550 Note that kg[i] = kp[i] — 1 for a flat bottom. Likewise, the vertical-wall piece (Sec-
151 tion S2.4.5) is

Yo aN Y AN

A€vert.wall

- Z J —&rz + &r-
- ke{vert.wall} QZb[kLk Al'zs[k}/Q iv[k].k A‘rls[k]/2 ip[k]+1,k
= Y gD T Tk (S2.47)
’ AZ;
ke{vert.wall} ip[K]

152 Note that Az ) = A, /2 for vertical-wall boundaries.
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1553 The corner-cell piece (Section 52.4.5) is

Y aN Y AR

AEcorner

= Z qi,j _Ag_jl — Yk = — —Sk— Tik

2
(i,k)Ecorner Nk_lAZkfl g 2
A$i f2 AJ}Z
ik (e — S | Tik

A
A
2
Tik—1—Ti Tik + Tik—
_ < z+1k k+'YkA37i k=1 = Tik —%A%‘fg ik +2 ik 1)_

(3 k) Ecorner

(S2.48)

155« Then, we combine these three partial sums for the slope-bottom boundary to get

Yoo alN Y AN

A€slope/bottom

e Tin[k]+1,k — Tiy[k] k
= ZQib[k],kAZk 2 Az

. 71,0 —T1,1 r1,1+ 71,0
+ w(zb[l] > 0)q171 <")/1A{L'1L_’ — §1Al‘1’)
N, g
My

Tiskpli] =1 = ik [i]
+ Y G Ari - (S2.49)
i=ip[1]+1 Nkb[z‘}—1Azkb[ﬂ*1

155 If (1,1) is a corner cell, w = 1 and the last ¢ summation starts from 2 to exclude the

1556 corner cell; if (1,1) is not a corner cell, the w vanishes and the last ¢ summation starts
1557 from 1.
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1558 Finally, adding this contribution from the slope-bottom boundary to (S2.45), we obtain

G A7
= adN D ANl
A v
My —1 .
- Z Z (Qi+1,6 — QZk)Azk%
k i=ip[k]+1
T - T
- Z(QM},Jrl,k — gy, k) Dz, M1’+Zk, Mask
k Ty

Tiy 41,k — Tiy [k k
- zk:(qib[k]ﬂ,k — Qi) Az —> At .

My ky [7’] 2

k— Tik+1
— D> Y (ik— Gikr)An W
i=ip[1]+1 k=1 k 2k

M, . .

Tikpli]—1 — T ky[i
= Y (@ili-1 — Gy i) A Qb[] . bl
i—ib[1}+1 o, [i]—1 2 Fkpli] -1

70 — Tl fir 0+Tin
+ Z Axz|: ’Yl qi,0 — Qi,l)l_gl(QzO+QZl)gH:|

2
1=1p[1]+1 NgAzo 2
) ro—T ro+7T
+ w(ip[1] > 0)Axy [—’yl(qm — ql,l)lj’\f;TAZ:}’l —si(q10+ @ 1)]; 10211}
1k —
=) Z (G 1 — Qi) Az Lk Tk Am
k i=iplk] ’
M,  kpli]—1 r
k i k1
- > > @k —@irr)Ax ﬁ
i=ip[1]+1 k=1 k22K
M, 2
50 — Tl Jorio+rin
+ Aw-[—%(q;o —Q',l)i - q(q 0+ a 1) ]
; l z ' N2A 20 ’ "y 2
Tit1,k — Tik
Z—Z Z Az (Gigr ke — Qi) — = as Az
k i=iyk]
, Ky [i]—1 Fik — Tik
— Az bl + - o H]
Z 7,|: qi,0 — 4;, 1)N2AZ /2 ; ik — qi, k—i—l) NQAZk
f? hA ¢i0+ Qi1 i+ i 59
—;Z 7 10 5 (52.50)
i=1

159 For the second line, the lower bound has been switched from i = 4,[1] +1 to i = 1.
1o 1f (1,1) is a corner cell, ip[1] = 1 and kp[1] = 1 so that the k-summation from k = 1
161 to k = kp[l] — 1 = 0 vanishes and whether starting from ¢ = 1 or i« = 2 does not
152 change the sum. If (1,1) is a vertical-wall cell, i[1] = 0 and the summation starts from
1563 7 = ip[1] + 1 = 1. The i-summation can therefore starts from ¢ = 1 in either case. The
1564 merger of the w term was possible for the same reason.
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The above form is identical to (S2.25) minus the f/cB term, except that (52.25) lacks
the (Fy i — Fiji+1)/(N?AZ) terms for the flat-bottom parts. They are absent in (52.25)
because they are zero according to the flat-bottom boundary condition.

Equation (S2.25) started as an interior integral (g, LF) and the boundary conditions

enter it through the assumption that F' is a solution to the eigenvalue problem. In
contrast, the matrix A includes the boundary conditions and the calculation of ¢7A#w

without assuming anything led to (52.50).

The symmetry of ¢7A7 in ¢ and r comes from the symmetry of A without the explicit
calculation above.

Using the same argument as in Section S2.3, we prove that A is negative definite. With
q = r, all the terms are the negative of squared real numbers. Most of the terms are
proportional to (r[v] — r[¢/])? and for these terms to vanish, 7 has to be constant, that
is, ¥ = [b,b,b,...,b], as all components of the vector appear in one of those terms and

all r[v]’s are connected. If 7= [b,b,b,...,b] with b # 0,

2
A7 = —j; > Az’ <0.

This also proves that under the rigid-lid condition (g — o), #TA7 = 0 with this uniform
vector and A is not negative definite.

S2.6 Vertical modes from CTW equations

The original continuous CTW problem becomes separable when the “slope” is a purely-
vertical wall and yields Kelvin wave modes of the form exp(—z/|c/ f|)¢(z), where ¢(z) is
a vertical mode (Section S1.3). This subsection shows that the finite-difference version
of the CTW problem (Section S2.2) has exactly the same property. Moreover, the
separation of variables yields the same finite-difference scheme for the vertical modes
as the scheme (S2.1) we showed for the vertical-mode problem (Section S2.1); and a
finite difference equation in x that approximately gives exp(—z/|c/f]).

We consider a case with a vertical wall at x = 0 followed by a flat bottom. Following

the previous derivation (Section S1.3), we try to find solutions in the form F; ; = X;1y.
The equations are egs. (S2.11a), (S2.12) and (S2.19) to (S2.21) without the boundary

condition of corner cells, where is[k] = 1 for all k and ks[i] = M, for all i. The wall-
boundary values are all defined at * = 0 as Fy and the bottom values at z = —D as
Fi,.

The z-boundary conditions (egs. (S2.11a) and (S2.20)) can be simplified to

_ 2 _ b
Yo—wn ot Y WM (52.51)
N3A20 g 2 AZMV/2
for i =1,..., My; X; has been factored out from both because the vertical positions of

the boundaries do not depend on ¢. These boundary conditions are exactly the same as
the finite-difference versions of the boundary condtions we considered in Section S2.1.
Likewise, the x-boundary conditions (egs. (S2.12) and (S2.19)) are

X -Xo [ X1 — X,

_ 4 — 2.52
Axq/2 ¢ ATy, 0, (52.52)
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for k =1,..., M. The interior equation (S2.21) gives

Ozi 1 Xipn — Xy X — X
X; szfz AT; AT;_q
1 1 11— —
1 ¢12c 1 _wk e . ¢I_c+1 (52.53)
Q/Jk Azk NkflAZk—l Nk Azk
i=1,...,My and k = 1,..., M, except that we utilize the convention for the slope-

boundary points (Section 52.2): X; 1 = X; 1 and Az;1 = Az;/2 when i = 1, and
Y41 = Yy, and Az = Az /2 when k = M,.

The separation of variables implies

11 <T/Jk—1—¢1c _Ibk—¢k+1>

%Azk N;?_lAgk—l NgAik

1 1 Xin1—Xi X —Xio

- = _ H_l, v A _ i—1 (8254)
Xi Al‘zfQ A.TZ Aa;i_l
with some constant C. From this, we conclude that {X;} is a solution to
1 (Xipn—Xo Xi— X 2

— = f°CX; 52.55
Ax; < AZ; AT ) ! ! ( )

under the boundary conditions (S2.52) and that {t} is a solution to

L (k- — e Yk — Yk
Az N;?_lAgk—l N%AE}C

> = —Cy

under boundary conditions (52.51). The latter is exactly the same as the finite-difference
version of the vertical-mode operator £’ we considered in Section S2.1 and its solutions
are the vertical modes w,in) with eigenvalues ¢ = C'~1/2. This fixes the value of C. The
next step should therefore be to determine the combination of {X;} and ¢ that satisfy the
x boundary condition (S2.52) and the X equation (S2.55) with the given C' = 1/(c(™)2,

Equation (52.55) is obviously a finite-difference analogue of (S1.18) and the solution
X should be an approximation to the exponential decay at a scale of the deformation
radius |f/c™] as (S1.19). To demonstrate that, we consider a simple case where Ax;
is constant and x = Ly is far enough so that we can throw away solutions that grow in
the +z direction. In this case, we can assume that X; = Xow~YV2 for j =1,..., M,
with 0 < g < 1, where the exponent is half integers because the gridpoints are located
at x; = (j — 1/2)Az, and then (52.55) gives

1 (p?—p p—1 f?
Ax( A Ar ) T gt = W - Rrautl=0,

where a = Az?f2/(c(™)2. The solution to the quadratic equation is

2 1
p="2t_ S\ erap—4,

2 2

where we have retained only the solution such that p < 1. For accurate solutions, we
must ensure that a < 1 (the deformation radius being adequately resolved) and in that
case,

2 1
o= Eé’ — Ei V 4a =1 — \V/Ei,
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which determines p. The solution is
X](n) _ Xouj—1/2 ~ Xo(1 - \/&)j—l/Z
~ Xoexp[—+va(j —1/2)]

_ €T
=X -
(-5 07)
where z; = (j — 1/2)Az and we have used the formula (1 + €)? ~ e? if |¢] < 1 and
Ipe?| < 1.

Assuming that the solution decays fast enough, we consider the offshore boundary con-
dition of (S2.52) as already satisfied. The x = 0 boundary condition of (S2.52) then
becomes

M_Ml/inul/Q I G
Azx/2 c c Az/2 7

which determines ¢. An approximate value is

f_(-va-1_ a

~ e
~

Az/2 BN

c(n)

The eigenvalue, f/c, of the original problem is negative as it should (Section S2.3) and
|c| is approximately equal to ¢ the latter from the vertical-mode eigenvalue problem.
The solution is

(n) % €Ly
XV~ X B —
g OeXp< !c(”)/f|>
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