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Abstract1

The coastal trapped wave (CTW) modes are solutions to a 2-dimensional eigen-2

value differential equation. Useful properties like orthogonality are derived from the3

bilinear form associated with the operator of the differential equation. The present4

study develops a numerical method to calculate CTW modes in the low-frequency5

limit (ω ≪ f). Our formulation uses the z coordinates and the CTW equation is dis-6

cretized with a finite-difference method. We transform the set of the finite-difference7

equations in such a way that it has an analogous bilinear form and hence has an ex-8

act orthogonality condition and a few exact properties that the original differential9

equation has. By casting the set into a matrix form, we further prove that there are10

exactly as many modes as there are gridpoints in the vertical. We also prove another11

property that makes it trivial to filter out unphysical solutions. With our code, which12

have been made publicly available, all the numerical CTW modes are obtained at once13

for a given vertical profile of Brunt-Väisälä frequency N(z) and bottom topography14

z = −h(x). By no means does our code supersedes Brink and Chapman’s (1987),15

however, the latter being much more versatile.16
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1 Introduction17

1.1 Coastal trapped wave modes18

Coastal trapped waves (CTWs) are subinertial waves that propagate with the coastline on19

their right-hand (left-hand) side in the northern (southern) hemisphere. See, for example,20

the review papers Brink (1991) and Hughes et al. (2019), and references therein. When21

the stratification is negligible, as for shallow continental shelf, and for ω ≪ f , CTWs22

reduce to “shelf waves” (e.g., Robinson, 1964; Buchwald and Adams, 1997); and when the23

bottom slope is a vertical wall followed by a flat bottom and for ω ≪ f , they reduce to24

coastal Kelvin waves (Hughes et al., 2019).25

When f is assumed to be constant, when the background stratification is assumed to26

be uniform in the horizontal directions, i.e., N = N(z), and when the bottom topography27

is uniform in the longshore direction, i.e., z = −h(x), the wave takes a separable form28

p = F (x, z)ϕ(y, t), where x and y are the cross-shore and long-shore coordinates, and29

F is a solution to a 2-dimensional (2-d) eigenvalue problem, where the frequency is the30

eigenvalue (Wang and Mooers, 1976; Clarke, 1977). Further, when ω ≪ f , the longshore31

wavenumber can be factored out of the equations, and the eigenvalue problem can be cast32

into a form where the longshore propagation speed, c, plays the role of the eigenvalue.33

The longshore propagation becomes non-dispersive, with ϕ(y, t) being a solution to the34

monodirectional wave equation ϕt + ϕy/c = 0. Once the eigenpairs have been obtained35

for the 2-d eigenvalue problem, the 4-d solutions can be constructed as a superposition36

p(x, y, z, t) =
∑︁

n F
(n)(x, z)ϕ(n)(y, t).37

These modes have been used to interpret observed variability (e.g., Clarke, 1977; Brink,38

1982; Church et al., 1986) and also to construct a theoretical coastal response to a given39

forcing by the superposition p =
∑︁

n F
(n)(x, z)ϕ(n)(y, t) (e.g., Furue 2022; Tanaka & Kida40

2025, “Coastal responses to boundary current variability: The role of coastal trapped41

waves”, manuscript in preparation).42

To numerically calculate the F (x, z) modes for general CTWs, the Fortran program by43

Brink and Chapman (BC87; 1987) has been widely used. Although versatile, this program44

is not quite convenient in practice when one wants to calculate a set of modes. That may45

have been a reason why the superposition has not been very often carried out.46

Moreover, orthogonality of the modes is desired in expanding variability in terms of47

the modes. For the numerical “vertical modes”, it is relatively easy to ensure that the48

numerical vertical modes are exactly orthogonal (see section 3 below), but it is not clear49

how to produce numerical CTW modes that are orthogonal.50

1.2 Present study51

The main goal of this paper is develop a computer program to calculate all the CTW modes52

at once under the low-frequency approximation (ω ≪ f) which satisfy useful properties53

including orthogonality. To achieve this goal, we carry out mathematical analysis on the54

set of finite-difference equations, which by itself may be useful for other similar numerical55

problems. We explain this analysis in detail for this reason.56

The code originates from Tanaka’s (2023) using the sigma coordinates but the present57

one uses the z coordinates and allows for variable grid spacing. These properties allow for58

the mixture of gentle slopes and very steep (even purely vertical) slopes in the bottom to-59

pography, making our code suitable for deep Kelvin-wave-like CTWs along the continental60

slope.61
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Section 2 briefly summarizes the eigenvalue problem of CTW modes and derives or-62

thogonality and other properties of the solutions using the bilinear form associated with63

the problem. Section 3 develops a finite-difference scheme, derives an associated bilinear64

form, and proves that the solutions exactly have those same properties. In particular, it65

derives an exact orthogonality condition for the finite-difference solutions. This analysis66

also derives a few useful exact properties of the numerical solutions. Finally, section 567

summarizes the paper and discusses limitations of our present code.68

Sections S1 and S2 provide details omitted in sections 2 and 3, respectively. These69

supplementary sections are designed to be as much self-contained as possible to enable the70

interested reader to skip sections 2 and 3 of the main text and read the supplementary71

text instead.72

2 Coastal trapped wave modes73

In the following, we generally follow the notations used by Clarke and Van Gorder (1986).74

We consider slow (ω ≪ f) coastal trapped waves on an f plane along a western boundary75

(x > 0). The bottom topography is z = −h(x) and uniform in y. We assume that hx ≥ 0.76

The background stratification, N(z), is assume to be uniform in the horizontal directions.77

In this case, coastal wave solutions can be written as p =
∑︁∞

n=0 F
(n)(x, z)ϕ(n)(y, t).78

The CTW modes, F (n), are the solutions to the eigenvalue problem79

Fxx +
(︃
Fz

Ñ2

)︃
z

= 0 in the interior (0 < x and −h(x) < z < 0), (1a)

Fz

Ñ2 = −f2

g
F on z = 0, (1b)

Fx → 0 as x → ∞, (1c)

Fx + 1
hx

Fz

Ñ2 = f

c
F on z = −h(x), (1d)

where80

Ñ(z) ≡ N(z)
f

and the eigenvalue is f/c. The “slope boundary condition” (1d) can be used even when81

part of the slope is purely vertical (hx = ∞) or purely horizontal (hx = 0); in which82

case, (1d) reduces to either83

Fx = f

c
F (along a vertical wall: hx → ∞) or

Fz

Ñ2 = 0 (along a flat part of the bottom: hx = 0).

In deriving these limits, we have assumed that Fz/Ñ
2 and Fx − (f/c)F are finite. We84

often invoke the rigid-lid condition g → ∞, but we retain the free-surface term in this85

derivation, not because the solutions change much but for mathematical convenience (see86

below).87

Note that the CTW equations become separable when the “slope” is a purely-88

vertical wall followed by a flat bottom and then the n-th eigenfunction takes the form89

of F (n)(x, z) = exp(−x/|c(n)/f |)ψ(n)(z), a Kelvin-wave mode, where ψ(n)(z) is the n-th90

vertical mode and c(n) is the associated eigenvalue (section S1.3). Otherwise, the CTW91

problem remains a two-dimensional eigenvalue problem.92

2



When deriving orthogonality and other properties of the solutions, it is convenient to93

use these “inner products”:94

⟨q, r⟩ ≡
∫︂∫︂

Ω
dx dz q r

⟨q, r⟩b ≡
∫︂ ∞

0
dxhx q r|z=−h(x) , (2)

where Ω is the entire ocean domain in the x-z plane. The second inner product is a line95

integral along the slope or bottom z = −h(x). Flat regions, if any, of the slope do not96

contribute to the integral as hx = 0 there. We also exclude such functions that ⟨q, q⟩b = 097

without being identically zero, that is, q ≡ 0 on z = −h(x) and hx ̸= 0. If the slope98

includes purely vertical regions, the integral still works because dxhx = −dz, and the99

slope integral becomes a vertical integral there (see eq. (S1.16)). The integral ⟨q, r⟩b is100

therefore expressed as a sum of vertical integrals over vertical portions and slope integrals101

of the above form. Both these integrals are symmetric in q and r and bilinear (i.e., linear102

in both arguments as a functional).103

Denoting the interior operator in (1a) by104

Lr ≡ rxx +
(︃
rz

Ñ2

)︃
z

and assuming that (F, c) is an eigenpair, we find, for an arbitrary function q that is finite105

when x → ∞, that106

⟨q,LF ⟩ = −
∫︂∫︂

Ω
dx dz

(︃
qxFx + qzFz

Ñ2

)︃
− f2

g

∫︂ ∞

0
dx qF |z=0

− f

c

∫︂ ∞

0
dxhx qF |z=−h(x) (3a)

after integration by parts and substitution of the boundary conditions (see eq. (S1.8)), or107

equivalently108

⟨q,LF ⟩ = A(q, F ) − f

c
⟨q, F ⟩b, (3b)

where A is another bilinear symmetric form,109

A(q, F ) ≡ −
∫︂∫︂

Ω
dx dz

(︃
qxFx + qzFz

Ñ2

)︃
− f2

g

∫︂ ∞

0
dx qF |z=0 . (4)

See eq. (S1.10) and the discussion that leads to it.110

Since LF = 0 when F is an eigenfunction (eq. (1a))111

⟨q,LF ⟩ = A(q, F ) − f

c
⟨q, F ⟩b = 0. (5)

First, suppose that there are two eigenfunctions, F (l) and F (n), the latter with an eigen-112

value c(n). Plugging F = F (n), c = c(n), and q = F (l) into (5) gives113

⟨F (l),LF (n)⟩ = A(F (l), F (n)) − f

c(n) ⟨F (l), F (n)⟩b = 0, (6a)

3



and swapping l and n gives114

⟨F (n),LF (l)⟩ = A(F (n), F (l)) − f

c(l) ⟨F (n), F (l)⟩b = 0. (6b)

Subtracting the second equality from the first gives115 (︃
f

c(l) − f

c(n)

)︃
⟨F (l), F (n)⟩b = 0

because A(, ) and ⟨, ⟩b are both symmetric. This proves the orthogonality that116

⟨F (l), F (n)⟩b = 0 if c(l) ̸= c(n)

(Wang and Mooers, 1976; Clarke, 1977).117

Next, if (F, c) is an eigenpair, (F ∗, c∗) is also an eigenpair since (1) includes only118

real coefficients. Plugging (F (l), c(l)) = (F, c) and (F (n), c(n)) = (F ∗, c∗) into the above119

derivation gives120 (︃
f

c
− f

c∗

)︃
⟨F, F ∗⟩b = 0.

But, this time,121

f

c
− f

c∗ = 0

is the result because ⟨F, F ∗⟩b =
∫︁

dxhx |F |2
⃓⃓
z=−h(x) > 0. [⟨F, F ∗⟩b = 0 would imply that122

F |z=−h(x) = 0 where hx ̸= 0. We do not know how we can exclude that possibility, but123

we are able to exclude that possibility for our numerical solutions. See section 3.3.] This124

proves that the eigenvalues are real. We can also ignore complex eigenfunctions without125

loss of generality (section S1.2.3).126

Finally, plugging l = n into (6a) gives127

A(F, F ) − (f/c)⟨F, F ⟩b = 0.

Since A(, ) is negative definite (eq. (4)) and ⟨, ⟩b is positive definite,128

f/c < 0.

That is, CTWs propagate southward (c < 0) along the western boundary in the northern129

hemisphere (f > 0).130

In the next section, we develop a finite-difference scheme and its matrix representation131

that have all these properties by constructing finite-difference analogues of ⟨q,Lr⟩, A(q, r),132

and ⟨q, r⟩b.133

3 Discretized system134

To solve (1) numerically, we use a standard finite-difference method. But, how do we135

choose a method among various possible ways to discretize the equations? Here, we aim136

at constructing a finite-difference scheme that has the same integral properties as derived137

above for the differential equation.138

The key is the following observation. Each of the two terms on the left-hand side139

of (1a) takes the form of a “flux” divergence, which enabled the integration by parts that140

led to (4). We hence choose a discretization scheme that allows for “integrations by parts”.141
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To present how this idea is applied to a finite-difference equations in the simplest142

possible terms, we take the second term of (1a), (rz/N
2)z, as an example (section 3.1).143

We then present our finite-difference scheme for the full CTW problem and derive its144

properties (section 3.2). We cast the finite-difference equations into a matrix form to solve145

the eigenvalue problem using matrix solvers in common linear algebra libraries and to146

further derive a few important properties of the solutions (section 3.3).147

3.1 1-d analogue148

The differential operator of the second term of (1a) is the same as that of the well-known149

eigenvalue problem (S1.20) for “vertical modes”. With the definition150

L′r ≡ (rz/N
2)z, (7a)

the 1-d eigenvalue problem is151

L′F + c−2F = 0, (7b)
Fz/N

2 = −F/g at z = 0, (7c)
Fz/N

2 = 0 at z = −D. (7d)

The operator is “conservative” in that there is no “source” or “sink” in the interior and152

the only potential source/sink comes from the boundaries:153 ∫︂ 0

−D
dz L′r = [rz/N

2]0z=−D. (7e)

From this property, we can further show that the “bilinear form” ⟨q,L′r⟩ is a symmetric154

and negative-definite integral plus boundary terms:155

⟨q,L′r⟩ ≡
∫︂ 0

−D
dz qL′r =

∫︂ 0

−D
dz [(qrz/N

2) − qzrz/N
2]

= [qrz/N
2]0−D −

∫︂ 0

−D
dz qzrz/N

2. (7f)

If r = F is an eigenfunction,156

⟨q,L′F ⟩ = − qF/g|z=0 −
∫︂ 0

−D
dz qzFz/N

2 ≡ A′(q, F ), (7g)

using the boundary conditions (7c) and (7d). Further, since L′F + c−2F = 0,157

0 = ⟨q,L′F + c−2F ⟩ = A′(r, F ) + c−2⟨q, F ⟩. (7h)

This problem has the same structure as the CTW problem discussed in the preceding158

subsection. The symmetry of A′(, ) and ⟨, ⟩ proves that the vertical modes are orthogonal159

to each other and that the eigenvalues c2 are all real. The negative definiteness of A′(, )160

further proves that c2 > 0.161

Under a standard finite difference scheme, the operator of the vertical-mode equa-162

tion (7b) can be163

L′r
⃓⃓
k = 1

∆zk

(︃
rk−1 − rk

N2
k−1∆zk−1

− rk − rk+1
N2

k ∆zk

)︃
, (8a)
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for k = 1, . . . ,M , where the rk value is defined at the center of grid cell k; ∆zk is the164

height of cell k for k = 1, . . . ,M ; there are ghost cells at k = 0 and k = M + 1 and their165

heights are defined as ∆z0 ≡ ∆z1 and ∆zM+1 ≡ ∆zM ; Nk is defined at the lower edge of166

cell k for k = 0, . . . ,M ; and167

∆zk ≡ ∆zk + ∆zk+1
2 , k = 0, 1, . . . ,M,

is the distance between the cell centers. With this definition, the eigenvalue problem is168

L′F
⃓⃓
k + c−2Fk = 0, k = 1, . . . ,M (8b)
F0 − F1
N2

0 ∆z0
= −1

g
F 0, (8c)

FM − FM+1
N2

0 ∆zM
= 0, (8d)

where F 0 ≡ (F0 + F1)/2 is the surface value. This finite-difference scheme is identical to169

that results from the CTW finite-difference scheme below when the “slope” is a vertical170

wall followed by a flat bottom (section S2.6).171

The operator is conservative in that172 ∫︂
dz L′r ∼

M∑︂
k=1

∆zkL′r|k = r0 − r1
N2

0 ∆z0
− rM − rM+1

N2
M ∆zM

(8e)

(eq. (S2.3)); only the contributions from boundary fluxes remain. This is the analogue173

of (7e). This is because the finite difference is designed so that exactly the same flux174

rz/N
2 that exits one cell enters the adjacent cell across the upper or lower cell edge. This175

is how OGCMs ensure the conservation of tracer (e.g., Adcroft et al., 1997). Note that the176

above summation
∑︁M

k=1 ∆zkrk is a natural definition motivated by the integral
∫︁

dz r(z);177

we do not claim that the summation is the best approximation.178

Likewise, since ⟨, ⟩ is a vertical integration in the continuous system, its natural defi-179

nition for the present discrete system is180

⟨q, r⟩ ≡
M∑︂

k=1
∆zk qk rk.

With this definition,181

⟨q,L′r⟩ =
M∑︂

k=1
∆zkqk

1
∆zk

(︃
rk−1 − rk

N2
k−1∆zk−1

− rk − rk+1
N2

k ∆zk

)︃
= q1

r0 − r1
N2

0 ∆z0
− qM

rM − rM+1
N2

M ∆zM

−
M−1∑︂
k=1

∆zk
qk − qk+1

∆zk

1
N2

k

rk − rk+1
∆zk

(8f)

(eq. (S2.4b)). This is the analogue of (7f). The derivation above uses an analogue of “in-182

tegration by parts”, which is possible only because the finite difference is written in a “flux183

form”.184

When r = F is an eigenvector, we plug in the boundary conditions. From the bottom185

boundary condition, the bottom flux term in (8f) vanishes. To bring the surface-flux term186

to a symmetric form, we add a new term that is identically zero and split the original term187
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into two halves:188

q1
F0 − F1
N2

0 ∆z0
+ 0

= q1

(︃1
2
F0 − F1
N2

0 ∆z0
+ 1

2
F0 − F1
N2

0 ∆z0

)︃
+ q0

2

(︃
−1
g
F 0 + 1

g
F 0

)︃
= − q0F 0

g
− ∆z0

2
q0 − q1

∆z0

1
N2

0

F0 − F1
∆z0

, (8g)

where several intermediate steps have been omitted; see equation (S2.5) of section S2 for189

the missing steps. Note that the last term on the right-hand side of (8g) vanishes in190

the limit that ∆z → 0 and then the equality reduces to the continuous surface boundary191

condition (7c) times q. This extra term on the right-hand side turns out to be the surface192

contribution to the vertical “integral” of qzFz/N
2 as shown in (8h) below.193

Plugging (8g) into (8f) yields194

⟨q,L′F ⟩ = −q0F 0
g

− ∆z0
2

q0 − q1
∆z0

1
N2

0

F0 − F1
∆z0

−
M−1∑︂
k=1

∆zk
qk − qk+1

∆zk

1
N2

k

Fk − Fk+1
∆zk

≡ A′(q, F ). (8h)

This is the analogue of (7g). The second line can be interpreted as the vertical integral195 ∫︁ 0
−D dz qzFz/N

2 evaluated with the trapezoidal rule, where the integrand is defined at the196

edges of the cells. The contribution from the bottom edge, e.g., k = M of the summation,197

has vanished because of the bottom boundary condition. See the derivation below (S2.6)198

to confirm that the second line of (8h) is identical to the vertical integral discretized with199

the trapezoidal rule.200

Finally, since the discrete version of the eigenvalue problem is L′F |k + c−2Fk = 0 for201

k = 1, . . . ,M , we obtain the same expression as (7h). From their definitions, it is clear that202

A′(, ) and ⟨, ⟩ are symmetric and that A′(F, F ) is negative. Even though we assumed that203

F satisfies the boundary conditions to arrive at the above expression, A(q, r) as defined204

above is generally negative definite: Assume that A(r, r) = 0 for an r ̸= 0; since all the205

terms in A are squares of real numbers, each must vanish; for the second line of A(r, r)206

above to vanish, r0 = r1 = · · · = rM ̸= 0, but then r0 = (r0 + r1)/2 = r0 ̸= 0, implying207

that A(r, r) < 0 because of the first line. Contradiction.208

To summarize, a “conservative” (flux) formalism enables “integration by parts” of the209

bilinear form ⟨q,L′F ⟩ and the resultant interior integral becomes symmetric and negative.210

The boundary terms can be converted to a negative and symmetric form by adding and211

subtracting terms that obey the boundary conditions. We apply these ideas to discretize212

the CTW differential equation in the next subsection.213

3.2 Finite-differencing CTW equations214

In this section, we show that a standard finite-difference version of (1a) has the same215

properties as developed in section 2.216

We use the z coordinates for simplicity; we have not tried to construct a finite-217

difference scheme for the sigma coordinates that has the same integral properties. The218

z coordinates also have a distinct advantage that they can handle slopes that include219

purely-vertical sections. Indeed, when the entire slope is a vertical wall followed by a220
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i = 0 1 2 ⋯ ⋯ Mh Mh+1 k=
0
1
2

⋮

⋮

Mv

Mv+1

x=0 x=Lx

z=0

z=−D

Δxi

Δzk

Figure 1: Schematic diagram of the grid, indexing scheme, and gridpoint arrangement.
The thick solid line indicates the continental slope and bottom z = −h(x), and the thin
solid line, the sea surface at z = 0. The offshore edge of the computational domain is at
x = Lx. The dashed lines indicate the grid and F values are defined at the center of each
gridbox except for slope-bottom boundary values, which are defined on the boundary
(red dots). The cyan crosses indicate where these boundary values are “stored” (see text
for details). Where the boundary is diagonal, however, the boundary point coincides
with the cell center and the F value is naturally both defined and stored there. The
indices run over i = 0, . . . ,Mh + 1 and k = 0, . . . ,Mv + 1, where i = 1, . . . ,Mh and
k = 1, . . . ,Mv cover the physical domain. “Lobe” regions are set above the sea surface
k = 0 and to the right of the physical domain i = Mh + 1; the values in these lobes
are used in order to define Fx, Fz, and F̄ = [F (i = Mh) + F (i = Mh + 1)]/2 on the
right boundary and F̄ = [F (k = 0) +F (k = 1)]/2 on the surface. Our code ensures that
∆z0 = ∆z1 and ∆xMh+1 = ∆zMh .

flat bottom, our finite-difference scheme below becomes separable in x and z and yields221

a finite-difference version of the vertical-mode eigenvalue problem and a finite-difference222

analogue of Xxx + (c/f)2X = 0, which gives the offshore exponential decay of the Kelvin223

mode (section S2.6).224

Figure 1 shows the grid configuration for a continental slope followed by a flat bottom.225

The slope depicted in Fig. 1 is artificial in order to indicate that our scheme allows for226

flat portions and purely-vertical ones within the slope. The right boundary condition that227

limx→∞ Fx = 0 (eq. (1c)) is replaced by Fx|x=Lx
= 0. As long as x = Lx is far enough as228

compared with the offshore decay scale of the baroclinic modes (see examples of solutions229

in section 4), the value Lx should not matter. BC87 recommend, as a rule of thumb, that230

Lx be twice the width of the slope.231

The F values are defined at the center of each grid cell in the interior. We use the232

notation F (i, k) or Fi,k for the value at cell (i, k), whichever is convenient or clearer in the233

context. We sometimes omit one of the indices like “Fk+1” to mean Fi,k+1 if the context234

allows.235

Above the sea surface and to the right of the right boundary are “ghost cells”. The236

surface ghost cells constitute the surface “lobe” and the right ghost cells the right “lobe”.237

8



They also have F values at their centers and participate in the equations through the238

relation F 0 = (F0 + F1)/2, where F0 is the value in a surface ghost cell, F1 is the value239

just below the surface, and F 0 is the value right at the surface. The right lobe is used240

similarly.241

To separate ocean from land, we denote the leftmost non-land cell by (is[k], k) so that242

i ≥ is[k] denotes an ocean point for each k. Likewise, (i, ks[i]) is the deepmost ocean point243

for each i. With this notation, a “corner cell” (see below) is such that (is[k], k) = (i, ks[i]).244

For the surface and right-edge boundary conditions, we use the symbol F as a short245

hand for the simple average like F 0 = (F0 +F1)/2. The variables that participate in each246

equation are still the interior variable and the neighboring ghost-cell variable. The av-247

erage like (F0 + F1)/2 is the right one because our code ensures that ∆z0 = ∆z1 and248

∆xMh+1 = ∆xMh . Along the slope-bottom boundary, however, the width or height249

of the neighboring ghost cell is different from the interior one and the average like250

F 0 = (F0 + F1)/2 is not the right one. This makes it hard (impossible?) to construct the251

symmetric form (see below).252

To avoid this problem, the boundary values of F are “defined” on the slope/bottom253

boundary (circles on the thick black line in Fig. 1), not as an average between the interior254

value and the ghost-cell value. The ghost cells to the left of vertical walls or those below255

flat bottoms (cyan crosses in Fig. 1) do not have their own F values; they are just used256

to “store” F values in our computer program. We still use the notation Fi,k to represent257

the value stored in cell (i, k). The “corner cell”, a cell split by a diagonal segment (thick258

black line) of the slope, is a special case: the boundary value F is defined at its cell center.259

More explicitly, if the boundary value is defined at a corner cell,260

q̄k ≡ q(is[k], k), or equivalently, q̄i ≡ q(i, ks[i]);

if the boundary is on a vertical part of the slope,261

q̄k ≡ q(is[k] − 1, k);

or if the boundary is on a flat part of the bottom,262

q̄i ≡ q(i, ks[i] + 1).

With this preparation, the operator of the interior equation (1a) is263

LF |i,k = 1
∆xi

(︃
Fi+1,k − Fi,k

∆xi
− Fi,k − Fi−1,k

∆xi−1

)︃
+ 1

∆zk

(︃
Fi,k−1 − Fi,k

Ñ2
k−1∆zk−1

− Fi,k − Fi,k+1

Ñ2
k ∆zk

)︃
for (i, k) ∈ Ω, (9)

where Ñ2
k is defined on the cell edge below cell k. This form is a straightforward extension264

of (8a) and obviously “conservative”. The ocean domain Ω represents the set of the265

“interior” gridpoints, excluding the boundary points (circles in Fig.1) and the ghost points266

(orange cells).267

If there were no “corner cells” (Fig. 1), that is, if the “slope” consisted entirely of268

vertical and horizontal steps, the slope boundary condition (1d) would reduce either to269

Fx = (f/c)F (where hx → ∞) or to Fz = 0 (where hx = 0) at each segment of the270

steps. In this case, the following derivation would not be much more complicated than in271

the above 1-d case. Initially, we did use this scheme and obtained numerical solutions. It272

turned out, however, the accuracy of the solutions was not adequate as compared with that273
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of solutions from BC87’s program (not shown). For this reason, we have introduced the274

corner cells, which have brought our solutions much closer to those from BC87’s program275

(section 4) at the cost of the significantly more complicated derivation below.276

With the definition (9), our finite-difference version of (1) is277

LF |i,k = 0, (i, k) ∈ Ω (10a)
Fi,0 − Fi,1

Ñ2
0 ∆z0

+ f2

g

Fi,0 + Fi,1
2 = 0, i = 1, . . . ,Mh, (10b)

FMh+1,k − FMh,k

∆xMh

= 0, k = 1, . . . ,Mv, (10c)

Fi+1,k − Fi,k

∆xi
+ ∆xi

∆zk

Fi,k−1 − Fi,k

∆zk−1Ñk−1
= f

c
Fi,k, (i, k) ∈ Corner Cells. (10d)

F (is[k], k) − F (is[k] − 1, k)
∆xis[k]/2

= f

c
F (is[k] − 1, k), k ∈ [k|vertical wall]. (10e)

F (i, ks[i]) − F (i, ks[i] + 1)
∆zks[i]/2

= 0, i ∈ [i|flat bottom]. (10f)

The last three equations come from the slope boundary condition (1d). The first of the278

three boundary conditions is a straightforward rendition of (1d) because hx = ∆zk/∆xi279

for the corner cell (i, k). To derive this, we have used Gauss’s theorem on the area integral280

of LF over the triangle within the corner cell (blue area, Fig.1); see eq. (S2.16) of section S2281

and the discussion that leads to it for details. This is a standard “finite-volume method”,282

that is, to construct a conservative discretized form from a multi-dimensional divergence283

(Adcroft et al., 1997). The other two versions of the slope boundary condition are also284

straightforward renditions of Fx = (f/c)F and Fz/Ñ
2 = 0. Recall, however, that the285

values denoted by F are defined on the boundary (circles in Fig. 1), not as an average286

between the neighboring interior and ghost-cell values.287

We now calculate288

⟨q,LF ⟩ ≡
∑︂

(i,k)∈Ω
∆xi∆zk qi,k(LF )i,k

for an eigenvector F . This is again a definition of the inner product motivated by the con-289

tinous contourpart (2). The techniques are the same as for the 1-d case above: integration290

by parts and the addition and subtraction of boundary terms. The calculation is shown291

in section S2.3, which is tedious without being difficult. The result is (S2.25). Without292

reproducing it here, we summarize it in the familiar form:293

A(q, F ) − f

c
⟨q, F ⟩b = 0,

where A takes an analogous form to (4). The boundary “integral” is294

⟨q, r⟩b ≡
Mv∑︂
k=1

∆zk qk rk, (11)

where qk’s and rk’s denote the slope-boundary values, which are defined at circles on the295

slope in Fig. 1 excluding those on the flat-bottom segments. Here, we exclude vectors296

{qi,k} such that qk = 0 for all k. The orthogonality of the modes297

⟨F (l), F (n)⟩b = 0 if c(l) ̸= c(n)
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and the reality of the eigenvalues follow from the symmetry of A(, ) and ⟨, ⟩b and addi-298

tionally, the negative definiteness of A proves that f/c < 0 except for the barotropic mode299

under the rigid-lid approximation (section S2.2).300

As discussed in section 2, the continuous version of this boundary integral is301

⟨q, r⟩b =
∫︂ ∞

0
dxhx q r|z=−h(x) , (12)

which potentially includes purely-vertical regions within the slope. The relation of this302

continuous form with the discrete version (11) is the observation that dxhx = −dz. To303

obtain a clearer correspondence, we first remove the flat parts of the slope/bottom: the304

range of integration is ∂Ω′ ≡ {x | 0 < x < ∞ & hx(x) > 0}, the removal not affecting305

the value of the integral because hx = 0 there. We next change variables from x to z by306

z = −h(x). Then the “bottom” is x = s(z), which is the inverse of z = −h(x). The inverse307

does not exist on the flat parts of the slope/bottom (Which value should x take along a308

flat bottom z = z1?), but the flat parts have already been removed from the integral and309

are expressed as harmless jumps in s(z). The new range of integration, therefore, is from310

z = 0 to z = −D without any gaps, and311

⟨q, r⟩b =
∫︂

∂Ω′
dxhx q r|z=−h(x) =

∫︂ −D

0
(−dz) q r|x=s(z) =

∫︂ 0

−D
dz q r|x=s(z) . (13)

This is a natural counterpart of the discrete form (11). When the “slope” is a purely312

vertical wall followed by a flat bottom, the CTW modes are reduced to vertical modes and313

the inner product ⟨q, r⟩b reduces to the regular vertical integral and the orthogonality of314

CTW modes reduces to that of the vertical modes (section S1.3). Exactly the same story315

holds for the discrete form (11) (section S2.6).316

Orthogonality in terms of (11) implies that there should be at most Mv independent317

modes even though there are much more gridpoints. This is what we prove in the next318

section among other things.319

3.3 Matrix formalism320

While most mathematical properties of the finite-difference scheme have been derived321

from the raw finite-difference forms in the previous section, we translate the set of the322

finite-difference equations into a matrix equation for three reasons: 1) With the matrix323

formalism, we can fairly easily prove that there are exactly Mv physical solutions to the324

finite-difference eigenvalue problem even though the eigenvalue problem itself has as many325

solutions as there are active gridpoints and that the remaining solutions are all unphysical326

with c = 0; 2) Our computer program to solve the equations uses solvers of matrix327

eigenvalue problems and so the user would need to understand the matrix formalism to328

understand the code; 3) We will show how to make the matrices symmetric below, which329

will enable our code to utilize a much faster and easier-to-use eigenvalue solver than general330

solvers. Section S2.4 provides all the details and this subsection only shows an outline and331

summarizes the results.332

3.3.1 Constructing the matrices333

We have viewed the discrete F values as arranged as a 2-d array, Fi,k, as in Fig. 1.334

For the matrix form, we line up all these “active” variables in a column vector335

F⃗ = [. . . , F1,1, . . . , F1,2, . . .]T . “Active” variables are those that are used in one of the336
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finite-difference equations (10) (Fig. 1). In doing so, we give the gridpoint (i, k) of337

each active Fi,k a serial number ν(i, k) and write F [ν(i, k)] ≡ Fi,k. With this notation,338

F⃗ = [F [1], F [2], . . . , F [M ]]T , where M is the total number of the active gridpoints.339

In this view, each equation in the set (10) takes the form of either340

∑︂
ν

A[λ, ν]F [ν] = 0 or
∑︂

ν

A[λ, ν]F [ν] = f

c

∑︂
ν

B[λ, ν]F [ν],

where λ is a serial number of the particular equation. A and B are the matrices we are341

constructing. Since only 2–4 F variables are involved in each equation, A and B are very342

“sparse”—all their elements being zero except for those 2–4 nonzero elements per row.343

3.3.2 Symmetrizing A and B344

The matrices differ depending on the order of the M finite-difference equations (10) and345

the order of the gridpoints, and in this section, we explain how to arrange and modify346

the equations so that A and B are symmetric. First, as seen below, the equations must347

be ordered in such a way that the diagonal components A[λ, λ] are non-zero. For this348

to happen, we observe that each of the M equations includes just one unique F variable349

which is “central” to the equation (see below) and therefore we350

1. order the gridpoints and the equations simultaneously in such a way that the equa-351

tion numbers match the central gridpoint number.352

Moreover, the equations have to be modified in such a way that boundary conditions and353

interior equations that include boundary values “match”. For this to happen, we354

2. multiply each equation by appropriate grid cell dimensions (∆xi∆zk, ∆xi, ∆zk),355

3. split surface flux terms using the surface boundary condition, and356

4. include identically-zero boundary terms to enforce symmetry.357

Below we outline how to implement these steps and provide full details in section S2.4.358

First, we multiply (10a) by ∆xi∆zk, (10b) by ∆zk, (10c) by ∆xi, (10d) and (10e) by359

∆zk, and (10f) by ∆xi. These factors are necessary to achieve symmetry and have been360

inspired by the calculation of ⟨F,LF ⟩ (see (S2.25)): we will see that with our definition361

of the matrices, we find that (almost) q⃗ TAr⃗ = A(q⃗, r⃗) and that q⃗ TBr⃗ = ⟨q⃗, r⃗ ⟩b.362

We also have to add and subtract boundary terms to some of the left-hand sides of the363

equations. This corresponds to the technique we explained in section 3.2 to bring ⟨q,Lr⟩364

to a symmetric form. Section S2.4 defines A and B to be symmetric from the beginning,365

but, to reduce the information density here, we first explain the method of arranging the366

equations to determine the matrices. At this point B is already symmetric, but A is not.367

We then explain how to modify A to bring it to a symmetric form.368

We determine the numbering (ordering) of the equations and the numbering of the369

active gridpoints so that A and B become symmetric. Only the relation between these370

two sets of numbers matters and the exact ordering of the equations does not, except that371

we put the equations involving (f/c) to the last for convenience (see below).372

For each interior cell (i, k), there is one interior equation (10a) which is centered at that373

gridpoint. We number the equations and the gridpoints in such a way that λ = ν(i, k), the374

serial number of the equation being equal to the serial number of that central gridpoint.375

In this way, A[ν, ν], the diagonal of A, becomes the coefficient of that central F [ν] value,376
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where ν = ν(i, k). We have now defined the first Mint rows of A, where Mint is the number377

of the interior points and the number of the interior equations. We consider the interior378

gridpoints as “used” now.379

We next line up the surface boundary conditions (10b). Each of the Mh equations380

includes one interior point Fi,1 and one ghost point Fi,0, the latter having not been “used”381

yet. We now order these equations and the ghost points in such a way that λ = ν(i, 0).382

The diagonal A[ν, ν] is now the coefficient of F [ν], where ν = ν(i, 0). We have now defined383

rows λ = Mint + 1 to Mint + Mh of A and “used” the surface ghost cells. In the same384

manner, we define the next Mv rows of A for the right-edge boundary conditions (10c).385

We next line up the flat-bottom boundary conditions (10f), which apply not only to386

the flat-bottom region but also to flat regions, if any, within the slope (Fig. 1). Let the387

number of the flat-bottom gridpoints be Mflat and the number of corner points be Mcorner;388

then Mflat + Mcorner = Mh (Fig. 1). The “unused” F values are F (i, ks[i] + 1), which389

are “stored” in the ghost cell (i, ks[i] + 1). As for the preceding equations, then, we set390

λ = ν(i, ks[i] + 1), which defines the Mflat new rows of A.391

So far, B has not appeared in the equations and therefore its first Mint+Mh+Mv+Mflat392

rows are all zero. Next, we line up (10d) and (10e) together in the order of k = 1, . . . ,Mv;393

that is, vertical-wall gridpoints and corner gridpoints are arranged vertically in their natu-394

ral order (Fig.1). Accordingly, each “unused” point is either a corner point F (i, j), in which395

case λ = ν(i, j), or a vertical-wall point F (is[k] − 1, k), in which case λ = ν(is[k] − 1, k).396

This determines the remaining Mv rows of A and B. Importantly, B has only Mv non-zero397

components and they are all along the diagonal: B(ν, ν) = ∆zk for the last Mv rows.398

We can now use these matrices to numerically solve the eigenvalue problem, but A is399

not symmetric. The central point ν1 = ν(i, 1) of the interior equation (10a) is just below400

the sea surface, and the equation includes the ghost cell ν0 = ν(i, 0) above the surface.401

For symmetry, the coefficient A(ν1, ν0) of F (i, 0) in that interior equation must be equal402

to the corresponding coefficient A(ν0, ν1) in the boundary equation (10b) whose “central”403

point is (i, 0). Specifically, the derivative404

Fi,0 − Fi,1

Ñ2
0 ∆z0

appears both in the interior equation (10a) at (i, 1) and in the z = 0 boundary equa-405

tion (10b) at (i, 0). The off-diagonal component406

A[ν(i, 1), ν(i, 0)] = ∆xi
1

Ñ2
0 ∆z0

of the interior equation is not equal to the off-diagonal component407

A[ν(i, 0), ν(i, 1)] = −∆xi
1

Ñ2
0 ∆z0

+ ∆xi
f2

g

1
2

of the boundary equation. In other words, the problem of the surface boundary condition408

is that the boundary term (f2/g)(F0 + F1) enters A.409

To remedy this, we use essentially the same technique as used in transforming the410

bilinear form by modifying the surface-boundary term in (8g). Specifically, we “split”411

the derivative in the interior equation into two halves and replace one of them with the412
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boundary value using the boundary condition (10b):413

Fi,0 − Fi,1

Ñ2
0 ∆z0

=1
2
Fi,0 − Fi,1

Ñ2
0 ∆z0

+ 1
2
Fi,0 − Fi,1

Ñ2
0 ∆z0

=1
2
Fi,0 − Fi,1

Ñ2
0 ∆z0

− 1
2
f2

g

Fi,0 + Fi,1
2 . (14)

We apply this transformation to the interior equation (10a) whose serial number is ν(i, 1),414

multiply it by ∆xi∆z1, and collect the coefficients of Fi,0 in there to find415

A[ν(i, 1), ν(i, 0)] = ∆xi

2
1

Ñ2
0 ∆z0

− ∆xi

2
f2

g

1
2 .

The trailing 1
2 has come from the denominator of the last term of (14). On the other hand,416

we multiply the boundary equation (10b) by −1/2 and then its off-diagonal component417

becomes418

A[ν(i, 0), ν(i, 1)] = ∆xi

2
1

Ñ2
0 ∆z0

− ∆xi

2
f2

g

1
2 ,

which is equal to the off-diagonal component of the interior equation, A[ν(i, 1), ν(i, 0)].419

Likewise, the left-hand side of the corner-cell equation (10d) has to be modified in the420

same way where its center is just below the sea surface (Fig. 1). Otherwise, the slope421

boundary equation needs no modification because the boundary term (f/c)F occurs on422

the right-hand side, entering B without affecting A. The other boundary conditions need423

no modifications except that the flat-bottom equation needs a sign flip.424

3.3.3 Properties of the matrix eigenvalue problem425

In this way, we now have a generalized matrix eigenvalue problem with symmetric matrices426

A and B:427

AF⃗ = f

c
BF⃗ , (15)

which is called “generalized” because of B. Multiplying q⃗ T on both sides, we can follow428

the same argument as in the preceding sections to prove that f/c is real and that the429

eigenvectors are orthogonal in the sense that430

F⃗ (l)TBF⃗ (n) = 0 if c(l) ̸= c(l).

As explained above, the components of B are all zero except on the diagonal of the last431

Mv rows from the vertical-wall or corner-point boundary equations, where B[ν, ν] = ∆zk.432

Therefore,433

q⃗ TBr⃗ =
Mv∑︂
k=1

∆zkqkrk,

where qk and rk refers either to the vertical-wall boundary point or to the corner point,434

whichever it is at depth k. That is, q⃗ TBr⃗ = ⟨q⃗, r⃗ ⟩b as defined in the previous subsection435

(eq. (11)).436

The calculation of q⃗ TAr⃗ (section S2.5) is similarly to, and as tedious as, that of A(q, r)437

(section S2.3). It turns out that q⃗ TAr⃗ is almost equal to A(q⃗, r⃗) and that q⃗ TAF⃗ = A(q⃗, F⃗ )438

if F⃗ is an eigenvector. This is because we used the bottom boundary condition Fz/Ñ
2 = 0439
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to eliminate the bottom flux term from A(q⃗, F⃗ ) whereas the matrix A just uses the left-440

hand sides of the boundary equations and the calculation of q⃗ TAr⃗ does not use equalities441

like Fz/Ñ
2
⃓⃓⃓
z=−D

= 0.442

Near the end of the preceding subsection, we deduced that A(q⃗, r⃗ ) is negative definite443

under the free-surface condition. The same argument applies to q⃗ TAr⃗ (section S2.5),444

proving that the matrix A is negative definite. That not only proves that f/c < 0 but445

also leads to an important property as follows.446

Consider a column vector of the form447

F⃗ ′ = [a[1], a[2], . . . , a[M ′], 0, . . . , 0]T , (16)

where M ′ ≡ M − Mv. This vector gives BF⃗ ′ = 0 because all the first M ′ rows of B448

are zero. This F⃗ ′ with c = 0 is therefore a solution, whatever the values a[ν] are, to the449

eigenvalue problem450

BF⃗ ′ = c

f
AF⃗ ′,

which is equivalent to (15). This solution is clearly unphysical, with a random distribution451

of values off the slope-bottom boundary. Since there are M ′ linearly independent vectors452

of the form (16), there are M ′ independent unphysical eigenvectors with c = 0.453

Conversely, if c = 0, the associated eigenvector must satisfy BF⃗ = 0, that is,454

∆zkF k = 0 for all k. Such a vector must hence be of the form (16).455

Is it, then, possible that BF⃗ = AF⃗ = 0 and c ̸= 0? The answer is no. If AF⃗ = 0,456

then F⃗ TAF⃗ = 0; but this is possible only when F⃗ = uniform ̸= 0 and under the rigid-lid457

condition. In this case, BF⃗ ̸= 0.458

This proves that there are exactly M ′ eigenvectors associated with c = 0 and the459

remaining solutions have c ̸= 0. This fact makes it easy to filter out these unphysical460

solutions.461

Moreover, from the negative definiteness of A, we can prove that there are exactly M462

eigenvectors (section S2.4.7). This proves (under the free-surface condition) that there are463

exactly Mv = M − M ′ physical eigenvectors with c ̸= 0. (We do not know how to prove464

this under the rigid-lid condition, but from our experience with numerical solutions, we465

always find exactly Mv physical solutions even under the rigid-lid condition. There may466

be a way to prove this.)467

4 Numerical solutions468

This matrix eigenvalue problem is solved numerically using the LAPACK library (Ander-469

son et al., 1999). For the free-surface case, the matrix equation is (−B)F⃗ = (c/f)(−A)F⃗470

(sections 3.3 and S2.4). It is solved with the DSYGD subroutine, which is specialized in471

cases where both matrices are symmetric and the matrix on the right-hand side is positive472

definite. [The algorithmic description of this subroutine is found in the “Generalized Sym-473

metric Eigenproblems (GSEP)” section of Anderson et al. (1999).] Unphysical solutions474

are distinguished because c/f = 0 for them (section 3.3).475

For the rigid-lid case, the matrix equation is AF⃗ = (f/c)BF⃗ ; it is solved with the476

DGGEV subroutine, which is a general general-eigenvalue problem solver. This subroutine477

returns two values, denoted α and β in the manual, for each solution such that α/β is478

the eigenvalue. If the eigenvalue is ±∞, the routine returns β = 0. [The algorithmic479

description of this subroutine is found in the “Generalized Nonsymmetric Eigenproblems480

(GNEP)” section of Anderson et al. (1999).] This situation indicates that c = 0, enabling481
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Table 1: Test solutions.

Solution Slope N(z) ∆z
CS0 linear const uniform
CS1 linear exponential uniform
CS linear exponential ∝ 1/N(z)

ShCS shelf+slope exponential ∝ 1/N(z)
ShVW shelf+wall exponential ∝ 1/N(z)
VW wall exponential ∝ 1/N(z)

us to distinguish the unphysical solutions. For the barotropic mode, whose eigenvalue482

should be c = ±∞, the subroutine returns a very small α/β value.483

In what follows, we show examples of solutions from our code. The test cases are listed484

in table 1. Solution CS0 uses a linear continental slope, a constant stratification, and a485

uniform grid to show basic features of the solutions. To demonstrate that the solutions486

from our code are very similar to those from BC87’s, we obtain a set of solutions with as487

similar a configuration as possible from BC87’s code and compare the two sets of solutions.488

Since our purpose is not a systematic comparison, however, this is the only example for489

such comparison.490

Solution CS1 then uses the same configuration except with a little more realistic strat-491

ification. This solution points to a problem of a uniform grid. Solution CS hence modifies492

the grid spacing to make it suite the variable stratification better. This demonstrates the493

usefulness of variable grid spacing.494

Solution ShCS next explores changes when a gentle continental shelf is attached to the495

same continental slope. This test again demonstrates the usefulness of having a vastly dif-496

ferent grid spacing between the shelf and continental slope. Solution ShVW then replaces497

the continental slope with a vertical wall, exploiting an advantage of the z coordinates.498

These two solutions also suggest a scientifically interesting issue of the coupling between499

shelf waves and Kelvin waves. Finally, VW removes the continental shelf, demonstrating500

the similarity between the structure along the continental slope in ShVW and the vertical501

structure of the vertical-wall modes (Kelvin wave modes). As such, the final three test502

solutions are designed to demonstrate advantages of our code as well as to inspire a future503

study.504

4.1 Linear continental slope and uniform N505

In the first test (CS0), we use a simple configuration, where there is a linear continental506

slope for 0 < x < 100 km followed by a flat bottom at 5000 m. The right edge of the com-507

putational domain is at x = 300 km. Even though our code, since it uses the z coordinates,508

can handle a vanishing depth at x = 0, we set h(0) = 50 m before the linear slope starts.509

This is in order to compare our solutions with corresponding solutions from BC87’s code,510

which uses the sigma coordinates. The Coriolis parameter is set to 10−4 rad/s, a value at511

43◦N. This configuration is inspired by the continental slope off southeastern Australia512

around 142◦E, 40◦S (Han et al 2025, revision under review). The Brunt-Väisälä frequency513

is set to N = 0.003 rad/s = const. for this first test. The free-surface boundary condition514

is used.515

For our code, ∆z1 = 50 m so that the initial “vertical wall” h(0) = 50 m is expressed516

by a single grid cell. Subsequently, there are 50 cells in the vertical such that ∆zk = 99 m517

for k = 2, . . . , 51 and ∆xi = ∆zi+1/hx = 2 km for i = 1, . . . , 50. In this way the slope518
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from z = −50 m to z = −5000 m and from x = 0 to x = 100 km is all expressed by a series519

of “diagonals” (Fig. 1) since one vertical step ∆zk is always followed by one horizontal520

step. After the continental slope in the flat-bottom region, ∆xi is gradually increased like521

∆xi+1 = r∆xi with r = 1.1 until x = Lx is reached; ∆xi of the flat-bottom region is then522

slightly adjusted so that the right edge exactly coincides with x = Lx. As a result, there523

are Mh = 75 grid cells in the x direction. As indicated above, Mv = 51.524

We use the version of BC87’s code called bigload4.for (see the addendum525

https://www.whoi.edu/cms/f iles/Fortran 30425.htm to Brink and Chapman (1987)).526

This version uses an offshore boundary condition that ux = 0 at x = Lx, which is equiv-527

alent to px = 0 in the long-wave approximation because fu = −py/ρo and both u and p528

are separated between (x, z) and (y, t).529

For BC87’s code, we set ∆x = 2 km to get a comparable horizontal resolution on530

the slope, which gives 151 gridpoints over 0 ≤ x ≤ 300 km. (Note that the gridpoints are531

located at vertices of the cells in BC87’s code.) The sigma grid spacing is set to 1/50 (non-532

dimensional) and therefore there are 51 gridpoints in the vertical. The vertical resolution533

is then comparable at the bottom of the continental slope (x = 100 km, h = 5000 km)534

with that of our code while the vertical resolution becomes higher toward the coast as535

h(x) decreases in the sigma coordinates.536

To obtain solutions that are equivalent to those from our code, the free-surface bound-537

ary condition (with the same g value of course) and the long-wave approximation are used.538

The code searches for such a value of ω as to satisfy the eigenvalue problem starting from539

initial guesses. But, because of the long-wave approximation, ω = cℓ, which enables us540

to specify initial guesses of ω on the basis of c values by fixing ℓ to an arbitrary value.541

The initial guesses of ω we provide are centered around c(n)ℓ for each mode n, where the542

value of c(n) is the solution from our code. The relative accuracy (∆ω/ω) is set to 0.0005,543

1/10 of the value quoted in BC87 as typical. To check whether the solution is the right544

one, we count the number of zero-crossings along the wall-slope boundary (first along the545

vertical wall at x = 0 and then along the slope z = −h(x)). The number should agree with546

the mode number. [We are not aware of mathematical proof for the present eigenvalue547

problem, although this is common empirical knowledge and there are other eigenvalue548

problems for which this property is proven; e.g., the vertical-mode eigenvalue problem (7)549

(e.g., Courant and Hilbert, 1989) and shallow-water modes in a channel (Iga, 1995).] Each550

search converged to the right mode for n = 1–10 and to the wrong mode for the given551

c(11). Since our purpose is not to discuss the accuracy of higher modes, which would be552

difficult as we do not know true solutions, we stop at n = 10.553

We ignore the barotropic mode, which, from our program, has an eigenvalue of554

c(0) ≃ 1640 m/s and an almost uniform F (0)(x, z) field (not shown). This eigen-555

value is too large for the true offshore barotropic mode, whose eigenvalue should be556

c(0) ≈
√
gH ≈ 220 m/s. The reason for the large value is not clear. It may be result-557

ing from the artificial boundary at x = Lx.558

In comparing solutions from the two programs, we normalize the solutions using a com-559

mon norm based on the boundary inner product (2) in such a way that ⟨F (n), F (n)⟩b/D = 1560

for each n, where D is the total depth, that is, the depth of the flat-bottom region. Be-561

cause the boundary inner product is a form of vertical integral (eqs. (13) and (S1.16)),562

this normalization makes F (n) dimensionless and of O(1). For our finite-difference scheme,563

this inner product takes the form of (11).564

For BC87’s discretization scheme, we do not know whether there exists a documen-565

tation that discusses discretized version of the inner product. Here we try to guess what566

BC87 use in their code. In the addendum (https://www.whoi.edu/cms/f iles/Fortran567
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Figure 2: Solution CS0: Eigenvalue vs mode number for our code (blue) and BC87’s
(orange). Mode 0 (barotropic) is omitted. Only modes 1–10 are obtained for BC87’s
code. See text for details.

30425.htm) to their original documentation, BC87 promise that ⟨F, F ⟩b = f in the output568

from their code. [See Brink (1989) for the reason for this normalization.] Our goal is,569

therefore, to find out such an inner product that gives ⟨F, F ⟩b = f for the eigenvectors570

from BC87’s code. Considering that the data are defined at vertices of grid cells (see the571

specification of the input and output files for their code described in BC87), we try the572

most natural trapezoidal rule for the boundary integral:573

⟨q, r⟩b =
Mσ∑︂
k=1

h(0)
Mσ − 1

q(0, k − 1) + q(0, k)
2

r(0, k − 1) + r(0, k)
2

+
Mx∑︂
i=1

∆zi
q(i− 1,K) + q(i,K)

2
r(i− 1,K) + r(i,K)

2 , (17)

where i = 0 and i = Mx are the left and right edges of the grid and k = 0 and k = Mσ574

are the sigma levels at the sea surface and bottom. The first summation is a discretized575

version of the vertical integral along the vertical wall at x = 0; the second summation576

represents the along-bottom integral
∫︁

dxhxq r (eq. (2)) because577

dxhx ∼ ∆x hi − hi−1
∆x = ∆zi,

where ∆zi ≡ hi − hi−1 and therefore ∆zi = 0 off the continental slope. Using the578

tentative formula (17), then, we have confirmed that ⟨F, F ⟩b = f (precisely speaking,579

|1 − ⟨F, F ⟩b/f | < 10−15) for all the 10 modes, which strongly suggests that the above580

inner product is what BC87 use in their code. Using this norm, we re-normalize the solu-581

tions from BC87’s code so that ⟨F (n), F (n)⟩b/D = 1 for each mode. We also flip signs, if582

necessary, to ensure that the spatial pattern agrees between the two sets of solutions.583

Figure 2 compares c(n) from the two methods. The c(n) values from our code are584

slightly larger than those from the other code, with the relative error larger for higher585

modes. Figure 3 shows the F (n)(x, z) fields as well as the c(n) values for the lowest 4586

modes from the two programs. The only visible difference is that sometimes the locations587

and shapes of some of the zero contour lines differ. The difference in c(n) is about 0.01 m/s588

for them.589
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Figure 3: Solution CS0: F (n)(x, z) for n = 1–4 from our code (upper panels) and
BC87’s (lower panels). The eigenvalues are shown at the top of each panel.
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Figure 4: Solution CS0: Bottom trace, F (n)(x, z = −h(x)), of the mode functions for
n = 1, 2 (left panel) and n = 3, 4 (right panel) from our code (circles) and BC87’s (lines).
Each circle has a dot at its center.
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Figure 5: Solution CS0: Correlation coefficient r(λ, n) for each λ = 1, . . . , 9 from
BC87’s code. Only the off-diagonal components, λ < n ≤ 10, are plotted. See text for
details.

For more quantitative comparison, we plot F (n) along the bottom in Fig. 4. The590

solutions from our code (circles) slightly deviate from those from BC87’s code (curves) at591

the peaks and troughs of the curves in the bottom half of the slope (50 km < x < 100 km)592

for modes 3 and 4. As Fig.3 indicates, both the vertical and horizontal scales of variability593

decrease for higher modes, and therefore it is expected that difference between different594

finite-difference schemes will be larger for higher modes. It is, however, hard to pinpoint595

the reason for the difference.596

4.1.1 Orthogonality597

The most natural measure of orthogonality is the standard correlation coefficient:598

r(λ, n) ≡ ⟨F (λ), F (n)⟩b

⟨F (λ), F (λ)⟩1/2
b ⟨F (n), F (n)⟩1/2

b
.

Perfect orthogonality means that r(λ, n) = 0 when λ ̸= n. For our discretization scheme,599

we have proven this property for the finite-difference equations (section 3.2); we have also600

confirmed that |r(λ, n)| < 10−7 for all combinations of the 51 numerically-obtained modes.601

Our code carries out all calculations in double precision and (for this test) saves the result602

in single precision; the accuracy of 10−7 is consistent with single precision.603

For BC87’s code, we use the discrete inner product (17). The correlation is below 0.05604

between mode 1 and the other 9 modes (Fig.5). The correlation becomes larger for higher605

modes; for mode λ > 2, correlation with mode λ + 1 tends to be most prominent. In a606

sense, this result indicates that the inner product (17) is “wrong” for BC87’s code but we607

do not know how to discover the “correct” discrete version of the inner product.608

4.1.2 Higher modes609

Even though all eigenmodes are exact solutions to the matrix eigenvalue problem (up to the610

precision of the floating-point number representation on the computer), and even though611

they all have not-unrealistic eigenvalues and exactly satisfy the orthogonality condition,612

they can still be unphysical in a different way. Figure 6 shows the bottom traces of F (n) for613

the last 3 modes. For n = 48 and 49, most antinodes (peaks and troughs) are captured only614

by single gridpoints, suggesting that these modes are only marginally resolved. Indeed,615

mode 50 “collapses” to a totally unphysical profile; the reason must be that the actual616
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Figure 6: Solution CS0: Bottom trace, F (n)(x, z = −h(x)), of the mode function for
the last 3 modes from our code.

wavelength of the mode is too small for the grid to represent. This sudden jump from617

n = 49 to n = 50 may be the reason for the slight deviation from the general trend in the618

c(n) curve (Fig.2), where c(50) drops a little more than is expected from the smooth trend.619

In reality, higher modes will be damped more strongly by bottom friction and other620

mixing and would contribute much less to real variability. The present analysis of the be-621

havior of higher modes is, however, helpful when we use the modes to expand variability or622

forcing (e.g., see Tanaka & Kida 2025, “Coastal responses to boundary current variability:623

The role of coastal trapped waves”, manuscript in preparation).624

We do not expect that further analysis of the realism of such high modes would be625

necessary; in the present paper, we present this result mainly as an aid for the user to626

determine necessary horizontal and vertical resolution depending on the problem they627

intend to solve. The next test solution illustrates the point.628

4.2 Linear continental slope and exponential N(z)629

For the next test, CS1, we switch to an exponential N(z) profile;630

N(0) = N1 = 4.5 × 10−3 rad/s at the sea surface, N(−D) = N2 = 0.5 × 10−3 rad/s631

at the bottom, z = −D = −5000 m, and an exponential profile inbetween:632

N(z) = N2 + (N1 −N2)exp (D + z)/s− 1
expD/s− 1 ,

where s = 1700 m is the vertical scale of the exponential. This stratification is a subjective633

(“by eye”) fitting of the annual-mean stratification around 142◦E, 40◦S from the 1◦ × 1◦634

version of the World Ocean Atlas 2018 (Garcia et al., 2019). The background stratification635

is the only difference from the previous solution, CS0.636

Figure 7 shows the bottom traces of a relatively low mode and a medium mode.637

The most prominent difference from the uniform-N case is that in each mode, the local638

wavelength tends to be short where N is large. As a result, the mode function “collapses”639

near the surface when the local wavelength has become shorter than the grid spacing.640

The curve for n = 22 in Fig. 7 is an example of this: it is nearly zero over 0 < x < 7 km.641

Naturally, the “collapsed” region near the surface advances to depth for higher modes (not642

shown). For the unifrom-N case, CS0, this collapse did not happen until the very end643

of the resolution (n = 50) because the local wavelengths were almost uniform along the644

slope.645

This WKB-like relation between the local wavelength and stratification is likely behind646

the recommendation of using the stretched coordinate dζ = dz/N for the calculation of647

21



x [km]
0 20 40 60 80 100 120

−2

−1

0

1

2

n = 14

n = 22

Figure 7: Solution CS1: Bottom trace, F (n)(x, z = −h(x)), of the mode function for
n = 14 and 22. The dots correspond to the gridpoints.

x [km]
0 100 200 300

z 
[k

m
]

−5

−4

−3

−2

−1

0
c1 = 3.79 m/s

x [km]
0 100 200 300

c2 = 1.65 m/s

x [km]
0 100 200 300

c3 = 1.04 m/s

x [km]
0 100 200 300

c4 = 0.75 m/s

−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5

Figure 8: Solution CS: F (n)(x, z) for n = 1–4 from our code. Note that the contouring
range is wider here than for Fig. 3.

vertical modes (Early et al., 2020). Inspired by this discussion, we next determine ∆zk in648

such a way that ∆zk is approximately proportional to the local value of 1/N . As a result,649

for the new test (Solution CS), the vertical grid spacing is about 38 m near the surface and650

290 m near the bottom. The height of the initial vertical wall at x = 0 is also ∆z1 ≈ 38 m.651

With this arrangement, there are 51 cells in the vertical. The horizontal resolution is652

determined again by ∆xi = ∆zi+1/hx for i = 1, . . . until the flat bottom region is reached653

at x = 100 km. The ∆x in the flat-bottom region is determined by ∆xi+1 = 1.1∆xi until654

the right edge of the computational domain is reached at x = Lx and then ∆xi is slightly655

adjusted so that the right edge is exactly at x = Lx. Since ∆x is much larger near the656

bottom of the slope, there are only 65 grid cells in the x direction for this solution as657

compared with 75 in the previous solutions.658

Figure 8 shows modes 1–4 from this solution. Unlike the uniform-N case, CS0, the659

amplitude of oscillation along the slope is largest near the surface, decreasing downslope.660

Because of the normalization ⟨F, F ⟩b/D = 1, the amplitude is much larger than 1 at the661

surface and is much smaller than 1 near the bottom. Fig.9 shows the bottom traces of the662

first four modes and selected high modes. This time, the mode function remains “healthy”663

(e.g., without “collapses”) up until n ∼ 40 and the “collapse” starts only around n ∼ 45.664

The curve (orange) for n = 44 starts to lose amplitude near the bottom (x = 100 km),665

the one (green) for n = 46 is nearly zero over 80 km < x < 100 km, and the highest mode666

(n = 50) has nearly zero amplitude over 30 km < x < 100 km. This result indicates that667
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Figure 9: Solution CS: Bottom trace, F (n)(x, z = −h(x)), of the mode function for
n = 1–4 (upper panel) and for selected high modes (bottom).

the upper ocean is somewhat oversampled and the lower ocean is somewhat undersampled;668

even though the scaling ∆z ∝ 1/N delays the collapse but is not an ideal scaling.669

4.3 Solutions with a continental shelf670

Since our code uses the z coordinates, it can handle purely-vertical walls, which would671

help theoretically compare CTWs with Kelvin waves or interpret coastal waves in coarse-672

resolution OGCMs where the continental slopes are very poorly resolved. As a demon-673

stration, solutions for three slope-bottom profiles are compared. Those profiles are visible674

in Figs. 10 and 11 below.675

4.3.1 Shelf with continental slope676

For the first bottom topography of the set, ShCS, we use approximately the same con-677

tinental slope as previous solutions but attach a wide continental shelf: Specifically, the678

shelf is a linear slope from (x, z) = (0, 0) to (150 km,−100 m) and the continental slope is a679

linear slope from the latter point (which is the shelf break) to (x, z) = (250 km,−5000 m).680

The extent of the flat-bottom region, 200 km, is the same as for Solution CS.681

Preliminary numerical solutions (not shown) indicated that the bottom trace682

F (n)(x, z = −h(x)) is oscillatory in x on the shelf and requires smaller ∆x near the683

coast as the apparent wavelength is shorter there. For this reason, we use an empirical684

grid spacing that increases from ∆x1 ≃ 2 km to ∆x15 ≃ 15 km just before the shelf break.685

The vertical grid spacing is determined by ∆zk = ∆xihx for each k = i = 1 . . . , 15. The686

horizontal and vertical grid spacing below the shelf break is very similar to that of CS687

and the horizontal resolution along the flat bottom is also very similar. There are 63688

gridpoints in the vertical with 15 for the shelf and 48 for the continental slope. There689

are 78 gridpoints in the x direction with 15 in the flat-bottom region.690
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Figure 10: F (n)(x, z): (a) n = 1–4 for ShCS (upper) and n = 1, 2 for CS (lower), and
(b) n = 5–8 for ShCS (upper) and n = 3–5 for CS (lower).
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Figure 10 compares modes 1–8 of ShCS with “corresponding” modes of CS. This691

“correspondence” requires i) that the number of nodes on the continental slope must be692

the same and ii) that the F (x, z) structure must look similar and the characteristic speed c693

must be similar. Criterion (i) is objective and criterion (ii) is subjective. When we discuss694

the structure of the solution on the continental shelf below, we look at the bottom trace695

(not shown) as it is not visible in Fig. 10. We also note that the amplitude on the shelf is696

∼3–15 (not shown) for the first 12 modes of Solution ShCS. The contribution of this large697

amplitude to the total energy can still be small as it is weighted by ∆z not by ∆x (see698

eq. (11)).699

Mode 1 of ShCS appears to be a mode-0 shelf wave1; its c(1) is too large for a baroclinic700

CTW and the amplitude is almost entirely confined to the shelf with a very weak tail on701

the continental slope. There is no node on the shelf and there is one somewhat down the702

continental slope. Solution CS does not have a counterpart.703

Mode 2 of ShCS has one node on the shelf and another along the continental slope.704

Mode 1 of CS also has one node along the slope and the F (x, z) structure is similar705

between the two solutions. The characteristic speed is also similar. This result suggests706

that mode 2 of ShCS can be interpreted basically as a mode-1 CTW on the continental707

slope with a “tail” that takes the form of a shelf wave.708

Mode 3 of ShCS has still one node on the shelf and two along the continental slope,709

where even though the structure is not very different from that of mode 2 of CS, the710

amplitude is much smaller than on the shelf, where the amplitude reaches ∼15 (not shown).711

For this reason, mode 3 of ShCS may be interpreted as a “mode-1” shelf wave with a712

baroclinic CTW-like tail on the continental slope. Like mode-2, mode 4 of ShCS has a713

very similar structure and amplitude along the continental slope to that of mode 2 of CS.714

The subsequent modes do not necessarily follow this pattern: Mode 5 of ShCS is very715

similar to mode 3 of CS, with two nodes on the shelf; Mode 7 has 3 and 4 nodes on716

the shelf and slope, respectively, and mode 8 has 3 and 5 nodes on the shelf and slope,717

respectively. Mode 6 of ShCS falls between modes 5 and 7 in that it has 2 and 3 nodes on718

the shelf and slope, respectively, and one node very close to the shelf break. Even though719

it has a very similar structure to mode 3 of CS if signs are flipped, its amplitude is smaller720

and the wave speed is too different. For this solution the coupling between the shelf and721

slope modes does not quite follow the patterns for the other modes.722

4.3.2 Shelf with vertical wall723

The next solution, ShVW, replaces the continental slope with a vertical wall. The hori-724

zontal and vertical grid spacing on the shelf and the vertical grid spacing below the shelf725

break are exactly the same as for ShCS. The horizontal grid spacing along the flat bottom726

is much smaller to resolve smaller horizontal scales of the modes (Fig. 11): next to the727

vertical wall, ∆x15 ≃ 0.8 km, extending according to ∆xi+1 = 1.1∆xi up to the right728

edge. The extent of the flat-bottom region is the same as for ShCS. The number of the729

gridpoints is the same in the vertical as for ShCS; there are only 49 gridpoints in the730

horizontal as there is no continental slope.731

The last test, VW, just removes the continental shelf; the boundary is a vertical wall732

followed by a flat-bottom. The only exception is the corner grid cell where the bottom of733

the vertical wall meets the flat bottom; this cell is automatically tapered and the right-734

angled bottom-left corner is replaced by a diagonal slope by our code as in Fig. 1. The735

1Robinson (1964) considered a shallow-water equation on a linear shelf followed by a cliff down to a
deep flat bottom at low frequencies and found wave-like modes (J0(x/µ)). See also Mysak (1980).
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Figure 11: F (n)(x, z): (a) n = 1–4 for Solution ShVW (upper) and n = 1, 2 for
Solution VW (lower), and (b) n = 5–8 for Solution ShVW (upper) and n = 3–5 for
Solution VW (lower). Note that the n = 3 mode is repeated in the last row.
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vertical grid spacing is very similar to those of CS, ShCS, and ShVW with ∆z ∝ 1/N and736

there are 51 grid cells in the vertical, same as CS. The horizontal grid spacing is exactly737

the same as that of the flat-bottom region of ShVW.738

Figure 11 shows these two solutions in the same manner as Fig.10. The sequence from739

n = 1 to n = 8 of ShVW (Fig. 11, upper rows of (a) and (b)) is qualitatively similar to740

that of ShVW (Fig. 10). Mode 1 of ShVW is basically a mode-0 shelf wave with a weak741

tail on the vertical wall, where the node is. The characteristic speed is similar to that742

of ShCS. Mode 2 of ShVW is very similar to mode 1 of VW with one node on the slope743

(wall). Mode 3 of ShVW has a large amplitude on the shelf (not shown) with a weak tail,744

which has a similar structure as mode 1 of VW; it has one node each on the shelf and on745

the slope and one node very close to the shelf break. Mode 4 of ShVW is very similar to746

mode 2 of VW with two nodes on slope (wall). The descriptions of modes 5, 7, and 8 are747

the same as for the corresponding modes in Fig. 10.748

Mode 6 of ShVW is again similar to that of ShCS, with 2 and 3 nodes on the shelf and749

slope, respectively, and one node very close to the shelf break. This time, however, the750

amplitude on the wall is not much smaller than that of mode 5, and c(6) of ShVW is not751

too different from c(c) of VW.752

Coupling between the shelf and slope modes thus seems to be subtle. While this is an753

interesting subject, we leave it for future studies as our present purpose is to demonstrate754

the usefulness of the z coordinates when dealing with steep slopes or even vertical walls.755

5 Summary and concluding remarks756

5.1 Summary and discussion757

To numerically solve for coastal trapped wave modes at low frequencies, we have developed758

a finite-difference scheme and proved that solutions to the set of finite-difference equations759

exactly satisfy an orthogonality condition and other useful properties which solutions to760

the original differential equation satisfy. These properties are derived from the symmetry761

of the bilinear form, ⟨q,Lr⟩, associated with the differential operator (section 2), and so762

the goal of the finite-difference scheme is to enable an analogous symmetric bilinear form.763

The key idea is to use the “flux form” for the finite difference, which enables “integration764

by parts” and leads to a symmetric bilinear form (section 3).765

A useful result is the exact discrete inner product (11) by which the finite-difference766

modes are orthogonal to each other (section 3.2). Various finite-difference schemes can767

be used to obtain a set of linearly-independent eigenvectors, but finding the “right” inner768

product for the discrete system is not trivial (e.g., Appendix B.3 in Furue et al., 1995).769

Another useful property is that our finite-difference scheme ensures that all eigenvalues are770

real. This was proven also thanks to the symmetry of the bilinear form (section 3.2). This771

result is not trivial either. Tanaka (2023) developed the original version of our code that772

uses the sigma coordinates; the code returned imaginary eigenvalues and eigenvectors.773

We next cast the set of finite-difference equations into a generalized matrix eigenvalue774

problem (section 3.3). If the total number of active gridpoints is M , the matrices are775

M × M and there are M eigenvectors. From the matrix formalism, however, we have776

proven that there are only exactly as many physical eigenvectors as there are grid cells777

in the vertical and that the remaining solutions are all unphysical with c = 0. A random778

F (x, z) field is such an unphysical solution as long as F = 0 along the slope/bottom.779

This makes it trivial to filter out unphysical solutions from the solutions from the matrix780

eigenvalue solver.781

27



When constructing the matrices, we modified the finite-difference equations in such782

a way as to make the matrices symmetric. By calculating the bilinear form associated783

with the main matrix, we proved that the matrix is negative definite under the free-784

surface condition. These two properties enable the use of a faster eigenvalue-problem785

solver (section 3.3).786

The next section (section 4) showed six examples. The first three used a linear conti-787

nental slope to discuss practical use of our code. For the first test case, where N = const.,788

we compared our solutions with BC87’s (Brink and Chapman, 1987) and found good789

agreement. The next two solutions indicated how “bad” solutions arise and how to ad-790

just horizontal and vertical resolutions to fix them. The last three cases (section 4.3)791

demonstrated the usefulness of the z coordinates and the variable (non-uniform) resolu-792

tion for theoretical consideration when both gentle and steep slopes are present. They793

also pointed toward a potentially interesting scientific issue about the coupling of deep794

baroclinic Kelvin waves and shelf waves.795

5.2 Concluding remarks796

In conclusion, we have developed a program to solve for all the CTW eigenmodes at797

once as easily as for the ordinary vertical modes. We have made our code public at798

https://github.com/ryofurue/ctwmodes (https://doi.org/10.5281/zenodo.17507173).799

Main advantages of our code are that it gives all the modes at once and allows for800

variable horizontal and vertical resolutions. Our code, however, by no means supersedes801

BC87’s. The latter is much more versatile: it can handle high frequencies and non-802

monotonic h(x) and can include a cross-shore variation in f and bottom friction; it can803

output the mode functions for u, v, and ρ. We will extend our code as needs arise. For804

high frequencies, however, the x-z differential equation involves both ω and ω2, where ω805

is the eigenvalue (Wang and Mooers, 1976), and simple discretized forms do not take a806

form of AF⃗ = λBF⃗ ; a different approach like BC87’s is required.807
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S1 Coastal trapped wave modes881

This appendix collects mathematical discussion relevant to the present study from past882

studies (e.g., Brink, 1991, and references therein) and derives important properties of883

coastal-trapped wave (CTW) modes in the long-wave limit (ω ≪ |f |). Its main purpose884

is to serve as a reference from the main text and from Section 2. This appendix is885

designed to be as much self-contained as possible, in order to allow the interested reader886

to skip Section 2 of the main text and read this instead. The version of the discussion887

in the main text is much condensed and the version here is fully extended.888

Section S1.1 summarizes the well-known CTW eigenvalue problem in the long-wave889

limit, and Section S1.2 derives the orthogonality of the CTW modes and other properties890

using bilinear forms. Section S1.3 proves that the so-called “vertical modes” are CTW891

modes when the “slope” is a purely vertical wall followed by a flat bottom.892

S1.1 CTW formulation893

We consider CTWs along a north-south coast on an f -plane, assuming that the bottom894

topography z = −h(x) is monotonic in x and uniform in the meridional (y) direction895

and that the background stratification N(z) is horizontally uniform. For simplicity,896

we consider a western boundary so that x > 0 and hx ≥ 0. The primitive equations897

linearized around a background state of rest are898

ut − fv = −πx, (S1.1a)
vt + fu = −πy, (S1.1b)

0 = −πz + b, (S1.1c)
−bt = N2w, (S1.1d)

ux + vy + wz = 0, (S1.1e)

where π ≡ p/ρo, b ≡ −gρ′/ρo, and the other symbols are standard. If we assume that899

|ut| ≪ |fv| (“longshore geostrophy”), the pressure anomaly of free CTWs can then be900

written as901

ρoπ(x, y, z, t) =
∞∑︂

n=0
F (n)(x, z)ϕ(n)(y, t), (S1.2)

where ϕ(n) obeys the simple monodirectional wave equation902

ϕ
(n)
t + c(n)ϕ(n)

y = 0 (S1.3)

(e.g., Wang and Mooers, 1976; Clarke, 1977; Brink, 1991). The CTW modes, F (n) and903

c(n), are solutions to the eigenvalue problem904

Fxx +
(︃
Fz

Ñ2

)︃
z

= 0 in the interior (0 < x and −h(x) < z < 0), (S1.4a)

Fz

Ñ2 = −f2

g
F on z = 0, (S1.4b)

Fx → 0 as x → ∞, (S1.4c)

Fx + 1
hx

Fz

Ñ2 = f

c
F on z = −h(x), (S1.4d)
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where Ñ ≡ N(z)/f . We are looking for solutions that decay offshore (x → ∞). Note905

that (S1.4d) includes as special cases906

Fx = f

c
F (along a vertical wall: hx → ∞), (S1.5a)

Fz = 0 (along a flat part of the bottom: hx = 0), (S1.5b)

which past studies showed as separate boundary conditions. We use (S1.4d) instead for907

simplicity, keeping in mind that hx can be zero or infinity.908

Equation (S1.4b) is the free-surface boundary condition. We can invoke the usual909

rigid-lid approximation by setting g → ∞. The rigid-lid approximation hardly affects910

the solutions (not shown), except obviously for the phase speed c(0) of the barotropic911

mode. [It is straightforward to verify that under the rigid-lid approximation (g → ∞),912

(F, c) = (const.,±∞) is a solution to the set (S1.4). This is obviously the barotropic913

mode.] We nevertheless retain the free-surface condition because it makes theoretical914

discussion cleaner (Sections S1.2.3 and S2.4.7) and the numerical calculation faster (Sec-915

tion S2.4).916

Past studies have found (e.g., Clarke and Van Gorder, 1986) that it is sometimes917

convenient to use the vector notation918

B ≡ (Fx, Fz/Ñ). (S1.6)

With this, the eigenvalue problem (S1.4) can be written as919

∇ · B = 0 (x, z) ∈ Ω (S1.7a)

n̂ · B = f

c
n̂ ·(F, 0) (x, y) ∈ ∂Ωb (S1.7b)

n̂ · B = −f2

g
F (x, y) ∈ ∂Ωs (S1.7c)

Fx → 0 as x → ∞, (S1.4c)

where n̂ is the unit vector perpendicular to the boundary and pointing outward of the920

domain, Ω is the domain, and ∂Ωb and ∂Ωs are the bottom/slope part and the surface921

part of the boundary of the domain.922

S1.2 Orthogonality and other properties of the solutions923

S1.2.1 Bilinear form924

As in the past studies, the eigenmodes can be shown to be orthogonal to each other. Let925

L• ≡ ∂xx(•) + ∂z

(︃
∂z(•)
Ñ2

)︃
,

which is the operator on the left-hand side of (S1.7a), and let926

⟨q, r⟩ ≡
∫︂∫︂

Ω
dx dz q(x, z) r(x, z),
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which is an “inner product”. Multiplying q on the left-hand side of (S1.7a), integrating927

them over the domain, and carrying out integration by parts gives928

⟨q,LF ⟩ =
∫︂∫︂

Ω
dx dz q∇ · B

=
∮︂

∂Ω
ds n̂ ·(qB) −

∫︂∫︂
Ω

dx dz (∇q) · B

= −
∫︂ ∞

0
dxhx q

(︃
Fx + Fz

hxÑ

)︃⃓⃓⃓⃓
z=−h(x)

−
∫︂ ∞

0
dx f2

g
qF

⃓⃓⃓⃓
⃓
z=0

−
∫︂∫︂

Ω
dx dz

(︃
qxFx + qzFz

Ñ2

)︃
, (S1.8)

where the sea-surface portion of the boundary integral was calculated as929 ∫︂
∂Ωs

ds q n̂ · B =
∫︂ 0

∞
(−dx) q Fz

Ñ2

⃓⃓⃓⃓
z=0

= −
∫︂ ∞

0
dx q

f2

g
F

⃓⃓⃓⃓
⃓
z=0

from (S1.7c). The x → ∞ part of the boundary integral vanished because we can first930

set the boundary at x = a and then move it to infinity:931 ∫︂
x→∞

ds n̂ ·(qB) = lim
a→∞

∫︂
dz î · qB|x=a

= lim
a→∞

∫︂
dz qFx|x=a

= 0

from (S1.4c). The z = −h(x) part of the boundary integral in (S1.8) was calculated as932 ∫︂
ds n̂ ·(qB)

=
∫︂ ∞

0
dx

√︂
1 + h2

x q

(︃
Fx

−hx√︁
1 + h2

x

+ Fz

Ñ

−1√︁
1 + h2

x

)︃⃓⃓⃓⃓
⃓
z=−h(x)

= −
∫︂ ∞

0
dx q

(︃
hxFx + Fz

Ñ

)︃⃓⃓⃓⃓
z=−h(x)

, (S1.9)

because933

ds = dx
√︂

1 + h2
x, n̂ =

(︃ −hx√︁
1 + h2

x

,
−1√︁

1 + h2
x

)︃
.

Note that the result of this calculation is still valid even when the bottom boundary934

z = −h(x) includes “vertical walls”, where hx = ∞. Suppose, for example, that there is935

a downward step from z = z1 to z = z2, where z1 > z2, at x = x1. Along this vertical936

wall, n̂ = (−1, 0) and the boundary differential is ds = −dz. Therefore,937 ∫︂
wall

ds n̂ ·(qB) = −
∫︂ z2

z1
dz q (−Fx)|x=x1

= −
∫︂ z1

z2
dz qFx|x=x1

.
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The wall part of eq. (S1.9), on the other hand, can be rewritten as938

−
∫︂ x1+0

x1−0
dxhx q

(︃
Fx + Fz

hxÑ

)︃⃓⃓⃓⃓
z=−h(x)

= −
∫︂ x1+0

x1−0
dxhx qFx|z=−h(x) (∵ hx = ∞)

= −
∫︂ z2

z1
(−dz) qFx|x=x1

because dz = d(−h) = −(dh/dx)dx along the wall. (This is an informal derivation using939

the idea of Stieltjes integral.) This (informally) proves that although the derivation uses940

hx and
√︁

1 + h2
x in the intermediate steps, the result is still valid even when hx = ∞.941

Plugging (S1.4d) into (S1.8) yields942

⟨q,LF ⟩ = −
∫︂∫︂

dx dz
(︃
qxFx + qzFz

Ñ2

)︃
− f2

g

∫︂ ∞

0
dx qF |z=0

− f

c

∫︂ ∞

0
dxhx qF |z=−h(x) (S1.10a)

≡ A(q, F ) − f

c
⟨q, F ⟩b, (S1.10b)

where943

A(q, r) ≡ −
∫︂∫︂

Ω
dx dz

(︃
qxrx + qzrz

Ñ2

)︃
− f2

g

∫︂ ∞

0
dx q r|z=0

⟨q, r⟩b ≡
∫︂ ∞

0
dxhx q r|z=−h(x) , (S1.11)

for arbitrary functions q(x, z) and r(x, z). Note that all these “bilinear” forms are sym-944

metric, in that ⟨q, r⟩ = ⟨r, q⟩, A(q, r) = A(r, q), etc.945

Finally, since LF = 0 for a solution (S1.4a), (S1.10a) implies946

A(q, F ) = f

c
⟨q, F ⟩b. (S1.12)

S1.2.2 Orthogonality, amplitude, and spectrum947

The bilinear form A(, ) is negative definite: if r ̸≡ 0, A(r, r) < 0. Setting q = F in (S1.12)948

and multiplying it by c gives949

cA(F, F ) = f⟨F, F ⟩b,

which suggests that there may be strange solutions such that950

F |z=−h = 0, c = 0.

Although we do not know how to prove the existence of such solutions for the continuous951

problem we are dealing with now, we report that we prove the existence of such solutions952

for our discrete version of the eigenvalue problem (Section S2.4.7). In the following953

discussion, we exclude such solutions.954

Plugging q = F (l) and F = F (n) into (S1.12) gives one equation and swapping l955

and n gives another. By subtracting the former from the latter yields956 (︃
f

c(l) − f

c(n)

)︃
⟨F (l), F (n)⟩b = 0, (S1.13a)
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or957

⟨F (l), F (n)⟩b = 0 if c(l) ̸= c(n), (S1.13b)

because A(, ) and ⟨, ⟩b are both symmetric. This is the orthogonality relation between958

the CTW modes (Wang and Mooers, 1976; Clarke, 1977).959

Since F ’s are real-valued functions (see below), ⟨F, F ⟩b ≥ 0, with the equality holding960

only if F ≡ 0. For this reason,
√︁

⟨F, F ⟩b can be and is used to measure the amplitude961

of F . A common practice is to scale the amplitude of the function so that ⟨F, F ⟩b = 1962

(nondimensional). Brink (1989), on the other hand, found that when f slowly changes963

in y, ⟨F (n), F (n)⟩b has to be proportional to f to conserve energy flux in y. This is how964

BC87 scales the numerical solutions in their code. In this study, however, we sometimes965

normalize F ’s in such a way that ⟨F, F ⟩b = D. This choice is convenient because with966

it, F is dimensionless and also F = O(1).967

Moreover, suppose that some function q(x, z) is expanded into the modes:968

q =
∑︂

n

αnF
(n)(x, z).

Orthogonality makes it easy to calculate α:969

αn = 1
D

⟨F (n), q⟩b.

Also,970
1
D

⟨q, q⟩b =
∑︂

n

α2
n

1
D

⟨F (n), F (n)⟩b =
∑︂

n

α2
n;

The variance of the original function is equal to the sum of the variances of the modes.971

That is, {α2
0, α

2
1, . . .} is the power spectrum of q. The above relation is commonly known972

as Parseval’s theorem.973

S1.2.3 Properties of eigenvalues974

If a solution (F (x, z), c) takes complex values, it is clear from the form of the eigenvalue975

problem (S1.4) that its complex conjugate (F ∗(x, z), c∗) is also a solution. Substituting976

F (l) = F ∗, F (n) = F , c(l) = c∗, and c(n) = c into (S1.13a), then, yields977 (︃
f

c∗ − f

c

)︃ ∫︂ ∞

0
dxhx |F |2

⃓⃓⃓
z=−h(x)

= 0. (S1.14)

Since the integral is nonzero, all eigenvalues are real.978

If F is imaginary (i.e., ℑ[F ] ̸= 0), the eigenvalue c is degenerate, having (at least)979

two independent eigenfunctions F and F ∗. In this case, however, any linear combination980

of F and F ∗ is also an eigenfunction associated with the same c, and using this property,981

we can transform the complex-conjugate pair into a pair of independent real functions982

via FR ≡ (F + F ∗)/2 = ℜ[F ] and FI ≡ (F − F ∗)/(2i) = ℑ[F ]. That is, if an imaginary983

eigenfunction is obtained, its complex conjugate is also an eigenfunction associated with984

the same c and the pair can always be transformed into a pair of independent real985

eigenfunctions. We can therefore completely ignore imaginary eigenfunctions and assume986

that all eigenfunctions are real without loss of generality.987

Moreover, substituting F = F (l) = F (n) into (S1.12) gives988

A(F, F ) − f

c
⟨F, F ⟩b = 0.
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For the barotropic mode under the rigid-lid approximation (g → ∞, F (x, z) is uni-989

form), A(F, F ) = 0 and c = ∞, which satisfy the above relation. Except for this case,990

A(F, F ) < 0; and since ⟨F, F ⟩b > 0,991

f/c < 0. (S1.15)

This is a mathematical expression of the fact that in the northern hemisphere (f > 0),992

the phase speed of CTW is southward (c < 0) along the western boundary.993

S1.2.4 Boundary integral994

As we have seen, the boundary integral
∫︁

dxhx• is central as a “measure”. This boundary995

integral can be viewed as a “vertical” integral in that996 ∫︂ ∞

0
dxhx q|z=−h(x) = −

∫︂ ∞

0
dxZx q|z=−h(x) =

∫︂ 0

−D
dZ(x) q|z=−h(x) , (S1.16)

where Z(x) ≡ −h(x) and the last form is a Stieltjes integral. Note that the above997

integral is well defined even if h(x) includes steps (where hx = ∞). In particular, if h(x)998

consists of a series of steps ∆zi at x = xi interspersed by flat regions (hx = 0),999

∫︂ ∞

0
dxhx q|z=−h(x) =

1∑︂
k=Mv

∫︂ zk−1

zk

dz q(xk, z), (S1.17)

if there are Mv steps in total, where [zk, zk−1] is the vertical range of the step at x = xk1000

with zMv = −D and z0 = 0. The general form (S1.16) can be viewed as a limit of the1001

sum of infinitely many vertical integrals like this.1002

S1.3 Vertical wall and vertical modes1003

In this subsection, we derive how long-wave CTW modes are related to the so-called1004

vertical modes. Consider a case where x = 0 is a vertical wall (hx = ∞ there) followed by1005

a flat bottom (hx = 0 there). The boundary conditions along these boundaries are (S1.5).1006

In this case, the solutions take a separable form F (x, z) = X(x)ψ(z). Plugging this1007

expression into (S1.4a) gives1008

1
X

Xxx

f2 + 1
ψ

(︃
ψz

N2

)︃
z

= 0,

where Ñ2 = N2/f2 has been substituted. The following relation must hold1009

1
ψ

(︃
ψz

N2

)︃
z

= −C = − 1
X

Xxx

f2 , (S1.18)

with a constant of separation C. From the boundary condition (S1.5a), then,1010

X(x) = exp
(︃

− x

|c/f |

)︃
(S1.19)

and C = 1/c2; here, we have chosen one of the two roots so that X(x) → 0 as x → ∞.1011

The other equation is1012 (︃
ψz

Ñ2

)︃
z

= − 1
c2ψ, (S1.20a)
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and the boundary conditions for ψ are1013

ψz = −N2

g
ψ at z = 0 (S1.20b)

ψz = 0 at z = −D (S1.20c)

from (S1.4b) and (S1.5b). Equations (S1.20) form the standard eigenvalue problem of1014

vertical modes (e.g., McCreary, 1981).1015

The solutions to the CTW eigenvalue problem (S1.4) are, therefore,1016

F (n)(x, z) = exp
(︃

− x

|c(n)/f |

)︃
ψ(n)(z), (S1.21)

where ψ(n) and c(n) are solutions to the eigenvalue problem (S1.20). Each “vertical-1017

wall CTW mode” (S1.21) is a product of a vertical mode and an associated exponential1018

decay with a decay scale of the deformation radius |c(n)/f |. This is the x-z structure1019

of the standard coastal Kelvin wave (KW). For the barotropic mode under the rigid-1020

lid approximation (g → ∞), this solution reduces to F (0) = const. and c(0) = ∞ as1021

expected.1022

For KWs, the orthogonality condition reduces to that of the vertical modes: Since1023

the bottom topography h(x) consists of just one vertical wall at x = 0 followed by a flat1024

bottom, the orthogonality condition (S1.13b) reduces to1025

0 = ⟨F (l), F (n)⟩b =
∫︂ 0

−D
dz F (l)(0, z)F (n)(0, z) =

∫︂ 0

−D
dz ψ(l)(z)ψ(n)(z),

which can also be derived directly from (S1.20) (e.g., McCreary, 1981).1026

S1.4 Self-adjointness1027

For Sturm-Liouville equations like (S1.20), it is standard to prove the reality of the1028

eigenvalues and the orthogonality of the eigenfunctions in the following way. First we1029

prove that the operator on the left-hand side, L′• ≡ [(•)z/N
2]z, is self-adjoint under the1030

given boundary condtions:1031

⟨ψ(l),L′ψ(n)⟩b =
[︃
ψ(l)ψ

(l)
z

N2

]︃z=0

z=−D

−
∫︂ 0

−D
dz ψ

(l)
z ψ

(n)
z

N2 (S1.22a)

= − ψ(l)ψ(l)

g

⃓⃓⃓⃓
⃓
z=0

−
∫︂ 0

−D
dz ψ

(l)
z ψ

(n)
z

N2 (S1.22b)

= ⟨L′ψ(l), ψ(n)⟩b

Once it is proven, then from1032

⟨ψ(l),L′ψ(n)⟩b = − 1
c(n)2 ⟨ψ(l), ψ(n)⟩b

⟨L′ψ(l), ψ(n)⟩b = − 1
c(l)2 ⟨ψ(l), ψ(n)⟩b

we get1033

−
[︃ 1
c(n)2 − 1

c(l)2

]︃
⟨ψ(l), ψ(n)⟩b = 0,
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proving the orthogonality that1034

⟨ψ(l), ψ(n)⟩b = 0 if c(n)2 ̸= c(l)2
.

The reality of the eigenvalues is also be derived likewise.1035

But, the self-adjointness of L′ is not essential. From the eigenvalue problem (S1.20),1036

0 = ⟨ψ(l),L′ψ(n) + 1
c(n)2ψ

(n)⟩b = A′(ψ(l), ψ(l)) + 1
c(n)2 ⟨ψ(l), ψ(l)⟩b, (S1.23)

where1037

A′(ψ(l), ψ(l)) ≡ − ψ(l)ψ(l)

g

⃓⃓⃓⃓
⃓
z=0

−
∫︂ 0

−D
dz ψ

(l)
z ψ

(n)
z

N2 .

This integral equation has the same form as the corresponding integral equation for1038

CTW modes (S1.10b). Using only the symmetry of A′(q, r) and ⟨q, r⟩b, therefore, we1039

can derive the reality of eigenvalues and the orthogonality of eigenfunctions. Moreover,1040

since A′(r, r) < 0 for any nonzero r(z), it is easy to see from (S1.23) that c2 > 0. This1041

argument is the same as when we derived f/c < 0 for CTW modes (Section S1.2.3).1042

The operator on the left-hand side of the CTW interior equation (S1.4a) is not self-1043

adjoint: (S1.10b) indicates that1044

⟨F (l),LF (n)⟩ ̸= ⟨LF (l), F (n)⟩.

Even though L of the CTW problem is not self-adjoint, the orthogonality is proven in a1045

very similar manner.1046

What the two problems share is the symmetry of the domain integrals like (S1.22)1047

and (S1.10). The self-adjointness of L′ followed from the symmetry of A′(, ). In this1048

view, the self-adjointness of the operator L′ is not essential; the symmetry of A′(q, r)1049

and ⟨q, r⟩b is.1050

Indeed, we can formulate the same eigenvalue problem as follows: Find a pair (ψ, c2)1051

that satisfies1052

A′(q, ψ) + 1
c2 ⟨q, ψ⟩b = 0

for an arbitrary function q(z). Taking a variation on q, one can prove (not shown) that1053

the above problem is equivalent to the origianl eigenvalue problem (S1.20). Likewise,1054

the CTW eigenvalue problem (S1.4) is equivalent to: Find a pair (F, c) that satisfies1055

A(q, F ) − f

c
⟨q, F ⟩b = 0

for an arbitrary function q(z).1056

Finally and conversely, we can define operators A and B such that1057

⟨q,Ar⟩ = A(q, r), ⟨q,Br⟩ = ⟨q, r⟩b

for arbitrary functions q(x, z) and r(x, z). Since ⟨, ⟩, ⟨, ⟩b, and A(, ) are all bilinear, it1058

is easy to demonstrate that A and B are linear operators, and since ⟨, ⟩, ⟨, ⟩b, and A(, )1059

are all symmetric, it is easy to demonstrate that A and B are self-adjoint. Using these1060

definitions, the CTW eigenvalue problem can be formulated as: Find a pair (F, c) that1061

satisfies1062

⟨q,AF ⟩ − f

c
⟨q,BF ⟩ = 0
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for an arbitrary function q(z) or equivalently,1063

AF − f

c
BF = 0.

In Section S2.4, we find that a finite-difference form of (S1.20) takes the form of1064

AF⃗ − f

c
BF⃗ = 0

with symmetric matrices A and B, that the reality of the eigenvalues and the orthog-1065

onality of the eivenvectors follow from the symmetry of A and B, and that the result1066

f/c < 0 follows from the negative-definiteness of A and the positive-definiteness of B.1067

(Strictly speaking, B is positive only for physically valid eigenvectors. See Section S2.4.)1068

This is the underlying connection between the matrix formalism of the finite-difference1069

scheme (Section S2.4) and the continuous eigenvalue problem (S1.4).1070
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S2 Discretized CTW eigenvalue problem1093

This appendix derives a finite-difference scheme to solve the coastal trapped wave (CTW)1094

eigenvalue problem (1) and derives its properties. To explain ideas and techniques used1095

to construct and manipulate the finite-difference equations, we first explain them for the1096

“vertical-mode” eigenvalue problem (Section S2.1) before applying them to the CTW1097

problem to construct the finite-difference equations (Section S2.2) and to derive their1098

properties (Section S2.3). We then cast the set of the finite-difference equations to1099

a matrix form (Section S2.4) to further derive important properties of the solutions1100

(Section S2.5). Finally, Section S2.6 shows that the finite-difference CTW equations1101

become separable in x and z to yield a finite-difference version of the standard vertical-1102

mode eigenvalue problem and a finite-difference version of the Xxx +(c/f)2X = 0, which1103

determines the offshore structure of the mode.1104

This appendix together with Section S1 is designed to be as much self-contained as1105

possible, in order to allow the interested reader to skip Section 3 of the main text and1106

read the appendices instead. The version of the discussion in the main text is much1107

condensed and the version here is fully extended.1108

S2.1 1-d finite difference1109

We reproduce the vertical-mode eigenvalue problem (eq. (7)):1110

L′F + c−2F = 0,
Fz/N

2 = −F/g at z = 0,
Fz/N

2 = 0 at z = −D,

where L′r ≡ (rz/N
2)z. We use a standard grid configuration and a standard finite-1111

difference scheme for this 1-d problem:1112

L′ψ|k= 1
∆zk

(︃
ψk−1 − ψk

N2
k−1∆zk−1

− ψk − ψk+1
N2

k ∆zk

)︃
, (S2.1)

where1113

∆zk ≡ ∆zk + ∆zk+1
2 , (S2.2)

ψk ≡ ψ(zk) is defined at cell centers, and the function N(z) is defined at cell edges.1114

Here, we set the thicknesses of the ghost cells as ∆z0 ≡ ∆z1 and ∆zM+1 ≡ ∆zM , which1115

turns out to be useful below. The above finite difference is “conservative” because the1116

domain “integral”1117

M∑︂
k=1

∆zkL′ψ|k =
M∑︂

k=1

(︃
ψk−1 − ψk

N2
k−1∆zk−1

− ψk − ψk+1
N2

k ∆zk

)︃

=
M−1∑︂
k=0

ψk − ψk+1
N2

k ∆zk
−

M∑︂
k=1

ψk − ψk+1
N2

k ∆zk

= ψ0 − ψ1
N2

0 ∆z0
− ψM − ψM+1

N2
M ∆zM

(S2.3)
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includes only “fluxes” across the surface and bottom boundaries. Imagine that ψ obeys1118

the fictitious “diffusion” equation: ψt = L′ψ. Then, the “total amount of ψ” is conserved:1119

∂t

∑︂
k

∆zkψk = ψ0 − ψ1
N2

0 ∆z0
− ψM − ψM+1

N2
M ∆zM

.

This “conservation” holds because the same “flux” ψz/N
2 that leaves one grid cell enters1120

the next grid cell; there is no sink or source in the interior, leaving only the boundary1121

fluxes as potential source or sink.1122

The corresponding bilinear form, analogous to (S1.22a), is1123

⟨q,L′ψ⟩b =
M∑︂

k=1
∆zkqk

1
∆zk

(︃
ψk−1 − ψk

N2
k−1∆zk−1

− ψk − ψk+1
N2

k ∆zk

)︃

=
M∑︂

k=1
qk

ψk−1 − ψk

N2
k−1∆zk−1

−
M∑︂

k=1
qk
ψk − ψk+1
N2

k ∆zk

(we next transform the dummy index by k′ ≡ k − 1 only for the first term)1124

=
M−1∑︂
k′=0

qk′+1
ψk′ − ψk′+1
N2

k′∆zk′
−

M∑︂
k=1

qk
ψk − ψk+1
N2

k ∆zk
(S2.4a)

(we next separate the k′ = 0 term from the first summation and the k = M term from1125

the second)1126

= q1
ψ0 − ψ1
N2

0 ∆z0
+

M−1∑︂
k′=1

qk′+1
ψk′ − ψk′+1
N2

k′∆zk′

−
M−1∑︂
k=1

qk
ψk − ψk+1
N2

k ∆zk
− qM

ψM − ψM+1
N2

M ∆zM

(and finally, we combine the two summations)1127

= q1
ψ0 − ψ1
N2

0 ∆z0
− qM

ψM − ψM+1
N2

M ∆zM

−
M−1∑︂
k=1

∆zk
qk − qk+1

∆zk

1
N2

k

ψk − ψk+1
∆zk

. (S2.4b)

On the first line of (S2.4b) are surface and bottom “energy” fluxes. This “integration1128

by parts” was possible only because the finite difference is written in a “conservative”1129

form (S2.1).1130

We next use the free-surface boundary condition (S1.20b) and the standard bottom1131

boundary condition (S1.20c), which are naturally implemented as1132

ψ0 − ψ1
N2

0 ∆z0
= −1

g
ψ̄0,

ψM − ψM+1
N2

0 ∆zM
= 0,

where ψ̄0 ≡ (ψ0 + ψ1)/2 is the surface value. From the bottom boundary condition, the1133

bottom flux in (S2.4b) vanishes. To bring (S2.4b) to a symmetric form, we add a new1134
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term that is identically zero and we “split” the original term into two halves:1135

q1
ψ0 − ψ1
N2

0 ∆z0
+ 0

=q1

(︃1
2
ψ0 − ψ1
N2

0 ∆z0
+ 1

2
ψ0 − ψ1
N2

0 ∆z0

)︃
+ q0

2

(︃
−1
g
ψ̄0 + 1

g
ψ̄0

)︃
=q1

(︃1
2
ψ0 − ψ1
N2

0 ∆z0
− 1

2
ψ̄0
g

)︃
+ q0

2

(︃
−1
g
ψ̄0 − ψ0 − ψ1

N2
0 ∆z0

)︃
1136

= − q1 + q0
2

ψ̄0
g

− q0 − q1
2

ψ0 − ψ1
N2

0 ∆z0

= − q0ψ̄0
g

− ∆z0
2

q0 − q1
∆z0

1
N2

0

ψ0 − ψ1
∆z0

. (S2.5)

In the above derivation, we have used the surface boundary condition twice to switch1137

between (ψ0 −ψ1)/(N2
0 ∆z0) and −ψ̄0/g. After this transformation, we find that (S2.4b)1138

is symmetric in q and ψ:1139

⟨q,L′ψ⟩b = −q0ψ̄0
g

− ∆z0
2

q0 − q1
∆z0

1
N2

0

ψ0 − ψ1
∆z0

−
M−1∑︂
k=1

∆zk
qk − qk+1

∆zk

1
N2

k

ψk − ψk+1
∆zk

. (S2.6)

This is the analog of (S1.22b). The second line can be interpreted as a discrete version1140

of the vertical integral1141 ∫︂ 0

−D
dz qzψz

N2 ,

where the integrand is defined at the edges of the cells. The contribution from the1142

bottom edge, e.g., k = M of the summation, is missing because of the bottom boundary1143

condition. It is interesting that the discrete integral is identical to the version derived1144

from the trapezoidal rule, which can be proven as follows. Simplifying the notation by1145

defining u ≡ qzψz/N
2, we can write the last two terms of (S2.6) as1146 ∫︂ 0

−D
dz u(z) ∼ ∆z0

2 u0 +
M−1∑︂
k=1

∆zkuk + ∆zM

2 uM .

The last term is absent from (S2.6) because of the bottom boundary condition that1147

uM = 0; we have restored it for clarity. Continuing derivation . . .1148

= ∆z1
2 u0 +

M−1∑︂
k=1

∆zk + ∆zk+1
2 uk + ∆zM

2 uM ,
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where we have used our definitions ∆z0 ≡ ∆z1, ∆zM+1 ≡ ∆zM , and1149

∆zk = (∆zk + ∆zk+1)/2. Continuing . . .1150

= ∆z1
2 u0 +

M−1∑︂
k=1

∆zk

2 uk +
M−1∑︂
k=1

∆zk+1
2 uk + ∆zM

2 uM

= ∆z1
2 u0 +

M−1∑︂
k=1

∆zk

2 uk +
M∑︂

k=2

∆zk

2 uk−1 + ∆zM

2 uM

= ∆z1
u0 + u1

2 +
M−1∑︂
k=2

∆zk

2 uk +
M−1∑︂
k=2

∆zk

2 uk−1 + ∆zM
uM−1 + uM

2

= ∆z1
u0 + u1

2 +
M−1∑︂
k=2

∆zk
uk + uk−1

2 + ∆zM
uM−1 + uM

2 ,

which is exactly the discretization of the integral using the trapezoidal rule.1151

Since ⟨ψ(l),L′ψ(n)⟩b is symmetric, the solutions to the eigenvalue problem L′F = λF1152

satisfy the orthogonality relation1153

⟨ψ(l), ψ(n)⟩b =
M∑︂

k=1
∆zkψ

(l)
k ψ

(n)
k = 0 if λ(l) ̸= λ(n)

and the eigenvalues are real. Moreover, since ⟨ψ(l),L′ψ(n)⟩b is negative and ⟨ψ(l), ψ(n)⟩b1154

is positive, λ < 0. This is the same argument we developed for the continuous system1155

in Section S1.4.1156

Under the rigid-lid approximation (g → ∞), ψ(0) = (b, b, . . . , b) with an arbitrary1157

b ̸= 0 is a solution to the original eigenvalue problem with λ(0) = 0. This is the barotropic1158

mode. In this case, ⟨ψ(0),L′ψ(0)⟩b = 0; this integral is only negative semi-definite. As1159

we shall see, definiteness of the corresponding integral affects the choice of the matrix1160

solver for numerical solutions to the CTW eigenvalue problem (Section S2.4).1161

These results are not trivial. The finite-difference scheme (S2.1) is just one of many1162

potential ones and not all schemes lead to these useful properties that mirror those of1163

the original continuous system. The success is due to the successful “integration by1164

parts” (S2.4), which in turn is due to the conservative nature of the finite-difference1165

scheme (S2.1). In the next subsection, we extend this method to the CTW eigenvalue1166

problem.1167

S2.2 Finite difference form of the CTW eigenvalue problem1168

The CTW differential operator is1169

LF ≡ ∇ · B = Fxx +
(︃
Fz

Ñ2

)︃
z

.

We use the same inner product1170

⟨q, r⟩ ≡
∫︂∫︂

Ω
dx dz q(x, z) r(x, z)

as defined in (S1.11). Under the CTW boundary conditions (S1.4d), (S1.4b) and (S1.4c),1171

the eigenfunctions satisfy the orthogonal relation (S1.13) and other useful properties1172

(Section S1.2.3). In this section, we extend the methods in Section S2.1 and develop a1173

finite-different scheme that has the same useful properties as derived for the continuous1174
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system (Section S1.2.3). These properties turn out to be more useful for the CTW prob-1175

lem because they are useful to quickly distinguish unphysical solutions (Section S2.4).1176

We use the z coordinates. The simplest scheme is to treat the bottom slope, not as an1177

approximation but really as a series of steps, which greatly simplifies the mathematical1178

handling of the finite-difference equations as well as coding the scheme. This nice finite-1179

difference scheme, however, resulted in significant error in the eigenvalues (c’s) (not1180

shown). For this reason, we use a somewhat more sophisticated bottom-slope boundary1181

condition, which has, unfortunately, greatly complicated the calculations below.1182

Figure 1 is a schematic diagram showing the grid configuration. The computational1183

domain (x, z) ∈ (0, Lx) × (−D, 0) is divided into rectangle cells (i, k) with i = 1, . . . ,Mh1184

and k = 1, . . . ,Mv. Some of the cells outside this domain (Fig. 1) are used to handle1185

boundary conditions (see below). The grid cell at (i, k) has a width and height of ∆xi1186

and ∆zk; the distances between cell centers are1187

∆xi ≡ 1
2(∆xi+1 + ∆xi) (i = 0, . . . ,Mh) (S2.7a)

∆zk ≡ 1
2(∆zk+1 + ∆zk) (k = 0, . . . ,Mv), (S2.7b)

which are defined on cell edges. Note the index scheme here: the right edge of cell i is1188

edge i and the bottom edge of cell k is edge k. Purely for mathematics, we should be1189

using a notation like i+ 1
2 to indicate the edge between cells i and i+ 1, but our indices1190

are designed to mirror those in our computer program.1191

The mode function value F “stored” in cell (i, k) is denoted by Fi,k or F (i, k),1192

whichever is convenient depending on the context. Further, we sometimes write Fi1193

or Fk to mean Fi,k when the omission is obvious from the context. In the “interior”,1194

the value F (i, k) is “defined” at the center of cell (i, k). The handling of boundary1195

values is discussed below. The normalized Brunt-Väisaälä frequency, Ñk, is defined at1196

the lower edge of the grid cell (i, k); this arrangement is necessary for “conservation”1197

(Section S2.1). We denote the left-most ocean point at each depth k by i = is[k] and1198

the deepest ocean point for each position i by k = ks[i]. The “ocean domain” can then1199

be spanned either by1200

k = 1, . . . , ks[i] scanning downward at each i = 1, . . . ,Mh (S2.8a)

or by1201

i = is[k], . . . ,Mh scanning rightward at each k = 1, . . . ,Mv. (S2.8b)

For simplicity, we sometimes use the notation “(i, k) ∈ Ω+” when the point is in the1202

ocean.1203

The “corner cell” is a special case. Figure 1 shows cells with diagonal thick lines1204

cutting through them; they are the corner cells. The corner cell is the deepest for its1205

position i and the left-most for its depth k: that is, (i, k) = (is[k], k) = (i, ks[i]) for it.1206

In our terminology, it is an “ocean cell” belonging to Ω+ and its center is a “boundary1207

point”. We call the part of the ocean domain that excludes the corner cells “the interior”1208

and denote it by Ω.1209

The number of the grid cells which are not ocean in the 1 ≤ i ≤ Mh and 1 ≤ k ≤ Mv1210

range is1211

Mland =
∑︁Mv

k=1
(︁∑︁

1≤i<is[k]
)︁

and then the total number of the ocean grid cells is MhMv −Mland.1212
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The “boundary values”, denoted by F , are located and defined on the boundaries1213

(Fig. 1). Along the sea surface and the right edge (x = Lx), the symbol F is used as a1214

short hand for the average1215

F i,0 ≡ Fi,0 + Fi,1
2 , i = 1, . . . ,Mh, (S2.9)

FMh,k ≡ FMh,k + FMh+1,k

2 , k = 1, . . . ,Mv, (S2.10)

where Fi,0 is defined at the center of “ghost cell” (i, 0) above the sea surface and FMv+1,k1216

is defined at the center of ghost cell (Mv + 1, k) to the right of the right edge (Figure 1).1217

We call these regions that consist of ghost cells above the sea-surface or to the right of1218

the right edge, “lobes”.1219

In contrast, on the “slope/bottom surface”, depicted by the thick black line in Fig.1,1220

the boundary values themselves are used in the equations (below). Along a vertical wall,1221

the closest ocean point is (is[k], k) and the boundary value is denoted by F (is[k] − 1, k),1222

which we “store” in the (is[k]−1, k) cell; that is, in the mathematical derivation below, we1223

write F (is[k] − 1, k) to mean F (is[k] − 1, k) whenever it is convenient to do so. Likewise,1224

along the flat part(s) of the slope or of the flat bottom (z = −D), (i, ks[i]) is the closet1225

ocean point and F (i, ks[i]+1) = F (i, ks[i]) is defined at the bottom boundary but stored1226

below the bottom. At a diagonal portion of the slope, the center of the corner cell is1227

the boundary point and therefore simply F (i, k) = F (i, k). No extra grid cell is used for1228

this value.1229

There is one potential problem: If there is a vertical “cliff” at the right edge of a flat1230

region in the slope/bottom topography, the ghost cell (i, k) to the lower-left of the cliff1231

edge would have to store both the value below the flat bottom, F (i, ks[i] + 1), and the1232

value to the left of the cliff, F (is[k] − 1, k). To avoid this situation, we always shave off1233

the cliff edge and make (i, k) a corner cell. The treatment also contributes to smooth the1234

given topography. Our program includes a subroutine to modify the slope topography1235

this way if necessary, with a warning message.1236

To summarize our terminology, the ocean cells include interior cells and corner cells.1237

On the boundaries are the boundary points; along the sea surface and right edge, the1238

F values at the boundary points are represented by averages between the neighboring1239

interior values and ghost-point values; on the diagonals of corner cells, the F values1240

are defined at the cell centers; on vertical-wall or flat-bottom boundaries, F values are1241

defined on the boundaries and “stored” in the neighboring ghost cells (Figure 1). We1242

these preparations, we now define the finite-difference equations.1243

S2.2.1 Surface and right-edge boundary conditions1244

We start with the simplest of the equations, which are the surface and right-edge bound-1245

ary conditions. The surface boundary condition (S1.4b) is discretized as1246

Fi,0 − Fi,1

Ñ2
0 ∆z0

+ f2

g

Fi,0 + Fi,1
2 = 0, i = 1, . . . ,Mh, (S2.11a)

where Fi,0 is defined in the surface lobe (Fig.1) and ∆z0 = (∆z0+∆z1)/2 = ∆z1 because1247

we always set ∆z0 = ∆z1. The above boundary condition can then be rewritten as1248

F i,0 − Fi,1

Ñ2
0 ∆z1/2

+ f2

g
F i,0 = 0, (S2.11b)
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where the surface value is defined as F i,0 = (Fi,0 +Fi,1)/2. For consistency with the han-1249

dling of the slope-bottom boundary to be explained below, we could use the form (S2.11b)1250

and store F i,0 in the surface lobe, but that would further increase complexity of coding1251

in the handling of ∆zk without any practical advantage. For this reason, we stick to the1252

form (S2.11a). Likewise, the x-boundary condition at x = Lx is1253

FMh+1,k − FMh,k

∆xMh

= 0, k = 1, . . . ,Mv, (S2.12)

where FMh+1,k is defined in the right lobe (Fig.1). We also ensure that ∆xMh+1 = ∆zMh .1254

S2.2.2 Diagonal-slope boundary condition1255

To derive a discrete version of the slope boundary condition (S1.4d), we integrate the1256

interior equation (S1.7a) over the upper triangle of the corner cell and apply Gauss’s1257

theorem to get1258

∆zkFx(i, k) + ∆xi
Fz(i, k − 1)
Ñ(k − 1)

+ n̂ · B(i, k)
√︂

∆x2
i + ∆z2

k = 0, (S2.13)

where the functions symbolically represent their values on the three edges of the triangle.1259

The derivatives Fx(i, k) and Fz(i, k− 1) on the right and upper edges of the triangle are1260

naturally discretized as1261

Fx(i, k) = Fi+1 − Fi

∆xi
, Fz(i, k − 1) = Fk−1 − Fk

∆zk−1
. (S2.14)

Noting that1262

n̂ =
(︃

− ∆z√
∆x2 + ∆z2

,− ∆x√
∆x2 + ∆z2

)︃
on the diagonal and using the boundary condition (S1.7b), we find that1263

n̂ · B(i, k)
√︂

∆x2
i + ∆z2

k = f

c
n̂ ·(F (i, k), 0)

√︂
∆x2

i + ∆z2
k

= −f

c
∆zkF (i, k). (S2.15)

Plugging (S2.14) and (S2.15) into (S2.13) gives1264

Fi+1,k − Fi,k

∆xi
+ ∆xi

∆zk

Fi,k−1 − Fi,k

∆zk−1Ñk−1
= f

c
Fi,k, (i, k) ∈ Corner Cells. (S2.16)

In this equation, Fi,k is at the central gridpoint of the corner cell and located on the1265

diagonal (cyan cross in Fig. 1). Recognizing that hx(i, k) = ∆zk/∆xi for the grid cell,1266

we note that the above equality is a natural, single-sided finite differencing of the slope1267

boundary condition (S1.4d).1268

Even though (S2.16) can be used as is to obtain solutions, the matrix of the eigenvalue1269

problem would not be symmetric, which is inconvenient for solving the problem (see1270

below). Here we transform (S2.16) for at k = 1, combining it with the surface boundary1271

condition (S2.11a). That is, applying the technique we showed for the 1-d problem1272
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(Section S2.1), we “split” Fz/Ñ
2
⃓⃓⃓
z=0

as1273

Fi,0 − Fi,1

Ñ2
0 ∆z0

= 1
2
Fi,0 − Fi,1

Ñ2
0 ∆z0

+ 1
2
Fi,0 − Fi,1

Ñ2
0 ∆z0

= 1
2
Fi,0 − Fi,1

Ñ2
0 ∆z0

− 1
2
f2

g

Fi,0 + Fi,1
2 . (S2.17)

This expression can be incorporated into (S2.16) to yield1274

Fi+1,k − Fi,k

∆xi
+ ∆xi

∆zk

(︃
γk
Fi,k−1 − Fi,k

∆zk−1Ñk−1
− ςk

f2

g

Fi,k−1 + Fi,k

2

)︃
= f

c
Fi,k,

(i, k) ∈ Corner Cells (S2.18)

where1275

(γk, ςk) ≡

⎧⎨⎩(1
2 ,

1
2) k = 1,

(1, 0) otherwise.

These factors affect the equation only at k = 1 and are introduced for later convenience1276

when manipulating the equations (Section S2.4). This modification appears artificial1277

but is crucial in transforming the operator into a symmetric form.1278

S2.2.3 Vertical wall and flat bottom1279

We also place boundary points right on the boundary as indicated by circles in Fig. 11280

and we accordingly halve ∆xi and ∆zk for the finite differences of Fx and Fz here. The1281

x-boundary condition (S1.5a) at a vertical segment of the slope is therefore1282

F (is[k], k) − F (is[k] − 1, k)
∆xis[k]/2

= f

c
F (is[k] − 1, k), (S2.19)

where F is the value on the vertical segment (circles in Fig.1 on vertical slope segments);1283

and the z-boundary condition at a flat segment of the slope or the bottom (S1.5b) is1284

F (i, ks[i]) − F (i, ks[i] + 1)
∆zks[i]/2

= 0, (S2.20)

where again F is the value on the flat segment.1285

Below, we modify the definitions of ∆x and ∆z at the vertical-wall and flat-bottom1286

boundaries for notational convenience:1287

∆xi−1 =

⎧⎨⎩(∆xi + ∆xi−1)/2 i > is[k]
∆xi/2 i = is[k]

for each k and1288

∆zk =

⎧⎨⎩(∆zk + ∆xk+1)/2 k < ks[i]
∆zk/2 k = ks[i]
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for each i. Even though the modified ∆xi depends on k and the modified ∆zk depends1289

on i next to the respective boundaries, we omit these extra indices because the omission1290

is always obvious.1291

S2.2.4 Interior equation1292

The most straightforward “conservative” finite difference scheme for the interior equa-1293

tion (S1.4a) is1294

0 = LF |i,k = 1
∆xi

(︃
Fi+1,k − Fi,k

∆xi
− Fi,k − Fi−1,k

∆xi−1

)︃
+ 1

∆zk

(︃
Fi,k−1 − Fi,k

Ñ2
k−1∆zk−1

− Fi,k − Fi,k+1

Ñ2
k ∆zk

)︃
for (i, k) ∈ Ω. (S2.21)

It is possible that i = is[k] when cell (i, k) is next to a vertical segment of the slope1295

(Fig. 1). In that case, the cell to the left of (i, k) is the ghost cell (i− 1, k) and therefore1296

Fi−1,k = F is[k]−1,k, the value on the vertical wall. Likewise, it is possible that k = ks[i]1297

and there Fi,ks[k]+1 = F i,ks[k] is stored in the ghost cell below the bottom. Similarly, just1298

below the surface or just to the left of the x = Lx boundary, the above equation includes1299

grid cells that are just outside the ocean; as discussed earlier, the F values above the1300

sea surface, Fi,0, are stored in the top lobe (Fig. 1) and those to the right of x = Lx,1301

FMh+1,k, are stored in the right lobe.1302

For the same reason as for (S2.18), (S2.17) can be incorporated into (S2.21) to yield1303

0 = ∆zk

(︃
Fi+1,k − Fi,k

∆xi
− Fi,k − Fi−1,k

∆xi−1

)︃
+ ∆xi

(︃
γk
Fi,k−1 − Fi,k

Ñ2
k−1∆zk−1

− ςk
f2

g

Fi,k−1 + Fi,k

2 − Fi,k − Fi,k+1

Ñ2
k ∆zk

)︃
for (i, j) ∈ Ω. (S2.22)

S2.3 Bilinear form for the discretized system1304

With these preparations, we calculate the bilinear form ⟨q,LF ⟩. For the continuous sys-1305

tem it is an area integral over the ocean domain (eq. (S1.11)). For the finite-differenced1306

system, the most natural definition would be1307

⟨q, r⟩ =
∑︂

(i,k)∈Ω
∆xi ∆zk qi,k ri,k.

(Recall that the corner cells and boundary points (Fig.1) are excluded from this interior1308

“integral”.) We demonstrate that this is the “right one”.1309

In the following, we calculate ⟨q,LF ⟩ for our finite-difference form shown above, using1310

the techniques, developed for the 1-d problem (Section S2.1), of “integrating by parts”1311

and adding and subtracting boundary terms to bring the integral to a symmetric form.1312

Since the derivation is complicated, we calculate partial sums and add them together at1313

the end.1314
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S2.3.1
∫︁

dx q Fxx1315

At depth k where i = is[k] is not a corner cell, we calculate the zonal integral1316 ∫︂
dx q Fxx =

i=Mh∑︂
i=is

∆xi qi
1

∆xi

(︃
Fi+1 − Fi

∆xi
− Fi − Fi−1

∆xi−1

)︃

=
i=Mh∑︂
i=is

qi
Fi+1 − Fi

∆xi
−

i=Mh−1∑︂
i=is−1

qi+1
Fi+1 − Fi

∆xi

= −
i=Mh−1∑︂

i=is

(qi+1 − qi)
Fi+1 − Fi

∆xi
+ qMh

FMh+1 − FMh

∆xMh

− qis
Fis − F is−1

∆xis−1

= −
i=Mh−1∑︂

i=is

(qi+1 − qi)
Fi+1 − Fi

∆xi
− qis

Fis − F is−1
∆xis−1

,

where we have used the x = Lx boundary condition (S2.12) and substituted1317

Fis−1 = F is−1. In the 1-d problem (Section S2.1), we added and subtracted a term1318

to bring in a boundary term. Similarly, we add a term which is identically zero from the1319

boundary condition (S2.19) and get1320 ∫︂
dx q Fxx + qis−1

(︃
Fis − F is−1

∆xis−1
− f

c
F is−1

)︃

= −
i=Mh−1∑︂

i=is

(qi+1 − qi)
Fi+1 − Fi

∆xi
− (qis − qis−1)Fis − F is−1

∆xis−1
− qis−1

f

c
F is−1. (S2.23a)

At depth k where i = is[k] is a corner cell, that cell is excluded from the “interior”1321

integral:1322 ∫︂
dx q Fxx =

i=Mh∑︂
i=is+1

∆xi qi
1

∆xi

(︃
Fi+1 − Fi

∆xi
− Fi − Fi−1

∆xi−1

)︃

= −
i=Mh−1∑︂
i=is+1

(qi+1 − qi)
Fi+1 − Fi

∆xi
− qis+1

Fis+1 − Fis

∆xis
. (S2.23b)

S2.3.2
∫︁

dz q(Fz/Ñ)z1323

Likewise, at position i where k = ks[i] is not a corner cell,1324 ∫︂
dz q

(︃
Fz

Ñ2

)︃
z

=
k=ks∑︂
k=1

∆zkqk
1

∆zk

(︃
Fk−1 − Fk

Ñ2
k−1∆zk−1

− Fk − Fk+1

Ñ2
k ∆zk

)︃

=
k=ks∑︂
k=1

qk
Fk−1 − Fk

Ñ2
k−1∆zk−1

−
k=ks+1∑︂

k=2
qk−1

Fk−1 − Fk

Ñ2
k−1∆zk−1

= −
k=ks∑︂
k=2

(qk−1 − qk) Fk−1 − Fk

Ñ2
k−1∆zk−1

+ q1
F0 − F1

Ñ2
0 ∆z0

− qks
Fks − Fks+1

Ñ2
ks

∆zks

= −
k=ks∑︂
k=2

(qk−1 − qk) Fk−1 − Fk

Ñ2
k−1∆zk−1

+ q1
F0 − F1

Ñ2
0 ∆z0

,
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where we have used the surface boundary condition. We “split” the surface Fz term with1325

formula (S2.17) and again add a boundary term that is identically zero (eq. (S2.11a)):1326

= −
k=ks∑︂
k=2

(qk−1 − qk) Fk−1 − Fk

Ñ2
k−1∆zk−1

+ q1

(︃1
2
F0 − F1

Ñ2
0 ∆z0

− 1
2
f2

g

F0 + F1
2

)︃

− q0
1
2

(︃
F0 − F1

Ñ2
0 ∆z0

+ f2

g

F0 + F1
2

)︃

= −
k=ks∑︂
k=2

(qk−1 − qk) Fk−1 − Fk

Ñ2
k−1∆zk−1

− q0 − q1
2

F0 − F1

Ñ2
0 ∆z0

− f2

g

q0 + q1
2

F0 + F1
2 . (S2.23c)

Likewise, at position i where k = ks[i] is a corner cell,1327 ∫︂
dz q

(︃
Fz

Ñ2

)︃
z

=
k=ks−1∑︂

k=1
∆zkqk

1
∆zk

(︃
Fk−1 − Fk

Ñ2
k−1∆zk−1

− Fk − Fk+1

Ñ2
k ∆zk

)︃

= −
k=ks−1∑︂

k=2
(qk−1 − qk) Fk−1 − Fk

Ñ2
k−1∆zk−1

− qks−1
Fks−1 − Fks

Ñ2
ks−1∆zks−1

− q0 − q1
2

F0 − F1

Ñ2
0 ∆z0

− f2

g

q0 + q1
2

F0 + F1
2 . (S2.23d)

S2.3.3 Lines intersecting corner points1328

We first combine one horizontal integral and one vertical integral which intersect with a1329

single corner cell (i′, k′). With that definition, i′ = is[k′] and k′ = ks[i′]. We also add a1330

term that is identically zero from the slope boundary condition (S2.16):1331

∆zk′(S2.23b) + ∆xi′(S2.23d)

+ qi′,k′∆zk′

(︃
Fi′+1,k′ − Fi′,k′

∆xi′
+ ∆xi′

∆zk′

Fi′,k′−1 − Fi′,k′

∆zk′−1Ñk′−1
− f

c
Fi′,k′

)︃

= −∆zk′

i=Mh−1∑︂
i=is+1

(qi+1,k′ − qi,k′)Fi+1,k′ − Fi,k′

∆xi
− ∆zk′qis+1,k′

Fis+1,k′ − Fis,k′

∆xis

− ∆xi′

k=ks−1∑︂
k=2

(qi′,k−1 − qi′,k)Fi′,k−1 − Fi′,k

Ñ2
k−1∆zk−1

− ∆xi′qi′,ks−1
Fi′,ks−1 − Fi′,ks

Ñ2
ks−1∆zks−1

− ∆xi′
q0 − q1

2
F0 − F1

Ñ2
0 ∆z0

− ∆xi′
f2

g

q0 + q1
2

F0 + F1
2

+ qi′,k′∆zk′
Fi′+1,k′ − Fi′,k′

∆xi′
+ qi′,k′∆xi′

Fi′,k′−1 − Fi′,k′

∆zk′−1Ñk′−1
− f

c
qi′,k′∆zk′Fi′,k′

= −∆zk′

i=Mh−1∑︂
i=is

(qi+1,k′ − qi,k′)Fi+1,k′ − Fi,k′

∆xi

− ∆xi′

k=ks∑︂
k=2

(qi′,k−1 − qi′,k)Fi′,k−1 − Fi′,k

Ñ2
k−1∆zk−1

− f

c
qi′,k′∆zk′Fi′,k′

− ∆xi′
q0 − q1

2
F0 − F1

Ñ2
0 ∆z0

− ∆xi′
f2

g

q0 + q1
2

F0 + F1
2 . (S2.24)
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S2.3.4 Adding the rest1332

Summing 1) this expression over all corner cells (i′, k′), 2) ∆zk×(S2.23a) over k except for1333

k’s that include corner cells, and 3) ∆xi×(S2.23c) over i except for i’s that include corner1334

cells completes the domain integral ⟨q,LF ⟩. Recall that we have added terms that are1335

identically zero along the slope/bottom boundary. The sum of those terms corresponds1336

to the line integral, along the slope, of the slope boundary condition. Symbolically, then,1337

0 = ⟨q,LF ⟩ +
∫︂

∂Ω′
ds q(Fx + h−1

x qz/Ñ
2 − f/cF )

=
∑︂

∆zk(S2.23a)
k∈[k|(is[k],k)̸=corner cell]

+
∑︂

∆xi(S2.23c)
i∈{i|(i,ks[i])̸=corner cell}

+
∑︂

(S2.24)
(i′,k′)∈{corner cells}

= −
∑︂

k

∆zk

i=Mh−1∑︂
i=is

(qi+1,k − qi,k)Fi+1,k − Fi,k

∆xi

−
∑︂

k

∆zk(qis,k − qis−1,k)Fis,k − F is−1,k

∆xis−1,k

−
∑︂

i

∆xi

[︃ k=ks∑︂
k=2

(qi,k−1 − qi,k)Fi,k−1 − Fi,k

Ñ2
k−1∆zk−1

+ qi,0 − qi,1
2

Fi,0 − Fi,1

Ñ2
0 ∆z0

]︃

−
∑︂

i

∆xi
f2

g

qi,0 + qi,1
2

Fi,0 + Fi,1
2 −

∑︂
(i,k)∈(slope/wall)

f

c
q(i,k)∆zkF (i,k)

= −
∑︂

k

∆zk

[︃
(qis,k − qis−1,k)Fis,k − F is−1,k

∆xis−1,k
+

i=Mh∑︂
i=is+1

(qi,k − qi−1,k)Fi,k − Fi−1,k

∆xi−1

]︃

−
∑︂

i

∆xi

[︃
(qi,0 − qi,1)F i,0 − Fi,1

Ñ2
0 ∆z0/2

+
k=ks∑︂
k=2

(qi,k−1 − qi,k)Fi,k−1 − Fi,k

Ñ2
k−1∆zk−1

]︃

− f2

g

∑︂
i

∆xiqi,0F i,0 − f

c

∑︂
k

∆zkqkF k. (S2.25)

In the final summation, “F k” is a shorthand for the boundary value on along the slope1338

as there is only one slope-boundary point for each k. This is the discrete version of the1339

bilinear form (S1.10a) for our finite-difference scheme. We can also rewrite the above1340

expression as1341

A(q⃗, F⃗ ) − f

c
⟨q⃗, F⃗ ⟩b = 0,

which corresponds to (S1.10b). Both A(, ) and ⟨, ⟩b are symmetric.1342

Then, the same argument as for (S1.10a) proves the orthogonality that1343

⟨F⃗ (l), F⃗ (n)⟩b =
∑︂

k

∆zkF
(l)
k F

(n)
k = 0 if c(l) ̸= c(n) (S2.26)

and the reality of the eigenvalues. This “integral” takes the form of “vertical” (Stieltjes)1344

integral of (S1.16), which is because dxhx = ∆xi(∆zk/∆xi) = ∆zk for corner cells.1345

Likewise, all eigenvalues are proven to be real.1346

Next, consider A(r⃗, r⃗) for an arbitrary nonzero vector r⃗ ̸= 0. Then all the terms are1347

sums of squared real numbers, and therefore, A(r⃗, r⃗) ≤ 0. Is it possible that A(r⃗, r⃗) = 0?1348

For the first two terms of A to vanish, all the r values involved in (S2.25) must be the1349

same: r⃗ = [b, b, . . . , b] ̸= 0. But, the third term (−(f2/g)
∑︁

i r
2
0,i) is negative because1350

r⃗ ̸= 0. This proves that A(, ) is negative definite under the free-surface condition. Under1351
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the rigid-lid condition (g → ∞), A(r⃗, r⃗) = 0 with this r⃗. The A(, ) is only negative1352

semi-definite under the rigid-lid condition.1353

If we plug r = F , an eigenvector, into the equation A(F⃗ , F⃗ ) = (f/c)⟨F⃗ , F⃗ ⟩b, we1354

conclude that the rigid-lid condition allows for a solution such that F = uniform ̸= 01355

with c = ±∞ (since ⟨F⃗ , F⃗ ⟩b > 0). This is the barotropic mode under the rigid-lid1356

condition.1357

Is it possible that ⟨F⃗ , F⃗ ⟩b = 0? It is possible only when F k = 0 for all k along1358

the slope. Is it possible that A(F⃗ , F⃗ ) = 0 at the same time? That would demand that1359

F = uniform ̸= 0, contradicting to ⟨F⃗ , F⃗ ⟩b = 0. Therefore ⟨F⃗ , F⃗ ⟩b = 0 requires that1360

A(F⃗ , F⃗ ) < 0. Therefore, ⟨F⃗ (n), F⃗ (n)⟩b = 0 implies that c = 0. Our numerical solutions1361

do include such unphysical solutions as explained in Section S2.4 below.1362

For physical modes, ⟨F⃗ , F⃗ ⟩b > 0, and then A(F⃗ , F⃗ ) < 0 proves that f/c < 0 except1363

for the barotropic mode under the rigid-lid condition. In this way, all properties of the1364

solutions in the continuous system (Section S1.2.3) hold for our finite-difference system.1365

S2.4 Matrix formalism1366

We have pictured the gridpoints as arranged in the 2-d x-z space (Fig. 1) and viewed1367

gridded values of F (x, z) as a 2-d array [Fi,k]i,k. To cast the set of the finite-difference1368

equations (Section S2.2) into matrix form, we line up all active grid-point values in a1369

1-d column vector F⃗ . The order of the values is determined as follows.1370

We assign a serial number to the “active” gridpoints, e.g., gridpoints which ap-1371

pear in the finite differnce equations including the boundary points and those in the1372

lobes (Section S2.2). We then denote the gridpoint number of gridpoint (i, k) by ν(i, k)1373

and the value of F there by F [ν(i, k)], that is, F [ν(i, k)] ≡ Fi,k. With this notation,1374

F⃗ = [F [1], F [2], . . . , F [M ]]T , where M is the total number of all the active gridpoints.1375

There are also M equations, the set of which can be summarized as1376

AF⃗ = f

c
BF⃗ ; (S2.27)

that is, equation λ takes the form of1377

M∑︂
ν=1

A[λ, ν]F [ν] = f

c

M∑︂
ν=1

B[λ, ν]F [ν],

where λ is a serial number of the finite-difference equation, which is the row number of1378

the matrix equation. In what follows, we determine the coefficients, A[l, ν]’s and B[l, ν]’s.1379

Since the majority of the coefficients are zero, we define only the non-zero components.1380

To make A and B symmetric, two issues are critical: the ordering of the equations1381

and the addition of boundary terms that are identically zero. For the ordering, the1382

critical observation is that each equation includes just one “unique” gridpoint, which1383

we call the “central” gridpoint of the equation. In the derivation below, we identify the1384

central gridpoints.1385

To make the bilinear form (S2.25) symmetric, we added some boundary terms that1386

are identically zero. We apply an equivalent treatment to the equations themselves. Even1387

though the addition does not change the values of the left-hand sides of the equations (of1388

course!), the coefficients on the individual gridded values (F ’s) change, which is critical1389

to make A and B symmetric.1390

For each k along the slope, the boundary gridpoint is either a vertical-wall point1391

or the center of a corner cell (circles on the slope in Fig. 1). Where the boundary is a1392
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vertical wall, the boundary value is F (is[k] − 1, k) = F (is[k] − 1, k) and where it is a1393

corner cell, the boundary value is F (is[k], k). For convenience, we denote these boundary1394

points by (ib[k], k).1395

S2.4.1 Interior equations1396

First, we write down the interior equations (S2.22). Remember each of these equations1397

is defined for a pair of (i, k), which is an “interior cell”, that is, an ocean cells which is1398

not a corner cell. That particular cell is the “center” of the equation, which also uses F1399

values from neighboring cells.1400

We first line up the interior cells (i, k) and give them numbers ν = 1, . . . ,Mint, where1401

the order of the cells is arbitrary; but once we have assigned the numbers to the interior1402

cells, we re-order the interior equations in such a way that λ = ν(i, k); that is, the1403

equation number is set equal to the gridpoint number of the central cell of the equation.1404

For each k = 1, . . . ,Mv, interior cells are (i, k) for i = ib[k] + 1, . . . ,Mh. From the1405

interior equations (S2.22), we find that1406

A[ν(i, k), ν(i, k)] = −∆zk

∆xi
− ∆zk

∆xi−1
− γk

∆xi

Ñ2
k−1∆zk−1

− ∆xi

Ñ2
k ∆zk

− ςk
f2

g

∆xi

2
(S2.28a)

A[ν(i, k), ν(i+ 1, k)] = ∆zk

∆xi
(S2.28b)

A[ν(i, k), ν(i− 1, k)] = ∆zk

∆xi−1
(S2.28c)

A[ν(i, k), ν(i, k − 1)] = γk
∆xi

Ñ2
k−1∆zk−1

− ςk
f2

g

∆xi

2 (S2.28d)

A[ν(i, k), ν(i, k + 1)] = ∆xi

Ñ2
k ∆zk

, (S2.28e)

k = 1, . . . ,Mv; i = ib[k] + 1, . . . ,Mh.

Note that the first index into A is always λ = ν(i, k), referring to the equation number1407

and central gridpoint whereas the second indices include off-center gridpoints and even1408

non-interior gridpoints when the center is next to a boundary.1409

S2.4.2 Sea surface1410

Next we line up the Mh surface boundary conditions λ = Mint + 1, . . . ,Mint +Mh. Each1411

of these Mh equations introduces a new grid cell, (i, 0), in the upper lobe, which is the1412

“central” cell of the equation. Accordingly, we give them the same cell numbers as the1413

equation numbers:1414

λ = Mint + 1 = ν(1, 0)
λ = Mint + 2 = ν(2, 0)

· · ·
λ = Mint +Mh = ν(Mh, 0)
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We multiply each surface boundary condition (S2.11a) by −1
2∆xi and then the co-1415

efficients are1416

A[ν(i, 0), ν(i, 0)] = −γ1
∆xi

Ñ2
0 ∆z0

− ς1
f2

g

∆xi

2 , (S2.29a)

A[ν(i, 0), ν(i, 1)] = γ1
∆xi

Ñ2
0 ∆z0

− ς1
f2

g

∆xi

2 (S2.29b)

because γ1 = ς1 = 1
2 . The reason for the factor −1

2∆xi will become clear when we1417

consider the symmetry of matrix A.1418

S2.4.3 Right-edge boundary condition1419

Likewise, we line up the x = Lx boundary conditions; they introduce Mv new grid cells1420

(Mh + 1, k) for k = 1, . . . ,Mv, which we give the same cell numbers as the equation1421

numbers, as1422

λ = Mint +Mh + 1 = ν(Mh + 1, 1)
λ = Mint +Mh + 2 = ν(Mh + 1, 2)

· · ·
λ = Mint +Mh +Mv = ν(Mh + 1,Mv).

We multiply each of these boundary conditions (S2.12) by −∆zk and then their coeffi-1423

cients are1424

A[ν(Mh + 1, k), ν(Mh + 1, k)] = − ∆zk

∆xMh

, (S2.30a)

A[ν(Mh + 1, k), ν(Mh, k)] = ∆zk

∆xMh

. (S2.30b)

S2.4.4 Flat bottom1425

Along the slope, there can be flat-bottom regions (Fig. 1). We handle these potential1426

flat-bottom regions and the flat bottom at z = −D after the slope together. Let Mflat be1427

the number of the bottom-boundary grid points in these flat-bottom regions. Since one1428

corner cell takes up one horizontal grid spacing, the number of flat-bottom gridpoints1429

decreases from Mh by the number of corner cells, Mcorner. That is, Mflat +Mcorner = Mh.1430

We denote the i indices of these flat-bottom gridpoints as i(1), i(2), . . . , i(Mflat). Phys-1431

ically, these bottom-boundary grid points are located right at the bottom, but in the1432

code, we store these values in the cells below the bottom, (i, ks[i] + 1).1433

We then give these cells the same cell numbers as the equation numbers:1434

λ = Mint +Mh +Mv + 1 = ν(i(1),Mv + 1)
λ = Mint +Mh +Mv + 2 = ν(i(2),Mv + 1)

· · ·
λ = Mint +Mh +Mv +Mflat = ν(i(Mflat),Mv + 1).
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We multiply each of the bottom boundary conditions by −∆xi/Ñ
2
ks[i] and then the1435

coefficients of the boundary conditions are1436

A[ν(i, ks[i] + 1), ν(i, ks[i] + 1)] = − ∆xi

Ñ2
ks[i]∆zks[i]

, (S2.31a)

A[ν(i, ks[i] + 1), ν(i, ks[i])] = ∆xi

Ñ2
ks[i]∆zks[i]

(S2.31b)

for i = i(1), i(2), . . . , i(Mflat).1437

S2.4.5 Vertical-wall grid points and corner cells1438

So far, only A has given nonzero components, since the remaining Mv equations are the1439

only ones that include f/c and therefore give nonzero values to B. They are the vertical-1440

wall boundary conditions (S2.19) and the corner-cell boundary conditions (S2.18). Since1441

each k = 1, . . . ,Mv has exactly one of these conditions, we just order the equations from1442

k = 1 to k = Mv:1443

λ = Mint +Mh +Mv +Mflat + 1 = ν(ib[1], 1)
· · ·

λ = Mint +Mh +Mv +Mflat +Mv = ν(ib[Mv],Mv).

and use either the vertical-wall boundary condition (S2.19) or the corner-cell boundary1444

condition (S2.18).1445

We multiply each of the vertical-wall boundary conditions by ∆zk and then the1446

coefficients are1447

A[ν(ib[k], k), ν(ib[k], k)] = − ∆zk

∆xis[k]/2
, (S2.32a)

A[ν(ib[k], k), ν(ib[k] + 1, k)] = ∆zk

∆xis[k]/2
, (S2.32b)

B[ν(ib[k], k), ν(ib[k], k)]. = ∆zk. (S2.32c)

Recall that ib[k] = is[k] − 1 for these points. We multiply the corner-cell boundary1448

conditions (S2.18) by ∆zk and the coefficients are1449

A[ν(ib[k], k), ν(ib[k], k)] = −∆zk

∆xi
− γk

∆xi

Ñ2
k−1∆zk−1

− ςk
f2

g

∆xi

2 , (S2.33a)

A[ν(ib[k], k), ν(ib[k] + 1, k)] = ∆zk

∆xi
, (S2.33b)

A[ν(ib[k], k), ν(ib[k], k − 1)] = γk
∆xi

Ñ2
k−1∆zk−1

− ςk
f2

g

∆xi

2 , (S2.33c)

B[ν(ib[k], k), ν(ib[k], k)] = ∆zk, (S2.33d)
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where we have used i = ib[k] = is[k] as a short hand. Either (S2.32) or (S2.33) applies to1450

each k. Note that the only nonzero components of B are the Mv diagonal components1451

B(νk, νk) = ∆zk, where νk ≡ ν(ib[k], k).1452

S2.4.6 Symmetry1453

Symmetry in i. Replacing i → i− 1 in (S2.28b) gives1454

A[ν(i− 1, k), ν(i, k)] = ∆zk

∆xi−1
, i = ib[k] + 2, . . . ,Mh + 1.

Comparing this with (S2.28c), we see that1455

A[ν(i− 1, k), ν(i, k)] = A[ν(i, k), ν(i− 1, k)], i = ib[k] + 2, . . . ,Mh. (S2.34)

Next, setting i = ib[k] + 1 in (S2.28c) gives1456

A[ν(ib[k] + 1, k), ν(ib[k], k)] = ∆zk

∆xib[k]
.

If the gridpoint (ib[k], k) is a corner-cell point, ib[k] = is[k] and therefore comparison1457

with (S2.33b) indicates that1458

A[ν(ib[k] + 1, k), ν(ib[k], k)] = A[ν(ib[k], k), ν(ib[k] + 1, k)]. (S2.35)

If the gridpoint (ib[k], k) is a vertical-wall point, ib[k] = is[k] − 1 and ∆xib[k] = ∆xis[k]/21459

and therefore comparison with (S2.32b) indicates (S2.35) again. Equation (S2.35) is an1460

extension of (S2.34) to i = ib[k] + 1.1461

Setting i = Mh in (S2.28b) and comparing the result with (S2.30b) gives1462

A[ν(Mh + 1, k), ν(Mh, k)] = A[ν(Mh, k), ν(Mh + 1, k)].

This is an extension of (S2.34) to i = Mh + 1. To summarize, then,1463

A[ν(i− 1, k), ν(i, k)] = A[ν(i, k), ν(i− 1, k)], i = ib[k] + 1, . . . ,Mh + 1 (S2.36)

for k = 1, . . . ,Mv. The gridpoints involved, (i− 1, k) and (i, k), cover all the gridpoints1464

in the 1 ≤ k ≤ Mv range.1465

Symmetry in k. For each i, we define k = kb[i] to be k of the bottom-boundary point;1466

at a flat-bottom point, kb[i] = ks[i] + 1, and at a corner cell, kb[i] = ks[i]. The interior1467

equations (S2.28) hold only for k = 1, . . . , kb[i] − 1 for each i.1468

When kb[i] > 1, replacing k → k + 1 in (S2.28d) gives1469

A[ν(i, 1), ν(i, 0)] = 1
2

∆xi

Ñ2
0 ∆z0

− 1
2
f2

g

∆xi

2 (S2.37a)

A[ν(i, k + 1), ν(i, k)] = ∆xi

Ñ2
k ∆zk

(S2.37b)

for k = 1, . . . , kb[i] − 2 for each of i = 1, . . . ,Mh such that kb[i] > 1. For positions i1470

where the deepest grid point is on a flat bottom, the bottom boundary condition (S2.31b)1471

extends (S2.37) to k = ks[i] = kb[i] − 1. For positions i where the deepest grid point is1472
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in a corner cell, the corner boundary equation (S2.33c) implies1473

A[ν(i, kb[i]), ν(i, kb[i] − 1)] = ∆xi

Ñ2
kb[i]−1∆zkb[i]−1

because k = kb[i] > 1 for the corner cell. The expression also extends (S2.37) to1474

k = ks[i] = kb[i] − 1.1475

When kb[i] = 1 for some i, the interior equations (S2.28d) cannot be used; and the1476

entire water column is a single corner cell and the corner boundary equation (S2.33c)1477

implies1478

A[ν(i, 1), ν(i, 0)] = 1
2

∆xi

Ñ2
0 ∆z0

− 1
2
f2

g

∆xi

2

because kb[i] = ks[i] = 1 for such corner cells. Therefore, (S2.37) holds whether kb[i] > 11479

or kb[i] = 1.1480

Comparison of (S2.37) with (S2.29b) and (S2.28e) indicates that1481

A[ν(i, k + 1), ν(i, k)] = A[ν(i, k), ν(i, k + 1)], k = 0, . . . , kb[i] − 1 (S2.38)

for each i = 1, . . . ,Mh. These grid points, (i, k+ 1) and (i, k), cover all gridpoints in the1482

range i = 1, . . . ,Mh.1483

Finally, eqs. (S2.36) and (S2.38) include all off-diagonal components of matrix A,1484

proving that A is symmetric. Matrix B is obviously symmetric as only its last Mv rows1485

include non-zero values (∆zk) only on its diagonal.1486

S2.4.7 Properties of the solutions1487

Except for the negative definiteness of A, all properties we derived for the eigenvalue1488

problem can be more easily derived in the matrix formalism; not only that, but also one1489

more important property is derived from it. The matrix formalism is also necessary to1490

utilize existing eigenvalue-problem solvers.1491

First, we consider this bilinear form:1492

q⃗ TAr⃗ = (q⃗ TAr⃗)T = r⃗ TAT q⃗ = r⃗ TAq⃗.

That is, the bilinear form is symmetric because A is symmetric. The binary form asso-1493

ciated with B is also symmetric. Following the same argument as in Section S2.3, we1494

arrive at the orthogonality condition1495 (︃ 1
c(l) − 1

c(n)

)︃
(F⃗ (l))TBF⃗ (n) = 0;

that is, the eigenvectors are “B-orthogonal”. This result is exactly the same as (S2.26),1496

because, from the definition of B as shown in eqs. (S2.32c) and (S2.33d),1497

(F⃗ (l))TBF⃗ (n) =
∑︂

k

∆zkF
(l)
k F

(n)
,

where F k = F (ib[k], k) by definition. Using the above bilinear form, it is also straight-1498

forward to prove that c’s are real.1499

As stated above, B is diagonal and only its last Mv diagonals are nonzero. Therefore,1500

there are M −Mv linearly independent vectors that satisfy BF⃗ = 0. Such a vector must1501
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satisfy1502

∆zkF k = 0

for each k = 1, . . . ,Mv. Since ∆zk > 0 for all k, it is concluded that F k = 0 for all1503

k for such a vector. Conversely, if F k = 0 for all k, BF⃗ = 0 regardless of the other1504

components of F⃗ .1505

Any vector such that BF⃗ = 0 is a solution to the eigenvalue problem1506

BF⃗ = c

f
AF⃗ (S2.39)

with c = 0, regardless of the values of AF⃗ .1507

Is it possible that AF⃗ = BF⃗ = 0 for F⃗ ̸= 0? Using the same argument as before, only1508

under the rigid-lid approximation is AF⃗ = 0 possible but that would result in BF⃗ ̸= 01509

because F⃗ = uniform ̸= 0 in that case. Therefore, it is impossible that AF⃗ = BF⃗ = 01510

as long as F⃗ ̸= 0. For this reason, BF⃗ = 0 implies c = 0 and vice versa.1511

To conclude, there are M −Mv linearly independent eigenvectors all with c = 0 and1512

F k = 0, and conversely, any vector with F k = 0 is an eigenvector with c = 0. These are1513

clearly unphysical solutions. For the other solutions, BF⃗ ̸= 0.1514

S2.4.8 Consequences from the negative definiteness of A1515

Further, the next section (Section S2.5) actually calculates q⃗ TAr⃗ and shows that1516

r⃗ TAr⃗ ≤ 0 and that only under the rigid-lid condition is it possible that r⃗ TAr⃗ = 0. The1517

same argument as in Section S2.3 therefore proves that f/c < 0 under the free-surface1518

condition.1519

An equivalent eigenvalue problem (−B)F⃗ = (c/f)(−A)F⃗ can then be transformed1520

into the form B′F⃗ ′ = (c/f)F⃗ ′ with a symmetric B′.1521

Proof: Since (−A) is positive definite and symmetric, all its eigenvalues are positive1522

and its eigenvectors are orthogonal, allowing for the diagonalization:1523

P T (−A)P = diag(a2
1, . . . , a

2
M ),

where a2
j > 0 are the eigenvalues and P is an orthonormal matrix (P TP = I) constructed1524

from the eigenvectors. Further,1525

QT (−A)Q = diag(1, . . . , 1) = I,

where Q ≡ P diag(a−1
1 , . . . , a−1

M ). Note that Q−1 = diag(a1, . . . , aM )P T . Then, the1526

eigenvalue problem can be transformed into1527

QT (−B)QQ−1F⃗ = QT (c/f)(−A)QQ−1F⃗

⇒ B′F⃗ ′ = (c/f)F⃗ ′,

where B′ ≡ QT (−B)Q, A′ ≡ QT (−A)Q, and F⃗ ′ ≡ Q−1F⃗ . The matrix B′ is obviously1528

symmetric. Since B′ is symmetric, there are M independent eigenvectors, which can be1529

transformed back with F⃗ = QF⃗ ′. Since Q is invertible, the set of the M independent1530

eigenvectors are transformed to a set of M linearly independent vectors, which are the1531

eigenvectors of the original problem. □1532

This argument proves that there are exactly Mv physical solutions with c ̸= 0.1533

In practice, this property makes it straightforward to filter out the unphysical modes.1534
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Under the rigid-lid condition, we do not know whether there should always be exactly1535

Mv physical solutions. (In the above proof we used the property that A is negative1536

definite.) We suspect that there is a proof even when A is negative semi-definite (when1537

there is a vector r⃗ ̸= 0 such that r⃗ TAr⃗ = 0). Our experience with our numerical solutions1538

is that there are exactly Mv physical solutions even under the rigid-lid condition.1539

Finally, there are two subroutines in LAPACK to solve the type of generalized eigen-1540

value problem we are dealing with (Section 4). One is the most general one, which1541

are able to solve non-symmetric eigenvalue problems with complex eigenvalues. The1542

other works only when A and B are symmetric and one of them is positive definite.1543

Even though both are symmetric for our case, B is hardly definite as there are vectors1544

such that BF⃗ = 0. Also, AF⃗ (0) = 0 for the barotropic mode under the rigid-lid ap-1545

proximation. On the other hand A is negative definite under the free-surface boundary1546

condition.1547

For this reason, we use the free-surface boundary condition by default and transform1548

the eigenvalue problem into the form1549

(−B)F⃗ = c

f
(−A)F⃗ . (S2.40)

The LAPACK routine fails with an error message if some of the prerequisites on −B or1550

−A are not satisfied.1551

If, for any reason, we need to use the rigid-lid boundary condition, we use the general1552

eigenvalue-problem solver. The only practical difference is that the general solver is much1553

slower, uses more memory, and returns complex eigenvalues, because of which we have1554

to check whether the imaginary parts are really zero as they should.1555

S2.5 Bilinear form using the matrices1556

We calculate q⃗ TAr⃗ =
∑︁

λ q[λ]
∑︁

ν A[λ, ν]r[ν] without assuming that either q or r is a1557

solution to the eigenvalue problem. We use the definition r[ν(i, k)] = ri,k.1558

First, we calculate the “interior” section (Section S2.4.1) of the summation
∑︁

λ:1559

Mint∑︂
λ=1

q[λ]
∑︂

ν

A[λ, ν]r[ν]

=
∑︂

(i,k)∈Ω
qi,k

[︃(︃
−∆zk

∆xi
− ∆zk

∆xi−1
− γk

∆xi

Ñ2
k−1∆zk−1

− ςk
f2

g

∆xi

2 − ∆xi

Ñ2
k ∆zk

)︃
ri,k

+ ∆zk

∆xi
ri+1,k + ∆zk

∆xi−1
ri−1,k

+
(︃
γk

∆xi

Ñ2
k−1∆zk−1

− ςk
f2

g

∆xi

2

)︃
ri,k−1 + ∆xi

Ñ2
k ∆zk

ri,k+1

]︃

=
∑︂

(i,k)∈Ω
qi,k

[︃
∆zk

(︃
ri+1,k − ri,k

∆xi
− ri,k − ri−1,k

∆xi−1

)︃

+ ∆xi

(︃
γk
ri,k−1 − ri,k

Ñ2
k−1∆zk−1

− ςk
f2

g

ri,k−1 + ri,k

2 − ri,k − ri,k+1

Ñ2
k ∆zk

)︃]︃
(S2.41)
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Next, the sea-surface section (Section S2.4.2) is1560

Mint+Mh∑︂
λ=Mint+1

q[λ]
∑︂

ν

A[λ, ν]r[ν]

=
Mh∑︂
i=1

qi,0

[︃(︃
−γ1

∆xi

Ñ2
0 ∆z0

− ς1
f2

g

∆xi

2

)︃
ri,0 +

(︃
γ1

∆xi

Ñ2
0 ∆z0

− ς1
f2

g

∆xi

2

)︃
ri,1

]︃

=
Mh∑︂
i=1

qi,0∆xi

(︃
−γ1

ri,0 − ri,1

Ñ2
0 ∆z0

− ς1
f2

g

ri,0 + ri,1
2

)︃
(S2.42)

Recall, in what follows, that ib[k] = is[k] − 1 when (is[k], k) is next to a verti-1561

cal wall whereas ib[k] = is[k] when (is[k], k) is a corner point. With this notation,1562

i = ib[k] + 1, . . . ,Mh denote the interior. In particular, ib[1] = 0 if (1, 1) is a verti-1563

cal wall boundary point and the boundary value is stored in the (0, 1) cell. Likewise,1564

kb[i] = ks[i] + 1 when (i, ks[i]) is above a flat bottom or a flat part of the slope and1565

kb[i] = ks[i] when (i, ks[i]) is a corner point.1566

Combining the partial sums (S2.41) and (S2.42) gives1567

Mint+Mh∑︂
λ=1

q[λ]
∑︂

ν

A[λ, ν]r[ν]

=
∑︂

(i,k)∈Ω
qi,k∆zk

(︃
ri+1,k − ri,k

∆xi
− ri,k − ri−1,k

∆xi−1

)︃

+
Mh∑︂

i=ib[1]+1

kb[i]−1∑︂
k=2

qi,k∆xi

(︃
ri,k−1 − ri,k

Ñ2
k−1∆zk−1

− ri,k − ri,k+1

Ñ2
k ∆zk

)︃

+
Mh∑︂

i=ib[1]+1
qi,1∆xi

(︃
γ1
ri,0 − ri,1

Ñ2
0 ∆z0

− ς1
f2

g

ri,0 + ri,1
2 − ri,1 − ri,2

Ñ2
1 ∆z1

)︃

+
Mh∑︂
i=1

qi,0∆xi

(︃
−γ1

ri,0 − ri,1

Ñ2
0 ∆z0

− ς1
f2

g

ri,0 + ri,1
2

)︃

=
∑︂

k

Mh∑︂
i=ib[k]+1

qi,k∆zk
ri+1,k − ri,k

∆xi
−

∑︂
k

Mh−1∑︂
i=ib[k]

qi+1,k∆zk
ri+1,k − ri,k

∆xi

+
Mh∑︂

i=ib[1]+1

kb[i]−2∑︂
k=1

qi,k+1∆xi
ri,k − ri,k+1

Ñ2
k ∆zk

−
Mh∑︂

i=ib[1]+1

kb[i]−1∑︂
k=2

qi,k∆xi
ri,k − ri,k+1

Ñ2
k ∆zk

−
Mh∑︂

i=ib[1]+1
qi,1∆xi

ri,1 − ri,2

Ñ2
1 ∆z1

+
Mh∑︂

i=ib[1]+1
qi,1∆xi

(︃
−γ1(qi,0 − qi,1)ri,0 − ri,1

Ñ2
0 ∆z0

− ς1(qi,0 + qi,1)f
2

g

ri,0 + ri,1
2

)︃

+ϖ(ib[1] > 0)∆x1q1,0

(︃
−γ1

r1,0 − r1,1

Ñ2
0 ∆z0

− ς1
f2

g

r1,0 + r1,1
2

)︃
. (S2.43)

For the first two lines, we are in the process of applying the “integration-by-parts” trick.1568

For the second line, we have written i = ib[1] + 1 as the lower bound of the summation1569

to exclude the potential corner cell at i = 1. The last line is a potential leftover which1570

exists if the (1, 1) is a corner point because in that case, (1, 1) is not included in the1571
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summation starting from i = ib[1] + 1; ϖ is an ad-hoc notation such that1572

ϖ(ib[1] > 0) =

⎧⎨⎩0 if ib[1] = 0,
1 if ib[1] > 0

to exclude or include the term from the potential corner cell. To continue the calculation,1573

Mint+Mh∑︂
λ=1

q[λ]
∑︂

ν

A[λ, ν]r[ν]

= −
∑︂

k

Mh−1∑︂
i=ib[k]+1

(qi+1,k − qi,k)∆zk
ri+1,k − ri,k

∆xi

+
∑︂

k

qMh,k ∆zk
rMh+1,k − rMh,k

∆xMh

−
∑︂

k

qib[k]+1,k∆zk

rib[k]+1,k − rib[k],k
∆xib[k]

−
Mh∑︂

i=ib[1]+1

kb[i]−2∑︂
k=2

(qi,k − qi,k+1)∆xi
ri,k − ri,k+1

Ñ2
k ∆zk

+
Mh∑︂

i=ib[1]+1
qi,2∆xi

ri,1 − ri,2

Ñ2
1 ∆z1

−
Mh∑︂

i=ib[1]+1
qi,kb[i]−1∆xi

ri,kb[i]−1 − ri,kb[i]

Ñ2
kb[i]−1∆zkb[i]−1

−
Mh∑︂

i=ib[1]+1
qi,1∆xi

ri,1 − ri,2

Ñ2
1 ∆z1

+
Mh∑︂

i=ib[1]+1
qi,1∆xi

(︃
−γ1(qi,0 − qi,1)ri,0 − ri,1

Ñ2
0 ∆z0

− ς1(qi,0 + qi,1)f
2

g

ri,0 + ri,1
2

)︃

+ϖ(ib[1] > 0)∆x1q1,0

(︃
−γ1

r1,0 − r1,1

Ñ2
0 ∆z0

− ς1
f2

g

r1,0 + r1,1
2

)︃

= −
∑︂

k

Mh−1∑︂
i=ib[k]+1

(qi+1,k − qi,k)∆zk
ri+1,k − ri,k

∆xi

+
∑︂

k

qMh,k ∆zk
rMh+1,k − rMh,k

∆xMh

−
∑︂

k

qib[k]+1,k∆zk

rib[k]+1,k − rib[k],k
∆xib[k]

−
Mh∑︂

i=ib[1]+1

kb[i]−2∑︂
k=1

(qi,k − qi,k+1)∆xi
ri,k − ri,k+1

Ñ2
k ∆zk

−
Mh∑︂

i=ib[1]+1
qi,kb[i]−1∆xi

ri,kb[i]−1 − ri,kb[i]

Ñ2
kb[i]−1∆zkb[i]−1

+
Mh∑︂

i=ib[1]+1
qi,1∆xi

(︃
−γ1(qi,0 − qi,1)ri,0 − ri,1

Ñ2
0 ∆z0

− ς1(qi,0 + qi,1)f
2

g

ri,0 + ri,1
2

)︃

+ϖ(ib[1] > 0)∆x1q1,0

(︃
−γ1

r1,0 − r1,1

Ñ2
0 ∆z0

− ς1
f2

g

r1,0 + r1,1
2

)︃
. (S2.44)
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The section of the summation from the right-edge boundary equations (Sec-1574

tion S2.4.3) is1575

Mint+Mh+Mv∑︂
λ=Mint+Mh+1

q[λ]
∑︂

ν

A[λ, ν]r[ν] =
∑︂

k

qMh+1,k

(︃ ∆zk

∆xMh

rMh,k − ∆zk

∆xMh

rMh+1,k

)︃

= −
∑︂

k

qMh+1,k∆zk
rMh+1,k − rMh,k

∆xMh

,

which we add to (S2.44) to obtain1576

Mint+Mh+Mv∑︂
λ=1

q[λ]
∑︂

ν

A[λ, ν]r[ν]

= −
∑︂

k

Mh−1∑︂
i=ib[k]+1

(qi+1,k − qi,k)∆zk
ri+1,k − ri,k

∆xi

−
∑︂

k

(qMh+1,k − qMh,k) ∆zk
rMh+1,k − rMh,k

∆xMh

−
∑︂

k

qib[k]+1,k∆zk

rib[k]+1,k − rib[k],k
∆xib[k]

−
Mh∑︂

i=ib[1]+1

kb[i]−2∑︂
k=1

(qi,k − qi,k+1)∆xi
ri,k − ri,k+1

Ñ2
k ∆zk

−
Mh∑︂

i=ib[1]+1
qi,kb[i]−1∆xi

ri,kb[i]−1 − ri,kb[i]

Ñ2
kb[i]−1∆zkb[i]−1

+
Mh∑︂

i=ib[1]+1
∆xi

[︃
−γ1(qi,0 − qi,1)ri,0 − ri,1

Ñ2
0 ∆z0

− ς1(qi,0 + qi,1)f
2

g

ri,0 + ri,1
2

]︃

+ϖ(ib[1] > 0)∆x1q1,0

(︃
−γ1

r1,0 − r1,1

Ñ2
0 ∆z0

− ς1
f2

g

r1,0 + r1,1
2

)︃
. (S2.45)

The flat-bottom piece (Section S2.4.4) is1577

Mint+Mh+Mv+Mflat∑︂
λ=Mint+Mh+Mv

q[λ]
∑︂

ν

A[λ, ν]r[ν]

=
∑︂

i∈{flat bottom}
qi,kb[i]

(︃
− ∆xi

Ñ2
ks[i]∆zks[i]

ri,kb[i] + ∆xi

Ñ2
ks[i]∆zks[i]

ri,kb[i]−1

)︃

=
∑︂

i∈{flat bottom}
qi,kb[i]∆xi

ri,kb[i]−1 − ri,kb[i]

Ñ2
kb[i]−1∆zkb[i]−1

. (S2.46)

Note that ks[i] = kb[i] − 1 for a flat bottom. Likewise, the vertical-wall piece (Sec-1578

tion S2.4.5) is1579 ∑︂
λ∈vert.wall

q[λ]
∑︂

ν

A[λ, ν]r[ν]

=
∑︂

k∈{vert.wall}
qib[k],k

(︃
− ∆zk

∆xis[k]/2
rib[k],k + ∆zk

∆xis[k]/2
rib[k]+1,k

)︃

=
∑︂

k∈{vert.wall}
qib[k],k∆zk

rib[k]+1,k − rib[k],k
∆xib[k]

. (S2.47)

Note that ∆xib[k] = ∆xis[k]/2 for vertical-wall boundaries.1580
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The corner-cell piece (Section S2.4.5) is1581 ∑︂
λ∈corner

q[λ]
∑︂

ν

A[λ, ν]r[ν]

=
∑︂

(i,k)∈corner
qi,j

[︃(︃
−∆zk

∆xi
− γk

∆xi

Ñ2
k−1∆zk−1

− ςk
f2

g

∆xi

2

)︃
ri,k

+ ∆zk

∆xi
ri+1,k +

(︃
γk

∆xi

Ñ2
k−1∆zk−1

− ςk
f2

g

∆xi

2

)︃
ri,k−1

]︃

=
∑︂

(i,k)∈corner
qi,k

(︃
∆zk

ri+1,k − ri,k

∆xi
+ γk∆xi

ri,k−1 − ri,k

Ñ2
k−1∆zk−1

− ςk∆xi
f2

g

ri,k + ri,k−1
2

)︃
.

(S2.48)

Then, we combine these three partial sums for the slope-bottom boundary to get1582 ∑︂
λ∈slope/bottom

q[λ]
∑︂

ν

A[λ, ν]r[ν]

=
Mv∑︂
k=1

qib[k],k∆zk

rib[k]+1,k − rib[k],k
∆xi

+ϖ(ib[1] > 0)q1,1

(︃
γ1∆x1

r1,0 − r1,1

Ñ2
0 ∆z0

− ς1∆x1
f2

g

r1,1 + r1,0
2

)︃

+
Mh∑︂

i=ib[1]+1
qi,kb[i]∆xi

ri,kb[i]−1 − ri,kb[i]

Ñ2
kb[i]−1∆zkb[i]−1

(S2.49)

If (1, 1) is a corner cell, ϖ = 1 and the last i summation starts from 2 to exclude the1583

corner cell; if (1, 1) is not a corner cell, the ϖ vanishes and the last i summation starts1584

from 1.1585

Finally, adding this contribution from the slope-bottom boundary to (S2.45), we1586

obtain1587

q⃗TAr⃗ =
∑︂

λ

q[λ]
∑︂

ν

A[λ, ν]r[ν]

= −
∑︂

k

Mh−1∑︂
i=ib[k]+1

(qi+1,k − qi,k)∆zk
ri+1,k − ri,k

∆xi

−
∑︂

k

(qMh+1,k − qMh,k) ∆zk
rMh+1,k − rMh,k

∆xMh

−
∑︂

k

(qib[k]+1,k − qib[k])∆zk

rib[k]+1,k − rib[k],k
∆xib[k]

−
Mh∑︂

i=ib[1]+1

kb[i]−2∑︂
k=1

(qi,k − qi,k+1)∆xi
ri,k − ri,k+1

Ñ2
k ∆zk

−
Mh∑︂

i=ib[1]+1
(qi,kb[i]−1 − qi,kb[i])∆xi

ri,kb[i]−1 − ri,kb[i]

Ñ2
kb[i]−1∆zkb[i]−1

+
Mh∑︂

i=ib[1]+1
∆xi

[︃
−γ1(qi,0 − qi,1)ri,0 − ri,1

Ñ2
0 ∆z0

− ς1(qi,0 + qi,1)f
2

g

ri,0 + ri,1
2

]︃

+ϖ(ib[1] > 0)∆x1

[︃
−γ1(q1,0 − q1,1)r1,0 − r1,1

Ñ2
0 ∆z0

− ς1(q1,0 + q1,1)f
2

g

r1,0 + r1,1
2

]︃
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= −
∑︂

k

Mh∑︂
i=ib[k]

(qi+1,k − qi,k)∆zk
ri+1,k − ri,k

∆xi

−
Mh∑︂

i=ib[1]+1

kb[i]−1∑︂
k=1

(qi,k − qi,k+1)∆xi
ri,k − ri,k+1

Ñ2
k ∆zk

+
Mh∑︂
i=1

∆xi

[︃
−γ1(qi,0 − qi,1)ri,0 − ri,1

Ñ2
0 ∆z0

− ς1(qi,0 + qi,1)f
2

g

ri,0 + ri,1
2

]︃

= −
∑︂

k

Mh∑︂
i=ib[k]

∆zk(qi+1,k − qi,k)ri+1,k − ri,k

∆xi

−
Mh∑︂
i=1

∆xi

[︃
(qi,0 − qi,1) ri,0 − ri,1

Ñ2
0 ∆z0/2

+
kb[i]−1∑︂

k=1
(qi,k − qi,k+1)ri,k − ri,k+1

Ñ2
k ∆zk

]︃

− f2

g

Mh∑︂
i=1

∆xi
qi,0 + qi,1

2
ri,0 + ri,1

2 . (S2.50)

For the second line, the lower bound has been switched from i = ib[1] + 1 to i = 1.1588

If (1, 1) is a corner cell, ib[1] = 1 and kb[1] = 1 so that the k-summation from k = 11589

to k = kb[1] − 1 = 0 vanishes and whether starting from i = 1 or i = 2 does not1590

change the sum. If (1, 1) is a vertical-wall cell, ib[1] = 0 and the summation starts from1591

i = ib[1] + 1 = 1. The i-summation can therefore starts from i = 1 in either case. The1592

merger of the ϖ term was possible for the same reason.1593

The above form is identical to (S2.25) minus the f/cB term, except that (S2.25)1594

lacks the (Fks[i] − Fks[i]+1)/(Ñ2∆z) terms for the flat-bottom parts. They are absent1595

in (S2.25) because they are zero according to the flat-bottom boundary condition.1596

Equation (S2.25) started as an interior integral ⟨q,LF ⟩ and the boundary conditions1597

enter it through the assumption that F is a solution to the eigenvalue problem. In1598

contrast, the matrix A includes the boundary conditions and the calculation of q⃗ TAr⃗1599

without assuming anything led to (S2.50).1600

The symmetry of q⃗ TAr⃗ in q and r comes from the symmetry of A without the explicit1601

calculation above.1602

Using the same argument as in Section S2.3, we prove that A is negative definite.1603

With q = r, all the terms are the negative of squared real numbers. Most of the terms1604

are proportional to (r[ν] − r[ν′])2 and for these terms to vanish, r⃗ has to be constant,1605

that is, r⃗ = [b, b, b, . . . , b], as all components of the vector appear in one of those terms1606

and all r[ν]’s are connected. If r⃗ = [b, b, b, . . . , b] with b ̸= 0,1607

r⃗TAr⃗ = −f2

g

∑︂
i

∆xib
2 < 0.

This also proves that under the rigid-lid condition (g → ∞), r⃗ TAr⃗ = 0 with this uniform1608

vector and A is not negative definite.1609

S2.6 Vertical modes from CTW equations1610

The original continuous CTW problem becomes separable when the “slope” is a purely-1611

vertical wall and yields Kelvin wave modes of the form exp(−x/|c/f |)ψ(z), where ψ(z) is1612

a vertical mode (Section S1.3). This subsection shows that the finite-difference version1613

of the CTW problem (Section S2.2) has exactly the same property. Moreover, the1614
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separation of variables yields the same finite-difference scheme for the vertical modes1615

as the scheme (S2.1) we showed for the vertical-mode problem (Section S2.1); and a1616

finite difference equation in x that approximately gives exp(−x/|c/f |).1617

We consider a case with a vertical wall at x = 0 followed by a flat bottom. Following1618

the previous derivation (Section S1.3), we try to find solutions in the form Fi,k = Xiψk.1619

The equations are eqs. (S2.11a), (S2.12) and (S2.19) to (S2.21) without the boundary1620

condition of corner cells, where is[k] = 1 for all k and ks[i] = Mv for all i. The wall-1621

boundary values are all defined at x = 0 as F 0,k and the bottom values at z = −D as1622

F i,Mv .1623

The z-boundary conditions (eqs. (S2.11a) and (S2.20)) can be simplified to1624

ψ0 − ψ1

Ñ2
0 ∆z0

+ f2

g

ψ0 + ψ1
2 = 0, ψMv − ψ̄Mv+1

∆zMv/2
= 0, (S2.51)

for i = 1, . . . ,Mh; Xi has been factored out from both because the vertical positions of1625

the boundaries do not depend on i. These boundary conditions are exactly the same as1626

the finite-difference versions of the boundary condtions we considered in Section S2.1.1627

Likewise, the x-boundary conditions (eqs. (S2.12) and (S2.19)) are1628

X1 − X̄0
∆x1/2

= f

c
X̄0,

XMh+1 −XMh

∆xMh

= 0, (S2.52)

for k = 1, . . . ,Mv. The interior equation (S2.21) gives1629

0 = 1
Xi

1
∆xif2

(︃
Xi+1 −Xi

∆xi
− Xi −Xi−1

∆xi−1

)︃
+ 1
ψk

1
∆zk

(︃
ψk−1 − ψk

N2
k−1∆zk−1

− ψk − ψk+1
N2

k ∆zk

)︃
(S2.53)

i = 1, . . . ,Mh and k = 1, . . . ,Mv, except that we utilize the convention for the slope-1630

boundary points (Section S2.2): Xi−1 = X̄i−1 and ∆xi−1 = ∆xi/2 when i = 1, and1631

ψk+1 = ψ̄Mv and ∆zk = ∆zk/2 when k = Mv.1632

The separation of variables implies1633

1
ψk

1
∆zk

(︃
ψk−1 − ψk

N2
k−1∆zk−1

− ψk − ψk+1
N2

k ∆zk

)︃
= −C = − 1

Xi

1
∆xif2

(︃
Xi+1 −Xi

∆xi
− Xi −Xi−1

∆xi−1

)︃
(S2.54)

with some constant C. From this, we conclude that {Xi} is a solution to1634

1
∆xi

(︃
Xi+1 −Xi

∆xi
− Xi −Xi−1

∆xi−1

)︃
= f2CXi (S2.55)

under the boundary conditions (S2.52) and that {ψk} is a solution to1635

1
∆zk

(︃
ψk−1 − ψk

N2
k−1∆zk−1

− ψk − ψk+1
N2

k ∆zk

)︃
= −Cψk

under boundary conditions (S2.51). The latter is exactly the same as the finite-difference1636

version of the vertical-mode operator L′ we considered in Section S2.1 and its solutions1637

are the vertical modes ψ(n)
k with eigenvalues c(n) = C−1/2. This fixes the value of C.1638

The next step should therefore be to determine the combination of {Xi} and c that1639
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satisfy the x boundary condition (S2.52) and the X equation (S2.55) with the given1640

C = 1/(c(n))2.1641

Equation (S2.55) is obviously a finite-difference analogue of (S1.18) and the solution1642

X should be an approximation to the exponential decay at a scale of the deformation1643

radius |f/c(n)| as (S1.19). To demonstrate that, we consider a simple case where ∆xi1644

is constant and x = Lx is far enough so that we can throw away solutions that grow in1645

the +x direction. In this case, we can assume that Xj = X̄0 µ
j−1/2 for j = 1, . . . ,Mh1646

with 0 < µ < 1, where the exponent is half integers because the gridpoints are located1647

at xj = (j − 1/2)∆x, and then (S2.55) gives1648

1
∆x

(︃
µ2 − µ

∆x − µ− 1
∆x

)︃
= f2

(c(n))2µ ⇒ µ2 − (2 + a)µ+ 1 = 0,

where a ≡ ∆x2f2/(c(n))2. The solution to the quadratic equation is1649

µ = 2 + a

2 − 1
2

√︂
(2 + a)2 − 4,

where we have retained only the solution such that µ < 1. For accurate solutions, we1650

must ensure that a ≪ 1 (the deformation radius being adequately resolved) and in that1651

case,1652

µ ≈ 2
2 − 1

2
√

4a = 1 −
√
a,

which determines µ. The solution is1653

X
(n)
j = X̄0µ

j−1/2 ≈ X̄0(1 −
√
a)j−1/2

≈ X̄0 exp[−
√
a (j − 1/2)]

= X̄0 exp
(︃

− xj

∆x/
√
a

)︃
where xj ≡ (j − 1/2)∆x and we have used the formula (1 + ϵ)p ≈ eϵp if |ϵ| ≪ 1 and1654

|pϵ2| ≪ 1.1655

Assuming that the solution decays fast enough, we consider the offshore boundary1656

condition of (S2.52) as already satisfied. The x = 0 boundary condition of (S2.52) then1657

becomes1658

µ− µ1/2

∆x/2 = f

c
µ1/2 ⇒ f

c
= µ1/2 − 1

∆x/2 ,

which determines c. An approximate value is1659

f

c
≈ (1 −

√
a/2) − 1

∆x/2 = −
√
a

∆x = −
⃓⃓⃓⃓
f

c(n)

⃓⃓⃓⃓
.

The eigenvalue, f/c, of the original problem is negative as it should (Section S2.3) and1660

|c| is approximately equal to c(n), the latter from the vertical-mode eigenvalue problem.1661

The solution is1662

X
(n)
j ≈ X̄0 exp

(︃
− xj

|c(n)/f |

)︃
.
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