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Abstract1

Seismic interferometry of the ambient seismic field is widely used for surface wave imag-2

ing. It typically requires synchronous station recordings and assumes uniform noise source3

distributions. Higher-order correlations, such as the re-correlation of direct waves (C2),4

have been suggested to facilitate imaging with asynchronous data and to improve an in-5

complete source distribution. Using field data and simulations, we show that C2 surface6

wavefields are instead highly sensitive to the original source distribution and even am-7

plify the effects associated with the directional incidence. This can lead to systematic8

errors in the obtained velocity estimates and the downstream subsurface images. Tested9

strategies for selecting auxiliary stations in the re-correlation process do not mitigate this10

bias but can introduce additional wavefield distortions. Local and far-field imaging ap-11

proaches using higher-order C2 correlation wavefields are affected by significant and sys-12

tematic velocity estimation errors. Our results show that the re-correlation of direct waves13

is not an all-purpose correlation wavefield enhancement technique, and highlight the need14

for a careful consideration of source effects for improved imaging.15

Plain Language Summary16

Seismic interferometry is a technique that uses background vibrations, or “ambi-17

ent seismic noise”, to create images of the Earth’s subsurface. Traditionally, this method18

works best when all sensors record ground vibrations at the same time and when the noise19

sources are spread out evenly. A derived technique referred to as higher-order correla-20

tion has been suggested to allow imaging with data from sensors that were not record-21

ing at the same time, and to better handle uneven noise source distributions. Using field22

data and wavefield simulations, we however find that these higher-order techniques do23

not reduce the problems caused by uneven or isolated noise sources. In fact, they can24

amplify these problems, leading to significant errors in estimates of structural proper-25

ties. Hence if source effects are not carefully studied and accounted for, the application26

of higher-order correlations can result in systematically biased subsurface images.27

Keywords: Surface waves and free oscillations, Time series analysis, Wave prop-28

agation, Theory, Tomography29
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1 Introduction30

The ambient seismic field is routinely used to image and monitor Earth structure31

(Shapiro et al., 2005; Sens-Schönfelder & Wegler, 2006; Poli et al., 2012; Lu et al., 2018;32

Mao et al., 2025). Seismic interferometry of this complex wavefield yields a new wavefield—33

the C1 correlation wavefield—that is related to the Green’s function of the medium when34

sources are homogeneously distributed or, equivalently, when the illumination is isotropic35

(Wapenaar et al., 2005; Snieder et al., 2008). For commonly observed heterogeneous source36

distributions, the C1 phase and associated travel time estimates are biased (Tsai, 2009;37

Froment et al., 2010; Wang et al., 2016; Schippkus et al., 2022). Strategies to mitigate38

this influence include temporal averaging (Sabra et al., 2005), correlation lag time av-39

eraging (Bensen et al., 2007), informed correlation lag time selection (Schippkus et al.,40

2022), filtering (Seydoux et al., 2017), jointly inverting for sources and structure (Fichtner41

et al., 2017; Sager et al., 2020), or excitation pattern based error modeling for potential42

consideration in the inversion (Giammarinaro et al., 2023).43

Higher-order correlations are an alternative data-driven processing strategy for cor-44

relation wavefield enhancement (Stehly et al., 2008; Froment et al., 2011; Sheng et al.,45

2018). Higher-order correlation refers to the re-correlation of C1 wavefields to obtain a46

new correlation wavefield with improved characteristics for imaging. For a regular C147

correlation the recordings of two stations are required, which we refer to as the receiver48

station and the master station or “virtual source” (Figure 1a). For a higher-order cor-49

relation at least one additional auxiliary station is required (Figure 1b). This approach50

is therefore also referred to as three-station interferometry (S. Zhang et al., 2020). Higher-51

order correlations have been used successfully to yield more reliable velocity estimates52

(S. Zhang et al., 2020; Nouibat et al., 2022). In addition to the reported imaging improve-53

ments, this strategy facilitates the processing of asynchronously recorded data. This can54

significantly expand the applicability of seismic noise interferometry to extended con-55

figurations under the assumption of constant medium properties (Ma & Beroza, 2012;56

Chen & Saygin, 2020; S. Zhang et al., 2020).57

Higher-order correlations too can yield robust Green’s function estimates. The C258

wavefield is obtained by re-correlating the direct waves in the C1 wavefields reconstructed59

with persistent auxiliary stations (ra in Figure 1b), whereas the C3 wavefield results from60

the re-correlation of the multiple scattered C1 coda wavefield. To obtain C2 Green’s func-61
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Figure 1. Cross-correlation concepts. (a) The C1 cross-correlation of the receiver station

(blue triangle) and master station (orange triangle) data is proportional to the Green’s function

G(rx, rm) for homogeneously distributed noise sources along a boundary (dark gray stars). (b)

The higher-order C2 cross-correlation involves the re-correlation of the direct waves in the two

C1 wavefields between an auxiliary station (purple triangle) and the master and receiver station,

respectively. Stacking over homogeneously distributed auxiliary stations is equivalent to a homo-

geneous virtual source distribution. In that case, C2 also yields the Green’s function G(rx, rm),

but the requirement of simultaneous data acquisition at rx and rm is relaxed.

tions the locations of auxiliary stations must meet certain requirements. They can ei-62

ther be homogeneously distributed, which reproduces the ideal situation of an isotropic63

illumination associated with a homogeneous distribution of original sources for the C164

Green’s function estimate (Figure 1b). Alternatively, auxiliary stations located in the65

endfire lobes of each master-receiver station pair can achieve the same quality estimates66

(S. Zhang et al., 2020), again in analogy to C1 seismic interferometry (Roux et al., 2004;67

Wapenaar et al., 2010). In contrast, C3 wavefields approximate the Green’s function be-68

cause the scattered C1 coda waves approach isotropic illumination (Stehly et al., 2008).69

Robust C3 results can hence be achieved with a significantly smaller number of auxil-70

iary stations compared to C2 processing. However, the C2 approach provides better con-71

trol on the illumination and the ballistic wave propagation solutions facilitate numer-72

ical analysis.73

The C1,2,3 terminology used here follows Stehly et al. (2008) and Sheng et al. (2018),74

but different naming conventions have been used (S. Zhang et al., 2020). The concepts75

and jargon used to exchange about higher-order correlations can vary and the obtained76

results can be counter-intuitive. This includes the view on wavefield directionality. It can77

be described from a local observational viewpoint based on beamforming or other direc-78

tional measurements, or it is discussed from the perspective of the distant sources and79
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their distribution. Here we adopt a source centered discussion to develop our arguments80

(Figures 1, 2, Sections 2, 3) but we frequently make the connection to the local surface81

wavefield incidence.82

The most common subsurface imaging strategy using the ambient seismic field is83

surface-wave tomography (Shapiro et al., 2005; Lin et al., 2008; Lu et al., 2018; Schipp-84

kus et al., 2018; Nouibat et al., 2022), because surface waves tend to dominate the orig-85

inal and hence the C1 wavefields (Toksöz & Lacoss, 1968; Harmon et al., 2008; Juret-86

zek & Hadziioannou, 2016). For tomography, surface wave group or phase velocity dis-87

persion is measured from the reconstructed Rayleigh and Love propagation in the C1 wave-88

field. The dispersion data obtained between stations that are separated by two or more89

wavelengths (Bensen et al., 2007) is then inverted for lateral velocity distributions and90

3D shear wave velocity models (Barmin et al., 2001; X. Zhang et al., 2018). Local phase91

velocity dispersion based on spatial auto-correlation fields or focal spots provide com-92

plementary observations that can extend the resolution of dense array surface wave imag-93

ing (Aki, 1957; Hillers et al., 2016; Tsarsitalidou et al., 2024).94

Here, we investigate how the common observational situation of non-isotropic source95

distributions affect higher-order correlations. We focus on the C2 wavefield properties96

obtained from the re-correlation of direct Rayleigh surface waves and demonstrate with97

observations and simulations that these higher-order correlations amplify the source sig-98

nature in the C1 wavefields. We analyze higher-order correlation focal spots and eval-99

uate the impact of this source effect enhancement on velocity estimates. For this, we in-100

vestigate C1 wavefield focal spots obtained from field data and simulations (Section 2)101

and the relationship between the C1 wavefield source signature and the C2 wavefield prop-102

erties (Section 3). We evaluate source effect mitigation strategies (Section 4) and the im-103

pact on imaging applications, including focal spot imaging and tomography (Section 5).104

2 Cross-correlation of the ambient seismic field (C1)105

First, we study source effects in a C1 correlation wavefield obtained from field data106

and then simulate these wavefields. We adopt a conceptual framework that discriminates107

between the original wavefield excitation from boundary sources and isolated sources (Schippkus108

et al., 2022). Consider the wavefield record u at location rx that is induced by a source109
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at rs. Neglecting an explicit frequency ω dependence, u is110

u(rx) = NsG(rx, rs), (1)

where Ns is the source spectrum and G the Green’s function. The C1 cross-correlation111

of the records from the master station at rm and a receiver station at rx is112

C1(rx, rm) = ⟨u(rx)u∗(rm)⟩s , (2)

where ⟨·⟩s indicates ensemble averaging over all sources (Wapenaar et al., 2010). If the113

wavefield is excited by sources that are homogeneously distributed along a boundary S114

and by one additional isolated noise source at rI with source spectrum NI , the C1 cor-115

relation wavefield is given by (Schippkus et al., 2022, eq. 6)116

C1(rx, rm) =
ρc|Ns|2

2

(
G(rx, rm) +G∗(rx, rm)

)
︸ ︷︷ ︸

boundary source contribution

+G(rx, rI)G
∗(rx, rI)|NI |2︸ ︷︷ ︸

isolated source contribution

. (3)

The boundary source contribution to the C1 wavefield are wavefronts that converge to-117

wards the master station at negative lapse times, refocus, and then diverge at positive118

lapse times (Wapenaar et al., 2005). The contribution from the isolated source is a wave-119

front that is excited at negative lapse time τ = −|rm−rI |/c at rI and that arrives at120

the master station at lapse time 0 s (Schippkus et al., 2022). In the following, we describe121

a C1 wavefield computed from field data and demonstrate how the conceptual framework122

of boundary sources and isolated sources helps explain the observations. Note that the123

distinction between boundary and isolated sources is merely conceptual but facilitates124

the synthesis of directivity effects.125

2.1 Field data126

We use field data recorded by a large-N (N=4907) seismic deployment in the Vi-127

enna basin, Austria (Schippkus et al., 2022, Figure 2). Each station is equipped with 12128

or 24 10-Hz vertical-component geophones. The data are stacked on the hardware level129

to increase the signal-to-noise ratio, particularly at low frequencies. We select a subset130

of 1990 receiver stations in a square configuration, 304 auxiliary stations around the re-131

ceiver stations, and a central master station (Figure 2b). These stations were deployed132

in March 2019 and recorded seismic noise for four weeks. We cut the records into non-133

overlapping 1 hr windows, apply spectral whitening (Bensen et al., 2007), compute cross-134

correlations between all receiver stations and the master station for all time windows,135

–6–



manuscript submitted to EarthArXiv

and stack the correlations of all time windows linearly to obtain the C1 correlation wave-136

field.

Figure 2. Station distribution and simulation configuration. (a) The overview map and the

zoomed-in view show the Austrian-Slovakian border area of the data acquisition. (b) The map

shows the spatial distribution of all stations (light gray dots) in the dataset, and the master

station (orange triangle), receiver stations (blue triangles), and the auxiliary stations (purple

triangles) used in this study are highlighted. (c) Configuration for the local wavefield simulations.

The distribution of the synthetic sources (gray stars) are a combination of homogeneously dis-

tributed sources along a circle and additional isolated sources clustered in the Northwest. (d)

The configuration of the far-field wavefield simulations involves a single, stronger isolated source

in the Northwest.

137

Snapshots of the 0.3 Hz narrowband-filtered C1 Rayleigh wavefield between the mas-138

ter station and the selected receiver stations at three lapse times τ = [−1, 0, 1] s show139

the effects of a non-isotropic energy flux that is associated with a non-homogeneous source140

distribution (Figure 3a–c). We choose 0.3 Hz for demonstration purposes because the141

coherent microseisms energy supports the reconstruction of clean C1 wavefields. The cor-142

responding wavelength is large compared to the array aperture, which results in our pri-143

oritization on local auto-correlation or focal spot patterns instead of propagating far-field144

signals in our analysis and illustrations, however, without loss of generality. For a ho-145

mogeneous source distribution and an isotropic medium the narrowband focal spot at146

τ = 0 s takes the shape of a rotationally symmetric Bessel function in space and the147

correlation wavefield is lapse-time symmetric (Aki, 1957). However, we observe a focal148

spot elongation in the Northeast-Southwest direction (Figure 3b) and an asymmetric cor-149
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relation wavefield (Figure 3a, c), which are indicators of an inhomogeneous source dis-150

tribution (Ermert et al., 2016; Giammarinaro et al., 2023).151

Figure 3. Snapshots of the 0.3 Hz narrowband-filtered C1 correlation wavefield at three lapse

times τ . (a–c) The C1 correlation wavefield is estimated from field data. (d–f) The C1 correlation

wavefield is estimated from simulations. The observed lapse-time asymmetry is matched by the

simulations that consider a directional illumination from the Northwest (Figure 2c).

In this area, wind turbines in a few hundred meters distance to the auxiliary sta-152

tions in the Northeast of the deployment have been shown to act as isolated sources at153

frequencies above 0.5 Hz (Schippkus et al., 2022). At 0.3 Hz, however, we find no evi-154

dence of significant influence of these wind turbines. Instead, the patterning of the ob-155

tained C1 surface wavefield suggests isolated sources to the Northwest (Figure 3a–c). The156

excitation of secondary ocean microseisms (Ardhuin et al., 2015) is compatible with an157

isolated noise source, which induces C1 wavefield components that are referred to as spu-158

rious arrivals (Snieder et al., 2008; Zeng & Ni, 2010; Retailleau et al., 2017; Schippkus159

et al., 2023; Safarkhani et al., 2025). Near the master station, this implies wavefield in-160

terference between the two C1 components of the boundary sources and the isolated sources161

for all station pairs. The observed C1 wavefield pattern is thus governed by the ocean162
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microseisms sources in the Northern Atlantic Ocean (Kedar et al., 2008; Hillers et al.,163

2012; Juretzek & Hadziioannou, 2016).164

2.2 Synthetic wavefields165

To confirm this hypothesis, we simulate C1 surface wavefields by first computing166

wavefield synthetics u (Equation 1) and then their cross-correlations. We model synthetic167

Green’s functions analytically for a homogeneous acoustic medium, G(rx, rs) = exp
(
−iωt(rx, rs)

)
,168

where t(rx, rs) is the travel time between source and receiver. We neglect amplitude terms169

such as geometrical spreading or intrinsic attenuation. We do not expect amplitude ef-170

fects to play a governing role in our observed C1 wavefields reconstructions, hence, in171

our analysis, we focus on the phase characteristics of the correlation wavefields. Travel172

times are computed for a medium velocity of 1.9 km/s, estimated from the observed fo-173

cal spot at 0.3 Hz. The velocity is constrained by a linear regression of the spatial auto-174

correlation data using a Bessel function model (Hillers et al., 2016; Tsarsitalidou et al.,175

2024). Our analytical simulation approach neglects the response of heterogeneous struc-176

ture, but it effectively targets first-order source- and illumination-related effects.177

We configure synthetic sources around the stations that follow the above concept178

(Equation 3). Boundary sources are homogeneously distributed along a circle, and a clus-179

ter of isolated noise sources is located in the Northwest (Figure 2c) that models secondary180

ocean microseisms in the Northern Atlantic Ocean. For simplicity, we put these sources181

at ∼50 km distance compared to a more realistic ∼2000 km distance. This implies a small182

difference in the curvature of the wavefronts across the field and the synthetic array, how-183

ever, we find no feature in our results that indicates a related effect. All sources are equiv-184

alent, i.e., NI = Ns. The source term Ns is a Ricker wavelet with 0.3 Hz peak frequency.185

The synthetic C1 wavefield is the cross-correlation field of the simulated waveforms186

u. No additional pre-processing is applied. The C1 wavefield is obtained by computing187

the correlation for each synthetic source individually. The correlations are stacked lin-188

early to avoid correlation cross-terms between different sources (Wapenaar et al., 2010).189

The synthetic C1 wavefield effectively reproduces the field data observations (Figure 3d–190

f). The remarkably high degree of similarity therefore suggests that the observed non-191

isotropic C1 wavefield characteristic is a source-related phenomenon.192
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3 Higher-order correlation of direct waves (C2)193

We compute higher-order C2 correlations of direct waves and investigate their sen-194

sitivity to source effects that are exposed in the C1 wavefields. For homogeneously dis-195

tributed sources, the direct waves in C1 wavefields are propagating between the master196

and receiver stations (Equation 3, Figure 1a), i.e., the master station acts as a virtual197

source (Mehta et al., 2008). If several virtual sources are arranged homogeneously around198

the domain, the combination of these C1 wavefields results in isotropic illumination (Fig-199

ure 1b). Although the term virtual source can be helpful to communicate the physics,200

we advise caution about its application in the discussion of higher-order correlation phe-201

nomena. In the regular C1 correlation procedure and context, the master station is in-202

terpreted to be the virtual source (Figure 1a). In the C2 correlation procedure each aux-203

iliary station is viewed as a virtual source for the C1 computation (Figure 1b). In the204

final C2 correlation wavefield stacked over all used auxiliary stations, however, the mas-205

ter station can again be addressed as the virtual source.206

The higher-order C2 correlation between a reference station at rx and master sta-207

tion at rm, using auxiliary stations at ra as virtual sources, is208

C2(rx, rm) = ⟨C1(rx, ra)C
∗
1 (rm, ra)⟩a . (4)

Inserting Equation (2) yields209

C2(rx, rm) = ⟨⟨u(rx)u∗(ra)⟩s ⟨u
∗(rm)u(ra)⟩s⟩a , (5)

where ⟨·⟩s indicates ensemble averaging over all original sources and ⟨·⟩a indicates en-210

semble averaging over all auxiliary stations or virtual sources. This demonstrates that211

there are two mechanisms that introduce source effects and can affect the reconstruc-212

tion of C2 Green’s functions: the distribution of original sources and the distribution of213

auxiliary stations.214

We compute C2 wavefields for the central master station and each receiver station215

from C1 wavefields for all auxiliary stations and ensemble average over all obtained data216

(Figure 4). We treat the causal and anti-causal parts of the C1 functions separately to217

avoid cross-terms, i.e., spurious arrivals that can emerge from the correlation between218

causal and anti-causal arrivals (Wapenaar et al., 2010). The C+
2 wavefield from the causal219

part of the C1 functions and the C−
2 wavefield from the anti-causal part are averaged for220

the C2 wavefield (Sheng et al., 2018). We do not consider cross-component correlations—221
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Figure 4. Snapshots of the 0.3 Hz narrowband-filtered higher-order C2 correlation wavefield

at three lapse times τ , averaged over all auxiliary stations. (a–c) The C2 wavefield is estimated

from field data. (d–f) The C2 wavefield is estimated from simulations. In both cases, near-plane

waves arriving from Northwest dominate the C2 wavefield compared to the C1 wavefield (Fig-

ure 3). The source effect of isolated ocean microseisms sources is amplified.

the correlation between causal and anti-causal parts of the C1 wavefield—because one222

of the key characteristics of the effect of isolated sources on C1 wavefields is the time-223

lapse asymmetry (Equation 3). Compared to the C1 wavefield (Figure 3), the resulting224

C2 wavefield shows an amplified source effect both for field data and simulations (Fig-225

ure 4). The obtained stronger azimuthal asymmetry is associated with yet stronger iso-226

lated sources in the Northwest, which results in a strong plane wave component across227

the array. In other words, the amplitude of the isolated-source wavefront is amplified rel-228

ative to the boundary-source wavefront in the C2 wavefield compared to the C1 wave-229

field. Note that this partitioning of isolated and boundary source contributions is insen-230

sitive to wave propagation effects, because we neglect amplitude terms in our simulations.231

We use these wavefield simulation results to quantify the source effect induced by232

isolated sources (Figure 5). For this, we compute synthetic C1 and C2 wavefields for an233

ideal source scenario that excludes the isolated sources in the Northwest (Figure 2c). The234
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Cideal
1 focal spot is a rotationally symmetric Bessel function in space (Figure 5a), as ex-235

pected for isotropic illumination (Aki, 1957). The difference to the simulated C1 wave-236

field including isolated sources (Figures 3e, 5b) then illustrates the source effect (Fig-237

ure 5c). Amplitudes in the Northeast and Southwest quadrants are moderately increased,238

whereas amplitudes in the Northwest and Southeast quadrants show the opposite be-239

havior. The comparison of the Call
2 focal spot (Figures 4e, 5e) with the Cideal

2 wavefield240

(Figure 5d), both averaged over all auxiliary stations, confirms that the source effect in241

the C1 wavefield (Figure 5c) is amplified in the C2 wavefield (Figure 5f). Again, the ob-242

served effects result from the local anisotropic flux, but are ultimately controlled by the243

source distribution. The imperfect distribution of auxiliary stations in this data set has244

its own weak effect on the wavefield shown in Figure 5g, but it does not govern the here245

discussed features. Last, in Figure 5h we compare the Call
2 focal spot against the C1 ref-246

erence observation that is, however, also affected by the flux directivity. In the next three247

sections we study the C2 wavefield properties for three scenarios to understand the am-248

plification of the directivity effect. The three scenarios include one original isolated source,249

homogeneously distributed boundary sources, and both source types combined.250

3.1 C2 properties for an isolated source251

In the case of a single original source and a single auxiliary station, Equation 5 sim-252

plifies to253

C2(rx, rm) = u(rx)u
∗(rm)|u(ra)|2. (6)

Inserting Equation 1 yields254

C2(rx, rm) = |Ns|2G(rx, rs)G
∗(rm, rs)︸ ︷︷ ︸

isolated source in eq. 3

|Ns|2|G(ra, rs)|2︸ ︷︷ ︸
influence of aux. station

, (7)

where the subscripts x, m, a, and s refer to the receiver station, master station, auxil-255

iary station, and source, respectively. Only the first term carries phase information. This256

term is equivalent to the C1 wavefield contribution of an isolated source for the same con-257

figuration (Equation 3), i.e., the phase is stationary with respect to the auxiliary sta-258

tion (Sheng et al., 2018). The C2 wavefield exhibits the wavefront excited by the isolated259

source, independent of the auxiliary station. We compute C2 spatial auto-correlation wave-260

fields for four different auxiliary stations to confirm the phase is stationary (Figure 6a–261

d). The observed weak differences in the spatial variation of the amplitudes across the262

four panels are related to the influence of the auxiliary station. This shows that C2 wave-263
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Figure 5. Synthetic focal spots illustrate source amplification effects. (a) The reference Cideal
1

focal spot for homogeneously distributed sources. (b) A C1 focal spot in response to anisotropic

illumination, as in Figure 3e. (c) The difference between the C1 solution from panel (b) and the

reference Cideal
1 from panel (a) illustrates the effect associated with the isolated sources added

in the configuration in (b). (d) The Cideal
2 focal spot for the ideal source case averaged over all

auxiliary stations. Weak azimuthal variations are controlled by the incomplete, square auxiliary

station distribution (Figure 2b). (e) The Call
2 focal spot for anisotropic incidence averaged over

all auxiliary stations, as in Figure 4e. (f) The source effect in the C2 wavefield is amplified com-

pared to the effect in the C1 solutions in panel (c). (g) The amplitude effects that are controlled

by the imperfect auxiliary station distribution are weak compared to the isolated source effect.

(h) The difference between the Call
2 and the corresponding C1 solutions indicates the amplifica-

tion of the source effect in C1 in panel (c).

fields associated with one isolated source but arbitrary auxiliary stations have the same264

phase characteristics. This further implies that averaging over different auxiliary stations,265

as we do for Figures 4 and 5, leads to constructive interference of the isolated source cor-266

relation wavefield contribution.267
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Figure 6. C2 focal spots for (left to right) four single auxiliary stations and (top to bottom)

four different excitation patterns. Cartoons at the top illustrate the purple indicated auxiliary

station configurations. Cartoons on the left summarize the source configurations. (a–d) C2 spa-

tial auto-correlations in response to isolated sources or unidirectional incidence. The phase char-

acteristics of the C2 wavefield contributions controlled by the isolated sources are independent

of the location of the auxiliary station. (e–h) For homogeneously distributed boundary sources

the auxiliary station acts as virtual source. (i–l) The C2 solutions for anisotropic incidence. The

solution combines the patterns from the first and second row. (m–p) The C2 focal spots obtained

from field data exhibit a high degree of similarity to the synthetic results in row three, which

implies a similar incidence pattern with a stronger excitation to the Northwest.

3.2 C2 properties for boundary sources268

When the original wavefield is excited by sources that are homogeneously distributed269

along a closed boundary S, the resulting C1 and C2 correlation wavefields behave dif-270
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ferently compared to an isolated source. We refer to this as the “ideal” source case. The271

C2 wavefield (Equation 4) for boundary sources is272

C2(rx, rm) =

∮
S

C1(rx, ra)C
∗
1 (rm, ra)drs, (8)

where integrating over the boundary sources accomplishes ensemble averaging. We ap-273

ply the surface integral to both C1 correlations separately and insert the boundary source274

contribution from Equation 2 to find275

C2(rx, rm) =

∮
S

G(rx, rs)G
∗(ra, rs)drs|Ns|2

(∮
S

G(rm, rs)G
∗(ra, rs)drs|Ns|2

)∗

. (9)

Following Equation 11 of Wapenaar et al. (2005), the surface integrals resolve to276

C2(rx, rm) =
ρc

2
|Ns|2[G(rx, ra) +G∗(rx, ra)]

(ρc
2
|Ns|2[G(rm, ra) +G∗(rm, ra)]

)∗
. (10)

We carry the complex conjugate (·)∗ of the second term on the outside to avoid con-277

fusion about which Green’s function terms relate to the causal and anti-causal parts of278

the C1 wavefield. G(rx, ra) and G(rm, ra) correspond to the causal part of the C1 wave-279

field, whereas G∗(rx, ra) and G∗(rm, ra) correspond to the anti-causal part. As said, we280

treat these parts separately to avoid correlation cross-terms. The C+
2 wavefield from the281

causal part of the C1 wavefield, and the C−
2 wavefield from the anti-causal part are282

C+
2 (rx, rm) =

(ρc
2

)2

|Ns|2 |Ns|2G(rx, ra)G
∗(rm, ra)︸ ︷︷ ︸

C1(rx,rm) for a source at ra (eq.3)

(11)

C−
2 (rx, rm) =

(ρc
2

)2

|Ns|2 |Ns|2G∗(rx, ra)G(rm, ra)︸ ︷︷ ︸
C1(rm,rx) for a source at ra (eq.3)

. (12)

The phase of the C+
2 and C−

2 wavefields for homogeneously distributed original sources283

and a single auxiliary station is equivalent to the phase of the C1 wavefield for a single284

isolated original source for the same probing configuration. In other words, the auxil-285

iary station acts as a virtual source for the C2 wavefield reconstruction, similar to the286

role of an isolated source for C1 (Equation 3). This differs from a C2 wavefield in which287

the original wavefield is excited by an isolated source (Figures 6a–d), where the auxil-288

iary station has no impact on the phase of the C2 wavefield. C+
2 and C−

2 are further-289

more symmetric in lapse time, i.e., C+
2 = (C−

2 )∗, unlike the asymmetric contribution290

of an isolated source (Equation 7). The source power spectrum |Ns|2 now appears twice,291

which is not important for our narrowband investigations, but it is relevant for our anal-292

ysis of broadband far-field wavefields discussed below.293
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We simulate the C2 wavefield for this ideal source scenario, averaged over C+
2 and294

C−
2 , to confirm that the auxiliary station acts as a virtual source in C2 wavefields when295

the original sources are homogeneously distributed. The spatial auto-correlations in Fig-296

ures 6e–h clearly show wavefronts that appear to be excited by the auxiliary stations in297

the South, West, North, and East, respectively.298

3.3 C2 properties for combined boundary and isolated sources299

We argue that the observed C1 and C2 wavefield properties can be explained by300

a combination of boundary and isolated source effects. This conceptual framework adopted301

in the previous sections predicts the C1 and C2 wavefield amplitude patterns observed302

in the field data (Figures 3, 4). The patterns in Figure 6i–l demonstrate that the C2 wave-303

field can be understood as a linear combination of the contributions from isolated and304

boundary sources for each auxiliary station. When the phase of the C2 wavefield depends305

on the auxiliary station (Figures 6e–h), averaging over an azimuthally homogeneous aux-306

iliary station distribution yields a correlation that approaches a rotationally symmet-307

ric Bessel function in response to isotropic illumination (Figure 5d). However, this ap-308

plies only to the situation where the original source distribution is also homogeneous and309

thus the ambient flux isotropic. When the phase of the C2 wavefield is instead station-310

ary with respect to the auxiliary station as for isolated sources (Equation 7, Figure 6a–311

d), averaging over auxiliary stations amplifies this wavefield contribution. This mech-312

anism governs our original observation of the amplified source effect in C2 (Figure 4) com-313

pared C1 (Figure 3).314

We construct C2 wavefields from field data for the four individual auxiliary stations315

(Figure 6m–p). The good agreement between the field data results in Figure 6m–p and316

the patterns in the corresponding panels in the row above indicates the efficiency of our317

source distribution concept. More generally, this good agreement shows that our con-318

ceptual framework of boundary and isolated sources is helpful in understanding the direction-319

dependent energy distribution and the resulting properties of higher-order correlations.320

However, this also implies a trade-off in the computation of higher-order correlations.321

On one hand, multiple auxiliary stations are required to yield symmetric C2 wavefields322

even for isotropic illumination. The benefit of stacking contributions from many aux-323

iliary stations is also indicated by the fairly poor signal-to-noise ratio obtained for a sin-324
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gle auxiliary station (Figure 6m–p). On the other hand, each auxiliary station ampli-325

fies the effect of isolated sources further.326

The isolated source distribution for our simulations is chosen to maximize the qual-327

itative similarity between the synthetic C1 and C2 and the field data (Figures 3–6). We328

do not estimate the direction to and the strength or number of the contributing sources329

from the field data systematically because we focus on the first-order mechanisms that330

govern source effect amplification in higher-order correlations. A more quantitative ap-331

proach to generate matching C1 and C2 synthetics can be developed from our results here.332

In reverse, such an approach can lead to the utilization of higher-order correlations for333

improved isolated source detection and characterization.334

4 Auxiliary station distributions to mitigate C2 wavefield asymmetry335

The application of higher-order correlations serves two goals. It allows the use of336

asynchronously deployed stations for imaging and it can be a correlation wavefield en-337

hancement technique to achieve better signal-to-noise ratio for more reliable measure-338

ments. Figure 4 illustrates the significantly amplified source effect for homogeneously339

distributed auxiliary stations, and Figure 6 shows the source effect in C2 wavefields ob-340

tained with single auxiliary stations. Hence, averaging over all auxiliary stations is a suit-341

able strategy only if the original source distribution is also azimuthally homogeneous.342

In practice, however, the distribution of stations that can be used as auxiliary stations343

is unlikely homogeneous, which can limit the data driven mitigation approach.344

Alternatively, auxiliary stations that are organized in line with each receiver-master345

station pair can be used to estimate C2 Green’s functions (S. Zhang et al., 2020; Nouibat346

et al., 2022). This strategy follows the same arguments that support the configuration347

of original sources located in line with station pairs for C1 correlations, which is referred348

to as regions of stationary phase or endfire lobes (Snieder, 2004; Roux et al., 2004; Wape-349

naar et al., 2010). It has become clear, however, that the transfer of this argument from350

C1 to C2 wavefield reconstruction assumes a homogeneous original source distribution351

or isotropic illumination (Figure 6e–h).352

Therefore, we investigate how the source effect associated with isolated sources af-353

fects C2 solutions obtained with different selection strategies for station-pair-dependent354

auxiliary stations. For the selected stations to be in line with a receiver-master station355
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Figure 7. Influence of the auxiliary-station selection strategy on the source effect in C2 wave-

fields. The cartoons sketch three receiver station examples (blue triangles) for the three auxiliary

station (purple triangles) selection strategies. The gray area indicates the considered auxiliary

station region. (a–b) The observed and simulated C1 focal spots are reproduced from Figures 3b

and 3d for reference. (c–f) C2 focal spots for (c) field data and (e) simulations when auxiliary

stations are located in all directions as in Figures 4, 5, as well as the (d, f) difference to the ref-

erence C1 focal spots. (g–j) The effect of the endfire-lobe selection. The width of the selection

area depends on inter-station distance. (k–n) The effect of the fixed-angle selection. We use ±20◦

relative to the inter-station azimuth. The variable observed focal spot characteristics controlled

by the different selection strategies are well reproduced by the synthetic results for combined

boundary and isolated sources.

pair, we can define endfire lobes (Roux et al., 2004) or a fixed-angle cone (S. Zhang et356

al., 2020; Nouibat et al., 2022). We compare synthetic and observed C1 wavefields with357

C2 wavefields that are reconstructed with three auxiliary-station configurations that in-358

clude stations in all directions, in endfire lobes, and in fixed-angle regions (Figure 7).359

First, we select stations from all directions (Figure 7c–f). For comparison, we plot360

again the biased Call
2 focal spot estimated from field data (Figures 7c, 4b) and simula-361

tions (Figures 7e, 4e). The source effect relative to the C1 wavefield we predict from sim-362

ulations (Figures 7f, 5h) agrees well with the features in the C2 field data correlations363

(Figure 7d). This confirms again that the all-directions strategy amplifies the C1 wave-364

field source effect governed by the isolated sources.365
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Second, we select auxiliary stations from endfire lobes. Endfire lobes are simpli-366

fied descriptions of source sensitivity kernels. We use equation (3) of Roux et al. (2004)367

to define their area368

B(δθ) = 1− δθ4

8

(
|rm − rx|

c

)2 (
ω2 +

∆ω2

12

)
, (13)

where B is the directivity pattern, δθ is the angle difference to the axis of the receiver-369

master station pair, |rm−rx| is the distance between receiver and master station, c de-370

notes the medium velocity, ω the central angular frequency, and ∆ω the frequency band-371

width. The selections for three example receiver stations in the central section of Fig-372

ure 7 illustrate that endfire lobes narrow with increasing distance between the station373

pair. We further limit the selection of endfire-lobe auxiliary stations to ensure the same374

number of auxiliary stations on both sides of every station pair to avoid any additional375

effect related to virtual source asymmetry. This asymmetry is related to different num-376

bers of stations in the selection regions on each side. We average C2 wavefields from the377

selected auxiliary stations and find that the resulting Cendfire
2 focal spots from field data378

(Figure 7g) and from simulations (Figure 7i) have not improved. They exhibit yet a dif-379

ferent amplitude pattern (Figure 7h, j) compared to the pattern resulting from the all-380

directions stacking (Figure 7d, f). This strategy is therefore not suitable to achieve isotropic381

illumination and mitigate the isolated source effect.382

Third, a further simplification of the endfire-lobe selection strategy is to define a383

cone with a fixed-angle opening and select auxiliary stations within that cone area. In384

contrast to the endfire-lobe strategy, the width of the selection area is independent of385

the inter-station distance. At short inter-station distances, this results in a significantly386

narrower selection area compared to the selection based on endfire lobes (Figure 7). An387

auxiliary station is included if it satisfies equation (3) of S. Zhang et al. (2020)388

||ra − rm| − |ra − rx|| ≥ (1− α)|rm − rx|, (14)

where α = 1− cos(θ) is the control on the opening of the cone and θ is half the open-389

ing angle. We choose θ = 20◦ (Nouibat et al., 2022). Similar to the endfire-lobe selec-390

tion strategy, we also balance the number of auxiliary stations here. We note that for391

large inter-station distances, the endfire lobe areas and the fixed-angle cone areas can392

be similar. However, for the short inter-station distances compared to the wavelength393

here, the fixed-angle cones are much narrower (Figure 7). The resulting focal spots and394

amplitude patterns in Figure 7k–n show that at very short inter-station distances and395
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in directions perpendicular to the Northwest-Southeast illumination additional ampli-396

tude variations are introduced compared to the endfire-lobe selection strategy.397

None of the tested auxiliary station distributions mitigates the source effects ob-398

served in the C1 wavefield. Selecting auxiliary stations from all directions amplifies the399

amplitude pattern in the C2 functions, and the patterns obtained with the endfire lobe400

and fixed angle configurations do similarly not show an improvement towards an isotropic401

distribution (Figure 7). This suggests that anisotropic flux cannot be corrected for by402

re-correlating direct waves. Consequently, the application of higher-order correlations403

of direct waves depends on the careful consideration of the imaging situation.404

5 Impact on imaging405

We address the impact of source effect amplification in higher-order correlations406

on passive imaging results and quantify associated velocity measurement errors. We as-407

sess phase velocity estimates from correlation or focal spot data at local distances and408

group velocity measurements obtained from propagating waves that form the basis for409

surface-wave tomography. The comparison to a ground truth reference requires an anal-410

ysis of these effects using simulations.411

5.1 Phase velocity estimates from focal spot data for local imaging412

The amplitude of the narrowband-filtered time domain focal spot or spatial auto-413

correlation field in a homogeneous medium for isotropic illumination is the classic SPAC414

result (Aki, 1957; Yokoi & Margaryan, 2008)415

A(rx, rm) = J0(k|rx − rm|) = J0

(
ω|rx − rm|

c

)
, (15)

where J0 is the Bessel function of order zero, k is the wavenumber, c is the target phase416

velocity, and |rx−rm| is the azimuthally independent distance between virtual source417

and receiver. We investigate the focal spots of the simulated ideal Cideal
1 , skewed C1, all-418

direction-averaged Call
2 , endfire-lobe-averaged Cendfire

2 , and fixed-angle-averaged Cangle
2419

solutions (Figure 8a–e).420

We estimate the medium velocity c using a non-linear least squares regression be-421

tween the time domain amplitude data and the isotropic J0 parametrization (Figure 8f–422

j). For the regression, we use stations within 4.5 km distance to the master station, in-423
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Figure 8. Impact of the source effect on focal spot regression results. (a–e) Simulated Cideal
1 ,

biased C1, all-direction-averaged Call
2 , endfire-lobe-averaged Cendfire

2 , and fixed-angle-averaged

Cangle
2 focal spots. We use stations within 4.5 km distance (dashed circles) for the regression to

reduce potential azimuthal sampling artifacts. (f–j) Bessel function regression results assuming

isotropic illumination and medium properties. The medium velocity c estimate is indicated. Sam-

ples are colored by the angle of the station pair axis relative to the direction towards the isolated

sources at rI , indicated by the inset in panel (f). The reference velocity is 1.9 km/s.

dicated by the dashed circles, to establish homogeneous azimuthal sampling. We do not424

account for a distant dependent sample increase that can influence the sensitivity (Giammarinaro425

et al., 2023). The data range of ∼0.7λ emphasizes the local focal spot imaging approach426

(Giammarinaro et al., 2024; Tsarsitalidou et al., 2024).427

We colorcode the simulated amplitudes in Figures 8f–j using the angle deviation428

of each station pair axis from the backazimuth to the isolated sources at rI at about N300◦E.429

The panels illustrate the systematic amplitude effects governed by isolated sources de-430

scribed above. The reference medium velocity of 1.9 km/s is well recovered in the ideal431

Cideal
1 case, i.e., for homogeneously distributed sources that result in isotropic illumina-432

tion (Figure 8f). This implies that a Cideal
2 focal spot too facilitates a low-error veloc-433

ity estimate under the condition that the original sources and the auxiliary stations are434

distributed isotropically (Figure 5d). The skewed C1 focal spot resulting from a com-435

bination of circularly arranged sources and additional isolated sources (Figure 8g) fa-436

cilitates the recovery of the reference speed. This is compatible with numerical sensitiv-437
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ity tests that synthesize a similar illumination situation (Giammarinaro et al., 2023). In438

both cases, the azimuthal average using the isotropic J0 model (Eq. 15) results in an un-439

biased estimate (Aki, 1957). Spatially variable focal spot sampling at reference stations440

located away from the array center, or irregular array shapes, can yield variable estimates441

that depend on the imaging configuration (Tsarsitalidou et al., 2022).442

The three different auxiliary-station selection approaches for computing the C2 wave-443

field produce different focal spot patterns (Figure 8c–e). These result in large velocity444

measurement errors up to 15% compared to the C1 focal spot regression (Figure 8h–j).445

The Call
2 solution overestimates the reference velocity but yields a better result compared446

to the two sectorial strategies Cendfire
2 and Cangle

2 , which both underestimate the veloc-447

ity. This further indicates that the distribution of available auxiliary stations has a sig-448

nificant impact on the accuracy of the velocity estimate.449

Again, a complete azimuthal C1 focal spot average for strongly anisotropic or even450

plane wave incidence results in a correct velocity estimate (Aki, 1957; Giammarinaro et451

al., 2023). SPAC models accounting for anisotropic incidence (Nakahara, 2006; Haney452

et al., 2012) can resolve the surface wave velocity from azimuthally incomplete focal spots.453

However, the usefulness of these models for C2 data regression can be limited consider-454

ing the C2 sensitivity to auxiliary station patterns. To conclude, for common in-situ anisotropic455

illumination situations, the advantage of higher-order correlations to utilize asynchronously456

collected data is offset by yielding a biased estimate.457

5.2 Group velocity estimates from Rayleigh wave propagation for to-458

mography459

Surface-wave tomography is the dominant imaging approach based on correlations460

of the ambient seismic field. Our discussion of the amplified source effects in C2 wave-461

fields is not limited to the spatial auto-correlation analysis at near field distances. How-462

ever, our field data analysis is limited by the array aperture and the very short inter-station463

distances compared to the target microseisms wavelength (Figure 2). This wavelength464

is 6.3 km at the 0.3 Hz analysis frequency and all stations in the square array are thus465

located within approximately one wavelength. In ambient noise surface-wave tomogra-466

phy, station pairs with inter-station distances shorter than two or three wavelengths are467

commonly discarded to avoid the interference between the causal and anti-causal part468
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of the C1 wavefield (Bensen et al., 2007). The station configuration does therefore not469

support a data analysis of the enhanced illumination effect on propagation at the same470

frequency, hence we use simulations.471

To avoid a separate discussion on isolated source characteristics at higher frequen-472

cies and shorter wavelengths, we adapt our simulation geometry and consider a larger473

domain with receiver stations in a square 70×70 km2 grid with 500 m inter-station dis-474

tance and place sources and auxiliary stations at larger distances. In Figure 2d, the 180475

gray indicated boundary sources are organized on circle with 100 km radius. One iso-476

lated source that is six times stronger than a boundary source is located in the North-477

west of this circle. The choice of the isolated source strength is arbitrary, as long as it478

leads to an intended weak C1 wavefield contribution that then dominates the C2 wave-479

field after averaging over many auxiliary stations. How dominant an isolated source con-480

tribution appears in C2 wavefields ultimately depends on its relative source strength and481

the number of auxiliary stations. The 180 purple indicated auxiliary stations are distributed482

evenly along a smaller circle with 75 km radius.483

We simulate C1, C
all
2 , Cendfire

2 , and Cangle
2 wavefields as described above for this484

adapted simulation geometry and filter the waveforms between 0.2 and 0.4 Hz (Figure 9).485

The results in the second to fourth row of Figure 9 clearly illustrate the variable parti-486

tioning of the isolated and boundary source correlation wavefields that depends on the487

auxiliary-station selection strategy. The C2 wavefield snapshots also show that higher-488

order correlations are characterized by the squared source power spectrum |Ns|4 (Equa-489

tions 7, 11, 12) compared to the |Ns|2 power spectrum in C1 (Figure 9a–c). For each cor-490

relation wavefield, we estimate group arrival times at the maxima of the waveform en-491

velopes for each receiver-master station pair and convert that to group velocity. The re-492

sulting patterns of group-velocity errors are shown in the right column panels in Figure 9.493

Positive values indicate overestimates that we explain with the interference of the two494

wavefronts generated by the boundary sources and the isolated source that are illustrated495

in the three left columns. Schippkus et al. (2022) explain the emergence of this C1 ve-496

locity bias pattern from interference.497

Compared to the C1 wavefield in the top row in Figure 9, all higher-order corre-498

lation wavefields shown in the other rows exhibit darker colors, indicative of larger am-499

plitudes, for the isolated source wavefront that propagates across the array. The strongest500
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amplification of the isolated source contribution relative to the circular boundary source501

component is observed for the all-direction auxiliary station configuration (Figure 9e–502

g). This results from averaging over significantly more auxiliary stations compared to503

the other two selection strategies. The group arrival times are then always measured on504

the wavefront excited by the isolated source because it has the largest amplitudes. For505

most receiver stations, this results in spurious low travel time estimates and high errors506

(Figure 9h). At the extreme, the estimate at all stations that the isolated source wave-507

front reaches at τ = 0 s (Figure 9f) approaches infinity. In contrast, for receiver sta-508

tions that are inline with the master station and the isolated source we can make accu-509

rate estimates, because the correlation wavefield contributions of boundary and isolated510

sources are in phase along the white indicated region in Figure 9h.511

The endfire lobes and the fixed-angle cones configurations also induce enhanced ve-512

locity bias (Figure 9l, p). Because endfire lobes for large inter-station distances are fairly513

narrow, the auxiliary stations selected with both strategies are similar in the far field,514

which results in the shown similar Cendfire
2 and Cangle

2 wavefields in Figures 9i–k and 9m–515

o, respectively. This indicates that a fixed-angle configuration can be a valid strategy516

for propagation analysis. Note, though, that the two configurations yield different ve-517

locity errors, because the number of utilized auxiliary stations still varies. This results518

in systematically different relative weighting of the isolated source contribution.519

Group velocity errors occur where the two wavefield contributions from isolated and520

boundary sources interfere. We show that this interference and these errors emerge al-521

ready in the C1 solutions (Figure 9a–d) and increase in the C2 patterns (Figure 9e–p).522

Independent of the auxiliary station configuration, however, the phase of the boundary523

source contribution is accurately reconstructed in the C2 wavefield. That is, C2 contains524

the Green’s function G(rx, rm), here, the circular wavefront converging to and diverg-525

ing away from the master station, in all cases. For strongly unidirectional illumination526

it is therefore possible to reduce the measurement bias by estimating velocities only from527

either the causal or anti-causal part of the C2 wavefield. This utilizes the asymmetric528

lapse time contribution of isolated sources (Schippkus et al., 2022). At anti-causal lag529

times the stations in the Southeast are unaffected by interference (Figure 9a, e, i, m),530

whereas stations in the Northwest are unaffected at causal lag times (Figure 9c, g, k, o).531

Of course, this geometry depends on the relative position of the isolated sources and the532

direction of the energy flux.533
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Figure 9. Impact of the isolated source or directional incidence effect on group velocity mea-

surements using the configuration from Figure 2d. (a–c) The 0.2−0.4 Hz simulated C1 wavefield.

All wavefield snapshots are normalized to the peak amplitude of the boundary-source contribu-

tion at τ = 10 s. (d) The corresponding error of the group velocity estimates. The interference

between different correlation wavefield contributions controls the typical bias pattern (Schippkus

et al., 2022). (e–h) Simulated Call
2 solutions for the all-direction selection of auxiliary stations

and the corresponding group velocity error. (i–l) Results for the endfire-lobe selection. (m–p) Re-

sults for the fixed-angle selection. Panels (h), (l), and (p) show that all auxiliary-station selection

strategies enhance the group velocity measurement bias associated with the source effects.

Reducing the number of auxiliary stations mitigates the impact of the isolated sources,534

which is suggested by the observed smaller bias resulting from the endfire-lobe and fixed-535

angle configurations compared to the all-direction-averaging (Figure 9). However, the536

signal-to-noise ratio is poorer when averaging over fewer auxiliary stations and even a537

single auxiliary station does not eliminate the isolated source contribution in C2 wave-538
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fields (Figure 6). Because the group-velocity errors are governed by the reconstructed539

wavefield interference, estimates of other wave properties including phase velocity or am-540

plitude are similarly affected.541

6 Discussion and conclusions542

Non-homogeneous noise source distributions and the resulting directional surface543

wave incidence lead to incomplete approximations of the inter-station Green’s functions544

through cross-correlation. Various strategies (Sabra et al., 2005; Bensen et al., 2007; Sey-545

doux et al., 2017; Fichtner et al., 2017; Sager et al., 2020; Schippkus et al., 2022; Giammari-546

naro et al., 2023) have been proposed to assess and mitigate the associated bias (Tsai,547

2009; Froment et al., 2010; Wang et al., 2016; Schippkus et al., 2022) in the travel times548

estimates obtained from the C1 noise correlation wavefield. In contrast to filtering and549

other invasive strategies, data driven approaches take advantage of the actual signal anatomy550

and statistics. Higher-order correlations or re-correlation is an alternative data-driven551

processing strategy for correlation wavefield enhancement (Stehly et al., 2008; Froment552

et al., 2011; Sheng et al., 2018) that offers the further advantage of integrating asynchronous553

records.554

In this work we use data from a 2D seismic array that consists of nearly 5000 sen-555

sors and results from 2D acoustic numerical experiments to study properties of re-correlated556

wavefields. Our analysis is mostly based on time-domain spatial auto-correlations or fo-557

cal spots, which differs from the conventional approach to study reconstructed propa-558

gating waves. This is motivated by the compact array size compared to the microseisms559

wavelength, but it demonstrates more generally the effectiveness of focal spot analysis560

for imaging and wavefield characterization. We find that the re-correlation of direct sur-561

face waves from C1 solutions amplifies the effect of a non-homogeneous noise source dis-562

tribution and hence directional incidence in the resulting higher-order C2 correlations.563

The accuracy of medium velocity estimates from higher-order correlation wavefields can564

thus be significantly affected by the directional incidence (Figures 8, 9). We conclude565

that C2 wavefields are a useful imaging resource, however, the re-correlation of direct waves566

is not an all-purpose correlation wavefield enhancement solution.567

In addition to effects associated with the directional illumination, C2 wavefields are568

sensitive to the configuration of auxiliary stations or virtual sources used for stacking569
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(Figures 2, 6, 7). We test the selection of auxiliary stations from all directions, from end-570

fire lobes, and from fixed-angle cones, which yield the Call
2 , Cendfire

2 , and Cangle
2 wave-571

fields, respectively. All strategies yield isotropic C2 wavefields in the case of homogeneously572

distributed original sources. However, they can not mitigate directional incidence effects.573

The persistent incidence effect is governed by C2 wavefield contributions that are sta-574

tionary in phase with respect to the auxiliary stations (Sheng et al., 2018, Equation 7,575

Figure 6a–d). This means that auxiliary stations have no influence on the reconstructed576

propagation of wavefronts induced by isolated sources in C2 wavefields. When the orig-577

inal sources are distributed homogeneously though, propagation does depend on the aux-578

iliary stations and they can be considered as virtual sources (Figure 6e–h). Averaging579

over several auxiliary stations follows the necessity to improve the signal-to-noise ratio580

and achieve virtual source distributions that support seismic interferometry. This, how-581

ever, amplifies the effects of isolated sources due to constructive interference.582

In our synthetic propagation experiments the reference wave velocity is accurately583

estimated only at stations located in line with the master station in the center and the584

isolated source in the Northwest (Figure 9). Data at all other stations is affected neg-585

atively. The significant velocity errors, e.g., shown in Figure 9p, result from interference586

of the two Cangle
2 wavefronts seen in Figures 9m–o that are excited by boundary sources587

and the isolated source, respectively. For the stations in the Southwest and Northeast588

these wavefronts do not interfere. There, setting constraints on acceptable recovered medium589

velocities can ensure that velocities are measured on the correct wavefront. For simple590

distributions of boundary sources and isolated source, these negative effects can be fur-591

ther avoided entirely by locating the isolated source and then estimating the speed ei-592

ther at the anti-causal or causal part of the C2 wavefield depending on the station pair593

orientation (Figure 9), which is consistent with C1 behavior (Schippkus et al., 2022). For594

our simulation configuration, stations in the Southeast are unaffected by interference at595

anti-causal lapse times (Figure 9e) and stations in the Northwest are unaffected at causal596

lapse times (Figure 9g). This also applies for the other C1, C
all
2 , and Cendfire

2 wavefields.597

For spatial auto-correlation based velocity estimates using the shape of the focal598

spot we find that none of the tested auxiliary-station selection strategies allows an ac-599

curate recovery of the reference medium velocity (Figure 8). All tested C2 strategies re-600

sult in focal spots that yield inaccurate velocity estimates with errors up to 15%. This601

is because all wavefield components refocus on the master station at τ = 0 s (Figure 9f),602
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which leads to skewed estimates if the assumptions behind the J0 parametrization are603

violated (Giammarinaro et al., 2023). In other words, all local stations are affected by604

wavefront interference. Developments to account for anisotropic illumination for focal605

spot data regression (Nakahara, 2006; Haney et al., 2012) can be adapted to the enhanced606

illumination effect in C2 wavefields studied here by considering the role of auxiliary sta-607

tions. This can facilitate the robust application of subsurface focal spot imaging for ex-608

tensive station geometries by integrating data from asynchronously deployed stations.609

Higher-order correlations were introduced in the framework of C3 wavefields that610

are obtained by the re-correlation of C1 function coda waves (Stehly et al., 2008). For611

C3, the multiple scattered coda waves are targeted to reduce potential source effects as-612

sociated with inhomogeneous source distributions. Recent results indicate, however, that613

isolated noise sources with self-correlated source terms can induce spurious correlation614

wavefield contributions at late C1 coda lapse times that are erroneously considered as615

random coda arrivals of scattered waves (Schippkus et al., 2023; Safarkhani et al., 2025).616

Such spurious C1 wavefield contributions are likely similarly amplified in the higher-order617

correlations and thus influence the reconstructed ballistic waves. Our results imply that618

higher-order correlation is not an all-purpose mitigation strategy but an effective pro-619

cessing tool to analyze directional flux properties and the associated isolated sources. Ev-620

ery iteration of higher-order correlation (Froment et al., 2011), e.g., adding another cor-621

relation step by re-correlating C2 wavefields, further enhances the correlation wavefield622

contribution that is excited by isolated sources. This allows the targeted analysis of iso-623

lated sources, either to better characterize them, to utilize them, or for developing a strat-624

egy to mitigate their impact on imaging results.625
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