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Sequential Efficacy of Information for Optimized Geophysical and 19 

Drilling Strategies in Mineral Exploration 20 

ABSTRACT 21 

The global energy transition has created an urgent need for expanded critical mineral supply. 22 

Projected production from existing deposits and current discovery rates remains insufficient to 23 

meet this demand. More efficient exploration strategies are therefore required, particularly in 24 

optimizing costly and low-success data acquisition campaigns. To address this challenge, we 25 

introduce the concept of sequential Efficacy of Information (sequential EOI), a decision-making 26 

metric that quantifies the uncertainty reduction of target variables under proposed exploration 27 

action sequences. We demonstrate the framework using synthetic 2D and more realistic 3D 28 

porphyry copper systems, evaluating sequential combinations of exploration plans including 29 

ambient noise tomography (ANT) surveys and borehole drilling campaigns. With considering 30 

multiple experiments, including determining optimal borehole placement, optimizing ANT 31 

configurations, and comparing different action-ordering strategies, sequential EOI identified 32 

exploration plans that maximized the defined reward function. The method effectively revealed 33 

optimal designs such as dense ANT survey followed by large dip-angle borehole in the 2D case, 34 

and Pareto-optimal solutions under multi-criteria uncertainty metrics in 3D case. These results 35 

demonstrate that sequential EOI offers a practically meaningful foundation for multi-physics, 36 

multi-step, and uncertainty-driven plan optimization in mineral exploration, supporting rational 37 

decision-making under realistic operational constraints. 38 

Keywords: optimal geophysical survey planning; hierarchical multi-step optimization; uncertainty 39 

reduction. 40 
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INTRODUCTION  41 

The development of clean energy, transportation, and electronics depends highly on the discovery 42 

of critical minerals such as copper, nickel, lithium and cobalt. However, in recent decades, the 43 

success rate of finding a profitable deposit has declined heavily while the time consumed in the 44 

exploration phase has increased extensively (Sillitoe, 2010a; Koch et al., 2015; Okada, 2022). 45 

Industry and academic researchers are increasingly forced to deal with severe geological 46 

conditions such as deep subsurface or low-grade deposit areas to find more exploration zones. 47 

Consequently, more data acquisition actions are proposed and taken, and more iterations of target 48 

value evaluations are conducted, extending the exploration cycle and reducing the financial 49 

viability of early-stage mineral prospect development.  50 

While much effort has been taken to use numerous methods and high-performance computing 51 

equipment to improve model prediction accuracy with the acquired data, less attention has been 52 

paid to question the rationale of the data acquisition plans, even though the costs of such plans are 53 

normally high while the success ratios are generally low. Such a “lookahead” problem is a 54 

decision-making or sequential decision-making process.  In mineral exploration, such problems 55 

are challenging due to their multifaceted nature: not only does the evaluation of a plan in relation 56 

to subsurface models is needed, but also the evaluation between potential plans or sequential plans 57 

are needed, such that the optimal plan can be selected given an interested reward function. Taking 58 

the planning of drilling a borehole as an example, we are interested in assessing how the drilled 59 

borehole will contribute to improving our understanding about the geological system (this step can 60 

be done by doing inversion or geological analysis given the borehole information); we are also 61 

interested in where to drill the borehole, such that compared with other locations, the chosen 62 

location could provide maximum information about geological models (this step can be quantified 63 
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by defining a reward function and the goal is to maximize such reward function by choosing the 64 

optimal plan from options). An intuitive way to formulate the problem is a hierarchical learning 65 

setup. In this structure, an internal learning process is conducted in each possible plan space: given 66 

a proposed plan, we evaluate the information inside the plan and quantify the relationship between 67 

such information and subsurface model. Meanwhile, an outer learning process is conducted across 68 

all proposed plans: we evaluate the reward of taking each plan or sequence of plans and find the 69 

optimal action that maximizes the given reward, which supports the rationality of our decision-70 

making principle. 71 

Multiple methods can be adopted for the hierarchical learning structure. In geoscience applications, 72 

the inner learning step are generally related to inversions. Inversion approaches are widely used as 73 

a primary method for inferring subsurface information from indirect measurements in resource 74 

exploration. Traditional approaches typically rely on methods such as least-squares optimization 75 

(Aster et al., 2018; Menke, 2018; Tarantola, 2005), Markov chain Monte Carlo sampling 76 

(Mosegaard and Tarantola, 1995; Sambridge and Mosegaard, 2002; de Figueiredo et al., 2019; Li 77 

et al., 2021; Grana et al., 2022), and, more recently, deep neural networks (Das and Mukerji, 2020; 78 

Sun and Demanet, 2020; Li et al., 2024a, 2024b; Muir et al., 2024; Scheidt et al., 2025). The 79 

subsurface properties of interest may include petrophysical attributes (Stummer et al., 2002; Grana 80 

and Mukerji, 2015; Muir et al., 2022; Liu and Li, 2025), lithological parameters (Fouedjio et al., 81 

2021; Yin et al., 2022), or geometric features (Muir and Tsai, 2020; Wei et al., 2024a), while the 82 

indirect observations often comprise geophysical measurements such as gravity (Li and Oldenburg, 83 

1998), magnetic (Li and Oldenburg, 1996), electromagnetic (Cox et al., 2010; Oldenburg et al., 84 

2020), borehole (Wei et al., 2024b; Yin et al., 2019), or ambient-noise data (Olivier et al., 2024, 85 

2022; Reid et al., 2025), etc. However, the high dimensionality of geophysical data and the 86 
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nonlinearity of forward models often make these traditional techniques computationally 87 

prohibitive.  88 

For the evaluation of exploration plans and actions, optimal experimental design approaches, with 89 

the aims of maximizing the information obtained from a minimum number of experiments, are 90 

widely adopted for fields including hazard monitoring networks (Maurer et al., 2010; Callahan et 91 

al., 2025), oil and gas (Box et al., 1978; Elvind et al., 1992), and mineral exploration (Stummer et 92 

al., 2002; Nazari et al., 2023).  The idea of value of information (VOI) (Howard, 1966), which was 93 

inspired by ideas from decision theory (Raiffa and Schlaifer, 1961; Kochenderfer, 2015; 94 

Kochenderfer et al., 2022) has been widely adopted to evaluate action plans. The book by Eidsvik 95 

et al. (Eidsvik et al., 2015) provides background theory and extends the concept of VOI in spatial 96 

decision-making for different applications in geosciences including oil and gas, mining, and water 97 

resources management. Hall et al., (2022) proposed a method of sequential VOI to determine the 98 

optimal sequence and placement of exploration boreholes. However, the adopted VOI methods 99 

mostly measure the difference between prior models and posterior models given the proposed 100 

operation in the dollar value domain, where at each point, an economic model for mining is needed, 101 

thus may not be available in meaningful detail. A practical alternative to this challenge is the 102 

concept of Efficacy of Information (EOI) (Caers et al., 2022), which focuses on the domain of 103 

uncertainty reduction. EOI quantifies how much uncertainty of a variable of interest is reduced for 104 

a given proposal. 105 

Mineral exploration is inherently a process of sequential decision-making under uncertainty. In 106 

practice, exploration teams follow an implicit “playbook” in which relatively inexpensive, large-107 

scale data (e.g., potential-field geophysics or remote sensing) are used to identify areas of interest, 108 

after which increasingly diagnostic and costly methods (such as seismic, electromagnetic, or 109 
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drilling) are deployed. The information value of any single dataset is therefore context-dependent: 110 

it depends critically on what is already known. In early-stage exploration, economic pay-offs are 111 

uncertain and the goal is to maximize information gain through the optimal sequencing of 112 

geophysical surveys and drilling. 113 

A seminal example of the importance of EOI concept in exploration is the discovery of Olympic 114 

Dam, South Australia, by Western Mining Corporation in 1975. The deposit was intersected in 115 

drillhole RD1, targeting a coincident gravity-magnetic anomaly beneath sedimentary cover (Porter, 116 

2025). Following the discovery, numerous companies targeted similar potential-field anomalies 117 

across the Gawler Craton, expecting comparable mineralization. However, in the absence of an 118 

EOI-based framework to structure data acquisition and evaluate geological plausibility, most of 119 

these efforts were unsuccessful. Although a small number of campaigns achieved moderate 120 

success, such as the discovery of Carrapateena in 2005 (Porter, 2017), the vast majority were not. 121 

Many of the “look-alike” gravity and magnetic anomalies were later shown to arise from variations 122 

in basement topography rather than from iron-oxide alteration systems (Funk, 2013). 123 

This history underscores two key ideas central to sequential decision-making in exploration. Firstly, 124 

the non-uniqueness of individual geophysical methods means that multiple subsurface 125 

configurations can reproduce the same anomaly (Li and Oldenburg, 1998). Without prior 126 

constraints on basement depth and relief, the potential-field response of a dense mineralized 127 

system cannot be distinguished from that of basement topography undulations. Secondly, and most 128 

importantly, the order in which data are acquired fundamentally determines their informativeness. 129 

Constraining cover thickness or basement geometry through seismic or electromagnetic methods 130 

can dramatically increase the EOI of a subsequent gravity survey. In such cases, the information 131 
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becomes valuable only when interpreted within a sequential framework that accounts for prior 132 

uncertainty reduction. 133 

In this paper, we propose a framework of evaluating sequential decision-making problems using 134 

sequential Efficacy of information (sequential EOI). EOI measures how much uncertainty of a 135 

variable of interest is reduced for a given data acquisition proposal (Caers et al., 2022). Maximizing 136 

EOI for an action sequence therefore aims to produce the most uncertainty reduction (most increase 137 

in knowledge), decoupling geological understanding from direct consideration of costs or 138 

economic impact. This formulation may be more appropriate to the holistic decision-making 139 

process than VOI during early-stage exploration efforts, when development of a realistic economic 140 

model is intractable. Additionally, past applications of EOI have focused on limited applications 141 

to a single data type (typically drill logging), in this study, we extend EOI analysis to a holistic 142 

multi-physical exploration setting. Although this concept has been recognized qualitatively in 143 

exploration strategy, this study formalizes that intuition. By quantifying sequential EOI for 144 

alternative sequences of survey and drilling actions, we provide a decision-analytic basis for what 145 

practitioners have long done heuristically: deciding what to do next based on how much a proposed 146 

action is expected to reduce geological uncertainty. This framework therefore bridges traditional 147 

exploration workflows with quantitative measures of information efficacy. 148 

The structure of this paper is organized as follows. In the methodology section, as a prelude to the 149 

EOI concept, we first introduce the ideas of VOI and sequential VOI in the binary case, followed 150 

by the transition from VOI to sequential EOI using probability density functions. We then present 151 

the mathematical formulations of sequential EOI and their corresponding implementation 152 

techniques. In the application section, we first demonstrate the method using a synthetic 2D 153 

example to illustrate the step-by-step computations, followed by a more realistic 3D case involving 154 



8 

 

additional variables and action options. Finally, we conclude the paper with an analysis of the 2D 155 

and 3D results. 156 

METHODOLOGY 157 

Efficacy of information for binary outcomes 158 

In Caers et al. (2022), EOI is defined as a metric that quantifies by how much the proposed data 159 

acquisition is expected to reduce uncertainty, on average, on some property of interest. The EOI 160 

metric can be seen as a value of information metric without the need for an economic model. VOI 161 

can be represented by a decision tree, see Figure 1. This decision tree represents the choice between 162 

a base project and the option of taking additional information. In its most simple form, the base 163 

project is subject to binary uncertainty, and the data itself is a binary random variable that informs 164 

success vs failure. The input to this tree is the prior probability of success and the accuracy of the 165 

information modeled using a likelihood probability. In this framework, VOI is expressed as the 166 

difference between the base project value (𝑃𝑉) and the value of the information gathering branch 167 

or posterior value (𝑃𝑜𝑉) 168 

𝑉𝑂𝐼 =  𝑃𝑜𝑉 − 𝑃𝑉 169 

(1) 170 

Information is then gathered when VOI is more than the cost of the information. In EOI, $ values 171 

are not considered. Instead, the base project will return “1” in case of success and “0” in case of 172 

failure. The walk away option is now replaced by 𝑃(𝐴). In other words, in the base project, the 173 

value of go-ahead (𝑃(𝐴)) is equal to the value of walk away. As such, the decision maker has a 174 

choice of continuing with the current project or walking away to a project with similar prior chance 175 
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of success. Therefore, the third branch (acquire information) will be taken if gathering data will 176 

have a value larger than 𝑃(𝐴).  177 

 178 

Figure 1: VOI expressed as a decision tree: $𝑠 is the return of a positive outcome, $𝑓 is the cost of a negative 179 

outcome and $𝑤𝑎 is the return of walking away (usually equal to zero). In EOI, $𝑠 = 1, $𝑓 = 0, $𝑤𝑎= P(A). 180 

Sequential efficacy of information 181 

Sequential value of information (sequential VOI) (Hall et al., 2022) concerns the assessment of 182 

the value of two information gathering campaigns that follow each other. The choice now lies 183 

between doing only the first campaign or having the option of continuing with the second 184 

campaign. In other words, the value of the first campaign is assessed including the possibility of a 185 

second. For example, one may drill a first borehole at a different location if we had the option of 186 

a second borehole compared to only considering one borehole. Sequential VOI is therefore 187 

different from two independent assessments of single VOIs. Like sequential VOI, one defines 188 
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sequential EOI and turns the sequential VOI decision tree into a sequential EOI decision tree, see 189 

Figure 2. 190 

 191 

Figure 2: Sequential EOI, a (binary) data C is considered as an option after acquiring date B. 192 

 193 

In this tree, we consider a second information source with a binary outcome that may inform 194 

success vs failure. After acquiring information 𝐵, we have the option to continue with information 195 

𝐶, i.e. we don’t have to. To solve this decision tree, we need, however, additional probabilities to 196 

be specified (input to the problem). First, we have the accuracy of the information 𝐶, i.e. the 197 

likelihood probability 𝑃(𝐶|𝐴) for all outcomes of 𝐶 and 𝐴, next we need 𝑃(𝐵, 𝐶|𝐴) in order to 198 

calculate the posterior 𝑃(𝐴|𝐵, 𝐶), again for all possible (8) outcomes of 𝐴, 𝐵, and 𝐶. The marginal 199 

𝑃(𝐶|𝐵) can be calculated from the posterior. In many cases, but not a requirement, a conditional 200 

independence assumption is made such as 201 

go

wa

go

wa

go

wa

go

wa

go

wa

go

wa

go

wa

Take data B

Continue with data C

Continue with data C
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𝑃(𝐵, 𝐶|𝐴)  =  𝑃(𝐵|𝐴)𝑃(𝐶|𝐴) 202 

(2) 203 

In our implementation, we will not need this assumption. 204 

Sequential efficacy of information with probability density functions 205 

Real problems don’t just use univariate binary or discrete variables. Geophysical and borehole data 206 

variables are vectors of information, containing a mix of discrete and continuous variables. Here 207 

we define EOI in this more general case through the use of a decision tree. In the general case, 208 

sums are replaced by integrals and probabilities by probability density functions, see Figure 3. 209 

 210 

Figure 3: sequential EOI expressed using probability density functions. 211 

 212 

In the base project we have a choice between 𝑓(𝜃) and 𝑓(𝜃), which is the equivalent as a choice 213 

between 𝑃(𝐴) and 𝑃(𝐴). 𝜃 is any vector with some properties of interest (e.g. grades vs tons for 214 

various cutoff grades). For probabilities of discrete events, we would always choose actions with 215 
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the highest probability of success. Here, we need a different metric. One possibility is to compare 216 

two densities using the KL-divergence. In this asymmetric metric one compares two densities 217 

𝑓1(𝑥) anf 𝑓2(𝑥) as follows: 218 

𝑑𝐾𝐿(𝑓2(𝑥)||𝑓1(𝑥)) = ∫ 𝑓2(𝑥)𝑙𝑜𝑔 (
𝑓2(𝑥)

𝑓1(𝑥)
) 𝑑𝑥

 

𝑥

 219 

(3) 220 

This metric uses a log-ratio between densities. An appealing property of this metric is that the 221 

integral can be approximated by Monte Carlo simulation as follows: 222 

𝑑𝐾𝐿(𝑓2(𝑥)||𝑓1(𝑥)) ≅
1

𝑁
∑ 𝑙𝑜𝑔 (

𝑓2(𝑥𝑛)

𝑓1(𝑥𝑛)
)

𝑁

𝑛=1

   𝑤𝑖𝑡ℎ   𝑥𝑛 ~ 𝑓2(𝑥) 223 

(4) 224 

In terms of the base project, we have  225 

𝑑𝐾𝐿(𝑓(𝜃) ∥ 𝑓(𝜃)) = ∫ 𝑓(𝜃) 𝑙𝑜𝑔 (
𝑓(𝜃)

𝑓(𝜃)
) 𝑑𝜃

 

𝜃

= 0 226 

(5) 227 

The metric (“posterior value”) of only acquiring information 𝑑1 is 228 

𝐸𝑂𝐼(𝜃 ∥ 𝑑1) = ∫ 𝑑𝐾𝐿(𝑓(𝜃|𝑑1) ∥ 𝑓(𝜃))𝑑𝑑1

 

𝑑1

= ∫ ∫ 𝑓(𝜃|𝑑1)𝑙𝑜𝑔 (
𝑓(𝜃|𝑑1)

𝑓(𝜃)
) 𝑑𝜃

 

𝜃

 

𝑑1

 229 

(6) 230 

However, the option is available to acquire a second data 𝑑2. Because 𝑑2 is taken after 𝑑1, we need 231 

to the integral of 𝑑2 over all possibilities of 𝑑1 (this is the equivalent of the 𝑃(𝐶|𝐵) in Figure 2). 232 

The value to continue with 𝑑2 (→ 𝑑2) is 233 
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𝐸𝑂𝐼(𝜃, 𝑑1| → 𝑑2) = ∫ 𝑓(𝑑2|𝑑1) ∫ 𝑓(𝜃|𝑑1, 𝑑2) 𝑙𝑜𝑔 (
𝑓(𝜃|𝑑1, 𝑑2)

𝑓(𝜃)
) 𝑑𝜃𝑑𝑑2

 

𝜃

 

𝑑2

 234 

(7) 235 

However, this branch is only considered when that value is larger than Eq.6, hence the sequential 236 

EOI is defined as   237 

𝐸𝑂𝐼(𝜃|𝑑1 → 𝑑2) = ∫ 𝑓(𝑑1) 𝑚𝑎𝑥 {𝐸𝑂𝐼(𝜃|𝑑1), 𝐸𝑂𝐼(𝜃, 𝑑1| → 𝑑2)} 𝑑𝑑1

 

𝑑1

 238 

(8) 239 

The challenge now lies in approximating this value using Monte Carlo simulation. Any double 240 

integral will become a double sum. Also, all the density functions need to be known analytically, 241 

which is challenging in high-dimensional problems unless the distributions are Gaussian and the 242 

relationship between data and 𝜃  is linear. This is not the case for problems we consider; for 243 

example, the width of an alteration zone in a copper deposit is not linearly related to geophysical 244 

data. In the next section we will demonstrate in a simplified 2D case how we intend to make the 245 

MC approximations practical. 246 

Monte Carlo approximation 247 

To solve the sequential information gathering problem, we will approximate the integrals above 248 

using Monte Carlo simulation as follows. First, we need to sample prior model realizations to allow 249 

for the forward modeling of both data, namely 250 

𝑚(𝑛)~𝑓(𝑚), 𝑛 = 1, … , 𝑁 251 

𝑑1
(𝑛)

= 𝑔1(𝑚(𝑛)) 252 
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𝑑2
(𝑛)

= 𝑔2(𝑚(𝑛)) 253 

(9) 254 

With 𝑔1 and 𝑔2 the forward model for both datasets. We consider the property or properties of 255 

interest 𝜃 to be some function of the model 𝑚, 256 

𝜃 = ℎ(𝑚),     ℎ𝑒𝑛𝑐𝑒     𝜃(𝑛) = ℎ(𝑚(𝑛)) 257 

(10) 258 

Using these samples, we approximate the EOI as follows 259 

𝐸𝑂𝐼(𝜃 ∥ 𝑑1) ≅
1

𝑁2
∑ ∑ log (

𝑓(𝜃(𝑛′)|𝑑1
(𝑛)

)

𝑓(𝜃(𝑛′))
)

𝑁

𝑛′=1

𝑁

𝑛=1

 260 

(11) 261 

For a specific outcome 𝑑1
(𝑛)

: 262 

𝐸𝑂𝐼(𝜃 ∥ 𝑑1
(𝑛)

) ≅
1

𝑁
∑ log (

𝑓(𝜃(𝑛′)|𝑑1
(𝑛)

)

𝑓(𝜃(𝑛′))
) ,

𝑁

𝑛′=1

 263 

(12) 264 

 265 

and, 266 

𝐸𝑂𝐼(𝜃, 𝑑1
(𝑛)

| → 𝑑2) ≅
1

𝑁2
∑ ∑ log (

𝑓(𝜃(𝑛′′)|𝑑1
(𝑛)

, 𝑑2
(𝑛′)

)

𝑓(𝜃(𝑛′′))
)

𝑁

𝑛′′=1

𝑁

𝑛′=1

 267 

(13) 268 

With 269 
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𝑑2
(𝑛′)

~𝑓(𝑑2|𝑑1
(𝑛)

) 270 

(14) 271 

And finally 272 

𝐸𝑂𝐼(𝜃|𝑑1 → 𝑑2) ≅
1

𝑁
∑ 𝑚𝑎𝑥 {𝐸𝑂𝐼(𝜃, 𝑑1

(𝑛)
∥→ 𝑑2), 𝐸𝑂𝐼(𝜃 ∥ 𝑑1

(𝑛)
)}

𝑁

𝑛=1

 273 

(15) 274 

In essence, we need to calculate a triple sum, over outcomes 𝑑1, 𝑑2 and 𝜃. Detailed algorithm 275 

diagram can be seen in Appendix Algorithm 1. 276 

 277 

Calculating probability density functions 278 

 Equation 11~15 calls for the calculation of density functions and the evaluation of the density 279 

function value in samples/outcomes. To circumvent high-dimensional functions, we will use an 280 

approach that combines machine learning with the concept of sufficient statistics (Schervish, 1995; 281 

Lehmann and Casella, 2005; Lehmann and Romano, 2022; Casella and Berger, 2024). In data 282 

science, a sufficient statistic is some function of the data that is sufficient to estimate a parameter 283 

of the distribution. For example, to estimate the mean of a distribution, based on a sample 284 

𝑥1, 𝑥2, … 𝑥𝑁 all we need to know is the statistic ∑ 𝑥𝑛. It is as if we can replace the sample of size 285 

𝑁 with only one sum, which is the ultimate dimension reduction to 1D.  286 

In our case, we deal with a similar situation, but our problem concerns a parameter 𝜃 and the data 287 

is a possibly high-dimensional vector (such as a geophysical dataset).  To obtain a summary 288 

statistic in 1D for 𝜃, we will train a neural network (non-linear function) that maps 𝑑 into 𝜃 289 
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𝜃 = 𝑆𝐴𝑁𝑁(𝑑) = 𝑆(𝑑) 290 

(16) 291 

We train the neural network using the above Monte Carlo samples. To know whether 𝑆  is a 292 

sufficient statistic, we need to plot 𝜃(𝑛) = 𝑆(𝑑(𝑛)) versus the true 𝜃. If we find that 293 

𝜃(𝑛) = 𝜃 + 𝜀(𝑛) 294 

(17) 295 

with 𝜀(𝑛) a random error that is not function of 𝜃, then the statistic is sufficient (Lehmann and 296 

Casella, 2005; Casella and Berger, 2024). The general rule is that the conditional distribution of 297 

𝜃(𝑛)|𝜃 should not be function of 𝜃. Note that this is also the case for ∑ 𝑥𝑛 and the mean. What this 298 

basically means is that the ANN needs to fit the function 𝑆 equally for various values of 𝜃. Indeed, 299 

poorly fitting ANN would not be informative about 𝜃. 300 

Once the sufficiency of the statistics has been verified, the density estimation with a one 301 

dimensional 𝜃 , would be a three-dimensional problem in 𝜃, 𝑆1(𝑑1) and 𝑆2(𝑑2), which can be 302 

easily done using kernel density estimation (KDE) using the Monte Carlo samples (Appendix C).  303 

In all of the above expressions samples of 𝑑1 and 𝑑2 are replaced by samples of 𝑆1(𝑑1) and 𝑆2(𝑑2). 304 

 305 

DEMONSTRATION ON A 2D PORPHYRY COPPER CASE 306 

Case set-up 307 

Porphyry copper deposits are a type of hydrothermal ore deposit, known for their large size and 308 

low to moderate copper grades, and are a major source of the world's copper (Donald A et al., 309 
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2008). They are formed by the interaction of magmatic fluids with surrounding rocks, often 310 

associated with intrusions of felsic to intermediate composition (Richard H. Sillitoe, 2010; 2012). 311 

These deposits are characterized by extensive hydrothermal alteration, and a distinct zoning of 312 

alteration patterns. Mapping these alteration zones, especially those with potassic, phyllic, and 313 

propylitic alteration, can indicate the presence of a buried deposit. In terms of physical properties, 314 

Porphyry style deposits may have significant mechanical physical property differences to the 315 

surrounding host rock, in particular density variations associated with the underlying intrusion as 316 

well as significant seismic velocity gradients caused by brecciation and alteration during 317 

emplacement. For example, the prototypical Reko Diq porphyry complex in western Pakistan 318 

shows significant seismic velocity highs associated with intrusion into volcaniclastic host rock, 319 

including deep feeder features and broader, near-surface alteration halos (Razique, 2013; Jones et 320 

al., 2024). These features provide key information for identifying ore body using geophysical 321 

methods. 322 

Before moving to a realistic 3D case, we use a simplified 2D model to illustrate the various 323 

concepts of sequential EOI and how practical calculations work. More specifically, we build a 324 

prior model of uncertainty which has four lithologies: intrusion, alteration, background rock and 325 

overburden, with each lithology having a distinct physical response (Figure 4.b). Generally, 326 

intrusions consist of diorite, granodiorite, and with variation in hydrous mafic mineral abundance, 327 

showing a relatively high velocity feature. Alteration zone as a result of magmatic fluid interaction 328 

with the background rocks, is the typical carrier for metals such as copper, molybdenum, gold and 329 

silver. The alteration zone shows a relatively slow velocity feature and is the main target for our 330 

predictions (Figure 4.b). In a real case, such prior uncertainty (prior to ANT & drilling) may be 331 

derived from stochastic inversion of gravity data (Athens and Caers, 2022). 332 
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 333 

Figure 4: a) geological conceptual model of a porphyry copper deposit, modified from (Sillitoe, 2010; 334 

Hedenquist et al., 2012; Sillitoe, 2012); b) corresponding possible seismic velocity response. Warm color 335 

represents fast seismic velocity (borrowed from (Gal et al., 2024)). 336 

 337 

 338 



19 

 

 339 

Figure 5: the process of prior modeling: a) establish the prior belief on existing data and known geological 340 

conditions, b) define variables to construct prior models: object 1 represents intrusion zone, with variable 341 

𝜃𝑖 denoting intrusion width, object 2 represents alteration zone, with variable 𝜃𝑎 denoting alteration width, 342 

c) generate initial model of objects and their surface boundaries. The surface boundaries are then 343 

functionalized and converted into signed distance functions (SDFs), d), create a realization of Gaussian 344 

noise model, and e) add the Gaussian noise model to each boundary SDF, producing a perturbated boundary 345 

surface. Detailed progress can be found in Appendix A.  346 

 347 

To illustrate the calculation of sequential EOI, we construct a simple model inspired by porphyry 348 

copper deposit geometries. To achieve this, we rely on geometric parameters that define the various 349 

zones (intrusion, alteration, overburden and background) with a Gaussian noise model to add local 350 

variability, see Figure 5. Figure 5.e is one realization of the entire model. Multiple realizations can 351 

be generated using Monte Carlo simulation for sufficient statistical analysis. In Table 1, we list the 352 

various (prior) distributions of each parameter. In a real case, these distributions could be obtained 353 

by stochastic inversion of the exiting geophysical data (e.g., low-resolution gravity data). 354 
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 355 

Table 1: a broad prior distribution on model variables for 2D case, as an initial statement of 356 

uncertainty, where 𝑈[∙] represents uniform distribution. 357 

Prior variables Definition  Distributions  
Source for prior 

uncertainty statement 

Intrusion width 𝜃𝑖 
Width of intrusion zone, in 

meters 
𝑈[50, 100] 

Based on the background 

knowledge of porphyry 

copper system 
Alteration width 𝜃𝑎 

Width of alteration zone, in 

meters 
𝑈[100, 300] 

 358 

We consider two data acquisition campaigns that will be carried out in sequence. First, we need to 359 

decide on the geometry of the ANT survey, then we need to decide on the dip angle of a borehole, 360 

from a fixed location. The question therefore is: would we adjust the survey geometry, knowing 361 

that a borehole will be drilled next, or wouldn’t it matter? 362 

Solution 363 

The Monte Carlo procedure requires first sampling models 𝑚, then running the data forward model 364 

to create samples (Figure 7):   365 

𝑚(𝑛), 𝑑1
(𝑛)

, 𝑑2
(𝑛)

, 𝜃(𝑛), 𝑛 = 1, … , 𝑁 366 

(18) 367 

𝑑1 refers to ANT, while 𝑑2 refers to the borehole. In this case, we have two different geometries 368 

for 𝑑1 and three different 𝑑2, so a total of six combinations is possible, see Figure 6. We need to 369 

also show that artificial neural networks (ANN) provide sufficient statistics for the single 370 
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prediction parameter 𝜃. In Figure 8, we show 5 scatterplots, one for each possible dataset. We 371 

observe that the relationship between S and 𝜃  is linear and that the spread around the linear 372 

relationship is fairly constant over the range of 𝜃. 373 

 374 

Figure 6: schematic design of two data acquisition plans. 𝑑1 denotes the decision to conduct an ANT survey 375 

with two options: Survey 1 represents a dense survey plan; Survey 2 represents a sparse survey plan. 𝑑2 376 

denotes the decision to perform a borehole drilling from a fixed surface location with three options: Dip 1 377 

represents a vertical borehole, Dip 2 a borehole a small dip angle, and Dip 3 represents a borehole a 378 

relatively large dip.  379 

 380 

 381 

 382 
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 383 

Figure 7: the signal simulation process (from Survey 2 in Figure 6) and dimension reduction conducted on 384 

the generated signals. The MDS scatter plots are colored by the interested target.  385 

 386 

 387 

Figure 8: summary statistical relationship between 𝜃 and 𝜃 (described in Equation 16) for all 5 plans. With 388 

these statistical relations, the posterior probability density function and the following EOI and sequential 389 

EOI can be calculated using Equation 11~ 15. 390 
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Figure 9 shows the EOI and sequential EOI for all sequential plans, calculated using Equation 11 391 

~ 15. The best plan is to acquire ANT in a dense configuration, then drill the borehole with dip3.  392 

 393 

 394 

Figure 9: histogram of calculated EOI and sequential EOI from potential plans. The target variable in this 395 

case is the alteration width. 396 

 397 

APPLICATION TO A 3D PORPHYRY COPPER CASE 398 

Case description 399 

We now consider a synthetic case that has several elements in common with what a real case would 400 

entail. In this real case setting, we have some prior knowledge about the geometry of porphyry 401 

copper system, known from geological understanding or analyzing the existing data, and the goal 402 

is to determine the planning of first an ANT survey, then possibly, follow up with drilling. The 403 

main question is: how do we design this survey, and where do we drill, in order to determine the 404 

location and extent of the economically relevant alteration zone that will likely contain the majority 405 

of mineralization convertible to reserve. 406 
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Based on this reference model, we assume a geological conceptual model of a porphyry copper 407 

deposit under an overburden, above a bedrock, with a main intrusion zone surrounded by alteration. 408 

This model represents a conceptually simplified view of the typical alteration sequence found in 409 

porphyry systems, focusing on the most economically relevant potassic alteration zone, and could 410 

be further extended (such as the collection of geochemical constraints from drilling are available)  411 

to include the full sequence of potassic-propylytic-phyllic-argillic of conceptual porphyry 412 

formation to capture detailed alteration and geochemical information at scales finer than can be 413 

resolved directly with geophysics.  Quantitatively, we represent this conceptual model using 414 

objects whose boundaries are perturbed and assigned a constant but uncertain density and velocity. 415 

Figure 10 shows the comparison of reference model (Figure 10.a) and one realization (Figure 10.b) 416 

of prior models constructed using Monte Carlo simulation of the object-based modeling and 417 

perturbation method (detailed steps of prior model generations can be seen in Appendix A).  418 
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 419 

Figure 10: a) reference truth model, and b) a realization of prior model using object-based prior modeling 420 

method 421 

 422 

Based on this prior modeling method, we can generate large number of prior models by sampling 423 

from the prior variable parameters. We start out with a wide prior (see Table 2). This prior could 424 

come from geological knowledge or could be inferred from Bayesian geophysical inversion of 425 

airborne geophysics (Caers, 2011). The resulting prior probability of having an alteration zone in 426 

the domain is large. 427 

 428 
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Table 2: prior distribution of model variables for 3D case, as an initial statement of uncertainty, where 𝑈[∙] 429 

represents uniform distribution 430 

Objects 
Prior 

variables 
Definition  Distributions  

Source for prior 

uncertainty  

Alteration 

𝑥0 
x coordinate of the 

ellipsoid center, in meters 
𝑈[1250, 1750] 

based on the 

approximate target 

size and ellipsoid 

geometry definition 

𝑦0 
y coordinate of the 

ellipsoid center, in meters 
𝑈[1250, 1750] 

𝑧0 
z coordinate of the 

ellipsoid center, in meters 
𝑈[250, 750] 

𝑎 
semi-axes of the ellipsoid 

along x direction, in meters 
𝑈[500, 1000] 

𝑏 
semi-axes of the ellipsoid 

along y direction, in meters 
𝑈[500, 1000] 

𝑐 
semi-axes of the ellipsoid 

along z direction, in meters 
𝑈[1000, 1500] 

Intrusion 

𝑟 
radius of the intrusion 

cylinder, in meters 
𝑈[100, 250] 

based on the 

approximate target 

size and cylinder 

geometry definition 

ℎ 
height of the intrusion 

cylinder, in meters 
𝑈[1750, 2750] 

𝑥0
𝑖  

x coordinate of the cylinder 

center, in meters 

same location as 

alteration center 𝑥0 

𝑦0
𝑖  

y coordinate of the cylinder 

center, in meters 

same location as 

alteration center 𝑦0 

𝑧0
𝑖  

z coordinate of the cylinder 

center, in meters 
𝑧0

𝑖  =  ℎ / 2 

Overburd

en 
𝑡 

thickness of the 

overburden soil, in meters 
𝑈[250, 500] 

based on the 

background geology 

Bedrock 𝑑 
depth of the bedrock 

surface, in meters 
ℎ 

related to height of 

the intrusion 

 431 

 432 

The prior modeling process results in realizations accounting for the current knowledge of the 433 

porphyry copper system before taking further actions. The decision to be made at this stage is 434 

either we go ahead / walk away, or we take further data for better understanding, even considering 435 

a second-round data acquisition if possible. Similar like the 2D case setup, we consider two data 436 
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acquisition campaigns that will be done in sequence. First, we need to decide on the geometry of 437 

the ANT survey, then we need to decide on the parameters for a borehole campaign.  438 

Solution 439 

The quantitative evaluation of a plan (e.g., an ANT survey design, a borehole design, or a sequence 440 

of designs) needs a criterion of interest, accounting for the numerical metric to help decision-441 

makers to make rational decisions. In the 2D case, our criterion is the alteration width (a 2D version 442 

of volume), meaning that we evaluate each plan by quantifying how much uncertainty regarding 443 

alteration width would be reduced given the plan. In this realistic 3D case, we are interested in not 444 

only the total volume of alteration, but also the location of the ore body. To that end, we defined 445 

two objective axes: alteration volume and the surface center of alteration (i.e., prior variable of [𝑥0, 446 

𝑦0] in Table 2), as our target of interests. The goal of sequential EOI then lies in quantifying which 447 

plan would provide maximum information toward these two targets jointly. 448 

As illustrated in the 2D case, the calculation of EOI related to each plan requires four steps: first a 449 

plan is designed, secondly, the signals are generated from prior models based on the plan (i.e., 450 

forward simulation), thirdly, data processing and inversion step is conducted (e.g., dimension 451 

reduction and inversion using ANN) to align data and model variables, and finally, the EOI is 452 

calculated using the method in sequential EOI section and Equation 10 ~ 15. Figure 11 shows an 453 

example of such process. We first define a regular-spacing ANT survey (Figure 11.a), which is a 454 

common consideration in practice. We then collect the travel time per frequency channel per prior 455 

model realization and per sensor (Figure 11.b). At this point, the dimensions of data domain are 456 

quite large, for example, we generated 1000 prior models, and 16 sensors are designed in this plan, 457 

the ANT forward model have 25 frequency channels, and the signals (i.e., travel time) are pairwise 458 
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between sensors. A data dimension reduction is conducted using the traditional Multi-dimension 459 

Scaling (MDS) and colored by the target criterion (Figure 11.c), then the inversion is done using 460 

ANN. Finally, the EOI is calculated based on the defined equation, in this case the EOI is 0.4961.  461 

 462 

Figure 11: a workflow showing the steps of EOI calculation in 3D case: a) a schematic design of ANT 463 

survey, with equally distributed sensors, b) simulated signals based on prior models and designed survey, 464 

here we show the travel time of phase velocity of a given frequency channel, c) dimension reduction on 465 
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data space for fast inversion computation, and d) statistical relation between 𝜃 and 𝑠(𝑑), where posterior 466 

PDF and EOI can be calculated based on the relation. 467 

 468 

Regarding the borehole campaign, the design of borehole path in 3D case would require more 469 

parameters compared to 2D case. Here we include 5 parameters for a borehole design (surface 470 

location [𝑥0 , 𝑦0 , 𝑧0 ], dip angle, dip azimuth). Figure 12 shows one potential borehole plan. 471 

Compared to ANT survey evaluation, the borehole plan evaluation requires an intermediate step 472 

to transform the borehole lithological information (discrete) into continuous data. We use the 473 

method from (Caers et al., 2022), where after the transformation the borehole lithological 474 

information would be treated as continuous values, then the steps remain same as Figure 11.c and 475 

Figure 11.d. Detailed transformation can be seen in Appendix B 476 
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 477 

Figure 12: visualization of borehole design, the top row shows a 3D illustration of the borehole path, the 478 

bottom row shows the borehole trajectory in 2D sections, “S” denotes the starting point, “E” denotes the 479 

ending point. 480 

 481 

Essentially, we can evaluate any possible ANT surveys and borehole plans applied on our prior 482 

models. We select 3 ANT options and 3 borehole options for illustration simplicity but with 483 

practical considerations. For example, the sensor spacing of sparse, medium, and dense ANT 484 

surveys are 2000m, 750m, and 500m, accounting for the sensor spacing concerns; borehole 1 is 485 

designed at the location with maximum alteration thickness (calculated from prior models), 486 
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borehole 2 is designed at the location with maximum alteration variance, and borehole is a borehole 487 

with a dip crossing the center of the alteration, accounting for common geological concern when 488 

drilling a borehole (Figure 13).  489 

 490 

Figure 13: schematic design of ANT survey and borehole campaigns for 3D case. The top row shows the 3 491 

options of ANT survey; the bottom row shows the three options of borehole drilling.  492 

 493 

Similar to the 2D case shown in Figure 9, we can calculate the sequential EOI for the 6 plans and 494 

their sequential options given a criterion of interest. We can also calculate 2 or more criteria of 495 

interest and find the optimal solution by calculating the Pareto front of multiple objectives. Pareto 496 

front estimation for decision-making is a method for multi-objective optimization problems (Deb, 497 

2004), where a set of non-dominated solutions could be selected as the optimal trade-off.  Figure 498 
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14 shows the calculation of sequential EOI given two objectives: alteration volume and alteration 499 

center location [𝑥0, 𝑦0]. The plot shows the optimal solutions identified by sequential EOI for each 500 

objective, as well as the “best” Pareto-front solution (Dense ANT followed by borehole 3), which 501 

enables decision-makers to evaluate both metrics simultaneously. 502 

 503 
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Figure 14: scatter plot of sequential EOI calculated from plans shown in Figure 13 for two targets of interest 504 

(two objectives), along with the calculated Pareto front. The Pareto front highlights the optimal options 505 

available to decision-makers. 506 

 507 

CONCLUSION 508 

We showed the concept of sequential EOI and its application as a decision-making metric for 509 

critical mineral exploration, particularly in the design of geophysical surveys (e.g., ANT), and 510 

borehole campaigns. Extended from the idea of EOI, sequential EOI aims to measure the 511 

uncertainty reduction of target variables under a proposed sequence of data acquisition plans, 512 

thereby providing a quantitative basis for rational exploration decisions. We illustrated the 513 

methodology using a synthetic 2D porphyry copper case and a more realistic 3D porphyry copper 514 

case. In 2D case, with the aim of reducing uncertainty about alteration width, we designed 2 ANT 515 

configurations and 3 borehole plans. The sequential EOI analysis identified that the dense ANT 516 

followed by a relatively large dip angle borehole would be the optimal option, effectively 517 

demonstrating the interpretability of the method. The 3D case extended the framework to a more 518 

realistic and complex setting, incorporating more model parameters with larger decision space, 519 

and multiple sequential EOI metrics. In this case, we use Pareto front to decide the optimal 520 

selection of the possible plans under multi-criteria conditions. Results from both 2D and 3D cases 521 

indicate that the sequential EOI framework produces practically meaningful outcomes, 522 

highlighting its potential to guide rational exploration planning decisions regarding uncertainty 523 

reduction. This approach establishes a foundation for multi-physics, multi-steps, and uncertainty-524 

driven planning optimization in geoscientific decision-making, which could help decision-makers 525 

to make rational decisions under operational geoscience conditions.    526 
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Appendix  698 

A: Object-based prior modeling 699 

The object-based prior modeling approach is designed to construct plausible prior lithological 700 

models by perturbing parameterized object boundaries, thereby accommodating the irregular and 701 

heterogeneous geometries of ore bodies. Object boundaries are represented using a level-set 702 

formulation, which enables flexible deformation while preserving topological consistency. We use 703 

the 3D porphyry copper case to demonstrate the steps of this method. 704 

Guided by the prior geological understanding, an initial conceptual model is assembled through 705 

the combination of multiple parameterized geometric objects. In our 3D case, four objects are 706 

defined to represent key geological features: overburden (cubic geometry), alteration zone (semi-707 

ellipsoidal geometry), intrusion (cylindrical geometry), and bedrock (cubic geometry). These 708 

components are subsequently integrated to construct the initial geological model (Figure A.1). 709 

 710 

Figure A.1: four objects to represent key features of geological model 711 

The perturbation of each object includes 4 steps, here we use alteration as an example: 712 

• Define the object (i.e., ellipsoid) and sample object parameters from their prior 713 

distribution. 714 
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• Define the surface function of the ellipsoid  715 

(
𝑥 −  𝑥0

𝑎
)

2

+  (
𝑦 −  𝑦0

𝑏
)

2

+ (
𝑧 −  𝑧0

𝑐
)

2

= 1 716 

(A.1) 717 

Where 𝑥, 𝑦, 𝑧 are the point coordinates, 𝑥0, 𝑦0, 𝑧0 are the center coordinates, 𝑎, 𝑏, 𝑐 718 

are semi-axis length along 3 directions. 719 

• Design the signed distance function (SDF) of the object. 720 

𝑆𝐷𝐹(𝑜𝑏𝑗𝑒𝑐𝑡 2) =  (
𝑥 − 𝑥0

𝑎
)

2

+  (
𝑦 −  𝑦0

𝑏
)

2

+ (
𝑧 −  𝑧0

𝑐
)

2

− 1 721 

(A.2) 722 

By definition, an SDF has the properties of: 723 

𝑆𝐷𝐹(𝑜𝑏𝑗𝑒𝑐𝑡 2) {

< 0, 𝑖𝑓 𝑝𝑜𝑖𝑛𝑡 𝑖𝑛𝑠𝑖𝑑𝑒 𝑜𝑏𝑗𝑒𝑐𝑡 2
= 0, 𝑖𝑓 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑠𝑢𝑟𝑓𝑎𝑐𝑒

> 0, 𝑖𝑓 𝑝𝑜𝑖𝑛𝑡 𝑜𝑢𝑟𝑠𝑖𝑑𝑒 𝑜𝑏𝑗𝑒𝑐𝑡 2
 724 

(A.3) 725 

• Perturbate surface SDF by adding a 3D gaussian model noise. The 3D gaussian 726 

model noise can be generated using a gaussian process algorithm with some pre-727 

defined parameters.  728 

 729 

Figure A.2: 3 slices of one 3D gaussian model noise from different axis, with mean as 0. 730 
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For each object, boundary perturbations are applied using identical procedure. The perturbed 731 

objects are subsequently assembled to produce a single realization of the prior geological model. 732 

By performing Monte Carlo simulation, multiple realizations can be generated, thereby 733 

characterizing the uncertainty associated with subsurface geological structures. This method 734 

allows explicit boundary definition for level-set calculations and tunable level of geometric 735 

perturbation by adjusting the perturbation ratio assigned to each object. Moreover, as geophysical 736 

data are subject to volumetric averaging, small discontinuities introduced during perturbation exert 737 

negligible influence on the modeled geophysical response, ensuring that variability is expressed at 738 

scales resolvable by the data. 739 

 740 

Figure A.3: comparison with initial model (a) and generated prior realizations (b). 741 

B: Borehole lithological data transformation  742 
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We use borehole lithological information as a soft constraint on the prior models. Unlike 743 

geophysical data, which are typically continuous, lithological data are discrete and categorical. To 744 

incorporate this type of information into the model belief updating, the lithological data must first 745 

be transformed into a continuous form, ensuring consistency with other geophysical sources of 746 

information. 747 

The transformation of borehole lithological data into a continuous form includes four steps. We 748 

use the borehole dip 3 in the 2D case as an example (Figure B.1): 749 

•  Project the designed borehole path into a lithological realization and extract the 750 

lithological data along the borehole path (Figure B.1.a), 751 

• Transform the lithological information into an indicator matrix, with target lithology as 1 752 

and background lithology as -1 (Figure B.1.b),  753 

• Transform the information into continuous using signed distance function (SDF), as 754 

mentioned in Equation A.3, negative values denote points inside the object, zero denotes 755 

on surface, and positive values represent points outside the object. In this case, the object 756 

refers to the background rock (Figure B.1.c), 757 

• Apply a sigmoid function to the SDF-transformed values to normalize them into the range 758 

[0, 1] (Figure B.1.d). 759 

𝑠𝑖𝑔𝑚𝑜𝑖𝑑 (𝑥) =  
1

1 +  𝑒−𝑥
 760 

(B.1) 761 
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 762 

Figure B.1: Borehole lithological data transformation 763 

The borehole lithology values are transformed into a continuous form, which can be used as 764 

indirect measurements for inversion. The same inversion method for geophysical data can be used. 765 

For more detailed information, we refer to (Caers et al., 2022). 766 

C: Conditional Kernel Density Estimation (conditional KDE) 767 

The posterior distribution of model parameters 𝜃 given the summary statistics 𝑠(𝑑) is expressed 768 

as  769 

𝑃(𝜃|𝑠(𝑑)) =
𝑃(𝜃, 𝑠(𝑑))

𝑃(𝑠(𝑑))
 770 

(C.1) 771 

From the predictions of the neural network, we obtain 𝑠(𝑑), and with the corresponding label 𝜃, 772 

the joint distribution 𝑃(𝜃, 𝑠(𝑑))can be computed. For a single realization 𝑠(𝑑𝑖)  of 𝑠(𝑑) , the 773 

posterior distribution of the model parameters is given by 774 

𝑃(𝜃|𝑠(𝑑𝑖)) =
𝑃(𝜃, 𝑠(𝑑𝑖))

𝑃(𝑠(𝑑𝑖))
 775 

 776 

(C.2) 777 

We use the conditional multivariate kernel density estimator 778 

𝑠𝑡𝑎𝑡𝑠𝑚𝑜𝑑𝑒𝑙𝑠. 𝑛𝑜𝑛𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐. 𝑘𝑒𝑟𝑛𝑒𝑙_𝑑𝑒𝑛𝑠𝑖𝑡𝑦. 𝐾𝐷𝐸𝑀𝑢𝑙𝑡𝑖𝑣𝑎𝑟𝑖𝑎𝑡𝑒𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙  (Seabold and 779 
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Perktold, 2010) to implement the full calculation process. Figure C.1 shows an example of the 780 

calculation using the 2D case of ANT survey 2. 781 

 782 

 783 

Figure C.1: the conditional kernel density estimation 784 

 785 

  786 

 787 

 788 

 789 

 790 
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Algorithm 1: Sequential EOI Computation 791 

Input: 792 

𝑓(𝜃): Prior distribution for 𝜃 793 

𝑠(𝑑1), 𝑠(𝑑2): Summary statistical dataset of 𝑑1 and 𝑑2 794 

𝑓(𝜃|𝑑₁): Conditional distribution for 𝜃 given 𝑠(𝑑1) 795 

𝑓(𝑑₂|𝑑₁): Conditional distribution for 𝑠(𝑑2) given 𝑠(𝑑1) 796 

𝑓(𝜃|𝑑₁, 𝑑₂): Conditional distribution for 𝜃 given 𝑠(𝑑1) and 𝑠(𝑑2) 797 

Output: 798 

Sequential EOI:  𝐸𝑂𝐼(𝜃|𝑑1 → 𝑑2) 799 

Procedure: 800 

1. Initialize 𝑒𝑜𝑖_𝑙𝑖𝑠𝑡 ←  ∅ 801 

2. For each sample 𝑑₁ in 𝑠(𝑑1) do: 802 

    # Step 1: 𝐸𝑂𝐼 (𝜃 ∥ 𝑑1
(𝑛)

) 803 

    (a) Draw posterior samples 𝜃(𝑛′) from 𝑓(𝜃|𝑑1
(𝑛)

) 804 

    (b) Compute log-ratio: 𝐿𝑛′  =  𝑙𝑜𝑔 [𝑓(𝜃(𝑛′)|𝑑1
(𝑛)

) /𝑓( 𝜃(𝑛′)) ] 805 

    (c) Compute 𝐸𝑂𝐼 (𝜃 ∥ 𝑑1
(𝑛)

)= 
1

𝑁
∑ (𝐿𝑛′)𝑁

𝑛′=1  806 

    # Step 2: 𝐸𝑂𝐼(𝜃, 𝑑1
(𝑛)

| → 𝑑2) 807 

    (d) Draw samples 𝑑2
(𝑛′)

 from 𝑓(𝑑₂|𝑑1
(𝑛)

) 808 

    (e) For each 𝑑2
(𝑛′)

 do: 809 
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           i. Draw posterior samples 𝜃(𝑛′′) from 𝑓(𝜃(𝑛′′)|𝑑1
(𝑛)

, 𝑑2
(𝑛′)

) 810 

          ii. Compute log-ratio: 𝐿𝑛′′  =  𝑙𝑜𝑔 [ 𝑓(𝜃(𝑛′′)|𝑑1
(𝑛)

, 𝑑2
(𝑛′)

)/ 𝑓(𝜃(𝑛′′))] 811 

         iii. Compute 𝐸𝑂𝐼 (𝜃, 𝑑1
(𝑛)

| → 𝑑2
(𝑛′)

) =  
1

𝑁
∑ 𝐿𝑛′′

𝑁
𝑛′′=1  812 

    (f) Compute 𝐸𝑂𝐼 (𝜃, 𝑑1
(𝑛)

| → 𝑑2) =  
1

𝑁
∑ 𝐸𝑂𝐼 (𝜃, 𝑑1

(𝑛)
| → 𝑑2

(𝑛′)
)𝑁

𝑛′=1  813 

    # Step 3: 𝐸𝑂𝐼(𝜃, 𝑑1| → 𝑑2) 814 

    (g) 𝐸𝑂𝐼(𝜃, 𝑑1| → 𝑑2) = 𝑚𝑎𝑥 {𝐸𝑂𝐼(𝜃, 𝑑1
(𝑛)

∥→ 𝑑2), 𝐸𝑂𝐼 (𝜃 ∥ 𝑑1
(𝑛)

)} 815 

    (h) Append 𝐸𝑂𝐼(𝜃, 𝑑1| → 𝑑2) to 𝑒𝑜𝑖_𝑙𝑖𝑠𝑡 816 

3. Compute 𝐸𝑂𝐼(𝜃|𝑑1 → 𝑑2) ≅
1

𝑁
∑ 𝑒𝑜𝑖_𝑙𝑖𝑠𝑡𝑁

𝑛=1  817 

4. Return 𝐸𝑂𝐼(𝜃|𝑑1 → 𝑑2) 818 

 819 

 820 


