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Abstract

Characterizing earthquake size distributions using the Gutenberg-Richter (GR) law is ubiquitous in
seismology. According to the GR law, earthquake magnitudes follow an exponential distribution, with
a rate parameter commonly represented by the b-value. For many applications, including seismic
hazard and risk assessment, estimating the b-value is therefore a common procedure. However, the
parameter estimation is usually only a means to an end, as ultimately, the earthquake size
distribution itself is the quantity of interest. We show that the typical approach of estimating the b-
value parameter and plugging the estimate into the GR law is suboptimal and yields a biased size
distribution. As an alternative, we derive an unbiased estimator for the distribution itself that also has
a lower variance than the plug-in distribution. Both estimation approaches may be characterized as
point estimations. From a forecasting perspective, however, and for hazard and risk assessment in
particular, using point estimates is inadequate, as that does not properly account for model
uncertainty. ldeally, one would take into account all plausible size distributions to the extent that they
are consistent with the observations. Therefore, in a forecasting context we advise to use Bayesian
inference to obtain the posterior predictive size distribution. We show that if the prior belief for the
b-value is expressed as a Gamma distribution, a conjugate Gamma posterior distribution and closed-
form expression for the posterior predictive earthquake size distribution are available, negating the

need for numerically evaluating likelihood expressions and integrating over a posterior.

Key words
Earthquake parameterization; earthquake interaction, forecasting, and prediction; probabilistic

forecasting, Bayesian inference
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Introduction
Characterizing earthquake size distributions using a Gutenberg-Richter (GR) law (Gutenberg & Richter,
1941, 1944) is ubiquitous in seismology. According to the GR law, earthquake magnitudes are
distributed exponentially, with survival function:

S(m) = P(M = m) = 1072(m=M0) = ¢=b"(m=m0) 1 > m (1)
with b* = b1In 10, and m, a minimum magnitude, typically a magnitude of catalogue completeness

or minimum magnitude of interest. Its corresponding probability density function:
ds .
m) = — — = p*e~b'(m—mp) (2)
flm) = ——

In many seismicity studies, it is common to estimate the parameter b* (or equivalently the ‘b-value’,
where b = b*log;y(e)) based on the observed earthquake catalogue, and to use this parameter

estimate to forecast the expected future behavior of the system (e.g. Weichert, 1980; Schorlemmer
et al. 2004; Hirose and Maeda, 2011; Taroni et al., 2021; Rollins et al., 2024). Most commonly, this is
done using the maximume-likelihood estimator (MLE) of the b-value given as (Aki, 1965; Utsu, 1965):

log,o(e) X n i} n
bMLE = f, or bMLE == 7 (3)

which is then ‘plugged’ into the expression for the earthquake size distribution:

Splug—in(m) — o~ bimig (m=mg) — e—%(m—mo) (4)
where T = Y, (M; — m;) the sum of all observed magnitudes {M,, ..., M,,}, relative to the
minimum magnitude m,. The parameter point estimate by, ¢ is asymptotically unbiased for infinite

catalogue sizes, meaning that lim E(by;.z) = by For real catalogues of finite size, the bias in
n—oo

by is known, and can easily be corrected for such that IE(?F) = b{pye for all n (Ogata and

Yamachina, 1998):

—_ n—-1 n-—1
*= * = 5

giving:

. — n—1
gplug—in corrected (m)=e" b* (m-mg) — o~ (M=) (6)
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Crucially, in many instances, and particularly in the context of seismic hazard and risk analysis (SHRA),
estimating b* is only a means to an end. The earthquake size distribution itself, i.e. S(m) or
equivalently f(m), is the true quantity of interest, since it is the distribution of earthquakes of the
magnitudes that determines seismic hazard and risk. Therefore, we turn our attention to the
question of how to best describe the earthquake distribution itself, rather than its defining

parameter.

Characterization of GR distribution: estimation and prediction
Identically to the parameter estimation problem described before, we assume that the earthquake-
generating system of interest produces earthquakes {M;, ..., M,;} which are characterized by a
distribution with a known form (exponential) and with a fixed, but unknown, parameter bf;.,,.. The
data is assumed to be complete above m, unrounded, and free of measuring error. In the context of
seismic hazard and risk assessment, our primary objective is to minimize the discrepancy between an
estimated magnitude distribution, $€5¢(m), and the underlying true distribution St*¢(™) To quantify
this performance, we define an estimation risk R¢5¢, based on a squared error loss function. This risk
represents the expected loss over an infinite ensemble of potential datasets generated by the same
physical system:

ReE(5et(m)) = E (5 (m) — 5t74¢(m))”) = Bias?(5°* (m)) + Var(5°* (m)) (7)
This "risk-minimization" framework, decomposes the total error into two distinct and desirable
statistical properties: accuracy (lack of bias) and precision (low variance). Under this paradigm, a
"sensible" estimator for earthquake size distributions is one that balances these two components.

Ideally, the estimator should be unbiased, where the expectation of the estimate equals the true
value for all magnitudes: E (S"’St"mated (m)) — St"¥e(m) = 0. Simultaneously, it should be efficient,
meaning the variance is minimized as much as possible. This approach assumes a frequentist

perspective: we treat the earthquake-generating system as having a fixed functional form governed

by a true but unknown parameter. The inherent aleatory variability of the system implies that if we

4
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were to repeatedly sample this distribution, we would obtain an ensemble of datasets; our goal is to
ensure that, across this ensemble, the estimation risk is minimized.
Using the desired property of unbiasedness, we derive an unbiased estimator of the earthquake size

distribution itself (see Appendix A for the derivation):

sunbiased () — (1 _m-= mo)n—1 3 <n — by p(m — m0)>n—1 8
T n
with supportT > m —mg = 0,and T = Y-, (M; — m,) as before. For the exponential distribution,
T is the complete sufficient statistic (Casella & Berger, 2002). Sufficiency refers to the fact that the
likelihood for b* depends on the data only through T. Because T is sufficient, and the unbiased
estimator is a function of T, it is a Minimum-Variance Unbiased Estimator (MVUE) of St"*¢(m); no
other unbiased estimator exists that has lower variance (Casella & Berger, 2002). In fact, because T is
also complete (a stronger property than sufficiency and not guaranteed even when the likelihood
depends on the data only through a single summary statistic, see Casella & Berger (2002) for details)
by the Lehmann-Scheffé theorem (Lehmann & Scheffé, 1950) it is also unique, i.e., the Unique
Minimum-Variance Unbiased Estimator (UMVUE). This means that the unbiased estimator in Eq. 8
has the lowest possible pointwise estimation risk under squared error among all unbiased estimators.
Note that this doesn’t mean that there are no estimators which do not have lower estimation risk for
some values of m and b;,,. For example, the ‘estimator’ St = exp(— In10 (m — mo)) has zero
squared error loss for all m, so long as bf,,,. happens to be In 10. However, if we require our
estimator to be unbiased for all values of m and b}, , the estimator in Eq. 8 is optimal. While it is
theoretically possible to reduce total estimation risk by accepting some bias in exchange for lower
variance, in the next section we will show that the unbiased estimator derived here also has (much)
lower variance than the plug-in estimators, particularly in the high-magnitude tail.
A different way to think about characterization of the earthquake distribution is to consider the task
of forecasting future observations: we want to describe P(M,,.,, > m |{My, ..., M, }). Forecasting

inherently requires accounting for two sources of uncertainty: 1) the (aleatory) randomness that the
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exponential imposes on M,,,,,, even if we knew bj,,,,, 2) the (epistemic) uncertainty that comes from
not knowing b¢,,... Only accounting for aleatoric variability, the best forecaster under any reasonable
loss function would of course be $/°7¢¢45t (m) = exp(—b;y,. (M — m,). However, we cannot use
this because we don’t know by, The next natural step is therefore to find the distribution that
performs best on average over all plausible values of b*. In other words, we’re searching for §/orecast

which minimizes R7°7€ast gyer the weighted distribution b*:

best

Sforecast(m) — ar;g(rr;infReSt(S(m);b*)W(b*)db* (9)
m

where w(b*) is a weighting function assigning weights to each plausible value of b*. With prior

distribution w(b*) = m(b") this is Bayes risk. Under a given prior belief, Sggsrteca“is in fact the

Bayesian posterior predictive (Aitchison & Dunsmore, 1975). The posterior predictive can be
numerically evaluated for any choice of prior. However, since we’re considering an exponentially
distributed quantity, if we — for convenience — choose our prior to be distributed according to a
Gamma distribution, the posterior distribution is also Gamma distributed (conjugate prior/posterior
pair) and the posterior predictive is given by a Pareto type Il distribution. This posterior predictive
distribution can be described analytically (Galanis et al., 2002). Specifically, if we choose a prior for b*
according to:

b* ~ Gamma(shape = a, rate = ;) (10)
the posterior after observing n events with T = Y7L, (M; — m,) becomes:

b*| T~ Gamma(ay + n, 1o + T) (112)

and the posterior predictive is given by the closed form expression:

apgtn

(12)

posterior_predictive _
SGamma (m) - (

Ao+ T )
Ao+ T +m—my

The transformation from prior distribution (Eq. 10) to posterior distribution (Eq. 11) shows that the
parameters a, and 4, effectively represent pseudo-observations. In the special limit of zero pseudo-
observations (ay = 0,1, = 0) we obtain Jeffreys prior (Jeffreys, 1946), which are often referred to as

‘uninformative’ although this term is somewhat misleading since it clearly carries information about
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b*. ‘Uninformative’ in this sense simply means that the prior is unaffected by parameter
transformation. For this special case (see Appendix B for detailed derivation):

b*~ Gamma(0, 0), (improper prior)

(13)
b*|T ~ Gamma(n,T) (14)
and posterior predictive:
. i T n m-—-m -n
posterior_predictive _ _ 0
S]effreys (m) = (—T Ip—— m()) = (1 + —r ) (15)

Comparing behavior of the different earthquake size predictive distributions
We have defined four expressions to describe the earthquake size distribution, conditional on a
dataset characterized by {n, T}, all of which are based on the underlying assumption that the data is

generated by a Gutenberg-Richter process with a parameter b/;.:

n

1. Plug-in MLE estimator: SPI~" (1) = g~ (M~Mo)

, et
2. Corrected plug-in MLE estimator: SPiwg—incorrected 1y — o~ 7 (m=mo)

. _ n-1
3. Unbiased estimator: S¥nbiased (1) = (1 — me")

posterior_predictive (m) = ( Ao+T )a0+n

4. Bayesian posterior predictive: S; mq FYNre—

Throughout, we use the term ‘predictive distribution’ to denote any probability distribution over
future earthquake magnitudes conditional on past observations, regardless of whether it is derived
via plug-in estimation, unbiased estimation, or Bayesian posterior prediction. Here ‘prediction’ refers
exclusively to probabilistic forecasting of future observations, not to deterministic prediction of
individual earthquake events. For the Bayesian posterior predictive we employ the Jeffreys prior,
setting ag = 0,45 = 0, which means all predictive distributions only rely on n, T, m, which are the
same for any given catalogue.

Both the bias (Appendix C) and the variance (Appendix D) of our different predictive distributions can

be expressed analytically or obtained through simulations of catalogues (Figure 2). We see that for
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magnitudes sufficiently above m,, the unbiased estimator also has the lowest variance. At very low
magnitudes, the variance of all predictive distributions is low, and the unbiased estimator does not
always have the lowest variance. We derive the ‘cross-over’ magnitude above which the unbiased
estimator is in fact also has the lowest variance (Appendix D).

For SPI~Im(1m), it is simple to show that the expected magnitude distribution, E(SP**9~"(m)) >

2 (n-2) . . ~ _2
b (o) + mg (which rapidly goes to m.,;; = +

*
btrue

strue(m), form > me.; Wwhere me; =~

my for increasing n). This means that the often employed inference of the earthquake size
distribution based on obtaining by, and plugging it into the GR relation is expected to result in
overestimating the probability of larger events (in fact, for a ‘typical’ byyye = 1.0 = bfpye = In 10,
the overestimation starts at my + 0.87). This can also be confirmed using simulations from a known
ground truth (Figure 1). Interestingly, using the bias-corrected distribution parameter b* only

. L . . n-1 .
exacerbates this overestimation, since the correction term — decreases the slope of the survival

function and therefore leads to further overestimation of the true magnitude exceedance probability

(Figure 1 and Appendix C).

Properties of different earthquake size predictive distributions
Based on catalogues of size n=100

Bias Relative Variance
10° 107t 1072 a 1073 107* 10°° 10° 107t 102 ? 1073 1074 107°
3.00 - . : . 10 . . : :
== Plug-in estimator == Plug-in estimator
2.75 4 Plug-in estimator w/ correction Plug-in estimator w/ correction
—— Unbiased estimator gl —~ Unbiased estimator
2504 —— Jeffreys predictive == |effreys predictive

2.254

w3 2001
wn

Var

(Stme)z

1.75

1.50

1.25 A

1.00

brye(m = mo) Drrye(m = mo)
Figure 1: Bias and variance behavior of the different predictive distributions. The thin lines are based on the analytical
expressions while the thick dashed lines are based on 1 million simulated catalogues. Note that the x-axis is defined as

by (M —my), or equivalently at the top, in terms of true single-event survival probability q.



164 In other words, obtaining an unbiased estimate of the distribution parameter does not result in an
165 unbiased estimate of the distribution of interest when used as a plug-in. This bias is a specific
166  example of a more general fact: unbiasedness does not survive nonlinear transformations. The

—b*(m-my)

167  exponential survival function e is a convex function of the parameter b*. By Jensen’s

168 inequality (Jensen, 1906) for a convex function:
E(f(9)) = f(E(®)) (16)

169  and therefore

]E(e—bius(m—mo)) > ¢~ E®™MHE)(m-my) (17)
170  This means that even if our parameter estimate is unbiased, i.e. E(bsstimated) = Pirue @S in Ogata
171 and Yamachina (1998), we expect our function to overestimate the true function, because the
172  function applied to the parameter is convex.
173
174  Both the bias and the variance of a predictive distribution depend on both b;,,,, and the magnitude
175  of interest. This poses a potential problem, since b{,,. is not known in practice. However, this
176  requirement of knowledge about the ground truth can be avoided by (instead of considering a fixed
177  magnitude of interest) considering a fixed true per-event survival probability ¢ = S (Mynknown)
178 (or equivalently, the expected number of events above m per catalogue: A€ = nq). For a given
179  value of g we can derive analytical probability distributions for g for all predictive distributions,
180 independent of the value of bf,,. (see Appendix E). This means that while we cannot assess how well
181  our predictive distribution works at a given magnitude — at least not without knowing the ground
182  truth —we can assess how well it works at a given ‘rarity’.
183 For example, consider the case where we have a catalogue of 100 events, and we want to know how
184  well we can estimate the survival probability of events that have a true survival probability such that

185  they would occur only once every 10 catalogues (A‘"*¢ = 0.1). This means that we’re interested in

true

= 1073. Using the analytical probability

. . . . A
186  events with a true single-event survival probability g =

187 distributions for q®¢ for each predictive distribution, we can obtain the mean (expected value, which

9
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we can relate to the bias/accuracy) and the variance (which relates to the precision). For our
example, with g = 1073 and n = 100, we obtain (see Figure 1 and Figure 2a for a visual
representation) that E(q®") iy g-in = 1.17 X 1073, E(q®") prug—in correctea = 1.25 X 1073 and
]E(qe“)]effreys = 1.44 x 1073, while E(q**") ynpiasea = 1.00 x 1073,

These results mean that if our n = 100 catalogue was drawn from a ground truth with b, = In 10

Ing

(btryue = 1.0), this is the performance of our predictive distributions atm — mg = = 3.0. But

_b;rue
for a exactly this same performance is expected at m — my = 4.0 and b/, = 0.75In 10. Note that
the unbiased estimator is indeed unbiased (E(g®) = q) and that its variance at this value of q is

indeed the lowest of all predictive distributions: Var(q®*)ynpigsea < Var(q®*)pug—in <

Var(q®) prug-in correctea < Var(q®") jesreys (see Figure 1). This ranking in terms of variance is

identical for g < e=(2+2) ~ 0,032 (see Appendix D for cross-overs between variance of different
predictive distributions). For a catalogue with n = 1000, estimates become more accurate (less bias,
with the obvious exception of the unbiased estimator, which is unbiased for any n by its very nature),

more precise (less variance) and the difference between the estimators becomes less pronounced.

Catalogues of size n=1000 Catalogues of size n=1000
Ame =0.1,g=10"* Ave=01,q=10"*
1.0 T 10
—— Theoretical, Plug-in 1 a) —— Theoretical, Plug-in b)
+++ Empirical, Plug-in 1 «eue Empirical, Plug-in
Theoretical, Corrected Plug-in Theoretical, Corrected Plug-in
Empirical, Carrected Plug-in ! Empirical, Corrected Plug-in
08 Theoretical, Unbiased 1 08 Theoretical, Unbiased
+++ Emplrical, Unblased 1 .++ Empirical, Unbiased
—— Theoretical, Jeffreys 1 —— Tneoretical, Jeffreys
+++ Empirical, Jeffreys l/ «ves Empirical, Jeffreys
== Ground truth /Q 064 = = Ground truth
% Mean of distribution % Mean of distribution

CDF

CDF
2 a
.
“~
X

A
I
I

f
0.4 “l
/
.”F I
/ / I
0z / ]
p/
/ I
y/ 1
. 1
—— 1
1
ot
q

0.0
10" 10

-
L] S,

o 10°
st

Figure 2: Probability distribution of q5* for the different predictive distributions, for events with a magnitude which is
expected to be exceeded once every 10 catalogues A™™*¢ = 0.1. a) For a catalogue of 100 events, b) for a catalogue of 1000
events. With increasing catalogue size, the estimates become more precise (less variance) and the difference between the

estimators becomes less pronounced.
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Discussion

We have derived a new unbiased estimator for earthquake size distributions under the Gutenberg-
Richter law. Just like the typically employed plug-in estimator, this new estimator is purely based on
the observed data, summarized in {n, T}. However, while the plug-in estimator is expected to
overestimate the probability of large events, the unbiased estimator is, by design, unbiased. We have
shown that this improved accuracy does not come at the expense of higher variance, but rather, that
the variance of the unbiased estimator is lower than that of both of the MLE plug-in estimators when
considering events with per-event survival probability g < 0.032. In workflows that use the plug-in
estimator, this unbiased estimator can serve as a ‘drop-in’ replacement with superior statistical
properties. The additional property for the unbiased estimator, S(m) = 0 whenm —my, > T, does
not have practical implications for all magnitudes of practical interest for catalogue sizes of n > 50;

even at by = 21010 (meaning b = 2.0), n = 50, S(m) > 0 for m, + 6 for virtually all catalogues

(50, 6x2xIn10)

(P(T > 6) = o

~ 0.99992).

We have also shown a direct closed-form Bayesian posterior predictive magnitude distribution, based
on a conjugate prior/posterior pair of the Gamma family. For the special case of Jeffreys prior, we
show that this Bayesian magnitude distribution has larger variance than both the plug-in estimators
and the unbiased estimator for all magnitudes sufficiently above m, and all magnitudes of practical
interest. However, for informative priors, this behavior can be different. It should be noted that while
the Gamma distribution may appear to be an unusual choice for a prior distribution, its parameters
can easily be chosen in such a way that it represents prior belief appropriately. The distribution

b* ~ Gamma(ay, 4¢) has properties:

. Qg . Q
Mean = E(b*) = T Var(b*) = =z (18)
0 0

This means that if, for example, we want to define a prior with b, = In 10 and a 95% confidence

interval of b5 = [1.85, 2.75] (bmean = 1.0 and b¢jg5 = [0.8,1.2]), we can do so with either

Normal(In10, 0.23) or (using Eq. 18) with Gamma (100, %). The benefits of expressing prior belief

11
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in terms of a Gamma distribution are the mathematically convenient conjugate properties and the
ability to directly express the posterior predictive earthquake size distribution in terms of the prior

parameters {ay, 1o} and the data-derived {n, T}.

For a catalogue sizes n = 1000, even for relatively rare events (A”%¢ = 0.1), all predictive
distributions perform remarkably well (forn = 1000 and A"%¢ = 0.1, the central 95% confidence
interval is within a factor 2 of the ground truth) and similar to one another. However, especially in
cases with smaller catalogues and where no prior information is available or required, the unbiased
estimator presented in this manuscript performs particularly well compared to the alternatives
considered here. As shown in Figure 1 (for n = 100), it exhibits more desirable properties in terms of
bias and variance than either plug-in estimators (both with and without bias correction b*-space), as
well as the Bayesian posterior predictive based on Jeffreys prior. In situations where the goal is only
to obtain an accurate and precise point estimate under the idealized assumption of an exponential
earthquake size distribution, the unbiased estimator is the best option.

More generally however, SHRA applications require more than minimizing the bias and variance of an
estimator in an idealized parametric world. The exponential magnitude distribution is only an
approximation of a complex physical system; the underlying properties of which are likely to vary
across space and evolve in time. In addition, substantial epistemic uncertainty exists regarding which
models or parameter values best represent reality, and valuable insights may be available from
physics, analogue regions, or previous studies. The unbiased estimator does not account for these
considerations. Therefore, we believe that in the context of seismic hazard and risk analysis, a
Bayesian approach is typically preferable. Bayesian inference naturally fits into the broader
probabilistic SHRA philosophy of acknowledging and accounting for (epistemic) uncertainty, and it
provides more flexibility for model extensions, such as allowing for parameters like b* be a function
of some spatially or temporally varying predictor variables, or embedding the earthquake size

distribution within an hierarchical model.

12



259

260

261

262

263

264

265

266

267

268

269

270

271

272

273

274

275

276

277

278

279

280

281

282

When prior information is available, using a Gamma prior is a useful alternative to the more typically
applied uniform or normally distributed priors. In cases without prior information, Jeffreys prior
remains an option, although it does lead to a bias and higher variance compared to the unbiased
estimator as discussed before.

The commonly employed plug-in estimator does not appear to have a valid use-case, since better
alternatives are available for probabilistic forecasting of the earthquake size distribution, both in the

point-estimation context and in the more general Bayesian forecasting context.

Conclusion

We propose a direct unbiased estimator for the exponential earthquake size distribution; a result
which, to our knowledge, has not been previously documented in the seismological literature. This
estimator provides a practical and statistically well-behaved alternative to the commonly used
approach of estimating by, and directly plugging it into the exponential distribution. Our results
show that, especially for small catalogues, the unbiased estimator outperforms both plug-in
estimators (with or without bias correction) and the Bayesian posterior predictive estimator based on
Jeffreys prior in terms of bias and variance. This unbiased estimator extends the methodological
toolkit for modelling earthquake size distributions and provides a principled alternative to plug-in
estimators for cases where prior information is unavailable or where an unbiased, minimum-variance
estimation is desired. In the context of seismic hazard and risk analysis, however, a Bayesian approach
is typically preferable to point estimation. If prior belief for b* is expressed as a Gamma distribution, a
conjugate Gamma posterior distribution and closed form expression for the posterior predictive
earthquake size distribution are available, negating the need for (numerically) evaluating likelihood

expressions and integrating over a posterior.
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Data and resources

All data used in this paper has been synthetically generated using Python/Jupyter Notebooks. The
code at github.com/TNO/earthquake-size-estimation can be used to (re-)generate this data and the
figures in this manuscript. Claude (Anthropic, 2025) and ChatGPT (OpenAl, 2025) were used to
explore statistical approaches and derive equations. These derivations have been independently

verified by the authors.

Acknowledgments
All calculations and visualizations were performed in Python and rely on Project Jupyter, Matplotlib,
NumPy, and SciPy, all of which are open-source projects sponsored by NumFOCUS. The authors

declare no conflicts of interest.

References

Aitchison. J. and Dunsmore, I.R. (1975) Statistical Prediction Analysis. Cambridge University Press
Aki, K. (1965) Maximum Likelihood Estimate of b in the Formula logl0N=a-bm and Its Confidence
Limits. Bulletin of Earthquake Research, 43, 237-239.

Anthropic (2025). Claude, large language model.

Casella, G. and Berger, R.L. (2002) Statistical Inference. 2nd Edition, Duxbury Press, Pacific Grove.
Galanis, O. C., Tapanos, T. M., Papadopoulos, G. A., Kiratzi, A. A. (2002). Bayesian extreme values
distribution for seismicity parameters assessment in South America. J. Balkan Geophys. Soc, 5(3), 77-
86.

Gradshteyn, I.S. and Ryzhik, I.M. (2015) Table of Integrals, Series, and Products. 8th Edition, Academic
Press, Boston, Section 2.61.

Gutenberg, B., and C.F. Richter. (1941). Seismicity of the Earth, Geol. S. Am. S. 34, 1-131.

Gutenberg, B., and Richter, C.F. (1944.) Frequency of earthquakes in California, Bull. Seism. Soc. Am.

34, 185-188.

14



309

310

311

312

313

314

315

316

317

318

319

320

321

322

323

324

325

326

327

328

329

330

331

332

333

Hirose, F. and Maeda, K. (2011) Earthquake forecast models for inland Japan based on the G-R law
and the modified G-R law. Earth, Planets and Space, 63, 239-260.

Jensen, J. L. W. V. (1906). Sur les fonctions convexes et les inégalités entre les valeurs moyennes. Acta
Math. 30: 175-193.

Jeffreys, H. (1946). An invariant form for the prior probability in estimation problems. P. Roy. Soc.
Lond. A Mat. 186(1007), 453-461.

Lehmann, E.L., Scheffé, H. (1950) Completeness, unbiased estimation, and the convexity of
Tchebycheff sets. Annals of Mathematical Statistics, 21(4), 587—604.

Ogata, Y., Yamashina, K. I. (1986). Unbiased estimate for b-value of magnitude frequency. Journal of
Physics of the Earth, 34(2), 187-194.

OpenAl (2024). ChatGPT (GPT-5), a large language model.

Rollins, C., Gerstenberger, M.C., Rhoades, D.A., Rastin, S.J., Christophersen, A., Thingbaijam, K.K.S.
and Van Dissen, R.J. (2024) The magnitude—frequency distributions of earthquakes in Aotearoa New
Zealand and on adjoining subduction zones, using a new integrated earthquake catalogue. Bulletin of
the Seismological Society of America, 114(1), 150-181

Schorlemmer, D., Wiemer, S. and Wyss, M. (2004) Earthquake statistics at Parkfield: 1. Stationarity of
b values. Journal of Geophysical Research, 109(B12307).

Taroni, M., Zhuang, J. and Marzocchi, W. (2021) High-definition mapping of the Gutenberg—Richter
b-value and its relevance: a case study in Italy. Seismological Research Letters, 92(6), 3778—3784.
Utsu, T. (1965). A method for determining the value of b in the formula log n = a - bM showing the
magnitude-frequency relation for earthquakes, Geophys. Bull. Hokkaido Univ. 13, 99-103 (in
Japanese with English summary).

Weichert, D.H. (1980) Estimation of the earthquake recurrence parameters for unequal observation

periods for different magnitudes. Bulletin of the Seismological Society of America, 70, 1337-1346.

15



334

335

336

337

338

339

340

341

342

343

344

345

346

347

348

349

350

351

352

353

354

355

356

357

358

Author mailing addresses
Sander Osinga
Princetonlaan 6

3584 CB Utrecht

The Netherlands

sander.osinga@tno.nl

Dirk Kraaijpoel
Princetonlaan 6
3584 CB Utrecht
The Netherlands

dirk.kraaijpoel@tno.nl

Frans Aben

Princetonlaan 6

3584 CB Utrecht

The Netherlands

frans.aben@tno.nl

Maarten Pluymaekers
Princetonlaan 6

3584 CB Utrecht

The Netherlands

maarten.pluymaekers@tno.nl

16


mailto:sander.osinga@tno.nl
mailto:dirk.kraaijpoel@tno.nl
mailto:frans.aben@tno.nl
mailto:maarten.pluymaekers@tno.nl

359

360

361

362

363

364

365

366

367

368

369

370

371

372

373

374

Appendix A — Derivation of unbiased estimator
The Gutenberg-Richter scaling relation for earthquake sizes (Gutenberg & Richter, 1941, 1944) can,
for individual earthquakes, be interpreted as a probability distribution. When the size is expressed in
terms of magnitude m, the distribution is exponential. The corresponding survival function (also
exceedance probability, or complementary cumulative distribution function) S is defined as

S(m) = 1072m=mo) 1 > m, (A1)
with my an arbitrary lower magnitude threshold, such as the magnitude of completeness of the
seismic catalogue, and b the parameter controlling the scaling, referred to as the b-value.
Changing to base-e allows many of the derivations to be simplified:

S(m) = e~b"m=mo) 4y > (A2)
with b* = bIn 10.

The (minimal) complete sufficient statistic for an exponential distribution is:

n
T = Z M; —my (A3)
i=1

T can be determined on a per-catalogue basis. Conveniently, the distribution for T is known:
T ~ Gamma(n, rate = b*) (A4)

The corresponding probability density function:

*MN
t — tn—l _b*t,t > O A5
pr(t) () e (A5)
where I'(n) is the gamma function:
I'(a) =fu“‘1e‘tdu (A6)

0

We want to find an unbiased estimator S(T), with the property E(S(T)) = e ~Dtrue(M=m0) '\We again

use the fact that T is Gamma-distributed. Using A5, we can set:
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375

376

377

378

379

380

381

382

[oe]

b*" . .
f S(t)mt”_le_b tdt = e~btrue(m=m0)  ypB > 0

(A7)

We can rearrange this to get all terms that do not depend on s to the LHS, leaving the RHS a Laplace

transform in variable s:

f (tn—ls(t))e—b*tdt — FIET:) e ~btrue(m-mo)
0

Defining w(t) = t"~15(t) we get:

(0]

. I'(n .
L{w}(") = f w(s) e Ptdt = %e_btrue(m—mo)
0

Taking the inverse Laplace transform requires two standard identities:

I'(2)
e

L{f(t = )H(t — )} (a) = e"“L{f}(a)

L{u*Ha) =

where H is the Heaviside function: 1 if t= s, 0 otherwise.

We can recognize the RHS of A9 as the combination A10 and A11 and therefore:

w(t) = (t —(m-— mo))n_l, t=>s

Combining this with the original definition of w(t):

t15(t) = (t— (m—mg))"

S@) =

(t- (mt;_rlno))n_l _ (1 _m-— mo)n—1

Sunbiased(m) — (1 _ m- mo)n—l
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Appendix B — Jeffreys prior for exponential distribution

Jeffreys prior is defined as (Jeffreys, 1946):

d%log L(6,X
m;(0) o« \/1(6 with I1(6) = —E [% (B1)
where L(8, X) is the likelihood based on the data X = {X4, ..., X, }.
For an exponentially distributed random variable (i.i.d.) with rate parameter b* > 0:
f(xIb*) =b*e™®*,x >0 (B2)
The corresponding log-likelihood:
n
2(b") = nlog(b*) — b’ Z % (83)
i=1
Taking the derivative w.r.t. b* twice:
9 _n z”: (52
b b LT
i=1
2
0 i __ "2 (B5)
dab* b*
This gives Fisher information:
1(b*) = E[az’? - (B6)
ab**|  b*?
Jeffreys prior then becomes:
1
m;(b*) o« \JI(b*) x m (B7)

This is an improper prior (if does not integrate to 1) on the domain (0, o). This prior can also be

written as an improper limiting member of the Gamma family: Gamma(0,0):

_ .1
m;(b*) « lim  Gamma(b*; @, 4p) p** te~Aob" — (B8)
@g,A9—0 b
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395  Appendix C — Bias of different predictive distributions for a known ground truth distribution
396  The plug-in MLE-based estimator is given by:
Splug—in(m) = g~ P MLE(M-Mo) — e—%(m—mo) (C1)

397 It’s bias with respect to the ground truth:

Bias(m) = E(SP91(m)) — St (m) (C2)
398 Using A4 and AS5:
lug—in ( lug—in [ —E(m—m)(b;rue)n n—1_.—br. t
B (s70-nGm)) = | sPoinGm) pr(eyde = [ e HTO D gt tinatae (3
I'(n)
0
. bio Y[ n
E (splug‘m(m)) = % j t" 1 exp (—bfryet — m (m —mg) dt (c4)
0

[o0]

399  We can recognize this integral to be of the standard type fo

tV"lexp (—pt — %) dt with positive
400 p,q.

401  This expression has a known solution (Gradshteyn & Ryzhik, 2015) for Re(p) > 0, Re(q) > 0, v € R:

4
— q q\2
v-1 e — L — 1 C5
fo e texp (-pt - T)ar =2 (p) K, (2/79) (cs)
402  Where K,, is the modified Bessel function of the second kind. In our case, p = bfyye > 0,v =n, and

403 g =n(m —mgy) > 0 (and by continuity ¢ = n(m — mgy) = 0). This means we can apply C5 to C4:

n

E (Splug—in(m)) _ (bfrue)™ 2 (Tl(m — mo))f K, (ZJb:Tuen(m — mo))

I'(n) b:rue (Ce)
) 2 n +
E (Splug—m(m)) = m (b;ruen(m - mo))z X Ky (2\/btruen(m - mO)) (C7)
404  And using C2:
BiasP™9~n(m) =
(C8)

2 n . . )
m (b;‘ruen(m - mo))z X Kn (2\/btruen(m — mo)) —e brye(m—my)
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405

406

407

408

409

410

411

412

413

414

415

The exact same derivation can be followed for the estimator that uses the bias-corrected b* =

b* nn;l We start with:

gplug—in_corrected (m) = e~ b MLE(Mm-mg) — e—nT_l(m—mo) (C9)
and obtain:
Biasplug—in_corrected (m) —
2 n . (C10)
F( ) (btrue (Tl 1)(m - mo))z X K (2\/btrue - 1)(m - mO)) - e_btme(m_mo)
Finally, for the predictive distribution based on Jeffreys prior we start with:
Sfeffreys(m) = <;)n = (1 + m- mo)—” (C11)
T+m-—mg, T
We recognize the standard identity (Gradshteyn & Ryzhik, 2015):
-n 1 n-1,-t(1+z)
A+2z)™= m t"le dt, Re(n) > 0,Re(z) > —1 (c12)
So:
m— mo S(m mo)
(1+ . =0 f ds (C13)

Taking the expectation over T and swapping integrals (Fubini’s theorem, integrand is positive):

o)

Jeffreys — Jeffreys _ 1 n—1 _s(m-my)
E\S (m) S M) pr(H)dt = —— | s" "E(e T )dt (C14)
I'(n)
0 0

t(m-mg)

Theterm E(e” T ) again has a standard solution (C5) so:

s(m—-myg)

E(e” T )= T )(btmes(m mo))zK 24/ b} yes(m — my)) (C15)

Combine C14 and C15:

2(b rue -
E(s7e7evs(m)) = (bt (F(:L)) my))? f sZ e Ky (2y/bires(m — mg)) ds (C16)
0
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416  Appendix D — Expressions for the variance of all predictive distributions
417 For all predictive distributions covered in this manuscript, we can derive an expression for the
418  variance. In general, the variance of the survival function S(m) is given by:

Var(S(m)) = E[S(m)?] — E[S(m)]? (D1)
419  which means that for each predictive distribution we need to find both E[S(m)?] and E[S(m)]?. In
420  Appendix C, we've derived E[S(m)] for each predictive distribution, which we simply need to square
421  to obtain E[S(m)]?. Here, we therefore focus on obtaining E[S(m)?]. We start with the plug-in

422 estimator and follow essentially C1 through C7, replacing n with 2n:

. 2n
[E[Szﬂlug—m(m)z] = E [e—?(m—mo)]

, (D2)
e )(btmeZn(m mo))Z X K, (2\/btru62n(m — mo))
423 Giving:
2
Var[Splug—in(m)] = FE [e—z?n(m—mo)] — E [e—%m—mo)]
2 . n
= T (bfrue2n(m —mg))2 X K, (2\/btruezn(m - mo)) (D3)
2
[F( )(btruen(m mo))2 X K (2\/btruen(m - mo))]
424  Similarly for the corrected plug-in estimator:
2(n-1) n-1 2
Var[SPlug in corrected (m)] = F [ ——(m mo)] [ —— (m—mo)]
2 *
= T (btrue2(n —1)(m — mo))Z x Ky (ZN/btrue —1D(m - mo)) (D4)
2 2
~ | e = DY =622 % Ko (24 Birge 2 = Dam = m0) )|
425 For the unbiased estimator:
. — 2(n—-1) ° — 2(n-1)
[E[Sunblased(m)Z] - E [(1 _m Tmo) ] — f (1 _m tmo) fr(t)dt (D5)
m-m

426
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427

428

429

430

431

432

433

434

435

Inserting A5 and using that for integer n, I'(n) = (n — 1)! we get:

(00)

. b} m— mgy2(n—1 )
]E[Sunblased(m)z] — = t:u;)l f (1 _ ; 0) t"—1o=btruet j¢ (D6)
' m-mg
Expanding the power:
m—mg 2(n-1) = n—2 Kok DG
(1_ t ) - z ( k )(_(m_mo)) t (D6)
k=0
Combining D5 and D6:
b 2n-2 oo
E[Sunbiased (m)Z] — = t:u;y Z (an— 2) (—(m — mo))k f tn—1-Ko=Diryet gt (D7)
k=0 m-mg
Use:
f tn_l_ke_b;metdt = (bgrue)k_nrui(n —k, b;rue(m - mO)) (D8)
m-—my
where [};; is the upper incomplete gamma function to get:
E[Sunbiased (m)z] —
1 2n-2 on —2 (D9)
=ty 2. (M ) Chirue i = me))¥ R n = e, b m = mo))

k=0

and since for unbiased estimator, ]E[(S“”biased (m)] = g birue(M=m0) '\we obtain:

Var[(S unbiased (m)] —

1 2n—2 5 5 . (D10)
o 2, (e %) (Chirietm = me)) Tu(n = ke by (m = mg)) = ¢~ 2Pirue(rme)

k=0

For the Jeffreys posterior predictive:

o]

E[s/e/rers(m)] = E ( - )" - fo ( t )" tn~te~Piruetde  (D11)
T+m—mg, I'(n) t+m—m,
0

and
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436

437

438

439

440

441

442

443

444

445

446

447

[oe]

T an bgrue t n

E[s/effreys 2l = E (—> = ( ) tn—1o=btruet ¢ D12

[ (m)] T+m—m, I'(n) t+m—m, ¢ (D12)
0

Both D11 and D12 are integrals belonging to the Meijer-G family. In the standard notation for this

function:
(Birue(m = mp))" 1-2
— * —4n, —

E[s/e/ITeys (m)] = tfruer(n)2 0 62122 (btrue(m—m0)| 0 —m ) (D13)

and
Jeffreys (m)2 (bérue(m — myo))" 1,2 (1 1-3n,— (D14)

E[S (m)?] = T O (biruem —my)| o )

Giving the variance:
Var[(S/¢//7eys(m)] =

(blfrue(m - mo))n
I'(m)r(2n)

62122 (b;rue (m — m0)|1 8, 3—72 _) (D15)

2

62122 (b:rue (m - m0)|1 6’ Z_TZ _)

_ (b;rue (m— mo))n
I'(n)?

For all predictive distributions , the variance is a function of the same terms: b*'"%¢, (m — my), and
n. The intersection between any two of these variance functions can be found numerically, or via the
delta method. Given that T = M; + --- + M,~Gamma(n,rate = b{,,.), as n increases, T becomes

a sharply concentrated around its mean:

n
u=E[T]= b (D16)
T=u+0,(vn), Var(T)= ﬁ (D17)
true
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449

450

451

452

453

454

455

456

457

458

The delta method tells us that under these conditions, we can write our predictive distributions (for

n(m—mo)) as:

example SPI~ (1m) = exp (— -

" (D18)

9(®) = exp (— i = o) m"))

andsinceT = u+ 0, (v/n), we can approximate SP9~1" (1m) by a first-order Taylor expansion

around u:
and compute its variance:
Var[(Smug—in(m)] ~ [g'(W)]?Var(T) (D19)
We derive g’ (s):
nim—-m nim—m
g'(t) = exp <— ( °)> < ( _ 0)> (020)
t t
Evaluateatt = u = —
btrue
* 2 _
g' (W) = e ~btrue(m-my) . (btrue)” (m —mo) (D21)
n
and use D17:
-2b; - (bgrue)4 (m— m0)2 n
[g' (W)]?*Var(T) = e~ 2berue(m=mo) . . S (022)
n (btrue)
giving:
* 2 _ 2
Var[(SP197I (m) ]| ~ e~ ?Prue(m=mo) . (birue)” (m = mo) (D23)

n

Similarly for the variance of the unbiased estimator, we get:

Var[(SUn0195¢4 ()] & (bjpye)? (m = mo)? ~— .

_ 2 % _ 2n—4
(n 1) <1 _ btrue(m m0)> (D24)
Var[(sunbiased (m)]

Setting the ratioR = Varl(sPF ()]

and then finding log(R) = 0 yields:

btrye(m—my) =~ 2+ V2 (D25)
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460

461

462

And so the variance of the unbiased estimator is lower than the variance of the plug-in estimator

when b}y, (m —mg) > 2 + /2 (or, using E1, g < e~2%V2) which is the result mentioned in the main

text.
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Appendix E — Probability distribution at q for all predictive distributions
We want to find expressions for the probability distributions at some per-event survival probability g

for the predictive distributions SP19~in (1q), SPlug=in corrected () gunbiased ()

Spostenor predictive

Jeffreys (m). The logic for all rules is the same, so we start with some common

preliminaries. We first define:
L= —Inq = bfy.(m—mgy) (E12)
Like previously, we use the fact that sufficient statistic T for the exponential distribution is given by a

Gamma distribution Gamma(n, rate = b*) with pdf:

*N

I'(n)

thle bt t >0 (E2)

fr) =

If we now define u = b*t, we can instead write:

o) = e > 0 (€3

Next, we’ll express our general estimator § as a function Y = g(U) of which we want to find the
distribution with U ~ Gamma(n, 1). Since we want to find the distribution of Y, we can use (Casella

& Berger, 2002):
d
) = fuuo) 3| (£4)

y(nu®)) (E5)

F(y) = PO <) = P(USu() = =505

where y is the lower incomplete gamma function.

These expressions give us the distribution of an estimator § at value y. To find the distribution for a

given estimator, we need to derive u(y) for the CDF and both u(y) and ——= (y) for the PDF.

For the plug-in estimator we have:

nlL
Y = gPMI=in = exp (=bj p(m —my) = exp (—7) (E6)
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488

We invert to find:

_ nL
And differentiate:
du _ nL
dy y(ny)?

Inserting into E4 and E5 gives:

__nlL
plug=in .y _ (nL)" exp( — 1ny>
! - T(m) y(=Iny)n+!

} ( )
—i ’—In
Sﬁlug m(y) ( ) y

For the corrected plug-in estimator we have:

Y = (]‘Plug—in corrected — exp (_ g)

We invert to find:

_(n—-1)L
u(y) = Ty
And differentiate:
du (n—1)L
dy y(ny)?

Inserting into E4 and E5 gives:

(n—1L
yplug—in corrected( ) — ((n - 1)L)n exp <_ — lny )

() y (—Iny)r+t

(n (n— 1)L)
plug—in corrected _ ym —Iny
SY ( ) - T

For the unbiased estimator we have:

Y = qunbiased — (1 _ m- mo)n—l — (1 — _)

We invert to find:
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L
(E17)

489 And differentiate:

du L yn-1_
= (E18)

Inserting into E4 and E5 gives:

490
1
funbiased (y) — L ym—l xp | — L
Y (n— DI(n) 1\ L (E19)
(1 — yn—l) 1—yn-1
Y <n’ %) (E20)
gunbiased (y) = 1—yn1
! r(n)
491 For the predictor based on Jeffreys prior:
n
Yy = gleffreys — ( r ) — ( u )n (E21)
T+m-—mg u+L
492 We invert to find:
1
Lyn
u(y) = —2— (E22)
1—yn
493  And differentiate:
1
du Lyn™!
d_y VTN (E23)
n(1-57)
494 Inserting into E4 and E5 gives:
A nol Lyn
Jeffreys _ yn yn
(1 — yﬁ) 1—yn
1
Lyn
V(Tl,_l y%> (E25)
gleffreys .y _ -
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498

In general, for all these predictive distributions, L encodes the true per-event exceedance probability
q. Note that we do not need to know the ground truth b}, to obtain this. The PDF/CDFs given in E9,
E10, E14, E15, E19, E20, E24, E25 give the distribution of estimated values for g, given a {g, n}. All

these formulas hold for0 < y < 1.
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