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ABSTRACT: Submarine canyons are recognized as energetic sites for internal tides and enhanced
mixing, yet the mechanisms by which tidal forcing excites these motions remain poorly understood.
To address this gap, we develop a simplified theoretical model that represents a canyon as a long,
narrow rectangular box. The analysis reveals that the dominant wave modes in this idealized
geometry are standing internal Kelvin waves, generated at the canyon-top interface by barotropic
tides in the open ocean and accompanied by the radiation of internal tides back into the open
ocean. The amplitude of these standing waves depends on the tidal forcing strength, the geometry-
determined proximity to resonance with a given tidal frequency, and the width-to-length aspect
ratio, which controls wave-radiation efficiency. Theoretical calculations indicate that the canyon’s
tidal kinetic energy is sustained primarily by a balance between tidal energy input and losses
through radiated internal tides, with bottom drag and turbulent mixing contributing an order of
magnitude less. Idealized MITgcm simulations forced by barotropic tides at the boundaries support
these theoretical predictions. While the model adopts a simplified geometry, the framework can
be extended to more realistic continental slope settings, providing new insight into internal tide

dynamics within submarine canyons.
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SIGNIFICANCE STATEMENT: While recent observations identify submarine canyons as
hotspots for intense internal tides, the mechanisms governing their generation remain poorly
understood. This study presents a quantitative theory using an idealized model to elucidate the
dynamics of wave generation within these topographic features. These findings provide a critical
theoretical foundation for future observational and modeling studies, advancing our understanding

of how submarine canyons contribute to mixing and general ocean circulation.

1. Introduction

Breaking internal waves has been shown to be a dominant contributor to deep ocean mix-
ing. These waves are often generated as the barotropic tide encounters topographic features, like
seamounts and ridges, and undergo weak nonlinear interactions as they radiate away from topogra-
phy until they break down into small-scale turbulence and drive mixing (e.g. Kunze 2017). More
recently, submarine canyons - ubiquitous along continental margins worldwide (e.g., Allen and
Durrieu de Madron 2009; Harris and Whiteway 2011)- have emerged as additional hot spots of
bottom-trapped internal tides with strong shears resulting in strong local mixing rather than the
remote mixing observed when waves radiate away from topography (e.g. Kunze et al. 2002; Wain
et al. 2013; Alford and MacCready 2014).

Despite repeated observations of pronounced internal tides and elevated mixing within submarine
canyons, a theoretical framework describing the origin of these internal tides remains sparse. Early
attempts to explain internal waves in canyons as a focusing problem, initiated by Gordon and
Marshall (1976) and later summarized by Hotchkiss and Wunsch (1982), relied on a ray-based
description. In this viewpoint, internal waves travelling along the continental slope get trapped by
multiple reflections within the steep canyon walls, ultimately concentrating near the canyon floor.
Another prominent perspective stems from laboratory experiments and theoretical calculations by
Baines (1983) and Grimshaw et al. (1985). These results suggest that tidal forcing can excite
internal Kelvin waves within the canyon, which, upon reaching the canyon-top interface, are
partially reflected back into the canyon and therefore get trapped.

Contemporary theoretical understanding of the origins of internal tides in canyons still largely
depends on these earlier works. Observations, constrained by limited instrument coverage, have

not supported or refuted these theoretical paradigms. Numerical simulations (e.g. Hall and Carter
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2011; Zhang et al. 2014; Aslam et al. 2018; Masunaga et al. 2023) allow for a more detailed
dynamical analysis, but the focus has been on the study of energy transportation indicated by
internal tidal energy fluxes rather than the mechanism of internal tide excitation in confined canyon
geometries.

Motivated by this gap, we analyze a theoretical model that describes the wave generation in an
idealized submarine canyon at tidal frequency. Our approach is inspired by three key insights.
First, the classical ray-based argument of Gordon and Marshall (1976) and Hotchkiss and Wunsch
(1982) assumes that the wavelength of internal waves outside the canyon is small relative to the
topographic length scale of the canyon. This assumption is questionable for internal tides. The
dominant lowest-mode internal tides have wavelengths on the order of hundreds of kilometers (Zhao
et al. 2016), far exceeding the typical width of submarine canyons, which generally ranges from a
few hundred meters to several kilometers. Consequently, the canyon geometry strongly constrains
the length scales of the waves that can survive within it, rendering a simple ray approximation
invalid.

Second, numerous field studies have documented the presence of standing or partially standing
wave behavior in canyon geometries rather than radiating waves (e.g., Petruncio et al. 1998; Zhao
et al. 2012; Hall et al. 2017; Waterhouse et al. 2017; Alberty et al. 2017; Hamann et al. 2021;
Masunaga et al. 2023), suggesting that the presence of lateral walls plays an important role in their
excitation.

Third, the confined geometry of canyons has been documented to act as a resonant cavity for
tidal waves both in observations (e.g.,Sutherland et al. 2005; Swart et al. 2011) and in theoretical
models (e.g., Sutherland et al. 2005; Le Souéf and Allen 2014). This amplification is distinct from
the effect of critical slopes, which are often emphasized in the literature on tidal-wave topography
interactions.

In light of these considerations, we introduce a simplified “box-canyon” model, where the canyon
is idealized as a narrow, rectangular basin with a flat bottom. The open boundary at the top is
coupled with an overlying stratified ocean experiencing a tidal force. Despite omitting many
real-world complexities, such as sloping or irregular boundaries, the model captures the essential
physics governing the interaction between waves in the canyon and the external tidal forcing. This

is discussed in the last section of the paper, where we demonstrate that the physics results in



91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

17

118

119

the generation of standing patterns in the idealized canyon also apply to more realistic canyon
geometries.

We conclude by illustrating how the results of the theoretical model help interpret observations
from a recent field experiment that targeted a canyon in the Rockall Trough in the North Atlantic.
A dye-release experiment revealed strong upwelling along the canyon axis (Wynne-Cattanach et al.
2024), apparently driven by bursts of mixing associated with intense tidal shear (Alford et al. 2025;
Garabato et al. 2025). In a companion paper, Ma et al. (2025) presents a realistic simulation of the
Rockall Trough canyon geometry and demonstrates the excitation of a standing-wave pattern that
accounts for the observed strong tidal shear. In this paper, we provide the theoretical framework to
interpret those results.

The paper is structured as follows. Sections 2 and 3 establish the theoretical foundation of
the box-canyon model. Section 2 provides a summary of the principal results, while Section 3
presents the detailed mathematical derivations. Section 4 introduce the energy budget that we use
to interpret the excitation of waves in the canyon. In Section 5, we compare the model predictions
against a suite of idealized numerical simulations, with a focus on tidal amplitudes, phases, and
energy budgets. Section 6 discusses potential adaptations and generalizations of the model to more

realistic canyon geometries. Finally, Section 7 summarizes our main findings.

2. Tidal excitation of standing waves in a box-canyon: summary of the key results

In this section, we summarize the theoretical framework to investigate the excitation of internal
tides in a narrow, rectangular slit carved into the ocean seafloor shown in Fig. 1, a configuration
that is used as an idealized representation of a submarine canyon without a sloping bottom. This
last assumption is relaxed in Section 5 where we consider a tilted domain.

For readers who wish to skip the detailed mathematical derivations that follow, we outline here

the main ideas conveyed by the box-canyon model:

1. When a canyon is subject to tidal forcing, the dominant wave response at the tidal frequency
consists of internal Kelvin waves. In a canyon confined between lateral walls, internal waves
take the form of Kelvin and Poincaré wave modes, i.e. waves that satisfy the non-normal flow
at the lateral walls. The Poincaré modes are characterized by small vertical scales are strongly

damped by the strong turbulence typical of submarine canyons. As a result, the Kelvin wave
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modes dominate. Furthermore, if the canyon is sufficiently narrow, these Kelvin waves can be
approximated as two-dimensional wave fields, as established in previous literature (Grimshaw

et al. 1985; Le Souéf and Allen 2014) and in detail below.

. The Kelvin waves form standing modes between the end walls in the along-canyon direction,

analogous to internal seiches in lakes. The gravest standing mode has an along-canyon length
scale comparable to the canyon length. The standing modes result in a vertical shear pattern

that alternates sign along the canyon as reported in canyon observations (Ma et al. 2025).

. We derive the amplitudes and phases of the canyon wave modes given the amplitude and phase

of the tidal forcing at the top of the canyon (either barotropic or baroclinic). The matching
conditions require continuity of vertical velocity and pressure perturbations at the canyon top
interface, where a three-way balance between the forcing field, the radiated wave field, and
the wave field trapped inside the canyon is reached. Using these expressions, we show that
the gravest canyon mode is most strongly excited when the forcing scale is much larger than

the canyon width.

. The most technically difficult part of the derivation concerns the radiated wave field, i.e., the

waves scattered back into the open ocean when the forcing acts on a narrow canyon. To solve
for the canyon mode amplitudes, we require a relationship between the pressure and vertical
velocity of these radiated waves. However, the radiated field is a superposition of continuum
of modes in (k,l,m) space, each with a different ratio of pressure to vertical velocity (an
“impedance”). We show that, in the narrow-canyon limit, the net effect of all radiated modes
can be represented by an effective impedance Zg, defined as the ratio of the total radiated
pressure to the total radiated vertical velocity. This effective impedance greatly simplifies

both the analytical solution and the energetic discussion in the next section.

. We identify a resonance in the canyon response, consistent with previous work of Sutherland

et al. (2005) and Le Souéf and Allen (2014): when the forcing frequency matches the intrinsic
modal frequency determined by the canyon geometry, the canyon wave amplitude is strongly
amplified. The sharpness and magnitude of this resonance depend on a non-dimensional

parameter z, (the ratio of impedances of radiated wave modes and canyon wave modes),
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which is solely controlled by the canyon aspect ratio (width relative to length). resonant

modes in narrow canyons, therefore, exhibit stronger amplification than in wider ones.

3. Tidal excitation of standing waves in a box-canyon: detailed derivation

We now provide a detailed derivation of the key results summarized above.

a. Box-canyon model

The idealized canyon model is illustrated in Fig. 1 (a-c). It can be thought of as a “fish tank”
carved into the seafloor. The canyon extends much farther in the along-canyon direction, L,, than
in the cross-canyon direction, Ly. At its upper boundary, the canyon is open to the overlying ocean,
allowing open ocean tidal motions to interact with waves in the canyon. For simplicity, we assume
that the vertical stratification N is constant.

Our goal is to study how open-ocean tides excite waves in a canyon. Consistently, we assume
that the waters above the canyon experience tidal waves at a single frequency, encompassing both
barotropic and low-order baroclinic tides. Inspired by typical oceanographic conditions (Zhao
et al. 2016; Harris and Whiteway 2011), we also assume that the open ocean tidal waves have
wavelengths larger than L,. This implies that the scale of the waves excited in the canyon is not
set by the open ocean tides but rather by the canyon’s geometry. This results in the generation of
standing-wave patterns in the canyon, akin to seiches observed in lakes, as illustrated in Fig. le. A
scenario that contrasts with the traditional ray-based picture depicted in Fig. 1d, where the canyon
size is much larger than the open ocean tidal wavelength, so that the waves undergo multiple
reflections as they propagate into the canyon.

This model geometry is chosen to capture the key features of deep ocean canyons that cut through
ridges and continental shelves, such as the one sampled in the Rockall Trough experiment (Wynne-
Cattanach et al. 2024). These canyons are no more than a few kilometers wide, while their lengths
extend to tens of kilometers; they are subject to substantial tidal activity and experience significant

turbulent mixing. All these aspects are crucial in the analysis that follows.
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Fic. 1. (ab,c) Settings of the box-canyon model, shown in 3D view, front and side views. The canyon
has a narrow box shape with dimensions (L, L,,L;) and connects to the open ocean through a narrow slit at
its top interface. (d,e) Two basic scenarios of the coupling between internal tides outside the domain and the
waves inside the canyon. If the wavelength outside the canyon is much smaller than the domain sizes, then the
wavelength of waves inside the canyon will be determined by waves outside the canyon. On the other hand, if
the wavelength outside the canyon is comparable or larger than the domain sizes, the wavelength of modes inside
the canyon would be constrained by the geometry, with the longest mode on the scale L,. Note that the vertical

scale in this sketch is exaggerated.
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b. Wave modes in the box-canyon model at tidal frequency

Building on the conceptual framework described above, we now focus on the standing wave
modes that can be sustained inside the canyon. To analyze these modes, we follow the conventional
approach used in internal wave theory, assuming a static, stratified background state and consid-
ering small, linear perturbations to the velocity and density fields governed by the Navier—Stokes
equations. We make the hydrostatic approximation, as our focus is on motions at the tidal fre-
quency, which is much smaller than the stratification frequency N—the frequency at which vertical
accelerations can no longer be neglected. Under these assumptions, the linearized governing

equations take the following form:

ur—fv =-px,
vi+fu =-p,y,
0 =—p,+b, (1)
b,+N*w =0,
U +Vy+W, =

The wave field in the canyon is constrained by the canyon bathymetry. This topographic constraint
must be treated as a first-order effect. In particular, in the cross-canyon direction, the normal flow

must vanish at y = —% and y = %, resulting in a discrete set of canyon modes in y:

L
v:sin(%()w?y)), nz0 ()

which correspond to a Kelvin (n = 0) and Poincaré wave modes (n > 0). (While the name Poincaré
waves is more commonly used to refer to surface waves in the open ocean, it is also used to refer
to waves in a narrow canyon.)

The canyon modes can be determined by substituting in the system of equations (1) solutions
of the form ¢'(K*+7m2=@1) with k the along-canyon wavenumber and m the vertical wavenumber and
w > 0 is the wave frequency. One obtains the dispersion relation of two classes of waves. The

Poincaré wave modes satisfy
kz+(n7r/Ly)2 w? — f?
m? N2
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Typically w < N for tidal waves in a stratified canyon and thus,
m? > k*+(nm/Ly)?

The canyon’s geometry has L, > L, and thus k is much smaller than nx/L,, for all but the very
high n modes, and to a very good approximation m? > 2/ Li. For narrow canyons a few kilometers
wide—the focus of this study—this implies that the vertical wavenumber of the Poincaré modes is
no more than a few hundred meters, a scale small enough to experience substantial damping in
the presence of the strong background turbulent environment typically encountered in canyons. In
light of this, we focus primarily on the Kelvin wave modes in the main text. A detailed analysis of
the canyon’s Poincaré modes, along with a demonstration of their practical irrelevance, is provided
in Appendix A.

The second class of waves is in the form of Kelvin waves satisfying

z|¢e
I
&

Kelvin waves are internal gravity waves with v = 0 that satisfy a reduced version of the full equations

in (1):

Ur =—DPx
fu =-py,
0 =—p,+b 3)
b,+N*w =
Up+w, =

These equations represent 2D motions in the (x, z) plane supplemented by the geostrophic balance
fu=—p, in the y-direction. Introducing a streamfunction ¥, such that (u,w) = (y;,—,) and

¥ = e this system of equations can be reduced to a single equation for i,
~ 2 ~ _
Yxx =Yz =0, 4)

where we relied on the assumption that N and thus a. are constant. Solutions of this equation

represent waves traveling along a wall (e.g., Rhines 1970) with the wall on their right in the northern

10
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hemisphere. In our problem, we seek solutions confined between two lateral walls [-L,/2,L, /2],

which allows Kelvin waves to propagate in both directions, namely
('707 M, p’ b) = (wr’ ur, pra b}") e_)’/Ld+i(|k|X+mZ_¢Ut) + (l//l’ Ml9pl’ bl) e_)’/Ld+i(_|k|x+mZ_U)t) . (5)

where L; = w/(f|k|) is the deformation scale (e-folding scale) for the Kelvin wave with wavenum-
ber k.

In the next few subsections, we demonstrate that the dominant waves excited in the canyon have
an x-wavelength of the order of the canyon length and are much larger than the canyon width. We

can thus safely assume

L k|L, 1 1
== JIKIL, <1 consistent with |k| < © (0)
Ly w fLy Ly

In this limit, the rightward and leftward propagating Kelvin wave solution reduces to

(‘W’U’P’b) = (l//raMr’prabr)ei(|k|x+mz_wt) + (l//l’ul’plabl)ei(_|k|x+mz_wt)' (7)

where the y-dependence is weak because y < L, < L, as long as e” /La ~ 1 and can thus be neglected
at leading order, except when taking y-derivatives of pressure. The y-pressure gradient enters at
leading order and balances the Coriolis acceleration, fu = —py. An additional approximation
pertains to the non-normal flow boundary condition at the edges of the canyon at x =0 or x = L,,
which in general requires a combination of Kelvin and Poincaré modes. However, in the limit of
a narrow canyon (L, < L), Taylor (1922) ! shows that the incoming Kelvin wave reflects off the
wall with a phase difference of approximately 7 and minimal excitation of Poincaré waves, and thus
the reflection problem is essentially two-dimensional. In a narrow channel, we can therefore safely
neglect the y-dependence at leading order and treat the solution as effectively two-dimensional. In
practice, we replace the full streamfunction ¢ (x,y, z,¢) by the 2D field ¥ (x,z,t) = ¢ (x,y =0,z,1)
at the centerline and approximate the boundary condition as ¢ =+, =0atx=0and x = L, as

in a 2D wave-reflection problem.

ITaylor (1922) solves the problem for surface Kelvin and Poincaré in a canyon rather than the internal wave problem considered here, but the
analysis is equivalent.

11
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Fic. 2. Boundary condition for standing internal Kelvin wave modes in the canyon.

Without y-dependence, solutions to Eq. (4) can be written as ¢ = ¢/ (x,z)e ™", with ¥/(x,2) a
complex amplitude to be determined by supplementing boundary conditions. With the domain
depicted in Fig. 2, y must be set to zero along the rigid walls 7, I1, and I11. The boundary condition
at the interface /V is set by matching the Kelvin wave solution with the motions in the overlying
ocean and is discussed in detail later in this section. Solutions satisfying Eq. (4) and the three

boundary conditions at the rigid walls can be written as the sum of discretized normal modes:

bea= ) A, with  ,(x,2) = sin(knx) sin(m,2) (8)
n=1
where
nm k, 1 nr
kn:_’ n= " =7 > > 1 9
L, m a, a. Ly " ©)

The lateral boundaries discretize the wavenumber k,,, while the wavenumber m,, is determined by
the governing equation (4) and the associated Kelvin wave dispersion relation. A, are the complex

amplitudes encapsulating both amplitude and phases of mode »n (in what follows, the tilde sign

12
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always carry the meaning of complex amplitude). The corresponding solutions for @, W, b, p are

dca(x,z) =2, Ayniin (x,2) =2, mpA, sin(k,x) cos(m,z)
Wea(x,2) = X, AwnWu(x,2) = X, —knA, cos(kyx) sin(m,z)

bea(x,2) = X Apnba(x,2) = £~ k, A, cos (k) sin(myz)

Pea(x,2) =2, Almﬁn (x,2) =2, %An cos(kyx) cos(m,z)

(10)

Fig. 3 illustrates the first three normal modes for a representative rectangular box. The aspect

ratio of the modal cells is governed by the constant .. While the spatial patterns of these modes

are unaffected by the upper boundary condition at boundary 7V, their amplitudes are set by it, as

discussed below.

x (km) x (km)

0.5

Fic. 3. Streamfunction and along-canyon velocity of the first three modes in the box-canyon model, with

Ly =10km, L, =500 m, a. = 0.073 (patterns not sensitive to these values).

c. Tidal forcing outside the canyon

Tidal motions in the open ocean consist of both barotropic and baroclinic components. Ac-

cordingly, we represent the motions above the canyon as the superposition of a barotropic tidal

wave, expressed in terms of the sea surface displacement 77, and horizontally propagating baroclinic

waves that satisfy a no-normal-flow condition at the ocean surface and bottom. We focus on the

13
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lowest-order baroclinic waves, as they generally carry the majority of the total baroclinic tidal
energy.

The wave solutions within the canyon must match the tidal flow outside at the upper interface,
located at z = L, and spanning the narrow strip [0, L.] X [-L,/2,L,/2]. Because the dominant
tidal motions in the open ocean have horizontal scales far exceeding the canyon width, we neglect

their y-variation when applying the boundary conditions at the canyon top, i.e.,
Pr(x)=pr(x,y =0,z= L) = gfoe ™ + p1e'™*,  with pr(x) = pr(x)e™ (1)

where K( and K are the wavevector components of the barotropic tide and lowest baroclinic tide
along the canyon axis—x in our notation.

To impose the boundary condition at the interface, we start by projecting the open ocean tidal
wave onto the basis functions of the canyon modes shown in (10). The canyon pressure field is
expressed as a function of a discrete set of cosine modes cos(k,x), with k,, = nw/L,. This set
forms a complete and orthogonal basis on [0, L,] and we can therefore represent pr(x) in terms

of these basis functions:

N
pr(x) =Co+ ) Cycos(kyx) (12)

n=1
Here, C,, represents the complex amplitude of the n-th mode induced by the forcing, truncating at
order N. The term Cy corresponds to a spatially uniform component that does not influence the
flow and can therefore be neglected.

To gain some insight on the dependence of the coefficients C,, with modal number n, we consider
the limit where the length of the canyon, in addition to its width, is much shorter than the scale of
the tidal waves in the ocean interior, i.e. KoL, < K;L, < 1, which applies well to relative shorter
canyons of 10-20 km. In this limit, we can represent the pressure as a linear gradient in x over
the distance L, (a Taylor series expansion of the pressure profile that retains only the constant and

linear terms in x):

Pr(x) = piox+ Py

= _ﬁfo Z

n is odd

(13)

4L,
n’r

5 cos(kyx) +ﬁg

14
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where ﬁf 0= (?%F o is the pressure gradient at x = 0 and — ¥ 4q 4L,/ (n*7%) cos(k,x) is the Fourier
representation of ;c under {cos(k,x)} bases. This is the well-known result that a function with
different values at the edge of the domain at x = 0 and x = L, has Fourier coeflicients C, that decay
as n”. This suggests that the external tidal forcing most strongly excites low-order odd modes in the
canyon. If the pressure fields varies more smoothly than a step function at the edge of the domain,

1.e. if the canyon length is comparable to the tidal wave wavelength, then the spectral roll-off is

even steeper.

d. Radiated waves outside the canyon

The standing waves in the canyon trigger pressure and velocity perturbations at the interface,
which radiate up above the open ocean. The radiated waves induced by canyon wave modes have
been extensively examined by Grimshaw et al. (1985), who employed a Green’s function approach.
In their formulation, the vertical velocity field is treated as a distribution of individual wave sources,
and the resulting radiated pressure field at the canyon top is computed in physical space. We find
that spectral characterization is more informative if formally equivalent.

Specifically, the radiated waves form an internal wave field comprising all wavenumber triplets

(k,1,m) that satisfy the dispersion relation

Vi2+12 Nw? - f?
-m N

where m < 0 because waves radiated from the canyon propagate upward. For each mode, the
pressure amplitude and vertical velocity are related through the concept of impedance (e.g., Gill
2016), defined as the ratio of pressure to vertical velocity. This relationship follows directly from
the third and fourth equations in the governing system (1):

N? N w?— f?

= = . (14)

Z(k.) = mw R W

S|

15
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Applying this impedance relation allows us to write the pressure field to be written based on the

vertical velocity field for the radiated waves:

Wr(x,y,2> L;) = / / Wi (k1) e FHy+mz=L) g gy
oo J-oo (15)

Pr(x,y,2> L) = / / Z(k, ) Wgr(k,1) ' *¥+mz=L)) i q],

where m is determined by (k, /) through the dispersion relation and W (k, ) is the vertical velocity
amplitude for the wavenumber pair (k,/). Since our focus is on the coupling between fields at the
canyon interface, we neglect y-variations in the radiated waves (see Appendix B) and project the

radiated field at the interface onto the basis functions of the canyon modes, truncating at order N:

N
Wr(x,y=0,z=L,) = ZEW” cos(k,x),
n=1
(16)

Pr(x,y=0,z=L;)= » Bp,cos(k,x).

n=1

=

To facilitate the discussion of mode coupling, we seek a relationship between B pn and B,,n, which
can be interpreted as the effective impedance in the modal basis. In general, this effective impedance
forms an N X N tensor, whose elements represent the ratio of every possible combination of pressure
and velocity modes. For a narrow canyon (L, < L), however, numerical evaluation shows that

the tensor is strongly dominated by its diagonal elements. To a good approximation,
Bpn ~ Zr(kp) me (17)

which is equivalent to the “plane-wave approximation” of Grimshaw et al. (1985), and Zr can be

approximated by

[ 2_ 2
Nyo' =/~ 1 [-1In(k,Ly) kyLy+O(kyLy)]. (18)

Zr(kn) = k w 2

The derivation is given in Appendix B.

w 9

Two observations help interpret the behaviour of Zg: (i) The prefactor in (18), namely %

is inherited from the plane-wave impedance (14). (ii) As L, — 0, Zg — 07, so that for fixed canyon
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length, a narrower canyon always leads to smaller effective impedance. Physically, for a given
k, modes with larger / have smaller impedance according to (14). The effective impedance Zg
represents an average impedance over all admissible / modes. A narrower canyon (smaller L)

shifts the spectrum toward larger / and therefore reduces the overall average impedance.

e. Coupling of wave fields at the canyon-top interface

Armed with the modal basis and the scale analysis of open-ocean tidal waves, we now implement
the boundary condition at the canyon-top interface (boundary /V in Fig. 2) to determine the am-
plitudes and phases of the standing waves excited within the canyon. At this interface, the pressure

and vertical velocity fields in the canyon, (Wca, Pca), must satisfy the continuity conditions:

Dea(x,z=L;)=pr(x)+pr(x,z2=1L;),
G . ¢ (19)

Wwea(x,z=L;) =wgr(x,z2=L,),

where pr is the open-ocean forcing pressure at the interface, and pg and Wwg are the pressure
and vertical velocity fields of waves radiated out of the canyon, as introduced earlier. There is no
vertical velocity W, because the barotropic tidal motions have no vertical velocity by definition
and the low order baroclinic tidal wave vertical velocity is zero on both sides of the canyonatz =L,
to satisfy the no-normal flow condition and must therefore be zero over the canyon as well if their
scales are much larger than the canyon width.

We substitute the modal expansions for each field at the interface (10), (12), and (16) into the
boundary conditions (19) and combine them with the impedance relationships for the canyon
waves (10) and for the radiated waves (17). This yields the following system of four equations for

the four unknowns (A, Aywn, Bpns Byn):

Apncos(myL;) = Cp+ By,

A, sin(m,L.) = B,,,,
) wn ( n Z) wn (20)

Bpn =~ Zg(ky) Bwn-
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Solving this system for A pn gIVEs

. C, Cn
Apn = ) o = — ; @2y
cos(myL;) +i Zg(ky) 3+ sin(m,L;) cos(my,L;)+iz,sin(m,L;)

Once A pn 18 determined from (21), the amplitudes of the remaining canyon field components follow
directly from the relationships for the canyon wave fields given in (10).

In (21), we introduced

k
in = ZR(kn) Nn

N
- = [~knLyIn(k,Ly)+0(kyLy)],

(22)

as the nondimensional ratio between the impedance of the radiated wave, Zg(k,), and the
impedance of a standing wave in the canyon, given by |Alm /Awnl = N/k,. Given the continu-
ity of vertical velocity between the radiated and canyon waves at the interface (19), the parameter
Zn quantifies the pressure amplitude of the radiated wave relative to that of the canyon wave, and
thus controls the fraction of the canyon’s energy flux that can escape into the open ocean. A detailed
discussion of the corresponding energy budget is presented in the next section. Since k, = nx /Ly,
(22) indicates that z, is determined solely by the canyon aspect ratio L, /L, and the frequency ratio
f/w. Fig. 4 presents z,, for modes 1, 3, and 5 of the Kelvin-wave mode; even modes are omitted
because they are much more weakly forced, as discussed previously. For all modes, z, decreases
with canyon narrowing and increases with canyon widening, consistent with the trend of Zr we
discussed previously. In addition, lower-order modes have consistently smaller impedance ratios.
As 7z, < 1 for narrow canyons, the cosine term in (21) primarily controls the amplification
of the canyon pressure field. For the most strongly forced lowest-order mode (mode 1), tidal
resonance occurs when mL, = (2n+1) /2, or equivalently 2L,/L, = (2n+1) a.. At resonance,
the peak amplitude of the canyon pressure response is set mainly by z,, and scales as C,/z,. This
behavior is analogous to earlier resonance-fitting models (e.g., Sutherland et al. 2005; Le Souéf and
Allen 2014), where the damping strength determined the resonant amplitude; however, in those
studies the dominant damping was attributed to bottom friction, whereas here we argue that energy

leakage is the more significant mechanism. The details of this energy-budget analysis, including
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FiG. 4. Impedance ratio z,, plotted as a function of the aspect ratio L, /L, for modes 1, 3, and 5. The results

are shown for a representative case with f = 1x 107* s~ and the M2 tidal frequency w ~ 1.45x 104 s~ 1.

a comparison of the relative strengths of the two energy-extraction processes, are presented in the

next section.

4. Energy budget in the box-canyon system

a. Energy budget of the linear wave system

Our box-canyon model provides a solution for the wave fields in the canyon subject to a tidal
forcing applied at the canyon-top interface. We analyze its energy budget to see the dominant
energy source and sink of this equilibrium system in this section.

The evolution of the horizontal kinetic energy density, Ey = %uz, and the potential energy density,

E,= % b (po factor omitted for simplicity), under the governing wave Eq. (3) can be derived as:

N?
OE
a—tk:—V-(up)+bw,
i, 23)
5 = oW
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To understand the energy budget averaged over the entire canyon system, we compute the volume

average of the above equations. This yields:

OE, " 1 —,
L WPt +bw ",
ot L, z=L, (24)
—X,2
aEp b—x,z
=—bw
ot

Here, ~" denotes the volume average over the canyon, and the fxl =L, denotes the x-average
over the canyon-top interface at z = L,. Since the wave system is in equilibrium and we are not
including any energy dissipation at this stage, the net tendency terms vanish if averaged over a tidal
cycle. We thus have bw = L%W”lzz L= 0, where - represents time average over a tidal
cycle.

We can further decompose the total energy flux into a forcing term by recognizing that at the

canyon-top interface the pressure and vertical velocity can be written as p = pr+pg and w = wg

as we have discussed in Eq. (19), and thus:

+WRPR" (25)

z=L,

—xt
0=wgrpF

z=L,

With this decomposition Wg pr*’ 1. <0 represents the energy injected into the system by the
-~z

L

forcing, while Wg pr"”’ .1 > O corresponds to the energy that leaks out of the system via radiated
=z

L
waves.
The energy leaking out of the system can be directly computed from our solutions presented in

the previous section. Specifically, we have:

X, 1 X,1

—WRPDF =WRPDR

Z:Lz

1 - 1 ~ )
R D 1Bunl® Zr(kn) = 7 3 VAl sin® (L) Zr(ka). - (26)
—z n n
where we have used the relation in (20) in above derivations.
From the above expressions, we see that energy leakage is governed by two factors: the effective
impedance Zg and the proximity of the system to resonance which strongly influences sin(m,L).
The effective impedance of the radiated waves Zy increases with canyon width as shown in (18).

Consequently, leakage is more pronounced in wider canyons, in agreement with common intuition
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and the analysis by Grimshaw et al. (1985). Additionally, leakage is enhanced when the system
is near resonance (e.g., when mL, ~ nx/2 for the most energetic mode), since stronger vertical
motions are generated at the canyon-top interface, thereby radiating more energy outward.

In the limiting case of a very narrow canyon, where Zg is small, little energy leaks out of the
system. Under these conditions, the pressure forcing performs minimal work on the system. As
seen from (21), when Zr ~ 0, the phase lag between the forcing and the pressure response in the
canyon is either 0 or 7. Since the vertical motion lags the pressure response (and hence the forcing)

by 7 /2, no net work is done over a tidal cycle, resulting in no net energy input into the system.

b. Other energy extraction mechanisms

The formulae derived in the previous sections assumed that the entire system is governed solely
by the wave dynamics, thereby neglecting the effects of bottom friction and turbulent dissipation. In
reality, these processes can also extract energy from the system, especially the fact that the bottom
drag has been hypothesized as the dominant damping mechanism in previous tidal resonance
models (e.g., Sutherland et al. 2005; Le Souéf and Allen 2014).

For the sake of only a scale comparison, we assume a linear drag law given byt = —poCru for

simplicity, and the work done by the bottom drag at the bottom interface z = 0 would be given by
— —t 1 . N2 1 .
Tux’[|z=0 = _pOCLl/l2 |Z=0 = _pOCLZ Z |Aun|2 = _pOECLZ Z |Awn|29 227)
n n

where we have used the relation |A,,|*> = N>/w?|A,u|? in (10) to convert the horizontal velocity
amplitude to the vertical velocity amplitude to be consistent with (26).
We can now estimate the ratio of energy extraction due to leakage through the canyon top (via
the radiated wave) to that due to bottom drag. For the first mode, this ratio is
] ——— . 2
Po L—ZWRPRL:LZ sin?(mL.) X~z w

1

miw )

= L _—— 28
fX—jCL sin”(m; Z)Zlml C (28)

L, ﬁ|z:0

Here, w/m; is the vertical phase speed of the lowest-order Kelvin wave, which is approximately
w/m; ~0.03 ms™' for M2 tidal frequency with N> =4 x107® s72 and L, ~ 10 km. For a

typical canyon aspect ratio of 0.1, Fig. 4 gives z; =~ 0.1. Assuming a linear drag coefficient
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Cr ~ 107 ms~! for tidal velocities of 0(0.1) ms~!, we obtain z,w/(mC) = 30. Thus, as long
as sin’(mL;) 2 0(0.033), leakage dominates the total energy extraction. Only in the special case
where sin(mL;) = 0, the vertical velocity at the interface (10) vanishes and no energy is radiated
into the open ocean, leaving bottom drag as the sole dominant extraction mechanism.

A similar estimation shows that the energy-extraction rate associated with turbulent dissipation
is typically one to two orders of magnitude smaller than that due to leakage through radiated waves.
These analyses are intended only as a quick scale check rather than a precise estimate, both because
of the idealized representation of linear drag and the assumption that the solution is unaffected
by the inclusion of turbulent dissipation and bottom drag. A more accurate assessment will be

presented in the next section using numerical models that account for all of these effects.

5. Comparison with numerical simulations

a. Settings

0 5, .
y (km) x (em)

F1G. 5. Simulation domain of the idealized simulation with a box-shaped canyon with L, = 500 m.
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In order to test the validity of the theoretical results presented above, we perform hydrostatic
numerical simulations using MITgcm in a domain containing a box-shaped canyon at its center,
as illustrated in Fig. 5. The domain consists of an open-ocean region with dimensions of 20 km
in length, 5 km in width, and H=2000 m in depth. A canyon of dimensions L, = 10 km and
L, =1.8 km is carved into the sea floor, with varying depths L. This setup precisely replicates the
configuration used in our theoretical analysis, enabling a direct comparison between the theoretical

predictions and simulation results.

TaBLE 1. Summary of Constant Parameters for Simulations

Parameter Value

Domain size 20 km x 5 km x 3000 m
Canyon size (Lx X Ly) 10 km x 1.8 km
Horizontal resolution 200 m

Vertical resolution 10 m

Grid points (Nx X Ny X N7) 100 x 25 x 300
Stratification (N2 3.92x1076s72

Coriolis parameter (f) 1x1074s7!

Canyon vertical diffusivity/viscosity 1072m?/s

Open-ocean vertical diffusivity/viscosity ~ 10~5m?/s

Tidal forcing amplitude (779) 0.5m
Tidal forcing period (') 12 hours
Simulated tidal cycles (n) 20

The system is initialized with a constant stratification of N> = 3.92x 107572, The Coriolis

parameter is set to f = 1x 1074571

. To represent the strong mixing environment observed near
the bottom of submarine canyons like the submarine canyon recently measured in the Rockall
Trough region (Van Haren et al. 2024), we employ high vertical diffusivity and viscosity values of
Ky = v, = 107> m? /s inside the canyon and «,, = v, = 10> m?/s in the open ocean above, respectively.
The effects of using smaller vertical diffusivity and viscosity values are discussed in detail in
Appendix A. Additionally, Leith hyperviscosity is employed to damp grid-scale noise.

We chose barotropic tides as the forcing because they align well with our theoretical framework
and are straightforward to implement numerically. A barotropic tidal forcing with M2 tidal
frequency w = 27/T ~ 1.45x 10~*s~!, wave vector along the x-direction Ko = w/+/gH and complex

tidal amplitude 7jp = 0.5 m is implemented in the system by prescribing the tidal velocities u and v of

the barotropic tidal solutions at the boundaries. The simulations are run for 10 days, encompassing
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20 semidiurnal tidal cycles. Sponge layers are applied at the domain boundaries to prevent the
reflection of radiated waves back into the computational domain.

To highlight the system’s contrasting responses under near-resonance and off-resonance con-
ditions, we consider two canyon depths: L, = 350 m, which is close to the first-mode resonant
depth (a.L,/2 ~ 367 m), and L, = 500 m, which is off-resonance. For each depth, we compare
simulations with no bottom drag to those with quadratic bottom drag, using the stress formulation
7 =-poCplug|uyg and Cp =2 X 1073, The no-drag configuration is consistent with the assump-
tions of our theoretical derivation, enabling a direct comparison with idealized predictions. In
contrast, simulations with bottom drag provide a more realistic representation of seafloor friction
and allow us to distinguish the relative contributions of leakage through the canyon-top interface

and bottom friction to the total energy extraction.

TaBLE 2. Varying parameters for four simulation cases

Case L (m) Bottom Drag (Cp)

1 500 No drag (Cp =0)
2 500 Quadratic drag (Cp =2x 1073)
3 350 No drag (Cp =0)
4 350 Quadratic drag (Cp =2 X 1073)

b. Amplitude and phase comparisons

The simulation approaches a quasi-steady periodic state after about two tidal cycles, oscillating
at the semidiurnal frequency of the external tidal forcing. Because the barotropic flow outside
the canyon does not interact with any significant topography (e.g., seamounts, slopes) capable of
generating baroclinic waves, there is effectively no baroclinic forcing outside the canyon. This
setup provides a clean baseline for comparing our theoretical predictions with numerical results.

Specifically, the theoretical prediction for the along-canyon velocity field is obtained by incorpo-
rating the first three odd wave modes (the even modes vanish, as discussed in (13), and higher-order
modes have negligible impact on the result). The modal pressure amplitudes are given by (21) and

are converted to along-canyon velocity amplitudes using (10) and (13), namely:
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Utheory (x,z,1) =Re (ﬁtheory (x, Z)e_iwt) ~Re Aunﬁn (x, Z)e_iwt

n=1,3,5 (29)
- ik, 4 1 I
Ayp = _Apn = ( lKogﬂ)

nr w cos(mn ;) +izysin(m,L;)"
In the meantime, the tidal component of the along-canyon velocity field at the canyon center can

be expressed as

tlde
Ugim

(x,y =0,z,t) = Re[ism(x,2) e '], (30)

where the spatial structure of the complex wave amplitude iy, (x,z) is obtained from a Fourier

transform over »n tidal periods:

7 2 " iw
Asim(x,y =0,2) = ﬁ/o Usim (x,y =0,z,1) ' dt. (31)

Fig. 6 (b,c,e,f) shows the resulting tidal amplitudes |iiim, (x, y =0, z)| for simulations with different
L and with/without bottom drag, and compares them to the theoretical predictions of |fheory (X, 2)|
in Fig.6 (a,d). Overall, the amplitude patterns agree well with theoretical expectations in the
no-drag cases. When bottom drag is included (Fig.6 (c,f)), |dsim(x,y = 0,z)| decreases within
about 20-30 m of the bottom boundary, but the flow structure farther above remains qualitatively
unchanged.

In Fig. 7, we plot the time series of the along-canyon velocity at the bottom center of the canyon
usim(x = 5km, y =0,z =0, 1), where the velocity is largest, and compare it to theoretical predictions
of Utheory (x = 5km, y =0,z =0,1) in (29). The theoretical velocities capture the amplitude and phase
of the no-drag simulation well in both off-resonance (L, = 500 m) and near-resonance (L, = 350
m) regimes. The near-resonance canyon exhibits a larger velocity amplitude, which is within the
expectation. The relative phase of A, with respect to the complex amplitude of the forcing —gy.,

given by —iKog e ! in the first term of (29), is determined by the last term in (29),

i

cos(mL;)+izysin(mL;)’

which we refer to as the phase factor. In the off-resonance case, the cosine term dominates, making

the phase factor nearly imaginary; the along-canyon velocity then has a /2 phase lag relative to
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Fic. 6. Comparison of the amplitude of the tidally filtered along-canyon velocity in the along-canyon transect
between the theoretical predictions (a, d) and simulations (b, c, e, f), with L, =500 m and L, = 350 m separately.

The contour plots are generated using a uniform interval of 0.0075 m/s.

the forcing. For L, = 500 m, cos(m,L;) <0, and A, is approximately /2 ahead of the forcing.
By contrast, in the near-resonance case, the sine term dominates the phase factor, and A, is
nearly in phase with the forcing. Both of these phase relationships are confirmed by our numerical
simulations in Fig. 7.

When bottom drag is introduced, the off-resonance phase and amplitude don’t change much,
whereas in the near-resonance scenario the drag causes a slight amplitude reduction and a small
phase shift toward the forcing phase. This behavior is expected because the additional damping
reduces the resonance response and shifts the velocity phase closer to that of the forcing. Nonethe-
less, the canyon’s overall dynamics remain dominated by horizontal leakage at the canyon top, as

we will further illustrate in the upcoming energy-budget analysis.

c. Energy budget in the simulations

With the above verification of the amplitude and phase of our theoretical predictions, we next

examine the energy budget analysis presented in section 4.
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Fic. 7. Comparison of the time-dependence of the along-canyon velocity at the bottom-center of the domain

between theory and simulations with and without bottom drag for L, = 500m simulation in (b) and L, = 350m

simulation in (c). The tidal forcing exerted by the barotropic tide from the simulation is plotted in (a) panel for a

phase reference.

As our simulation is fully three-dimensional, the mean kinetic energy budget for £y = % po(u*+v?)

in the canyon, averaged over multiple tidal cycles, can be derived from the full Navier—Stokes

equations with hydrostatic approximation

(1). It can be written as

1 an7Zsl —)C,y,Z,t

—O,E} =—Lwpp + -+ wpr™! + wb
Lo < z=L, < z=L, ~—
(Buoyancy)

(Tendency) (Forcing) (Radiation)
.y 11 (32)
+ _LLWEk . + ey 4 — —F ! .
< z=L, N—— P£o LZ z=0
(Dissipation)
(Advection) (Drag)

where the six terms represent the following sources and sinks of the kinetic energy: work done

by pressure forcing, wave radiation into the open water, buoyancy flux that converts between
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potential and kinetic energy, advection of kinetic energy between canyon and open water, turbulent
dissipation of kinetic energy and work done by bottom drag. These energy budget terms can be
evaluated explicitly in MITgecm from the recorded momentum tendency terms. We performed this
processing for both the L, = 500m and L, = 350m simulations with quadratic bottom drag turned

on, as shown in Fig. 8.
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Fic. 8. Energy budget for the volume-mean kinetic energy averaged over 20 tidal cycles, for the off-resonance
case L, = 500m and near-resonance case L, = 350m with bottom drag. Note that the scales for the y-axes are

different between (a) and (b).

Fig. 8 reveals that the average energy injection is approximately 20 times greater for the near-
resonance case than for the off-resonance case. In both scenarios, the dominant energy sink is the
leakage term —Llw PRr|z=1,, which exceeds the bottom drag and turbulent dissipation by more than

z

an order of magnitude, consistent with our earlier discussion in section 4.

6. Extension of the model to a tilted canyon system

In the previous sections, we detailed how standing waves in the canyon can be excited by

barotropic tides and low-order baroclinic tides in the open ocean, using the box-canyon model.
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In this section, we move one step forward and discuss how these insights can help us understand
the canyon with a more realistic shape, for example, those on a continental slope. The connection
between a box-canyon model and a tilted canyon model can be understood in Figure 9 (a): the
consideration of the arbitrary shape of boundaries and the inclusion of slopes provide two addi-
tional levels of complexity. Given these additional complexities, which significantly constrain the
tractability of the theoretical framework, we do not attempt a detailed analytical solution here.
Instead, we offer a brief outline of the calculation process to highlight the key physical factors that
influence the excitation of waves in more realistic canyon geometries.

We extend our canyon model slightly to a configuration shown in Fig. 9(b). We are still assuming
that the canyon is narrow compared with the deformation radius, so that we can safely treat it as
a 2D wave system. However, we now consider the effect of the continental slope with an angle «
and assume this angle doesn’t vary too much in the canyon region for simplicity. For the sake of
discussion, we rotate the coordinate system at the canyon top interface, aligning the x” coordinate
along the tilted interface and the 7z’ coordinate normal to the tilted interface.

The governing tidal excitation process should still be analyzed at the canyon-top interface repre-
sented as 7' = zp for simplicity, where the pressure field and the normal velocity to the interface,
denoted as W', remain continuous. Specifically, the following conditions must be satisfied at the
interface:

Pea(x) =pr(x') +pr(x’),

(33)

WCA (x,) = WR(X/),
Here, pca(x’) and Wy, (x) denote the canyon-wave modes, pr(x’) is the pressure field exerted
by the low-order waves in the open ocean in the presence of sloped bathymetry, and pr(x’)
and W', (x") denote the radiated-wave modes into the open ocean, all evaluated at the canyon-top
interface. Similar to our previous arguments, because the forcing waves must satisfy no-normal
boundary condition and they typically have wavelengths much larger than the canyon bathymetry
scale, wr(x”) ~ 0.

The procedure for calculating the complex amplitude of the standing waves using boundary
condition (33) is similar to what was described in the previous section and reiterated below with
a focus on the differences introduced by the consideration of the complicated bathymetry and the

slope.
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a) Connection between box canyon model and tilted canyon model

Box canyon Flat canyon Tilted canyon

b) Tilted canyon model on a continental slope

Sea Surface

Continental Slope

Fic. 9. (a) Schematic illustration demonstrating the extension of the idealized box-canyon model into a more
generalized tilted canyon framework. (b) A physically realistic representation of the tilted canyon model situated

on a representative continental slope.

Firstly, we need to write down the standing wave modes that can fit into the canyon. These can
still be evaluated as the solution of ¥, — ¢/, = 0, with the boundary condition being i at the
curved solid boundary. It should be mentioned that generally the boundary does not encompass
a standing wave solution: if the boundary is everywhere subcritical or supercritical to the Kelvin
waves, the Kelvin waves can propagate in the along-canyon direction. However, if the slope along
the canyon thalweg experiences a transition from being subcitical to supercritical, then the standing

normal modes can be computed by recogonizing the fact i/, — ¢, = 0 has the general solution
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of y = £(£)+g(n). The normal modes for the standing waves in the canyon can be computed by
finding the constraints of f and g functions that satisfy the boundary conditions ¢ = 0 at the solid
boundaries. An example of the method for the normal mode calculation process is discussed in the
accompanied paper Ma et al. (2025).

Second, the mode is still forced by the tidal motions outside the canyon. Strictly speaking, in
the presence of sloped bathymetry there is no sharp separation between barotropic and baroclinic
waves. Nevertheless, the most energetic mode outside the canyon is typically the gravest mode that
conforms to the sloped bathymetry, which also has longest wavelengths. The pressure of the first
several gravest tidal wave fields can be used to estimate pr(x’), which can then be decomposed
into a summation of canyon pressure modes.

Third, for each mode in the canyon, the relationship between the pressure field of the radiated
waves pr(x’) can be determined from the normal velocity at the canyon interface, Wi, (x). This
relation has been explicitly discussed using either a Green’s function approach in Grimshaw et al.
(1985) or an impedance approach in Appendix B. These radiated waves are qualitatively similar
to those excited waves in the idealized canyon considered in this paper or observed in Grimshaw
et al. (1985) and effectively leak energies out of narrow canyons.

Finally, one can return to (33), substituting the form of pz(x”) into the pressure equation allows
for the calculation of the excitation strength of each mode in the canyon, as we have done in the
box canyon case.

The detailed analytical solution for wave motion in the general case of a continental slope is
complex and beyond the scope of our current study. However, the key insights gained from the
box canyon model can be somewhat tested using numerical simulation in this extended setup.
Specifically, we performed an additional simulation analogous to that in Section 4, but with a
canyon situated on a sloping bathymetry rather than in a flat box configuration. The domain
size, resolution, canyon width, and imposed barotropic tidal fluxes at the boundaries remained
the same. The one-dimensional bathymetry of the slope and the canyon thalweg are given by:
Zslope (X) = 0.05x — 2000 and Z¢natweg (x) = 0.05x — 220e~(x/4000)* _ 1950). Since no direct theoretical
prediction was done for this setup, we do not undertake a detailed quantitative analysis. Instead,

we highlight that several key insights derived from the box canyon model remain valid here.
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In Fig. 10(a,b) we plot the tidal amplitudes of the along-canyon and cross-canyon velocities,
respectively, following Eq. (31). As in the box canyon case, the presence of canyon walls strongly
suppresses the cross-canyon velocity, while the along-canyon velocity exhibits patterns consistent
with standing wave modes. To further illustrate the underlying dynamics, we show in Fig. 10(c) a

representative momentum budget for the canyon flow in the x direction, specifically:

ﬁf,t — _pxz,t + fvz,t
N~—— ~—— N~——
Tendency Pressure Gradient Term  Coriolis Term
2.t 2! 2t Z,t . . T Z,t
+(—(uu)y " —(uv),  —(uw); )+ (vyu;), + (Leith Dissipation) " . (34)
Advection Term Diffusion Term

Here the - represents depth average over the bottom 50 m and time average over 30 minute time
intervals taken at an example location of x = 10 km in the simulation. The momentum tendency
for the along-canyon velocity is dominated by the pressure gradient (—p,), consistent with the
dominant balance in Kelvin wave dynamics. Finally, a kinetic energy budget analysis confirms that
the main source of energy is the tidal energy input, while radiated energy serves as the primary
sink. These results reinforce that our major conclusions from the box canyon scenario also hold
when the canyon is embedded in a sloping bathymetry.

In Ma et al. (2025), we conducted realistic simulations to examine the effect of tidal forcing on
the topography of a submarine canyon on the continental slope in the Rockall Trough. The wave
field patterns observed in our numerical simulations align closely with the lowest mode of standing
Kelvin waves in the canyon, confirming that these low-mode standing Kelvin waves are indeed

excited as a result of tidal forcing.
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Fic. 10. Analysis of a example tilted-canyon simulation. (a,b) Tidal amplitudes of the along-canyon and
cross-canyon velocities. (c) Time series of momentum budget at the x = 10km, following (34) (d): Kinetic

energy budget of the titled system.

7. Summary and Conclusions

In this paper, we developed a simple box-canyon model to investigate wave modes in an idealized
canyon and to illustrate how these modes are excited by tidal motions outside the canyon. Our
analysis demonstrates that the most strongly excited modes in the canyon can be interpreted as
standing internal Kelvin waves, whose structure is discretized by the canyon’s geometry. These
modes couple with external tidal forcing through the interface at the canyon top. By carefully
imposing boundary conditions at this interface, we derived theoretical predictions for the spatial
patterns, amplitudes, and phases of the internal waves. These predictions agree well with results
from idealized numerical simulations of a box-canyon forced by barotropic tides.

This theoretical framework offers a new perspective on the canyon’s energy budget. Our analyses,
based on both analytical and numerical approaches, show that the dominant balance in the canyon
arises between energy input from external barotropic or baroclinic tidal forcing and energy loss

via wave radiation into the open ocean at the canyon interfaces. This finding differs from earlier
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assumptions, which suggested that bottom drag was the principal energy sink for internal tides in
canyons and provides a physical explanation for the tidal resonance effect in the canyon.

We further propose that the key qualitative characteristics from this box-canyon model can be
extended to a more complex narrow canyon on geometries like those encountered on the continental
slope and ridges, although the calculations become more complex. The core physics remains the
same: if there is a transition from subcritical to supercritical slopes (relative to Kelvin wave
characteristics) along the canyon thalweg, the standing Kelvin wave system would likely dominate.
These modes are excited at the canyon-top interface, where the injected energy is largely balanced
by leakage through radiated waves into the open ocean.

These simplified models serve as a foundation for understanding how internal tides are excited,
how their spatial patterns and phases are determined, and how energy flows through canyon systems.
Real oceanic canyons exhibit far more complex bathymetry. They often meander and may contain
terraces, benches, and dendritic structures that can further complicate wave dynamics. Detailed
quantification of standing wave structures in such settings will require high-resolution numerical
modeling and direct observations from moored instruments, which together can capture the full
complexity of internal tide dynamics in submarine canyons.

Finally, we discuss the broader implications of this work for understanding ocean mixing. Our
theory suggests that submarine canyons can act as sites of internal tide generation: barotropic tidal
forcing at the canyon’s upper interface can excite standing waves within the canyon, particularly
when the canyon geometry resonates with the tidal forcing. These canyon-confined standing waves
have shorter vertical scales, producing stronger shear that may be susceptible to breaking and, in
turn, drive mixing. In our setup, we deliberately reduced the magnitude of the tidal forcing to
capture the linear regime of wave generation, but for realistic tidal forcings recent literature suggests
that the shear associated with the standing wave would go unstable to parameteric instabilities (e.g.
Radko 2019; Si et al. 2025).

A practical application of this model is presented in our companion paper Ma et al. (2025), where
we demonstrate that the anomalously strong shear observed in the Rockall Trough canyon is driven
by standing Kelvin waves. This intensified tidal shear may trigger large-scale, intermittent density
overturns, potentially providing a mechanism for the vigorous vertical upwelling documented by

Wynne-Cattanach et al. (2024) and further analyzed in the recent work of Naveira Garabato et al.
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es  (2025). Together, these results suggest that similarly strong mixing and upwelling may occur
s 1n other canyons with comparable scales and bathymetry capable of supporting standing internal

o Kelvin waves.
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APPENDIX A

Solutions with cross-canyon variations

In the main text, we simplified the analysis by considering only Kelvin wave modes and reducing
the system to a two-dimensional framework, neglecting variations in the y-direction. In this
appendix, we outline solutions that retain the y-dependence and show that, under the narrow-

canyon assumption, the two-dimensional simplification remains valid.

a. Three-dimensional representations of wave modes in the canyon

Incorporating the y-dependence of the modes, the standing wave modes in the canyon can be

written as

—7 - k
Dao(x,y,2) = ﬂAo [cos(kax) cosh(f ¢
C w

ko |
y) —isin(kgyx) sinh(f—y) cos(mq,02)
w

a

P
y) +icos(kqx) sinh(f “y) | cos(mq.0z)

fla,0(x,y,2) = ma Ao [Sin(kaX) cosh( o w (A1)

‘A’cx,O(X,y,Z) = O
kq fka

Wa0(X,y,2) = —ko A [cos(kax) cosh( fw y) —isin(kqx) sinh( »

y) Sin(ma,OZ)
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with @ > 1, 8 = 0 for Kelvin waves, and

lpw(w?—f)
Aa/ ) = A
Pes ) = G a2
[cos(lﬁ(y+a))sin(kax)+llka sin(lg(y +a)) cos(kqx) | cos(mq gz)
ﬁw
g TOGHRD
iUy +a)) sin(ko) + X2 I Up(y+a)) c0s(ka) | cos(ma 2
sin +a))sin(k,x) + cos +a))cos(ky,x)|cos(my
pY Eiil fo LY BZ
Vap(x,y,2) = iAo sin(lg(y +a)) sin(kqx) cos(mq,pz)
i - ko f . 1.
Wo p(X,,2) :%Ao [cos(lﬂ(y+a)) sin(kax)+ll " sin(lg(y +a)) cos(kqx) | sin(mgq gz)
B ]

(A2)
with @ > 1, B > 1 for canyon Poincaré waves. Here k, = an/L,, lg = /Ly, (ko,mq) follows
the Kelvin wave dispersion relation and (k,, (g, mq g) follows the Poincaré wave dispersion relation
(discussed in section 2b).

It should be noted that while these wave modes satisfy the boundary condition ¥ =0aty =+L,/2,
they do not strictly satisfy & = 0 at the horizontal boundaries x =0 and x = L,. This is evident
from the terms proportional to cos(k,x) in the expression for i, g for both Kelvin and Poincaré
waves. However, under the assumption of a narrow canyon (L, < L,), the prefactors of the
cos(kyx) terms are much smaller than those of the sin(k,x) terms, making these functional forms
a good approximation to the standing wave fields. Physically, the standing-wave solutions can
be interpreted as arising from reflections at x = 0 and x = L,, where trapped Poincaré waves are
excited in order to enforce the 7 = 0 boundary condition (Taylor 1922; Brown 1973). These trapped
modes, however, do not influence the interior solutions.

In the main text, we showed that the pressure forcing at the one-dimensional interface above
the two-dimensional canyon can be expanded into a complete basis of cos(k,x) to excite different
modes within the canyon. The orthogonality of the pressure field on the 1D interface continues to
hold for the 2D interface. Specifically, the 2D basis functions for the pressure field can be derived
directly from (A1) and (A2).
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Joo(x,y) =1

Jaz10(x,y) = cos(kqx) cosh(

a

ke
= y) —isin ko) sinh(Z-" y) (A3)
iky

L
lmfsmamy+7§»anu@@

Ly
Jaz1,51(x,y) = cos(lg(y+—)) sin(kax) +

These base functions form complete and orthogonal basis in the domain of [0, L] X [—%, %’]

Specifically it can be verified that

a L,
[ [ e g en =0tor (@10 # (an,p) (Ad)

Therefore, one can expand a 2D pressure forcing field into these base functions to determine the

forcing coefficient C, g of each mode:

Pr(6,Y) = Pr(x,y,L) = ) Cpapfap(x,y) (AS)
op

Similar with our discussions in the main text, the wave model (o, ) that has the higher |C 4 gl
would feel the forcing more strongly.
We can again get a better sense of the coupling strength for the long-wave forcing if we take

make the Taylor expansion:

Prey) = plox+ply+ PG (A6)

The forcing coefficient of the 3D Kelvin wave field can be calculated by expanding 2D function
f(x,y) =x and f(x,y) =y into the base functions f, g(x,y). It can be shown, in this case, the

forcing coeflicient of the 3D Kelvin wave field takes the following form:

~ ~F 4Lx 1
Ca 0o=—D
’ 00272 cosh(fkeLy/2w)
o Aldw fkoLy/2w ~ 1 A7)
Py02m2 7 | Sinh(fkoLy/2w)  cosh(fkoLy/2w))
4Ly fhoL _
~ _pfoazﬂz +O(( o *)?),  when a is odd
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These calculations from the three-dimensional formulae provide a more accurate forcing coefficient
for the Kelvin wave modes with mode number «@. However, it can be seem that as long as we are
sticking to the low wave number a which has k, L, << 1, the calculation based on the 2D picture
provide a fairly good approximation for forcing coefficient. Specifically, the pressure gradient in the
y direction only weakly coupled with the Kelvin wave modes in the canyon and can be reasonably

ignored in our discussion of 2D picture in the main text.

b. The attenuation of canyon Poincaré wave modes by turbulence

Besides the Kelvin wave modes discussed in the main text, the canyon Poincaré wave modes can
also be excited in our box-canyon model. However, accounting for the excitation of Poincaré wave
modes significantly complicates the problem. Fortunately, our idealized simulations reveal that
these Poincaré wave modes are attenuated when viscosity and diffusivity are increased to capture
elevated turbulent activity, while Kelvin wave modes remain relatively unaffected by turbulent
dissipation. This difference arises because the vertical wavenumber of Poincaré waves is much
larger than that of Kelvin waves, making them more susceptible to dissipation.

To illustrate this, we compare two runs of the idealized simulation, both simulating the canyon
wave fields under barotropic forcing alone. These simulations share the same setup but differ
in diffusivity and viscosity values in the canyon, with k =v = 107*m?/s and k = v = 1072 m?/s,
respectively. The attenuation of the canyon Poincaré wave modes under higher diffusivity and
viscosity is evident from two perspectives.

First, the tidally-filtered magnitude of the cross-canyon velocity is compared, as shown in
Fig. Al(a). The cross-canyon velocity, represented by the high-m modes, is strongly dissipated
when « = v = 10"2m?/s. Since Kelvin wave modes do not contribute to the cross-canyon velocity,
this reduction in amplitude reflects the attenuation of the Poincaré wave modes.

Second, a more quantitative analysis can be performed by examining the discretized spectrum
of kinetic energy at the tidal frequency. This is achieved using a discrete cosine transform in the
z-direction combined with a discrete sine transform in the x-direction, applied to the tidally filtered
u and v velocity fields at each y-slice. The kinetic energy for each mode is averaged over the
y-direction and shown in Fig. Al(c,d). The dispersion relations for the Kelvin wave modes and the

mode-1 (8 = 1) Poincaré wave modes are also plotted for reference.
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In Fig. Al(c), under low turbulence levels, the wave kinetic energy is dominated by the lowest-
order Kelvin wave modes (a = 1,3,5) and the Poincaré wave modes («,8) = (1,1),(3,1),(5,1).
The most energetic modes are the (a, 8) = (1,0) Kelvin wave mode and the («,8) = (1, 1) Poincaré
wave modes. The excitation of only odd-numbered modes aligns with our theoretical predictions.
In Fig. A1(d), where « and v are increased to 1072 m? /s, the energy of the (@, 8) = (1,3) and (1,5)
Poincaré wave modes is significantly attenuated, while the energy of the (a,8) = (1,1) mode is
spread, consistent with the observations in Fig. A1(b). Thus, ignoring the contributions of Poincaré
wave modes becomes a better approximation in high-turbulence environments.

For example, in the BLT canyon that is susceptible to strong convective mixing event within
the focus of study of Ma et al. (2025), mean turbulent diapycnal diffusivity are estimated from
the measured thermal variance dissipation to be on the order of 107>m?/s (Van Haren et al.
(2024)). Additionally, the turbulent diffusivities in the realistic simulation Ma et al. (2025) reach
this same order of magnitude, as dictated by the implemented turbulent closure. Consequently,
high-vertical-wavenumber Poincaré wave modes are absent in both observational data and our

realistic simulations.

APPENDIX B

Effective impedance for the waves radiated into the open ocean

In this Appendix, we discussed the derivation of the impedance form (18) shown in the main
text.

We start by writing the radiated wave field as, following (A1):

Wr(x,y,2> L;) = / / Wi (k,1) e kxHyrmz=L) gpgp
—00 —00 (Bl)

Pr(x,y, 2> L.) = / / Z(k, 1) Wwg(k,1) e *x+mz=L)) gp qj,

The wave amplitude in the continuum Wg(k,[) can be determined by the Fourier transform:

Ly/2
(kD) = F [Pp(x,y,2= L] = (5-) / / Pr(ry.z = L)e ™ Waxdy (B2
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v=k=10"*m?/s and v = k = 1072m? /s, respectively. (c,d): Spectral density of kinetic energy in the (k,m)

plane for the two simulations using the discrete cosine transformation, respectively. The Kelvin wave and

Poincaré wave characteristics are shown as red and blue curves, respectively. Only solid lines for odd modes,

which are coupled with the barotropic tidal forcing, are displayed.

therefore, the pressure field at the canyon-top interface can be simplified as:

Pr(x,y,2=L;) = / / Z(k,)F [Wr(x,y,z=L,)] ** P dkdl

=7 Z(k,1)F [Wr(x,y,z2=L,)]]

(B3)

This relation shows us that the radiated pressure field at the canyon-top interface pr(x,y,z=L;)

can be linearly determined by the radiated vertical velocity field wg(x,y,z=L;).
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We have shown in Appendix A that the base functions p, g(x,y) form a complete and orthogonal
basis, therefore, we can decompose the pressure field at the interface pg(x,y,z = L;). This allows

us to decompose the radiated field into the discrete modes:

ﬁR(x’y’Z = LZ) = nga',ﬁfa/,ﬁ(x,y)
@,

) (B4)
WR(X, Y, 2= Lz) = Z Bwa,ﬂﬁr,ﬁ(x’ y)
a,p
Take (B4) into (B3) we would have a linear relation between each modes, namely:
Bpap = Z Zapa 5 Buas (B5)

Q’IB,Q/’B/
where Z, g g is the effective impedance tensor for radiated waves at the canyon-top interface,

whose value can be determined through:

/jl ./(-)LX f;,ﬁ(x’y)jc_l [Z(k’ 1)7: [f(l/',,B’ (-x/, y’)] dXdy
VL JE ) Py [ 5 1 o () Py

(B6)

Za,ﬂ,a’,ﬂ’ =

The accurate analytical solution for the effective impedance tensor is hard to be obtained, rather it
can be evaluated numerically.

The fact that this is a tensor indicates that the radiated waves can mix different wave modes.
However, numerical evaluation of the tensor matrix reveals that it is predominantly governed by its
diagonal elements. In fact, the most rigorous calculation would necessarily take the matrix form by
considering the interaction of all the modes, however, the introduction of these non-diagonal terms
would only lead to minor differences and therefore they are ignored for simplicity. This is essentially
the same as the "Plane-wave approximation” made in the early investigation of Grimshaw et al.
(1985).

By focusing only on the diagonal elements, we can greatly simplify the system, reducing (B5) to

the single relation:

Bp(l’,ﬁ ~ Za,ﬁ,a,ﬁgwa/,ﬁ’ (B7)

42



775

776

777

778

779

780

781

782

783

784

where the simplification captures the dominant contributions while neglecting off-diagonal inter-

actions. For the Kelvin wave modes, which is the dominating mode in the canyon. This becomes:
B pa0 X Za0.2.0Bwao, or B m <72 (k,)B,,, using the notation of the maintext. (B8)

and the effective impedance ratio Zg(k,), can be then derived as:

L‘/2 L, * —1 kn ’
Zn= N Vw? - f? f—L}y/z o Jaoe V)T [ kz+127'—[fn,0(x Y )]] dxdy (B9)
Ly/2 Ly
kn 25 fuo (k) Pdxdy

-L,/2Jo
Under the limitof L, < L., we would have k,L, ~nnL, /L, < 1 for the low modes (e.g.,n=1,3,5)

and therefore, we have

ky
/ y)

fno(x,y) =cos(k,x) cosh(&y) —isin(k,x) sinh(
w w (B10)

~ cos(k,x)

Effectively, equation (B6) can be regarded as the average impedance over all possible modes in
the k,/ space. Since L, < L,, the cross-canyon wavenumbers [/ for the radiated wave fields are
generally much larger than the along-canyon wavenumber and dominate the impedance. As a
result, the spectrum spread in the k direction effectively does not matter for the averaging process.

In other words, we can approximate k as k,, simplifying the 2D integration to a 1D integration,
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s which can be written as:

Ly
2 FA A [x Ly Ly (y’)]dy
N. - 2L T gt 2.5
Za(k) () = YL : " L
" éldy
2

2 2 =2
w f 11 / / llydy / 2 llyd ] kn dl
w 2 L Vi2+ 12

N2-f2 1 1/°°4s1n2(al) ko
w2l 12 izgp2
wz_le 22 2 301
=" 2:° (_) 11 _1,
237
w?— le

—5 [~ (knLy) In(knLy)+ (3 =2y +In2)k,Ly+O((kyLy) In(knLy))]

when k, Ly <<'1
(B11)

7= Wwhere 71 p represents the 1D Fourier transform in the y direction, and X by by (y”) is the window
33

. L . . L, L
= function, which is 1 within the interval [-—-, 5] and O elsewhere. Here

1

11

Gualx [, (B12)
E, b 5’0

=

%, —%, and 0, and argu-

ns 1S @ Meijer G-function with upper parameters % and 1, lower parameters %,
7 Mment % It is a generalized special function used to represent complex mathematical expressions,
% whose dominant term for the Taylor expansion is —2x!/2Inx + (6 —4y)x'/?2+ O (x*Inx) at x =0 and
.1 used in the above derivation. Here, y ~ 0.57721 is the Euler—Mascheroni constant.

7 Finally, it should be noted that in Grimshaw et al. (1985), a closely related quantity, namely
e reflectivity r, is discussed. Reflectivity is defined as the ratio of pressure perturbation between
= the incoming Kelvin wave and the reflected wave in the context of an infinitely deep canyon. The
= reflectivity defined in that context is related to the impedance ratio here as r = (1 —z,)/(1+z,).

s  However, reflectivity is not employed in our theory because the waves in the canyon are standing

7 waves rather than propagating waves.
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