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ARTICLE INFO ABSTRACT

Keywords: We present INTEGRATE, a Python package for fast localized probabilistic inversion of geophys-
Probabilistic inversion ical data. The framework provides a general approach for Bayesian inference in localized inverse
electromagnetic geophysics problems, where the same prior information applies to many independent datasets. INTEGRATE
probabilistic data integration implements an extended rejection sampling algorithm with temperature annealing for efficient pos-
rejection sampling terior sampling. The package is modular and open, supporting both continuous and discrete model
uncertainty quantification parameters, arbitrarily complex prior information, flexible noise models (including multivariate Gaus-
geophysical modeling sian and multinomial distributions), and parallel processing with shared-memory optimization. All

data exchange is handled through HDF5, allowing seamless integration with external forward model-
ing codes and easy adaptation to a wide range of geophysical or non-geophysical applications. We
demonstrate the framework for electromagnetic (EM) inversion, integrating time-domain EM using
informed geological priors, achieving over 200X speedups relative to traditional MCMC approaches.
INTEGRATE efficiently computes Bayesian evidence for hypothesis testing and model comparison.
A case study from Daugaard, Denmark (11,693 soundings) illustrates the method’s performance, in-
cluding automatic annealing temperature selection and the influence of lookup-table size on compu-
tational efficiency. The open-source package provides command-line tools and visualization utilities,
facilitating integration into existing geophysical workflows.

CRediT authorship contribution statement els, making it difficult to incorporate existing knowledge that
may be more complex.

The probabilistic approach to inversion allows combin-
ing complex prior information and nonlinear data with com-
plex noise characteristics into a posterior probability dis-
tribution representing the combined available information
(Tarantola and Valette, 1982b; Sambridge, 1999; Tarantola
1. Introduction and Valette, 1982a; Tarantola, 2005). Markov chain Monte
Carlo (MCMC) sampling methods have been proposed (Mosegaard
and Tarantola, 1995; Sambridge and Mosegaard, 2002; Mosegaard
and Tarantola, 2002; Amaya et al., 2021) that enable sam-
pling from the posterior distribution. These methods allow
generating multiple realizations of subsurface models, rep-
resenting the combined information in the posterior distribu-
tion. Such a set of models captures the full posterior knowl-
edge and uncertainty. This probabilistic framework allows
for better quantification of uncertainties and the inclusion of
intricate prior knowledge.

Despite the theoretical advantages of probabilistic ap-
proaches, MCMC methods have not seen widespread adop-
tion in geophysical inversion due to two fundamental limi-
tations. First, MCMC methods are known to be extremely
computationally expensive (Laloy and Vrugt, 2012; Cordua
et al., 2012; Hansen et al., 2013), especially for large-scale
or high-dimensional problems. This computational burden
has limited their practical application in many geophysical
contexts even though a lot of work has been done to increase
the efficiency using for example Hamiltonian Monte Carlo

ORCID(S): 0000-0003-4529-0112 (T.M. Hansen); (HMC) algorithms (Neal et al., 2011; Zunino et al., 2023)
https://orcid.org/0009-0003-1023-5161 (F.A. Falk); that utilizes information about the gradient of the posterior
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Inverse problems in geophysics involve inferring subsur-
face properties from indirect measurements obtained at or
near the Earth’s surface. These problems are fundamental
to our understanding of subsurface structures and are essen-
tial in applications ranging from groundwater exploration
to mineral resource assessment. Traditionally, deterministic
methods have dominated the field of geophysical inversion
(Golub et al., 1999; Menke, 2012). For example, Tikhonov
regularization and linearized least squares methods aim to
find a single optimal model that fits the observed data within
a predefined noise level. These methods are computationally
attractive, simple to implement, and can handle relatively
large datasets effectively. However, they face two signifi-
cant limitations. First, it is not trivial to fully characterize
the uncertainty associated with the inferred optimal model,
which may be just one of many models fitting the data within
the noise. This makes uncertainty quantification challeng-
ing. Second, deterministic methods typically rely on rather
simple prior information, usually based on Gaussian mod-
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ciently.

Second, while these methods can in principle incorpo-
rate complex prior information (Hansen et al., 2008, 2013),
they are still computationally expensive (Linde et al., 2015),
and when using informed prior models it may not be pos-
sible to utilize for example HMC methods, as they rely on
being able to compute the gradient of the posterior distribu-
tion, which is not always possible for complex prior models.

For specific types of inverse problems, the posterior dis-
tribution can be sampled much more efficiently. Localized
inverse problems, where the same prior model applies to
many independent data sets, can benefit from specialized ap-
proaches that exploit this structure to dramatically increase
computational efficiency (Hansen, 2021; Spremic et al., 2025).

To address these challenges, we present INTEGRATE,
a Python framework for localized probabilistic inversion of
geophysical data. The framework implements and extends
the localized rejection sampling algorithm (Hansen, 2021)
with lookup tables and temperature annealing, providing ef-
ficient sampling of the posterior distribution. INTEGRATE
is flexible, supporting both continuous and discrete parame-
ters as well as multi modal data integration. It includes built
in tools for data handling, model parameterization, and vi-
sualization. A key capability is the efficient computation of
Bayesian evidence, enabling formal hypothesis testing and
model comparison.

Although demonstrated here for the inversion of electro-
magnetic (EM) data, INTEGRATE is general and applicable
to other localized geophysical problems. The open-source
package (MIT license) is available at https://github.com/
cultpenguin/integrate_module.

2. Theory and Methods

2.1. Probabilistic inversion

Consider a set of model parameters k. Such model pa-
rameters could refer to resistivity, lithological units, or any
other parameters used to describe the subsurface. As an ex-
ample we split the model parameters into two distinct types,
k = [m,n]. m can refer to geophysical continuous model
parameters, such as resistivity, and n can refer to discrete
lithological units (Hansen and Minsley, 2019; Hansen, 2021;
Madsen et al., 2023).

Two types of information are assumed to be available
about the model parameters [m,n]. The first type of in-
formation is prior information, quantified through the prior
probability distribution p(m,n) and directly available from
geological maps, geological understanding, local outcrops,
and nearby boreholes. The second type of information is in-
direct and relates observations, for example geophysical data
such as EM measurements, to the model parameters through
a likelihood.

The posterior probability distribution ¢(m, n) can be cal-
culated through conjunction of information as (Tarantola and

Valette, 1982a; Sivia and Skilling, 2006; Mosegaard and Taran-

tola, 2002; Hansen et al., 2016)

o(m,n|H) = ”(m’““z)(IL{()m’“IH). )

E(H) is the evidence, also known as the marginal likeli-
hood (MacKay, 1992), representing the normalization con-
stant ensuring that the posterior probability distribution is
properly normalized and is given by

E(H) = //L(m,n|H)-p(m,n|H)dmdn. 2)

E(H) quantifies how well hypothesis H explains the ob-
served data. In most practical applications of posterior sam-
pling methods, such as MCMC, the evidence need not be
computed explicitly because the sampling is performed on
the unnormalized posterior (Metropolis et al., 1953; Mosegaard
and Tarantola, 1995). However, the evidence becomes es-
sential when performing hypothesis testing or model com-
parison, where the relative probabilities of competing mod-
els are evaluated via Bayes factors (Sambridge et al., 2006).
In INTEGRATE, the evidence is estimated efficiently as a by-
product of the sampling procedure and used to quantify the
relative support for different geological hypotheses.

The formulation in Equation 1 generalizes the approach
used by Tarantola and Valette (1982a) by explicitly condi-
tioning all probabilities on the hypothesis H, which refers to
a specific framework that defines the complete context for an
inversion. This includes a particular choice of model param-
eterization, a specific prior probability distribution p(m, n| H),
and a specific likelihood function L(m,n|H). This condi-
tioning acknowledges that all information exists within some
context or framework, and as Sivia and Skilling (2006) ar-
gues, every piece of information, whether prior knowledge
or data-derived likelihood, is inherently dependent on under-
lying assumptions and context. In the following, condition-
ing on H will be implicit, so we write p(m,n | H) simply
as p(m,n). Since k = [m, n], we further abbreviate this as
p(k). The same implicit conditioning applies to the likeli-
hood and posterior, so L(m,n | H) and c(m,n | H) will be
written simply as L(Kk) and o(k).

2.2. Methodology

In order to sample from the posterior probability distri-
bution o (k) as defined in Eq. 1, a variation of the extended re-
jection sampler with lookup tables, as presented by Hansen
(2021), is used, as it has been demonstrated to be numeri-
cally efficient, can handle arbitrarily complex prior informa-
tion, and, as will be demonstrated, can be used for hypothesis
testing.

2.2.1. The extended rejection sampler

One of the simplest sampling algorithms for sampling a
probability distribution, such as o(k), is the rejection sam-
pler. It only requires that one can (a) generate a sample from
a proposal distribution A(K) (often chosen as the uniform dis-
tribution) and (b) accept that model as a realization of o (k)
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P nk)’
tion constant ensuring P, . is never larger than 1. Hansen
(2021) describes a variation of the rejection sampler, the ex-
tended rejection sampler, designed to sample from a proba-
bility distribution proportional to the product of two proba-
bility distributions, such as in Eq. 1, when one can sample
from one probability distribution, e.g. p(k), and evaluate the
other, e.g. L(k).

We expect observed data d
outcome of a forward model

with a probability P,.. where cp is a normaliza-

obs Can be represented as the

d = g(k), €
and a noise term n(k), such that

d,ps = g(k) + n(k). “

Following Tarantola (2005), the likelihood L(K) is de-
fined by the probability density of the data, pp), evaluated at
the modeled data g(k). Assuming additive noise described
by the distribution f,,;,., this corresponds to evaluating the
noise distribution at the residual:

LK) = frpise(8(K), dypy) &)

This formulation explicitly allows for general noise models
Jfroise that are not necessarily centered at zero (e.g., in the
presence of systematic bias).

The specific distribution of f,,,;,, depends on the type of
noise in the data. For example, if the data are continuous and
the noise is Gaussian, f,,,;,, is the multivariate Gaussian dis-
tribution, and if the data are discrete/categorical, f,,,;,, can
be the multinomial distribution. Thus, in order to evaluate
L(k) for a specific set of model parameters k*, one needs to
(a) compute the forward response, Eq. 3, and (b) evaluate the
noise model.

2.2.2. Implementing the extended rejection sampler
The extended rejection sampler can be implemented by
running the following steps:

1. Propose a model k;m, as a realization of p(K).
2. Compute the forward response, d*

oro using Eq. 3.
3. Compute the likelihood L

using Eq. 5.

pro

4. Accept k;m as a realization of o (k) with probability P,
(proportional to L(k* ))

pro

< L(k;ro) ) /T
Py = c > (6)

where ¢ is a normalization constant satisfying ¢ > max(L(k’))
fori =1,...,N. i.e. ¢ must be equal to or larger than the
maximum of all computed values of L(k’). As a general-
ization of Hansen (2021), the parameter T, referred to as the
annealing temperature, is introduced that can be used to con-
trol the weight of the data. Repeating steps 1-4 will lead to
a sequence of accepted models that represent realizations of

the posterior distribution.

Note that using the extended rejection sampler requires
only that one can generate realizations from the prior distri-
bution p(k) and and evaluate the likelihood L(k). It is not
required to be able to evaluate neither the prior probabil-
ity distribution p(K) nor the posterior probability distribution
o(k). It is enough that an algorithm exists that can generate
realizations from p(k). This is particularly useful when us-
ing complex prior models, such as multiple-point statistics
(Hansen et al., 2008) or object-based models (Linde et al.,
2015), where it may not be possible to evaluate p(k) directly,
but where one can generate realizations of p(k) using for ex-
ample a training image or an object-based algorithm.

Lookup tables The extended rejection sampler can be im-
plemented efficiently using pre-computed lookup tables con-
taining realizations of prior models and their corresponding
forward responses. This approach offers significant compu-
tational advantages over traditional sampling methods, par-
ticularly for localized inverse problems, and can be imple-
mented in three main steps:

1 Create a lookup table by generating N realizations
from the prior distribution p(m, n), stored as [M*, N*],
and computing their corresponding data responses D} =
g(m;,n;) fori € {1,..., N}. The resulting collection
of responses is denoted D* = DT, D}‘V* Finally,
the model-data pairs [M*, N*, D*] are stored (in mem-
ory or on disk).

2 Compute the likelihood L* = [ L(m;, n,
for all N stored model-data pairs using the observed
data d,;,. The maximum likelihood value is used to
determine the normalization constant c.

2a Optionally compute or select a specific anneal-
ing temperature 7.

3 Sample the posterior by randomly selecting models
from the lookup table with probability proportional to
their acceptance probability P, .. (Eq. 6).

For localized inverse problems, such as 1D electromag-
netic soundings where thousands of independent inversions
are required, the same lookup table can be reused across dif-
ferent locations, such that only steps 2—-3 need to be repeated
for each dataset.

2.2.3. Evidence calculation using lookup tables

As the likelihood is computed for all models in the lookup
table, an estimate of the evidence (Eq. 2) can be obtained at
negligible extra computational cost, as the mean likelihood
of a (large) sample of N realizations of the prior:

N
E(H)~ % Y L(m,n?). (7
i=1

The larger the sample size N, the more accurate the approx-
imation.
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2.2.4. Annealing temperatures

In some cases one will only accept a few different models
from the posterior using the extended rejection sampler, and
in extreme cases only one model. This happens when the
acceptance probability, Eq. 6, is much higher for one model
than for all others. This can be due to the data being very
informative, or when the amplitude of the assumed noise
is lower than the real noise, and the likelihood function is
spiky. In order to avoid generating too few realizations from
the posterior to obtain meaningful posterior statistics, an an-
nealing temperature 7' can be introduced in Eq. 6, and can
be used if needed.

The annealing temperature T can be used to control the
weight of the data in the inversion process. Figure 1 illus-
trates the effect of the annealing temperature on the prob-
ability distribution being sampled, given a simple 1D prior
and likelihood as an example.

When T = 1, the algorithm will sample from the true
posterior o (k) (if N is high enough) (solid black line in Fig-
ure 1). When T' — 0, the algorithm will tend to sample a
delta distribution at the maximum of L(m). Using T < 1
will lead to overfitting the data, which is not advised (and
therefore not shown in Figure 1). WhenT > 1, the algorithm
will sample an approximation to the posterior distribution.
As T increases, the acceptance probability will increase, and
the influence of the likelihood decreases, leading to an effec-
tive posterior distribution that lies between the true posterior
and the prior. In the extreme case when T — oo, P,.. = 1,
and the algorithm will sample directly from the prior distri-
bution p(k) (dashed line in Figure 1). The thin black lines
in Figure 1 illustrate intermediate distributions at different T’
values.

Figure 1: Effect of annealing temperature on the posterior
probability distribution o(m) being sampled, given a simple 1D
prior p(m) and likelihood L(m) as an example.

Automatic tuning of the annealing temperature One can

choose to automatically select the annealing temperature, T,

to ensure, for example, a minimum number of models, N T
1]

having an acceptance probability above some minimum thresh-

old, P, . This can be obtained using the acceptance prob-

ability derived from the likelihood values in the lookup table.

Given the log-likelihood values logL. = [log(L),log(L,), ...

the automatic temperature can be computed as follows. First,

normalize the log-likelihood values by subtracting the max-
imum:

log(L}*"™) = log(L;) — max(logL) ®)

Next, sort the normalized log-likelihood values in as-
cending order to obtain the sorted array logL**"*. From
this sorted list, select the (N T T 1)-th element from the end
(i.e., the (NTm + 1)-th largest value), denoted as logL”"’ m,
The automatic temperature is then computed as:

long’lorm
!
Tamozmax<l,]0g(P—e”)>" )

accyyy,

where P, is the desired acceptance probability threshold
(e.g., 0.2), and NT is the number of models that should
have acceptance probabilities above this threshold (e.g., 10).
The temperature is constrained to be at least 1 to avoid over-
fitting the data.

3. Implementation

The INTEGRATE framework is implemented in Python but
is not tied to any specific programming language. All data
exchange between its components is handled through HDF5
files, which serve as a common interface between indepen-
dent processing modules. This design allows each algorith-
mic component, including prior generation, forward model-
ing, posterior sampling, and computation of summary statis-
tics, to operate independently and to be replaced by alterna-
tive implementations without requiring changes to the rest of
the system, as long as the same HDF5 structure is respected.
As a result, any external software that can read and write
HDF5 files can interact seamlessly with INTEGRATE.

The package implements the localized extended rejec-
tion sampler described in Section 2.2.1 and is designed to
be efficient, modular, and transparent. A typical workflow
involves four main steps:

1. Preparation of the observed data.

2. Construction of a lookup table containing realizations
of the prior p(k) and corresponding forward responses
g(k).

3. Evaluation of the likelihood and subsequent sampling

of the posterior distribution.

Computation of posterior statistics (mean, mode, en-

tropy) and Bayesian evidence.

b

All information is stored in three HDFS5 files:

e DATA.h5 Contains the observed data, associated meta-
data, and noise model information. Each dataset (e.g.,
an EM sounding or well log) is stored in a dedicated
group with attributes specifying the noise model (Gaus-
sian or multinomial) and optional geometry (e.g., co-
ordinates and elevation).

. log{ IPRIOR.h5 Holds realizations of the prior model pa-

rameters p(m) and their corresponding forward responses
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g(m). These form the lookup table used during poste-
rior sampling. Model parameters may be continuous
or discrete, enabling flexible representation of geolog-
ical prior information.

o POST.h5 Contains the results of the inversion, includ-
ing indices of accepted prior realizations, annealing
temperature, estimated evidence, and posterior sum-
mary statistics for all model parameters. From these,
pointwise means, modes, and entropies are computed
automatically.

Parallelization is implemented through shared-memory
multiprocessing, allowing each independent inversion task
(e.g., one sounding) to be processed concurrently. The HDF5-
based design ensures efficient scaling and minimal commu-
nication overhead, making it suitable for large-scale appli-
cations.

Further details, including the file structure and usage ex-
amples, are provided in the online documentation at https://
cultpenguin.github.io/integrate_module/ and in the source

code repository athttps://github.com/cultpenguin/integrate_

module.

4. Results

The INTEGRATE package has been developed as part of
the INTEGRATE research project!, which focuses on inte-
grating geophysical electromagnetic data, well log data, and
structural prior information, to assists decision makers locat-
ing raw materials (Hansen and Gulbrandsen, 2024).

The INTEGRATE package allows seamless access to a
number of reference data sets, and the documentation con-
tains many examples of different cases illustrating the dif-
ferent capabilities of the package, such as joint inversion of
multiple datasets, different noise models, different data types
(continuous and discrete), different prior models, and so on.

The documentation is available at https://cultpenguin.github.

io/integrate_module/. Here we choose to exemplify the pack-
age using tTEM data from Daugaard, Denmark.

4.1. Case study - tTEM data from Daugaard,
Denmark, with two hypotheses

All data were collected on a single day with the same
tTEM system (Auken et al., 2019), using a single system
calibration. After processing in AGS Workbench? (Auken
et al., 2009) 11693 dual-moment soundings are available,
each representing up to 40 dB/dT measurements from both
a low (14 gates) and high moment (26 gates).

The 11693 observed data, as well the associated uncor-
related Gaussian uncertainties, represented by a standard de-
viation that is the sum of 3% relative error and an absolute
base error level, are stored in the HDF5 file DATA_Daugaard. h5.
Figure 2 shows the locations of the 11693 soundings, and
the total number of non-NaN data available at each location,
covering an area of approximately 25 km?. Some gates are

Thttps://integrate.nu/
Zhttps://www.seequent.com/products-solutions/ags-workbench/

removed as part of processing and therefore the number of
data per sounding varies between 10 and 25.

As the noise is assumed to be Gaussian, we use the re-
duced chi-squared statistic to quantify the data fit:

1 _
1= Fd(d —d,) " CHld —d,yy). (10)

In the present case Cp is a diagonal matrix with measure-
ment variance in the diagonal. )(Vz < 1 implies that the data
are fit better than the noise levels suggest (i.e., overfitting),
while 2 > 1 implies an underfit. A value of y> ~ 1 indi-
cates that the data residuals of the accepted models are dis-
tributed according to the specified Gaussian noise model.

1e6 Survey Points Colored by Number of Non-NaN Data Points

Survey Points 25
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Figure 2: Daugaard survey area. Black stars indicate single
locations analyzed below. Red dots indicate the location of
the cross sections shown below. Colors indicate the number of
non-NaN data per sounding.

4.2. The prior models

The survey area at Daugaard is located in a region of
Denmark that is strongly influenced by past glacial activity.
A characterizing feature of the regional glacial setting are pa-
leo valleys filled in with younger sediments, also known as
buried valleys. These valleys are often infilled with coarse
materials such as sand or gravel, which makes them great
bodies for groundwater reservoirs or aquifers, and a potential
source for construction aggregates. Large parts of the near-
surface of Denmark contain networks of these buried val-
leys that are well documented and studied (Jgrgensen et al.,
2010). In addition, the existence of resistivity-lithology stud-
ies (e.g. Barfod et al. (2016)) allows setting up probabilistic
models that describe the expected relation between lithol-
ogy and resistivity, and the subsurface architecture, within
and outside buried valleys.

We have used this information to set up two prior models:
one for the case of a buried valley sequence, p;qige(M, N),

and one for the case of an outside of valley sequence, psige (M, ).

The GeoPrioriD code (Ngrgaard et al., 2026) was used to
construct the two prior models, following the approach de-
scribed in Madsen et al. (2023). The process begins by defin-
ing a layered 1D model representing variations in lithology,
p(n). Realizations of this lithology are generated in a 90-
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layer model with layers of 1 m thickness. Subsequently, re-
alizations of the corresponding resistivity are sampled from
a chosen relationship between lithology and resistivity, i.e.,
from p(m|n). Details in the use of the GeoPrior1D, with an ex-
ample from Daugaard, code can be found in Ngrgaard et al.
(2026).

Initially we consider a simple mixture of the two prior
models, with equal weight, i.e.,

P(K) = 0.5pinside(K) +0.50 541510 (K) (1D

We consider 1.000.000 realizations of each prior model, lead-
ing to a total of 2.000.000 realizations when combining the
two prior models. In Appendix A, Figures AO1, A02, and
A03 show summary statistics and 100 realizations of p;; 4. (K),
Poutside (K), and p(Kk) respectively. We use GA-AEM (Brodie,
2020) to compute the forward response of all prior mod-
els, as it provides accurate 1D TEM forward simulations, is
computationally efficient, runs on multiple platforms, and is
available under an open-source license (Falk et al., 2025b).

4.3. Rejection sampling of the posterior
distribution
Below, we illustrate several examples of using the ex-
tended rejection sampler to sample from the posterior dis-
tribution based on the mixed prior model and the observed
data from Daugaard, Denmark.

4.3.1. Automatic annealing

Initially, the extended rejection sampler is executed us-
ing automatic estimation of the annealing temperature, as de-
scribed in Eq. 9, with Py o, = 0.1 and Ny = 30. Thus,
the annealing temperature is automatically selected to en-
sure that at least 30 models have an acceptance probability
above 0.1. It is then used to sample the posterior distribu-
tion based on the mixed prior model and the observed data,
as described above. Once the posterior distribution has been
sampled, joint realizations of ¢(m, n) are readily available.

Figure 3 compares the observed data with the forward
responses of 200 realizations of the prior (prior data) and
posterior (posterior data) for locations P1 and P2 shown in
Figure 2.

Comparison of observed and prior data reveals good con-
sistency for location P1, as there is overlap between prior and
observed data. For location P2, the overlap is smaller, sug-
gesting potential inconsistency and indicating that the data
at P2 are more difficult to fit. In addition, 16 data are avail-
able at P1, while 26 data are available at P2, making the data
at P2 more informative.

This is reflected in the estimated annealing temperatures
of T = 1.7 for P1 and T = 3.9 for P2, indicating that fewer
models have significant acceptance probabilities for P2 than
for P1. At the same time, the reduced chi-squared statistic,
Eqn 10, of the accepted posterior models is 1.5 for P1 and 1.1
for P2, suggesting a data fit consistent with the noise model,
with a slight tendency of underfitting.

Figures 4 and 5 show posterior marginal statistics such as
the median and standard deviation from o(m), and the mode

N | T(PL) | T(P2) | x2(P1) | £*(P2)

10° 16.7 219 4.6 26.4

104 8.5 44.0 3.0 7.7

10° 2.0 17.7 1.7 3.1

2% 109 3.8 3.9 1.5 1.1
Table 1

Automatic annealing temperature, T, and reduced chi-squared
statistic y2, for different sizes of the prior sample, N, for lo-
cations P1 and P2 in Figure 2.

and entropy from o(n), i.e., from o(m) and o(n), respec-
tively, along the cross-section shown in Figure 2. Entropy
is computed with a logarithmic base of N s, Such that a
value of 1 represents a uniform (non-informative) posterior
marginal distribution, and a value of 0 represents a fully in-
formative posterior marginal distribution (i.e., the posterior
probability of one class is 1, and all others are 0). Other
statistics, such as mean, percentiles, and class probabilities,
are also available in the POST.hs5 file but are not shown here.

4.3.2. Automatic annealing and the size of the prior
sample

The automatic annealing temperature ensures that a min-
imum number of models are accepted to represent the pos-
terior, thereby allowing meaningful posterior statistics to be
computed. It depends on the size of the prior sample, as a
larger sample will contain more models with high likelihood
values and, consequently, more models with high acceptance
probabilities.

Figure 6 shows the data fit for location P2 using different
sizes of the prior sample, N = [10%,10*, 10°]. The anneal-
ing temperature is automatically selected in each case, and
the corresponding values are listed in Table 1 (together with
those for location P1) along with the reduced chi-squared
statistic ( ;(Vz). As expected, the annealing temperature de-
creases with increasing prior sample size. For data locations
where the data are more difficult to fit within their assumed
uncertainty (as for location P2; see discussion above), the es-
timated annealing temperature is higher. At the same time,
the ;(3 decreases with increasing prior sample size, as a bet-
ter data fit can be achieved, on average, when the sample size
is larger.

Figure 7 shows the median resistivity at a depth of z =
45 m for different prior sample sizes, N = [103,10%, 105, 2%
10°]. Figure 8 shows the corresponding mode of the lithol-
ogy at the same depth. These statistics are remarkably stable
with respect to the size of the prior sample, suggesting that
even a prior sample with N = 10* — 10’ realizations may
be sufficient to robustly estimate key statistics of the poste-
rior distribution.

4.3.3. Fixed temperature

The main motivation for introducing the automatic an-
nealing temperature is to ensure that a minimum number
of models are accepted from the posterior, thereby allow-
ing meaningful posterior statistics to be computed. Alterna-
tively, one can choose to use a fixed annealing temperature,

Hansen et al.: Preprint submitted to Elsevier

Page 6 of 16



INTEGRATE

a) P1
107 §
1076 4
10—7 4
10—3 4
=
[a)
g 1074
10—10 4
CHI2 = 1.46 (1 data types)
10711 4 Tog(EV) = -19.47.
T=1.72.
-12 | N
10 i
0 5 10 15 20 25 30 35 40

Data #

b) P2
1077 4
1076 §
107 4
108 4
=
[a]
8 107
10710 4
CHI2| = 1.11 (1 data types)
10711 4 =
log{EV) = -22.90.
10-12 T=3.387.
0 5 10 15 20 25 30 3 40

Data #

Figure 3: Prior (brown), posterior (black), and observed data (red dots), data uncertainty (red lines), for locations left (P1) and
right (P2) in Figure 2, using the mixed prior model and automatic annealing temperature.
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Figure 4: Cross section of the mean (top) and standard deviation (middle) of the posterior resistivity, o(m), using the mixed
prior model and automatic annealing temperature. The bottom plot shows the used annealing temperature T as well as the
chi-squared statistic (;(Vz) The location of the cross section is shown in Figure 2.

T, for all data sets, which may be useful in certain cases.
Figure 9 shows the posterior median resistivity and mode
of lithology at a depth of z = 45 (as in Figures 7- 8, which
varies the size of the prior sample) using different fixed an-
nealing temperatures, 7" = [1, 10, 100], with a lookup-table
of size N = 2 x 10°. As seen, when T = 1, the posterior
statistics may exhibit artifacts due to the limited number of
accepted models used for statistical estimation. Increasing

the annealing temperature (analogous to increasing the as-
sumed noise level) leads to more models with relatively high
acceptance probabilities, and therefore to a larger number of
accepted models and more robust posterior statistics.

We recommend using the automatic annealing tempera-
ture as the default, as it adapts naturally to the local uncer-
tainty and increases the temperature only where needed.
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Figure 6: Observed data (red) with 200 realizations of prior and posterior data (brown and black, respectively) for location P2
in Figure 2, using a) N = 10?, b) N = 10%, and c) N = 103 prior realizations. See also Figure 3 for N =2 x 10°.

4.3.4. Hypothesis testing
There are two main ways to apply hypothesis testing within

the INTEGRATE framework. The first approach is to use
the obtained posterior samples from the mixture prior p(k)
(Eq. 11) and count the frequency of accepted models origi-
nating from each hypothesis (as defined by the correspond-
ing prior model type). For example, if 100 realizations are
accepted and 30 correspond to hypothesis H;4.. the poste-

rior probability of H;g4. 1S SIMpLy 0 pixiure(Hinsidge) = 30/100 =

0.3. The posterior probability of H;,,. obtained in this way
by directly from sampling the mixture posterior is shown in
Fig. 10 for two cases: using the original noise level and using

a noise level inflated by a factor of four.

The second approach is to treat each hypothesis sepa-
rately amd explicitly use the estimate of the evidence. For
multiple hypotheses H; (i = 1, ..., Nj) with prior probabil-
ities p(H,) satisfying ZZ"] p(H;) = 1, the posterior proba-
bility of each hypothesis is given by

E(H,) p(H,)
X ECH) p(H)

o(H,) = (12)

In practice, one can run the extended rejection sampler sepa-
rately for each hypothesis, i.e., sample o0}, ;4. (K) and 6,40 (K)
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Figure 7: Posterior median of resistivity 6(m) at a depth of z = 45 m, using different sample sizes a) N = 10°, b) N = 10*,
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independently, compute the evidence for each, and then use
Eq. 12 to determine the posterior probability of each hy-
pothesis. The posterior probability of H;, ;4. obtained using
Eq. 12 from the samples p;qiqe(K) and pgige(K) is shown
in Fig. 11 for two cases: using the original noise level and
using a noise level inflated by a factor of four.

For all results shown in Figs. 10 and 11, similar areas
of relatively high probability for H;,,4. can be identified.
However, considerably more noise is observed in the results
obtained using explicit evidence computation (Fig. 11a) than
in those obtained directly from the mixture prior (Fig. 10a)
when using the original (low) noise level.

In principle, using the same noise level and annealing
temperature should yield equivalent results (Sambridge et al.,
2006). However, evidence computation is independent of
the annealing temperature, whereas the acceptance ratio is

1071

T T T T
544000 544500 545000 545500

X

T T
543000 543500

<)

strongly affected by it. By inflating the noise level by a fac-
tor of four, both methods produce very similar results, as
expected, since the effective annealing temperature will be
close to 1 everywhere (see Figs. 10b and 11b) and quite sim-
ilar to those obtained from the mixture prior using the orig-
inal noise level (Fig. 10a).

The dashed lines in Figures 10- 11 indicates the location
of the boundaries of a buried valley interpreted from a com-
bination of inverted TEM data (using AGS Workbench?) and
borehole data. The existence of the buried valley was es-
tablished before and independently of the presented inver-
sion results. The evidence-based results show good corre-
spondence with the interpreted boundaries, demonstrating
the ability of both approaches to discriminate effectively be-

3https ://www. seequent.com/products-solutions/ags-workbench/
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tween the two hypotheses.

5. Discussion

The INTEGRATE package provides a flexible and ef-
ficient framework for localized probabilistic inversion us-
ing an extended rejection sampler that allows handling arbi-
trarily complex prior and likelihood information, as demon-
strated above using tTEM data from the Daugaard test site
in Denmark.

5.1. Advantages of the extended rejection sampler
with complex priors

A key feature of INTEGRATE is its ability to incorpo-

rate arbitrarily complex prior information without requiring

random-walk sampling of the prior space. Most existing

methods, both deterministic and probabilistic, rely on sim-

ple, fixed prior models (Auken et al., 2005; Minsley, 2011;

Foks and Minsley, 2020). In contrast, the extended Metropo-
lis algorithm (Hansen et al., 2013; Hansen and Minsley, 2019)
can accommodate more flexible priors, but still requires com-
putationally expensive sampling through a random walk in
model space. The extended rejection sampler implemented
in INTEGRATE avoids this limitation by requiring only that
independent realizations of the prior can be generated, as
provided by geostatistical simulation methods (Deutsch and
Journel, 1992; Goovaerts, 1997; Strebelle, 2002; Mariethoz
and Caers, 2014) and sequential Gibbs sampling (Hansen
et al., 2012).

This approach offers two key advantages related to inde-
pendence. First, generating independent prior realizations
is typically much easier than designing an efficient random
walk through complex, multimodal model spaces, making
it more practical to incorporate sophisticated prior informa-
tion. Second, rejection sampling produces independent pos-
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terior realizations by construction, automatically avoiding  5.2. Ensuring robust statistics with finite lookup
the burn-in periods and correlation analysis required by Metropolis-  tables

based methods. The tradeoff is that the number of accepted When using finite lookup tables, the rejection sampler
models is not known beforehand, though accepted models ~ may accept only a few (or even a single) model realization
are guaranteed to occur in proportion to the posterior prob-  with sparse sampling, making posterior statistics unreliable.

ability density function.

The annealing temperature addresses this practical limita-
tion by broadening the acceptance probability, allowing more
models to be selected from the lookup table. Increasing T
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enables useful approximate posterior statistics to be com-
puted even when the lookup table is too small to fully resolve
the full posterior distribution.

5.3. Implications of noise model assumptions in
EM inversion

Beyond enabling practical use of finite lookup tables, the
annealing temperature also provides benefits for handling
noise model discrepancies. Standard practice in electromag-
netic inversion, as applied in the case study, assumes 3% un-
correlated Gaussian noise. However, observed data charac-
teristics at moderate-to-high signal levels suggest that vari-
ability arises primarily from correlated effects, such as sys-
tem drift or 3D modeling errors documented to exceed 3%
with spatial correlation (Bai et al., 2021; Falk et al., 2025a;
Heagy et al., 2025). When the assumed noise level under-
estimates true data uncertainty, the inversion attempts to fit
residuals that exceed the assumed noise magnitude. This
leads to overfitting, which degrades results for any inversion
method. For probabilistic inversions specifically, underes-
timated noise causes the likelihood function to become ar-
tificially narrow, resulting in posterior distributions that are
unrealistically concentrated and fail to reflect true parame-
ter uncertainty, and that in addition will be computationally
hard to sample.

Within INTEGRATE, automatic annealing temperature
selection mitigates this issue by broadening the likelihood
function while adapting locally to observed data quality. An
annealing temperature greater than one effectively increases
the noise level in the likelihood calculation, compensating
for underestimated noise assumptions and reducing the influ-
ence of model-data mismatches such as those caused by un-
modeled 3D effects. Both automatic annealing and appropri-
ately increased noise levels prevent the inversion from over-
fitting to residuals, yielding more reliable posterior distribu-
tions. Support for both uncorrelated and correlated Gaussian
noise models provides a foundation for future extensions to
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explicitly account for structured noise, which may improve
stability when inverting data affected by complex 3D effects.

5.4. Hypothesis testing and model comparison
Hypothesis testing within INTEGRATE extends beyond
the geological scenarios demonstrated here. Any modeling
choice (prior model selection, noise assumptions, or forward
modeling strategy) can be formulated as a hypothesis and
evaluated via evidence-based comparison using Eq. 12.

5.5. Computational efficiency

The extended rejection sampler applied to 1D EM inver-
sion is highly efficient, with performance depending mainly
on lookup table size, number of soundings, and forward model
complexity. Multiprocessing is implemented for both for-
ward modeling (using the GA-AEM code (Brodie, 2020))
and posterior sampling. Figure 12 shows scaling across dif-
ferent processor counts (NpmC =[1,2,4,8,16,24]) and lookup
table sizes (N = [10* — 10%]). Using a Linux workstation
with 96GB RAM and an Intel Core 13900KF processor (8
performance cores and 16 efficiency cores). Forward com-
putations scale almost perfectly across the 8 performance
cores, while the memory-intensive rejection sampler suggest
that no more than 8 cores should be used due to memory
bandwidth constraints.

For the Daugaard data set (11,693 soundings), even with
N = 109, the total CPU time per sounding is only a few sec-

onds, which is over 200 times faster than comparable Metropolis-

based implementations (Hansen and Minsley, 2019; Foks
and Minsley, 2020). In contrast, Ray et al. (2024) required
41,600 cores for 2.8 hours to invert 242,742 soundings (equiv-
alent to 30 CPU minutes per sounding), whereas the ex-
tended rejection sampler requires only about 2 seconds per
sounding on a single CPU, leading to roughly 5.5 days on
one CPU, or less than a day on a standard multicore worksta-
tion, for the full survey. Keep in mind, the results presented
above, e.g. Figs 7-8, suggest that useful posterior statistics
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may be obtained using a significantly smaller lookup table
size, further reducing the computation time by a factor of
10, using for example N = 10’ instead of N = 10°.

Figure 13a shows the fraction of total computation time,
used by 1) sampling the prior, 2) computing forward data,
3), performing rejection sampling, and 4) computing poste-
rior statistics, for the Daugaard data set. For realistic sized
lookup tables (N > 103) almost all computation time is split
between forward computation and rejection sampling. Fig-
ure 13b shows the corresponding total computation time, us-
ing different numbers of cores and different lookup tables.

Importantly, these inversions require no access to high-
performance computing facilities, enabling practitioners to
perform full probabilistic inversions on ordinary desktop sys-
tems and support exploratory analysis, all essential steps to-
wards broader adoption of probabilistic inversion in practice.

5.6. Limitations

The main limitation of the current application of the ex-
tended rejection sampler is that all results are inherently one-
dimensional. Approaches such as those by Auken and Chris-
tiansen (2004); Viezzoli et al. (2008) incorporate spatial cor-
relation between soundings to derive quasi-2D or 3D mod-
els. In contrast, we advocate imposing spatial constraints
only after inversion to avoid introducing potentially incor-
rect dependencies during the inversion itself. Such post-
inversion spatial integration can be achieved using a range
of established geostatistical simulation and estimation tech-
niques (Deutsch and Journel, 1992; Goovaerts, 1997; Mari-
ethoz and Caers, 2014).

Normaized time

Figure 13: Left) The ratio of the total computation time for
1) sampling the prior, 2) computing prior data, 3) running
the rejection sampler, and 4) computing statistics of the pos-
terior. Right) Total computation time per sounding for the
Daugaard data set, using different sizes of the lookup table,
N, and different number of processors, Nproc. The dashed
black line indicates the expected inversion time using laterally
constrained inversion (Auken and Christiansen, 2004; Viezzoli
et al., 2008) and the red dashed line the expected CPU time
needed by using the extended Metropolis algorithm (Hansen
et al., 2016).

6. Conclusions

The INTEGRATE Python package provides a computa-
tionally efficient framework for probabilistic inversion of lo-
calized geophysical data, particularly electromagnetic mea-
surements. By implementing an extended rejection sampler
with lookup tables, it achieves speedups exceeding 200X com-
pared to traditional MCMC approaches while allowing the
use of arbitrarily complex prior information involving both
continuous and discrete model parameters.

A key strength of the framework is its ability to integrate
detailed geological knowledge through flexible prior mod-
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els that jointly describe continuous variables (e.g., resistiv-
ity with non-Gaussian distributions) and discrete categori-
cal properties (e.g., lithological classes). This overcomes
a fundamental limitation of conventional deterministic ap-
proaches, which typically rely on simple Gaussian priors and
cannot readily incorporate heterogeneous geological infor-
mation from maps, boreholes, or expert interpretation.

The framework further enhances practical applicability
through automatic annealing temperature selection that en-
sures robust posterior statistics across varying data condi-
tions, and through efficient evidence computation that en-
ables formal hypothesis testing and Bayesian model com-
parison. Support for both continuous and discrete data is
achieved through multivariate Gaussian and multinomial noise
models, while the overall computational efficiency remains
sufficient to run full probabilistic inversions on standard desk-
top hardware.

The Daugaard case study illustrates the framework’s ca-
pability to integrate complex geological hypotheses through

mixed prior models, successfully inverting 11,693 tTEM sound-

ings while providing full uncertainty quantification. INTE-
GRATE thus represents a practical step forward in making
probabilistic inversion accessible for routine use, removing
the computational and modeling barriers that have long lim-
ited its application in geophysical practice.
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Appendix

A. Prior from Daugaard

Figures A01-A03 show 100 realizations of p;,;4.(m, n),
Poutside@, M), and p,.; ....(m, n), as well as the correspond-
ing 1D marginal distributions.

daugaard_valley_new_N1000000_dmax90_TX07_20231016_2x4_RC20-33_Nh280_Nf12 - Resistivity

1005

1090

1005
1000
1008
w00

W 50
“couns Realization #

107

(a) 1D marginal distributions of resistivity p;, ,.(m) (left)
and 100 realizations of p,,;,,(m) (right).

paleogene clay
Miocene clay
Gravel
Meltwater clay.
Tl
organic ich
o T H 3
counts 17

(b) Marginal distributions of lithology p;,.;4.(m) (left) and
100 realizations of p,,,.(n) (right).
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Figure AO1: Summary statistics for p;,,.(m,n).
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(b) Marginal distributions of lithology p,,; ..M.

Figure A03: Summary marginal statistics for p,,;...(m,n).
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Figure A02: Summary statistics for p,,, . (m, n).
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