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Abstract. Three-dimensional (3D) magnetotelluric (MT) forward modelling is computationally demanding, limiting its use in
global uncertainty quantification and sampling-based probabilistic inversion. Here, we introduce a novel forward-modelling
framework that combines an iterative domain decomposition (DD) formulation with proper orthogonal decomposition (POD)
reduced-order modelling to enable scalable and efficient 3D MT simulations. The DD component partitions the computational
domain into subdomains, avoiding the factorization of a single global system, accelerating simulations by over 60% compared
to global solvers, and alleviating memory bottlenecks in large problems. The POD component leverages the local DD solutions
to construct a reduced-order version of the problem that can deliver accurate and fast solutions to the 3D forward problem dur-
ing subsequent evaluations. Using the DTM1 benchmark and a real-world conductivity model, we quantify runtime, memory,
and accuracy in terms of MT quantities of interest (apparent resistivity and phase). DD-POD achieves speed-ups exceeding
90% relative to full-order solvers and up to 70% relative to existing ROM techniques, while maintaining acceptable accuracy.
These results suggest that DD—POD can make higher-resolution 3D MT forward modelling practical within sampling-based

workflows by substantially reducing both runtime and memory demands.

1 Introduction

The magnetotelluric (MT) method (Tikhonov, 1950; Cagniard, 1953) is a passive electromagnetic (EM) technique used to
estimate the Earth’s electrical conductivity structure from near-surface to mantle depths (Vozoff, 1990; Chave and Jones,
2012). Applications range from imaging fluid circulation and magmatic systems (e.g. Heise et al., 2008; Samrock et al., 2018;
Pifia-Varas et al., 2023) to investigating mantle compositional anomalies and whole-lithospheric structure (e.g. Manassero

et al., 2024; Heinson et al., 2018; Jones, 1999; Chase et al., 2023).
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Over the past two decades, substantial progress has been achieved in developing 3D MT forward and inversion algorithms
(e.g. deGroot Hedlin and Constable, 1990; Mackie et al., 1993; Newman and Alumbaugh, 2000; Zyserman and Santos, 2000;
Siripunvaraporn et al., 2005; Avdeev and Avdeeva, 2009; Egbert and Kelbert, 2012; Siripunvaraporn, 2012; Key, 2016; Elias
et al., 2022; Grayver, 2015; Wang et al., 2025). Deterministic inversion schemes, typically based on finite-difference, finite-
element, finite-volume or integral-equation solvers, remain the most widely adopted methods owing to their efficiency and
moderate computational cost. However, such matrix-based approaches generally lead to ill-posed inverse problems and there-
fore rely on strong regularisation and a prior: constraints to obtain a single best-fitting model. They also have limited ability
to accommodate strong non-linearities, non-uniqueness, and provide limited support for global uncertainty analysis(cf. Aster
et al., 2018; Robertson et al., 2020; Trainor-Guitton and Hoversten, 2011; Manassero et al., 2020).

Probabilistic inversion frameworks (cf. Duijndam, 1988; Mosegaard and Tarantola, 1995; Sambridge and Mosegaard, 2002;
Tarantola, 2005) overcome these limitations by reformulating the inverse problem as a well-posed, inference problem, where
the solution is represented by a multi-dimensional probability density function in data—parameter space. As such, they provide a
natural framework for addressing non-uniqueness, complex forward problems, and global uncertainty quantification, while also
enabling the coherent integration of multiple data types through joint inversion (eg. Tarantola, 2005; Khan et al., 2007; Afonso
et al., 2013a, b, 2016; Manassero et al., 2021; Bissig et al., 2023; Manassero et al., 2024). Nevertheless, their application to
realistic 3D MT problems remains computationally limited, as evaluating the posterior probability density function typically
requires between 10 and 107 forward simulations (Manassero et al., 2020) when using Markov Chain Monte Carlo (MCMC)
approaches. The overall feasibility of such inversions is therefore strongly controlled by the computational efficiency of the
forward solver.

In this context, conventional 3D MT forward solvers are notoriously computationally demanding and scale poorly with
increasing mesh resolution. Recent studies have aimed to address the efficiency problem by solving large-scale forward models
(1.5 x10° degrees of freedom) within only a few minutes (Bai et al., 2025; Wang et al., 2025; Qin and Grayver, 2025). Despite
these considerable improvements in efficiency, the computational time of the forward MT problem precludes full probabilistic
inversions based on sampling algorithms (e.g. MCMC simulations)

Another group of studies have sought to alleviate the computational burden through reduced-order modeling (Manassero
et al., 2020) and machine-learning approaches (e.g. Peng et al., 2023; Ling et al., 2024). In particular, Manassero (2019) in-
troduced a reduced-basis (RB) approach to accelerate MT forward modelling within MCMC inversion frameworks, achieving
substantial computational speed-ups while maintaining acceptable accuracy and scalability. This methodology was subse-
quently extended by Manassero et al. (2021, 2024) to develop a joint MT—seismic probabilistic inversion scheme based on
adaptive MCMC, and applied to real data from southeastern Australia. While this approach enabled fully probabilistic 3D
MT inversion for the first time, the achievable resolution and effective number of degrees of freedom in practical applications
remained lower than those typically attainable using deterministic inversion methods.

Building on these developments, the present study proposes a new formulation that integrates Domain Decomposition (DD)
with model-order reduction via Proper Orthogonal Decomposition (POD) to produce highly efficient 3D MT forward simula-

tions. The proposed DD-POD framework significantly reduces memory requirements and achieves runtime reductions of up ~
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2 orders of magnitude compared to conventional implementations. These improvements extend considerably the capabilities of
the approach proposed by Manassero (2019), enabling finer spatial discretizations, larger-scale models, and enhanced imaging
resolution.

The remainder of this paper is organized as follows. Section 2 reviews the domain-decomposition formulation (Zyserman
and Santos, 2000). Section 3 introduces the POD-based reduction strategy. Section 4 outlines implementation details of the
DD-POD solver, and Section 5 presents results for a benchmark case and a real-world conductivity model used for validation.
Section 6 discusses the results in terms of accuracy and computational performance, and Section 7 summarizes the main

findings and perspectives for future work.

2 Forward problem formulation and discretization
2.1 The MT model equations

In the magnetotelluric method, naturally varying external electromagnetic fields induce electric currents within the Earth,
whose spatial distribution is controlled by the subsurface electrical conductivity structure (cf. Tikhonov, 1950; Cagniard, 1953).
Assuming a time-harmonic dependence of the electric E and magnetic H fields, the governing equations in the frequency

domain and under the diffusive approximation (Ward and Hohmann, 1988), are:

V xE = —iwuH, (1a)
VxH-0cE=0. (1b)

where w (rad/s) stands for the angular frequency. The electric field E(x,y, z,w) (V/m) and magnetic field H(z, y, z,w) (A/m)
describe the Earth’s electromagnetic response for a given w in a region free of sources. The electrical conductivity o(z,y, 2)
Sm~! is assumed isotropic, and jio (H/m) is the magnetic permeability of free space.

Following the scattered-field formulation (Wannamaker et al., 1987), the electrical conductivity distribution is decomposed
into a laterally homogeneous background model and three-dimensional perturbations associated with local inhomogeneities.
The background conductivity is defined over the primary domain €2, and corresponds here to a horizontally layered Earth,
such that o, (x,y,2) := 0,(2). Conductivity contrasts relative to this reference structure are described by o;(x,y,#) within
the subdomain §2; containing the 3-D heterogeneities. Under this decomposition, the total conductivity model, o (z,y, z), is

expressed as:

op(2), in Q, (layered Earth),
o(x,y,2) = @)
op(2)+0i(x,y,2), in§); (inhomogeneities).
The total electromagnetic (E;, H;) are the responses induced by a plane monochromatic electromagnetic wave of frequency

w incident upon its top boundary, and are defined as:
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E,=E,+E,, (3a)
H,=H, +H,. (3b)

where the primary fields (E,,H,) correspond to the solutions of Egs. (1a)-(1b) for the horizontally layered background
conductivity o(z,y, z) := 0,(2). The analytical expressions for an n-layered Earth are given in Weaver (1994).

The secondary fields (E4, H) correspond to the solutions of Egs. (1a)—(1b) obtained by substituting the total-field decom-
positions in Eqgs. (3a)—(3b) and using the conductivity model defined in Eq. (2), and represent the response of inhomogeneities

embedded in a horizontally layered medium.

ocE;, —VxH;=(0—0,)E,=—-F inQ, (4a)
wpoH; + VX E; =0 in €, (4b)

where © C R? denotes the computational domain. To complete the formulation, first-order absorbing boundary conditions
(Sheen, 1997) are imposed at the computational domain’s boundary, 02. Reflections at boundaries are therefore suppressed by

absorbing the normal component of the EM fields,

(1—-i)PraEs+vxH;=0 ondQ=T, ©)
1/2
with a = (2;#0) , v the outward unit normal vector to domain’s boundary T, and P,{ = —v X (v x ) the tangential

projection of an arbitrary field ¢ onto the boundary, in this case E;. This approach removes the need for domain padding (i.e.

extended model), thereby reducing computational cost, while maintaining solution accuracy (Manassero et al., 2020).
2.2 Domain decomposition solution

In this section, we introduce the strong and weak formulations and the iterative DD scheme used to solve the problem governed
by Egs. (4a)-(5). A detailed description of these formulations and the DD framework can be found in Zyserman and Santos

(2000). Here, we summarize the most relevant aspects.
2.2.1 Strong form

Domain Decomposition methods partition the computational domain into smaller subdomains that can be solved independently,
with coupling restricted to shared interfaces. This structure is well suited to parallel computation and can substantially reduce
memory usage and runtime when scaling to large problem sizes (e.g. Gauzellino et al., 2009).

The main domain {2 is partitioned into non-overlapping, adjacent subdomains 2; C R3, with j = 1,..., N,. In each subdo-

main €2, Eqs. (4a)-(5) are written as:
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O’Ej*VXHj :7Fj in Qj, (63)
iquHj +V x Ej =0 in Qj, (6b)
(1—i)PTan+VjXHj:O OnBjEFﬁFj, (6C)

where (E;, H;) denote the secondary electromagnetic fields in subdomain j, with I'; representing the boundaries of 2; and
I' the external boundary of (). The term —F; represents the source, which arises from inhomogeneities and vanishes if none
are present in §2;. The continuity between subdomains is imposed through Robin-type transmission conditions (Douglas et al.,

2000):

(V X Hj -l—ﬁjkPTEj) = —(1/ x Hg -l—ﬂijTEk) on ij C an7 @)
(l/ x Hy, +ﬁk)jPTEk7) = —(V X Hj —i—ﬂjkPTEj) on ij C 0. ®)

where I, denotes the interface between the adjacent subdomains €2; and 2, and 3;, is a complex hyperparameter control-
ling the convergence rate of the iterative scheme. Following Zyserman and Santos (2000), 3;, is defined as the average of a on

T, and T';, multiplied by (1 — ¢), in order to mimic the absorbing boundary condition in Eq. (5) on the interior interfaces.
2.2.2 Weak form

The variational formulation for each subdomain is obtained by testing Eq. (4a) against the real function (z,y,z), with the
requirement that V X ¢ is square-integrable, and by testing Eq. (4b) against the real function ) (x,y,z) (Douglas Jr et al.,
1997; Santos and Sheen, 1998). By incorporating the absorbing boundary conditions (Eq. (5)) and the Robin-type transmission

conditions (Egs. (7)—(8)), the following variational problem is obtained:

(cEj,0)o, — (H;,V x ¢)q, +Z (Bjk(PrEj — PrEy) + v X Hy, Pro)p
k
+(1_2)<PTG/E]7PT(JD>BJ = _(FJ7SD)QJ (93)

iwn(Hj,0)a, + (V x Ej, )0, =0 (9b)

2.2.3 Iterative domain decomposition procedure

The idea behind DD is to iteratively solve the problem 4a-4b independently on each subdomain €2, exchange interface solutions
on I';;, between neighboring subdomains, and update the subdomain problems until convergence is achieved on all interfaces.
The electromagnetic fields in €2, at iteration level n+ 1, (E;LH,H;LH), depend on the fields from the previous iteration
(Ej',H}') as well as on the fields from neighboring subdomains 2. Following this methodology, Zyserman and Santos (2000)

proposed the following iterative algorithm:
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. Initialize with (E9, HY).

For all ©;, compute (E"*!, H}'"") as the solution of:

(o E;L“,@)Qj — (H},V x ), +> (B PEFTY, Py, +(1—1) (Pra;E}*Y, Pro)p,

k
=—(Fj.0)q, + D (Bin PrBY —ve x HY, Pro)p. (10a)
- .
z'w,u(H;-‘“,w)Qj +(VxEM* y), =0. (10b)

J

. Update v; x H"*' on I'j; by

vi x ' = —uyp x HY — B (P,E} ™ — PE), (11)

. n+1 n
Stop if E;""" ~ E}". If not, return to step 2.

The choice of (E?7 H?) depends on the model’s a priori information. If no such information is available, (Eg, Hg) =(0,0)is

used as the standard initial guess. The complete iterative scheme is summarized in Algorithm 1, whose present implementation

is referred to as DD. The global formulation used in Manassero et al. (2020) and Elias et al. (2022) can be recovered by setting
N,=1.

The convergence criterion used to terminate the iterative process evaluates the solution quality across all subdomains and is

controlled by the parameter §. For this purpose, the following metric, denoted by r and based on the Lo norm, is:

N.

>yt -y

,r(n+1) -9 J=1 . (12)

N 9
>_IEF + B

Jj=1

2.2.4 Finite element discretization

For notational simplicity, each subdomain is assumed to consist of a single element; this restriction is relaxed in later sections.

The electromagnetic fields within each element are approximated as follows:

12
E;-’+1(x,w) R~ ZE?’”+1(UJ) p*(x), (13)
a=1
9
HI ' (x,w) & ) b (w) 9 (x), (14)
n=1
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where £ € C'? and h]'*! € C° denote the vectors of unknown coefficients associated with the electric and magnetic
fields, respectively. These vectors represent the local degrees of freedom for element j at iteration n+1. Each element has 12
degrees of freedom for the electric field (2 tangential components per face) and 9 for the magnetic field (associated with the

element interior), resulting in a total of 21 unknowns per element. However, by construction of the basis functions, and using

n,n+1 a,n+1
J J

reducing the number of independent unknowns per element to 12. Details of the basis functions associated with each degree

Eq. (9b), the magnetic field coefficients h can be expressed in terms of the electric field coefficients ¢ , thereby
of freedom, ¢ (o =1,...,12) for E and ¥" (n =1,...,9) for H, are provided in Zyserman and Santos (2000), following the
original formulation in Santos et al. (1999).

To accelerate the domain decomposition (DD) iterative scheme, the formulation is hybridized following Arnold and Brezzi
(1985). Rather than enforcing continuity of the tangential components of the electric field over the entire interface faces I,
continuity is imposed only at a single representative midpoint m, C I';;. Enforcing the continuity constraint at one point
per interface face reduces the number of interface constraints and, consequently, the number of degrees of freedom in each
subdomain system as well as the number of globally coupled interface unknowns. The remaining continuity constraints are
enforced through Lagrange multipliers defined on the interelement boundaries. The introduction of these Lagrange multipliers
A1 yields a block-diagonal algebraic structure that allows the electric and magnetic fields to be computed separately. Together,
the midpoint enforcement and Lagrange multiplier formulation simplify the algebraic problem and reduce the computational
cost per iteration of the DD solver. A complex-valued Lagrange multiplier )\;lkfl € C? is introduced at each of these midpoints
to weakly enforce continuity, with )\]’.Lk*l RV X H;‘H.

Finally, substituting the approximations of the EM fields from Eqs. (13)-(14) into Egs. (9a)-(9b), and expressing h?’"“ in
a,n+1
J

therefore be written in the form of a linear system of equations (LSE):

terms of € using Eq. (9b), the left-hand side of Eq. (9a) becomes dependent only on E;’H. The resulting system can

K
Kje/th =M+ (Cujely —Ni) (15)
k=1
where K; € C'2*12 is the local system matrix; f; € C'? is the source term associated with the primary fields; ef’“ eC!?
is the vector of electric-field coefficients in element j; and s}’k € C2 denotes the electric-field coefficients on the interface
face I'j;, of €2; shared with €. The same notation is used for A;x. Here, Cj, = Ar,, Bk, where Ar, is the interface area,
M denotes the polarization (XY or YX), and K is the number of neighboring subdomains of j. Additionally, the Lagrange

multipliers are updated at each iteration by:

A = A - B (sy,jl _ sgj) . (16)
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Algorithm 1 Simplified Iterative Domain Decomposition Scheme (based on Zyserman and Santos (2000))

1: Input: Initial guesses (€9, A%;); hyperparameters {nmax, 3, }; material properties {o, 110 }; frequency w.

2: Output: Approximate solution {E; (x,w), H; (x,w)}j-vgl.

4: for M € {XY,YX} do
5. Initialize: Set {€} and {\}, } for all subdomains €2;.
6:  for n =0 1t0 nmax do
7 for j =1to N, do

8: Solve subproblem: Solve Eq. (15) in ©; to obtain &'+
9: for k =1to K, do
10: Exchange interface data: Send (s]’.”rl, AJ};) to neighboring subdomain €2y,
11: Update Lagrange multipliers: Update )\;.}C“ using Eq. (16).
12: end for
13: end for
14: Check convergence: Compute "+ with Eq. (12).
15: if 7"+ < § then
16: break
17: end if
18:  end for

19:  for j=1to N, do

20: Recover fields: Compute (E;LH, HJ’?H) using Egs. (13)—(14).
21:  end for

22: end for

23:

24: Compute Qols: Compute (pay, Puy)—(Pyz, Py ) using Egs. (19)—(20).

3 Reduced-order formulation of the forward problem

In this section, a reduced-order formulation of the MT forward problem is incorporated into the DD framework of Section 2.2.
We begin by outlining the general dimensionality-reduction strategy based on the Reduced Basis (RB) method (Berkooz et al.,
1993; Patera et al., 2007; Nguyen and Peraire, 2008; Rozza et al., 2008; Quarteroni et al., 2015; Muix{ et al., 2023, 2025). This
reduction framework is then combined with the DD algorithm described in Section 3.3 to obtain a highly efficient approach for

solving MT forward problems.
3.1 Quantities of interest

In reduced-order modeling, including the RB method, accuracy is typically evaluated with respect to selected quantities of

interest (Qols) that represent the relevant model outputs. Here, the Qols are not the electromagnetic fields themselves, but the
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derived apparent resistivity p, and phase ¢. These are obtained from the complex impedance tensor Z € C2*2 (cf. Simpson

and Bahr, 2005), which relates the horizontal components of the electric and magnetic fields through
E=ZH, A7)

or equivalently,

E, Zuw Zuy\ [He
- : (18)
The apparent resistivity is defined from the magnitude of the impedance tensor components as:
1
(W) = Zii ()2 19
Pa,ij(w) oW 1 Zij(w)] (19)
The apparent phase corresponds to the argument of each impedance component,

i =tan 1| ——1 ) 20
Pij = tan (Re{Zz‘j}> <0
3.2 POD-RB for a linear system of equations
Consider a parametric LSE where gt = (1, .., 1) € RP denotes the parameter vector, and let x(p) € C" be the parametric
unknown that corresponds to a vector of nodal values, for instance in a finite element (FE) discretization,

K(p)x(p) = (), 2D
Furthermore, consider n4 vectors, referred to as snapshots x;, for i = 1,...,ns. Each snapshot represents the solution of a

full-order forward problem (21) obtained from an independent forward simulation using a specific set of model parameters .

The snapshots are collected in the snapshot matrix X € CV*"s, defined as

X= [xl Xy ... an] (22)

The RB approach is then employed to approximate the solution of problem (21) for parameter values not included in the
snapshot matrix, by expressing the solution as a weighted linear combination of the precomputed snapshots (cf. Rozza et al.,
2008; Muix{ et al., 2023). Because snapshots associated with different parameter choices do not necessarily contribute equally
to the approximation quality, it is essential to identify and retain only the most informative snapshots in order to minimise
redundancy and maintain a compact reduced system. To this end, the POD approach, based on the Singular the Value De-
composition (SVD) algorithm, is employed to extract the dominant modes (cf. Rozza et al., 2008). The SVD of X is given
by

X=UXVH (23)
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where U € CN*N and V € C™*" are unitary matrices, and 3 € R™V*"s is a diagonal matrix containing the singular
values of X in descending order, 7y > 75 > -+ > 7, > 0.

The n s columns of U form an orthonormal basis for the subspace spanned by the snapshots. The most relevant information
is captured in the leading modes, which are associated with the largest singular values. By prescribing a tolerance dsyp, only

npop Modes are retained, such that:

M pPOD

ZTi > (1_5SVD)ES:7—1'- (24)
i=1 =1

The linear space spanned from the first npop columns of U is used to approximate the solution of Eq. (21) for new parametric
points p. The POD represents the unknown x using only npop modes. Typically, npop < ns, and ns is expected to be much
smaller than the dimension of the full-order system, N (Muix{ et al., 2025). This is because X is constructed from a limited
number of representative solutions of the full-order model, and the dominant POD modes capture most of the system’s variance.
As a result, only a small number of modes is required to accurately approximate the solution space, leading to a reduced basis
whose dimension is significantly smaller than that of the original system (Rozza et al., 2008). The full-order approximation x

of the solution vector x € CY is obtained through the projection:

MPOD
xzi:U,,z:ZUizi, (25)

i=1
where z € C™°0 denotes the vector of reduced coefficients and U, € CN*™op is the reduced-basis matrix, formed by the
first npop columns of U. Following a reduced-basis (RB) approach (cf. Rozza et al., 2008; Quarteroni et al., 2015), the

coefficients z are obtained by applying a Galerkin projection to the full-order system (21), leading to

[UKU. ]z = U{'f(n), (26)
which can be compactly denoted as,
K* (1)z = £* (), @7)

where U denotes the Hermitian transpose of U,. The reduced operators satisfy K* € Cmop>7rop and f* € C™or, Conse-
quently, instead of solving the full N x NN linear system in Eq. (21), the reduced npop X npop system in Eq. (27) is solved. This

yields an approximation x of the full solution x, with npop < N.
3.3 Joint reduced order-domain decomposition formulation

The POD-RB formulation presented in Section 3.1 is now applied to approximate the solution of Eq.(21). From a general
point of view, the parameters p correspond to the conductivities o assigned to each element in the FE discretization and x ()

corresponds to ;.

10
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In this implementation, each subdomain j of the DD is equipped with its own reduced basis Ué” € CNxnrop (the truncation
subscript r is omitted for clarity), one for each polarization M, with M € {XY,YX}. Consequently, the reduced-order form of

Eq. (15) becomes

K

(UK U] 25t = — (U T [EY + D (Conell = Aj) ], (28)
k=1

where z"+1 C"rop denotes the reduced solution of the forward problem at iteration 7 + 1 in subdomain j. The quantities

€’ and A" ;i are the full-order approximations of € and )\?k, respectively. In compact form, the reduced system can be written

as:

K

M n+1 _ *,M H

KM 2t =7 — (U7 (Ol — Np)- (29)
k=1

The term f M denotes the iteration- -independent contribution to the right-hand side. From Eq. (29), K, M and f7* IM are
computed only once, whereas the second term on the right-hand side is updated at each iteration.

The full-order approximation of the electric field at the interfaces is obtained by projection according to Eq. (25),

~n+1 M, _ n+1
ent = UMt (30)

The Lagrange multiplier approximations are updated through the interface relation in Eq. (16), using only full-order approx-

imations as input:

N = Ay = B (e —ety) G1)
To construct the snapshot set, only the solution from the final iteration of each full-order parametric simulation is retained.

The algorithm that illustrates this implementation is outlined in Algorithm 2 and is refered to as DD—POD.

4 Implementation aspects

This section discusses the most relevant implementation details of the proposed DD-POD algorithm.

4.1 Domain discretization

The computational domain {2 is discretized into a total of ne = ngx X ngy x ngz elements (ngx, ngy and ngz are the number

of elements in each direction).

11



Algorithm 2 DD-POD iterative domain decomposition scheme

1: Input: Initial guesses (€9, AJ;); hyperparameters {nmax, 3,8, pop }; material properties {o, 110 }; frequency w.

Ns

: Output: Approximate solution {E; (x,w), H; (x,w)}25-

: for M € {XY, YX} do
for j =1to N do

Precompute K;’M and f;’lM using Eq. (28).

AR G T

end for

oo

9: end for

10:

11: for M € {XY, YX} do

12:  Initialize: Set (€, AY,) for all subdomains ;.

13: for n = 0 t0 Nmax do

14: for j =1to N do

15: Solve reduced subproblem: Solve Eq. (29) on 2, for z ;H'l.

16: Reconstruct electric field coefficients: Compute € ;H'l via Eq. (30).
17: for k =1to K, do

18: Exchange interface data: Send ((::]’7,:'17 S\J"k) to neighbor Q.
19: Update multipliers: Update 5\]@;1 using Eq. (16).

20: end for

21: end for

22: Check convergence: Compute r" 1) using Eq. (12).

23: if r("*Y) < § then

24: break

25: end if

26:  end for

27:  for j =1to N;s do

28: Recover fields: For each j, compute (]:]]T"H, I:I;"H) using Egs. (13)-(14).
29:  end for

30: end for

31:

32: Compute Qols: Compute (pzy, Pay)—(Pyz, dye) using Eqs. (19)-(20).

In the present implementation, the domain €2 is partitioned into N, horizontal subdomains §2; with ngx x ngy X nz elements,
where nz = ngz/Nj as illustrated in Fig. 1. Increasing the number of subdomains (V) reduces the computational burden

of the global full-order solver and typically leads to faster solves due to improved parallelism and faster local iterations.

12
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Figure 1. Computational domain €2 partitioned into N, horizontal subdomains €2;, where each subdomain contains ngx X ngy X nz finite

elements.

In the reduced-order setting, however, the cost of solving each subproblem is relatively small, and the overall efficiency is
dominated by the number of iterations required for convergence. As a result, using too many subdomains can be detrimental
to the performance of the reduced-order solver. Conversely, using a single subdomain eliminates the need for an iterative
coupling scheme, making the reduced-order solver particularly efficient. However, the corresponding full-order solver exhibits
poor scalability with increasing problem size, both in terms of computational time and memory requirements. For this work,
an optimal number of subdomains was chosen based on tests, providing a balanced trade-off that alleviates the scalability
limitations of the global full-order solver (e.g. Manassero, 2019) while avoiding excessive iteration overheads associated with

a large number of subdomains (Zyserman and Santos, 2000).
4.2 Parallelization

The algorithm is designed to be parallelized over np processors using the Message Passing Interface (MPI) (Walker and
Dongarra, 1996).

In this implementation, a total of np = 2 x N, processes are employed to achieve two levels of parallelism (i) at subdomain
level, two processes solve the XY and YX polarizations simultaneously; (ii) at the global level, all subdomains are processed
in parallel.

Assigning a single processor per subdomain would allow a larger number of subdomains and, consequently, faster local
matrix factorizations. However, this configuration requires the XY and YX polarizations to be solved sequentially and typically
leads to an increased number of iterations, which is a major drawback in terms of POD-DD computational efficiency. As a
result, the adopted configuration (two processors per subdomain) allows the simultaneous solution of both polarizations and

yields significantly better overall performance.
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Table 1. Summary of the solvers nomenclature and corresponding descriptions.

Nomenclature Description

G (Zyserman and Santos, 2000) Full-order global solver (Ns = 1)
G-POD (Manassero, 2019) Reduced-order global solver (Vs = 1)
DD (Zyserman and Santos, 2000)  Full-order DD solver

DD-POD (New) Reduced-order DD solver

Communication between subdomains occurs only across the outer faces of each ); (i.e. along the interfaces I';;), which
coincide with the interfaces I';,; of neighboring subdomains €2, assigned to other MPI processes. This is because the (RHS)
terms updated during the iterative scheme depend exclusively on the solution at these interfaces, no information from the

interior of neighboring subdomains is required.
4.2.1 Reduced basis

The reduced-order model is constructed once during an offline phase (details are given in Section 5.1.2). A reduced basis, U},
is built for each subdomain (2. These bases are constructed by applying the SVD to the snapshot matrix X and retaining the
corresponding matrices U} (details in Section 3.2). The snapshot matrix is formed by solving the full-order problem (Eq. (15))
ns times until convergence, using either the global or DD solver, and extracting only the portion of each solution associated
with subdomain €2;. Manassero et al. (2020) showed that building independent bases for each polarization and frequency results
in smaller basis; here we follow the same approach.

The resulting snapshots are stored locally, ensuring that each processor has access to the data relevant to its subdomain and
polarization; a processor associated with a given subdomain 2; never requires information from the bases or snapshots of
other subdomains 2. During execution, the only quantities exchanged between processors are the full-order approximations

of interface variables E;L,:rl and )\;L]jl.

4.2.2 Solver variants

Four solver implementations are considered: two for the full-order problem and two for the reduced-order problem. Hereafter,
the single-domain full-order solver is denoted by G, while the multi-domain solver based on domain decomposition is denoted
by DD. The corresponding reduced-order formulations are referred to as G-POD and DD-POD, respectively.

While the G method requires only a single solve of Eq. (15) (Ng = 1), the DD approach requires multiple solves of Eq. (15)
until a prescribed convergence criterion is satisfied (Section 2.2.4). Consequently, different parallelization strategies are used
for the G and DD solvers. In G, parallelization is achieved through the global linear solver, which distributes the operations
required to factorize and solve the full system across MPI processes (see e.g. Manassero et al. (2020)). In contrast, DD employs
two levels of MPI-based parallelization, as described in Subsection 4.2. Importantly, when multiple frequencies are consid-

ered, an additional level of parallelization can be readily introduced, in which groups of processors are assigned to different
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Table 2. Dimensions and resistivities of the bodies present in the DTM1 model.

x (km) y(km) z(km) p(Qm)
body 1 [—20, 20] [—2.5, 2.5] [5, 20] 10
body 2 [-15,0] [-2.5,22.5] [20,25] 1
body 3 [0,15] [-22.5,2.5] [20,50] 10*
background 100

frequencies (e.g. Manassero et al., 2020). Table 1 summarizes the different solver implementations and their corresponding
descriptions.

The resulting LSE are solved using the complex symmetric solver ZMUMPS from the Multi-frontal Massively Parallel
Solver (MUMPS) package (version 5.1.2; Amestoy et al., 2001, 2006). In addition, several numerical linear algebra subroutines
are employed: METIS (Karypis and Kumar, 1998), LAPACK (Anderson et al., 1999), ScaLAPACK (Blackford et al., 1997),
and the Basic Linear Algebra Subprograms (BLAS; Lawson et al., 1979).

5 Application to a benchmark and a real-world case study

This section introduces two models employed to evaluate the performance of the proposed method. The first model is a synthetic
benchmark, presented to provide a controlled setting in which the solver’s performance can be assessed under progressively
refined discretizations. The second model is a real-world subsurface conductivity model proposed by Marti i Castells (2006) to

characterize the conductivity structure in southern Spain.
5.1 Benchmark model

We use the DTM1 model, originally presented and evaluated during the MT Workshop organised at the Dublin Institute for
Advanced Studies (Miensopust et al., 2013). This benchmark model is widely used within the MT community to assess solver

performance in the presence of strong resistivity contrasts and is publicly available through mtnet . info.
5.1.1 Resistivity structure and problem parameterization

The DTM1 comprises three resistivity anomalies embedded in a homogeneous half-space with a resistivity of 100 Qm (o =
0.01 Sm™1), as detailed in Table 2 and illustrated in Figs. 2-2. The parametrization of the problem accounts for the resistivity
of the three anomalies, therefore, p = 3 parameters are considered. Two anomalies are conductive relative to the background,
with p; =10 Qm (07 = 0.1 Sm~ 1) and p, = 1 Qm (03 = 1.0 Sm~1), while the third anomaly is resistive, with p3 = 10* Qm
(03=1.0x10"*Sm™1).
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Figure 2. Resistivity model of DTM1. (a) Top view and (b) three-dimensional view of the model, showing three subsurface bodies with
contrasting resistivities: a highly resistive dark-blue body (10000 2-m), a moderately resistive blue body (10 €2-m), and a conductive red

body (1 2-m).

5.1.2 Offline basis construction

The snapshot matrix X consists of 125 full-order solutions, generated by considering all possible combinations of the three

conductivity parameters p1, pa, and ps, each taking values from the set {20000, 200, 100, 2, 0.2} Qm.
5.1.3 Frequency selection via skin depth

Each model is solved for a single frequency, chosen to ensure that EM fields penetrate the entire computational domain
(120km x 120km x 60km). The penetration depth is estimated from the skin depth (Simpson and Bahr, 2005), \/W ,
where 4 is the magnetic permeability and o is the background conductivity, taken as o = 0.01Sm ™.

Given that the largest horizontal dimension of the model is 120km, we selected a frequency of f = 1073 Hz. At this fre-
quency, the skin depth is ~ 159km, sufficiently larger than the domain extent to ensure full penetration, while still capturing

the effect of smaller, more conductive anomalies within the model.
5.2 Real-world model

To validate the proposed method under more realistic conditions, we apply it to a representative case study that reflects the
complexity and computational demands encountered in practical MT applications (Marti i Castells, 2006).

The numerical mesh used in this study follows the the model geometry of Marti i Castells (2006) but uses a finer spatial
discretization. It consists of 600,000 elements (100x100x60), including one layer of air, as illustrated in Fig. 3. The compu-
tational domain extends over 240 km (N-S) x 220 km (E-W) x 91 km in the north-south, east—west, and vertical directions,

respectively. The top of the mesh is considered flat.
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Figure 3. Resistivity model of the real-world case proposed by Marti i Castells (2006). (a) Superposition of the finite-element discretization
used in Marti i Castells (2006) onto the geological map of the Betic Chain. (b) 3D resistivity model proposed by Prof. Anna Marti, obtained

by trial and error, with the resistivity scale shown on the right.
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Figure 4. Horizontal slices of the conductivity model proposed by Marti i Castells (2006) for the selected portion of the Betic Chain illustrated
in Fig. 3. The panels show slices at depths of (a) 25 m, (b) 2 125 m, (c¢) 12 825 m, and (d) 76 325 m.
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5.2.1 Resistivity structure and problem parameterization

The original model was developed through an iterative manual process, starting with an initial structure derived from 1D
inversions and geological priors Marti i Castells (2006). This structure was later refined via 3D forward simulations to achieve
a balance between data fit and model parsimony.

355 The final resistivity model consists of 12 geological units/bodies with distinct resistivities. The most voluminous body,
representing approximately 43% of the total model volume, is considered the background and assigned a constant resistivity
of pp = 50 2, m (03 = 0.02 S,m~!). Beneath the model domain, a uniform resistive half-space of 15,000 £, m is assumed.

Variability is introduced only in a subset of the remaining bodies during the construction of the reduced basis. Specifically,
variability is confined to the five largest non-background units (i.e. p = 5), while smaller bodies are kept fixed at their original

360 values.

This choice is motivated by the dominant contribution of large-volume structures to the electromagnetic response, as they
control the principal modes of model variability. Smaller units, by contrast, exert a limited influence on the reduced-order

representation and can therefore be held constant without significantly affecting the accuracy of the forward response.
5.2.2 Offline basis construction

365 The snapshot matrix X consists of 45 = 1024 full-order solutions. These solutions were generated by considering all possible

combinations of the five resistivity parameters p1—ps, where p1, p2, p3, ps € {1000, 216, 47, 10} and p5 € {100, 21.6, 4.7, 1.0} Qm.
5.2.3 Frequency selection

Simulations were performed at 0.001 and 10 Hz. The lower frequency ensures sufficient electromagnetic field penetration
into the underlying half-space, whereas the higher frequency is used to assess solver accuracy and performance in the high-

370 frequency regime.
6 Results and discussion
6.1 Benchmark results

6.1.1 Computational performance

The computational performance is evaluated in terms of the wall-clock time required to obtain the EM responses. The wall
375 time is reported for the same benchmark model using progressively refined meshes. In all cases, the reported times and errors
correspond to solutions obtained using the value of 8 that maximized computational speed rather than accuracy (i.e., 0.05 of
the value proposed in Zyserman and Santos (2000), Be). Table 3 presents the results obtained.
The size of the LSE is shown for each solver and mesh configuration. In the DD solver, the LSE is smaller because of the

subdomain partitioning (N, = 9), with each subdomain containing the same number of degrees of freedom (N, ¢). Importantly,

18



380

385

390

Table 3. Computational performance in terms of wall time, relative wall-time reduction, and the size of the LSE for DD, G-POD, and DD-
POD solvers compared to the G solver. All simulations were run on two servers, each equipped with 2x 8-core Intel Xeon Gold 6134 CPUs
(3.20 GHz, 25 MB cache, 2666 MHz FSB) and 192 GB RAM. A total of 18 MPI processes were used (9 per node). The hyperparameters
were Ny =9, 8= 0.05Ber, d =5 x 10™%, and dsyp = 1072, In both DD and DD-POD, the initial guesses were set to 0.

Mesh size Frequency (Hz)  Solver Size LSE Wall time (s)

G 354,560 x 354,560 8.83
40x40%36

G-POD 40 x 40 0.93
(57 600 elements) 0.001

DD 42,240 x 42,240 2.42
(Naor = 354,560)

DD-POD 46 x 46 0.30

G 2,800,640 x 2,800,640 193.78
80x80x72

G-POD 43 x 43 7.38
(460 800 elements) 0.001

DD 322,560 x 322,560 77
(Naor = 2,800,640)

DD-POD 46 x 46 1.98

Table 4. Computational performance in terms of wall time, relative wall-time reduction, and the size of the LSE for DD, G-POD, and
DD-POD solvers compared to the G solver. All simulations were executed on three servers, each equipped with 2x14-core Intel Xeon
Gold 6132 CPUs (2.60 GHz, 19 MB cache, 2666 MHz FSB) and 192 GB RAM. A total of 72 MPI processes were used (24 per node). The
hyperparameters were Ny = 36, 8 = 0.05 Brer, 6 = 1 X 10_4, and dsyp = 107>, In both DD and DD-POD, the initial guesses were set to 0.

Mesh size Frequency (Hz)  Solver Size LSE Wall time (s)
160x160x 144 G 22,261,760 x 22,261,760  Out-of-Memory
(3686 400 elements) 0.001 DD 668,160 x 668,160 209

(Naot = 22,261,760) DD-POD 46 x 46 15.74

for the reduced-order solvers, the size of the LSE can vary across polarizations (XY, YX) and subdomains. The value reported
in Table 3 corresponds to the configuration with the largest number of modes (i.e. the most computationally expensive).

The time reduction reported in the “Wall Time (s)” column is expressed relative to the wall time obtained with the G solver
for each model. The results indicate that (i) the DD solver is at least 70% faster than G in terms of wall-clock time; (ii)
integrating POD into both implementations yields a time reduction of at least 90% and (iii) the DD-POD implementation is
at least 68% faster than G-POD. It is also worth noting that the number of subdomains (Ny) influences the full-order and
reduced-order solvers in different ways. While decreasing N (for N > 1) raises the wall time of the full-order solver (since
each iteration becomes more computationally demanding), it reduces the wall time of the reduced-order solver, as each local
solve is inexpensive and fewer iterations are required.

The results presented in Table 4 correspond to a large-scale case, where the mesh was refined to 160 x 160 x 144 elements.
In this configuration, Ny = 36 subdomains were used with np = 72 processors. For this case, the integration of POD within

the DD framework also provides a time reduction of at least 90%, consistent with the results obtained in the previous cases.
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Figure 5. Execution time of the main computational steps for (a) the global full-order solver G, (b) the full-order DD solver, (c) the reduced-
order global solver G-POD, and (d) the reduced-order DD solver on an 80 x 80 x 72 mesh using 18 MPI processes. These simulations
correspond to the results presented in Table 3. The domain decomposition solvers also display the number of iterations required for each

polarization. The procedures along the horizontal axis are described in Section 6.1.1.

The main computational steps involved in the solution of the EM field equations were examined to identify bottlenecks in

each solver. These results are shown in Figs. 5 and 6. The steps considered are as follows:

— "Assembly", corresponds to the time required to assemble the LHS. For the full-order cases, this refers to assembling

the stiffness matrix K. For the reduced-order cases, it includes assembling and multiplying matrices (as in Eq. (28)) to

obtain the reduced stiffness matrix K*.

— “RHS Assembly” denotes the time required to assemble the right-hand side (RHS). For the global G solvers. This

is performed only once, whereas in DD, it is repeated at every iteration. In the POD-extended solvers, this step also

includes the time needed to project the RHS onto the reduced space.

— "Analysis and Factorization" refer to the time required by ZMUMPS to analyze and factorize the LHS.

— "Solve" represents the time to solve the linear system of equations.
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Figure 6. Execution time of the main computational steps for (a) the full-order DD solver and (b) the reduced-order DD solver on a
160 x 160 x 144 mesh using 72 MPI processes. These simulations correspond to the results presented in Table 4, and the reduced-order DD

solver shows the number of iterations for each polarization. The procedures along the horizontal axis are described in Section 6.1.1.

— "Get Full-Order Solution" corresponds to the time needed to retrieve the solution in the full space or store it in a new

variable.
— "Mapping" accounts for the time required to map the vector solution onto the 3D tensors &; and ;.
405 — "Communication" represents the overhead time spent exchanging information between subdomains.

For the G solver, the dominant cost arises from the analysis and factorization of the stiffness matrix. In the G-POD solver,
these steps are entirely bypassed, as the system is projected onto a reduced basis. Consequently, the time associated with the
analysis, factorization, and solution of the full system becomes irrelevant. Additionally, allocating all 18 processors to solve
the linear system of equations (LSE) in parallel would be inefficient. Instead, the LSE is solved using two MPI processes, one

410 for each polarization. Within each MPI process, 9 Intel MKL threads are employed exclusively to accelerate the dense linear
algebra operations, namely the matrix—matrix and matrix—vector products. Despite this strategy and the drastic reduction in
total time, the dominant computational cost in the G-POD approach remains the assembly of K and its projection onto the
reduced space to form K* (Eq. (28)).

In the DD solver, the main limitation is the need to solve the linear systems at each iteration. In contrast, the DD-POD solver

415 exhibits not only a considerable reduction of the total time, but also a more balanced time distribution among computational
steps. The most time-consuming tasks in DD-POD are the assembly of the reduced stiffness matrix (“Assembly”), the projection
of the right-hand side onto the reduced space (“RHS Assembly”), and the reconstruction of the reduced solution in the full-order
space (“Get Full Order Solution™).

For the large-scale test case (Fig. 6), the times associated with these steps increase rapidly, and the “Communication”

420 cost also increases considerably. Also, a more stringent convergence criterion was required to ensure an acceptable solution,
resulting in a higher number of iterations and longer computation times. Despite this, DD-POD scheme reduced the total

execution time by as much as 92%.
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Table 5. Maximum absolute errors, max || A||, in apparent resistivity (p) and phase (¢) computed by G-POD and DD-POD relative to their
reference full-order counterparts, the G and DD solvers, respectively, for different mesh resolutions, at a frequency of 0.001 Hz. These results

correspond to the simulations presented in Table 3.

Mesh size Solver maz||Apzy|| maz||Adzy|| maz||Apye|] mazx||Adys|]
40x40x36 G-POD 293 0.91 0.51 0.07
(57,600 elements) DD-POD 2.39 0.47 0.67 0.13
80x80x72 G-POD 2.08 0.29 0.39 0.11
(460,800 elements) DD-POD 1.71 0.50 1.21 0.27

Table 6. Maximum absolute errors, max ||A||, in apparent resistivity (p) and phase (p) computed by DD-POD relative to the reference

solution obtained using the DD solver, at a frequency of 0.001 Hz. These results correspond to the simulations presented in Table 4.

Mesh size Solver max |[|[Apzy|| max||Apgyl| max||Apyz|| max||Apy.ll
160 x 160 x 144 (3,686,400 elements) DD-POD 2.70 0.41 0.80 0.13

6.1.2 Validation and accuracy

Having assessed the computational times, we now turn to the assessment of the accuracy of the G-POD, DD, and DD-POD
solvers relative to the reference solutions from the G solver.

Table 5 reports the maximum absolute error max||A|| of the Qols (p, and ¢). Only the components (pgy, Pyz) a0d (Gy, Pyz)
are presented. Similarly, Table 6 reports the same metric, but relative to the DD solver for the highest-resolution configuration.
From these values, it is observed that the acceleration achieved by DD or DD-POD does not compromise the accuracy of
the EM responses when compared with the reference solutions (i.e. G and DD solvers). We note that the reported errors
correspond to the value of 5 that maximized computational efficiency rather than accuracy; smaller errors can be obtained by
further adjusting 5. Moreover, the maximum relative Lo-norm errors between the reduced and full-order solutions (Rell),
remain below 3 %, which is substantially smaller than the discrepancies typically observed between independent MT solvers
(e.g. Manassero, 2019).

6.2 Real-world model results
6.2.1 Computational performance

Table 7 reports the execution wall-time for the same set of simulations across different solvers for f equal to 0.001 Hz and
10 Hz. Although simulations were conducted for various npop values, the time recorded in Table 7 for the POD solvers
corresponds specifically to npop = 50. For these simulations, the DD solver continues to outperform the G solver, achieving
computational time gains of almost 90%. This staggering performance improvement arises from avoiding the solution of a

global LSE with 3.644 x 10¢ degrees of freedom. Instead, the DD solver operates on a sequence of smaller LSEs of size
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Table 7. Computational performance in terms of wall time and relative wall-time reduction with respect to the G solver for different solvers
at frequencies of 0.001 Hz and 10 Hz, using a 100 x 100 x 60 discretization. All simulations were run on two servers, each equipped with
2x32-core Xeon Gold 6430 processors (2.1 GHz, 60 MB cache, 4400 MHz FSB) and 256 GB RAM. A total of 40 MPI processes was used.
The hyperparameters were Ny = 20, npop = 50, 8 = 0.05 Brer, and § = 5 x 10™*. The size of the LSE for the reduced-order solvers is set

by npop, and the initial guess was set using the snapshot corresponding to the nearest parametric configuration.

Mesh size Frequency (Hz)  Solver Size LSE Wall time (s)
G 3,644,000 x 3,644,000 198.13
G-POD (npop = 50) 50 x 50 7.93
0.001
DD 201,200 x 201,200 23.16
DD-POD (npop = 50) 50 x 50 3.16
100x100x60
(600000 elements) G 3,644,000 x 3,644,000 190.56
(Naot = 3644000) 100 G-POD (npop = 50) 50 x 50 8.06
' DD 201,200 x 201,200 24.50
DD-POD (npop = 50) 50 x 50 2.61
a) 20, b) 20
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Figure 7. Total execution and assembly times of G-POD and DD-POD for different values of npop. The definition of assembly time is
given in Section 6.1.1. Solid red lines indicate the execution time for G-POD, and dashed red lines indicate the time to assemble K* in
G-POD. Solid blue lines indicate the execution time for DD-POD, and dashed blue lines indicate the time to assemble K;‘ The iterative
scheme of the DD-POD solver time is represented by the distance between the solid and dashed blue lines. More details of the simulations

are provided in the caption of Table 7. (a) f = 0.001 Hz, (b) f = 10 Hz.

201,200 x 201,200, which are solved in parallel. Regarding the POD-based solvers, for an equivalent truncation level npgp,
the DD-POD approach is at least 60% faster than the G-POD alternative, for this truncation, demonstrating the benefits of

localized reduction.

Fig. 7 illustrates the performance of the POD solvers in terms of execution wall-time across various npop truncations for

the two frequencies, alongside the assembly time as defined in Sect. 6.1.1. It is seen that DD-POD consistently outperforms
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Figure 8. Execution time of the main computational steps for solvers (a) G, (b) DD, (¢) G-POD (npop = 200), and (d) DD-POD (npop =
200) on a 100 x 100 x 60 mesh using 40 MPI processes. These simulations correspond to the results presented in Table 7 for the full-order
solvers and in Fig. 7 for the reduced-order solvers with npop = 200 at a frequency of 10 Hz. The DD solver plots show the number of

iterations for each polarization. The procedures along the horizontal axis are described in Section 6.1.1.

G-POD in computational efficiency for every truncation level tested. In the G-POD framework, the assembly time defined as
the time required to assemble K and perform its projection onto the reduced space accounts for more than 90% of the total
simulation time and escalates rapidly as npop increases. The disparate scaling behaviors observed between the G-POD and
DD-POD solvers are primarily attributable to fundamental differences in their respective projection operations.

In the G-POD approach, projecting the operator K onto the reduced basis requires operations that fail to exploit the inher-
ent framework of domain decomposition. Specifically, since K contains approximately 18% = 324 times more entries than a
local subdomain operator K;, the computational overhead involved in the projection is significantly higher. As the number
of POD modes, npop, increases, the cost of these projections scales quadratically, eventually dominating the total wall-time.
This assembly bottleneck can negate the theoretical advantages of reduced-order modeling, particularly when the overhead of
constructing reduced operators exceeds the savings gained from solving the LSE. For instance, at npop = 200, the execution

time of G-POD becomes comparable to the total execution time of the full DD solver, rendering the reduction less effective.
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Conversely, the assembly time for DD-POD scales at a slower pace, maintaining a considerably lower baseline even as the
basis size grows. The remainder of the execution time is allocated to the iterative scheme, representing the interval between the
two blue lines in the visualization. By reducing the number of iterations through better starting conditions, the execution time
of DD-POD can be further decreased, approaching the theoretical minimum of the assembly baseline. For this case, the initial
guess for the iterative scheme was set using the snapshot with the closest parametric combination, resulting in a 30% decrease
in execution time compared to a null initialization. The choice of the initial guess directly dictates the number of iterations
required for convergence, thereby determining the overall speed of the simulation. This bears important implications for the
acceleration of MCMC-based inversions (e.g. Manassero et al., 2020, 2021); we discuss this further in Section 6.3.

Finally, Fig. 8 displays the timing of the main computational steps for f = 10 Hz. Both POD implementations successfully
eliminate the massive computational overhead associated with analyzing and solving the full-scale LSE. In the G-POD solver,
the computational cost comprising the assembly of K and its subsequent projection, rises from 4.63 s to 16 s for npop = 200.
Such a high baseline compromises the viability of the G-POD solver, particularly in high-resolution probabilistic inversion
frameworks that require thousands of forward evaluations. In fact, the time required to assemble K alone in the G-solver
exceeds the combined assembly and projection time of the DD-POD solver, proving a markedly more favorable scaling of
the latter as the number of retained modes increases. Moreover, the total computational cost of the DD-POD solver remains

essentially independent of the frequency considered.
6.2.2 Validation and accuracy

The validation of the full-order approximations and the assessment of their accuracy are carried out using the relative Lo-
norm (RelLs) error on the quantities of interest (Qols), rather than the maximum pointwise difference max||A|| used in the
benchmark study. This choice of error metric is motivated by the strong heterogeneity of the model, which features material
resistivities ranging from 0.1 to 5000 €2 - m. For the phase components, the denominator of the relative Lo-norm was shifted to
the first quadrant to ensure a fair comparison.

In Figs. 9 and 10, the Rells is displayed for simulations with different modes (npop) for both G-POD and DD-POD, with
the error measured relative to their full-order counterparts, G and DD, for f = 0.001 Hz and f = 10 Hz, respectively.

For f =0.001 Hz (Fig. 9), the maximum stabilized error for G-POD across the four Qols is less than 1%, whereas for
DD-POD it is approximately 5%. For f = 10 Hz (Fig. 10), G-POD exhibits a maximum RelLs error of 2%, while DD-POD
reaches approximately 5%, with the error stabilizing between 50 and 75 modes.

As the number of POD modes increases beyond 75, the incremental improvement in accuracy becomes marginal, suggesting
that the POD basis has successfully captured the dominant physical features of the parametric problem. While G-POD pro-
vides a slightly better approximation, the substantial gain in computational efficiency (up to 70%) achieved by the DD-POD
constitutes a decisive advantage, particularly in high-resolution probabilistic inversion frameworks where overall feasibility
is strongly constrained by forward modeling cost. As illustrated in the middle profiles along the middle north-south section
in Fig. 11 (f = 0.001 Hz) and Fig. 12 (f = 10 Hz), the differences between the G, G-POD, DD, and DD-POD solvers are

almost imperceptible when plotted using standard MT data visualization scales. In this context, we emphasize that the above
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errors, while within typical uncertainty bounds in MT data, are not intrinsic to the DD-POD approach. The hyperparameters
(B=0.05X Bres, 6 =5 x 10~%) chosen here for DD-POD were selected to maximize computational speed, as in the bench-

mark problem. For applications requiring higher accuracy, the convergence criteria can be tightened and more iterations can be

performed if necessary.
6.3 Implications for probabilistic inversions

Manassero et al. (2020, 2021, 2024) demonstrated the application of reduced-order modeling for the inversion of 3D MT data
within an MCMC-driven, fully probabilistic framework. However, the monolithic solution of the reduced system, together with
the comparatively large number of required basis functions, remained a challenge, constraining the effective dimensionality
that could be addressed in practical applications, as seen in Fig. 7.

The improvements introduced in this work impact MCMC-driven inversions of MT data (as formulated by Manassero
et al., 2020) in two important respects. First, during the initial stages of the inversion (or in previous offline stage), when the
reduced basis is constructed on the fly, the use of faster and more memory-efficient DD full-order solver reduces considerably

the associated computational cost. This reduction is critical because the initial basis construction accounts for a substantial
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fraction of the total computational cost of the inversion workflow. Second, the combined DD-POD reduced solver exhibits
superior memory efficiency and shorter run times than the G-POD approach, thereby accelerating the MCMC inversion and
enabling the treatment of larger problems.

Furthermore, the specific MCMC strategy employed by Manassero et al. (2020, 2021), where only a small block of the
parameter vector is changed per proposal, creates a particularly favourable setting for the DD-POD approach. As the Markov
chain approaches its stationary regime, sampling transitions from an initial exploration of the broad prior support to local
exploration of the high-probability region of the posterior distribution. As a result, successive accepted samples tend to be
increasingly close in parameter space. In this regime, using the solution from the previous sample as the initial guess for the
current iterative solve reduces the number of iterations required, such that the total computational cost of the DD-POD solver
approaches that of matrix assembly alone (see Fig. 7).

Based on the results presented here, and considering further potential optimizations of the LSE solvers (e.g. by exploiting
affine decomposition), we anticipate that MCMC-driven probabilistic inversions of 3D MT data will become computationally

feasible for discretizations on the order of 100 elements. This resolution is comparable to, or exceeds, that commonly adopted

in contemporary deterministic MT inversions.
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Finally, the results presented here also have important implications for uncertainty quantification in deterministic inversion
frameworks. For example, once a deterministic optimal model has been obtained, a short and efficient sampling in its vicinity
can be used to generate the snapshots necessary to construct a reduced-order surrogate. This surrogate can then be exploited to
perform inexpensive Monte Carlo simulations, enabling the estimation of global uncertainty measures and posterior covariance

matrices that are typically inaccessible in standard deterministic inversion approaches.

7 Conclusions

This study introduced a new forward modeling framework for 3D MT problems that combines Domain Decomposition (DD)
with Reduced-Order Modeling (ROM) based on Proper Orthogonal Decomposition (POD). The method was developed to
overcome the memory and scalability limitations of current global full-order and reduced-order solvers.

The results demonstrate that DD significantly reduces the computational and memory costs associated with large global
linear systems, enabling efficient forward simulations at resolutions comparable to those used in modern deterministic MT in-
versions (> 2x 107 degrees of freedom). When combined with POD, the DD-POD formulation achieves substantial additional

speedups while maintaining errors in apparent resistivity and phase below levels typically observed between independent MT
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solvers and/or in MT field data. A key outcome is the favourable scaling behaviour of the DD-POD solver with increasing
reduced-basis size. Unlike global POD approaches, whose efficiency rapidly deteriorates due to operator assembly and pro-
jection costs, the localized structure of DD-POD preserves computational efficiency even for moderately large numbers of
modes.

The proposed framework has direct implications for probabilistic inversion strategies based on MCMC sampling. In partic-
ular, the DD-POD framework can accelerate MCMC-driven probabilistic inversions through two complementary mechanisms.
First, the use of a DD-based full-order solver substantially reduces the computational cost associated with reduced-basis con-
struction, which typically represents a major fraction of the total inversion expense. Second, the DD-POD reduced solver
exhibits lower memory requirements and shorter run times than its global counterparts, enabling faster forward evaluations
throughout the sampling process. Together, these two effects significantly reduce the overall computational burden of MCMC-
based MT inversions and allow larger and more finely discretized models to be considered in practice.

Beyond fully probabilistic inversions, the methodology also opens new perspectives for uncertainty quantification in deter-

ministic workflows. Local sampling around an optimal deterministic solution can be used to construct reduced-order surrogates
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at limited cost, enabling Monte Carlo—based uncertainty analyses that are typically inaccessible in standard deterministic in-
version approaches.

Future work will focus on further reducing the cost of reduced-operator assembly, improving the convergence of DD-POD
iterations through enhanced initialization strategies, and fully integrating the method within probabilistic inversion frameworks.
Achieving such integration will require addressing additional challenges, including adaptive basis-enrichment strategies, fre-
quency parallelization and more advanced parameterizations of the a priori model (e.g. Manassero et al., 2020, 2021, 2024).

These developments form the focus of a forthcoming publication.

Code and data availability. The code and datasets corresponding to the forward solver are available at https://doi.org/10.5281/zenodo.

18460566 (Tao and Zyserman, 2026), together with a user guide.
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