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ABSTRACT: Wind-generated inertial motions are refracted by geostrophic vorticity gradients to

propagate into the stratified ocean interior as near-inertial waves that can be trapped in anticyclonic

regions of ocean fronts and eddies as subinertial waves. Here, we explore a nonlinear wave-wave

interaction mechanism by which subinertial near-inertial waves trapped in a sharp front (vorticity

Rossby number Ro⇠-0.85, front gradient Froude number Fr⇠0.8) can escape as superinertial near-

inertial waves. Inferences are drawn from spectral and cross-bispectral analyses of numerical

solutions of a process-study ocean model configured to represent a two-dimensional baroclinic

front. The model is forced with a wind impulse. The resulting near-inertial wave fields are

analyzed over the ensuing five inertial periods as the waves radiate downward. Resonant wave-

wave interactions provide a pathway for trapped subinertial wave energy to radiate out of the front

as free superinertial waves. Nonlinear interactions represent a significant component of the near-

inertial wave energy budget, only a factor-of-two smaller than dissipation. Escaping waves only

occur for either large front vorticity Rossby number or large front gradient Froude number in the

band constrained by 0 < 1+Ro�Fr2
< 0.36.
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1. Introduction25

Wind-work powers 0.2�1.1TW of surface-layer inertial oscillations globally (Plueddemann and26

Farrar 2006; Furuichi et al. 2008; Rimac et al. 2013; Jiang et al. 2005; Chaigneau et al. 2008;27

Alford 2020; Klenz et al. 2022, and references therein). These motions are transformed into28

near-inertial waves (NIWs) that propagate into the stratified ocean interior (e.g., Leaman 1976;29

Weller 1985; D’Asaro 1989; Niwa and Hibiya 1999; Silverthorne and Toole 2009; Alford et al.30

2012; Cuypers et al. 2013; Pallàs-Sanz et al. 2016) by interactions with planetary V (Fu 1981; Gill31

1984; D’Asaro 1989; D’Asaro et al. 1995; Garrett 2001) as well as with meso- and submesoscale32

vertical relative vorticity Z gradients (Mooers 1975a,b; Weller 1982; Kunze 1985; D’Asaro 1995;33

Klein and Treguier 1993, 1995; Young and Ben Jelloul 1997; Klein et al. 2004; Danioux et al.34

2008, 2011; Thomas et al. 2020; Asselin and Young 2020; Raja et al. 2022; Kunze et al. 2023)35

to form the near-inertial peak of the internal-wave frequency spectra in kinetic energy (Fu 1981;36

Polzin and Lvov 2011). Because vorticity refraction is typically 1-2 orders of magnitude larger37

than planetary V refraction (van Meurs 1998; Danioux et al. 2008; Asselin et al. 2020; Kunze38

et al. 2023), interactions with eddy vorticity exert the dominant control over where near-inertial39

waves propagate and dissipate. NIWs are thought to be one of the principal sources of turbulence40

production in the stratified ocean interior (Gregg et al. 1986; Kunze et al. 1990; Polzin 1996).41

Vorticity refracts near-inertial waves out of regions of cyclonic and into anticyclonic vorticity42

(Kunze 1985; Danioux et al. 2008; Elipot et al. 2010; Asselin et al. 2020) so that near-inertial43

energy will tend to become trapped where the effective frequency 54 = [ 5 ( 5 + Z)]
1/2 is lower than44

the Coriolis frequency f (Perkins 1976; Mooers 1975a; Kunze 1985). If vorticity weakens with45

depth, as is typical for baroclinic mesoscale eddies and fronts, trapped downward-propagating46

near-inertial waves will stall and amplify at the base of anticyclonic regions at a vertical critical47

layer where the vertical wavelength and vertical group velocity shrink (Kunze 1985). Critical-layer48

amplification has been verified observationally (Kunze and Sanford 1984; Kunze 1986; Kunze49

et al. 1995; Joyce et al. 2013; Martı́nez-Marrero et al. 2019) and numerically (Wang 1991; Lee and50

Niiler 1998; Zhai et al. 2005; Claret and Viúdez 2010; Danioux et al. 2015; Lelong et al. 2016;51

Asselin and Young 2020).52

Kunze et al. (1995) listed three possible sinks for this trapped near-inertial energy – (i) turbulent53

dissipation, (ii) wave-mean flow exchange, and (iii) wave-wave interaction exchange with super-54
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inertial internal waves free to radiate out of the anticyclonic trapping region. Elevated turbulent55

dissipation rates have been observed associated with elevated near-inertial shear in anticyclones56

(Lueck and Osborn 1986; Kunze et al. 1995; Kunze and Toole 1997). Elevated dissipation57

balanced trapped near-inertial wave energy-flux convergence, or wave pressure-work, in a Gulf58

Stream warm-core ring to within factor-of-two uncertainties (Kunze et al. 1995), making this the59

most likely sink. Wave-mean exchange can be ruled out as a major sink based on wave action ⇢/l!60

conservation (Jones 1967), where l! is the Lagrangian or intrinsic frequency, since vortex-trapped61

wave frequencies remain close to 5 (Llewellyn Smith 1999).62

With factor-of-two uncertainties in the dissipative sink (i), trapped near-inertial energy transfer-63

ring to free waves that escape (iii) remains a possibility which is explored for the first time here64

using numerical simulations. Interaction of two trapped near-inertial waves with frequencies below65

5 can generate a daughter wave with factor-of-two higher frequency that is free to propagate out of66

anticyclonic trapping region. The wave triads identified here do not fit into the three scale-separated67

cases identified by McComas and Bretherton (1977). However, recent work shows the importance68

of spectrally-local as well as scale-separated wave-wave interactions (Wu and Pan 2023; Dematteis69

et al. 2024).70

Our investigations are made with an ocean model initialized with a strong (vorticity Rossby71

number '> = Z/ 5 = �0.85 and front gradient Froude number �A = |DI |/# = 0.8, where Z and72

DI are the front vertical relative vorticity and vertical shear, respectively) submesoscale front in73

thermal-wind balance, and forced with an initial 6-hour wind event that generates inertial currents74

at the surface (Sec. 2). Time evolution of the flow is analysed for five inertial periods after the wind75

event, documenting generation of NIWs, their downward radiation, followed by wave-trapping76

and amplification within the anticyclonic side of the front (Sec. 3). A total wave energy budget77

shows that wave-wave interactions represent sinks for wind-generated energy within the front78

(Sec. 4). Frequency and vertical wavenumber cross-bispectra show energy transfers from two pairs79

of trapped subinertial parent waves – one with the two frequencies centered at 0.8 5 and 5 , and80

the other with the two frequencies centered at 0.6 5 and 0.8 5 – to a superinertial wave of higher81

vertical wavenumber (Sec. 5). Resonant wave-triad escape only occurs from trapping regions82

where 0 < 1+ '>� �A
2
< 0.36. Finally, Sec. 6 offers a summary, implications of this nonlinear83

mechanism in the ocean and suggestions for future work.84
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2. Numerical modeling85

a. Process Ocean Study Model86

The Process Study Ocean Model (PSOM) is a non-hydrostatic, free-surface numerical model that87

simulates the flow of a stratified rotating fluid under the Boussinesq approximation (Mahadevan88

et al. 1996a,b). This model is fully three-dimensional and has been used previously to examine89

spontaneous generation and propagation of IGWs by a meandering front (Nagai et al. 2015). Here,90

the model is configured to simulate a 2-D geostrophic front with propagation of surface-generated91

near-inertial waves in the vertical and cross-front directions. This simple scenario allows us to92

focus on depth propagation and interactions of NIWs generated near the surface.93

b. Model domain and boundary conditions94

The domain is a periodic zonal along-jet channel with no-flux boundary conditions to the north95

and south. The bottom is also a no-flux solid boundary, while the top boundary is a free surface.96

The zonal domain extent is !- = 6.4km, meridional !. = 148km, and depth !/ = 422m. The97

limited zonal extent prevents baroclinic instability and along-front wave propagation so that the98

simulation is effectively 2-D. Using #- ⇥#. ⇥#/ = 16⇥371⇥136 grid points (excluding sponge99

and buffer layers, see details below), the lateral resolution of the grid is �G = �H = 400m, while the100

vertical resolution ranges from �I = 2.3m near the surface to 4.2m at I = �!/ . Therefore, waves101

with minimum horizontal and vertical wavelengths of 800m and 8.4m, respectively, and an aspect102

ratio of about 0.01, are fully resolved. The time step �C = 90s is appropriate for resolving waves103

with periods ranging from the inertial period to hours, which are typical of inertia–gravity waves104

(Garrett and Munk 1979).105

To simulate radiation into the deeper ocean, a bottom wave-absorbing layer is implemented that106

minimizes reflections back into the water column with Rayleigh damping R added to the right-hand107

side of the momentum equations of the form R(x, C) = �A (I)u(x, C) (Durran 1998), where A (I) is108

a vertically dependent relaxation rate, and u(x, C) = (D,E,F) the three-dimensional velocity vector.109

The sponge layer scheme is similar to that in MITgcm (Zhang and Marotzke 1999; Grisouard 2010),110

A (I) = (1� B(I))/[(1� B(I))�o + B(I)�i], where B(I) is the distance from the bottom boundary in111

grid points normalized by the 120 points within the sponge layer. In this way, velocities gradually112

relax to zero over a timescale �i at the inner edge and �o at the bottom. We set �i = 4Tip and113
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�o = �i/1000, where )ip is one inertial period, which is the upper bound of the time period range114

of IGWs.115

c. Subgrid-scale damping116

Laplacian momentum and buoyancy damping are included with uniform lateral eddy viscosity and117

diffusivity ^ h = 1m2 s�1. When winds are turned on, the vertical viscosity and diffusivity ^ v have118

a prescribed profile ^v(I) = max
�
^

min
v , ^

max
v 0.5 [1+ tanh {(I� Im)/Im 2c}]

 
, where Im = �40m is119

the mixing-layer depth at which ^v decays from ^
max
v = 10�2 m2 s�1 to ^

min
v = 10�4 m2 s�1 (Dewey120

and Moum 1990). In the absence of winds, ^v is uniform with value ^
min
v . Wind-generated inertial121

oscillations are initially confined to the mixing layer. Sensitivity to other diffusivities is also tested122

(Appendix A).123

d. Front initialization124

The model is initialized with an idealized density front and jet in geostrophic balance. The initial125

buoyancy distribution 1(H, I) = 10 +#
2
0 I + 1 5 (H, I) is comprised of a constant buoyancy 10 = �6,126

where 6 is the acceleration due to gravity, a linear density stratification #
2
0 = 9.6⇥ 10�6 rad2 s�2

127

and a front buoyancy anomaly 1 5 (H, I) = �6/d0
⇥
tanh

�
c (I 5 (H)� I )/�/

 
+1

⇤
/2, where d0 =128

1025.8kg/m3 and �/ = 175 m is the vertical front extent. The front mid-depth varies laterally129

as I 5 (H) = /0 [tanh {2c (H�.0)/�. }�1] /2, where �. = 57 km is the width of the front centered130

at .0, /0 = � +�//2, and � = 50 m the depth of the surface layer on the buoyant side of the131

front (see Fig. 1a). Parameters �/ , �. , and � are empirically constrained using Gulf Stream132

observations from the Line W program (www.whoi.edu/science/PO/linew) to represent a front133

typical of a western boundary current.134

The front has maximum buoyancy frequency # = 10�2 rads�1, defined by #
2
⌘ 1I where subscript135

I is the partial derivative with respect to the vertical, which is deepest on the buoyant side of the front136

and shoals toward the denser side (Fig. 1b). The strongest lateral buoyancy gradient�6.19⇥10�7 s�2
137

results in a maximum geostrophically balanced velocity of 0.82 m s�1 for a mean latitude of 35�# .138

The geostrophic relative vertical vorticity Z6 attains maximum and minimum values of 0.99 5 and139

�0.85 5 , respectively, where 5 is the Coriolis frequency. The resulting initial baroclinic front has140

a minimum Richardson number '8 ⌘ #
2
/D

2
I
= 1.5, corresponding to a maximum gradient Froude141
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number �A ⌘ |DI |/# = 0.8 (Fig. 1c). Although isopycnals are steep, the front is symmetrically stable142

initially since the 2D Ertel’s geostrophic potential vorticity @6, defined as @6 ⌘ 5 ( 5 + Z6)1I � 1
2
H
,143

where subscript H is the partial derivative with respect to the meridional coordinate, is positive144

everywhere (Hoskins 1974).145

4 6 8 10
 N  10-3 s-1

-400
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-200

-100

 z
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 Y0-10

 Y0

 Y0+10

F��. 1. (a) Cross-section of initial frontal density (shading) and vorticity (white contours every 0.2 5 , solid

positive vorticity, dashed negative vorticity) structure representative of the Gulf Stream. The jet is out of the

page and in geostrophic balance. Initial density structure is an analytical function (see text) that depends on four

parameters: front width �. , front vertical extent �/ , thickness of a homogeneous surface layer �, and front

center .0. (b) Buoyancy stratification # profiles in the center of the jet (dashed), and on its anticyclonic (solid)

and cyclonic (dotted) sides, 10 km from the center. (c) Gradient Froude number across the front (shading),

effective inertial frequency 54 (thin black contours) and lmin (thick blue contours), both with contour intervals of

0.1 5 and dashed/solid lines for frequencies below/above 5 . Gradient Froude numbers are larger on the cyclonic

( 54 > 5 ) side of the front.
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e. Inertial motions155

The model is impulsively forced with a cross-front wind-stress g = 0.26 Pa during the first six156

hours. This is a simple way to generate free inertial oscillations in the upper layer because the157

ocean resonates at the inertial frequency after the wind stops (e.g., Ekman 1905). The resulting158

inertial motions have the same order of magnitude as the initial geostrophic current, with maximal159

velocities of about 0.3 m s�1 at the surface decaying to 0 at the base of the mixing layer. Since we160

are interested in post-generation evolution of these inertial motions, we hereafter refer to C = 0 as161

the time when the wind is turned off.162

Because the wind-stress g is applied perpendicular to the front, there is no wind-work on the163

geostrophic flow, since ^EmE/mI = �g/ 5 , where ^E is the vertical eddy viscosity. The wind-stress164

is uniform over the front, but tapers gradually to zero near the solid lateral boundaries. The buffer165

region is 200 grid points wide. The grid spacing in this region increases gradually from 400 m to166

as much as 10 km so as to weaken the wind-stress curl, and minimize inertial pumping (Gill 1984).167

3. Downward propagation of superinertial waves168

Time evolution of wind-generated inertial motions during the first five inertial periods Tip after169

cessation of the wind is described. To distinguish between the front (mean) and waves, signals are170

decomposed into a time-mean computed over 5 Tip and a perturbation171

u = ū+u0
, ? = ?̄ + ?

0
, 1 = 1̄ + 1

0
, Z = Z̄ + Z

0
, (1)

where overbars and primes denote the time-mean and fluctuating components of the velocity172

vector u = (D,E,F), pressure ?, buoyancy 1 and vertical relative vorticity Z . Other wave-mean173

flow decompositions have been explored since a frequency continuum is excited which may not174

be fully captured in the perturbation component. As shown in Sec. 4, the wave energy budget is175

relatively insensitive to time-means ranging over 4.5-5.5 Tip after the wind impulse, or as the front176

initial condition.177

The initial post-wind state is dominated by a coherent slab of cross-front velocity E
0 in the mixing178

layer (Fig. 2a), which extends to approximately 35-m depth. At later times, E0 dephases across the179
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front and tilted bands of alternating E
0 form in the interior (Fig. 2b). These motions are strongest180

and have the smallest vertical scales in the anticyclonic vorticity (Fig. 2c).181

Away from the front, the upper ocean rings at the inertial frequency. Within the front, this ringing188

is modulated by relative vorticity (Klein et al. 2004) so that the intrinsic frequency of wind-generated189

waves is shifted from 5 to an effective inertial frequency 54, where 5
2
4
⌘ 5 ( 5 + Z̄) = 5

2
(1+ '>)190

(Mooers 1975a; Weller 1982; Kunze 1985; Young and Ben Jelloul 1997; Asselin and Young 2020),191

and '> ⌘ Z/ 5 is the Rossby number. The resulting near-inertial waves rapidly radiate downward192

and can propagate freely as wave packets in regions where the lower bound of the internal-wave193

frequency band lmin lies below the wave frequency l but not where lmin exceeds l, with194

l
2
min = 5

2
4
� 1̄

2
H
/1̄I = 5

2
(1+ '>��A

2
) the lowest bound of the frequency range of inertia–gravity195

waves propagating through flows with front Rossby and gradient Froude numbers of O(1) (Mooers196

1975a,b; Kunze 1985; Whitt and Thomas 2013). Considering the gradient Froude number of the197

mean-flow �A ⌘ |D̄I |/#̄ = |1̄H |/ 5 #̄ , where 5 D̄I = �1̄H is the mean-flow thermal-wind balance, the198

region where subinertial waves are trapped and wave energy accumulates is enlarged compared to199

that only considering 54 as a result of baroclinicity 1̄H (Fig. 1c) where the trapping region on the200

anticyclonic frontal side is defined by 5 Z̄ � 1̄
2
H
/1̄I = 5

2
('>��A

2
) < 0.201
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F��. 2. Perturbation cross-front velocity E
0 at C = 0 (a), C = 2.5 Tip (b), and C = 5 Tip (c) inertial periods after the

wind is turned off. At C = 0, E0 is strongest in the mixing layer and points in the same direction at all cross-front

locations. At later times, it is banded vertically and across-front beneath the mixing layer. The bands have the

largest magnitudes at the base of the anticyclonic side of the front. Relative vertical vorticity contours of the

mean-flow are included for reference with contour interval of 0.2 5 and with dashed (solid) lines for negative

(positive) values.
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Depth-binned frequency spectra of perturbation horizontal velocity show a prominent peak at202

5 within the mixing layer (Fig. 3, black line) due to the dominance of inertial motions generated203

by wind forcing. Below this layer within the front, this inertial peak decays and broadens towards204

both subinertial and superinertial frequencies, in agreement with modulation by Z̄ of the intrinsic205

frequency and rapid downward wave propagation (Fig. 3, red line). Below the front, superinertial206

waves become relatively more important (Fig. 3, blue line), consistent with subinertial waves being207

trapped in the front and nonlinear transfer of wave energy out of the inertial peak.208

0 0.5 1 1.5 2 2.5 3
/ f

10-8

10-7

10-6

10-5

10-4

10-3

10-2

m
2  s

-2

   -33 < z < 0
 -300 < z < -33
 -418 < z < -200

F��. 3. Laterally-averaged depth-binned frequency power spectra of horizontal velocity (D0,E0) in the mixing

layer I > �33 m (black curve), over front depths �300 < I < �33 m (red curve), and below the front �418 < I <

�200 m (blue curve) using a Tukey window of 15%. The inertial frequency is indicated by a solid vertical line.

At mid-depth (red), the inertial peak broadens toward subinertial frequencies, a signature of trapped near-inertial

waves. Below the front (blue), superinertial waves are relatively more important.
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213

To gain further insights on the wave frequency spatial distribution, we examine a cross-front214

section of the dominant frequency (that associated with the largest spectral amplitude) at each215

grid cell in the model. Subinertial frequencies are localized within the anticyclonic side of216

the front enclosed by contours of l = lmin, while superinertial frequencies emanate as beams217

that align with IGW characteristics (Fig. 4). For instance, slopes of beams with l = 1.4 5 and218

l = 1.8 5 (see Fig. 4) are consistent with those predicted by the quiescent ocean dispersion relation219

✓/< = ±

q
( 5 2 �l

2)/(l2 �#
2
0 ), where ✓ and < are cross-front and vertical wavenumbers, within220

10% error. These wave beams originate near the anticyclonic side of the front and their wave221
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intrinsic frequencies are close to twice the dominant subinertial frequency l = 0.8 5 within the222

anticyclonic region, suggesting generation by wave-wave interactions.223

F��. 4. (a) Cross-front distribution of 54 normalized by 5 at the surface. (b) Vertical section of the dominant

wave frequency in the rotary spectra of D0 + 8E0 at each grid point over 5 Tip after the wind impulse (shading)

and contours of lmin = (0.6 5 ,0.8 5 ) on the anticyclonic side of the front (dotted contours) and 54 = 1.2 5 on the

cyclonic side (solid contours). Diagonal lines below 150-m depth indicate wave characteristic slopes forl = 1.8 5

(dashed lines) and l = 1.4 5 (dash-dotted lines), consistent with the corresponding beam frequencies. These

beams have about twice the frequency of trapped subinertial waves on the anticyclonic side of the front below

the mixing layer which can be greater than 54, suggesting that they may be the result of wave-wave interactions.

Mixing-layer depth is indicated by the thin horizontal line.
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231

Construction of our model minimizes lateral Doppler-shifting because along-front wave phase232

gradients vanish (: ⇥ D̄ = 0) and the mean cross-front velocity Ē is weak. An upper bound of the233

cross-front Doppler-shift based on the mean cross-front velocity (Ē = 8⇥10�3 m s�1) and minimum234

cross-front wavelength (_H = 20 km, Fig. 2) is ✓⇥ Ē = 0.035 5 , one order-of-magnitude smaller than235

inferred frequency shifts. Vertical Doppler-shifting is also small although non-negligible with a236
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maximum value of <⇥ F̄ = 0.13 5 from a maximum mean vertical velocity (F̄ = 8.4⇥10�5 m s�1)237

and a minimum vertical wavelength (_I = 50 m, Fig. 2).238

4. Wave energy budget239

The wave energy equation is derived from non-hydrostatic momentum conservation, mass con-240

servation and continuity. Retaining terms that involve wave-front and wave-wave interactions, the241

equations of motion under the Boussinesq approximation are242

mu0

mC

+ ū ·ru0
+u0

·rū+u0
·ru0

+ 5 k⇥u0 = �
1
d0

r?
0
+ 1

0k+D(u0
), (2)

m1
0

mC

+ ū ·r1
0
+u0

·r1
0
+u0

·r1̄ = D(1
0
) (3)

r ·u0 = 0, (4)

where D(·) = ^⌘r
2
(·) + mI^E (mI (·)), r2

⌘
is the horizontal Laplacian operator, and mI is the partial243

derivative with respect to I. Terms involving wave-front interactions are simplified because244

Doppler-shifting of the wave by the front is minimal and along-front gradients m/mG of the front and245

waves vanish. An equation for the terms contributing to total wave energy ⇢
0
⌘ 1/2 ( |u0

|
2
+1

02
/#

2
)246

at C = 5 Tip is obtained by multiplying (2) by the wave velocity vector and (3) by 1
0
/#

2, adding247

terms, integrating over G h(·)i and time to 5 Tip248

h⇢
0
i = �

π 5Tip

0

✓
hD

0
E
0
mD̄

mH

i + hD
0
F
0
mD̄

mI

i

◆
dC

|                                       {z                                       }
MSP

�

π 5Tip

0
h
E
0
1
0

#
2
m1̄

mH

i dC
|                    {z                    }

LBF

�

π 5Tip

0
hu0

·u0
·ru0

i dC
|                        {z                        }

WWI

�

π 5Tip

0

1
d0

hr · (?
0u0

)i dC
|                          {z                          }

WPW

+

π 5Tip

0
hu0

· D(u0
)i dC +

π 5Tip

0
h
1
0

#
2D(1

0
)i dC

|                                                      {z                                                      }
DIS

+s.m.t. (5)

The five terms on the RHS include mean-flow shear production (MSP), cross-front wave buoyancy-249

flux (LBF), wave-wave interactions (WWI), wave pressure-work (WPW) and numerical dissipation250

(DIS). Nonlinear terms involving ū ·ru0, ū ·r1
0 and u0

·r1
0 are included in (5) as small-magnitude251

terms (s.m.t.) to close the budget. Finally, the wave energy equation is integrated over the cross-252

front domain (142 km, see Fig. 1) to quantify the net contribution of each term to wave energy253

evolution below the mixing layer.254
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The dominant balance in the energy budget (Eq. 5) is between accumulation of wave energy (LHS)255

and wave pressure-work (WPW), indicating that the simulation has not achieved a later state where256

energy accumulation is overtaken by dissipation. The positive contribution of WPW to h⇢
0
i across257

the front (blue line in Fig. 5) signifies that there is convergence of energy-flux F = h?
0u0

i = c⇢ ,258

where c is the wave group velocity vector. Energy-flux convergence is consistent with downward259

propagation of the wind-generated wave energy pulse from the mixing layer boosting wave energy260

in the interior (Fig. 2). Further energy-flux convergence (WPW> 0) will amplify the wave pulse261

since it cannot leave the anticyclonic trapping region but will stall at a critical layer (Kunze and262

Sanford 1984; Kunze 1985; Kunze et al. 1995). The increase in total wave energy below the mixing263

layer to I =-180 m (⇠ 65% of WPW) is smaller than the WPW term due to non-negligible wave264

energy sinks arising from (i) dissipation (21.9%), (ii) wave-wave (9.0±0.2% among the different265

wave-front decompositions) and (iii) wave-front (2.3± 1.0%) interactions, as well as (iv) a small266

contribution from s.m.t. (1%) that together close the budget [(5), Fig. 5]. Wave-front (MSP + LBF,267

comprising the Eliassen-Palm flux) energy exchanges are a wave source immediately below the268

mixing layer and a wave sink at greater depths (green curve in Fig. 5). Spontaneous IGW generation269

(Nagai et al. 2015; Shakespeare and Taylor 2016) is not expected here because the front is not270

unstable. In contrast, measurements in Gulf Stream warm-core rings find that dissipation balances271

wave pressure-work within factor-of-two measurement uncertainties (Kunze et al. 1995; Alford et272

al. 2025) which suggests steady state balance between wave pressure-work and dissipation in these273

ocean eddies.274

Similar nonlinear energy transfers were reported by Silverthorne (2010) for a wind-forced279

scenario in a primitive-equation ocean model. The author reported that terms of the form280

D
0
hu ·rDi + E

0
hu ·rEi in the 16-30 h period band were non-zero when integrated over the anticy-281

clonic side of the front (Figs. 5-10). However, the separate contribution of wave-wave interactions282

to the wave kinetic energy in that case is unclear since nonlinear terms in Silverthorne (2010)283

included contributions from wave-front interactions.284

In the remainder of this paper, the dynamics of the energy loss associated with the WWI term285

is explored in detail since it is novel to the best of our knowledge. While the effect of exchange286

between the front and near-inertial waves is of potential interest, this term is small, as expected287

since the absence of Doppler-shift k · ū implies that wave action ⇢/(l � k · ū) conservation is288
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terms (s.m.t.), red line wave-wave interactions WWI, green line wave-front interactions term MSP+LBF, and the

gray line the residual. The dotted vertical line is zero.
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equivalent to wave energy conservation. Furthermore, it is not reliably quantified due to the short289

duration of our simulations.290

5. Wave escape through resonant triads291

In this section, the escape of trapped near-inertial wave energy from the anticyclonic trapping292

region as superinertial internal waves will be demonstrated. Resonant wave-wave triad interactions293

inside the trapping region allow more superinertial energy to leave than enter. Cross-bispectra294

identify the frequencies l and vertical wavenumbers < of the parent waves from which one295

can infer the across-front wavenumbers ✓ of the parent waves using the front near-inertial wave296

dispersion relation (6). Assuming that the daughter wave has frequency l3 = l1 +l2 > 5 and297

vertical wavenumber<3 =<1+<2, one then determines which cross-front wavenumbers ✓3 = ✓1+✓2298
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satisfies either the front299

l
2 = 5

2
4
�21̄H

✓

<

+#
2
0
✓

2

<
2 (6)

or quiescent ocean dispersion relation300

l
2 = 5

2
4
+#

2
0
✓

2

<
2 (7)

as well as l(✓3,<3) = l1 +l2 to produce a free wave; in practice, we require l3 from (6) or (7) to301

be within 15% of l1 +l2 to be considered a resonant interaction.302

a. Energy-fluxes303

Energy-flux convergence, or wave pressure-work (WPW), of trapped wind-generated downward-304

propagating subinertial wave energy occurs on the anticyclonic side of the front (Fig. 6a). At305

some locations (e.g., H ' 63km), wave-wave interactions can be as large as the pressure-work306

(Fig. 6b) but, integrated across the front, WWI is smaller because it can act as both a source or sink307

depending on location.308

Frequency analysis suggests radiation of superinertial wave beams with approximately twice the309

trapped near-inertial frequencies from the anticyclonic side of the front (Fig. 4). To quantify the310

subinertial [l 2 (0.4 5 ,0.8 5 ), trapped], and superinertial [l 2 (1.4 5 ,1.8 5 )] wave energy-flux into311

and out of the trapping region, band-passed wave pressure ?
0

1
and velocity u0

1 are used to compute312

a band-passed wave energy-flux F1 = hu0
1 ?

0

1
i/d0 integrated over 5Tip along the lmin = 0.96 5313

perimeter below the mixing layer (gray contours in Fig. 6), with inward defined negative and314

outward positive.315

Along the base of the mixing layer, both l 2 (0.4,0.8) 5 and l 2 (1.4,1.8) 5 energy-fluxes are316

mostly into the anticyclonic region (Fig. 7) while, along the bowl-shaped part of the perimeter317

in the pycnocline, subinertial energy-fluxes are weakly into the trapping region but superinertial318

energy-fluxes are out of the domain and 4% larger than inward fluxes, suggesting wave frequency319

transformations inside the anticyclonic trapping region. Outgoing superinertial energy-fluxes are320

largest close to the middle of the jet where the front gradient Froude number is the largest (Fig. 1c),321

suggesting that the l = 1.4 5 and l = 1.8 5 beams in Fig. 4 likely radiate from the jet’s center.322
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F��. 6. Cross-front sections of (a) wave pressure-work WPW and (b) wave-wave interactions WWI (shadings).

Positive and negative values are energy sources and sinks, respectively. Contours of lmin at 0.05 5 intervals are

shown. The contour lmin = 0.96 5 along which WWI and WPW are integrated clockwise from the gray dot is

indicated (thick gray line). Mixing-layer depth is the thin horizontal line.
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F��. 7. Energy-fluxes through the lmin = 0.96 5 perimeter for subinertial frequencies l 2 (0.4 5 ,0.8 5 ) (green)

and superinertial frequencies l 2 (1.4 5 ,1.8 5 ) (purple) integrated over 5 Tip. The unit vector normal to the

perimeter n is positive outwards. Curves to the left of dotted vertical line are along the base of the mixing layer

and mostly inward for both frequency bands. Curves to the right of dotted line are along the anticyclonic bowl

in the pycnocline and outward for the superinertial band. Perimeter-integrated energy-fluxes across both regions

are indicated for both frequency passbands. Distance B is clockwise around the perimeter relative to the gray dot

in Fig. 6.
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b. Wave-wave interactions334

Wave-wave interactions [WWI in (5)] integrated inside the lmin = 0.96 5 contour correspond to335

about 10% of the wave pressure-work (WPW). Cross-bispectra (Hinich and Clay 1968; Kim and336

Powers 1979) have been successfully applied to describe resonant interactions in the ocean (e.g.,337

McComas and Briscoe 1980; Niwa and Hibiya 1997; Furue 2003; Furuichi et al. 2005; Williams338

et al. 2006; Carter and Gregg 2006; MacKinnon et al. 2013; Sun and Pinkel 2013; Skitka et al. 2024)339

and are used here to identify wave frequencies l and vertical wavenumbers < for the interacting340

waves. The reader is referred to Appendix B for a detailed definition of the cross-bispectrum,341

its physical interpretation and the relation between the cross-bispectra constructed here and wave342

triplets in the WWI term.343

Nonlinear wave triplets are decomposed in frequency inside the lmin = 0.96 5 contour (gray344

curve in Fig. 6b) and in vertical wavenumber on the anticyclonic side of the front. Four triplets345

dominate contributions to WWI: D0E0D0
H
, D0F0

D
0
I
, E0E0E0

H
and E

0
F
0
E
0
I

(Fig. B1). Although triplets346

involving lateral shears have smaller net contributions, they are included since they can be as large347

as the other two triplets at some gridpoints (not shown). Wave properties are first WKB-scaled348

(Leaman and Sanford 1975) using (B6–B7) to remove variability due to changes in stratification.349

This WKB normalization gives cleaner cross-bispectral estimates (not shown). Cross-bispectral350

values are tested against ensemble averages of triple products associated with wave energy transfers351

following (B15) and (B18)–(B20) to provide verification. Given that nonlinear interactions in this352

simulation may be more heterogeneous and nonstationary than assumed by the underlying statistical353

uncertainty analysis, 95% confidence limits are estimated using time series (vertical profiles) where354

the phase of the first property in triplets is arbitrarily shifted (details in Appendix B) to disrupt355

the phase-locking necessary for resonant interactions, so that energy transfers and cross-bispectral356

estimates (hereinafter cross-bispectra) should be zero.357

1) F�������� �����-���������358

Frequency cross-bispectra are constructed using two complex WKB-scaled quantities⇠Ẽ0⇠⇤
H

and359

⇠F̃
0
⇠
⇤
I

[see eq. (B9) for definitions] so that the real part of their sum is the contribution of the360

aforementioned four dominant triplets. Frequency cross-bispectra are computed at each grid point361

by Fourier-transforming 5-Tip long time series of each property in ⇠Ẽ
0
⇠
⇤
H

and ⇠F̃
0
⇠
⇤
I

with a 20%362
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Tukey window to apply (B3). Tukey-windowing is chosen because wave-wave energy transfers363

are local and ephemeral. Final cross-bispectra are obtained by averaging the cross-bispectrum364

computed at every grid point enclosed by the 0.96 5 contour, that is, within the anticyclonic365

trapping region, and have about 3-5 degrees of freedom (cross-bispectra separated by half a366

vertical wavelength are regarded as independent, see Fig. 2).367

The resulting cross-bispectra ⌫(±l1,±l2,l1 +l2) for the two complex triplets are represented368

in two-dimensional frequency space as a function of l1 and l2 (Fig. 8). The daughter-wave369

frequency l3 = l1 +l2. Frequency l1 corresponds to the first property in the triple product ⇠,370

frequency l2 to the second property Ẽ
0 or F̃0, and l3 to the third property involved in the wave371

triplet ⇠⇤
H

or ⇠⇤
I
. When three waves interact resonantly, non-zero cross-bispectra are obtained.372

Cross-bispectra satisfying l3 = �l1 �l2 are negligible so not shown.373

Energetic transfers involve subinertial near-inertial waves that are trapped on the anticyclonic374

side of the front (Fig. 8). Negative (positive) cross-bispectral values correspond to l1 and l2375

transferring energy to (from) a third wave with l3 = l1 +l2. Here, we focus on negative transfers376

from trapped subinertial waves to a superinertial wave with l3 > 5 that can escape trapping.377

The strongest transfers are centered at l1 = l2 = 0.8 5 in ⇠Ẽ
0
⇠
⇤
H

and ⇠F̃
0
⇠
⇤
I

(Figs. 8a, b) cross-378

bispectra. However, these are likely components of the same triplet since they cancel out so that379

their physically relevant net contribution vanishes (Fig. 8c). Relevant net transfers involve either380

interaction between (i) l2 = 0.8 5 and l1 = 5 such that l3 = 1.8 5 , or (ii) l1 = 0.8 5 and l2 = 0.6 5381

such that l3 = 1.4 5 (Fig. 8c), consistent with frequencies of beams radiating out of the front in382

Fig. 4.383

Confidence in these cross-bispectra is provided by their sum over spectral space. These384

agree with energy transfer rates from WKB-scaled wave triplets in the WWI term of the385

wave energy budget [see eqs. (B15) and (B18)]. That is, the averaged wave triplet386

�D̃0Ẽ0D̃0
H
� Ẽ

0
Ẽ
0
Ẽ
0
H

GHIC

= 7.6⇥ 10�11 m2 s�3 over 5Tip and the same anticyclonic region is in agree-387

ment with �
Õ

A

Õ
9
<{⌫⇠Ẽ

0
⇠
⇤
H
(lA ,l9 ,lA +l9 )} = (7.7± 2.7) ⇥ 10�11 m2 s�3. Likewise, the aver-388

aged �D̃0F̃0
D̃
0
I
+ Ẽ0F̃0

D̃
0
I

GHIC

= �1.07⇥10�9 m2 s�3 is comparable to �
Õ

A

Õ
9
<{⌫⇠F̃

0
⇠
⇤
I
(lA ,l9 ,lA +389

l9 )} = (�0.84±0.02) ⇥10�9 m2 s�3. These estimates are consistent with triplets that involve ver-390

tical shear contributing most to the wave energy transfer (Fig. B1) and represent a net sink in the391

trapped wave energy budget (Fig. 5).392
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F��. 8. Wave frequency cross-bispectra ⌫(l1,l2,l1 +l2) averaged within the anticyclonic region (grey

contour in Fig. 6a) of (a) ⇠Ẽ0⇠⇤
H
, related to triplet D̃0Ẽ0D̃0

H
+ Ẽ

0
Ẽ
0
Ẽ
0
H
, (b) ⇠F̃0

⇠
⇤
I
, related to D̃

0
F̃
0
D̃
0
I
+ Ẽ

0
F̃
0
Ẽ
0
I
, and (c)

the physically relevant sum ⇠Ẽ
0
⇠
⇤
H
+⇠F̃

0
⇠
⇤
I

(note the magnitude change in color scale). Frequency resolution

is 0.2 5 and relevant frequencies are denoted with dotted lines. Negative (blue) values indicate energy transfers

from two trapped subinertial parent frequencies to a third daughter frequency. Sign convention for frequency is

taken to be positive for clockwise rotation and negative for counterclockwise.
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2) V������� ���������� �����-���������399

Vertical wavenumber cross-bispectra are computed for complex quantities ⇠Ẽ
0
⇠
⇤
H

and ⇠F̃
0
⇠
⇤
I

400

as in frequency cross-bispectra. Vertical profiles of ⇠, Ẽ0, F̃0, ⇠H, and ⇠I are interpolated onto401

a regularly spaced WKB-scaled depth axis defined by (B4), then Fourier-transformed to compute402

cross-bispectra at each time. The Fourier window length is 523sm (WKB stretched meters).403

This window is tapered with a 40% Tukey window, suppressing inertial motions in the upper404

mixing layer. Final cross-bispectra are obtained by averaging cross-bispectrum computed across405

the anticyclonic frontal side (from H = 54� 74 km) and over 5 Tip. They have about 5 degrees406

of freedom. As before, cross-bispectra ⌫(<1,<2,<1 +<2) are represented in two-dimensional407

wavenumber space (Fig. 9), where <1 corresponds to ⇠, <2 to Ẽ
0 or F̃0 and <3 = <1 +<2 to ⇠H or408

⇠I. Cross-bispectra ⌫(<1,<2,�<1 �<2) are negligible so not shown.409

Strong negative energy transfers in⇠Ẽ0⇠⇤
H

are centered at<1 =<2 = 1.9 cpkm (Fig. 9a). However,410

these are nearly balanced by positive transfers in ⇠F̃
0
⇠
⇤
I

(Fig. 9b) so that, as before, meaningful411

transfers only emerge after summing these two cross-bispectral components. The resulting net412

transfers are mostly negative and at positive wavenumbers (Fig. 9c). The most energetic transfer413

involves <1 = 3.8 cpkm and <2 = <1/2, transferring energy to <3 = <1 +<2 = 3<2.414

Finally, these cross-bispectra are consistent with energy transfer rates in physical space (WWI415

in the energy budget) via relationships (B19) and (B20). The averaged WKB-scaled wave triplets416

D̃
0
Ẽ
0
D̃
0
H
+ Ẽ0Ẽ0 Ẽ0

H

GHIC

= 4.6⇥10�11m2 s�3 over the anticyclonic region and over 5 Tip gives is in agree-417

ment with �
Õ

A

Õ
9
<{⌫⇠Ẽ

0
⇠H
(<A ,<9 ,<A +<9 )} = (4.9± 1.0) ⇥ 10�11 m2 s�3. Likewise, the aver-418

aged D̃
0
F̃
0
D̃
0
I
+ Ẽ0F̃0

Ẽ
0
I

GHIC

= �6.6⇥10�11m2 s�3 is consistent with �
Õ

A

Õ
9
<{⌫⇠F̃

0
⇠I
(<A ,<9 ,<A +419

<9 )} = (�6.9± 0.8) ⇥ 10�11 m2 s�3. These numbers differ from those for the frequency cross-420

bispectra because they are integrated over a different domain.421

3) F��������-���������� �������427

Cross-bispectral analyses separately identified coherent frequencies and vertical wavenumbers.428

Here, both spectral spaces are related through the rotary frequency-wavenumber spectrum. This429

spectrum is computed by 2D Fourier-transforming time series of vertical profiles of complex430

WKB-scaled horizontal velocity ⇠ and averaging over the anticyclonic side of the front. Time and431
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F��. 9. Vertical wavenumber cross-bispectra ⌫(<1,<2,<1 +<2) averaged in time and over the anticyclonic

side of the front for (a) ⇠Ẽ0⇠⇤
H
, related to the WKB-scaled wave triplet D̃0Ẽ0D̃0

H
+ Ẽ

0
Ẽ
0
Ẽ
0
H
, (b) ⇠F̃0

⇠
⇤
I
, related to the

WKB-scaled wave triplet D̃0F̃0
D̃
0
I
+ Ẽ

0
F̃
0
Ẽ
0
I
, and (c) ⇠Ẽ0⇠⇤

H
+⇠F̃0

⇠
⇤
I
. Strong net resonant interactions are centered

at <1 = 3.8 cpkm and <2 = <1/2 (dashed lines), transferring energy to a third wave with <3 = <1 +<2. Vertical

wavenumber resolution is 1.9 cpkm.

422

423

424

425

426

22



depth extensions and tapering windows are the same as used to compute frequency and vertical432

wavenumber cross-bispectra.433

Combining the information from frequency and vertical wavenumber cross-bispectra, two pairs440

of parent waves are identified (Figs. 8c, 9c):441

• (l1,<1,l2,<2) = ( 5 ,3.8cpkm,0.8 5 ,1.9cpkm).442

• (l1,<1,l2,<2) = (0.8 5 ,3.8cpkm,0.6 5 ,1.9cpkm).443

The l-< space of these parent waves corresponds to where large power spectral densities are444

observed (white square in Fig. 10) because they correspond to trapped subinertial waves that445

experience amplification through wave-front interaction. Daughter waves (black square in Fig. 10)446

will have:447

• l3 = l1 +l2 = 1.8 5 and 1.4 5 .448

• <3 = <1 +<2 = 5.7 cpkm.449

F��. 10. Average rotary frequency-vertical wavenumber power spectra of WKB-scaled wave horizontal

velocity D̃
0
+ 8Ẽ

0 over the anticyclonic side of the front. White and black numbers denote waves involved in

the triad. Parent-wave frequencies (0.6 5 � 5 ) (white square) transfer energy to daughter-wave frequencies

l3 = l1 +l2 = (1.4 5 � 1.8 5 ) (black space). Frequency and vertical wavenumber resolutions are 0.2 5 and

1.9cpkm, respectively. The minimum wave aspect ratio resolved numerically (see Appendix A) is denoted with

a white diagonal line at the top right corner with the spectral space below and to the left well-resolved.
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This daughter-wave frequency range is above max( 54) = 1.4 5 , a conservative upper bound of the450

frequency range imposed by wave-front interactions on the cyclonic side of the front so potentially451

represent free waves. As parent and daughter waves all have positive vertical wavenumbers, their452

phases propagate upward and energy downward in agreement with Figs. 4, 6a.453

c. Across-front wavenumbers454

Having identified coherent frequencies l and vertical wavenumbers < for what we will assume455

are the parent waves of two resonant triads from the cross-bispectra (Figs. 8, 9), the corresponding456

parent-wave cross-front wavenumbers ✓ can be determined from the front dispersion relation457

✓± =
1̄H<

#
2
0

©≠
´
1±

vt
1+

#
2
0 (l

2 � 5
2
4
)

1̄
2
H

™Æ
¨

(8)

(Mooers 1975a; Kunze 1985; Whitt and Thomas 2013). Taking Z̄ = �0.68 5 , 1̄H = �9.6⇥10�8 s�2
458

(�A = 0.37), and #
2
0 = 9.6⇥10�6 rad2 s�2, for the first parent-wave pair (Fig. 11a, black and blue459

squares):460

• (l1,<1) = ( 5 ,3.8cpkm), ✓1± = �0.13,0.05 cpkm (_H ⇠ 8,18 km).461

• (l2,<2) = (0.8 5 ,1.9cpkm), ✓2± = �0.054,0.016 cpkm (_H ⇠ 18,64 km).462

And for the other parent-wave pair (Fig. 12a, black and blue squares):463

• (l1,<1) = (0.8 5 ,3.8cpkm), ✓1± = �0.11,�0.03 cpkm (_H ⇠ 9,32 km).464

• (l2,<2) = (0.6 5 ,1.9cpkm), ✓2± = �0.04,0.0026 cpkm (_H ⇠ 25,385 km).465

d. Daughter waves466

It is assumed that the daughter frequency l3 = l1 +l2 so as to exceed 5 (Figs. 8c,11a,12a), and467

the vertical wavenumber <3 = <1 +<2 (Figs. 9, 11a, 12a). Considering three plane waves, these468

relations restrict the potential daughter-wave cross-front wavenumbers to ✓3 = ✓1± + ✓2± with the469

additional requirement that, to ensure resonance, the daughter-wave l(✓3,<3) = l1 +l2, that is,470

either the front or quiescent ocean dispersion relation must yield the same frequency as the resonant471

condition; in practice, we require that the two agree to within 15%, within the frequency resolution472
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of the bispectra (Fig. 8). Of the four possible ✓3 inferred for the first parent pair, all conditions for473

resonance are satisfied for:474

• ✓3 = �0.18 cpkm (_H ⇠ 5 km) and l3 = 1.56 5 (Fig. 11, solid red square).475

And for:483

• ✓3 = �0.15 cpkm (_H ⇠ 7 km) and l3 = 1.39 5 (Fig. 12, solid red square),484

• ✓3 = �0.1 cpkm (_H ⇠ 10 km) and l3 = 1.21 5 (Fig. 12, void red square).485

All of them are from the quiescent dispersion relation with no solutions found for the front dispersion486

relation in any of the cases. This example illustrates that wave triads can explain superinertial wave487

beams propagating south and downwards in Fig. 4b. While solutions for superinertial wave beams488

propagating north and downwards have not been found, secondary nonlinear wave-wave interactions489

may account for them.490
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F��. 11. For moderate �A = 0.37 and strong '> = �0.68, l1 = 5 and l2 = 0.8 5 – (a) Vertical wavenumber

magnitudes < and frequencies l/ 5 for parent-wave 1 (black), parent-wave 2 (blue) and free daughter-wave 3

(red) with l3 = 1.56 5 and <3 = <1 +<2. (b) Vertical wavenumber < as a function of across-front wavenumber

magnitude |✓ | for the parent-wave pair solution from the front dispersion relation with ✓1+ = �0.13 cpkm (_H ⇠ 8

km) for wave 1, with ✓2+ = �0.054 cpkm (_H ⇠18 km) for wave 2 and with free-wave across-front wavenumber

✓3 = ✓1+ + ✓2+ = �0.18 cpkm (_H ⇠ 5 km) for wave 3. Only one free wave is allowed, for the quiescent dispersion

relation.
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F��. 12. As in Fig. 11 but for triads with l1 = 0.8 5 and l2 = 0.6 5 – In (a) daughter-waves 3 (red) have

frequencies with l3 = 1.39,1.21 5 . In (b) across-front wavenumbers for parent-wave 1 (black) is ✓1+ = �0.11

cpkm (_H ⇠ 9 km, solid square), for parent-wave 2 (blue) are ✓2+ = 0.04 cpkm (_H ⇠ 25 km, solid square) and

✓2� = 0.0026 cpkm (_H ⇠ 385 km, void square) and for free waves (red) are ✓3 = ✓1+ + ✓2+ = �0.15 cpkm (_H ⇠ 7

km) and ✓3 = ✓1+ +✓2� = �0.1 cpkm (_H ⇠ 10 km). Only two free waves are allowed, both for the quiescent ocean

dispersion relation.
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496

The wave-wave interactions discussed here involve scale-separation of about a factor of two in497

frequency and vertical wavenumber space and roughly a factor of three in horizontal wavenumber.498

These interactions do not resemble any of the three classic wave triads described by McComas499

and Bretherton (1977) using extreme scale-separated limits. Instead, they fall within spectrally500

local interactions recently identified to be far from negligible within the internal wave field using501

scale-invariant solutions of the internal-wave kinetic energy equation (Dematteis and Lvov 2021;502

Dematteis et al. 2022) as well as in numerical solutions that account for rotation (Wu and Pan503

2023). These spectrally local interactions are important because they transfer energy toward higher504

vertical shears.505

e. Froude and Rossby number space506

Also of interest is the balanced '>, �A parameter space for which free-wave escape is possible507

through wave-wave interactions. The modeled jet is based on the Gulf Stream with front vorticity508
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'> = �0.85 and front gradient Froude numbers �A = 0.8 which are much stronger than typically509

found in mesoscale fronts and eddies. Resonant solutions were sought as a function of these two510

nondimensional front parameters (Fig. 13). High Froude and strong vorticity Rossby numbers are511

excluded because then the front potential vorticity @ = 5
2
#

2
0 (1+ '>��A

2
) < 0 and the minimum512

frequency l
2
min < 0 (gray shading), both indicating growing instabilities rather than oscillations513

for trapped motions. Assuming l1 = l2, free-wave generation is confined to a narrow band in514

Froude number-Rossby number space for the quiescent dispersion relation only. Free waves can515

arise for 0 < 1+'>��A
2
< 0.36 so that either '> or �A have to be moderately high. To generalize,516

either vorticity ('>) or baroclinicity (�A) have to be moderately strong for free-wave escape from517

vorticity and baroclinicity trapping of near-inertial waves. There can be no free-wave escape for518

low �A and low '> (1+ '>� �A
2
> 0.36, Fig. 13) which makes free-wave escape less likely for519

typical mesoscale eddies.520
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F��. 13. Free-wave escape as a function of front gradient Froude number �A and vorticity Rossby number '>

assuming the free waves satisfy the quiescent dispersion relation. Gray shading blocks out the domain where

mean-flow potential vorticity @̄ < 0 and l
2
min < 0 so that instabilities are expected rather than trapped near-inertial

waves. Red hashmarks denote the number of free waves (l3 = l1 +l2) that are allowed (color bar) for l1 = l2

at 5 frequencies between lmin and 5 . Black curves denote lmin = 5

p

1+'>��A
2 = 0,0.6 5 and 0.8 5 , and the

green shading describes the �A-'> relationship within the anticyclonic frontal side where wave-wave interactions

represent an energy sink (see Fig. 6b).
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Several limitations can explain why the region where wave-wave interactions represent an energy528

sink within the anticyclonic side of the front (Fig. 6b) extends above the 1 + '> � �A
2 = 0.36529

parameter space (green shading in Fig. 13). First, the '>-�A parameter space exploration in this530

section uses identical frequencies and vertical wavenumbers for the two parent waves. Second,531

the numerical simulation considers only a single initial wind event and it has not reached a532

stationary steady over the first 5 Tip considered for analyses. Third, inferred parent-wave frequency533

uncertainties ±0.2 5 (Fig. 8) and vertical wavenumber ones ±1.9 cpkm (Fig. 9) encompass ranges534

not considered in the calculation of parent-wave across-front wavenumbers and daughter-wave535

properties (Figs. 11 and 12).536

6. Concluding remarks537

We have explored novel wave-triad interactions among energetic near-inertial waves that allow538

wind-generated wave energy trapped within anticyclonic vorticity to radiate into the quiescent539

surrounding ocean. The interactions transfer energy from two trapped near-inertial parent waves540

to a superinertial daughter wave of higher vertical wavenumber that is free to escape. These541

three waves are separated in frequency and wavenumber space by a factor of two to three, falling542

within spectrally local interactions that have recently found to be non-negligible in the forward543

energy cascade towards dissipative scales (Dematteis and Lvov 2021; Dematteis et al. 2022; Wu544

and Pan 2023). Wave-triad generation of free waves that can escape anticyclonic trapping only545

appear to be possible for fronts with either strong baroclinicity (�A) or strong vorticity ('>) such546

that 0 < 1+ '>��A
2
< 0.36 (Fig. 13). This is more common in submesoscale surface fronts and547

filaments than mesoscale eddies, though also found in western boundary currents as modeled here.548

In this idealized simulation, wave triads occur in a wind-forced front but the results can be549

extended to strong three-dimensional baroclinic anticyclones that trap subinertial waves in their550

interior since wave confinement likely facilitates wave phase-coupling. Generally, dissipation551

competes with escape of trapped waves as a wave energy sink within the eddy. Here, the dissi-552

pative sink is about twice that from wave-wave interactions. While turbulent dissipation is likely553

underestimated by using a constant viscosity of $ (10�4
) m2/s, one order of magnitude smaller554

than that observed in anticyclones (Lueck and Osborn 1986; Kunze and Toole 1997), we have also555

only considered a one-time wind event. The sink associated with wave-triad interactions may be556
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further enhanced with more sustained wind forcing such as mid-latitude or tropical storms passing557

over strong oceanic fronts than an isolated wind event. Including an ambient internal-wave field558

will also likely facilitate more nonlinear interactions.559

For ultimate evaluation of whether the wave triads reported here could make an impact on the560

regional frequency spectra at depth, by injecting wind-generated wave energy within a continuum561

frequency band from 5 to 2 5 , a shear-driven dissipation scheme or nested simulations of increased562

spatial resolution (e.g. Winters et al. 2024) would be needed. These simulations should explore a563

broader balanced Rossby-Froude number parameter space than considered here.564
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APPENDIX A574

Sensitivity to background diffusivity and non-hydrostatic effects575

We discuss the robustness of the results by considering numerical resolution and background576

diffusivity. Existing wave triads are obscured in numerical simulations when energy is transferred577

to unresolved scales, that is, to scales close to grid resolution so that diffusive processes remove578

energy faster than nonlinear energy transfer rates (Winters et al. 2004). As a result, energy579

either accumulates due to insufficient grid resolution or dissipates at the maximum resolvable580

wavenumber. For this reason, we analyze both the appropriateness of the numerical resolution581

used, and sensitivity of the wave-wave energy transfer rates to different diffusivities. Additionally,582

we quantify wave-wave interactions under the hydrostatic approximation.583

First, we check that nonlinear wave-triad transfers are resolved in our numerical scenario, where584

the maximum horizontal wavenumber resolved is ✓
max = 1/800cpm. Assuming a linear wave585

dispersion relation in 2-D and constant buoyancy frequency for simplicity, the wave dispersion586

curve corresponding to ✓
max is l

2 = 5
2
+ (#0(✓

max
/<)

2. Overlying this curve with the (l�<)-587

spectrum (thick solid line in Fig. 10) shows that the wave triad is resolved.588

Second, we quantify the sensitivity of the wave-triad strength to different diffusivities in terms589

of the cross-front integrated WWI term corresponding to wave-wave net energy transfers in (5).590

When the horizontal diffusivity is halved, wave-wave energy transfers are not significantly altered591

compared to the case previously analyzed (Fig. A1a). In contrast, when the vertical diffusivity is592

decreased by one order of magnitude, the wave-wave interactions are strengthened. Pressure-work593

increases using a smaller vertical diffusivity (Fig. A1b), because there is less energy dissipation594

as waves propagates downward from the surface, meaning that the source of energy for waves to595

interact resonantly is enhanced compared to the previously analyzed case.596

Finally, running the hydrostatic version of PSOM (Mahadevan 2006) using the same numerical597

configuration does not modify the strength of wave triads, nor the amount of energy that propagates598

downward (green line in Figs. A1a,b). The hydrostatic approximation is valid when l is much599

smaller than # so that wave motion is largely horizontal. In our case, the time and spatial average600

of # over the five inertial periods analyzed on the anticyclonic side of the front, where waves601

interact resonantly, is #̄ = 6.9⇥ 10�3 s�1. Considering that the waves involved in the wave triad602
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are near-inertial, #̄/l ' #̄/ 5 is about 82 for a midlatitude of 35�# . Therefore l ⌧ #̄ , and the603

hydrostatic approximation is valid.604
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F��. A1. As in Fig. 5 but for terms (a) WWI and (b) WPW considering different scenarios. The case discussed

so far (solid black line) is compared to three cases in which the horizontal diffusivity ^⌘ is halved (dashed blue

line), the minimum vertical diffusivity ^
min
E

is decreased by one order of magnitude (dashed red line), and the

hydrostatic approximation is made (dashed green line). Note the different range G-axes in (a) and (b).
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APPENDIX B609

Constructing cross-bispectra610

The cross-bispectrum is defined as the Fourier transform of the bicovariance among two inde-611

pendent processes of wave frequencies l1, l2 and wavenumber vectors k1, k2, with a third process612
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of l3 and k3 that satisfy613

l1 +l2 = l3, (B1)

k1 +k2 = k3 (B2)

(McComas and Bretherton 1977). It is expressed as a function of two wave frequencies and614

wavenumbers615

⌫(l1,k1,l2,k2) ⌘ ⇢ [ ĵ(l1,k1) ĵ(l2,k2) ĵ
⇤
(l1 +l2,k1 +k2)], (B3)

where j is any given real process with zero mean and complex Fourier coefficient ĵ. Here, (·)⇤616

denotes the complex conjugate, and ⇢ [·] is the estimated value over many realizations. Choosing617

the three processes as three waves involved in triplets of WWI (5), the cross-bispectrum can be618

understood as a decomposition in spectral space of energy transfers among three waves. Its absolute619

value gives the magnitude of energy transfers, while its sign the direction of these transfers.620

To construct cross-bispectra, wave properties are first Wentzel-Kramers-Brillouin (WKB) nor-621

malized to remove variability in vertical wavenumbers and variables due solely to variable buoyancy622

frequency # . Following Gill (1982), the WKB-stretched vertical domain is defined by normalizing623

depth with a constant buoyancy frequency #0 as624

Ĩ =
1
#0

π
I

0
# (I

⇤
)dI⇤, (B4)

and wave properties as625

(ũ0
, ũ0

H
) =

✓
u0

⌘
,

mu0

⌘

mH

◆ ✓
# (I)

#0

◆�1/2
, (B5)

F̃
0 = F

0

✓
# (I)

#0

◆1/2
, (B6)

ũ0

I
=

mu0

⌘

mI

✓
# (I)

#0

◆�3/2
, (B7)
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where the WKB-scaled horizontal velocity vector is ũ0 = (D̃
0
, Ẽ

0
), its lateral shear ũ0

H
= (D̃

0
H
, Ẽ

0
H
),626

and its vertical shear ũ0
I
= (D̃

0
I
, Ẽ

0
I
) This normalization is valid since non-hydrostatic effects are627

negligible Appendix A).628

Wave frequency and vertical wavenumber cross-bispectra are constructed and related to wave-629

wave energy transfer rates as in Sun and Pinkel (2012, 2013). The WWI term consists of nine triplets630

in this configuration. However, only four triplets by inspection have a significant contribution631

when integrated across the front (Fig. B1), that is, u0
·u0

·ru0 � D
0
E
0
D
0
H
+ E

0
E
0
E
0
H
+D

0
F
0
D
0
I
+ E

0
F
0
E
0
I
.632

To discriminate between positive and negative wave frequencies and wavenumbers, these triplets633

are WKB-scaled and expressed in complex form634

ũ0

⌘
· Ẽ

0
mũ0

⌘
/mH =<{⇠ Ẽ

0
⇠
⇤

H
} and ũ0

⌘
· F̃

0
mũ0

⌘
/mI =<{⇠ F̃

0
⇠
⇤

I
}, (B8)

where635

⇠ ⌘ D̃
0
+ 8Ẽ

0
, ⇠H ⌘ D̃

0

H
+ 8Ẽ

0

H
, and ⇠I ⌘ D̃

0

I
+ 8Ẽ

0

I
. (B9)

Next, we derive the time-averaged triple-product ⇠ Ẽ
0
⇠
⇤
H

in frequency space by considering the641

Fourier time series of the properties involved. For complex quantities ⇠ and ⇠H, these are642

⇠ (C) =
’
A

Û (�lA)4
�8lA C + Û (+lA)4

8lA C and ⇠H (C) =
’
:

Ŷ (�l: )4
�8l: C + Ŷ (+l: )4

8l: C

,

(B10)

where frequency lA = 2lmax
|A/=| for an =-point Fourier time window with A = �=/2, ...,=/2�1,643

being the critical Nyquist frequency l
max = c/�C. The real quantity Ẽ

0 is first decomposed into644

anticlockwise and clockwise motions (denoted with - and + subscripts) using ũ0

⌘
. Both components645

are then Fourier-transformed to get646

Ẽ
0
(C) = Ẽ

0

�(C) + Ẽ
0

+(C) =
’
9

2V̂�(�l9 )4
�8l 9 C +2V̂+(+l9 )4

8l 9 C

. (B11)
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640

Multiplying the three complex quantities, we obtain647

⇠ Ẽ
0
⇠
⇤

H
=

’
A

�
Û (�lA)4

�8lA C + Û (+lA)4
8lA C

 
’
9

n
2V̂�(�l9 )4

�8l 9 C +2V̂+(+l9 )4
8l 9 C

o
’
:

�
Ŷ ⇤(�l: )4

8l: C + Ŷ ⇤(+l: )4
�8l: C

 
(B12)

=
’
A

’
9

’
:

Û (�lA)2V̂�(�l9 )Ŷ ⇤(�l: )4
8(�lA�l 9+l:)C + c.c.,

where c.c. refers to complex conjugates. Time-averaging over the Fourier window, all exponential648

terms go to zero except when resonant conditions are fulfilled (B1). As a result, time-averaged649

35



wave energy triplets depend only on two independent frequencies650

⇠ Ẽ
0
⇠
⇤
H

C

=
’
A

’
9

Û (�lA)V̂�(�l9 )Ŷ ⇤(�lA �l9 ) + c.c. (B13)

Finally, this expression is related to the frequency bispectrum by considering the estimated value651

of many realizations in space (B3),652

⇠ Ẽ
0
⇠
⇤
H

GHIC

=
’
A

’
9

⌫(�lA ,�l9 ,�lA �l9 ) + c.c., (B14)

or653

⇠ Ẽ
0
⇠
⇤
H

GHIC

=
’
A

’
9

�
⌫(±lA ,±l9 ,�lA �l9 ) +⌫(±lA ,±l9 ,lA +l9 )

 
(B15)

to include all eight linear combinations of the three waves.654

The second wave energy triplet of interest ⇠ F̃
0
⇠
⇤
I

is related to cross-bispectra in a similar way,655

but considers F̃0 and ⇠I in terms of the Fourier series656

F̃
0
(C) = F̃

0

�(C) + F̃
0

+(C)

=
’
9

2Ŵ (�l9 )'(�l9 )4
�8l 9 C +2Ŵ (+l9 )'(+l9 )4

8l 9 C

, (B16)

⇠I (C) =
’
:

Ẑ (�l: )4
�8l: C + Ẑ (+l: )4

8l: C

, (B17)

where '(�l9 ) = |Û (�l9 ) |
2
/(|Û | (�l9 ) |

2
+ |û (l9 ) |

2) is the ratio of anticlockwise to total hori-657

zontal velocity variance at a given frequency. Analogously, '(l9 ) is the ratio of clockwise to658

total velocity variance. Introducing the ' ratio allows differentiation between vertical velocity659

associated with anticlockwise vs clockwise motions, improving the numerical agreement between660

energy transfers in physical space and cross-bispectra, both related through661

⇠ F̃
0
⇠
⇤
I

GHIC

=
’
A

’
9

�
⌫(±lA ,±l9 ,�lA �l9 ) +⌫(±lA ,±l9 ,lA +l9 )

 
. (B18)
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Vertical wavenumber cross-bispectra is constructed analogously to frequency cross-bispectra so662

that energy transfers in physical and spectral space are related through663

⇠ Ẽ
0
⇠
⇤
H

GHIC

=
’
A

’
9

�
⌫(±<A ,±<9 ,�<A �<9 ) +⌫(±<A ,±<9 ,<A +<9 )

 
, (B19)

⇠ F̃
0
⇠
⇤
I

GHIC

=
’
A

’
9

�
⌫(±<A ,±<9 ,�<A �<9 ) +⌫(±<A ,±<9 ,<A +<9 )

 
. (B20)

Finally, statistical significance of the cross-bispectra is quantified by randomly shifting the664

phase of one of the three processes (Naveira Garabato et al. 2022). Synthetic cross-bispectra are665

generated by randomizing the phase of the first property in triplets at each grid point and averaging666

over the anticyclonic region to obtain one estimate. 95% confidence intervals are computed from667

1,000 synthetic cross-bispectral estimates. This approach is chosen because the limited number of668

degrees of freedom (5 in time and 2-3 in space for 2 velocity components) challenges bicoherence,669

the statistic commonly used to test significance of cross-bispectra. Moreover, the wave-wave670

interactions reported here are likely more heterogenous and nonstationary in space and time than671

assumed in statistical uncertainty analyses.672
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