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Abstract

We present a three-dimensional hybrid numerical scheme developed for modeling

teleseismic plane-wave propagation through coupled acoustic–elastic media. This

approach integrates the 3-D spectral-element method (SEM) with a matrix-based

frequency–wavenumber (FK) method, enabling the rigorous treatment of complex

bathymetry and precise elastic–acoustic coupling within layered media. To facilitate

large-scale simulations, the computational framework is optimized via GPU acceler-

ation. The accuracy of the hybrid SEM–FK method is validated through a benchmark

comparison with semi-analytical FK solutions for one-dimensional velocity struc-

tures. We demonstrate the practical utility of the method using a synthetic two-layer

subduction zone model; specifically, we simulate receiver functions for ocean-bottom

seismometers and perform a full-waveform inversion that successfully recovers pre-

scribed subsurface anomalies. This hybrid SEM–FK framework provides an efficient

and robust tool for receiver function analysis and scattering imaging, offering a

powerful tool to investigate Earth’s deep structure beneath oceanic regions.
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Introduction6

Unequal geographical data coverage remains a fundamental limitation in the seismic exploration of the Earth’s interior,7

particularly in oceanic regions which encompass nearly 75% of the Earth’s surface (Simon et al., 2021). Historically, this8

observational gap has been attributed to significant challenges regarding accessibility, operational costs, and technical limi-9

tations (Hammond et al., 2019; Rowe et al., 2022). However, recent technological advancements are beginning to bridge this10

divide.11

In oceanic environments, specialized instrumentation is essential for high-quality data acquisition. Current state-of-the-12

art technologies include ocean-bottom seismometers (OBS) (Webb and Crawford, 2010; Arai et al., 2016; Wei et al., 2021;13

Yamaya et al., 2021), distributed acoustic sensing (DAS) systems (Zhan, 2020; Williams et al., 2021; Lin et al., 2024), and14

Mobile Earthquake Recording in Marine Areas by Independent Divers (MERMAID) (Simon et al., 2021; Pipatprathanporn15

and Simons, 2022). Each of these platforms requires specialized data processing workflows to effectively extract valuable16

signals, such as first-arrival P-waves (Nolet et al., 2024), surfacewaves, ambient noise (Luo et al., 2020), and receiver functions17

(RFs) (Yang et al., 2023). The integration of these methodologies signifies a promising evolution in our ability to characterize18

the complex seismic behavior of the oceans, contributing to more comprehensive global subsurface models.19

Beyond traditional ray-based methods—which rely on simplified layered models and utilize only a small portion of the20

seismogram—finite-frequency waveform analysis and full-waveform inversion (FWI) (Tromp et al., 2005; Chen et al., 2007;21

Zhu et al., 2015) have gained significant prominence. Thesemethods enhance imaging accuracy by leveraging the full physics22

of wave propagation to resolve intricate structures. However, accurate simulation in oceanic environments poses unique23

challenges, requiring the rigorous treatment of 3-D elastic–acoustic coupling at the seafloor. This interface often involves24

complex topographic variations that significantly affect high-frequency wavefields (Fernando et al., 2020; Wehner et al.,25

2022).26

An additional complexity arises from teleseismic signals, where the seismic source is located at great distances from27

the receiver (∆≥ 30◦). Precise simulation in such cases necessitates modeling within a 3-D global context (Komatitsch28

et al., 2000). To maintain computational efficiency, hybrid methods have been developed to couple results from low-29

complexity regions—typically represented by 1-D backgroundmodels with semi-analytical solutions—with high-complexity30

regions where 3-D numerical methods are required (Liu et al., 2025). Existing hybrid frameworks utilize techniques such31

as the frequency–wavenumber (FK) method (Tong et al., 2017; Wang et al., 2022), the axisymmetric spectral-element32

method (AxiSEM) (Nissen-Meyer et al., 2008; Kan et al., 2023), mirror forces (Lyu et al., 2020), and transfer functions33

(Pipatprathanporn and Simons, 2024).34

In this paper, we propose a novel hybridmethod for computing the plane-wave injection response in oceanic environments.35

By integrating an FK method that accommodates fluid layers with the spectral-element method (SEM) (Komatitsch and36

Tromp, 1999), our approach effectively simulates teleseismic signals while capturing the inherent complexities of oceanic37
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settings, such as bathymetry and water-layer reverberations. Furthermore, we derive waveform sensitivity kernels in both38

the elastic and acoustic domains, providing the theoretical basis for oceanic FWI. We validate the accuracy and efficiency of39

our method through two comprehensive numerical experiments, demonstrating its potential for enhancing seismic imaging40

and monitoring beneath the seafloor.41

Methodology42

The propagation of teleseismic waves satisfies the source-free wave equations (Aki and Richards, 2002):43

𝜌𝑢̈𝑖 = 𝜎𝑖𝑗,𝑗

𝜎𝑖𝑗 = 𝜆𝑢𝑘,𝑘𝛿𝑖𝑗 +𝜇(𝑢𝑖,𝑗 + 𝑢𝑗,𝑖)
(1)44

where 𝜌 is the density, 𝑢𝑖(𝒙, 𝑡) is the displacement, and 𝜎𝑖𝑗 is the stress tensor, 𝑢𝑖,𝑗 = 𝜕𝑢𝑖∕𝜕𝑥𝑗, 𝜆 and 𝜇 are Lamé parame-45

ters for isotropic media. Throughout this paper, the Einstein summation convention is assumed unless otherwise stated. At46

acoustic–elastic interfaces, the following boundary conditions must be satisfied:47

[𝐧 ⋅ 𝝈 ⋅ 𝐧]+− = 0, (Continuity of normal traction)

[𝐧 ⋅ 𝐮]+− = 0, (Continuity of normal displacement)

[𝐭 ⋅ 𝝈 ⋅ 𝐧]+− = 0, (Zero tangential traction)

(2)48

where 𝒏 and 𝒕 are the unit normal and tangential vectors at the boundaries.49

The displacement of incident plane wave with incident angle 𝜃 in 1-D layed elastic media can be obtained by Thompson-50

Haskell matrix method (Thomson, 1950; Haskell, 1990; Zhu and Rivera, 2002; Tong et al., 2014). However, with the presence51

of acoustic layers, we should solve acoustic equations in the acoustic layers in frequency-wavenumber domain:52

𝜌𝜔2𝑢𝑥 = 𝑖𝑘𝑃; 𝜌𝜔2𝑢𝑧 = 𝜕𝑧𝑃

𝑃 =−𝜅(𝑖𝑘𝑢𝑥 + 𝜕𝑧𝑢𝑧)
(3)53

where 𝑃 is the pressure and 𝜅 is the bulk modulus in the acoustic media, 𝜔 and 𝑘 are the angular frequency and the hori-54

zontal wavenumber, respectively. The corresponding propagation matrix can be derived analogously to the elastic case (see55

Appendix A).56

Scattered waves generated by heterogeneity within the study region are modeled using the three-dimensional spectral-57

element method (SEM) (Komatitsch and Tromp, 1999), which offers a powerful framework for incorporating bathymetric58

effects, free-surface effects, andmultiphysics coupling at material interfaces. However, SEM implementations in widely used59

packages such as SPECFEM (Peter et al., 2011) typically focus on solving for the acoustic potential 𝜒 rather than the pressure60

field 𝑃:61

𝜅−1𝜒̈ = ∇ ⋅
(
𝜌−1∇𝜒

)

𝒖= 𝜌−1∇𝜒; 𝑃 =−𝜒̈
(4)62

With the virtual of SEM, we can get the weak form in both (isotropic) elastic and acoustic media as:63
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∫
𝑉
𝜅−1𝜒̈𝜙 d𝑉 = ∫

Σ𝑎

𝜙𝒏 ⋅ 𝒖 dΣ− ∫
𝑉
𝜌−1∇𝜒 ⋅ ∇𝜙

∫
𝑉
𝜌𝑢̈𝑖𝜙 d𝑉 = ∫

Σ𝑎+Σ𝐹𝑆

𝜙𝑇𝑖 dΣ − ∫
𝑉
𝜎𝑖𝑗𝑢𝑖,𝑗𝜙,𝑗 d𝑉

(5)64

where 𝜙 is the test function, Σ𝑎 represents the exterior boundaries of the model that exclude the free surface, Σ𝐹𝑆 is the65

acoustic-elastic boundary, and 𝑇𝑖 denotes the traction on the surface.66

To leverage the strengths of both 1-D FK simulations and 3-D SEM, we assume that the heterogeneity within the study67

region is a perturbation superimposed on the background 1-D model used for simulating the FK plane wave. Appropriate68

boundary conditions for velocity and traction are applied at the edges of the 3-D domain to ensure consistent coupling69

between the two methods (Liu et al., 2025). Additionally, the Stacey boundary condition (Clayton and Engquist, 1977) is70

implemented to absorb artificial reflections of scattered waves at the boundaries:71

𝑻 −𝑻0 =−𝜌𝛼
[
𝒏̂ ⋅ 𝜕𝑡(𝒖 − 𝒖0)

]
𝒏̂ − 𝜌𝛽

[
𝒕̂ ⋅ 𝜕𝑡(𝒖 − 𝒖0)

]
𝒕̂

𝜒̇ − 𝜒̇0 =−𝛼𝜌 𝒏 ⋅ (𝒖 − 𝒖0)
(6)72

where 𝛼 and 𝛽 are the propagation speeds of the P-wave and S-wave in the medium, respectively. The quantities 𝒖0, 𝑇0𝑖 , and73

𝜒̇0 represent the FK displacement, traction, and acoustic potential derived from the 1-D backgroundmodel, respectively. The74

vectors 𝒏̂ and 𝒕̂ denote the unit normal and tangential vectors along the boundaries. By applying equation (6) into equation75

(5) we can obtain the contribution of the surface integral:76

∫
Σ𝑎

𝜙𝑇𝑖 dΣ = ∫
Σ𝑎

𝜙(𝑇𝑖 −𝑇0𝑖 +𝑇0𝑖 ) dΣ

= ∫
Σ𝑎

𝜙𝑇0𝑖 dΣ − ∫
Σ𝑎

𝜙𝜌𝛼
[
𝒏̂ ⋅ 𝜕𝑡(𝒖 − 𝒖0)

]
𝑛𝑖 dΣ

− ∫
Σ𝑎

𝜙𝜌𝛽
[
𝒕̂ ⋅ 𝜕𝑡(𝒖 − 𝒖0)

]
𝑡𝑖 dΣ

∫
Σ𝑎

𝜙𝒏 ⋅ 𝒖 dΣ= ∫
Σ𝑎

𝜙𝒏 ⋅ (𝒖 − 𝒖0 +𝒖0) dΣ

=− ∫
Σ𝑎

𝜙
𝜒̇ − 𝜒̇0

𝛼𝜌 dΣ+ ∫
Σ𝑎

𝜙𝒏 ⋅ 𝒖0 dΣ

(7)77

From equation (7), we require the background velocity and traction in the elastic media, as well as the displacement and78

time derivative of the potential in the acoustic media, to implement the Stacey boundary conditions.79

Numerical Examples80

Benchmark for a 1-D Model81

In this study, we perform a benchmark test to validate the correctness of our method. The model is a 1-D layered model,82

consisting of a 5-km thick water layer overlying a 1-D isotropic elastic model, as detailed in Table 1. The injected wave is a83

P-wave characterized by a back azimuth of 68° and a take-off angle of 20° (Figure 1). The source time function is a Gaussian84

function a dominant frequency of 𝑓0 = 0.5Hz:85
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TABLE 1.
Model
Description

Layer Number 𝜌 (𝑘𝑔∕𝑚3) 𝑉𝑝 (m/s) 𝑉𝑠 (m/s) Thickness (m)
1 1030. 1500. 0. 5000.
2 2720. 5800. 3460. 15000.
3 2920. 6500. 3850. 15000.
4 3423. 8060. 4530. ∞.

𝑠(𝑡) =
𝑓0√
𝜋
𝑒−(𝑓0𝑡)2 (8)86

Wecompare the results from ahybrid simulation that combines the FK and SEMmethodswith those obtained from a semi-87

analytical solution utilizing the FK method alone. The comparison focuses on the final displacement and pressure recorded88

at two receivers: one positioned within the elastic media and the other located in the water column. Figure 2 illustrates89

the three-component displacement seismograms recorded by an ocean bottom seismometer (OBS, labeled 𝑅1 in Figure 1).90

Additionally, the bottom subplot of Figure 2 displays the comparison of pressure. The results from the 3-D SEM-FK hybrid91

method align closelywith those from the FKmethod, demonstrating amaximumdifference of less than 0.8% of themaximum92

amplitude of the seismograms. Figure 3 presents a comparison of seismograms (X andZ components) recorded at receivers𝑅193

and 𝑅2 as shown in Figure 1. The Z component is continuous, indicating that the normal displacement remains continuous94

across the acoustic-elastic boundary. In contrast, the X component is discontinuous, which is tangential to the boundary.95

This observation confirms the correctness of the simulation.96

Full-waveform Inversion for OBS’s Receiver Functions97

Ocean bottom seismometers (OBS) play a crucial role in oceanic seismology, providing a valuable tool for imaging Earth’s98

interior in regions with sparse seismic receiver coverage. A key technique for investigating subsurface structure beneath99

OBS deployments is the analysis of receiver functions (RFs). RFs effectively capture signals originating from both seismic100

discontinuities and subsurface heterogeneity. A significant advantage of RF analysis is that the source wavelet is largely101

removed by deconvolving the horizontal components with the vertical component. This property enables direct waveform102

inversion without the need for precise waveform alignment or the estimation of the source time function (Wang et al., 2021).103

This study investigates the application of full-waveform inversion (FWI) to teleseismic receiver functions (RFs) recorded104

by ocean-bottom seismometers (OBS). The synthetic velocity model simulates a subduction zone, where the seafloor is posi-105

tioned at 3 kmwith 51 OBS stations deployed directly upon it (Figure 4). The primary feature is a subduction slab, introduced106

as a ±10% perturbation in both 𝜌, 𝑉𝑝 and 𝑉𝑠) relative to the layered background model (detailed in Table 2), affecting both107

the oceanic crust and the underlying oceanic mantle . This structure is generally located around 100 km depth (Figure 4).108

To generate the ‘observed’ data, teleseismic responses were simulated for eight distinct back-azimuth angles, chosen to109

be equidistantly spaced within the range of 0◦ − 315◦, utilizing this complex subduction model. For comparison, and to110

serve as a starting model for inversion, P-wave RFs are also computed from simulated seismograms generated using only111
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Layer 1 (Fluid)
Vp: 1500 m/s | Vs: 0 m/s

0 m

Layer 2 (Elastic)
Vp: 5800 m/s | Vs: 3460 m/s

5000 m

Layer 3 (Elastic)
Vp: 6500 m/s | Vs: 3850 m/s

20000 m

Layer 4 (Half-space)
Vp: 8060 m/s | Vs: 4530 m/s

35000 m

R2

R1

Incident P-wave

Figure 1. Illustration of the geometry for the 3-D SEM-FK hybrid method. The blue triangles represent the two receivers utilized in
the benchmark test, positioned near the acoustic-elastic boundary. Green arrows indicate the propagation direction of the
teleseismic plane waves

the 1-D background model. The simulated ‘observed’ seismograms on the radial (R) components are displayed in Figures 5112

and 6. Prominent multiples, generated by the velocity anomalies are evident in the radial component seismograms. Receiver113

functionswere subsequently computed employing a time-domain deconvolutionmethod and aGaussian filterwithGaussian114

filter parameter 𝑎 = 1.5. Figure 7 (left column) illustrates the resulting receiver functions on event 2 (back azimuth = 45◦),115

displaying prominent arrivals from both the direct P-wave and scattered waves generated by subsurface discontinuities. The116

observedmismatch between RFs derived from the complexmodel (‘observations’) and those from the 1-D backgroundmodel117

(‘synthetics’) primarily arises from the velocity perturbations.118

The misfit function used in this example is the 𝐿2 norm of the receiver function difference:119

𝜒 = ∫
𝑇

0

1
2 [𝑅𝐹(𝑡) − 𝑅𝐹𝑜(𝑡)]2 d𝑡 = ∫

𝑇

0

1
2∆𝑅(𝑡)

2 d𝑡 (9)120

we can derive the adjoint sources as (De Jong et al., 2022; Xu et al., 2023):121

𝑓†𝐻(𝑇 − 𝑡) =ℜℱ−1 {
∆𝑅̂(𝜔)

[𝑍(𝜔)𝑒𝑖𝜔𝑡0]∗
} (𝑡)

𝑓†𝑍(𝑇 − 𝑡) =ℜℱ−1
⎧

⎨
⎩

∆𝑅̂(𝜔)
[
𝐻(𝜔)𝑒𝑖𝜔𝑡0

]∗

[
(𝑍(𝜔)𝑒𝑖𝜔𝑡0)∗

]2

⎫

⎬
⎭

(𝑡)
(10)122

6 Seismological Research Letters www.srl-online.org ⋅ Volume XX ⋅ Number XX ⋅ XXXX XXXX



2

1

0

Ux
, m

sem
fk
diff*10

0.75

0.50

0.25

0.00

0.25

Uy
, m

0

2

4

6

Uz
, m

0 20 40 60 80 100
Time, s

5

0

5

Pr
es

su
re

, P
a

1e6

Figure 2. Seismogram benchmark comparing the FK and FK-SEM methods for the 1D layered model. The results are shown for
receiver 𝑅1, situated within the elastic medium in immediate proximity to the fluid-solid interface (ocean bottom). From top to
bottom, the panels display the 𝑥-, 𝑦-, and 𝑧-components of displacement, followed by the fluid pressure.
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Figure 3. Top: Comparison of tangential displacement components recorded at receivers 𝑅1 (elastic) and 𝑅2 (acoustic). Bottom:
Benchmark results for the vertical displacement at receiver 𝑅1, demonstrating the coupling between elastic wave propagation and
the pressure field behavior at the fluid-solid interface.

Volume XX ⋅ Number XX ⋅ XXXX XXXX ⋅ www.srl-online.org Seismological Research Letters 7



−150

−100

−50

0

z
,k

m

0 50 100 150 200

x,km

0 1 2 3 4

Vs,km/s

Figure 4. Two-layer subduction zone model used in numerical experiments. The bathymetry is setting at 3km, and the acoustic
velocity in the ocean is about 1.5 km/s. The receivers (triangulars) are put directly on the bathymetry. The dashed lines

where ℱ−1 denotes the inverse Fourier transform, ℜ{⋅} represents the real part of the result, 𝑡0 is the applied time shift in123

receiver function analysis, and {}∗ indicates the complex conjugate. Upon obtaining the gradient of the misfit function with124

respect to the model parameters, the model is updated using a steepest descent method. The initial step length is set to 2% of125

the maximum velocity in the starting model. To ensure convergence, the step size is adaptively reduced by 10% if the current126

misfit exceeds that of the previous iteration. To mitigate strong sensitivity artifacts near the receivers, Gaussian smoothing127

is applied to regularize the derivatives. During the inversion, material properties in the fluid layer are not updated, as these128

represent prior information typically well-constrained by oceanographic investigations.129

This iterative workflow is applied for 80 iterations, yielding the final invertedmodel𝑀80, as shown in Figure 9.We observe130

that the two-layer slab structure has been well recovered through full-waveform inversion. Figures 7 and 8 present a compar-131

ison of synthetic and ‘observed’ receiver functions (RFs) for two of the eight events (additional comparisons are provided in132

the supplementarymaterials), displaying results for both the initial model (𝑀00) and the invertedmodel (𝑀80). The reduction133

in mismatch between synthetics and ’observations’ is evident, particularly for scattered waves originating from the slab. This134

significant reduction is also quantifiable by an approximate 92% misfit reduction observed in𝑀80. These results confirm the135

effectiveness of the inversion, highlighting the potential of our method for future investigations of subsurface geodynamics136

in complex oceanic environments.137
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TABLE 2.
Background
Model
for
OBS
Example

Layer Number 𝜌 (𝑘𝑔∕𝑚3) 𝑉𝑝 (m/s) 𝑉𝑠 (m/s) Thickness (m)
1 1020 1500 0 3000-5000
2 2600 5800 3200 32000
3 3400 8000 4500 ∞
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Figure 5. Radial (R) component seismograms for the first four back-azimuth angles. Synthetic data are shown by black solid lines,
and ‘observed’ data by dashed magenta lines. For clarity, seismograms are displayed for only half of the receiver stations.

Discussion138

Despite continuous progress in computational capabilities, high-frequency (1 Hz or above) full numerical simulations139

of teleseismic waves in oceanic environments remain computationally expensive. The hybrid method developed in this140

study addresses this challenge by providing an efficient and accurate elastic solver for modeling the interactions between141

plane-wave type teleseismic energy and regional inhomogeneities. Leveraging the spectral element method, our approach142

seamlessly integrates the effects of inhomogeneities, irregular surfaces, multiphysics coupling (e.g., elastic-acoustic), and143

adjoint simulationswithin a general and flexible framework. Our forward and adjointmodeling capabilities are implemented144

as an extension to the open-source SPECFEM package (Peter et al., 2011). To significantly enhance computational efficiency,145
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Figure 6. Radial (R) component seismograms for the subsequent four back-azimuth angles. Display format and data
representation are identical to Figure 5.

GPU acceleration has been integrated. This optimization yields an approximate five-fold speed-up, enabling forward sim-146

ulations of the detailed slab model (with approximately 30 million degrees of freedom) up to 2 seconds of physical time to147

complete in roughly 1 minute on a single NVIDIA H100 card.148

It is important to acknowledge certain considerations and limitations of the developed method. This approach employs a149

one-way coupling scheme, which assumes that inhomogeneities outside the computational study region are negligible or can150

be accurately approximated by a 1-D model (where external FK field is based on). This assumption may not hold true in all151

realistic scenarios, particularly in regions with significant external complexities. For such cases, a more advanced coupling152

approach, such as those based on interface discontinuities (Liu et al., 2025), would need to be extended to fully incorporate153

acoustic-elastic coupling. Furthermore, the current method is restricted to plane-wave type simulations. While this is well-154

suited for applicationswhere true amplitude information is not a primary concern (e.g., receiver function analysis), it imposes155

constraints for other applications. For instance, teleseismic full-waveform imaging directly utilizing all three components156

would require a pre-processing step to estimate the source time function (Wang et al., 2021) or the use of cross-convolution157

seismograms (Menke and Levin, 2003) to leverage absolute amplitude information. Finally, application to single-component158
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Figure 7. Comparison of Receiver functions for the first 𝑀00 and the the inverted model (after 80 iterations, 𝑀80) for event 2 (back
azimuth angle = 45◦. The black lines are the observation and the magenta lines are from the synthetic data. The red bars are the
time window used in computing misfit functions

receivers (such asMERMAID) presents a limitation, as accurate arrival time estimation is a prerequisite for direct comparison159

with observed data.160

Conclusion161

This study presents a novel method for simulating plane-wave-based teleseismic responses in complex oceanic environ-162

ments. Developed within the framework of the spectral element method, this approach accurately accounts for intricate163

bathymetric variations and elastic-acoustic coupling duringwave propagation. Concurrently, receiver-function-based adjoint164

methods are being developed to facilitate full-waveform inversion in ocean seismology. To validate the numerical accuracy of165

our simulation technique, a benchmark test was conducted against 1-D semi-analytical solutions. Furthermore, a synthetic166

full-waveform inversion OBS experiment was performed on a subduction zone model, demonstrating excellent recovery of167

subsurface anomalies. In summary, this method offers a robust tool for future geodynamic investigations in oceanic regions,168

particularly where conventional seismic instrumentation is sparse.169

Data and Resources170

The computer programs for the implementations of Algorithm1 in SPECFEM3D_Cartesian has beenmerged into the SPECFEM3DGithub171

repository (https://github.com/SPECFEM/specfem3d).172
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Figure 8. Same as Figure 7, but for event 5
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Appendix A Propagation Matrix180

P-SV System181

For an isotropic Earth model, seismic wave propagation outside the source region is governed by the homogeneous182

elastodynamic equation in the frequency domain:183

−𝜌𝜔2𝑢𝑖 =
(
𝜆𝑢𝑘,𝑘𝛿𝑖𝑗 +𝜇𝑢𝑖,𝑗 +𝜇𝑢𝑗,𝑖

)
,𝑗

(11)184
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Figure 9. Comparison of true and recovered 𝑉𝑠 model (𝑀80) .

For a layered model within the P-SV system, the wave equation can be represented as a first-order system of ordinary185

differential equations (ODEs) by defining a displacement-traction vector 𝒇 such that 𝒚=𝒇𝑒𝑖(𝜔𝑡−𝑘𝑥). This vector satisfies:186

187

d
d𝑧
𝒇=𝑨𝒇 (12)188

where:189

𝒇= [𝑦1, 𝑦2, 𝑦3, 𝑦4]𝑇 = [𝑢𝑥∕𝑖, 𝑢𝑧, 𝑖𝜎𝑥𝑧, 𝜎𝑧𝑧]𝑇 (13)190

The system matrix 𝑨 is given by:191

𝑨=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 −𝑘 1

𝜇
0

(1 − 2𝜉)𝑘 0 0 𝜉

𝜇

4𝑘2𝜇(1 − 𝜉) − 𝜌𝜔2 0 0 𝑘(2𝜉 − 1)

0 −𝜌𝜔2 𝑘 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(14)192

with the following auxiliary relations:193

𝜉 =
𝜇

𝜆 + 2𝜇
, 𝑦3 = 𝑘𝜇𝑦2 +𝜇

d𝑦1
d𝑧

, 𝑦4 =−𝜆𝑘𝑦1 + (𝜆 + 2𝜇)
d𝑦2
d𝑧

(15)194

We decompose matrix 𝑨 using its eigenvalues and eigenvectors:195
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𝑨=𝑬𝚲𝑬−1 =
4∑

𝑖=1
𝑠𝑖𝒓𝑖𝒍𝑇𝑖 (16)196

where the eigenvalues 𝑠𝑖 correspond to the vertical wavenumbers for S and P waves:197

𝑠1,2 =∓𝑖𝜈𝑠 =∓𝑖𝜔
√
𝛽−2 −𝑝2, 𝑠3,4 =∓𝑖𝜈𝑝 =∓𝑖𝜔

√
𝛼−2 −𝑝2 (17)198

By expanding 𝒇 in the basis of the right eigenvectors 𝒓𝑖, we obtain a set of decoupled ODEs:199

𝒇=
4∑

𝑖=1
𝑐𝑖𝒓𝑖 ⇐⇒

d
d𝑧
𝑐𝑖 = 𝑠𝑖𝑐𝑖 (18)200

The general solution is then:201

𝒇(𝑧) =
4∑

𝑖=1
𝑤𝑖𝑒𝑠𝑖𝑧𝒓𝑖 =𝑬𝚲(𝑧)𝒘 (19)202

where 𝒘 represents the amplitudes of the up-going and down-going waves, and 𝚲(𝑧) is the diagonal phase matrix Λ(𝑧)𝑗𝑗 =203

𝑒𝑠𝑗𝑧. The matrix 𝑬, composed of the right eigenvectors, is:204

𝑬 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−𝑖𝜈𝑠∕𝑘 𝑖𝜈𝑠∕𝑘 1 1

1 1 −𝑖𝜈𝑝∕𝑘 𝑖𝜈𝑝∕𝑘

2𝑘𝜇𝛾1 2𝑘𝜇𝛾1 −2𝑖𝜇𝜈𝑝 2𝑖𝜇𝜈𝑝

−2𝑖𝜇𝜈𝑠 2𝑖𝜇𝜈𝑠 2𝑘𝜇𝛾1 2𝑘𝜇𝛾1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(20)205

To relate the displacement-traction vector across a layer of thickness ℎ = 𝑧𝑛 − 𝑧𝑛−1, we define 𝒇𝑛 =𝒇(𝑧𝑛). The state at the206

top and bottom of the 𝑛-th layer is related by the propagator matrix 𝑷𝑛:207

𝒇𝑛 =𝑬𝚲(𝑧𝑛 − 𝑧𝑛−1)𝑬−1𝒇𝑛−1 =𝑷𝑛𝒇𝑛−1 (21)208

The explicit form of the propagator matrix 𝑷𝑛 is provided by (Tong et al., 2014):209

𝑷𝑛 = 𝛾

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝐶𝛼 − 𝛾1𝐶𝛽 𝑋𝛽 − 𝛾1𝑌𝛼
𝑌𝛼−𝑋𝛽
2𝑘𝜇

𝐶𝛽−𝐶𝛼
2𝑘𝜇

𝑋𝛼 − 𝛾1𝑌𝛽 𝐶𝛽 − 𝛾1𝐶𝛼
𝐶𝛼−𝐶𝛽
2𝑘𝜇

𝑌𝛽−𝑋𝛼
2𝑘𝜇

2𝑘𝜇(𝑋𝛼 − 𝛾21𝑌𝛽) 2𝑘𝜇𝛾1(𝐶𝛽 −𝐶𝛼) 𝐶𝛼 − 𝛾1𝐶𝛽 𝛾1𝑌𝛽 −𝑋𝛼

2𝑘𝜇𝛾1(𝐶𝛼 −𝐶𝛽) 2𝑘𝜇(𝑋𝛽 − 𝛾21𝑌𝛼) 𝛾1𝑌𝛼 −𝑋𝛽 𝐶𝛽 − 𝛾1𝐶𝛼

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(22)210

where the trigonometric terms are defined as:211

𝐶𝛼,𝛽 = cos(𝜈𝑝,𝑠ℎ), 𝑆𝛼,𝛽 =− sin(𝜈𝑝,𝑠ℎ), 𝑋𝛼,𝛽 =
−𝑖𝜈𝑝,𝑠𝑆𝛼,𝛽

𝜔𝑝 , 𝑌𝛼,𝛽 =
𝑖𝜔𝑝𝑆𝛼,𝛽
𝜈𝑝,𝑠

By applying Equation (21) recursively and enforcing continuity at each interface, the vector at the free surface𝒇𝑛 is related212

to the wave field in the half-space𝒘 by:213

𝒇𝑛 =𝑷𝑛 ⋯𝑷1𝑬0𝒘=𝑵𝒘 (23)214

where 𝒇𝑛 = [𝑦1, 𝑦2, 0, 0]𝑇 at the free surface.215
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For a P-wave injection, we assume no up-going SV waves in the half-space (𝑤1 = 0) and a unit incident P-wave (𝑤3 = 1).216

Substituting these into Equation (23) and partitioned for the zero-traction boundary condition:217

⎡
⎢
⎢
⎣

0

0

⎤
⎥
⎥
⎦

=
⎡
⎢
⎢
⎣

𝑁32 𝑁34

𝑁42 𝑁44

⎤
⎥
⎥
⎦

⎡
⎢
⎢
⎣

𝑤2

𝑤4

⎤
⎥
⎥
⎦

+
⎡
⎢
⎢
⎣

𝑁33

𝑁43

⎤
⎥
⎥
⎦

𝑤3 (24)218

The reflected amplitudes 𝑤2 and 𝑤4 are then solved via:219

⎡
⎢
⎢
⎣

𝑤2

𝑤4

⎤
⎥
⎥
⎦

=−
⎡
⎢
⎢
⎣

𝑁32 𝑁34

𝑁42 𝑁44

⎤
⎥
⎥
⎦

−1
⎡
⎢
⎢
⎣

𝑁33

𝑁43

⎤
⎥
⎥
⎦

𝑤3 (25)220

A similar procedure is applied for incident SV-waves by setting the appropriate terms in𝒘.221

Acoustic Media222

If a fluid column (e.g., a water layer) overlies the elastic model, the seismic wave propagation within the fluid is governed by223

the acoustic wave equation. We define the displacement-pressure vector as:224

𝒇= [𝑢𝑧, 𝑃]𝑇 (26)225

The depth evolution of this vector is described by the first-order system:226

d
d𝑧

⎡
⎢
⎢
⎣

𝑢𝑧

𝑃

⎤
⎥
⎥
⎦

=
⎡
⎢
⎢
⎣

0 𝑘2

𝜌𝜔2
− 1

𝜌𝛼2

𝜌𝜔2 0

⎤
⎥
⎥
⎦

⎡
⎢
⎢
⎣

𝑢𝑧

𝑃

⎤
⎥
⎥
⎦

(27)227

The corresponding eigenvalues 𝑠1,2 and the acoustic propagator matrix 𝑸𝑛 for a layer of thickness ℎ are given by:228

𝑠1,2 =∓𝑖𝜈𝑝 =∓𝑖𝜔
√
𝛼−2𝑛 −𝑝2 =∓𝑖𝜔𝜂

𝑸𝑛 =
⎡
⎢
⎢
⎢
⎣

cos(𝜈𝑝ℎ) − 𝜈𝑝 sin(𝜈𝑝ℎ)

𝜌𝜔2

𝜌𝜔2 sin(𝜈𝑝ℎ)

𝜈𝑝
cos(𝜈𝑝ℎ)

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎣

cos(𝜈𝑝ℎ) −
𝑝𝜂 sin(𝜈𝑝ℎ)

𝜌𝑘
𝜌𝑘 sin(𝜈𝑝ℎ)

𝑝𝜂
cos(𝜈𝑝ℎ)

⎤
⎥
⎥
⎦

(28)229

At the seafloor (the acoustic-elastic interface) and the free surface, we impose the following boundary conditions:230

𝑦3(𝑧𝑛−1) = 0, (zero shear stress at interface)

𝑃(𝑧𝑛) = 0, (vanishing pressure at free surface)

[𝑢𝑧(𝑧𝑛−1)]+− = 0, (continuity of vertical displacement)

𝑃(𝑧𝑛−1) = −𝑦4(𝑧𝑛−1), (continuity of normal stress)

(29)231

Note: 𝑦3 and 𝑦4 correspond to the elastic displacement-traction components defined in the previous section. We define the232

global propagator matrix𝑵 for the elastic stack as:233

𝑵 =𝑷𝑛−1⋯𝑷1𝑬0 (30)234

For an incident P-wave (𝑤1 = 0), the system is solved by:235
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⎡
⎢
⎢
⎣

𝑁32 𝑁34

𝑀1 𝑀3

⎤
⎥
⎥
⎦

⎡
⎢
⎢
⎣

𝑤3

𝑤6

⎤
⎥
⎥
⎦

=
⎡
⎢
⎢
⎣

−𝑁33𝑤4

−𝑀2𝑤4

⎤
⎥
⎥
⎦

(31)236

where the auxiliary vector𝑴 incorporates the acoustic-elastic coupling:237

[𝑀1 𝑀2 𝑀3] = [𝑄21 𝑄22]
⎡
⎢
⎢
⎣

𝑁22 𝑁23 𝑁24

−𝑁42 −𝑁43 −𝑁44

⎤
⎥
⎥
⎦

(32)238

Similarly, for an incident SV-wave (𝑤4 = 0):239

⎡
⎢
⎢
⎣

𝑁32 𝑁34

𝑅2 𝑅3

⎤
⎥
⎥
⎦

⎡
⎢
⎢
⎣

𝑤3

𝑤6

⎤
⎥
⎥
⎦

=
⎡
⎢
⎢
⎣

𝑁31𝑤1

−𝑅1𝑤1

⎤
⎥
⎥
⎦

(33)240

where:241

[𝑅1 𝑅2 𝑅3] = [𝑄21 𝑄22]
⎡
⎢
⎢
⎣

𝑁21 𝑁22 𝑁24

−𝑁41 −𝑁42 −𝑁44

⎤
⎥
⎥
⎦

(34)242

Traction/Pressure243

In FK-SEM coupling, we need velocity/traction/pressure at the injection boundary. But the derivations above don’t provide244

the whole stress tensors at each point. So we’re going to derive such parameters.245

In elastic media:246

𝜎𝑧𝑧 = 𝑦6

𝜎𝑥𝑧 = 𝑦4∕𝑖

𝜎𝑥𝑥 = 𝑘(𝜆 + 2𝜇)𝑦1 + 𝑘𝜆(1 − 2𝜉)𝑦1 + 𝜆𝜉∕𝜇𝑦6

𝜎𝑦𝑦 =
𝜆

2(𝜆 + 𝜇)
(𝜎𝑥𝑥 + 𝜎𝑧𝑧)

(35)247

In acoustic media:248

𝑢𝑥 =
−𝑖𝑘
𝜌𝜔2

𝑃 (36)249

Modified Propagation Matrix for Numerical Stability250

The standard propagator matrix 𝑷 and the eigenvector matrix 𝑬 can be partitioned into 2 × 2 blocks as follows:251

𝑷=
⎡
⎢
⎢
⎣

𝑨 𝑘−1𝑩

𝑘𝑪 𝑴

⎤
⎥
⎥
⎦

, 𝑬 =
⎡
⎢
⎢
⎣

𝑭 𝑮

𝑘𝑯 𝑘𝑱

⎤
⎥
⎥
⎦

(37)252

where𝑨, 𝑩, 𝑪,𝑴, 𝑭, 𝑮, 𝑯, 𝑱 are 2 × 2 sub-matrices. In the limit of low frequencies or small horizontal wavenumbers (𝜔→0),253

the term 𝑘−1 = (𝜔𝑝)−1 introduces a singularity due to the zero denominator. To ensure numerical stability, we definemodified254

matrices 𝑷̄ and 𝑬̄ that are independent of the 𝑘−1 scaling:255

𝑷̄ =
⎡
⎢
⎢
⎣

𝑨 𝑩

𝑪 𝑴

⎤
⎥
⎥
⎦

, 𝑬̄ =
⎡
⎢
⎢
⎣

𝑭 𝑮

𝑯 𝑱

⎤
⎥
⎥
⎦

(38)256
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The relationship between the original and modified matrices is given by the similarity transformation:257

𝑷=𝑫𝑷̄𝑫−1, 𝑬 =𝑫𝑬̄ (39)258

where 𝑫 is the scaling matrix:259

𝑫=
⎡
⎢
⎢
⎣

𝑰2×2 𝟎

𝟎 𝑘𝑰2×2

⎤
⎥
⎥
⎦

(40)260

By utilizing this transformation, the product of multiple propagator matrices and the final eigenvector matrix can be261

evaluated without explicit division by 𝑘:262

𝑷𝑛𝑷𝑛−1 = (𝑫𝑷̄𝑛𝑫−1)(𝑫𝑷̄𝑛−1𝑫−1) = 𝑫(𝑷̄𝑛𝑷̄𝑛−1)𝑫−1

𝑷𝑛𝑬0 = (𝑫𝑷̄𝑛𝑫−1)(𝑫𝑬̄0) = 𝑫(𝑷̄𝑛𝑬̄0)
(41)263

Consequently, the global matrix𝑵, which relates the wavefield in the half-space to the surface, is expressed as:264

𝑵 =𝑷𝑛 ⋯𝑷1𝑬0 =𝑫(𝑷̄𝑛 ⋯𝑷̄1𝑬̄0) = 𝑫𝑵̄ (42)265

A similar modification is applied to the acoustic propagator matrix 𝑸 in the fluid domain:266

𝑸=
⎡
⎢
⎢
⎣

𝑎 𝑘−1𝑏

𝑘𝑐 𝑎

⎤
⎥
⎥
⎦

, 𝑸̄ =
⎡
⎢
⎢
⎣

𝑎 𝑏

𝑐 𝑎

⎤
⎥
⎥
⎦

(43)267

The wavefield propagation from the seafloor to the free surface can then be performed entirely in the modified domain:268

𝒇𝑛 =𝑸
⎡
⎢
⎢
⎣

𝑵2

−𝑵4

⎤
⎥
⎥
⎦

𝒘=
⎡
⎢
⎢
⎣

1 0

0 𝑘

⎤
⎥
⎥
⎦

𝑸̄
⎡
⎢
⎢
⎣

𝑵̄2

−𝑵̄4

⎤
⎥
⎥
⎦

𝒘 (44)269

where𝑵2 and𝑵4 represent the second and fourth row-blocks of𝑵, respectively.270
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