Earth ArXiv

This is a non-peer-reviewed preprint submitted to EarthArXiv.

This manuscript has been submitted for publication in the Journal of
Atmospheric and Oceanic Technology. Please note the manuscript
has yet to be formally accepted for publication. Subsequent versions
of this manuscript may have slightly different content. If accepted, the
final version of this manuscript will be available via the ‘Peer-reviewed
Publication DOI’ link on the right-hand side of this webpage. Please
feel free to contact any of the authors; we welcome feedback.




Generated using the official AMS IXTEX template v6.1

| Resonant Platform Response and Vertical Velocity Biases in ADCP

. Measurements from Quasi-Lagrangian Platforms
3 Andrey Y. Shcherbina,® Eric A. D’Asaro®
‘ 4 Applied Physics Laboratory, University of Washington

s Submitted to the Journal of Atmospheric and Oceanic Technology 13 February 2026

s Corresponding author: Andrey Shcherbina, shcher@uw.edu



20

21

22

23

24

25

26

ABSTRACT: Autonomous surface and subsurface platforms equipped with acoustic Doppler
current profilers (ADCPs) are increasingly used to observe ocean velocities, but in the presence
of surface waves these measurements can be biased by orbital motion and wave-induced platform
tilting. Previous work quantified such biases for idealized platform responses that were in phase
with the wave forcing. Here we extend this framework to the general case of a partially resonant
platform response, in which the tilt amplitude is enhanced and phase-lagged relative to the waves,
as expected for real-world platforms. We derive analytical expressions for wave-induced ADCP
biases under arbitrary linear tilt response and show that phase-lagged platform motion generates
biases in vertical velocity in addition to previously reported horizontal biases. These vertical biases
scale with the imaginary part of the platform tilt transfer function and depend on wave properties,
platform depth, and measurement distance. Biases also depend on ADCP beam geometry, align-
ment with wave propagation, and instrument orientation (upward or downward). Under certain
conditions, a five-beam vertical velocity reconstruction can be formed that is unbiased on average
and generally outperforms standard four-beam and vertical-beam estimates. The theory is applied
to a Lagrangian float whose empirical tilt response suggests partial resonance at short wave periods.
Using realistic wind—wave spectra, we quantify the resulting biases and find typical magnitudes
of several centimeters per second for horizontal velocities and several millimeters per second for
vertical velocities under open-ocean conditions. Because wave-induced biases depend strongly on
platform configuration, we provide an analytical framework and numerical tools to assess biases

for individual platforms and deployments.
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SIGNIFICANCE STATEMENT: Autonomous ocean platforms commonly use acoustic Doppler
current profilers (ADCPs) to measure currents, but surface waves can induce platform motions
that affect these measurements. This study shows that partially resonant, phase-lagged platform
motion — expected for most real-world systems — can introduce systematic biases in velocity
estimates, including the biases in the vertical component that have not been previously identified.
We present a general analytical framework that accounts for platform dynamics, wave conditions,
and instrument geometry and enables deployment-specific bias assessment and mitigation. These
results are directly relevant to the interpretation of ADCP observations from autonomous platforms

and inform the design of future observing systems targeting weak vertical motions in the ocean.

1. Introduction

Compact autonomous marine vehicles, both surface and submersible, are now commonly used
to conduct observations of ocean velocities using acoustic Doppler current profilers (ADCPs).
However, in the inevitable presence of surface waves, ADCP measurements conducted by these
platforms are susceptible to biases stemming from wave-coherent orbital motion and platform
tilting. Our previous paper on this subject (Shcherbina and D’Asaro| 2025, hereafter SD25)
derived analytical expressions and numerical estimates of wave-induced biases across a range
of scenarios. Among these, two limiting cases of platform tilt response to wave forcing were
examined: a hydrostatic response, in which the platform instantaneously aligns with the local
antigravity direction, and an inertial response, in which it aligns with the vertical material-line
vector.

Real-world sampling platforms can exhibit more complex behavior than either idealized limit. In
particular, some degree of resonant response may occur, producing both an increase in the platform
tilt amplitude and a phase shift relative to the wave forcing. It can be anticipated that the amplitudes
and vertical structure of wave-induced biases would be altered in this case. As will be shown in
this paper, vertical velocity bias can arise in addition to the horizontal velocity biases considered
in previous studies.

D’Asaro and Shcherbina (2026, hereafter DS26) investigated the actual response of an APL
Lagrangian Float (MLF) using data from multiple deployments under a range of wave conditions.

The float was found to exhibit partial resonance at a wave period of approximately 3 s. A full
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response model for wave periods from 2 to 20 s was also developed. In this paper, we evaluate the
wave-induced biases associated with the specific response function of the MLF.

In section 2, we briefly revisit the analytical and numerical frameworks used in our analysis.
Section [3|then examines wave-induced platform tilt, including the phase-lagged resonant response,
and the resulting motion of the ADCP sampling volume. In Section ] we derive analytical
expressions for wave-induced biases in the general partially resonant case and show how a phase-
lagged tilt response leads to vertical velocity bias. Section [5]explores alternative vertical-velocity
reconstruction methods that reduce the overall bias. In Section [6] we apply this framework to
quantify wave-induced biases in ADCP measurements from a specific Lagrangian float. The main

findings are summarized and discussed in Section

2. Methods

a. Analytical framework

We start with a short recap of the analytical framework developed in SD25; readers are referred
there for a more complete treatment. As before, we consider a quasi-Lagrangian platform conduct-
ing velocity measurements in the presence of surface gravity waves. For simplicity, we postulate a
monochromatic deep-water linear wave with the amplitude a, wavenumber k, and cyclic frequency

w propagating in the x direction. Its surface elevation is given by

n=asing, (1)

where ¢ = kx — wt is the wave phase. The wave amplitude a is small compared to the wavelength,
so that the wave steepness parameter (ak) < 1. We express coordinates in the x — z plane using
complex notation, X = x +iz. With this notation, orbital motion of a fluid particle can be expressed
as

X = Xo+ X}, = Xo +aeFomen+hao = x4 geldorhao, 2)

where Xy = xo +1iz0 is the mean particle position. The corresponding wave velocity field, in

complex notation, Uy = ug + iwy, is given by

U= _iawei(kxo—wt)+kz() — _iawei¢0+kZo_ (3)
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As shown in SD25, linearized expression for the velocity sampled along an arbitrary measurement

volume trajectory X,,(#) can be expressed as
Up = U(Xp,1) = Uy + 0k X X\, 4)

where U; = U(X},1) is the “true” Eulerian velocity at the nominal measurement location X, and
X;n = X,, — X1 are the wave-induced perturbations of the sampling location. When this motion of
sampling volume X, is partially coherent with the wave orbital motions Xi, the quadratic term
XiX,;;‘ contains a non-periodic component. This non-periodic component is the origin of the
wave-induced bias in the measured velocity.

In section [3] we will discuss the measurement volume trajectories resulting from resonant wave-
induced tilting of the float. In section [ we will derive corresponding analytic expressions for the

ensuing biases in horizontal and vertical velocity measurements.

b. Semi-analytical model

As in SD25, we will also use a semi-analytical model to validate and extend the analytical
expressions for the wave-induced biases. Platform motion is simulated according to (2), and the
platform tilt is modeled based on the wave properties and a specified platform response function
(see section[3]). The velocity field is then sampled with multiple “beams” and “cells,” and processed
as it would be with an ADCP.

This model is semi-analytical, in the sense that the platform trajectory and velocity sampling
are computed analytically, while the subsequent averaging is numerical. Unlike the analytical
framework, the model does not rely on a linearized expansion of the velocity field and can
therefore handle larger excursions of the sampling volume. Similarly, it does not require a small-
angle approximation for platform tilt (see section3]) and can therefore handle arbitrary wave-induced

variations in platform orientation.
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FiG. 1. Orientation of a sampling platform (yellow rectangle) in a wave-induced deformation field (the wave
steepness is exaggerated). Material fluid P- and Z-lines are shown in blue and red, respectively, along with their
orientation vectors —G (“anti-gravity) and M. Orientation of the platform “mast” vector V is determined by
the platform dynamics and may not align with either —G or M. The conventions for axes and tilt angles are

illustrated in the bottom-right corner.

3. Wave-induced platform tilt

a. Wave deformation field

In a monochromatic wave field, the deformation and tilt of fluid elements can be described using
two complementary material lines (Fig. T)). The “P-line” is an isopotential line (actually, a surface
in 3D) that would be horizontal in absence of waves. This line is tangent to the local instantaneous
fluid velocity, and perpendicular to the local effective gravity vector G. In contrast, the “Z-line”
is a material fluid line that would be vertical in absence of waves. As waves propagate, this line
deforms under the action of the velocity field. To characterize local tilting of the two lines, we will
use the “anti-gravity” vector —G pointing normal to the P-line, and the vector M pointing upwards
along the Z-line. In the absence of waves, the two vectors coincide with the upward unit vector
Z =i. Under wave motion, they oscillate symmetrically relative to the vertical, reflecting the tilting

and deformation of the fluid elements.
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Using the wave kinematics equations, the two vectors can be expressed as

M =i+ ake'®0k%0, (5)

~G =i—ake'orka, (6)

Note that these vectors are not normalized. Using the small-angle approximation (ak < 1), we

can obtain corresponding unit vectors

M =i+ R[ake0k0], (7N

~G =i+ R[-akePorho], (8)

where R[] is the real part operator (see SD25 for details). These vectors can also be expressed in

terms of tilt angles,

M=i+0y,, 9)

-G =i+6g, (10)

where 07 = R[ake!®+*0] and g = R[—ake?+*0] = -0, are the material line tilt angles, as in
DS26. We deliberately delay application of the real part operator to emphasize that +ake®0+kz0)
is the analytic representation of the tilt angles — which would be useful in discussion of spectral

transfer functions below.

b. Platform response

As in SD25, we assume that, to the first order, the platform follows the wave orbital motion
of the water parcels. For neutrally-buoyant and profiling floats, this approximation is supported
by observations for a wider range of wave spectrum (D’Asaro|2003). The tilt of the platform is
governed by a balance of hydrostatic and hydrodynamic torques, as discussed in detail in DS26.
Depending on the geometric shape of the platform and its hydrostatic stability, a platform would
generally exhibit a frequency-dependent tilt response that can be characterized using a general
relationship

V=i+0=i+R[yake' "t ] (11)
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where y is a complex frequency-dependent response factor. As discussed in SD25, y = -1
corresponds to hydrostatic response mode (V = —G), and y = 1 corresponds to inertial response
(V = M). More generally, y can be seen as a spectral transfer function between the platform tilt
angle 0 and the tilt of the Z-line 8z, Tyz(w) in DS26 notation. Note that since 8, and 65 are 180°

out of phase,

vy =Tyz = TG (12)

It is important to note that the transfer function is applied to the analytic representation of the tilt

angles before the real part is taken. This approach allows for arbitrary phase shifts between the

forcing and the response (naturally, this is only relevant for complex-valued transfer functions).
DS26 investigated the response function 7y of a Lagrangian Float and developed an empirical

model

o2 —ikw

Too(w) = ——o,
o () o -w?—iqw

(13)
where o = 2.01rads! is the resonant angular frequency (corresponding to the cyclic resonant
frequency f = (27)~'o = 0.32Hz, k =0.37rad s~ is the shape eccentricity parameter, and g =
0.88rads~! is the rotational frictional parameter. The MLF resonant frequency corresponds to
the period f~! = 3.1s and wavelength of 16 m. Waves of this scale coincide with the peak of
a Pierson-Moskowitz fully developed sea spectrum generated by winds of about Ujg = 4m s~
Consequently, the MLF resonant response could be expected to be commonly excited during most
deployments in typical ocean wave conditions.

The general shape of the spectral response function and the temporal behavior of the resonant
tilt response are illustrated in At low frequencies, the float response is in-phase with the
forcing with Ty real and approaching 1 (corresponding to v ~ —1). This behavior reflects the
platform aligning with the effective gravity, as expected for any platform with strong hydrostatic
restoring moment (i.e., o > w , 0 > «), which is the reason this response is called "hydrostatic’
(Longuet-Higgins| 1986). Conversely, for a platform with a weak righting moment (0 < w ,
o < k), the response function would asymptote to Ty (0) = g~'k = -1, where A is the Jeffery

shape eccentricity parameter (Jeffery 1922 Bretherton| [1962). This case corresponds to the

classical Jeffery-type alignment with the principal strain direction — which can have characteristics
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Fic. 2. Empirical model of Lagrangian Float tilt response based on DS26. a) Empirical spectral transfer
function from the effective gravity tilt angle 8 to the tilt of the float 6 as a function of wave frequency. b) Time
series of the forcing (6, black) and the float response (6, red) tilt angles at resonant frequency f=0.32 Hz; tilt
angles are normalized by 65 amplitude, ake*?. Note the 7/2 phase lag and significant amplification of the

response, both hallmarks of resonance.

of either inertial (y = A > 0) or hydrostatic (y =4 <0) responseﬂ Thus, the purely real-valued
response considered in SD25 is applicable in the low-frequency limit, where either the hydrostatic
(strong-restoring) or Jeffery (weak-restoring) asymptotes govern the tilt dynamics

At high frequencies, Ty is also real but negative (corresponding to 0 <y < 1), so the platform
tilt is out of phase with the effective gravity tilt 8¢ (but in-phase with 87 = —65). Such behavior
is universal among systems with finite inertia and corresponds to the attenuated inertial-response
regime. SD25 formulae would be applicable in this regime as well.

At intermediate frequencies, particularly near the 0.32 Hz resonance, the response is amplified
(|Tyg| reaching 2.5) and increasingly lagging the forcing. The strong imaginary component of
Ty observed over the broad range of frequencies requires us to extend the wave-induced bias
analysis of SD25 to complex values of response parameter y = —Typi. As will be shown below, this

extension is not as trivial as substituting a complex v into the SD25 formulae.

c. Phase-lagged sampling volume trajectories

As described in detail in SD25, deriving the wave-induced bias formulae begins with determining

the trajectories of the ADCP sampling volumes, X, (7). Wave-induced biases arise from the phase-

'Note that although a flat disc (1 = —1) exhibits a hydrostatic-like response (TpG = 1), its alignment in this case would be governed by
strain-induced Jeffery alignment rather than hydrostatic forces.
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locked relationships between these trajectories and the wave orbital velocities (see SD25, section
3a). We only need to reconsider the biases arising from the platform tilt — i.e., the “sweep” and
frame rotation biases, plus the associated ADCP beam effects.

Consider a sampling volume at a nominal (vector) offset D from the platform, so that the nominal

location of this volume is X; = Xo + D. For a pair of symmetric ADCP beams,
D* =r(i+tanB) = ir(cosB)'e™P, (14)

where r is the nominal vertical distance to the sampling volume (positive for upward-looking
instrument), and S is the ADCP beam angle. For a hypothetical “vector” sampler that measures
the full velocity vector at a remote location (as considered in SD25), the displacement vector D
takes the simple form D = ir. The sampling volume trajectories around their nominal positions are
the superposition of the platform’s orbital motion (X)) and the sweeping motion (X;) produced by
time-varying platform tilt,

X! =X, +X]. (15)

As in SD25, the platform motion is described as
X, =ae(ipo+kzo), (16)
and the sweeping term is given by
X/ =—iVD-D =-D(1+iV), (17)

where V is the varying platform “mast” orientation unit vector. As expected, X/ vanishes for an

upright platform, V = i. As discussed above, the platform tilt response can be described as
V =i+ R[yake'®+*0] = i + ake*™ (y, cos ¢y — yi sindy), (18)

where y =y, +17y; is a complex frequency-dependent response factor (transfer function). This leads

to the following linearized expression for the sweeping motion of the sampling volumes of the two

10
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ADCP beams:
X% = —D*(1+iV) = akre*®(cos B) " e™# (y, cos o —y; sin ). (19)

Imaginary component of the response function, y;, produces a phase shift between the orbital and
sweeping motions of the sampling volumes. As a result, the sampling volume trajectories are
skewed and rotated (Fig. 3p) compared to the real-valued response parameter cases (Fig. 3b.c).
There is also a notable difference between the two ADCP beams.

At this point we can already anticipate that, unlike the cases considered in SD25, the wave-
induced biases arising from the resonant (phase-lagged) tilt response of the measuring platform

would involve both the horizontal and the vertical components of measured velocities.

4. Wave-induced biases

Each of the two wave-induced time-varying terms in gives rise to a bias in measured phase-
averaged velocities. An additional frame-rotation bias arises if the instrument is not “aware” of its
true wave-induced tilt and therefore conducts averaging in its own frame of reference. To first order,
these biases are additive and independent, allowing us to compute them separately. While these
biases correspond directly to those considered in SD25, the resulting analytical expressions are
critically different for the resonant tilt response considered here due to the imaginary component

of the response function.

a. Platform motion bias

The platform motion bias arises from the X = ae'?+k20 component of sampling volume motion.
This bias is independent of the platform tilt, therefore SD25 expression for the velocity bias still
holds:

_ kzo kz1 _ Jkzo
Uyr = Usoe (Rue e ) (20)

Here, Ugy = a?wk is the surface Stokes drift which serves as a common scaling factor, and

_ sin(B+krtanp)
B sin8

Ry 2D

11
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Fic. 3. (a) Wave-induced trajectories of ADCP sampling volumes for resonant platform tilt model (y =
—i), compared to (b) hydrostatic (y = —1), and (c) inertial (y = 1) responses. Trajectories obtained from a
semianalytical model are shown in blue solid lines, with the linearized approximations shown with dashed lines.

Trajectories in the absence of platform tilt are shown in grey for reference. ADCP beam angle 5 = 25° assumed.

is the horizontal velocity response function associated with ADCP measurements, which are
derived from the radial velocities along two beams inclined at +8 (see SD25 for details). The

associated vertical velocity response function

R, = cos(B+ krtan ) 22)
cosf3

does not enter this expression but will become important later.

b. Sweeping bias

The sweeping bias arises from the X; component of sampling volume motion. Eulerian velocities

along the sweeping trajectories are computed using the linearized expression

UE = Uf + wkX| X/* = UF + awke' 1771 . r(cos B) ' e* P ake*™ (y, cos o — yisin ¢o) =

U} +Usoe* @V kr(cos B) ™' e @T*P) (y, cos go - yisingo)  (23)

12



=0 Averaging over the wave phase eliminates harmonic terms, producing
Ji = Usoe 0 kr(cos B) ™1™ (e (, cos go —¥isin ¢o)) (24)
= The wave phase variation associated with the ADCP beam separation is

¢1 = ot krtanf=gox¢’, (25)
= Where ¢’ = krtanf is half the wave phase difference between the two beams. Therefore,

T+

= = Ugoe" @V kr (cos )~ e B+ (7, cos ¢ — y;sin o) =

5(yr =iy Usoe" D kr (cos )~ e P+ (26)
xs  ADCP records the along-beam components of actual velocities,
3t = J[UreP), 27)
xs  Where J[-] is the imaginary part operator. Expanding it, we obtain

e = JUsoet D kr(cos p) T Sy —iyp)e* )

LUgpe* 0+ kr(cos ) 2y, sin (28 +¢") —yicos 2B+ '), (28)

= Following the standard ADCP processing procedure, we reconstruct the full velocity vector from

=6 the beam velocities:

BB B*+B-

. sin(28+¢") . cos(2B+¢)
~ 2sinf l2cos,8

sin23 " 1+cos2pB

. @9

= 1Usoe" @V kr [y,

«» Comparing this with the corresponding expression in SD25 (eq. 60), we see that the imaginary
xs  part of the response function, y;, gives rise to a sweeping bias in the vertical velocity estimate, in
= addition to the horizontal velocity bias examined previously. This expression can also be re-written
20 QS

Us = 3 (7, Rut = iyiRyus) kr UsgeX 0420 (30)

13



241

242

243

244

245

246

247

248

249

250

251

252

253

254

using modified ADCP sweeping response functions

_ 2sin(2B+¢") _ 2sin(2B + krtanf)

“ sin2p3 sin2p3 ’ D
_2cos(2B+¢")  2cos (2B +krtanp) (32)
YT 1+cos28 1 +cos2p ’

c. Frame rotation bias

Next, we examine the frame rotation bias arising if the velocity averaging is carried out in the
ADCEP frame of reference. It should be reminded that this bias can, in principle, be eliminated by
rotating each ping’s velocity measurements to Earth coordinates prior to averaging, but doing so
requires accurate attitude measurements. As discussed in DS26, accurately measuring platform
attitude in the wave band is not an easy task even with the dedicated inertial sensors. Consequently,
the frame rotation bias needs to be quantified. In the nominally-upright instrument frame of

reference, measured relative velocities are recorded as
Ui = (U1 = Uo) (iV"), (33)

where the multiplier iV* = 1 +iake* % (y, cos ¢ — v, sin¢) represents the rotation from Earth to

instrument frame. Applying phase averaging, we obtain

Uy; = ((Uy = Up)iV*)y = —iaw((e¥1+1%0 — kao¥i®0) (1 4 jak e’ (y, cos ¢o —yisingp))) =

LUgpe*? (()’r —iyi)e* = (y, - l')’i)ekzo) . (34)

To obtain the final expression for the frame rotation bias, we need to apply the ADCP transfer
functions to both components of the averaged ambient velocity (U;iV*) — but, importantly, not to

the averaged platform motion (UgiV*), which is unaffected by ADCP measurement artifacts:

Ur = %Usoekzo((yrRu —iy,'Rw)ekZl —(vr —iy,-)ekzo). (35)

14
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FiG. 4. Wave-induced tilt and motion biases in (a) relative horizontal and (b) vertical velocities measured by a
up- and downward-looking ADCPs mounted on a subsurface quasi-Lagrangian platform with resonant (y = —i),
hydrostatic (y = —1), and inertial (y = 1) responses. Analytical estimates are shown in solid lines, overlayed with
the semianalytical simulation results (circles). Dashed orange line in (b) shows the vertical beam bias for the
resonant case. Horizontal dashed line marks the platform depth (set to zo = k! in this example). Velocity bias
values are normalized by the Stokes drift at the level of the platform, Us p; the depth is normalized by the inverse
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Fic. 5. Same as but for a surface platform equipped with a downward ADCP.
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d. Net wave-induced bias

Net relative wave induced bias is obtained by adding the expressions for motion (20)), sweeping
(30D, and frame-rotation biases (35)). For insight into the structure of the resulting bias profiles, it
is convenient to express them in terms of platform depth zop and measurement range r = z; — 2p.

We also present horizontal and vertical velocity biases separately for clarity:

e = ((Ru+ 370 (Ru+ krRu))eV = (byr +1)) Usp, (36)
W = =47 (R + krRy)e” = 1) Usp, (37)

where
Ugp = USoeszO = a*wke* (38)

is the Stokes drift at the platform depth that serves as the bias amplitude scaling parameter. In
this form, it is easy to see that for a platform at fixed depth Ugp is also constant, and therefore
bias profiles depend only on the scaled measurement range kr. Equations imply that
surface and sub-surface platforms share the same relative bias profiles, but the bias magnitudes
for a subsurface platform are much smaller for the same range and wave forcing because of the

rapid decay of the e2%0

factor with platform depth. Examples of normalized net wave-induced
bias profiles for ADCPs mounted on a sub-surface and surface platforms with different response

characteristics are shown in[Fig. 4/and [Fig. 5 Analytical expressions are in good agreement with

the semi-analytical model results.

As expected, the resonant horizontal velocity bias (y = —i) is intermediate between the hydrostatic
(y = —1) and inertial (y = 1) response limits, reflecting the consistent effect of the real part of the
response function on the wave-induced bias @ In contrast, a resonant (and, more generally, any
phase-lagged) response with y; # 0 introduces a substantial vertical velocity bias that is not present
in hydrostatic or inertial response cases.

All biases vanish as kr — 0, and most change sign between upward- and downward-looking
orientations; the horizontal bias for the hydrostatic response case (y, = —1) is an exception, as it
stays negative. For an upward-looking ADCP (kr > 0) the bias is dominated by the sweeping term,
whose magnitude increases rapidly with range following the ~ kreX” asymptotic. Presence of the

periodic slant-beam transfer functions (Fig. 6), however, makes the biases oscillatory. Horizontal

16
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and vertical biases first change signs in the vicinity of the first zeros of R,; and R,,;, occurring
at kr 4.9 and 1.5, respectively. For a downward-looking ADCP, the biases are dominated by
the frame rotation effects and the platform’s own motion, to which the velocity measurements are

referenced. They approach finite limits as kr — —oo,

u,® = —(3y,+ )Usp, (39)

—00

w,™ = =3YiUsp. (40)

As a result, downward-looking configurations typically exhibit a weak mid-range maximum in
biases at a range of about kr ~ 1 —2. Although the slant-beam transfer functions cause bias
oscillations, their amplitudes decay rapidly and therefore not likely to be important.

Horizontal and vertical velocity biases generally scale with the real and imaginary parts of the
response factor y, respectively. Near the resonance frequency, both the real and (especially) the
imaginary components of the response function can exceed unity in magnitude (e.g., see [Fig. 2)).

In such cases, the wave-induced biases will be correspondingly amplified.

e. ADCP beam alignment

In the preceding derivations, we assumed that the ADCP beam pair was aligned with the wave
propagation direction, an assumption that is seldom satisfied in real life observations. At first
glance, one might expect the wave-induced biases to be a simple projection of the down-wave
biases onto the plane of the ADCP beam pair. In practice, the situation is considerably more
complex.

When the ADCP beam-pair axis is rotated by an angle a relative to the wave propagation direction,
several aspects of the wave-beam interaction are modified simultaneously. The most direct effect is
a reduction of the horizontal component of the wave orbital velocity ”seen” by the beams, scaling
as cos . Additionally, the projection of the beam spread onto the x — z plane is reduced, producing
a smaller effective beam angle S, = tan~! (cosatan8). This reduction decreases the wave phase
difference between the two slanted ADCP beams, which, in turn can be expected to reduce the
effects of the beam geometry. Moreover, the wave-induced sweeping trajectories of the sampling

volumes are affected by misalignment because these also depend on the projected beam angle.
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Together, these effects modify wave-induced biases in a non-trivial manner. Platform motion:

U2, = Uspe*™ (R¥e*1 - cosaek™). (41)
Sweeping:
Uyt = 3krUsoe" ™) (y, Ry, - iviR},). (42)
Frame rotation:
U§ = 3Usoe" ™ (v, Ry = iyiR) e ™ = (y, cosa = iy;) ™). (43)

Most of the alignment effects are captured by the modified ADCP beam response functions:

_ cosBsin(¢)) + cosasinfcos(¢;)

Ry . ; (44)
sinf3
o _ CosBcos(¢;)—cosasinBsin (4)) 45)
v cos 8 ’
where ¢’. = krtan S, = kr cosatanS. Similarly, the sweeping response functions become
o cosBsin(By+¢,)+cosasinBcos (By + @)
Ry = . : (46)
sin B cos By
x Tt ;c - i 1 x+ ;;
RO = cosBcos (B + @) —cosasinBsin (B + ¢ )' 7
cos 3cos By

Derivation of these expressions is given in the Appendix A. For the aligned ADCP case (« =0,
By =), these reduce to (21)-(22) and (B3I)-(32). In general, both the horizontal and vertical velocity
response functions vary with the misalignment angle a as shown in|[Fig. 6 All response functions
are periodic in kr with the period 27 /tanB,. As « increases, the oscillation period increases
accordingly. In the limiting case of the beam pair oriented perpendicular to the wave propagation
direction (a = %), the response functions reduce to constants: R, = R, =0 and R,, = R,,; = 1.
Thus, the horizontal velocity biases vanish while the vertical velocity biases remain finite (as long

as y; # 0) but unaffected by the beam spread.
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Fic. 6. (a) ADCP response functions and (b) sweeping response functions for horizontal (solid lines) and
vertical (dashed lines) velocities as a function of ADCP alignment angle «. Bold lines correspond to aligned

ADCEP case (@ = 0), as considered in SD25. ADCP beam angle of 25° is used.

f- Vertical beam considerations

Several modern ADCPs, such as the Nortek Signature series and Teledyne RDI Sentinel V, can
be equipped with a vertical (fifth) beam in addition to the standard slanted beams. In principle,
this vertical beam enables direct line-of-sight measurements of vertical velocity because it does
not rely on the multi-beam geometric reconstruction used by conventional ADCP configurations
(Shcherbina et al.|[2018; |[Comby et al.|[2022). In other words, the vertical velocity response function
for the V-beam is always unity, R}, =R, = 1.

When it comes to wave-induced vertical velocity biases, the advantages of the dedicated V-beam
are less straightforward. Using (30) and (33), and assuming unity ADCP response functions, the

V-beam vertical velocity biases can be obtained as

wyi = —3yikrUsoe* @), (43)

wy s = =Ly Usoe"® (k¥ — ka0, (49)

For a downward-looking configuration, the V-beam exhibits nearly the same bias as the conventional

two-beam reconstruction of vertical velocity (Fig. 5p). This occurs because the two-beam ADCP
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response functions R,, and R,,; are already near unity across the relevant downward-looking ranges
(dashed lines in [Fig. 6). In a 25° ADCP shown, the departure of the response function from
unity remains small |R,,, — 1| < 0.25 for =4 < kr <0 (Fig. 6). Moreover, near kr ~ —1, the
opposing effects of the ADCP response functions (R,, and R,,;) on tilt and sweeping biases nearly
cancel, so that the net vertical velocity bias is effectively equivalent to that of the V-beam. For
an upward-looking subsurface platform, such as the Lagrangian float, the wave-induced vertical
velocity bias in V-beam measurements is substantially larger than that of the conventional two-
beam reconstruction [Fig. 4). As discussed in SD25, |R,,| < 1 for relatively short upward ranges
(0 < kr <5, and so is |R,y| (cf. [Fig. 6). Therefore, the ADCP beam reconstruction effect is
beneficial: it reduces both the sweeping and frame-rotation biases in measured vertical velocities
(in stark contrast to the horizontal biases, see Fig. 12—13 in SD25).

For slanted-beam velocity reconstructions, the frame-rotation biases Uy can be removed by ro-
tating each ping’s velocity measurements to Earth coordinates prior to averaging, provided that
accurate attitude data are available. For V-beam vertical velocity measurements, however, this
approach is not viable: A single beam does not provide the cross-beam velocity components re-
quired for such a transformation, and reconstructing them from additional beams would remove the
benefits of a single-beam measurement. Frame-rotation bias is therefore appears to be unavoidable

in V-beam measurements.

5. Optimal unbiased vertical velocity reconstruction

A five-beam ADCP provides three independent vertical velocity estimates: two reconstructed
from the opposing slanted-beam pairs (wi,w>), and one measured directly by the vertical beam
(w3). Even more estimates can be obtained by linear combination of these three (e.g., an estimate
using all four slanted beams). From the preceding discussion it can be seen that each of these
estimates experiences biases due to wave-induced tilt of the platform, but to a different degree.

The biases associated with the slanted-beam reconstructions depend on the alignment of each
beam-pair and follow — with two orthogonal angles, @ and @ + 5. In general, both would
be affected by the ADCP beam response functions to some extent — except for a beam pair

perpendicular to the wave propagation direction. The V-beam biases, given by and (#9), do
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not depend on the ADCP alignment with the waves. It can be seen that the V-beam biases match
those of the vertical velocity reconstructed from the cross-wave beam pair (@ = 7/2).

It is reasonable to ask whether we can determine which of the three vertical velocity estimates is
“better”, i.e. least affected by the tilt biases. The three velocity estimates and their biases can be
expressed as

wi=w+Rw,, i=1...3, (50)

where w is the “true” vertical velocity. The bias is expressed as the product of the common bias
amplitude w,, and the geometric factors R; that capture how this bias projects onto each of the three
velocity reconstructions. Thus w,, contains all dependence on the wave field and platform response,
while the coefficients R; encode the purely geometric differences among the three ADCP-based
reconstructions. As will become apparent later, it is convenient to take the V-beam bias as the bias

amplitude, i.e., for the combination of sweeping and frame rotation biases, we set
WW:Wv;+WVf:—%’yl‘((1+kl")€kr—1)USP. (51)

Then the geometric factors for the two slanted-beam reconstructions are

(R +R% kr)e* -1
Y (L+kr)err—1

,i=1,2, (52)

where @; is the alignment angle of the two beam-pairs, az = a1 + % As discussed in the previous
section, the V-beam estimate does not depend on the alignment, so corresponding geometric
factor is unity (R3 = 1). Geometric factors can be calculated analytically using the expressions
for Ry, and Ry, derived earlier. Despite the presence of exponentials, R; remain O(1) for both
the positive and negative values of kr. Singularity at kr = 0 is avoided by continuity extension
Rilir=0 = 1 —cos® artan® 5.

If the ADCP orientation angles were known, identifying the “best” estimate would be as trivial
as finding the smallest bias scaling factor, min |R;| at each range cell. Note that we could make this
choice without knowing wave amplitude or platform response characteristics. In a more realistic
case where the wave field is poorly known it is impossible to unambiguously determine which of

the three biases is smaller. No single estimate is universally superior.
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We can, however, exploit the fact that the three reconstructions provide redundant but differently

biased estimates of the same quantity, and seek an appropriately weighted recombination
3
\71; = Z CiW; (53)
i=1

that systematically reduces the biases for an arbitrary ADCP alignmenlﬂ The choice of the
recombination weights ¢; depends on the adopted optimality criterion, and the combination can be
expected to vary with range. One obvious choice is to seek a linear combination that is unbiased

on average over a uniform distribution of unknown alignment angles a from 0 to 27:
(w—=w)=0. (54)
Here, angle brackets represent averaging over all possible «. This condition leads to the constraints

ZC,‘ = 1, (55)
iR =0. (56)

The two slanted-beam reconstructions differ only by a 7/2 rotation, which implies that (R;) =
(R,) = R|. The average geometric factor R| serves as a measure of the mean (expected value) of
the bias in either of the slant-beam reconstructions, normalized by the corresponding bias of the
V-beam. Its analytical expression can be obtained from the expressions for R}, and R{;, derived
earlier (see Appendix B for details). For the direct vertical-beam estimate, (R3) = R3 = 1. Because
the two slant-beam pairs are symmetric and their orientation relative to the wave direction is
unknown, there is no reason to weigh the two slant-beam estimates differently; we therefore set

c1 = ¢3. Solving the two constraints then gives

cr=c=3(1-R)7, (57)

C3 =—R_1(1—R1)_1. (58)

2 Another way to see this recombination as an optimal five-beam vertical velocity reconstruction.
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FiG. 7. (a) Mean geometric factor R; describing the relative scaling of vertical-velocity bias in slant-beam
reconstruction. (b) Optimal recombination weights for the slant-beam (c; = ¢, red) and V-beam (c3, blue)
estimates. In both panels, solid curves correspond to the full-bias case (sweeping + frame rotation). Dashed
curves show the Earth-frame geometric factor and weights applicable when slant-beam estimates are first rotated

into the Earth frame prior to averaging. ADCP beam angle of 25° assumed.

Therefore, the optimal recombination is uniquely determined by the average geometric factor R;
which, given a specific ADCP configuration, depends only on the scaled range kr. This depen-
dence for an up-/downward-looking ADCP subject to both sweeping and frame-rotation biases is
illustrated in[Fig. 7, along with the corresponding optimal recombination weights (Fig. 7p). Note
that the slant-beam contribution to the recombination, c;w; + cywy = c1(w] +w»), is equivalent to
2c1wy, i.e. the standard four-beam estimate wy = %(wl + w») taken with the weight 2c¢;.

For upward-looking ADCP (kr > 0), R; oscillates with the same period as R,, and R,,; (27 /tan 3).
The oscillation amplitude decays slowly with increasing kr, and R generally remaining in the [-0.5,
0.5] range. Corresponding optimal recombination weights also oscillate with normalized range
and remain O(1). Net-zero bias recombination is therefore feasible in this regime.

illustrates several examples of unbiased recombination at different normalized ranges. It
can be seen that even though the optimal recombination is constrained only to be unbiased on
average, it tends to have smaller bias than any of the individual estimates at most (though not
all!) misalignment angles. Variability of the bias with « is also reduced compared to that of the
slant-beam estimates (R; and R»). As expected, the optimal five-beam reconstruction generally
outperforms the standard four-beam vertical-velocity estimate , which correspondsto ¢y = ¢, =0.5,

c3 = 0 and the bias factor R4 = %(Rl + R;) (dashed line).
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Fic. 8. Examples of optimal unbiased recombination of ADCP vertical velocity estimates for (a) kr = 2, (b)
kr =6, and (c) kr = 13. Bias scaling factors for the two slant-beam reconstructions (R, R») and the V-beam
estimate (R3) are shown, along with their optimal recombination (3’ ¢;R;, thick line). The standard four-beam

vertical-velocity estimate bias factor, Ry = %(R 1+ R»), is included for reference (dashed line).

For downward-looking measurements (kr < 0), the behavior is markedly different: R; quickly
approaches 1 and then remains nearly constant. This situation (R ~ R3 = 1) implies that all three
reconstructions carry essentially the same bias. This behavior can be understood by examining the
structure of the tilt-induced bias: for a downward-looking ADCP (kr < 0), the bias is dominated
by the frame-rotation distortion of the platform motion, to which the measured beam velocities are
referenced. As discussed in sectiond] this component is unaffected by the velocity reconstruction
artifacts because if impacts all the beams equally. Therefore, all three vertical velocity reconstruc-
tions experience roughly the same bias. Although an optimal solution (57)-(58) formally exists for
any R; # 1, the corresponding values of the recombination weight become very large when R; is
close to unity. Using such weights would drastically amplify noise in the reconstructed velocity.

As discussed earlier, the frame-rotation bias can be removed from the slant-beam reconstructions
(but, importantly, not from the V-beam estimate) by conducting the averaging in the Earth frame

of reference. Doing so would produce a simpler “Earth-frame” geometric factor

X4 kr
o R} kre

RE=_—" 59
U (T+kr)ekr -1 %)
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Analytical expression for this factor is given in the Appendix B, and its dependence on kr is

illustrated in|Fig. 7a. Unlike R, the Earth-frame factor R f approaches zero for large negative ranges

(kr < —1). In this regime, the optimal recombination is obtained with weights ¢y = ¢ =0.5,c3 =0
—i.e., the V-beam vertical velocity estimate is ignored, while the two slant-beam reconstructions
are averaged. This solution is intuitive: the estimate affected by the dominant frame-rotation bias
should be excluded from the recombination.

Net-zero bias is not the only optimality criterion worth considering. One may instead prefer to
minimize RMS bias, J = (|[w —w|?) = |w,,|>(| 2 R;|?). Such minimization process would produce
a different set of optimal recombination weights, which, however, behave similarly to those derived
above (not shown). Yet another approach would be to minimize the average (or worst-case) bias
over a particular range of misalignment angles instead of the full [0, 27] interval. For now, we will

leave these options as opportunities for future research.

6. Wave-induced biases for the Lagrangian Float

With the general expressions for the wave-induced biases derived in section ] we can quantify
these biases in ADCP velocity measurements obtained from a Lagrangian float with a particular
response model derived in DS26 (see section [3p)). Unlike the generic analysis of the prior sections,
all the results shown below apply only to a specific platform (Lagrangian float) and its response
model. Our goal is twofold: estimate the biases inherent in our past and future Lagrangian float
observations as well as provide a road map for similar analysis for other platforms.

Generally speaking, the wave-induced biases depend on three primary variables: the wave
field, the float depth, and the measurement depth (or range). For a realistic representation of the
wave field, we choose the simple Pierson—Moskowitz (PM) surface-elevation spectrum for wind-
equilibrium seas (Pierson Jr. and Moskowitz| 1964). We assume the waves to be unidirectional
and aligned with the ADCP beam pair, which would correspond to a conservative ‘worst-case’
scenario for bias development. With this assumption, the wave field is uniquely parameterized by
the 10-m wind speed, u19. ADCP parameters mimic a five-beam Nortek Signature1000 ADCP
with a 25° beam angle, although we consider measurement ranges that may not be achievable by

this instrument.
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Before presenting the full spectrum-integrated biases, it is useful to examine how individual
wave frequencies contribute to the bias. Because both the float response and wave amplitude vary
strongly across the frequency range, we define a spectrum-weighted bias density by substituting
a®> = 25(f) into the bias expressions , where S(f) is the surface elevation frequency

spectrum. This introduces a frequency-dependent bias density scaling parameter
Usp(f) =25(f)wke . (60)

This parameter replaces the monochromatic counterpart (38)), and corresponds to a spectral compo-
nent of the float’s own Stokes drift at frequency f and unit bandwidth. In accordance with (36H37),
this amplitude modulates the relative bias profiles determined by the ADCP beam geometry to
produce the bias density U, (f) that determines the bias contribution from a particular frequency

component. The net broadband bias is obtained by integration
Un= [ Tutrar. (61)
0

The structure of the bias density U, is shaped by both the instrument response and the wave
spectrum. Insight into its general behavior can be gained by exploiting the observation that wind-
wave spectra usually have a universal high-frequency tail, with only the low-frequency cutoff
varying with the wind. For example, shows the PM spectra for different wind speeds
all following the same high-frequency asymptotic Sy, ¢(f) =5 X 1074 £ [m?*/Hz] (dashed line).
If we compute the bias density U,, using this universal high-frequency tail, then the full wind-
dependent bias is obtained simply by integrating down to the wind-dependent low-frequency cutoff.
Therefore, the bias density plots (Fig. 9c-d) alongside the wind-dependent wave spectra (Fig. %)
clearly indicate which frequencies dominate the bias for a given wind speed and measurement
depth. Including the tilt response functions (Fig. 9p) further clarifies where, in the physical space,
the float’s resonant behavior affects the biases.

These plots show that the largest bias contributions arise from waves with vertical length scales
comparable to the depth of the float, i.e. from the band where kzg ~ 1. For a float at 20 m
depth, this corresponds to f < 0.1Hz, the waves excited for wind speeds u19 2 10ms~!. The float

resonant frequency fy = 0.32Hz lies well above this band, so the resonant peak plays only a minor
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Fic. 9. Frequency dependence of wave-induced biases for Lagrangian float at 20m. (a) Pierson—-Moskowitz
surface-elevation spectrum at different wind speeds; high-frequency Sy ¢ ~ f =3 asymptotics is shown in black
dashed line; the wave-induced biases are shown for this asymptotic spectrum. (b) Real (red) and imaginary (blue)
components of float tilt response coefficient y based on DS26. Wave-induced bias density for (c) horizontal
and (d) vertical velocities obtained from slant-beam ADCP reconstruction for the Sy, f spectrum. Bias density
contours are labeled in units of cms~!Hz !, note the different contour intervals. Bias density values less than
10> ms~'Hz! are not plotted. Magenta dashed lines in (c-d) shows the wave length scale, k!, for reference.

fo is the float resonant frequency.
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role in ADCP observations of horizontal velocity from 20 m; the resonant response plays a larger
role for the vertical velocity bias density (Fig. 9d). Higher frequencies, including the resonant
band, have a proportionally stronger impact on the float observations from shallower depths (not
shown); however, their net contribution remains limited due to the f~> decay of the wave amplitude
spectrum. Lower-frequency waves have a progressively weaker effect on biases despite their high
amplitudes, because their vertical scales k= are large compared to the range of observations r,
leading to kr = 0.

Finally, to characterize the operationally relevant total bias magnitudes, we integrate U, over
the actual PM spectrum. To summarize the parameter space dependence, we show the biases for
a given float depth and varying wind speed, and a given wind speed and varying float depth. We
also include the alternative velocity reconstructions discussed earlier — the Earth-frame processing
@ED, V-beam measurements @E) and optimal recombination @)

[Fig. 10land[Fig. T1]show estimates of horizontal velocity biases. As expected, the biases increase

with increasing wind speed and typically reach the maximum of up to 4-5 cm/s near the surface for
20 m/s winds. Earth-frame averaging improves the upward-looking biases slightly, while making
the downward-looking biases much worse. This behavior could be anticipated from the asymptotic
relationship (39) that shows the frame-rotation bias partially offsetting the motion bias for y, < 0.

Vertical velocity biases are shown in[Fig. 12]and[Fig. 13| They are typically an order of magnitude

smaller than horizontal biases, on the order of a few millimeters per second. As discussed in section
the two-beam vertical velocity bias is substantially smaller than the V-beam bias but has a more
complex pattern with subsurface maxima of both signs. Optimal beam recombination (section
efficiently reduces the vertical velocity bias by another order of magnitude, as could be anticipated

from the examples in

7. Discussion and conclusions

As discussed in SD25, all wave-induced biases considered here arise from the same fundamental
mechanism: the superposition of wave orbital motion and the motion of the platform (and hence of
the ADCP sampling volume). Because these motions are at least partially coherent, their nonlinear
coupling produces aperiodic biases in the measured velocities. For monochromatic wave forcing

(or an individual spectral component), the resulting biases generally scale with the geometric mean
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Fic. 10. Wave-induced biases in horizontal velocity measurements from a Lagrangian float situated at 10 m
(top row) and 30 m (bottom row) depth as a function of measurement depth and wind speed. The left column
(a,c) is the full bias; the right column is the Earth frame bias (excluding the frame rotation). Velocity bias contour

labels are are in cms™!,

of the Stokes drift velocities evaluated at the nominal depths of the platform and the measurement.
The detailed bias structure, however, depends critically on the trajectory of the sampling volume
through wave phase space, which in turn is controlled by the platform’s wave-induced motion and
tilt response as well as by the ADCP beam geometry.

Real autonomous platforms can generally be expected to exhibit partially resonant response,
leading to both amplification and phase lag of platform’s tilt relative to the wave forcing. These
effects alter the sampling-volume trajectory through the wave space and therefore modify the
coupling between wave orbital motion and the sampling. The resulting phase-averaged biases
affect both horizontal and vertical velocity estimates, as described by (36}37). In general, tilt-
induced biases in horizontal velocity scale with the real part of the platform tilt transfer function,

while biases in vertical velocity scale with its imaginary part. The latter mechanism, absent in
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Fic. 11. Same as but as a function of measurement depth and float depth for moderate (top row) and

strong (bottom row) winds.

the in-phase response considered previously, provides a direct pathway for wave-induced vertical
velocity bias.

The magnitude and sign of the biases further depend on the relative alignment of the ADCP
beams with the direction of wave propagation. Biases are typically largest when a slanted beam pair
is aligned with the wave direction (alignment angle a = 0), although bias cancellation can occur
for particularly favorable ADCP beam spread for a given wavelength (see and Section [¢]).
When the beam pair is orthogonal to the wave direction (@ = 90°), the horizontal bias vanishes,
while the vertical bias remains finite. This directional dependence underscores the importance of
beam geometry in interpreting wave-contaminated ADCP observations.

Five-beam ADCPs, which include a vertical beam in addition to the standard slanted beams, offer
additional flexibility for mitigating wave-induced vertical velocity bias by providing three inde-
pendent estimates: two from the slanted beam pairs and one from the vertical beam. Although the

vertical-beam estimate alone is typically more strongly biased than the slant-beam reconstruction,
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FiG. 12. Wave-induced biases in vertical velocity measurements from a Lagrangian float situated at 10 m (top
row) and 30 m (bottom row) depth as a function of measurement depth and wind speed. The left column is the

bias of the slant-beam estimate; the middle column is the V-beam bias; the right column bias of the optimal beam

recombination (see section for details). Velocity bias contour labels are are in mms™'.

it is theoretically possible to form an optimal five-beam vertical velocity estimate that is unbiased
on average for arbitrary ADCP-wave alignment. This reconstruction must be performed in Fourier
space and can be poorly conditioned in certain parameter regimes, leading to noise amplification
and potential instability. Whether such unbiased reconstructions are beneficial in practice therefore
remains an open question.

In this study, we focus on resonant tilt response and do not explicitly consider resonant or
phase-lagged platform motion response. Both here and in SD25, the platform is assumed to be
fully Lagrangian, following wave orbital motion without phase lag, attenuation, or resonance (with
the notable exception of self-propelled platforms considered in SD25). Under this assumption,
the unity motion response function is implicitly assumed in (20). For Lagrangian floats, this

approximation has been shown to be valid at spatial scales larger than the float itself (> 1m;
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Fic. 13. Same as but as a function of measurement depth and float depth for moderate (top row) and

strong (bottom row) winds.

D’Asaro|[2003] 2015). However, this assumption may not hold for all platforms or deployment

scenarios. If the platform motion response is itself phase-lagged or frequency dependent, it should
be explicitly incorporated into (20)), in which case an additional contribution to the vertical velocity
bias would arise.

Although the analytical expressions derived here fully characterize wave-induced biases, we
remain skeptical that such biases can be reliably removed from observational data in most practical
situations, because the wave field parameters, platform orientation, and the platform response
functions may be insufficiently constrained. Instead, we suggest that wave-induced biases be
treated as an inherent source of uncertainty in autonomous and moored ADCP measurements.
These biases can be quantified using the expressions developed hereEL and experimental design
measures should be considered to minimize their impact. While wave orbital motions are obviously

beyond control, platform configuration, positioning, and dynamic response can sometimes be

3 A MATLAB implementation of the analytical expressions is provided with the semi-analytical model athttps: //github. com/shcher2018/
wave-bias,
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modified. As suggested in SD25 and confirmed here, ”an upward-looking ADCP mounted on a
subsurface quasi-Lagrangian platform [...] can be expected to have weaker wave-induced biases
when observing velocities at a given depth than other configurations”. In addition, shifting
the platform tilt resonance toward higher frequencies (i.e., increasing hydrostatic stability) and
increasing the quality factor Q to sharpen the response may further reduce wave-induced biases,
particularly in vertical velocity estimates. It remains to be seen whether such modifications are

feasible from the engineering and operational perspective.
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APPENDIX A

Derivation of misaligned ADCP response functions

Consider an ADCP beam-pair oriented at an anglea to the wave propagation direction. The motion

bias response function derivation is modified as follows:

U_;fZ = d2wkekz1+20) (el'(ﬁ —¢0)> = lwkek@it20) ik ranfy _

a’wkef 1+ (cos (krtanBy) +isin (krtanBy)) (Al)

B* = +ucosasinf+wcosf =

+ a’wke* @1+ (cos (krtanBy) cosasin B+ sin (krtan By) cos B) (A2)

e B+‘—B_ — LukeklEr €08 (krtanfy) cosasifl,8+sin(kr tan 8y) cos 3 (A3)
2sinf sinf3
Thus
R, = cos (krtanBy) cosasin S+ sin (krtan Sy) cos,B‘ (Ad)

sin 8

For a = 0, this simplifies to the original expression. For @ = 7/2, R, = 0.
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e Let’s consider the sweeping bias:

= = Usge @) kr (cos B,) ™ Brthransa) (gl (. cos gy - y; sin o)) =

%(,yr _ l-,yl_)USOek(ZO+Z1)kr(cosﬁx)—leii(ﬂx+krtanﬁx)’ (AS)

B = +ucosasinB+wcosf =
%Ugoek(z‘f'“)kr(cos,Bx)_1 [+ cosasinB(y,cos (By + krtanB,) +y;sin (B, + krtanBy))+

cos B(xy,sin (By + krtanB,) —y;cos (By + krtan,))] =
%US()ek(ZOJ'Zl)kr(cosﬁx)_1 [+y,(cosasinBcos (B + krtanBy) + cos Bsin (B, + krtanS,))—

vi(cosBcos (B + krtanBy) —cosasinBsin (B + krtanBy))]. (A6)

617 From this, we get

_ cosasinfBcos (B + krtan By) +cos Bsin (B, + kr tan By)

R A7
“ sin B cos By ’ (A7)
cosBcos (B, + krtanB,) —cosa sinBsin (B, + krtan5,)
Ry = . (A8)
cos B cos By
18 APPENDIX B
619 Analytic expression for mean response functions

e We wish to average the ADCP beam geometric factor over all possible values of alignment angle

621 (&,
1 2w

R =— Ri(a)da, (B1)
271' 0

2 Where
(RS +RE kr)et -1

(1+kr)ekr —1

(B2)
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s First, let’s obtain the angle averages of the two ADCP response functions:

1 2w 2

=5- Riyda = — [cos ¢’ —cosatanBsin ¢’ |da, (B3)
T Jo

R_a
v 27'(' 0

2« Where ¢ = ¢’ cosa = krtancosa. The integrals can be expressed in terms of the Bessel functions

s Of the first kind,

1 2n 1 2n
— cos¢rda = —/ cos (¢’ cosa)da = Jy(¢'), (B4)
2n 0 2 0
1 2n 1 2r
— cosasing.da = —/ cosasin (¢’ cosa)da = J(¢'), (B5)
2r Jo 21 Jo
s therefore
Ry = Jo(¢') = J1(¢") tan B. (B6)
627 Next,
- 1 27 1 21 4+ . o+
R\(;le = —/ R?vtda/ = — [M — COSQ’tanBM]d(I. (B7)
2r Jo 21 Jo cos By cos By

2s Transforming the integrand to eliminate S, :

cos (Bx+¢},) _ cos By cos ¢, —sin By sin g,

= = cos ¢, —cosatanBsin ¢, (B8)
cos 3 cos 3
sin (B + ¢%,) sin By cos ¢, + cos By sin @',
cosatanf———— = =cosatanf =
cos 3 COS By

cosatan Bsin¢’, +cos® atan’ Bcos ¢, (BI)

2o and using

1 2r 2n
— cos>acos ¢ da = — cos® acos (¢’ cosa)da = %(Jo(qb') —J2(¢")) (B10)
2 0 2 0

a0 We obtain

RS, = Jo(¢') = 2J1(¢) tanf— 5 (Jo(¢') = J2(4)) tan’ . (B11)
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= Using the recurrence relation J(x) = 2x~1J; (x) — Jo(x), this can be simplified as
- , , 1
Ry = Jo(¢') (1= tan’ B) +J1(¢') (1~ = 2) tan 5. (B12)

632 Finally,

& Jo(@) —i(@) tanf+ (Jo(¢') (1 —tan’ B) +Jy (¢) (g =2 tanB)krle! -1
b (1+kr)ekr —1 B

[Jo(¢")(1+kr(1—tan?B)) —2J;(¢") tanBle*” — 1

B13
(1+kr)ekr —1 (B13)
s Similarly, the Earth-frame geometric factor can be calculated as
i [Jo(@)kr(1-tan®B) + Ji(¢/)(1 - 2kr) tan Ble*” (B14)
! kr .
(1+kr)ekr —1
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