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Abstract 9 

Horizontal earthquake ground motion is inherently two-dimensional, yet most engineering applications rely on 10 

scalar intensity measures. Rotation-invariant response spectra such as RotD50, MaxRotD50, and RotD100 are 11 

widely used to remove dependence on sensor orientation, and are often treated as direction-free scalars, which 12 

they are not. In this study, directional pseudo-spectral acceleration (PSA) is treated instead as a stochastic field on 13 

the circle, and rotation-invariant measures are interpreted as directional selection operators acting on that field. 14 

Building on empirical evidence that the squared directional response is strongly dominated by its first admissible 15 

angular harmonic, we derive closed-form approximations for RotD50, MaxRotD50, and RotD100. This removes 16 

the need for explicit directional sampling while making clear what directional information each operator retains. 17 

Validation against a large ground-motion dataset shows that the closed-form predictions are essentially unbiased 18 

across periods and preserve record-to-record variability. A key finding is that max-type measures depend on an 19 

effective anisotropy that includes a stochastic contribution from directional peak variability, even when geometric 20 

anisotropy is weak. As a result, ratios such as RotD100/RotD50 can be elevated in motions that are nearly isotropic 21 

in the root-mean-square sense. The results identify anisotropy of PSA, evaluated along the principal directions of 22 

root-mean-square response, as a latent directional state variable that controls the behaviour of rotation-invariant 23 

measures and their ratios across records and periods. Rather than removing directionality, rotation-invariant 24 

operators transform it. Recognising this distinction provides a more transparent and physically interpretable basis 25 

for using rotation-invariant intensity measures in ground-motion modelling and seismic design. 26 

Keywords: rotation-invariant response spectra, RotD50, RotD100, ground motion directionality 27 

1. Introduction 28 

Horizontal earthquake ground motion is inherently two-dimensional. At a site, the two horizontal components 29 

define a vector process whose intensity depends on the orientation along which the motion is projected. Most 30 

engineering workflows nevertheless rely on scalar representations of horizontal ground motion. Ground-motion 31 

models (GMMs) commonly predict a single horizontal intensity measure (IM); Probabilistic Seismic Hazard 32 

Assessment (PSHA) aggregates hazard in terms of scalar spectral ordinates; record selection and scaling use scalar 33 

response spectra as targets; and design codes prescribe scalar spectra applied along structural axes and combined 34 

using algebraic rules, such as those in ASCE/SEI 7-22 (ASCE,22) and Eurocode 8 (CEN, 2004). This scalarisation 35 

is practical and deeply embedded in current practice. 36 

A scalar horizontal IM, however, is not the ground motion itself. It is a reduction of an underlying directional 37 

response field. For a fixed oscillator period 𝑇, let 𝑌(𝑇, 𝜃) denote the pseudo-spectral acceleration, PSA, obtained 38 

by projecting the two horizontal components onto an axis oriented at angle 𝜃. The function 𝑌(𝑇, 𝜃) is smooth and 39 

𝜋-periodic in orientation. Rotation-invariant measures such as RotD50, MaxRotD50, and RotD100 are therefore 40 

not independent scalar quantities. They are operators acting on this directional field. RotD50 selects a central 41 

directional level, RotD100 selects the maximum over orientation, and MaxRotD50 selects the median over 42 

orientation of the larger response in each orthogonal pair. 43 

The standard computational procedure for evaluating these measures is well established. The two recorded 44 

horizontal components are rotated through a dense set of non-redundant orientations, the response spectrum is 45 

computed at each orientation, and the desired statistic is extracted. This procedure underlies orientation-46 
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independent measures introduced by Boore et al. (2006), the RotDnn family introduced by Boore (2010), and later 47 

measures such as MaxRotD50 proposed by Poulos and Miranda (2022). It is numerically straightforward and, 48 

with current computing resources, dense angular sampling is not a serious computational burden. The limitation 49 

is instead conceptual. Dense angular sampling can make the directional response appear to be a collection of 50 

angular observations, whereas for a given record and period, 𝑌(𝑇, 𝜃) is a deterministic field generated by the same 51 

two horizontal response histories. Neighbouring values are not independent samples. They are constrained by 52 

smoothness, periodicity, and the geometry of the two-component response field. 53 

This distinction between angular samples and a directional field has practical consequences. If the angular 54 

ordinates are treated only as sampled values, their dispersion may be interpreted as component-to-component 55 

variability, scalar ratios such as RotD100/RotD50 may be modelled as empirical conversion factors, and 56 

maximum-direction measures may be deployed as if they were ordinary component spectra. In a field view, 57 

variation with orientation is a geometric property of a single two-component response, and stochasticity enters 58 

through record-to-record variation of field parameters such as scale, anisotropy, and orientation. This perspective 59 

clarifies why orthogonal directional responses are coupled rather than independent, why scalar ratios between 60 

rotation-invariant measures can combine persistent directional structure with peak-selection effects, and why the 61 

meaning of a scalar measure depends on how it is translated into a design action. These implications motivate the 62 

present formulation, although the focus of this paper is narrower: to determine whether the directional PSA field 63 

is sufficiently low-dimensional that the main rotation-invariant measures can be derived as operators acting on a 64 

reduced field representation. 65 

The first step toward such a representation is to move beyond scalar IMs and ask what the simplest useful 66 

directional object is. A scalar spectrum corresponds geometrically to a circle: the same amplitude is assigned to 67 

every horizontal orientation. The simplest anisotropic extension is an ellipse, described by an overall scale, a shape 68 

or anisotropy, and an orientation. This is not merely a visual analogy. The root-mean-square (RMS) response of a 69 

linear oscillator is exactly elliptical because it is determined by the quadratic form of the two-component response 70 

covariance matrix. Thus, the RMS response field has an exact principal-axis representation. PSA is not identical 71 

to RMS response because it is a peak quantity. It contains peak-selection effects in addition to second-order 72 

response geometry. Nevertheless, PSA inherits the 𝜋-periodicity of the directional projection and therefore admits 73 

a Fourier representation in orientation. This leads to the central question of the paper: is the squared directional 74 

PSA field a high-dimensional angular object requiring dense sampling, or can it be represented with sufficient 75 

accuracy by the simplest non-scalar, first-harmonic field? 76 

This paper tests whether this first-harmonic representation is sufficient for the directional information used by 77 

current rotation-invariant measures. The first admissible harmonic retains a modulation amplitude and orientation 78 

while preserving the required periodicity. Across the records and periods considered, squared directional PSA is 79 

strongly dominated by the first admissible harmonic, and the residual higher-harmonic content produces only 80 

bounded errors in RotD50, MaxRotD50, and RotD100. 81 

This result indicates that the directional PSA field is not effectively a set of many unrelated angular ordinates. To 82 

leading order, the information relevant to these scalar measures is contained in a reduced representation defined 83 

by scale and anisotropy. We express the first-harmonic structure through the RMS principal axes, obtained directly 84 

from the covariance matrix of the two response histories, which provide a physically meaningful coordinate 85 

system in which PSA evaluated along the principal directions yields compact scale and anisotropy parameters. 86 

The closed-form expressions for RotD50, MaxRotD50, and RotD100 follow from this representation and are 87 

evaluated against dense directional sampling; their agreement shows both that numerical rotation can be avoided 88 

and that the reduced representation captures the directional information these measures retain. 89 

The objectives of the paper are therefore threefold. First, we formulate directional PSA as a structured periodic 90 

field rather than as a collection of independent angular samples. Second, we test whether the first admissible 91 

harmonic in squared-PSA space is sufficient for the directional information selected by RotD50, MaxRotD50, and 92 

RotD100. Third, we express this reduced harmonic structure in terms of geometrically interpretable scale and 93 

anisotropy parameters based on the RMS principal axes and derive closed-form expressions for the three rotation-94 

invariant operators. The results clarify what directional information is retained by each scalar measure and provide 95 

a foundation for future directionality-aware ground-motion modelling, record selection, and bidirectional demand 96 

assessment. 97 

The remainder of the paper is organised as follows. Section 2 formulates directional PSA as a periodic field and 98 

derives the first-harmonic representation. Section 3 evaluates the empirical adequacy of the first harmonic using 99 

the directional PSA fields of recorded ground motions. Section 4 introduces the RMS principal axes, develops the 100 

geometric scale and anisotropy parameters, and derives closed-form expressions for RotD50, MaxRotD50, and 101 

RotD100 from the reduced field representation. Section 5 validates the closed-form construction against dense 102 
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directional sampling. Section 6 discusses implications for ground-motion modelling, record selection, and 103 

interpretation of directionality in scalar IMs. 104 

2. Directional PSA as a periodic field 105 

Engineering applications have long relied on scalar horizontal IMs to represent two-component ground motion. 106 

Common definitions include a single arbitrary horizontal component, the larger of two recorded components, the 107 

geometric mean of two orthogonal components, and measures derived by rotating the horizontal pair through all 108 

non-redundant orientations. These definitions can yield similar median amplitudes in many cases, but they differ 109 

in dispersion, interpretation, and relationship to structural demand. Beyer and Bommer (2006) systematically 110 

quantified relationships among median values and aleatory variabilities for different horizontal-component 111 

definitions and emphasised the need for consistency between the IM used in a GMM and the IM required in 112 

engineering applications. 113 

A major motivation for orientation-independent measures is the dependence of traditional component definitions, 114 

especially the as-recorded geometric mean, on the azimuth of the recording sensors. Boore et al. (2006) introduced 115 

orientation-independent geometric-mean measures by rotating the two recorded components and identifying a 116 

rotation-independent median measure. Boore (2010) subsequently introduced the RotDnn percentile family of 117 

non-geometric-mean orientation-independent response spectra. In this framework, RotD50 is the median of the 118 

spectral ordinates over all non-redundant orientations, while RotD100 is the maximum over orientation. These 119 

definitions are now widely used because they remove arbitrary dependence on instrument orientation. 120 

MaxRotD50 was proposed by Poulos and Miranda (2022) to reflect the probability that at least one of two 121 

orthogonal structural axes experiences an unfavourable orientation. Defined as the median over all orientations of 122 

the larger of two orthogonal spectral ordinates, it lies between RotD50 and RotD100 and retains orthogonal-pair 123 

demand information suppressed by RotD50 without selecting the absolute maximum direction as RotD100 does. 124 

Following the NGA-West2 project, RotD50 became the predominant horizontal-component definition in many 125 

GMMs (Ancheta et al., 2014; Bozorgnia et al., 2014), while design provisions in the United States have 126 

emphasised maximum-direction spectra (ASCE, 2022; Stewart et al., 2011). The difference between median-type 127 

and maximum-type measures has motivated empirical conversion relationships, including models for 128 

RotD100/RotD50 (Shahi and Baker, 2014) and broader relationships among horizontal-component IMs (Boore 129 

and Kishida, 2017). 130 

In the present work, these IMs are interpreted as reductions of a directional field rather than only as alternative 131 

component definitions. RotD50, MaxRotD50, and RotD100 are not interchangeable summaries: RotD50 retains 132 

the central level of the field, RotD100 the extreme directional lobe, and MaxRotD50 a feature of the upper 133 

envelope of orthogonal pairs. All three are invariant to coordinate rotation, but this invariance removes 134 

dependence on arbitrary sensor orientation; it does not mean the horizontal ground-motion field lacks directional 135 

structure. 136 

The directional variation of response spectra reflects physical mechanisms such as rupture directivity, radiation 137 

pattern, path effects, basin effects, topographic effects, and directional site response. Directional site resonances 138 

have been documented by Vidale et al. (1991), directional topographic response by Spudich et al. (1996), and 139 

rupture-directivity effects by Somerville et al. (1997). Near-fault studies have also shown that maximum-direction 140 

response can be particularly important in the presence of strong directivity effects (Huang et al., 2009). These 141 

observations support the view that directionality is not merely numerical scatter over rotation angle, but a 142 

structured property of horizontal ground motion. 143 

Rotation-invariant formulations based on resultant oscillator response provide a complementary perspective. 144 

Rupakhety and Sigbjörnsson (2013, 2014a, 2014b) developed rotation-invariant measures of response spectra and 145 

strong-motion duration by exploiting quantities that are invariant under rotation of the horizontal coordinate 146 

system. In particular, the RMS response is governed by the covariance matrix of the two horizontal response 147 

components and therefore has an exact elliptical representation. This observation suggests that the ellipse is the 148 

minimal anisotropic extension of the scalar representation: a scalar IM corresponds to a circle, while a two-149 

parameter anisotropic representation corresponds to an ellipse with scale and shape. 150 

Despite these developments, most practical treatments of rotation-invariant spectra remain scalar: a GMM predicts 151 

one measure, such as RotD50, and others are obtained through empirical conversion factors. This does not 152 

explicitly represent the directional field from which the scalar measures derive, and it makes different rotation-153 

invariant quantities appear as separate empirical objects rather than as operators applied to the same field. 154 

We now define the directional field explicitly. Let 𝑥1(𝑡; 𝑇, 𝜉) and 𝑥2(𝑡; 𝑇, 𝜉) denote the two horizontal pseudo-155 

acceleration response histories of a linear oscillator at period 𝑇 and damping ratio 𝜉. In this study, 𝜉 is fixed at 5% 156 
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of critical damping and is omitted from the notation hereafter. These histories are obtained by solving the linear 157 

single-degree-of-freedom response to the two horizontal ground-motion components and multiplying the relative 158 

displacement response by 𝜔2 = (2𝜋/𝑇)2. The response projected along orientation 𝜃 is 159 

𝑥𝜃(𝑡; 𝑇) = 𝑥1(𝑡; 𝑇)cos 𝜃 + 𝑥2(𝑡; 𝑇)sin 𝜃 (1) 

The directional PSA field is 160 

𝑌(𝑇, 𝜃) = max
𝑡

∣ 𝑥𝜃(𝑡; 𝑇) ∣ (2) 

Because reversing the projection axis changes only the sign of 𝑥𝜃(𝑡; 𝑇), the absolute peak response is unchanged. 161 

Therefore, 162 

𝑌(𝑇, 𝜃 + 𝜋) = 𝑌(𝑇, 𝜃) (3) 

and the directional PSA field is 𝜋-periodic. The non-redundant angular domain is therefore [0, 𝜋). For notational 163 

convenience, we work with the squared PSA field, 164 

𝑄(𝑇, 𝜃) = 𝑌2(𝑇, 𝜃) (4) 

Since 𝑌(𝑇, 𝜃) is 𝜋-periodic, 𝑄(𝑇, 𝜃) is also 𝜋-periodic. Let us define the median of 𝑄(𝑇, 𝜃) as 165 

𝑄50(𝑇) = median𝜃 𝑄(𝑇, 𝜃) (5) 

Because 𝑄(𝑇, 𝜃) = 𝑌2(𝑇, 𝜃) and the square is monotonic for positive values, 166 

𝑄50(𝑇) = RotD502(𝑇) (6) 

We define the normalised median-centred squared field 167 

𝑔(𝑇, 𝜃) =
𝑄(𝑇, 𝜃)

𝑄50(𝑇)
− 1. (7) 

By construction, the median of 𝑔(𝑇, 𝜃) over orientation is zero. The scalar part of the field has therefore been 168 

removed, and 𝑔(𝑇, 𝜃) contains only directional modulation relative to RotD50. Because 𝑔(𝑇, 𝜃) is 𝜋-periodic, it 169 

admits a Fourier representation with even angular harmonics, 170 

𝑔(𝑇, 𝜃) = 𝑎0(𝑇) + ∑[𝑎𝑛(𝑇)cos 2𝑛𝜃 + 𝑏𝑛(𝑇)sin 2𝑛𝜃]

∞

𝑛=1

 (8) 

The constant coefficient 𝑎0 is small when the angular mean and angular median of 𝑄 are close. It is retained in 171 

the exact representation but is not part of the directional modulation. The first admissible harmonic is 172 

𝑔1(𝑇, 𝜃) = 𝑎1(𝑇)cos 2𝜃 + 𝑏1(𝑇)sin 2𝜃 (9) 

For clarity, we write 173 

𝑎(𝑇) = 𝑎1(𝑇), 𝑏(𝑇) = 𝑏1(𝑇) (10) 

The corresponding amplitude and phase are 174 

𝜌(𝑇) = √𝑎2(𝑇) + 𝑏2(𝑇)  and   𝜃𝑌(𝑇) =
1

2
tan−1 (

𝑏(𝑇)

𝑎(𝑇)
) (11) 

with the usual quadrant convention. The first-harmonic approximation is therefore 175 

𝑄(𝑇, 𝜃) ≈ 𝑄50(𝑇)[1 + 𝜌(𝑇)cos2(𝜃 − 𝜃𝑌(𝑇))] (12) 

This expression has a simple interpretation. 𝑄50(𝑇) is the squared central level of the field. 𝜌(𝑇) is the leading 176 

directional anisotropy. 𝜃𝑌(𝑇) is the orientation of the dominant lobe. A scalar representation keeps only 𝑄50. The 177 

first harmonic is the minimal extension that retains directional structure. 178 

The rotation-invariant measures follow immediately under this first-harmonic model. The median of cos2𝜃 over 179 

a non-redundant angular range is zero, so 180 

RotD50(𝑇) = √𝑄50(𝑇) (13) 

The maximum of 𝑄(𝑇, 𝜃) occurs when the cosine term is one, giving 181 
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RotD100(𝑇) ≈ √𝑄50(𝑇)[1 + 𝜌(𝑇)] (14) 

For MaxRotD50, we consider an orthogonal pair. Since 182 

𝑄(𝑇, 𝜃 + 𝜋/2) ≈ 𝑄50(𝑇)[1 − 𝜌(𝑇)cos 2(𝜃 − 𝜃𝑌(𝑇))] (15) 

the larger squared response in the orthogonal pair is 183 

max{𝑄(𝑇, 𝜃), 𝑄(𝑇, 𝜃 + 𝜋/2)} ≈ 𝑄50(𝑇)[1 + 𝜌(𝑇) ∣ cos 2(𝜃 − 𝜃𝑌(𝑇)) ∣] (16) 

The median of ∣ cos 2𝜃 ∣over [0, 𝜋)is 1/√2. Therefore, 184 

MaxRotD50(𝑇) ≈ √𝑄50(𝑇) [1+
𝜌(𝑇)

√2
] (17) 

These expressions are exact for a purely first-harmonic squared field. They show that the three common rotation-185 

invariant measures are determined by two rotation-invariant quantities: the scale 𝑄50 and the leading anisotropy 186 

𝜌. The phase 𝜃𝑌 is needed to reconstruct the field in physical orientation, but it drops out of RotD50, MaxRotD50, 187 

and RotD100 because these operators are invariant under angular shift. A useful property of the first-harmonic 188 

field is the orthogonal-pair invariant. For 189 

𝑄(𝑇, 𝜃) = 𝑄50(𝑇)[1 + 𝑎(𝑇)cos 2𝜃 + 𝑏(𝑇)sin 2𝜃] (18) 

the average squared response in any two orthogonal directions is independent of 𝜃: 190 

𝑄(𝑇, 𝜃) + 𝑄(𝑇, 𝜃 + 𝜋/2)

2
= 𝑄50(𝑇) (19) 

3. Empirical adequacy of the first-harmonic field 191 

The preceding section introduced the first-harmonic representation as the minimal directional extension of a scalar 192 

PSA field. This section tests whether that representation is adequate for recorded ground motions. The purpose is 193 

not to assume that directional PSA is exactly elliptical or exactly first harmonic. It is to determine whether the 194 

leading harmonic captures the part of the directional field to which the common rotation-invariant operators are 195 

primarily sensitive. 196 

3.1 Data and response calculations 197 

The empirical analysis uses horizontal strong-motion records from the Engineering Strong-Motion database, ESM 198 

(Luzi et al., 2016; Lanzano et al., 2021). ESM provides uniformly processed accelerometric records from 199 

European and surrounding-region earthquakes and has been widely used for GMM development. The dataset used 200 

here consists of 2182 pairs of horizontal records from 229 earthquakes. Records were selected using moment 201 

magnitude 𝑀𝑤 > 5.2 and Joyner-Boore distance 𝑅𝐽𝐵 < 110km. These criteria retain a broad range of moderate-202 

to-large events and source-to-site distances while avoiding very weak or very distant records for which long-203 

period response may be poorly constrained. 204 

For each record, 5% damped linear elastic single-degree-of-freedom response was computed over 100 oscillator 205 

periods logarithmically spaced between 0.01 s and 10 s. At each oscillator period 𝑇, the two horizontal pseudo-206 

acceleration response histories were rotated through the non-redundant half-circle using 1∘ increments. This gives 207 

180 directional ordinates for each record and period. The dense angular grid is used here only as a reference 208 

calculation for testing the field representation. The objective is not to replace one numerical grid by another, but 209 

to determine how much of the directional information in that grid is carried by the leading harmonic. For each 210 

record 𝑗 = 1, … , 𝑁, with 𝑁 = 2182, the squared directional field 𝑄𝑗(𝑇, 𝜃) was evaluated using Eq. (4). The 211 

squared RotD50 level 𝑄50,𝑗(𝑇), and the normalised median-centred field 𝑔𝑗(𝑇, 𝜃), were then obtained from Eqs. 212 

(5) and (7), respectively.  213 

3.2 First-harmonic projection 214 

For each record and period, the normalised squared field 𝑔𝑗(𝑇, 𝜃) is projected onto the first non-constant 215 

admissible harmonic, 𝑔1,𝑗(𝑇, 𝜃), using Eq. (9). The coefficients 𝑎𝑗(𝑇) and 𝑏𝑗(𝑇) are obtained by least-squares 216 

projection over the angular grid. Equivalently, for a uniform angular grid over [0, 𝜋), they are the discrete Fourier 217 

coefficients associated with cos2𝜃and sin2𝜃. In continuous notation, 218 
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𝑎𝑗(𝑇) =
2

𝜋
∫ 𝑔𝑗

𝜋

0
(𝑇, 𝜃)cos 2𝜃 𝑑𝜃    and    𝑏𝑗(𝑇) =

2

𝜋
∫ 𝑔𝑗

𝜋

0
(𝑇, 𝜃)sin2𝜃 𝑑𝜃 (20) 

For the discrete 1∘grid used here, the corresponding sums are used. The first-harmonic amplitude 𝜌𝑗(𝑇), and the 219 

phase of the dominant lobe 𝜃𝑌,𝑗(𝑇), are computed using Eqs. (11) and (12), respectively. The resulting median-220 

anchored first-harmonic approximation to the squared directional field is 221 

𝑄̂1,𝑗(𝑇, 𝜃) = 𝑄50,𝑗(𝑇)[1 + 𝜌𝑗(𝑇)cos 2(𝜃 − 𝜃𝑌,𝑗(𝑇))] (21) 

This form uses 𝑄50,𝑗(𝑇), the actual angular median of 𝑄𝑗(𝑇, 𝜃), as the reference level. The approximation 222 

therefore describes the leading directional modulation around RotD50. It should not be interpreted as a full Fourier 223 

reconstruction of 𝑔𝑗(𝑇, 𝜃), because no separate constant term is fitted. This choice is deliberate: the objective is 224 

to isolate the dominant directional mode relative to the RotD50 level, which is the scalar reference used by the 225 

rotation-invariant operators considered below. All remaining content is collected in the residual field 𝑟𝑗(𝑇, 𝜃) =226 

𝑔𝑗(𝑇, 𝜃) − 𝑔1,𝑗(𝑇, 𝜃). This residual includes higher harmonics and any constant offset arising from the difference 227 

between the angular mean and angular median of 𝑄𝑗(𝑇, 𝜃). Thus, the first-harmonic approximation is exact only 228 

in the ideal case where the median-anchored squared field is fully described by the first admissible harmonic. 229 

3.3 Record-level and ensemble visual diagnostics 230 

The first diagnostic is visual and is intended to show what the first-harmonic projection represents at the level of 231 

individual records. Figure 1 shows examples of directional PSA fields at three oscillator periods and three levels 232 

of first-harmonic modulation. It illustrates two features that are central to the remainder of the paper. First, 233 

directional PSA is not generally isotropic about the RotD50 level. Second, the dominant departure from the 234 

RotD50 circle is well captured by a single two-lobed angular mode over a wide range of modulation amplitudes. 235 

The approximation is not exact, and local departures remain, but the leading directional structure is already evident 236 

at the record level. 237 

A stronger ensemble diagnostic is obtained by aligning all records according to the phase of their fitted first 238 

harmonic. For each record and period, the angular coordinate is shifted so that the maximum of the fitted first 239 

harmonic occurs at zero aligned angle. Figure 2 shows the aligned ensemble diagnostic. The close agreement 240 

between the median actual field and the median first-harmonic model shows that the leading angular structure is 241 

systematic across records. The percentile band narrows near aligned angles of ±45°, where the leading harmonic 242 

crosses the RotD50 level for every record independently of the modulation amplitude; this nodal structure is 243 

therefore present in the actual directional fields, not only in the model. The remaining spread reflects higher 244 

harmonics and residual record-specific structure. Together, these results indicate that the dominant variation of 245 

directional PSA is a low-dimensional angular structure: a scalar level, a first-harmonic amplitude, and a phase. 246 
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 247 

Figure 1. Record-level examples of directional PSA fields in polar form. The radial coordinate is 𝑌(𝜃)/RotD50. The blue 248 
solid curves show the actual directional PSA field, the orange dashed curves show the first-harmonic model fitted in squared-249 
PSA space and plotted in PSA-amplitude form, and the black dashed circle marks the RotD50 reference level. Columns show 250 
examples with weak, moderate, and strong first-harmonic modulation; rows correspond to the oscillator periods indicated on 251 
the right. 252 

 253 

Figure 2. Ensemble diagnostic after first-harmonic phase alignment. Directional PSA fields are normalised by RotD50 and 254 
shifted so that the fitted first-harmonic maximum occurs at zero aligned angle. The blue solid curves show the median actual 255 
PSA field, the shaded blue bands show the 16th to 84th percentile range, the orange dashed curves show the median first-256 
harmonic model. 257 

3.4 Quantitative diagnostics for first-harmonic adequacy 258 

The adequacy of the first harmonic representation is now quantified in two complementary ways. The first set of 259 

diagnostics evaluates the field approximation itself, by measuring the fraction of angular variation explained by 260 

the first harmonic and the amplitude of the residual field. The second evaluates the rotation-invariant operators 261 

that depend on the directional field. The mean-square energy of the first-harmonic component is defined as  262 

𝐸1,𝑗(𝑇) = ⟨𝑔1,𝑗
2 (𝑇, 𝜃)⟩𝜃 =

𝑎𝑗
2(𝑇) + 𝑏𝑗

2(𝑇)

2
 (22) 

where ⟨⋅⟩𝜃 denotes angular averaging. The mean-square residual energy is defined as 263 

𝐸res,𝑗(𝑇) = ⟨𝑟𝑗
2(𝑇, 𝜃)⟩𝜃  (23) 
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A convenient first-harmonic fraction is then 264 

𝐹1,𝑗(𝑇) =
⟨𝑔1,𝑗

2 (𝑇, 𝜃)⟩𝜃

⟨𝑔𝑗
2(𝑇, 𝜃)⟩𝜃

 (24) 

For a uniform angular grid, the numerator is (𝑎𝑗
2 + 𝑏𝑗

2)/2. Values of 𝐹1,𝑗 close to one indicate that the angular 265 

modulation is dominated by the first admissible harmonic. The residual field is also summarised by its maximum 266 

absolute amplitude, Δ𝑗(𝑇) = max𝜃 ∣ 𝑟𝑗(𝑇, 𝜃) ∣. This diagnostic is intentionally conservative. It measures the 267 

largest normalised departure of the squared directional field from the first-harmonic approximation. Since 268 

rotation-invariant measures involve angular medians, maxima, and orthogonal-pair selections, the maximum 269 

residual amplitude provides a direct indication of the possible influence of higher harmonics. 270 

The second set of diagnostics evaluates the rotation-invariant operators themselves. In the present median-271 

anchored representation, 𝑄50,𝑗(𝑇)is defined as the angular median of 𝑄𝑗(𝑇, 𝜃). The RotD50 level is therefore 272 

preserved by construction and is not used as an error metric. The nontrivial operator predictions RotD100̂
𝑗(𝑇) 273 

and MaxRotD50̂
𝑗(𝑇), are computed from Eqs. (14) and (17), respectively. These predictions are compared with 274 

the corresponding values obtained directly from the 1∘angular sampling. For an operator 𝑀, the percent residual 275 

is defined as 𝛿𝑀,𝑗(𝑇) = 100[𝑀𝑗,actual(𝑇)/𝑀̂𝑗,1(𝑇)−1], where 𝑀 denotes either MaxRotD50 or RotD100. A value 276 

of zero indicates exact agreement between the directly sampled rotation-invariant value and the first-harmonic 277 

prediction. Positive values indicate that the directly sampled value is larger than the first-harmonic prediction. 278 

Figure 3 summarises the field-level diagnostics over the full period range. The median first-harmonic fraction is 279 

already high at short periods, with 𝐹1 ≈ 0.81 at 𝑇 = 0.1s, and increases to about 0.90 at 𝑇 = 1s and 0.93 at 𝑇 =280 

3.1s. Thus, the first admissible harmonic captures most of the angular mean-square variation of the normalised 281 

squared field across the period range considered. This first-harmonic dominance of the squared PSA field is 282 

consistent with, and complementary to, the finding of Rupakhety and Hernández-Aguirre (2026), who decompose 283 

PSA into an RMS response and a peak factor and show, on the same strong-motion database, that the directional 284 

peak-factor fluctuation field is itself dominated by its first admissible harmonic. The present result is obtained by 285 

working directly on the squared PSA field, without separating the RMS and peak-factor components, and therefore 286 

does not depend on that decomposition. 287 

The maximum residual amplitude in Figure 3 is intentionally conservative, because it records the largest pointwise 288 

departure over orientation for each record and period. Its median remains close to 0.2 over most of the period 289 

range. Since the residual is defined in the normalised squared field 𝑄/𝑄50 − 1, this corresponds to a worst-case 290 

squared-field deviation of about 20% of 𝑄50. In PSA-amplitude terms, this is roughly a 10% local deviation near 291 

the RotD50 level. The corresponding RMS residuals at representative periods are smaller, about 0.09 to 0.10 in 292 

the normalised squared field, indicating that the typical residual amplitude is substantially below the maximum 293 

residual.  294 

Figure 4 evaluates whether the residual field materially affects the rotation-invariant operators. The first-harmonic 295 

prediction reproduces MaxRotD50 with very small bias. The median percent residual is approximately +0.6% at 296 

𝑇 = 0.1s and 𝑇 = 1s, and approximately +0.5% at 𝑇 = 3.1s. RotD100 shows somewhat larger residuals, as 297 

expected. Unlike MaxRotD50, RotD100 depends on the single largest orientation and is therefore more sensitive 298 

to local angular peaks and higher-harmonic content. The median residual decreases from about +3.5% at 𝑇 =299 

0.1s to about +1.8% at 𝑇 = 3.1s. The positive residual indicates that the directly sampled operator is, on average, 300 

slightly larger than the first-harmonic prediction, consistent with higher harmonics and local peaks raising the 301 

maximum directional ordinate beyond the smooth first-harmonic envelope. Overall, the operator residuals are 302 

small compared with the directional modulation itself, indicating that the median-anchored first harmonic captures 303 

the components of the directional field that most strongly control MaxRotD50 and RotD100. 304 
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 305 

Figure 3. Quantitative diagnostics of the median-anchored first-harmonic field approximation.  306 

 307 

Figure 4. Percent residuals of MaxRotD50 and RotD100 predicted from the median-anchored first-harmonic approximation. 308 

These results suggest a practical reinterpretation of rotation-invariant spectra. The different RotD measures need 309 

not be regarded as unrelated scalar ordinates requiring separate empirical models. Instead, they can be viewed as 310 

different functionals of a common directional field. In the median-anchored first-harmonic representation, the 311 

field is controlled, for rotation-invariant purposes, by a scalar level 𝑄50, or equivalently RotD50, and a modulation 312 

amplitude 𝜌. MaxRotD50, RotD100, random component, or any other percentile measure then follow from the 313 

same field approximation. At this stage, however, 𝜌 has been estimated from the densely sampled directional PSA 314 

field itself. The remaining question is how this directional modulation can be interpreted and parametrised in 315 

terms of quantities that are available without treating the angular response as an arbitrary collection of sampled 316 

ordinates. The next section addresses this question by introducing the RMS response covariance frame as a 317 

geometric coordinate system for the directional field. 318 

4. Geometric parametrization through RMS principal axes 319 

The median-anchored first-harmonic representation of Section 3 demonstrates the low-dimensional structure of 320 

the directional field, but it is not the most convenient form for engineering interpretation: the harmonic coefficients 321 

depend on the coordinate system of the two horizontal components, and the phase describes orientation rather 322 

than directional strength. A practical parametrization should separate scale, anisotropy, and orientation in a 323 

coordinate system defined intrinsically by the two response histories. The RMS principal axes provide such a 324 

coordinate system. They follow from the covariance matrix of the two horizontal oscillator response histories and 325 

therefore require no angular search, unlike axes defined by the maxima or minima of PSA, which would 326 

reintroduce directional sampling. They are the exact principal axes of the RMS response ellipse and provide a 327 

natural frame in which to decompose the directional PSA field. 328 

4.1 Coordinate dependence of the harmonic coefficients 329 

Let the leading harmonic in a fixed horizontal coordinate system 𝑔1(𝑇, 𝜃), be written as in Eq. (9). The pair (𝑎, 𝑏) 330 

is coordinate-dependent. If the horizontal coordinate system is rotated by an angle 𝜑, the coefficient vector 331 

transforms as 332 

(
𝑎
𝑏

) → (
cos 2𝜑 sin 2𝜑

−sin 2𝜑 cos 2𝜑
) (

𝑎
𝑏

) (25) 
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Thus, the individual coefficients do not have intrinsic physical meaning. Their magnitude, 𝜌(𝑇) (Eq. 11), is 333 

invariant under rotation of the recording axes, while the phase changes with the coordinate system. This motivates 334 

expressing the field in a coordinate system that is itself defined by the response. The RMS principal frame provides 335 

this coordinate system. 336 

4.2 The RMS response ellipse 337 

Let the two horizontal pseudo-acceleration response histories at oscillator period 𝑇 be assembled into the vector 338 

𝐱(𝑡; 𝑇) = [
𝑥1(𝑡; 𝑇)
𝑥2(𝑡; 𝑇)

] (26) 

The response covariance matrix is 339 

𝐂(𝑇) = ⟨𝐱(𝑡; 𝑇)𝐱𝖳(𝑡; 𝑇)⟩ (27) 

where ⟨⋅⟩ denotes averaging over time. For a unit vector 𝐞𝜃 = [cos 𝜃 ; sin 𝜃], the squared RMS response in 340 

orientation 𝜃 is 𝜎2(𝑇, 𝜃) = 𝐞𝜃
𝖳 𝐂(𝑇)𝐞𝜃. This relation is exact. Since 𝐂(𝑇) is symmetric and positive semidefinite, 341 

it has real non-negative eigenvalues 𝜆1(𝑇) ≥ 𝜆2(𝑇) and orthogonal eigenvectors. Let 𝜃0(𝑇) denote the direction 342 

of the eigenvector associated with 𝜆1(𝑇). Then the RMS field can be written as 343 

𝜎2(𝑇, 𝜃) = 𝜎0
2(𝑇)[1 + 𝜅rms(𝑇)cos 2{𝜃 − 𝜃0(𝑇)}] (28) 

where 344 

𝜎0
2(𝑇) =

𝜆1(𝑇) + 𝜆2(𝑇)

2
   and    𝜅rms(𝑇) =

𝜆1(𝑇) − 𝜆2(𝑇)

𝜆1(𝑇) + 𝜆2(𝑇)
   (29) 

The RMS response field is therefore exactly first harmonic in squared response. Its scale and anisotropy are 345 

determined by the eigenvalues, and its principal directions are determined by the eigenvectors. No directional 346 

PSA sampling is involved in defining this geometry. 347 

4.3 PSA invariants in the RMS principal frame 348 

The RMS axes define the coordinate system, but the engineering quantity of interest is PSA. We therefore evaluate 349 

the squared PSA field on the RMS principal axes. Let 𝑄∥(𝑇) = 𝑄(𝑇, 𝜃0) and 𝑄⊥(𝑇) = 𝑄(𝑇, 𝜃0 + 𝜋/2), where 350 

𝑄(𝑇, 𝜃) = 𝑌2(𝑇, 𝜃). The subscripts ∥ and ⊥ refer to the RMS major and minor axes, respectively. These two 351 

values define a squared PSA scale and a signed anisotropy parameter: 352 

𝑄0(𝑇) =
𝑄∥(𝑇)+𝑄⊥(𝑇)

2
,     𝜅𝑠(𝑇) =

𝑄∥(𝑇)−𝑄⊥(𝑇)

𝑄∥(𝑇)+𝑄⊥(𝑇)
 (30) 

The sign of 𝜅𝑠 indicates whether the PSA value is larger on the RMS major axis or on the RMS minor axis. For 353 

scalar rotation-invariant measures, only the magnitude is relevant, and we define 𝜅(𝑇) =∣ 𝜅𝑠(𝑇) ∣. Equivalently, 354 

if 𝑆1(𝑇) ≥ 𝑆2(𝑇) denote the two PSA amplitudes on the RMS principal axes ordered by magnitude, then 355 

𝑄0(𝑇) =
𝑆1

2(𝑇) + 𝑆2
2(𝑇)

2
  𝑎𝑛𝑑   𝜅(𝑇) =

𝑆1
2(𝑇) − 𝑆2

2(𝑇)

𝑆1
2(𝑇) + 𝑆2

2(𝑇)
 (31) 

The pair (𝑄0, κ) is a pair of PSA-based invariants in the RMS frame. They do not depend on the arbitrary 356 

orientation of the recorded horizontal components, because the RMS axes rotate with the response. The quantity 357 

𝑄0 gives the scale of the squared PSA field on the RMS principal pair, while 𝜅 gives the anisotropy of peak 358 

response in that frame. It is important to distinguish 𝜅 from 𝜅rms. The latter is an RMS-response anisotropy defined 359 

from covariance eigenvalues. The former is a PSA anisotropy defined from peak responses evaluated on the RMS 360 

principal axes. 361 

4.4 The unresolved quadrature component 362 

The two PSA invariants 𝑄0 and 𝜅 do not, in general, determine the full first-harmonic directional field. To see 363 

this, we express the leading harmonic in the RMS principal basis. Let 𝜙 = 𝜃 − 𝜃0 be the orientation measured 364 

from the RMS major axis. Define the 𝑄0-normalised squared PSA field as 365 
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𝑔0(𝑇, 𝜙) =
𝑄(𝑇, 𝜃0 + 𝜙)

𝑄0(𝑇)
− 1 (32) 

The leading harmonic in this frame can be written as 366 

𝑔0(𝑇, 𝜙) ≈ 𝜅𝑠(𝑇)cos 2𝜙 + 𝜂(𝑇)sin 2𝜙 (33) 

The coefficient 𝜅𝑠 is the resolved component of the first harmonic. It is determined entirely by the two PSA values 367 

on the RMS axes. The coefficient 𝜂 is the quadrature component. It is the part of the leading harmonic that is 368 

rotated by 45∘in harmonic phase relative to the RMS-axis contrast. The total first-harmonic amplitude in the 𝑄0-369 

normalised RMS frame is  𝜌0(𝑇) = √𝜅𝑠
2(𝑇) + 𝜂2(𝑇). Thus, 𝜅 =∣ 𝜅𝑠 ∣ is only the resolved part of the first-370 

harmonic amplitude. The full amplitude satisfies 𝜌0(𝑇) ≥ 𝜅(𝑇), with equality only when 𝜂(𝑇) = 0. 371 

The reason 𝜂 cannot be recovered from the two RMS-axis PSA values is structural. At the two RMS principal 372 

axes, 𝜙 = 0 and 𝜙 = 𝜋/2, and therefore sin2𝜙 = 0. Hence the quadrature term vanishes at both axes. The two-373 

axis PSA pair measures only the cosine component. It contains no information about 𝜂(𝑇). In other words, the 374 

quadrature component lies in the null space of the two-axis measurement. Recovering it would require evaluating 375 

the PSA field away from the RMS axes, for example near 𝜙 = 𝜋/4, where the sine component is maximal. That 376 

is precisely the type of directional sampling that the geometric parametrization seeks to avoid. 377 

This also explains why the RMS-axis invariants work best when 𝜅 is large. If ∣ 𝜅𝑠 ∣ is large compared with ∣ 𝜂 ∣, 378 

then 𝜌0 = √𝜅𝑠
2 + 𝜂2 ≈ 𝜅 and the unresolved quadrature has little influence. If 𝜅 is small, however, even a modest 379 

value of ∣ 𝜂 ∣ can control the total harmonic amplitude. In the limiting case 𝜅𝑠 = 0 and 𝜂 ≠ 0, the two RMS-axis 380 

PSA values are equal, but the directional field is still modulated. This is the regime in which max-type rotation-381 

invariant measures cannot be predicted accurately from 𝑄0 and 𝜅 alone. 382 

4.5 Empirical characterisation of the quadrature component 383 

The quadrature component is unobservable from the two RMS-axis PSA values alone, but it can be measured 384 

from the directional fields used for validation in this study. For each record and period, the squared PSA field is 385 

expressed in the RMS principal frame and normalised by 𝑄0(𝑇). The leading harmonic is then projected onto 386 

cos2𝜙 and sin2𝜙, yielding the resolved coefficient 𝜅𝑠(𝑇) and the quadrature coefficient 𝜂(𝑇). This empirical 387 

extraction is used only to characterise the statistical magnitude of the unresolved component. It is not required in 388 

an application where a closed-form approximation is used. In such an application, 𝑄0 and 𝜅 are obtained from the 389 

two PSA values on the RMS axes, while the effect of the unobserved 𝜂 is represented statistically. Figure 5 shows 390 

the empirical quadrature component obtained by projecting the 𝑄0-normalised squared PSA field in the RMS 391 

principal frame. The signed coefficient 𝜂 is centred close to zero at all representative periods, indicating that there 392 

is no preferred sense of rotation of the PSA harmonic relative to the RMS major axis. The relevant quantity for 393 

scalar rotation-invariant operators is therefore its magnitude. The median value of ∣ 𝜂 ∣ is remarkably stable with 394 

period, remaining close to 0.12 from short to long periods. At 𝑇 = 0.1, 1.0, and 3.1s, the corresponding median 395 

values are approximately 0.114, 0.121, and 0.117, respectively. This supports the use of a simple representative 396 

quadrature scale 𝑞0 ≃ 0.12. 397 

The scale 𝑞0 should be interpreted as the typical magnitude of the first-harmonic component that is structurally 398 

invisible to the RMS-axis PSA pair. It is not an additional directional-response model. Rather, it is an empirical 399 

summary of the component omitted when the full directional field is reduced to the two invariants 𝑄0 and 𝜅. This 400 

distinction is important: the resolved anisotropy 𝜅 is measured directly from the RMS-axis pair for each record 401 

and period, whereas 𝑞0 represents only the typical unresolved quadrature amplitude needed when no off-axis PSA 402 

values are evaluated. 403 

4.6 Effective anisotropy and closed-form operators 404 

A closed-form approximation based only on the RMS-axis pair requires a statistical representation of the 405 

unresolved quadrature contribution. We represent this missing contribution by an equivalent quadrature amplitude 406 

𝑞𝑖(𝑇), where the subscript 𝑖 denotes the rotation-invariant operator. This gives the effective anisotropy 407 

𝜅eff,𝑖(𝑇) = √𝜅2(𝑇) + 𝑞𝑖
2(𝑇) (34) 

Here 𝑖 = 50 denotes MaxRotD50 and 𝑖 = 100 denotes RotD100. The operator dependence of 𝑞𝑖 does not imply 408 

that separate directional fields are fitted for different RotD measures. It reflects the fact that the same unresolved 409 

quadrature component affects different functionals of the field differently. MaxRotD50 is a median over 410 

orthogonal-pair maxima and is therefore relatively insensitive to isolated local peaks. RotD100 is the maximum 411 
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over orientation and is more sensitive to local angular irregularity, higher-harmonic content, and the tail of the 412 

unresolved quadrature distribution. Thus, the same empirical quadrature population can correspond to different 413 

equivalent amplitudes for different operators. We therefore write 𝑞𝑖(𝑇) = 𝑐𝑖𝑞0, where 𝑞0 ≃ 0.12 is the 414 

representative quadrature scale and 𝑐𝑖 is a dimensionless operator-sensitivity factor. This notation separates the 415 

measured scale of the unresolved quadrature from the way in which each operator responds to it. With this closure, 416 

the unresolved total anisotropy is replaced by 𝜅eff,𝑖 when evaluating max-type operators.  417 

The construction has a direct geometric interpretation. The resolved anisotropy 𝜅 is the component of the leading 418 

harmonic measured by the RMS-axis PSA pair. The effective quadrature 𝑞𝑖 represents the component structurally 419 

omitted by that pair, expressed as an operator-equivalent amplitude. The effective anisotropy is the length of the 420 

resulting two-component harmonic vector. Thus, the closure supplies only the missing directional component 421 

needed to evaluate max-type operators from the two PSA invariants 𝑄0 and 𝜅, rather than fitting unrelated 422 

empirical relations for different RotD measures. 423 

 424 

Figure 5. Empirical quadrature component in the RMS principal frame. Panel (a) shows the distribution of the signed 425 
quadrature coefficient 𝜂 at representative periods. Panel (b) shows the period dependence of ∣ 𝜂 ∣. 426 

With the RMS-frame quantities defined above, the rotation-invariant operators can be written directly in closed 427 

form. The RotD50 approximation follows from the RMS-axis scale, 428 

RotD50̂ (𝑇) = √𝑄0(𝑇) (35) 

For the max-type operators, the resolved anisotropy 𝜅(𝑇) is replaced by the operator-specific effective anisotropy 429 

𝜅eff,𝑖(𝑇), which accounts for the unresolved quadrature component. This gives 430 

MaxRotD50̂ (𝑇) = √𝑄0(𝑇) [1+
𝜅eff,50(𝑇)

√2
]      𝑎𝑛𝑑   RotD100̂ (𝑇) = √𝑄0(𝑇)[1 + 𝜅eff,100(𝑇)] (36) 

These equations are the practical closed-form framework proposed here. They require only the two PSA 431 

amplitudes on the RMS principal axes, through 𝑄0and 𝜅, together with the compact quadrature closure introduced 432 

in Section 4. They do not assume that PSA extrema occur on the RMS principal axes. The RMS axes define the 433 

reference frame; the PSA values on those axes define the resolved scale and anisotropy; and the effective 434 

anisotropy accounts for the unresolved quadrature component of the leading harmonic. The validation below 435 

therefore focuses on whether these closed-form expressions recover the directly sampled rotation-invariant 436 

operators. 437 

5. Validation of the closed-form formulation 438 

This section evaluates the closed-form formulation against the rotation-invariant measures obtained from dense 439 

directional sampling. The validation has three aims. First, we calibrate and test the operator-equivalent quadrature 440 

amplitudes entering the effective anisotropy. Second, we examine whether the resulting closed-form expressions 441 

remain unbiased across oscillator period and across the range of resolved anisotropy. Third, we assess whether the 442 

approximation preserves record-to-record spectral amplitudes. 443 

5.1 Calibration and validation of the effective anisotropy closure 444 

The closed-form expressions in Section 4 require the operator-equivalent quadrature amplitudes 𝑞𝑖. The empirical 445 

quadrature scale 𝑞0 ≃ 0.12 was obtained in Section 4 from the distribution of ∣ 𝜂 ∣. Here we determine how this 446 

unresolved component enters MaxRotD50 and RotD100. Calibration is performed after normalising each max-447 
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type operator by the RMS-frame scale √𝑄0. The parameter 𝑞𝑖 is chosen so that, over all record-period samples 448 

satisfying 𝜅 ≤ 0.10, the median closed-form value of ln 𝐴𝑖 equals the median empirical value of ln 𝐴𝑖, where 449 

𝐴𝑖  denotes the corresponding normalised operator. This gives 𝑞50 = 0.1278,  𝑞100 = 0.2133. Expressed relative 450 

to the empirical quadrature scale 𝑞0 = 0.12, these correspond to 𝑐50 = 1.065, 𝑐100 = 1.778. Thus, MaxRotD50 451 

requires an operator-equivalent quadrature amplitude very close to the typical observed value of ∣ 𝜂 ∣, whereas 452 

RotD100 requires a larger effective amplitude. This difference is expected because RotD100 is a maximum over 453 

orientation and is therefore more sensitive to local angular peaks and unresolved off-axis structure. 454 

Figure 6 shows the empirical amplification factors as functions of the resolved anisotropy 𝜅. The empirical 455 

medians vary smoothly with 𝜅. The resolved-only model underpredicts the amplification at low 𝜅, especially for 456 

RotD100. Introducing the nominal quadrature amplitude 𝑞𝑖 = 𝑞0 removes most of this discrepancy for 457 

MaxRotD50, but not for RotD100. The operator-equivalent closure 𝑞𝑖 = 𝑐𝑖𝑞0 reproduces the low-𝜅 amplification 458 

while preserving the high-𝜅 behaviour. The convergence of all curves at large 𝜅 shows that the quadrature 459 

correction does not alter the dominant deterministic anisotropy regime. Its role is confined mainly to weakly 460 

anisotropic records, where the resolved RMS-axis pair contains little directional contrast and the omitted 461 

quadrature component has a proportionally larger effect. 462 

 463 

Figure 6. Empirical normalised MaxRotD50 and RotD100 as a function of the resolved PSA anisotropy 𝜅. Blue curves show 464 
binned empirical medians. The resolved-only model neglects the unresolved quadrature component, the nominal-quadrature 465 
model uses 𝑞𝑖 = 𝑞0, and the closed-form model uses the operator-equivalent amplitudes 𝑞𝑖 = 𝑐𝑖𝑞0.  466 

5.2 Bias with oscillator period 467 

The calibrated closed-form formulation is next evaluated as a function of oscillator period. For each rotation-468 

invariant measure, the percentage bias is defined as 𝛿𝑀(𝑇) = 100[𝑀ds(𝑇)/𝑀cf(𝑇)−1], where 𝑀ds denotes the 469 

value obtained from dense directional sampling and 𝑀cf denotes the corresponding closed-form prediction. 470 

Positive values therefore indicate that the dense-sampled value is larger than the closed-form estimate. Figure 7 471 

shows that the median bias remains close to zero over the full period range for all three operators. RotD50 exhibits 472 

a small negative median bias, of order 1%, reflecting the slight difference between the RMS-frame scale √𝑄0 and 473 

the angular median RotD50. At representative periods, the median RotD50 bias is −1.22% at 𝑇 = 0.1s, −1.05%at 474 

𝑇 = 1.0s, and −0.70% at 𝑇 = 5.0s. The two max-type operators show even smaller median bias after the effective 475 

anisotropy closure is applied. For MaxRotD50, the median bias is −0.51%, −0.16%, and −0.17%at 𝑇 = 0.1, 476 

1.0, and 5.0s, respectively. For RotD100, the corresponding values are −0.19%, −0.24%, and −0.38%. No 477 

systematic drift with period is observed. The 16th–84th percentile bands quantify record-to-record residual scatter. 478 

Their widths remain modest and broadly stable across the period range. This indicates that the closed-form 479 

expressions preserve the main period dependence of the dense-sampled rotation-invariant spectra, while leaving 480 

only small residual deviations at the record level. 481 
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 482 

Figure 7. Percentage bias of the closed-form rotation-invariant operators relative to dense directional sampling as a function 483 
of oscillator period. Bias is defined as 100(𝑀𝑑𝑠/𝑀𝑐𝑓 − 1), where 𝑀𝑑𝑠 is obtained from dense directional sampling and 𝑀𝑐𝑓 484 

is the closed-form prediction.  485 

5.3 Bias conditioned on resolved anisotropy 486 

We next condition the same bias shown in Figure 7 on the resolved anisotropy 𝜅. This provides a more direct test 487 

of the effective-anisotropy closure, because the quadrature correction is expected to be most influential when the 488 

resolved anisotropy is small. Figure 8 shows the percentage bias for MaxRotD50 and RotD100 after pooling all 489 

record-period samples and binning them by 𝜅. The median residual remains close to zero over the full anisotropy 490 

range for both operators. In the low-anisotropy range 𝜅 < 0.05, the median bias is −0.20% for MaxRotD50 and 491 

−0.05% for RotD100. For 0.05 ≤ 𝜅 < 0.10, the corresponding values are −0.12% and −0.11%. At larger 492 

anisotropy, the median residuals remain similarly small; even for 0.60 ≤ 𝜅 < 0.85, the median biases are only 493 

−0.20%and −0.33%, respectively.  494 

 495 

Figure 8. Percentage bias of the closed-form predictions for MaxRotD50 and RotD100 as a function of resolved anisotropy 𝜅. 496 
The bias definition is the same as in Fig. 7, 100(𝑀𝑑𝑠/𝑀𝑐𝑓 − 1). Samples are pooled over all records and periods and binned 497 

by 𝜅. Solid curves show binned medians, and shaded bands show the 16th–84th percentile range.  498 

The residual spread is largest at small 𝜅, where the resolved RMS-axis pair contains little directional contrast and 499 

the unresolved quadrature component represents a larger fraction of the total directional modulation. As 𝜅 500 

increases, the 16th–84th percentile band narrows, consistent with the resolved anisotropy becoming the dominant 501 

contribution. The near-zero median trend across the full range of 𝜅 confirms that the effective-anisotropy closure 502 

removes the low-𝜅 bias without introducing systematic bias at moderate or large anisotropy. 503 

5.4 Record-level performance 504 

The preceding diagnostics show that the closed-form formulation is unbiased in aggregate, both as a function of 505 

oscillator period and as a function of resolved anisotropy. We next examine whether the same formulation 506 

preserves record-to-record amplitudes. This is important because rotation-invariant measures are commonly used 507 

in ground-motion modelling and hazard applications, where preserving the relative spectral levels of individual 508 

records is as important as reproducing the median trend. For each operator and representative period, Figure 9 509 

compares the dense-sampled value 𝑀dswith the corresponding closed-form prediction 𝑀cf. The comparison is 510 

made on logarithmic axes in physical units, and the residual is defined as 𝑟 = ln(𝑀ds/𝑀cf). The scatter clouds 511 



 

15 

closely follow the one-to-one line for all three operators and all representative periods. This agreement extends 512 

over several orders of magnitude in spectral amplitude, indicating that the closed-form formulation preserves the 513 

record-to-record scaling of the dense-sampled measures. The median residuals are consistent with the small biases 514 

reported in Figures. 7 and 8. The residual scatter is also small. The standard deviation of 𝑟 is approximately 0.06 515 

for RotD50 and about 0.04 to 0.05 for MaxRotD50 and RotD100. Thus, the closed-form expressions introduce 516 

only modest record-level deviations while preserving the dominant spectral amplitude and ranking of individual 517 

records. This confirms that the proposed reduction to 𝑄0, 𝜅, and the effective quadrature closure does not merely 518 

reproduce ensemble averages, but also retains the record-specific information needed for practical applications. 519 

 520 

Figure 9. Record-level comparison between dense directional sampling and closed-form predictions for RotD50, MaxRotD50, 521 
and RotD100 at representative periods 𝑇 = 0.1, 1.0, and 5.0s. Each panel shows 𝑀𝑑𝑠versus 𝑀𝑐𝑓 on logarithmic axes, with 522 

the dotted line indicating equality. Annotations report the median and standard deviation of the log residual 𝑟 = 𝑙𝑛(𝑀𝑑𝑠/𝑀𝑐𝑓).  523 

5.5 Example spectra for best- and worst-matching records 524 

As a final record-level diagnostic, Figure 10 compares full spectra for the records with the smallest and largest 525 

typical discrepancies between dense directional sampling and the closed-form predictions. For each record, the 526 

mismatch score is defined as 527 

𝑆𝑗 = median𝑇,𝑖 ∣ ln (
𝑀ds,𝑗,𝑖(𝑇)

𝑀cf,𝑗,𝑖(𝑇)
) ∣ (37) 

where 𝑖 ∈ {RotD50, MaxRotD50, RotD100}. The three records with the smallest 𝑆𝑗 are shown in the top row, and 528 

the three records with the largest 𝑆𝑗 are shown in the bottom row. The best-matching records show almost complete 529 

overlap between the dense-sampled and closed-form spectra. For the worst-matching records, the differences are 530 
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still modest and mainly appear as small offsets over limited period ranges. The overall spectral shapes and relative 531 

amplitudes are preserved for all three rotation-invariant measures. This confirms, at the level of complete spectra, 532 

that the closed-form formulation retains the record-specific information contained in the dense directional 533 

sampling. 534 

 535 

Figure 10. Best- and worst-matching spectral comparisons. Records are selected using the median absolute log residual 𝑆𝑗over 536 

all periods and the three rotation-invariant operators. Solid curves show dense-sampled spectra and dashed curves show 537 
closed-form predictions. The columns show RotD50, MaxRotD50, and RotD100. 538 

6. Discussion 539 

The preceding sections established that the directional PSA field is low dimensional. After normalisation by a 540 

scalar level, most of the angular variation of the squared field is carried by the first admissible harmonic, so that 541 

what appears under dense angular sampling to be a large set of orientation-dependent ordinates is, to leading order, 542 

described by a scale, an anisotropy, and a phase. This is the central contribution of the paper. The value of the 543 

formulation is not that it avoids dense directional sampling, which is not prohibitive with modern computing 544 

power. Its value is conceptual: it identifies the minimum directional information required to treat horizontal ground 545 

motion as a two-dimensional object. The closed-form expressions for RotD50, MaxRotD50, and RotD100 then 546 

follow as consequences of the reduced field representation. They are not the primary result, but operators acting 547 

on the field scale and anisotropy.  548 

This change in representation clarifies a set of difficulties that are often treated separately: how to account for 549 

component-to-component variability in seismic hazard analysis, how to interpret maximum-direction spectra as 550 

design actions, and how to convert between rotation-invariant measures across period. In a scalar formulation, 551 

these appear as separate empirical corrections: an additional variance term, a scalar envelope, or a conversion 552 

ratio. In the field formulation, they are different reductions of the same object: a coupled, low-dimensional, per-553 

record deterministic directional field. We discuss these implications in turn, beginning with scalar variance 554 

inflation and its loss of per-record geometric bounds. 555 

6.1 Directional variability as field geometry 556 

When a scalar IM such as RotD50 is used in a GMM, the predicted logarithmic intensity is represented as a median 557 

plus residual variability, usually decomposed into between-event and within-event components, 𝜎GMM
2 = 𝜏2 + 𝜙2. 558 

If the target is instead the arbitrary, randomly oriented horizontal component, an additional component-to-559 

component term, 𝜎𝑐2𝑐, is often introduced to represent the dispersion of directional ordinates about the scalar 560 

reference, and the total standard deviation is then written as 𝜎arb
2 = 𝜏2 + 𝜙2 + 𝜎𝑐2𝑐

2 . This treatment is motivated 561 

by a correct observation: structures respond to orientation-dependent intensities rather than to RotD50 itself 562 
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(Girmay and Miranda, 2026). However, the scalar variance-inflation approach changes the object being 563 

propagated. The arbitrary component is a marginal sample from a directional field, not an independent scalar 564 

residual. A record carries a complete directional field; once one orientation is sampled, the orthogonal orientation 565 

is not an independent second draw but the companion value on the same field. The directional variation is 566 

conditional geometry of a record; not independent scatter attached to a scalar model. 567 

This distinction has a consequence that can be stated without any reference to the first-harmonic approximation. 568 

Let 𝑌(𝜃) be the directional pseudo-spectral acceleration at a fixed period and let RotD100 and RotD50 be its 569 

maximum and median over orientation. For any two-component ground motion, RotD100 ≤ √2 RotD50. 570 

Equality occurs only in the limit case of perfect polarisation. In that case, the maximum directional response 571 

equals the peak resultant (𝑅), while the median over orientation falls to 𝑅/√2. Any departure from perfect 572 

polarisation fills the orthogonal directions, raises the median, and lowers the ratio.  573 

This ceiling exposes the difficulty with scalar variance inflation. The arbitrary component sampled from a record 574 

is bounded by that record's directional envelope: it cannot exceed RotD100, and RotD100 itself is bounded relative 575 

to RotD50. A lognormal model centred on RotD50 with an inflated standard deviation has no such bound. It 576 

assigns positive probability to arbitrary-component intensities larger than √2 RotD50, a state that no two-577 

component ground motion can produce from the same field. This is not a minor technical detail. The upper tail of 578 

the intensity distribution is the part that governs the low mean annual exceedance rates used for design and 579 

maximum-considered-event checks, so scalar inflation does not merely widen the distribution slightly beyond the 580 

physical range: it places probability on physically impossible intensities at the return periods that control design. 581 

The defect cannot be repaired within the scalar standard deviation, because the missing information is not another 582 

scalar; it is the shape of the field. In a first-harmonic squared field 𝑄(𝜃) = 𝑄0[1 + 𝜌0cos 2(𝜃 − 𝜃0)] the 583 

admissible maximum is RotD100 = √𝑄0(1 + 𝜌0), so the envelope depends on the anisotropy of the individual 584 

record. Once the field has been replaced by a scalar RotD50 and an inflated standard deviation, the record-specific 585 

anisotropy is lost, and a truncation imposed after the fact has no way to know where the true envelope lies. 586 

The same point appears if the component-to-component variability is examined through the field model. For a 587 

RotD50-centred definition, 588 

𝜎𝑐2𝑐
2 = ⟨[ln 𝑌(𝜃) − ln RotD50]2⟩𝜃 , 589 

With 𝑄(𝜃) = 𝑄0[1 + 𝜌0cos 2𝜃] and RotD50 = √𝑄0, 590 

ln 𝑌(𝜃) − ln RotD50 =
1

2
ln(1 + 𝜌0cos 2𝜃) 591 

so that to leading order in the anisotropy 𝜎𝑐2𝑐 ≈
𝜌0

2√2
.  Thus, to leading order, component-to-component variability 592 

is the field anisotropy expressed as a standard deviation. It is not independent of directional shape; it is a fixed 593 

multiple of it. The empirical observation that 𝜎𝑐2𝑐 increases at periods where response is more polarised is 594 

therefore the same observation, in different terms, as the growth of directional anisotropy with period. The quantity 595 

treated as additional aleatory variability is, in the field view, a scalar projection of structured directional geometry. 596 

The operation underlying 𝜎𝑐2𝑐 can also be interpreted as a two-stage average. For each record 𝑗 and period 𝑇 one 597 

first computes the angular spread of the directional ordinates about the scalar reference, 598 

𝑠𝑗
2(𝑇) = ⟨[ln 𝑌𝑗(𝑇, 𝜃) − ln RotD50𝑗(𝑇)]2⟩𝜃 599 

and then averages this within-record spread over the record population, 𝜎𝑐2𝑐
2 (𝑇) = ⟨𝑠𝑗

2(𝑇)⟩𝑗 . The first average is 600 

over orientation within a fixed record, where 𝑌𝑗(𝑇, 𝜃) is deterministic once the two histories are known. The 601 

second average is over records. Therefore, it produces a population-average angular variability but collapses the 602 

record-to-record variation of field shape into a single number. However, the variable needed to retain that shape, 603 

the anisotropy, is averaged away. Within-record directional variation is geometry; between-record variation of the 604 

field parameters is stochastic; the two-stage average fuses them, and after the fusion the bound, which is a per-605 

record geometric fact, is no longer recoverable. 606 

Combining 𝜎𝑐2𝑐 with the ground-motion dispersion in quadrature does not alter this conclusion. The physical 607 

ceiling constrains the arbitrary component relative to the RotD50 of the same record, whereas the GMM dispersion 608 

describes the scatter of that record's RotD50 about the predicted median. Writing the realised arbitrary component 609 

as 610 
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ln 𝑌arb = ln RotD50med + 𝜀GMM + 𝜀𝑐2𝑐 ,  RotD50samp = RotD50med 𝑒𝜀GMM 611 

the geometric ceiling is the statement that 𝑌arb/RotD50samp ≤ √2. The GMM residual 𝜀GMM scales the record's 612 

RotD50, and the ceiling moves up with it; it is common to the arbitrary component and to the bound and therefore 613 

cancels from their ratio. Only 𝜀𝑐2𝑐 moves the arbitrary component relative to its own RotD50, and it is this term 614 

that is geometrically constrained. The probability assigned by the scalar inflation model to inadmissible values is 615 

therefore 616 

𝑃 (
𝑌arb

RotD50
> √2 ) = 𝑃(𝜀𝑐2𝑐 > ln √2) = 1 − Φ (

ln √2

𝜎𝑐2𝑐

), 617 

where Φ(⋅) is the standard normal cumulative distribution function. This consequence can be quantified from the 618 

published component-to-component variabilities. The component-to-component standard deviation grows with 619 

period as the field polarises, reaching values approximately 0.30 to 0.40 in natural-log units for RotD50 at long 620 

period (Girmay and Miranda, 2026). For 𝜎𝑐2𝑐 ≈ 0.13, typical of short periods, the inadmissible fraction is below 621 

1%, and the inflation is essentially admissible. By 𝑇 ≈ 5s, where 𝜎𝑐2𝑐 ≈ 0.30, it is about 12%, and by 𝑇 = 10s 622 

about 19%. Thus, at long periods, a substantial fraction of the modelled directional variability can be placed on 623 

arbitrary-component intensities that no two-component ground motion can produce from the same field.  624 

The field representation avoids this inconsistency by keeping stochastic variability and directional geometry 625 

separate. The stochastic quantities are the record-to-record distributions of the scale 𝑄0, the anisotropy 𝜅, and the 626 

field orientation. Directional uncertainty is propagated by sampling these field parameters and rotating the field, 627 

not by replacing the field with an unbounded scalar residual. Every realisation carries its own scale, anisotropy, 628 

orientation, and envelope, so the arbitrary component satisfies 𝑌arb ≤ √2 RotD50 for each realisation, and the 629 

exceedance rate of the arbitrary component at level 𝑦 cannot exceed the exceedance rate of RotD50 at level 𝑦/√2. 630 

The bound holds automatically because the coupling between directions has not been discarded. This is why the 631 

anisotropy is not an optional refinement but the minimum additional information a directional model requires: the 632 

scale describes how large the field is, the anisotropy describes how concentrated it is, and without both a model 633 

cannot represent the envelope, the orthogonal coupling, or the boundedness of the directional ordinates. 634 

6.2 Scalar measures and bidirectional design actions 635 

The same reduction underlies the interpretation of maximum-direction spectra in design. RotD100 is the largest 636 

value attained by the directional response spectrum over orientation. It is an envelope property of the field not a 637 

pair of compatible component spectra. If RotD100 is applied simultaneously along two orthogonal structural axes, 638 

the implied demand state places both axes at the maximum-direction intensity. For an anisotropic field this state 639 

generally cannot occur, because the maximum direction and its orthogonal direction are coupled by the same field 640 

geometry that produces the √2 bound: when the response is large along one axis, the orthogonal response is 641 

constrained, not free to equal it. Applying the scalar envelope to both axes replaces the directional field with a 642 

circle of radius RotD100, and that circle contains demand states outside the original field. The difficulty is not 643 

that RotD100 is incorrect but that a scalar envelope is being used as if it carried the bidirectional structure of the 644 

motion. Practical difficulties in design applications and record selection arising because of deploying an envelope 645 

spectrum as a component action is discussed in more detail in Rupakhety (2026).  646 

The same holds for any scalar spectrum deployed as a bidirectional action. RotD50, MaxRotD50, and RotD100 647 

are all circles when applied as isotropic design spectra; changing the scalar changes the radius but does not recover 648 

the anisotropy or orientation of the field. This is why the effective conservatism of a scalar target depends on the 649 

analysis procedure and combination rule: a scalar contains no information about the orientation of the field relative 650 

to the structure, so any procedure requiring that information must impose it indirectly or ignore it. The field 651 

representation locates the missing information explicitly. A design action specified by a scale and an anisotropy 652 

carries the two principal levels of the field; the demand along any structural orientation follows by rotation, and 653 

the orthogonal companion demand is determined by the same field rather than assigned the same scalar envelope. 654 

6.3 Anisotropy and rotation-invariant ratios 655 

The third difficulty concerns the empirical ratios used to convert between rotation-invariant measures, of which 656 

RotD100/RotD50 is the most consequential because it links hazard products in terms of RotD50 to design spectra 657 

in terms of RotD100. These ratios are commonly modelled as functions of period (Poulos and Miranda, 2022; 658 

Boore and Kishida, 2017). The field representation shows that period is not the primary variable that controls 659 

them: the ratios increase because the field becomes more anisotropic, and period enters only because the 660 
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distribution of anisotropy changes with period. Under the first-harmonic model the ratio is governed by the 661 

anisotropy alone 
RotD100

RotD50
≈ √1 + 𝜌0 reaching the bound √2 as 𝜌0 → 1. 662 

Figure 11 shows this directly. The pooled ratios over all records reproduce the published population-average 663 

conversion models, but once the data are stratified by the resolved anisotropy 𝜅 the curves separate systematically 664 

and the period dependence within each stratum is largely removed. Records with small 𝜅 remain near the isotropic 665 

limit across all periods, while records with large 𝜅 have substantially larger ratios that are themselves nearly flat 666 

in period. The pooled period-dependent curve is a mixture over records of differing anisotropy, and its rise with 667 

period reflects the shift of that mixture toward higher anisotropy at long periods rather than any period dependence 668 

of the operator relationship itself. 669 

The effect is large enough to matter in practice. At 𝑇 = 1s the median RotD100/RotD50 ratio is about 1.10 for 670 

records with 𝜅 < 0.05 and about 1.29 for records with 𝜅 ≥ 0.30, an 18% difference in maximum-direction 671 

demand at the same RotD50 level; for MaxRotD50/RotD50 the corresponding medians are about 1.04 and 1.21. 672 

Two records matched to an identical RotD50 spectrum therefore impose meaningfully different maximum-673 

direction demands if their anisotropies differ, and a conversion applied through a single period-dependent ratio 674 

cannot distinguish them. 675 

Figure 12 establishes a further point that bears on how directionality should be measured. Although the ratios are 676 

organised by 𝜅 in the median, the ratio RotD100/RotD50 is not itself a clean directionality metric for an individual 677 

record, because RotD100 is an extremal operator sensitive to local angular peaks rather than to the persistent 678 

geometry of the field. Of the 30,631 record-period samples with 𝜅 < 0.1, some 3,539 (about 12%) nonetheless 679 

have RotD100/RotD50 exceeding 1.2, so an elevated maximum-direction ratio does not identify a strongly 680 

anisotropic field. The distribution shifts upward with 𝜅, from a median of about 1.10 for 𝜅 < 0.1 to about 1.24 for 681 

𝜅 ≥ 0.1, but the overlap is substantial.  682 

 683 

Figure 11. Rotation-invariant ratios stratified by resolved PSA anisotropy 𝜅. Curves show dense-sampled median ratios as 684 
functions of period for all records and for selected 𝜅 bins. Published population-average models are shown as dotted reference 685 
curves: Poulos and Miranda (2022) for MaxRotD50/RotD50 and Boore and Kishida (2017) for RotD100/RotD50. The pooled 686 
ratios follow the expected period-dependent trends, but conditioning on 𝜅 reveals systematic separation by directional 687 
anisotropy. 688 

The application to record selection follows directly. Selecting records to match a target RotD50 spectrum controls 689 

the scalar level but not the directional shape, and two records with the same RotD50 spectrum may impose very 690 

different bidirectional demands. A field-aware procedure matches both the scalar spectrum and the distribution of 691 

𝜅 appropriate to the hazard scenario, so that the directional structure of the selected motions is correct for the 692 

scenario; and conversion from RotD50-based hazard to maximum-direction design spectra can be conditioned on 693 

the anisotropy expected for the controlling motions rather than applied through a period-averaged ratio that mixes 694 

scenarios of differing directional character. 695 
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 696 

Figure 12. Elevated RotD100/RotD50 ratios at low resolved anisotropy. Left panel shows RotD100/RotD50 versus 𝜅 for all 697 
record-period samples; highlighted points satisfy 𝜅 < 0.1and RotD100/RotD50 > 1.2. Right panel compares the ratio 698 
distributions for low- and higher-𝜅 regimes. Although the distribution shifts upward with 𝜅, 11.6% of the low-𝜅 samples exceed 699 
a ratio of 1.2, showing that large maximum-direction ratios do not uniquely identify strong persistent directional anisotropy. 700 

6.4 Toward scale-and-shape aware ground-motion models 701 

The field representation suggests a direct path to modelling directional structure: retain the directional information 702 

and represent the field by the minimum variables it requires, a scale and an anisotropy. These constitute a minimal 703 

vector-valued IM that contains the information from which RotD50, MaxRotD50, and RotD100 can be recovered, 704 

while preserving the directional coupling that scalar measures discard. 705 

This changes how directional information can be organised probabilistically. Existing characterisations often 706 

describe directionality through distributions of directional ratios at each of the nonredundant orientations, a high-707 

dimensional object, one distribution per angle. The result here is that this characterisation is over-parametrized: 708 

the field has far fewer degrees of freedom, so the directional information is carried not by a family of angular 709 

distributions but by the distribution of a single anisotropy parameter together with the scale. The contribution is 710 

the dimensional reduction of the directional characterisation, justified empirically by first-harmonic dominance 711 

rather than assumed.  712 

This reduction makes the representation practical. A model for the scale, or for a closely related scalar such as 713 

RotD50, describes the overall response level; a companion model for 𝜅 describes the directional shape; the 714 

common rotation-invariant measures become derived operators rather than separate empirical targets. The two 715 

components may depend on physical predictors differently. Directivity, rupture radiation pattern, basin geometry, 716 

and site-specific directional response may influence the anisotropy more strongly than the scale. A scale-and-717 

shape model can ask which predictors control amplitude and which control directional concentration. The same 718 

representation provides a diagnostic for physics-based simulation: a simulation may reproduce the observed 719 

RotD50 spectra while producing systematically too little or too much anisotropy, a discrepancy invisible to a 720 

scalar comparison but immediate in the distribution of 𝜅. The anisotropy is therefore not merely a parameter for 721 

closed-form approximation; it is the simplest observable descriptor of directional shape and a natural target for 722 

modelling, selection, and validation. 723 

6.5 Scope and limitations 724 

The results are established for 5% damped linear elastic PSA using the ESM dataset and the period range 725 

considered in this study. The first-harmonic representation captures the dominant angular structure of the squared 726 

directional field but is not exact; higher harmonics, local angular notches, and peak-selection effects remain, and 727 

their influence is most visible for the maximum-type operators, particularly RotD100. The quadrature closure 728 

should accordingly be understood as an engineering reduction of the unresolved directional component rather than 729 

a claim that the full field is exactly harmonic. The empirical quadrature scale and the operator-equivalent 730 

amplitudes are estimated from the present dataset, and their stability should be checked for other datasets, damping 731 

levels, and IMs. 732 

Several natural directions for further work follow from the representation. The record-to-record distribution of the 733 

anisotropy should be modelled and related to magnitude, distance, site condition, faulting mechanism, directivity, 734 

and regional effects, supplying the directional component of a vector-valued ground-motion representation. The 735 

consequences for hazard analysis, record selection, spectral matching, and bidirectional structural demand should 736 

be evaluated explicitly, including the construction of hazard estimates for the arbitrary component that respect the 737 

physical directional bound.  738 
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7. Conclusions 739 

Horizontal ground motion is two-dimensional, but its directional response spectrum is not the high-dimensional 740 

angular object that dense sampling appears to produce. This paper treated directional pseudo-spectral acceleration 741 

as a field on orientation and examined the rotation-invariant measures RotD50, MaxRotD50, and RotD100 as 742 

operators acting on that field. The main findings are as follows. 743 

First, the squared directional PSA field is strongly dominated by its first admissible angular harmonic. After 744 

normalisation by a scalar level, most of the directional variation is described by a scale, an anisotropy, and a phase. 745 

This low-dimensional structure explains why rotation-invariant measures that are normally computed by dense 746 

directional sampling can be recovered from a compact field representation. 747 

Second, the scalar RotD measures are not independent IMs. They are different operators applied to the same 748 

directional field. RotD50 represents the central level of the field, whereas MaxRotD50 and RotD100 depend on 749 

directional modulation and therefore on anisotropy. The closed-form expressions derived in this paper make this 750 

dependence explicit. 751 

Third, two rotation-invariant parameters are sufficient for practical reconstruction of the common RotD measures: 752 

a scale 𝑄0 and an anisotropy 𝜅, both evaluated from the RMS principal-axis pair. The unresolved quadrature 753 

component can be represented by a compact empirical closure. With this closure, the closed-form predictions of 754 

RotD50, MaxRotD50, and RotD100 are essentially unbiased across oscillator period and preserve record-to-755 

record spectral amplitudes. 756 

Fourth, anisotropy is the organising variable behind rotation-invariant ratios. Ratios such as MaxRotD50/RotD50 757 

and RotD100/RotD50 are often represented as functions of period, but the present results show that their 758 

systematic variation is primarily controlled by the directional shape of the field. Conditioning on 𝜅 separates 759 

records with weak and strong directional modulation and explains why records matched to the same RotD50 760 

spectrum can impose different maximum-direction demands. 761 

The broader implication is that directional variability should not be treated as information external to scalar IMs. 762 

It is part of the ground-motion field itself. A directional model therefore requires, at minimum, both scale and 763 

anisotropy. This is a modest extension of current scalar practice, but it preserves the orthogonal coupling and 764 

boundedness that scalarisation discards. The directional response spectrum is, to leading order, a scale-and-shape 765 

field, and Recognisingthis structure provides a basis for directionality-aware ground-motion modelling, record 766 

selection, hazard analysis, and bidirectional design. 767 
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