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A universal law for non-breaking surface wave decay
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Macroscopic friction can emerge from microscopic fluctuations whose mean vanishes but whose
autocorrelation does not[1, 2]. Here we use this statistical-mechanical route to resolve a sixty-year-
old problem in ocean wave physics, how non-breaking surface waves lose energy to upper-ocean
turbulence[3-5]. The Navier-Stokes equations contain a stochastic vortex force (the coupling between
wave orbital motion and turbulent vorticity fluctuations) that classical wave-current theory[6, 7]
discards because its phase average is zero. Yet its finite-time autocorrelation survives, yielding a
non-negative Green—-Kubo friction coefficient and, with inertial-range scaling, a parameter-free decay
law determined by the turbulent dissipation rate, wave frequency and gravity. Remote ocean swell,
where competing processes are weak, isolates this mechanism for direct test. The same framework
predicts two observational signatures that previous analyses missed. The standard satellite estimator
systematically exceeds the physical decay rate because of an Itd correction, and a substantial fraction
of individual tracks must display apparent energy gain. These events are not merely outliers or
measurement artefacts, but the most discriminating fingerprint of the stochastic theory. Both
predictions are supported by global satellite observations. Our results reveal a hidden non-breaking
pathway by which upper-ocean turbulence drains wave energy into the ocean interior, and show how

macroscopic dissipation can emerge from fluctuations that deterministic averaging eliminates.

In Brownian motion a zero-mean random force, neg-
ligible in any single collision, produces a measurable
friction coefficient once its autocorrelation is integrated
through the Green-Kubo relation[1, 2, 8]. We show that
a similar statistical-mechanical route resolves a sixty-

7 year-old problem in wave physics.

Wind pumps roughly 60 TW into the ocean surface
through waves[9, 10]. Wave breaking is the princi-
pal irreversible pathway with an established physical
mechanism[5, 11] in the open ocean, but it becomes

rare for non-breaking surface waves such as swell, which 7
nevertheless continue to decay measurably across entire 7

ocean basins(3, 4]. Molecular viscosity underpredicts the

5 required attenuation by four orders of magnitude. Eddy-
; viscosity closures overpredict it by two to three[5, 12].
» The laminar air-side boundary layer[13] remains an or-

der of magnitude too weak[14, 15]. A first-principles
explanation has been missing since the first trans-Pacific
tracking experiment|[3].

The obstacle is structural, not merely quantita-

tive. Classical wave-current theory is built on phase 7

averaging[6, 7, 16], which captures the cycle-mean cou-
pling but removes every fluctuating contribution whose

5 phase average vanishes. The procedure is analogous
; to retaining only the mean force on a Brownian par-
7 ticle and discarding the thermal noise. The resulting

phase-averaged dynamics contains no mechanism for
fluctuation-induced friction. In operational wave mod-
els, swell attenuation must therefore be supplied as an
empirical source term rather than derived from the gov-
erning equations[12, 17-19].

Remote ocean swell isolates the missing coupling for
direct test. After leaving the storm, breaking, wind

input and nonlinear transfer are all strongly reduced, ¢

so weak non-breaking losses accumulate coherently over

planetary scales and become measurable by satellite ¢
altimetry[4, 20]. The observations contain a more dis- 9:

criminating clue than the mean decay rate alone. A

76

reproducible fraction of individual satellite tracks yield
apparent negative attenuation, that is, inferred swell

2 growth along the track[4, 14]. One in eight to one in
3 four tracks across independent datasets[4, 20| display

this signature. A deterministic decay law cannot produce

;5 such a tail. A stochastic dissipation process predicts it as

a natural consequence of finite-sample fluctuations, just

7 as Brownian displacement includes excursions against

the mean drift.

Here we identify the missing pathway as a stochastic
vortex force, present in the Navier-Stokes equations
but discarded by phase averaging, whose Green-Kubo
autocorrelation integral yields a closed-form, parameter-
free swell decay law and simultaneously predicts the full
distribution of single-track satellite estimates. We test
both predictions against 241 trans-oceanic events.

The stochastic vortex force

Within the present non-breaking, potential-wave
framework, phase-averaging discards the only non-
viscous term whose autocorrelation can produce irre-
versible swell dissipation. The total velocity field admits
the Helmholtz decomposition|21] U = uy + u, where
ug = Vo is the irrotational wave orbital velocity and
w contains all rotational motions. Substituting into the
Navier-Stokes momentum equation and collecting terms,

5 the wave-current coupling reduces to a single non-viscous

channel, the orbital vortex force f, = ugy X w, where

7w =V xu (SI S1A-B).

The vorticity w contains contributions on very dif-
ferent timescales. Extending the Craik-Leibovich
decomposition|7] we separate the rotational vorticity
into three layers, the ensemble-mean §2, the wave-slaved
oscillation wyayve, and the autonomous turbulent fluc-
tuation w’ (SI S1D-E). The vortex force inherits the
split:
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stochastic vortex force
(1)11s>
95 Phase averaging yields, at leading order, (us x Q), = 150
96 0 and (ug X w'), = 0, while the wave-slaved term 151
o7 rectifies, via the phase-averaging identity[7], into the 152
9s Craik-Leibovich vortex force us x Q2 (where Q, = Q-+w’ 153
99 is the full phase-averaged but not ensemble-averaged 154
0 vorticity) that drives Langmuir circulations|6, 16, 22].155
But irreversibility is controlled not by a one-time phase 156
average but by the two-time autocorrelation entering 157
the Green-Kubo formula. At that level the discarded 158
term uy X w’ survives, whereas the rectified CL force 159
remains a zero-frequency quantity and cannot damp the 160
6 resolved swell mode. 161
We call fs+ = uy X w' the stochastic vortex force 162
8 (SVF). Figure la-c illustrates a single wave-eddy en-163
counter: the CL contribution carries no spectral weight 164
at the wave frequency and therefore cannot contribute 165
to the mode-level friction coeflicient, whereas the SVF 166
2 produces irreversible transfer, depositing a small ran-167
3 dom energy increment into the rotational flow. Neither 168
the sign nor the magnitude of this increment is pre-
5 dictable for a single encounter. The wave may gain
or lose energy depending on the instantaneous phase
of w'. Figure 1d shows the SVF autocorrelation. Al-
though the correlation need not be strictly positive at 170
o all lags, its time integral (the Green-Kubo coefficient) 171
is non-negative (see below). Over the N ~ 105 near-172
independent encounters along a trans-oceanic path, the 173
cumulative energy change is a biased random walk (Fig-174
ure le, Supplementary Video 1). 175
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Irreversibility from reversible dynamics

25 At the wave-subspace level, the relevant object is
26 not the field fs¢(x,t) itself but its projection onto
27 the resolved swell mode. For a narrow band centred
28 on k, any physical force enters the applitude equat10n
29 through its mode projection F(¢) Y- fddz (Meth—
3

~

7

ods, equation (8)). Under Assumptions A2-A5, the only
1 bath-driven contribution is the projected SVF, whose
2 autocorrelation enters the Green-Kubo formula.
Applying Mori-Zwanzig[8, 23, 24] to the resolved am- .
phtude ay(t) yields a generalised Langevin equation with
this projected SVF as the fluctuating force. The second
36 fluctuation-dissipation relation (FDR-II)[8, 23, 25] then
137 connects the memory kernel to the force autocorrelation:
138 Ky (1) = (Fi(0) Fy¥ (1)) /(Jax|*) (Methods, equation (9),
139 SI S2 B). For remote swell the wave and local turbulence
140 originate from independent sources separated by thou- v
141 sands of kilometres, so their cross-correlation vanishes
142 to leading order (Assumption A3, SI S2B-C). When
143 the force correlation time 7. is much shorter than the
144 damping time I'~!, the memory integral reduces to the
145 Green-Kubo formulal[l, 2, 26] for the damping rate I": o
- O
Re Fi(0) Fji(t) dt 2E, > 0. (2)1()
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146 The force autocorrelation factorises as (Fy(0) Fy'(t)) = )

2E), Gr(t), where Gy depends only on the turbulent bath.
The E} cancels, so T' is independent of wave amplitude,
a material property of the ocean mixed layer, not of
the swell passing through it (Extended Data Figure 3).
The force is linear in w’, so only second-order vorticity
statistics enter the integral.

The inequality in equation (2) is guaranteed by
Bochner’s theorem[27]. The Green-Kubo integral equals
the zero-frequency spectral density of a stationary
process, which is non-negative. The ensemble-mean
energy therefore decays monotonically: d(FEy)/dt =
—2I(Ey) < 0.

Irreversibility arises because the turbulent bath is not
frozen. w’ evolves weakly during each encounter, so
the SVF force correlation acquires a causal asymmetry
that prevents exact elastic reversal. A truly frozen eddy
would exchange energy elastically. The weak evolution
during the encounter breaks this symmetry, producing
a net loss of order §2E), while the fluctuation remains
of order dFj (SI S2I). The single control parameter
§ =u'/cg ~ 1073-1072 governs both the bias and the
noise (Methods, SI S6).

Scale locality and the universal law

The sign of T' is theorem-level (equation (2)). The
frequency law is not. To obtain a closed-form u(w), two
additional ingredients are needed. The first is scale lo-
cality of the coupling kernel. The second is a turbulence
spectral closure at the selected scales.

Expressing the force autocorrelation in wavenumber
space converts the Green-Kubo integral into a weighted
sum over the turbulent energy spectrum (SI S3 A-C):

LL g_u:l
I'(k) o Eu(q)qgW . dg,
0

3)

78 where ¢ is the eddy wavenumber and W(q/k) a dimen-

9 sionless kernel encoding how efficiently a swell mode
) at wavenumber k couples to an eddy at wavenumber

g1 q. The kernel is structurally constrained by wave-eddy
> geometry. For ¢/k < 1, Galilean invariance and action

conservation force W o (q/k)%. For q/k > 1, the finite
orbital penetration depth suppresses coupling at least
as fast as (¢/k)~! (SI S3F, S5B).

Scale locality is not assumed but computed. Three
independent filters suppress the integrand at both ex-
tremes. Large eddies (¢ < k) produce nearly uniform
vorticity across the orbital excursion, reducing the inter-
action to reversible refraction|28]|. Small eddies (¢ > k)
are confined shallower than the orbital layer, suppressing

192 the depth-overlap integral[29]. Kolmogorov weighting

concentrates energy at intermediate scales. Figure 2
confirms that eddies with 0.5k [gl account for
60-70% of the total attenuation. The closure is therefore
needed only at the swell-selected scales, not across the
entire mixed-layer spectrum.

At these scales, the group speed far exceeds mixed-

9 layer turbulent velocities, so the force decorrelates by

advective sweeping (Teg ~ (qcg)™!) rather than eddy
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5 rate via deep-water kinematics yields

2 vertex ¢t2, and sweep decorrelation ¢~

; becomes the path-averaged rate

turnover (Extended Data Figure 1, Figure 1d). Substi-250
tuting the Kolmogorov spectrum E,(q) = C’Kszf/rsq*5/3 251

pw) = Cropekd g 73w,

orbital energy profile (Methods) and Cyoy = 27/3 & 2.09 55

s collects five independently constrained factors, none 55

fitted to wave data (Cioy € [1.10, 3.34], SI S5). The o4,
exponent is robust once the kernel is local in scale. The 549
Kolmogorov spectrum contributes ¢~%/3, the vorticity ,;;
1. Uncertainty ,,
in the physics affects only the prefactor. 265

Equation (4) is therefore a closed-form remote-swell 5

5 law. The non-negativity I" > 0 is broader (it holds for

any stationary bath), whereas the factorised prefactor

7 and the w®/3 scaling require the turbulence spectral clo-267
; sure and the remote-swell decoupling conditions (SI S9).

The Kolmogorov closure is needed only at ¢ ~ k ~ 0.01-945
0.03radm™! (inverse wavenumbers ¢=! ~ 30-80m),49
where the local Ozmidov scale exceeds the orbital pen--7

2 etration depth and the flow is locally isotropic[30, 31] 27
3 (SI S5F). Near-surface breaking eddies are spectrally 75

filtered by the coupling window and do not bias the 573

estimate (Extended Data Figure 2). 274

From local damping to observables

s ergy decay rate pg at each point along a swell trajectory.,q,

Satellite altimeters measure something different. The 5,
finite-length log-energy slope fi; = —L; ' In[E(L;)/E(0)] »s»
along a track of length L; (SI S6). Because the SVF g,
enters the energy equation multiplicatively (dEy o gy
E,, dW, Methods, equations (20)-(21)), passing from en-,q
ergy to log-energy generates an Ito drift. The log-slope ,g;
estimator fi tracks the geometric mean of the energy ,q-

; ratio, not the arithmetic mean. In the near-independent-,.q

encounter limit and at leading order in d, this fixes three ,49
structural relations (Methods, ST S6 A-B): (i) = 2ug,-q,
Var(ft) = 2ug/L, co = Var(ii) L/{i) = 1. Half of the o,
observable log-slope comes from the physical damping 5,
I' and half from the noise-induced geometric drift. The 595
same force autocorrelation that fixes the mean also fixes 5o,
the baseline single-track variance. 205

When the turbulent environment varies along a prop--g4
agation path, the predicted observable mean for track i 4

1 qql:l - - Dore 2
2uE wi; et (8) + py "(w;) ds. 300

HMmodel,i =
L;

independent encounters per track), the finite-length es-

timator is
1

,&1', ~ N Hmodel,is €0

1
Hsvf i 2
+ Omeas

- )

where psyr = 2up is the SVF observable contribution
(including the Tté factor), ftmodel = fsve + #2°™, and
only the SVF component enters the intrinsic variance
because the Dore channel is deterministic. Weak along-
ray correlations renormalise the second moment but not

5 the first, replacing ¢y by R (Methods, SI S6E). The
; signal-to-noise ratio S = fimodel/Ttos ~ O(1) for typical

trans-oceanic paths (Extended Data Figure 5), so the
framework predicts a substantial fraction of negative
single-track estimates: P(f; < 0) = ®(-S;). Writ-
ing f = Cliot/(27/3), the zero-parameter prediction
is § = 1. The pathwise variance has a leading-order
structural baseline ¢y = 1. Along-ray correlations and
environmental-input limitations renormalise ¢q in prac-
tice, making the second-moment prediction a closure
test rather than a strict zero-parameter claim. Figure 4
tests the first moment. Figure 5 tests the second.

Ensemble-mean predictions

Given wind forcing and mixed-layer structure from
reanalysis, the scaling law (4) predicts the ensemble-
mean energy attenuation rate pp at every ocean point,
before examining a single wave observation. The pre-
diction depends on turbulence sustained predominantly
by the local wind along the propagation path, not on
the swell itself. Figure 3a maps this prediction for 14 s
swell. Because S ~ O(1) (equation (6)), no single satel-

i lite track measures pg directly. The median e-folding

length exceeds 10,000 km (Figure 3d): long-period swell
routinely crosses an entire ocean basin before decaying
by a factor e.

We compare these predictions with 241 trans-oceanic
swell events tracked by satellite altimetry[4, 32] (Meth-
ods). For each track, . is evaluated along the great-
circle ray using concurrent wind and mixed-layer data[33—
35]. The prefactor Ctot was fixed from turbulence physics
before any altimeter case was examined. The global
maps (Figure 4a,b) show the same spatial organisation,
with elevated attenuation near storm centres and low-
attenuation corridors through subtropical gyres. The
observed and predicted distributions both peak near
107"m~!. A paired Wilcoxon signed-rank test yields
p = 0.816, providing no evidence for systematic bias.

The predicted magnitude falls within the empirical cor-
ridor of existing swell-dissipation coefficients[19, 20, 36],
but the functional forms differ. The empirical source
term predicts p oc H2, whereas the Green-Kubo coef-
ficient T is independent of wave energy (equation (2)).
Satellite data strongly favour amplitude independence
(r = 0.00, p = 0.98 across 241 tracks, Extended Data
Figure 3, SI S8), suggesting that the empirical coef-
ficient captures the correct turbulence-set magnitude
through a different partitioning of the dependence on

2 wave amplitude and environmental forcing.



Single-path statistics
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304 The theory predicts that roughly one in four trans-:
305 oceanic swell tracks should show apparent energy gain.:
306 The ensemble mean always decays, but a single satellite -
307 pass samples only N ~ 10%-10° near-independent wave-:
308 eddy encounters, too few for the stochastic drift to-
309 dominate the fluctuations. The Green-Kubo framework
310 predicts the negative fraction quantitatively. At co = 1,
311 P( < 0) = ®(=S8), yielding 13-27% depending on -
312 wave period and path length (verified by Monte Carlo:
simulation, SI S6). The observed fraction across 241-
tracks is 26%.

The sharpest test is whether the theory predicts the
correct fraction of negative estimates for each track indi-
vidually. The intrinsic variance cg psve,i/L; is not a free-
parameter. The fluctuation-dissipation relation locks -
it to the same Green-Kubo kernel that fixes the mean *
drift (equation (6)). The probability of a negative esti--
mate, P(f1; < 0) = ®(—Sot,i), therefore depends only -
on quantities already determined by the first prediction -
line.

Figure 5b shows the observed negative fraction binned
by path length against the per-bin predictions. The
agreement is quantitative. As path length increases and"
S grows, the negative fraction falls. Figure 5c¢ repeats
the test binned by wave frequency. Because u oc w8/3 .
higher frequencies have larger S and therefore smaller
negative fractions. This frequency dependence is an*
unambiguous signature of the w®3 scaling law, now:
tested through the distribution rather than the mean,:
providing a wholly independent verification.

Figure 5d shows the profile log-likelihood for a multi-*
plicative scaling factor 8 = Ciot/(27/3), profiled over ¢g.-
The zero-parameter prediction § =1 (Cior, = 27/3) falls
within both the statistical 95% CI and the theoretical -
Chotr range [1.10, 3.34] (SI S5). Including the laminar -
viscous contribution (~12-17% of the total, Figure 5f)°

shifts Sype closer to unity. This result is robust. Jointly
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314
315

range (Extended Data Figure 8b). The ensemble-mean

6 Figure 4).
7 Here and throughout, “zero-parameter” refers to the
48 first-moment prediction § = 1; the second moment

has a structural baseline ¢y = 1 but is a closure-level
non-intrinsic noise.

3 intrinsic o2, are partially degenerate, trading off
along a likelihood ridge (Extended Data Figure 8a).
At the adopted observational lower bound opeas =

5 0.63 x 1077 m™1, comLe ~ 0.78. A data-driven
7 Omeas = 1.2x 1077 m™! yields a correspondingly smaller

tion error in .. The true intrinsic ¢y may be lower.

361 The attenuation budget (Figure 5f) comprises the

372

384

390

profiling over ¢y and opeas keeps 8 = 1 within the Cioy 3
magnitude requires no rescaling. A fixed-design Monte *00
Carlo at (8,co9) = (1,1) recovers both parameters with-*
out bias and achieves nominal coverage (Extended Data *

prediction that can be renormalised by correlations and *
408

The intrinsic-variance coefficient ¢y and the non-*99

¢o (Extended Data Figure 8c). The reported co mip is *'°
therefore an effective value that absorbs residual predic-*16

362 SVF contribution 245 (dominant) and the laminar air-

viscous rate[13] p,, whose fraction declines from ~21%
at T =~ 12-13 s to ~13% at T ~ 16-18 s, reflecting the
steeper w”/? viscous scaling relative to the w83 SVF
law.

In total, a single theory governed by § = u’/c, passes
five independent tests across the 241-track dataset,
ensemble-mean magnitude, global spatial pattern, nega-
tive fraction versus path length, negative fraction versus
frequency, and predictive coverage. The data are con-
sistent with 5 = 1 across the entire plausible range of
Omeas (Extended Data Figure 8¢c). The pathwise distribu-
tion has a structural baseline ¢y = 1. The data favour a
lower effective value, but the second-moment test is more
sensitive than the first to environmental-input quality
along individual tracks. The negative attenuation esti-
mates that previous studies discarded are not artefacts
of satellite retrieval but the stochastic theory’s most
discriminating prediction, analogous to the backward
displacements in Brownian motion that confirmed the
existence of molecular collisions long before individual
molecules could be observed.
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DISCUSSION

The central advance of this work is the identification
of the stochastic vortex force fsyf = uy X w’ as a mech-
anism by which the Navier-Stokes equations produce
irreversible non-breaking surface wave decay. This term
is present in the exact vortex force but vanishes under
phase averaging, which is why it does not appear in
the classical phase-averaged description of wave-current
interaction. Its autocorrelation, not its mean, controls
the energy transfer. Once the problem is posed at this
level, non-breaking swell dissipation becomes a dissipa-
tion problem with a Green—Kubo coefficient rather than
an empirical source term. The same framework predicts
that a substantial fraction of individual satellite tracks
must show apparent energy gain, turning what was pre-
viously treated as retrieval noise into the theory’s most
discriminating observational signature.

This reframing identifies a distinct non-breaking path-
way by which surface-wave energy is transferred into
upper-ocean turbulence below the breaking layer. Be-
cause the coupling is weighted by the orbital structure,
the energy is deposited at depths of order O(1/k) ~ 30-
80m, well below the breaking injection layer, making
the mechanism relevant to mixed-layer energetics and
wave-supported turbulence. A physically based repre-
sentation of this pathway is currently absent from most
ocean-mixing formulations [37, 38|, and the scaling law
derived here offers a first-principles constraint for non-
breaking wave-induced vertical mixing parameterisations
[38, 39]. The Green-Kubo rate also provides a physi-
cally grounded alternative to empirical swell-dissipation
source terms[12, 19]. The Itd correction changes how the
existing observational record should be interpreted. The
relation (f1) = 2up does not imply that half the attenu-
ation is spurious. It means that trackwise log-slope esti-
mates combine physical damping with a noise-induced
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logarithmic drift, so historical swell-decay rates should
not be mapped one-to-one onto the physical energy-loss
rate without accounting for this stochastic correction.

The broader implication extends beyond swell. The
stochastic vortex-force coupling is not peculiar to this
system. What is special about remote swell is that it
isolates the mechanism cleanly enough for direct obser-
vational test. More generally, the result illustrates a
principle familiar in statistical mechanics but still un-
derused in geophysical fluid dynamics. Fluctuations
removed by deterministic averaging can control macro-
scopic dissipation through their two-time correlations.
Remote swell is therefore a natural geophysical analogue
of passive microrheology[40, 41], a weak probe whose
stochastic response reveals dissipation properties of the
surrounding turbulent bath.












