
1 

Title: 1 

On the Origin of Directional Variability in Earthquake Response Spectra: A 2 

Stochastic Covariance Framework 3 

 4 

Authors: 5 

Rajesh Rupakhety¹ 6 

Víctor M. Hernández-Aguirre² 7 

¹ Earthquake Engineering Research Centre, Faculty of Civil and 8 

Environmental Engineering, University of Iceland, Austurvegur 2a, 800 9 

Selfoss, Iceland 10 

Email: rajesh@hi.is 11 

² Earthquake Engineering Research Centre, Faculty of Civil and 12 

Environmental Engineering, University of Iceland, Austurvegur 2a, 800 13 

Selfoss, Iceland 14 

Email: victorh@hi.is 15 

Preprint Statement 16 

This manuscript is a preprint and has been accepted in Earthquake 17 

Engineering and Structural Dynamics 18 

The final and published article is available at  19 

https://onlinelibrary.wiley.com/doi/10.1002/eqe.70287.  20 

 21 

 22 

https://onlinelibrary.wiley.com/doi/10.1002/eqe.70287


2 

On the Origin of Directional Variability in Earthquake Response Spectra: A 23 

Stochastic Covariance Framework 24 

Rajesh Rupakhety1*, Victor Moises Hernández-Aguirre1 25 

Abstract 26 

Directional variability of horizontal earthquake response spectra is commonly characterized using rotation-27 
based measures such as RotD50 and RotD100, yet the stochastic mechanisms underlying this variability remain 28 
incompletely understood. This study develops a covariance-based framework for directional oscillator response 29 
under isotropic excitation. A geometric anisotropy measure, 𝜅rms, is defined from the normalized eigenvalue 30 
contrast of the two-component response covariance matrix. Under independent isotropic Gaussian sampling, 31 
κrms

2 is the complement of the classical bivariate sphericity statistic and follows an exact Beta distribution. The 32 
trace–anisotropy formulation used here recovers this classical result directly in coordinates relevant to 33 
directional oscillator response. For temporally correlated and amplitude-modulated oscillator response, the 34 
independent-sample law is used as a stochastic baseline through an effective-sample-size closure relating 35 
anisotropy to oscillator bandwidth, energetic duration, and period. Monte Carlo simulations verify this 36 
approximation under controlled conditions, while analysis of a large set of real ground motion records shows 37 
systematic period- and duration-dependent covariance anisotropy consistent with finite-sample covariance 38 
effects. The results further demonstrate that RotD100/RotD50 is not a direct measure of anisotropy: covariance 39 
anisotropy develops before peak extraction, upon which directional peak-selection effects subsequently act. 40 
The framework therefore provides a stochastic covariance baseline against which additional physical 41 
directionality in recorded motions may be interpreted. 42 

 43 

Keywords: directionality, response spectra, covariance anisotropy, effective sample size, polarization, 44 
sphericity 45 

1. Introduction  46 

Directional variability of horizontal earthquake ground motion is a well-documented phenomenon. 47 
Response spectral ordinates depend on orientation, and the ratio of the maximum to the median spectral 48 
ordinate across all non-redundant horizontal orientations, RotD100/RotD50 (Boore, 2010), is consistently 49 
greater than one across observed ground-motion databases. This ratio exhibits systematic dependence on 50 
oscillator period and shaking duration (Boore and Kishida, 2017; Shahi and Baker, 2014). Using stochastic 51 
simulations, Poulos et al. (2021) further demonstrated that directional variability persists even when the 52 
two horizontal components are generated from the same isotropic stochastic process. These studies 53 
established several important empirical observations, but a theoretical framework explaining the origin of 54 
the phenomenon, its governing distribution, and its controlling parameter has remained absent. 55 

Addressing this gap is important not only for understanding the origin of directional variability, but also for 56 
its practical interpretation in earthquake engineering. Directional effects have become increasingly 57 
important in record selection (Nievas and Sullivan, 2018), seismic assessment (Nievas and Sullivan, 2017; 58 
Skoulidou et al., 2019), and loss estimation (Feng et al., 2021; Lagaros, 2010). Such applications motivate 59 
a clearer distinction between directional variability arising intrinsically from finite-duration stochastic 60 
response and that associated with persistent physical directionality in the ground motion. 61 

To understand where such a framework enters, it is useful to recall the structure of random vibration theory 62 
(RVT) for univariate processes. In RVT, the peak response of a linear oscillator is expressed as the product 63 
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of an RMS (root mean square) response level and a peak factor. The RMS response is determined by the 64 
second-order statistics of the response process, whereas the peak factor accounts for the stochastic 65 
occurrence of extremes within a finite duration (Cartwright and Longuet-Higgins, 1956; Vanmarcke, 1972). 66 
This separation between covariance structure and peak generation underpins the interpretation of 67 
earthquake response spectra. 68 

Extending this decomposition to horizontal directional response requires an additional geometric layer. 69 
The two horizontal components of linear-oscillator response define a bivariate random process whose 70 
covariance matrix possesses two principal variances, represented by its eigenvalues 𝜆1 ≥ 𝜆2. These define 71 
a response ellipse in the horizontal plane. The shape of this ellipse characterises the directional structure 72 
of the RMS response before peak selection occurs. The directional spectrum, obtained by taking maxima 73 
of directional projections of the response process, introduces a second source of variability associated 74 
with peak selection. 75 

This observation suggests a natural bivariate analogue of the univariate RVT decomposition. Directional 76 
spectral variability may be viewed as the combination of covariance anisotropy, associated with the 77 
geometry of the response ellipse, and peak-factor anisotropy, associated with directional fluctuations of 78 
extremes. The latter has recently been shown to form a smooth, low-dimensional stochastic field over 79 
orientation, dominated by the lowest admissible angular harmonic (Rupakhety and Hernández-Aguirre, 80 
2026). The present study develops the stochastic structure of the covariance component and retains the 81 
peak-factor contribution explicitly in the directional response-field formulation. This separation allows 82 
covariance-driven anisotropy to be identified and studied independently before examining how peak 83 
selection subsequently modifies the directional spectral field. 84 

Even when the underlying excitation is perfectly isotropic, the covariance matrix estimated from a finite 85 
record will generally not be isotropic. Finite-sample fluctuations produce unequal covariance eigenvalues 86 
and hence a non-circular RMS response ellipse. Under independent Gaussian sampling, the statistics of 87 
the sample covariance matrix are governed by the Wishart distribution (Muirhead, 2009). In classical 88 
multivariate analysis, the corresponding isotropic population condition is known as the sphericity 89 
hypothesis, and the exact null distribution of the associated bivariate shape statistic was established by 90 
Mauchly (1940).  91 

To express this covariance geometry in a form directly relevant to directional response spectra, we define 92 
the geometric anisotropy measure 93 

𝜅rms =
𝜆1 − 𝜆2

𝜆1 + 𝜆2

,        𝜆1 > 𝜆2 (1) 

where 𝜆1 and 𝜆2 are the eigenvalues of the covariance matrix of the two-component pseudo-acceleration 94 
response. Pseudo-acceleration response here is defined as the relative displacement response multiplied 95 
by the squared circular frequency. The quantity 𝜅rms is a bounded, scale-invariant measure of covariance 96 
shape: it is zero for an isotropic response and approaches unity as the covariance becomes increasingly 97 
concentrated along a single direction. Just as the RMS level σ in univariate RVT characterises the scale of 98 
response prior to peak selection, 𝜅rms characterises the shape of the bivariate response prior to peak 99 
selection. 100 

The choice of 𝜅rms is both geometrically natural and mathematically convenient. Its square is the 101 
complement of the classical bivariate sphericity statistic. Consequently, under independent isotropic 102 
Gaussian sampling, 103 

𝜅rms
2 ∼ Beta (1,

𝑁 − 1

2
) 104 

where 𝑁 denotes the Wishart degrees of freedom. Section 3 recovers this classical bivariate sphericity 105 
result directly from the real Wishart eigenvalue density and expresses it in trace–anisotropy coordinates 106 
suited to directional oscillator response. 107 

The independent-sample result provides a natural stochastic baseline, but oscillator response histories 108 
are temporally correlated and therefore do not supply one independent covariance realization per recorded 109 
time step. To connect the classical finite-sample result to filtered oscillator response, we introduce an 110 
effective sample size 𝑁eff and use the corresponding Beta family as an effective-sample-size closure. The 111 
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quantity links covariance uncertainty to engineering parameters through the temporal correlation structure 112 
of the oscillator response. For filtered and amplitude-modulated response, a first-order approximation 113 
shows that scales with the ratio of an effective energetic duration to oscillator period. Within this 114 
approximation, the observed period and duration dependences of directional anisotropy arise as different 115 
manifestations of the same reduction in the number of effective covariance realizations. 116 

The geometric significance of 𝜅rms extends beyond the RMS field itself. The directional PSA (pseudo 117 
spectral acceleration) field can be expressed as a multiplicative combination of the RMS response ellipse 118 
and a stochastic directional peak-factor field. This leads naturally to a relationship connecting covariance-119 
based anisotropy to PSA-based anisotropy, thereby providing a bridge between the underlying covariance 120 
geometry and commonly used rotation-invariant intensity measures such as RotD50 and RotD100. 121 

The contributions of this paper are fourfold. First, we formulate bivariate oscillator response as the 122 
combination of a covariance-defined RMS geometry and a distinct directional peak-factor modulation, 123 
thereby separating second-order anisotropy from peak-selection effects. Second, we identify the 124 
normalized eigenvalue contrast 𝜅rms as a natural measure of this covariance geometry and establish its 125 
exact correspondence with the classical bivariate sphericity statistic, expressing the associated finite-126 
sample law in trace–anisotropy coordinates suited to directional response analysis. Third, we introduce an 127 
effective-sample-size closure that connects this independent-sample baseline to temporally correlated 128 
and amplitude-modulated oscillator response. Fourth, using Monte Carlo simulations and a large strong-129 
motion dataset, we examine how finite covariance sampling contributes to the observed dependence of 130 
directional anisotropy on oscillator period and response duration. 131 

The paper is organised as follows. Section 2 introduces the directional response-field representation and 132 
the covariance-based anisotropy measure 𝜅rms. Section 3 establishes its connection to classical bivariate 133 
sphericity and recovers the corresponding finite-sample Beta law directly from the isotropic Wishart 134 
eigenvalue density. Section 4 develops the effective-degrees-of-freedom framework for filtered and 135 
amplitude-modulated response. Then, Section 5 presents Monte Carlo verification and Section 6 evaluates 136 
the proposed framework against a large population of recorded ground motions. Section 7 discusses 137 
implications for directional response spectra and directional ground-motion modelling, and Section 8 138 
presents the conclusions. 139 

2. Directional Response Field and Anisotropy Invariants 140 

2.1 RMS covariance and geometric anisotropy 141 

Let 𝐚(𝑡) ∈ ℝ2 denote the two horizontal components of the pseudo-acceleration response process of a 142 
linear oscillator at fixed period 𝑇. Here, pseudo-acceleration response process refers to the oscillator 143 
response time history obtained by multiplying the relative displacement response by the squared circular 144 
frequency of the oscillator. It should be distinguished from pseudo-spectral acceleration (PSA), which is 145 
defined subsequently as the maximum absolute value of the response process over time. For a direction 146 
𝜃 ∈ [0, 𝜋), the directional response is defined as 147 

𝑎(𝑡, 𝜃) = 𝐮(𝜃)⊤𝐚(𝑡), 𝐮(𝜃) = (
cos 𝜃
sin 𝜃

) (2) 

The second-order geometry of the response process is described by its covariance matrix 148 

𝐂 = 𝔼 [𝐚(𝑡)𝐚(𝑡)⊤] (3) 

and the directional second moment (variance) is 149 

𝜎𝑎
2(𝜃) = 𝔼[𝑎(𝑡, 𝜃)2] = 𝐮(𝜃)⊤𝐂𝐮(𝜃) (4) 

Let 𝜆1 ≥ 𝜆2 ≥ 0 denote the eigenvalues of 𝐂, and let 𝜃0 be the eigenvector direction corresponding to 𝜆1. 150 
The directional RMS field admits the exact representation, 151 

𝜎𝑎
2(𝜃) = 𝜎̄𝑎

2[1 + 𝜅rms cos 2(𝜃 − 𝜃0)] (5) 
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where 152 

𝜎̄𝑎
2 =

𝜆1 + 𝜆2

2
,    𝜅rms =

𝜆1 − 𝜆2

𝜆1 + 𝜆2
, 0 ≤ 𝜅rms ≤ 1 (6) 

Eq. (5) shows that the covariance matrix defines an elliptical second-order response geometry in the 153 
horizontal plane (Flinn, 1965). The quantity 𝜎̄𝑎

2 controls the overall scale of the ellipse, whereas 𝜅rms 154 
controls its shape. When 𝜅rms is 0, the ellipse reduces to a circle and the RMS response is isotropic. As 𝜅rms 155 
approaches unity, the ellipse becomes increasingly elongated, corresponding to progressively stronger 156 
directional anisotropy. Because it depends only on the eigenvalue structure of the covariance matrix, it 157 
characterizes the directional geometry of the RMS response independently of subsequent peak selection. 158 
Geometric interpretations of directional response fields based on elliptical structure have previously been 159 
proposed for rotation-invariant spectral measures (Rupakhety, 2026). The present work adopts a 160 
covariance-based formulation and develops its stochastic implications. 161 

2.2 Directional PSA and multiplicative structure 162 

Directional pseudo-spectral acceleration is defined as 163 

PSA(𝜃) = max
𝑡

∣ 𝑎(𝑡, 𝜃) ∣ (7) 

The directional peak factor is defined as 164 

𝑝(𝜃) =
PSA(𝜃)

𝜎𝑎(𝜃)
 (8) 

To separate the overall peak-factor level from its directional fluctuations, the logarithmic peak-factor field 165 
can be written as (Rupakhety and Hernández-Aguirre, 2026) 166 

ln 𝑝(𝜃) = 𝜇𝑝 + 𝜀(𝜃) (9) 

where 𝜇𝑝 denotes the median logarithmic peak factor and 𝜀(θ) is a 𝜋-periodic fluctuation field with zero 167 
median over [0, 𝜋). Thus, 𝜇𝑝 controls the median level of the directional peak-factor field, while 𝜀(𝜃) 168 
captures directional deviations from that level. Defining the squared PSA field, 𝑆(𝜃) = PSA2(𝜃), and 169 
substituting the peak-factor representation of Eq. (9) yields 170 

𝑆(𝜃) = PSA2(𝜃) = 𝜎𝑎
2(𝜃)exp(2𝜇𝑝)exp(2𝜀(𝜃)) (10) 

Using the elliptical RMS form from Eq. (5) gives 171 

𝑆(𝜃) = 𝐶[1 + 𝜅rmscos2(𝜃 − 𝜃0)]exp(2𝜀(𝜃)) (11) 

where 𝐶 = 𝜎̄𝑎
2exp(2𝜇𝑝). Eq. (11) expresses the directional PSA field as the product of two distinct 172 

components: a geometric covariance-driven term governed by 𝜅rms, and a stochastic peak-factor term 173 
governed by 𝜀(𝜃). This multiplicative representation forms the basis for the anisotropy decomposition 174 
developed in the following section.  175 

2.3 Symmetric–antisymmetric decomposition  176 

To isolate the contribution of peak-factor fluctuations to directional anisotropy, the peak-factor field is 177 
decomposed into components that are symmetric and antisymmetric with respect to a rotation of 𝜋/2 178 

𝜀𝑠(𝜃) =
𝜀(𝜃) + 𝜀(𝜃 + 𝜋/2)

2
, 𝜀𝑎(𝜃) =

𝜀(𝜃) − 𝜀(𝜃 + 𝜋/2)

2
 (12) 

It follows that 𝜀(𝜃) = 𝜀𝑠(𝜃) + 𝜀𝑎(𝜃), 𝜀(𝜃 + 𝜋/2) = 𝜀𝑠(𝜃) − 𝜀𝑎(𝜃). The symmetric component 𝜀𝑠 is 179 
preserved under a 𝜋/2 rotation and therefore contributes equally to the two members on an orthogonal 180 
pair. The antisymmetric component 𝜀𝑎 changes sign under a rotation of 𝜋/2 and therefore controls their 181 
directional contrast. Evaluating the squared field from Eq. (11) in the RMS principal frame (𝜃0 = 0) at the 182 
orthogonal pair 𝜃 = (0, 𝜋/2) yields 183 
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𝑆(0) = 𝐶(1 + 𝜅rms)exp(2(𝜀𝑠 + 𝜀𝑎))   and   𝑆(𝜋/2) = 𝐶(1 − 𝜅rms)exp(2(𝜀𝑠 − 𝜀𝑎)) (13) 

The corresponding PSA anisotropy invariant, quantifying normalized contrast in the RMS principal 184 
directions, is defined as 185 

𝜅psa =
𝑆(0) − 𝑆(𝜋/2)

𝑆(0) + 𝑆(𝜋/2)
 (14) 

Substituting 𝑆(0) and 𝑆(𝜋/2) from Eq. (13) in Eq. (14) and using the identity 𝑡𝑎𝑛ℎ(𝑧) =
exp(2𝑧)−1

exp(2𝑧)+1
, one 186 

obtains 187 

𝜅psa =
𝜅rms + tanh(2𝜀𝑎)

1 + 𝜅rmstanh(2𝜀𝑎)
 (15) 

Thus, 𝜅psa is a fractional-linear, or Möbius, transformation of 𝜅rms. Eq. (15) establishes a direct connection 188 
between covariance-based anisotropy and PSA-based anisotropy. The quantity 𝜅rms depends only on the 189 
geometry of the response covariance matrix, whereas 𝜅psa  contains an additional contribution associated 190 
with peak selection. The fractional-linear form shows that peak-factor fluctuations enter through the 191 
antisymmetric component 𝜀𝑎, while the symmetric component cancels identically. Consequently, 192 
𝜅rms may be interpreted as the underlying geometric anisotropy of the oscillator response, whereas 𝜅psa is 193 
the corresponding anisotropy observed in directional PSA.  194 

3. Distribution of Geometric Anisotropy Under Isotropic Excitation 195 

3.1 Finite-sample covariance of isotropic Gaussian response 196 

To identify the intrinsic stochastic component of directional anisotropy, consider an idealized two-197 
component pseudo-acceleration response process at a fixed oscillator period (T), denoted by 198 

𝐗(𝑡) = [
𝑋1(𝑡)

𝑋2(𝑡)
] (16) 

The process is assumed to be zero-mean, stationary, Gaussian, and second-order isotropic. Isotropy 199 
implies that the population covariance matrix is proportional to the identity, 200 

𝔼[𝐗(𝑡)𝐗(𝑡)⊤] = σ2𝐈2 (17) 

so that no preferred direction exists in the population response. This defines the isotropic reference state 201 
used to quantify anisotropy generated solely by finite covariance sampling. In classical multivariate 202 
analysis, the same covariance condition is referred to as the sphericity hypothesis (Mauchly, 1940). To first 203 
establish the independent-sample reference problem, consider N statistically independent vector 204 
realizations 𝐗(𝑖), 𝑖 = 1, … , 𝑁, from this isotropic Gaussian population, with 𝑋(𝑖) ∼ 𝒩2(0, σ2𝐼2). Their sample 205 
covariance matrix is 206 

𝐶̂ =
1

𝑁
∑ 𝑋(𝑖)

𝑁

𝑖=1

𝑋(𝑖)⊤ (18) 

Under the Gaussian assumption, the scaled matrix 𝑁𝐂̂ follows a two-dimensional Wishart distribution 207 
(Muirhead, 2009), 208 

𝑁𝐂̂ ∼ 𝒲2(𝑁, σ2𝐈2) (19) 

The Wishart distribution is the multivariate analogue of the chi-squared distribution. Just as the sample 209 
variance of 𝑁 independent Gaussian scalars fluctuates around its population value, the sample covariance 210 
matrix of 𝑁 independent Gaussian vectors fluctuates around the isotropic covariance 𝜎2𝐈2. Consequently, 211 
although the population covariance possesses no preferred orientation, the sample covariance matrix will 212 
generally have unequal eigenvalues. Finite covariance sampling therefore generates realization-dependent 213 
directional anisotropy even when the underlying population is perfectly isotropic. 214 
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3.2 The anisotropy coordinate and bivariate sphericity 215 
Let 𝜆1 ≥ 𝜆2 > 0 denote the ordered eigenvalues of the sample covariance matrix 𝐂̂. As shown in Section 2, 216 
directional anisotropy is naturally characterized by the normalized eigenvalue contrast κrms defined in Eq. 217 
(6). To separate covariance magnitude from covariance shape, define the trace variable 218 

𝑠 = 𝜆1 + 𝜆2 (20) 

The eigenvalues may then be written as 219 

𝜆1 =
𝑠

2
(1 + 𝜅rms), 𝜆2 =

𝑠

2
(1 − 𝜅rms) (21) 

The variable 𝑠 represents the total variance contained in the covariance estimate, whereas 𝜅rms represents 220 
its geometric anisotropy. The anisotropy coordinate is directly related to the classical bivariate sphericity 221 
statistic. From Eq. (21), 222 

1 − 𝜅rms
2 =

4𝜆1𝜆2

(𝜆1 + 𝜆2)2
=

det 𝐂̂

[tr(𝐂̂)/2]
2 (22) 

The right-hand side is the bivariate form of the classical sphericity statistic. In Mauchly’s (1940) 223 
formulation, the corresponding ellipticity statistic is its square root. Thus, 𝜅rms

2  and the classical sphericity 224 
statistic are complementary one-to-one measures of normalized covariance shape: the former increases 225 
with anisotropy, whereas the latter decreases with departure from sphericity. 226 

The choice of 𝜅rms remains particularly useful for directional response analysis. It is bounded and scale 227 
invariant, and directly characterizes normalized covariance shape independently of the total response 228 
level 𝑠. The variables 𝜆1 and 𝜆2 jointly encode both covariance magnitude and anisotropy, whereas the 229 
transformation to (𝑠, κrms) separates these two aspects explicitly. This makes 𝜅rms, rather than the 230 
individual eigenvalues themselves, the natural variable for studying directional covariance anisotropy. 231 

A formally analogous normalized eigenvalue contrast appears in optical and radar polarimetry as the 232 
degree of polarization of a 2 × 2 Hermitian coherency matrix. That literature generally concerns complex 233 
Wishart matrices and different physical estimators, but it provides a mathematically adjacent 234 
interpretation of normalized covariance anisotropy (Touzi and Lopes, 1996). 235 

3.3 Exact Beta law for covariance anisotropy 236 
For the isotropic Wishart distribution of the sample covariance matrix, the joint probability density of the 237 
ordered eigenvalues is (Muirhead, 2009) 238 

𝑓(λ1, λ2) ∝ (λ1λ2)((𝑁−3)/2)(λ1 − λ2) exp[−𝑁(λ1 + λ2)/(2σ2)] (23) 

Introducing the eigenvalue contrast 𝑑 = λ1 − λ2 and transforming from (λ1, λ2) to (𝑠, 𝑑) coordinates yields 239 

𝑓(𝑠, 𝑑) ∝ (
𝑠2 − 𝑑2

4
)

(𝑁−3)/2

𝑑 exp (−
𝑁𝑠

2𝜎2
) (24) 

with domain 𝑠 > 0 and 0 ≤ 𝑑 ≤ 𝑠. Substituting 𝑑 = 𝑠𝜅rms gives 240 

𝑓(𝑠, 𝜅rms) ∝ 𝑠𝑁−1 exp (−
𝑁𝑠

2𝜎2
) 𝜅rms(1 − 𝜅rms

2 )(𝑁−3)/2 (25) 

Under the isotropic null, the trace variable 𝑠 and the anisotropy variable 𝜅rms separate multiplicatively, 241 

𝑓(𝑠, 𝜅rms) = 𝑓𝑠(𝑠)𝑓𝜅(𝜅rms) (26) 

where 242 

𝑓𝑠(𝑠) ∝ 𝑠𝑁−1 exp (−
𝑁𝑠

2𝜎2
) (27) 

and 243 

𝑓𝜅(𝜅rms) ∝ 𝜅rms(1 − 𝜅rms
2)(𝑁−3)/2 (28) 

is the marginal density of 𝜅rms. This factorisation is the bivariate expression of the classical separation 244 
between covariance scale and normalized covariance shape under the sphericity hypothesis. In the 245 
present formulation, it is useful because it isolates the distribution of directional shape from the overall 246 
response amplitude. The distribu/tion of 𝜅rms can therefore be obtained without further reference to the 247 
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trace variable. When the population covariance departs from isotropy, covariance scale and normalized 248 
anisotropy are generally coupled and the factorization no longer applies in the same form. The 249 
corresponding independent-sample non-null problem is nevertheless classical; Girshick (1941) derived 250 
the distribution of Mauchly’s ellipticity statistic when the sphericity hypothesis is false. 251 

Defining 𝑦 = 𝜅rms
2 , and applying the change-of-variables formula 𝑓(𝑦) = 𝑓(𝜅rms)|𝑑𝜅rms/𝑑𝑦|, with 𝜅rms =252 

√𝑦 and 𝑑𝜅rms/𝑑𝑦 = 1/(2√𝑦), the Jacobian exactly cancels the leading √𝑦 factor in Eq. (28), yielding 253 

𝑓(𝑦) ∝ (1 − 𝑦)(𝑁−3)/2;  0 ≤ y ≤ 1 (29) 

Recognizing the Beta-distribution kernel and normalizing yields 254 

𝜅rms
2 ∼ Beta (1,

𝑁 − 1

2
) (29) 

Under perfectly isotropic Gaussian condition, the squared covariance anisotropy therefore follows an 255 
exact Beta distribution governed solely by the number of statistically independent realizations N.  256 

Eq. (29) is equivalent to Mauchly’s (1940) exact bivariate null distribution under the transformation in Eq. 257 
(22). The apparent one-degree-of-freedom difference in sample-size notation arises from the treatment of 258 
the process mean: Mauchly estimates the mean from the observations, yielding Wishart degrees of 259 
freedom, whereas the present formulation assumes a known zero mean and therefore gives degrees of 260 
freedom. The derivation above therefore does not introduce a new bivariate Wishart distribution. Rather, it 261 
recovers the classical bivariate sphericity result directly from the real Wishart eigenvalue density and 262 
expresses it in trace–anisotropy coordinates suited to directional oscillator response. 263 

Some special cases are instructive. When 𝑁 = 3, the distribution of 𝜅𝑟𝑚𝑠
2 reduces to Beta(1,1) 264 

corresponding to a uniform distribution on [0,1]. As N increases, the distribution progressively 265 
concentrates near zero, reflecting convergence of the sample covariance matrix toward its isotropic 266 
population value. Equation (30) provides the exact independent-sample baseline used in the remainder of 267 
the paper. Section 4 develops an effective-degrees-of-freedom closure for applying this baseline 268 
approximately to temporally correlated and amplitude-modulated oscillator response. 269 

3.4 Moments and geometric interpretation 270 

The Beta distribution immediately yields exact expressions for the moments of geometric anisotropy. The 271 
second moment is 272 

𝔼[𝜅rms
2 ] =

2

𝑁 + 1
 (30) 

The mean and variance of the distribution are  273 

𝔼[𝜅rms] =
(𝑁 − 1)√π

4

Γ (
𝑁 − 1

2 )

Γ (
𝑁
2 + 1)

   and   Var(𝜅rms) = 𝔼[𝜅rms
2 ] − (𝔼[𝜅rms])2 (31) 

where Γ(⋅) denotes the Gamma function. For large N, Stirling's approximation gives 274 

𝔼[𝜅rms] ≈ √
𝜋

2𝑁
,   Var(𝜅rms) ≈

4 − 𝜋

2𝑁
   and  sd(𝜅rms) ≈ √

4 − 𝜋

2𝑁
 (32) 

Both the mean and standard deviation therefore decay as 𝑁−1/2. The characteristic magnitude of 275 
covariance anisotropy decreases only slowly with increasing sample size, implying that appreciable 276 
directional anisotropy may persist even when the underlying excitation is perfectly isotropic. Further insight 277 
is obtained by examining the large-N limit. Writing 𝑦 = 𝜅rms

2 , the Beta density satisfies 278 

𝑓𝑦(𝑦) ∝ (1 − 𝑦)(𝑁−3)/2 ≈ 𝑒−𝑁𝑦/2 (33) 

for small y. Consequently, 𝑁𝜅rms
2  converges to an exponential distribution with mean 2, and √𝑁𝜅rms 279 

converges to a Rayleigh distribution with unit scale. The statistical result has a direct geometric 280 
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interpretation. The population covariance ellipse is circular and possesses no distinguished axis. The 281 
sample covariance matrix is a random perturbation of this circular state: its principal eigenvector identifies 282 
a randomly oriented direction in the plane, while 𝜅rms quantifies the anisotropy of the resulting sample 283 
ellipse. By symmetry, the principal direction is uniformly distributed over [0, 𝜋), whereas the squared 284 
anisotropy magnitude follows the Beta distribution of Eq. (30). The emergence of directional structure 285 
under an isotropic ensemble is therefore not paradoxical. It is an inevitable consequence of finite-sample 286 
covariance estimation. A perfectly isotropic process observed over a finite duration will generally produce 287 
a non-circular sample covariance ellipse. The distribution of its anisotropy is governed by N alone. 288 

4. Oscillator Memory and Effective Degrees of Freedom 289 

4.1 Effective degrees of freedom for covariance estimation 290 

Section 3 derived the exact distribution of geometric anisotropy for a covariance matrix estimated from N 291 
statistically independent realizations of a zero-mean, stationary, Gaussian, and second-order isotropic 292 
process. For oscillator response time histories, however, successive samples are temporally correlated, 293 
so the number of recorded time samples is not the relevant covariance sample size. We therefore introduce 294 
an effective covariance sample size by matching the variance of the covariance estimator for the correlated 295 
process to that of the independent-sample Wishart reference problem. 296 

Let 𝑋(𝑡) and 𝑌(𝑡) be independent, zero-mean, stationary Gaussian processes with common variance σ2 297 
and normalized autocorrelation function ρ(τ), where ρ(0) = 1. Consider the continuous-time sample 298 
cross-covariance estimator over an observation window of duration D, 299 

𝐶𝑋𝑌̂ =
1

𝐷
∫ 𝑋(𝑡)𝑌(𝑡)

𝐷

0

 𝑑𝑡 (34) 

Because covariance anisotropy is determined by fluctuations of the sample covariance matrix, the relevant 300 
sampling scale can be identified from the variance of its covariance estimators. Using Isserlis' theorem for 301 
fourth-order Gaussian moments, together with independence and zero mean of 𝑋(𝑡) and 𝑌(𝑡), the variance 302 
of the covariance estimator is 303 

Var(𝐶𝑋𝑌̂) =
𝜎4

𝐷2
∫ ∫ 𝜌2(𝑡 − 𝑠)

𝐷

0

𝐷

0

 𝑑𝑡 𝑑𝑠 (35) 

Because the integrand depends only on the time difference 𝜏 = 𝑡 − 𝑠, Eq. (36) can be rewritten as 304 

Var(𝐶𝑋𝑌̂) =
𝜎4

𝐷2
∫ (𝐷 − |𝜏|)𝜌2(𝜏)

𝐷

−𝐷

 𝑑𝜏 (36) 

The weighting factor (𝐷 − |𝜏|) reflects the finite observation window: large time lags contribute less 305 
because fewer sample pairs are available. If the record duration is large compared with the correlation 306 
decay scale of the process, then 𝜌2(𝜏) is negligible for most values of |𝜏| approaching 𝐷. Over the region 307 
where the integrand contributes appreciably, the weighting factor may therefore be approximated by D, 308 
giving 309 

Var(𝐶𝑋𝑌̂) ≈
𝜎4

𝐷
∫ 𝜌2(𝜏)

∞

−∞

 𝑑𝜏 (37) 

Since the autocorrelation function is even, i.e., 𝜌(−𝜏) = 𝜌(𝜏), it follows that 310 

Var(𝐶𝑋𝑌̂) ≈
𝜎4

𝐷
 2 ∫ ρ2(τ)

∞

0

 𝑑𝜏 (38) 

For 𝑁 independent Gaussian realizations, the corresponding Wishart covariance variance is 𝜎4/𝑁. 311 
Matching this variance to Eq. (39) defines the effective sample size 312 
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𝑁eff ≈
𝐷

2 ∫ 𝜌2(𝜏)
∞

0
 𝑑τ

 (39) 

Equation (40) shows that the effective covariance sample size is controlled by the integral of the squared 313 
autocorrelation function. Stronger temporal correlation increases this integral and therefore reduces 𝑁𝑒𝑓𝑓. 314 
The quantity 𝑁𝑒𝑓𝑓  should thus be interpreted as a variance-equivalent number of independent covariance 315 
realizations, not as the actual number of independent samples contained in the record. 316 

4.2 SDOF filtering and period scaling 317 

For a linear SDOF oscillator, filtering changes the temporal correlation structure of the response. Consider 318 
the pseudo-acceleration response of an oscillator with natural frequency ω𝑛 = 2𝜋/𝑇 and damping ratio 𝜉, 319 
subjected to broadband Gaussian input. For lightly damped response, the process is narrowband around 320 
the oscillator frequency and its normalized autocorrelation is approximated by 321 

𝜌(𝜏) ≈ 𝑒−𝛼|τ| cos(𝜔𝑑𝜏) (40) 

where 𝛼 = 𝜉𝜔𝑛 and ω𝑑 ≈ ω𝑛√1 − 𝜉2. Substitution 𝜌(𝜏) into Eq. (40) requires the integral of 𝜌2(𝜏). Using 322 
the identity cos2(ωdτ) = [1 + cos(2ωdτ)]/2, and retaining the leading term for lightly damped response, 323 
gives ∫ 𝜌2(𝜏)

∞

0
 𝑑τ ≈ 1/4𝛼. Hence from Eq. (40) we obtain 324 

𝑁eff ≈ 2α𝐷 = 2𝜉𝜔𝑛𝐷 =
4𝜋𝜉𝐷

𝑇
 (41) 

Equation (42) shows that, within the present narrowband approximation, longer-period oscillators have 325 
longer correlation times and therefore smaller variance-equivalent covariance sample sizes for a fixed 326 
duration. Substituting this expression into Eq. (30) gives 327 

𝜅rms
2 (𝑇) ∼ Beta (1,

𝑁eff(𝑇) − 1

2
) (42) 

Using the large-𝑁eff approximation from Section 3, Eq. (33) then gives 328 

𝔼[𝜅rms(𝑇)] ≈ √
𝑇

8𝜉𝐷
 (43) 

Thus, within the narrowband and variance-matching approximations used here, the characteristic 329 
covariance anisotropy increases approximately as the square root of oscillator period for fixed damping 330 
and duration. 331 

4.3 Amplitude non-stationarity and energetic effective duration 332 

The preceding derivation assumes stationary response over a finite observation window of duration D. Real 333 
earthquake records are non-stationary: their energy is concentrated within a limited part of the record and 334 
modulated by an evolving amplitude envelope. To represent this effect in a mathematically tractable way, 335 
consider an amplitude-modulated process 𝑔𝑖(𝑡) = 𝑤(𝑡)𝑢𝑖(𝑡) where 𝑢𝑖(𝑡) are stationary Gaussian 336 
processes and 𝑤(𝑡) is a deterministic envelope. The envelope is assumed to vary slowly relative to the 337 
correlation time of the underlying filtered process. Repeating the variance-matching argument for the 338 
covariance estimator gives 339 

𝑁eff =
(∫ 𝑤2(𝑡)  𝑑𝑡)2

∫ 𝑤4(𝑡)  𝑑𝑡

1

2 ∫ ρ2(τ)
∞

0
 𝑑τ

 (44) 

This expression naturally defines an energetic effective duration, 340 

𝐷eff =
(∫ 𝑤2(𝑡)  𝑑𝑡)2

∫ 𝑤4(𝑡)  𝑑𝑡
 (45) 
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The quantity 𝐷eff is the effective temporal support of the squared signal amplitude. It equals the full 341 
observation duration for a constant envelope and decreases as the signal energy becomes more 342 
concentrated in time. Unlike conventional duration measures, 𝐷eff arises directly from the variance of the 343 
covariance estimator. Combining this duration with the SDOF autocorrelation approximation gives 344 

𝑁eff(𝑇) ≈
4𝜋𝜉𝐷eff

𝑇
 (46) 

Thus, within the amplitude-modulated formulation, concentration of response energy in time reduces the 345 
variance-equivalent covariance sample size and increases the characteristic magnitude and dispersion of 346 
𝜅rms. This formulation represents amplitude modulation only; simultaneous evolution of frequency 347 
content or bandwidth would make the response correlation structure itself time dependent and is not 348 
captured by the stationary-carrier approximation used here. 349 

4.4 Remarks on non-Gaussianity 350 

The exact finite-N Beta law presented in Section 3 relies on Gaussianity, because only in that case is the 351 
sample covariance matrix Wishart distributed. For a general non-Gaussian bivariate process, the sample 352 
covariance matrix is no longer Wishart, and the exact factorisation of the joint density into trace and 353 
anisotropy coordinates need not hold. Therefore, the Beta law should be understood as the exact isotropic 354 
Gaussian baseline, not as a universal finite-sample distribution for all non-Gaussian processes. 355 

Nevertheless, two observations clarify why the covariance-anisotropy baseline may remain robust in 356 
practice. First, 𝜅𝑟𝑚𝑠 is invariant to any common amplitude scaling of the record. Consider a Gaussian scale-357 
mixture process of the form 𝑔𝑖(𝑡) = √𝑉 𝑢𝑖(𝑡), where 𝑢𝑖(𝑡) are the components of an isotropic Gaussian 358 
process and 𝑉 > 0 is a random amplitude factor that is common to the whole record and independent of 359 
𝑢𝑖(𝑡). The sample covariance matrix is then 360 

𝐂𝑔̂ = 𝑉𝐂𝑢̂ (47) 

Both eigenvalues are multiplied by the same factor 𝑉, and hence 𝜅rms(𝑔) = 𝜅rms(𝑢). Record-level 361 
Gaussian scale mixtures may thus produce strongly non-Gaussian marginal amplitudes while leaving the 362 
normalized covariance anisotropy unchanged. The same invariance persists after linear filtering and 363 
deterministic envelope modulation because any common scalar factor cancels from the normalized 364 
eigenvalue contrast. 365 

Second, when non-Gaussianity acts at the sample level rather than as a common record-level amplitude 366 
factor, the exact invariance no longer holds. A useful large-N result can nevertheless be obtained for a 367 
rotationally isotropic population with finite fourth radial moment. Writing each independent sample in 368 
polar form as 𝑋𝑖 = 𝑅𝑖 cos 𝛩𝑖  and 𝑌𝑖 = 𝑅𝑖 sin 𝛩𝑖, with 𝛩𝑖  uniform on [0,2𝜋) and independent of 𝑅𝑖, define the 369 
traceless covariance components 370 

𝑎 =
𝐶11̂ − 𝐶22̂

2
=

1

2𝑁
∑ 𝑅𝑖

2 cos(2𝛩𝑖)

𝑁

𝑖=1

, 𝑏 = 𝐶12̂ =
1

2𝑁
∑ 𝑅𝑖

2 sin(2𝛩𝑖)

𝑁

𝑖=1

 (48) 

By the multivariate central limit theorem, 371 

√𝑁(𝑎, 𝑏) ⇒ 𝒩 (0,
𝐸[𝑅4]

8
𝐈2) (49) 

where ⇒ denotes convergence in distribution. Since the isotropic scale estimate 𝑚̂ = (𝐶11̂ + 𝐶22̂)/2 372 
converges in probability to 𝜎2, the large-N limit of the anisotropy statistic is 373 

𝑁𝜅rms
2 ⇒ 𝛾4𝜒2

2, 𝛾4 =
𝔼[𝑅4]

8𝜎4
 (50) 

Equation (51) generalizes the large-N isotropic Gaussian result of section 3. In Section 3, Eq. (34) showed 374 
that the large-𝑁 limit of the exact Beta distribution approaches an exponential density in the scaled variable 375 
𝑁𝜅𝑟𝑚𝑠

2 , which is equivalent to a 𝜒2
2 distribution. Equation (51) shows that, for a rotationally isotropic non-376 



12 

Gaussian process with finite fourth moment, the same asymptotic structure is preserved, but with an 377 
additional scale factor 𝛾4 determined by the fourth radial moment. For the Gaussian case, 𝔼[𝑅4] = 8𝜎4, 378 
giving 𝛾4 = 1, and Eq. (51) reduces exactly to the asymptotic limit implied by Eq. (34). More generally, 𝛾4 >379 
1 inflates the characteristic anisotropy, while 𝛾4 < 1 reduces it. To first order, this effect may therefore be 380 
interpreted as a renormalization of the effective number of covariance realizations, 381 

𝑁eff →
𝑁eff

𝛾4
 (51) 

Thus, to leading order, rotationally isotropic sample-level non-Gaussianity preserves the same asymptotic 382 
covariance-anisotropy structure while rescaling its characteristic magnitude relative to the Gaussian 383 
baseline. 384 

It is important to note, however, that this correction applies only to sample-level non-Gaussianity. As 385 
discussed previously, a large class of non-Gaussian processes generated through record-level amplitude 386 
mixing leaves 𝜅rms unchanged because the common amplitude factor cancels from the normalized 387 
eigenvalue contrast. Consequently, the effect of non-Gaussianity on covariance anisotropy is not 388 
determined solely by marginal kurtosis, but also by the way the non-Gaussianity is introduced. In the 389 
present study, the Gaussian Beta law is therefore retained as an analytically tractable isotropic baseline. 390 
Non-Gaussian effects may enter either through an effective rescaling of covariance sampling or as 391 
departures from the Gaussian isotropic reference, depending on the structure by which non-Gaussianity 392 
arises. 393 

4.5 Scope of the effective-degrees-of-freedom approximation 394 

It is important to distinguish the exact independent-sample result from the analytical closure used for 𝑁eff. 395 
The Beta law presented in Section 3 is the distributional result for covariance anisotropy under the isotropic 396 
Gaussian null. The expressions 𝑁eff ≈ 4π𝜉𝐷/𝑇 and 𝑁eff ≈ 4π𝜉𝐷eff/𝑇 are analytically tractable first-order 397 
approximations for the variance-equivalent covariance sample size of filtered and non-stationary 398 
response. 399 

The narrowband autocorrelation model and the slowly varying envelope approximation are therefore not 400 
assumptions of the Beta law itself. They enter only through the estimate of 𝑁eff. Their purpose here is to 401 
expose the scaling implied by covariance estimation: oscillator period, damping, and effective duration 402 
influence anisotropy through the number of variance-equivalent covariance realizations. At very long 403 
periods, when only a few effective response cycles are present, or when the envelope varies on a time scale 404 
comparable to the response correlation time, these approximations may require correction. Alternative 405 
numerical, simulation-based, or empirical estimates of can be used within the same isotropic covariance 406 
baseline. The role of the closed-form expressions above is therefore to provide a transparent first-order 407 
scaling relation, not a population-level predictive model for real ground motions. 408 

5. Verification and robustness 409 

The analytical developments of Sections 3 and 4 are examined using Monte Carlo simulations of 410 
progressively more realistic excitation models. The simulations proceed from stationary isotropic 411 
Gaussian excitation filtered through a linear SDOF oscillator, to non-stationary enveloped excitation, and 412 
finally to the complete distribution of 𝜅rms

2 . The objective is to assess how accurately the effective-degrees-413 
of-freedom closure reproduces the covariance-anisotropy statistics generated by temporally correlated 414 
and amplitude-modulated oscillator response. 415 

5.1 Stationary SDOF-filtered response 416 

The first verification considers isotropic stationary Gaussian excitation filtered through a linear SDOF 417 
oscillator. For each oscillator period, 5000 independent two-component realizations were generated, and 418 
the corresponding covariance matrices and anisotropy measures were computed from the pseudo-419 
acceleration response histories. 420 

Figure 1 compares the simulated mean and standard deviation of κ𝑟𝑚𝑠(𝑇) with the prediction obtained 421 
from the approximation 𝑁eff ≈ 4𝜋𝜉𝐷/𝑇. The agreement is close across the investigated period range. Both 422 
the mean and the variability of κrms increase systematically with oscillator period, consistent with the 423 
reduction in variance-equivalent covariance sample size predicted by the narrowband approximation. 424 
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The corresponding RotD100/RotD50 ratios are shown in the right panel of Figure 1. The median ratio 425 
increases gradually with period, while the width of the 16–84% quantile band also increases. Although the 426 
analytical developments are formulated in terms of 𝜅rms, the resulting anisotropy manifests directly in 427 
commonly used engineering measures. At short periods, directional amplification remains non-negligible 428 
even when 𝜅rms is small, reflecting the influence of peak-factor fluctuations. At longer periods, the 429 
increasing covariance anisotropy contributes to the growth and broadening of the RotD100/RotD50 430 
distribution. Thus, substantial directional amplification can arise under perfectly isotropic excitation 431 
through the combined effects of finite-sample covariance anisotropy and stochastic peak selection. 432 

 433 
Figure 1. Monte Carlo verification of the SDOF-filtering closure. Left: ensemble mean and standard deviation of 𝜅𝑟𝑚𝑠(𝑇) 434 
compared with the theoretical scaling based on 𝑁𝑒𝑓𝑓 ≈ 4𝜋𝜉𝐷/𝑇. Right: ensemble median and 16–84% quantile band 435 
of RotD100/RotD50 computed from 1° rotations of pseudo-acceleration response. 5000 simulations were run, each 436 
with a duration of 100s. Damping ratio is fixed at 5% of critical. 437 

5.2 Non-stationary enveloped response 438 

The second verification introduces amplitude non-stationarity through a smooth Gaussian amplitude 439 
envelope centred at the midpoint of the simulation window. The enveloped motions were filtered through 440 
the same SDOF oscillators and analysed using the covariance-based anisotropy measure. 441 

Figure 2 compares the simulated anisotropy statistics with theoretical predictions obtained from the 442 
energetic duration 𝐷eff. The solid curves correspond to the proposed model, while the dashed curves show 443 
the predictions obtained by replacing 𝐷eff with the full record duration. The energetic-duration formulation 444 
reproduces the simulated mean and standard deviation of 𝜅rms accurately throughout most of the period 445 
range. In contrast, the stationary approximation systematically underestimates anisotropy because it 446 
overestimates the effective temporal support available for covariance estimation. The remaining 447 
discrepancies at the longest periods arise as the oscillator correlation time becomes comparable to the 448 
envelope width, where the slowly varying-envelope approximation begins to deteriorate. 449 

The corresponding RotD100/RotD50 ratios are shown in the right panel of Figure 2. Relative to the 450 
stationary case, both the median ratio and the width of the 16-84% quantile band increase. The increase is 451 
consistent with the reduction in effective covariance sample size caused by concentrating the response 452 
energy within a shorter effective duration. RotD100/RotD50 ratios approaching 1.35 occur despite the 453 
underlying excitation remaining statistically isotropic, illustrating that substantial directional amplification 454 
can arise from the combined effects of finite-duration covariance anisotropy and stochastic peak selection 455 
even in the absence of persistent physical directionality. 456 

The non-stationarity considered here is restricted to amplitude modulation of an otherwise stationary 457 
carrier. This isolates the effect of reduced effective covariance-sampling duration, but does not represent 458 
the full non-stationarity of earthquake ground motions, which may also exhibit time-varying dominant 459 
frequency and bandwidth. In such cases, the response correlation structure itself becomes time 460 
dependent. The present simulations therefore verify the effective-duration closure for amplitude-461 
modulated excitation only; extension to jointly amplitude- and frequency-modulated processes lies 462 
outside the scope of this study. 463 
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 464 
Figure 2. Monte Carlo verification of envelope-modified anisotropy. Left: ensemble mean and standard deviation of 465 
𝜅𝑟𝑚𝑠(𝑇) from 5000 simulations of enveloped isotropic Gaussian excitation (total duration 𝐷 = 100s, 𝑑𝑡 = 0.005s, 𝜉 =466 
5%), compared with theoretical predictions using the energetic effective duration 𝐷𝑒𝑓𝑓(solid lines) and the full window 467 
length 𝐷(dashed lines). Right: median and 16–84% band of RotD100/RotD50 ratios obtained from the same 468 
simulations. 469 

5.3 Verification of the full distribution 470 

Figure 3 extends the verification to the complete distribution of 𝜅rms
2 . Panel (a) considers independent 471 

Gaussian samples, for which the covariance matrix follows the classical Wishart distribution exactly. The 472 
simulated histogram agrees closely with the Beta distribution presented in Section 3, providing a direct 473 
numerical verification of the independent-sample result. Panel (b) considers stationary Gaussian 474 
excitation filtered through a linear SDOF oscillator. Although filtering introduces temporal correlation and 475 
reduces the variance-equivalent covariance sample size, the simulated distribution remains closely 476 
approximated by the same Beta family when parameterized by the effective degrees of freedom closure. 477 
Panel (c) further introduces amplitude modulation. The corresponding distribution is again well 478 
represented by the Beta approximation using the effective sample size associated with the energetic 479 
duration. These results indicate that, for the controlled excitation models considered here, temporal 480 
correlation and amplitude modulation affect covariance anisotropy primarily through the effective 481 
covariance sample size, while the Beta family provides an accurate approximation to the resulting 482 
distribution. 483 

 484 
Figure 3. Empirical distributions of 𝜅𝑟𝑚𝑠

2  for three excitation models: (a) independent Gaussian samples, (b) stationary 485 
SDOF-filtered Gaussian response, and (c) SDOF-filtered enveloped Gaussian excitation. Histograms show simulated 486 
ensembles. Black curves denote the Wishart-derived Beta model. SDOF period is 0.5s and damping ratio is 5%. 487 

5.4 Robustness to non-Gaussian excitation 488 

The analytical results of Sections 3 and 4 use Gaussian assumptions at the level of the isotropic reference 489 
process and the Wishart covariance model. Real earthquake ground motions, however, may depart from 490 
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Gaussianity. To examine the sensitivity of the covariance-anisotropy framework to this assumption, Monte 491 
Carlo simulations were performed using non-Gaussian excitation carriers while retaining the same non-492 
stationary envelope and oscillator filtering used in the preceding section. 493 

The corresponding excess kurtosis values are 0.375, 1.0, and 6.0, respectively, representing progressively 494 
stronger departures from Gaussianity. The excitation histories were applied to a linear SDOF oscillator with 495 
damping ratio 𝜉 = 0.05, and 50,000 independent realizations were generated for each combination of 496 
period and carrier distribution. For each realization, the covariance matrix of the two orthogonal pseudo-497 
acceleration response components was computed and transformed into the covariance anisotropy 498 
measure 𝜅rms. The empirical distribution of 𝜅rms

2  obtained for each non-Gaussian carrier was then 499 
compared with the corresponding Gaussian-carrier distribution using the Kolmogorov–Smirnov distance, 500 
defined as the maximum absolute difference between their empirical cumulative distribution functions. 501 
Figure 4 shows the difference Δ𝐹(𝑥) = 𝐹ν(𝑥) − 𝐹𝐺(𝑥), where 𝐹𝐺(𝑥) denotes the empirical cumulative 502 
distribution function of 𝜅rms

2  obtained from the Gaussian carrier and 𝐹ν(𝑥) denotes that obtained from the 503 
Student-(t) carrier, for oscillator periods T=0.1, 0.5, 2, and 5 s. Across all periods, the deviations remain 504 
small and exhibit no systematic trend with increasing tail heaviness. Even for the 𝑡5 carrier, whose excess 505 
kurtosis is six times larger than that of a Gaussian process, the resulting changes in the distribution of 𝜅rms

2  506 
remain minor. The quantitative summary in Table 1 confirms this observation. The maximum Kolmogorov–507 
Smirnov distance over all cases is less than 0.015, indicating that the cumulative distributions differ by less 508 
than approximately 1.5% at any point. Similarly, the mean value of 𝜅rms

2  changes by only a few percent 509 
relative to the Gaussian baseline. These results suggest that covariance anisotropy is controlled primarily 510 
by effective covariance sampling rather than by the marginal distribution of the excitation amplitudes. The 511 
influence of carrier non-Gaussianity is therefore secondary compared with the effects of oscillator memory 512 
and energetic duration that determine 𝑁eff. Moreover, the differences tend to decrease with increasing 513 
oscillator period, consistent with the smoothing action of linear filtering, which progressively attenuates 514 
marginal non-Gaussianity in the response process. These simulations do not establish non-Gaussian 515 
invariance, but they indicate that the effective-sample-size Beta approximation is relatively insensitive to 516 
the tested Student-t carrier departures from Gaussianity. 517 

 518 
Figure 4. Differences between the empirical cumulative distributions of 𝜅𝑟𝑚𝑠

2  obtained from standardized Student-𝑡 519 
carriers and the Gaussian-carrier baseline. Results are based on 50000 Monte Carlo simulations for 𝜉 = 5%. The small 520 
deviations demonstrate the robustness of the covariance anisotropy distribution to substantial carrier non-Gaussianity. 521 

Table 1. Summary of robustness simulations using standardized Student-𝑡 carriers (𝜈 = 20,10,5). The theoretical 522 
effective sample size is computed from Eq. (47). The maximum excess kurtosis corresponds to the 𝑡5 carrier. The 523 
maximum mean shift denotes the largest absolute percentage change in 𝔼[𝜅𝑟𝑚𝑠

2 ] relative to the Gaussian-carrier 524 
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baseline. 𝐷𝐾𝑆,𝑚𝑎𝑥  denotes the maximum Kolmogorov–Smirnov distance between the empirical cumulative 525 
distributions obtained from the Gaussian and Student-𝑡 carriers. 526 

Oscillator period T (s) 𝑁eff Maximum excess kurtosis Maximum mean shift (%) 𝐷𝐾𝑆,𝑚𝑎𝑥  
0.1 47.2 6.0 2.7 0.0146 
0.5 9.45 6.0 1.4 0.0094 
2.0 2.36 6.0 1.3 0.0073 
5.0 0.94 6.0 0.3 0.0055 

6. Comparison with recorded ground motions 527 

The developments in Sections 3–5 established that geometric anisotropy arises intrinsically from finite-528 
sample covariance fluctuations of filtered Gaussian processes. Real earthquake ground motions, however, 529 
differ from this idealization in several important respects. They are non-Gaussian, non-stationary, and may 530 
exhibit persistent directional structure associated with source radiation pattern (Kotha et al., 2019), 531 
directivity effects (Bradley and Baker, 2015), path heterogeneity (Campbell, 1991; Pischiutta et al., 2012), 532 
and local site-response effects (Burjánek et al., 2014; Vidale et al., 1991). Consequently, the applicability 533 
of the proposed stochastic framework to recorded motions is not self-evident and must be assessed 534 
empirically. 535 

The analysis is based on 4690 horizontal-component recordings from the Engineering Strong Motion (ESM) 536 
database (Lanzano et al., 2021), corresponding to 417 earthquake events and 1304 recording stations. To 537 
ensure adequate signal quality and engineering relevance, only records from earthquakes with moment 538 
magnitude 𝑀𝑤 ≥ 5 and Joyner–Boore distance 𝑅𝐽𝐵 ≤ 200 km were considered. The resulting dataset spans 539 
a broad range of source, path, and site conditions representative of strong-motion observations. 540 
Directional PSA fields were computed for 100 logarithmically spaced oscillator periods between 0.01 s and 541 
10 s using 5% viscous damping. To avoid long-period filtering artefacts, periods exceeding 0.8/𝑓ℎ𝑝 were 542 
excluded, where 𝑓ℎ𝑝 denotes the corner frequency of the high-pass filter applied during record processing. 543 

Figure 5 compares the empirical cumulative distribution functions of 𝜅rms
2  with the corresponding fitted 544 

Beta distributions at four representative oscillator periods. At each period, a single effective value of 𝑁eff 545 
was estimated from the pooled observations by maximum likelihood. This comparison assesses whether 546 
the pooled empirical distribution is well represented by the one-parameter Beta family associated with the 547 
isotropic covariance baseline, independently of the analytical approximation used to estimate 𝑁eff. 548 

The adequacy of this single-Beta representation depends on oscillator period. At T=0.1 s, the Kolmogorov–549 
Smirnov distance is 𝐷𝐾𝑆 ≈0.13. For a sample size of 4690, the nominal 5% critical value is approximately 550 
0.020; thus, the hypothesis that the pooled short-period sample follows a single fitted Beta distribution is 551 
rejected. The discrepancy decreases substantially with increasing period, with 𝐷𝐾𝑆  approaching 552 
approximately 0.02 at T=5s, indicating that the practical approximation provided by a single Beta law 553 
improves markedly toward longer periods.  554 

The short-period departure is consistent with the heterogeneity of the database. The Beta law applies 555 
conditionally for a specified covariance sample size, whereas the recordings have different durations, 556 
bandwidths, response correlation structures, and possibly different levels of persistent physical 557 
population anisotropy. Even under the isotropic-null closure alone, record-to-record variability in 𝑁eff 558 
implies that the pooled distribution is a mixture of Beta distributions rather than a single Beta law.  559 

The results also clarify the role of 𝑁eff For a specified covariance sample size, the isotropic Gaussian 560 
baseline belongs to a one-parameter Beta family, whereas 𝑁eff controls the characteristic magnitude of 561 
anisotropy and may vary substantially from one record to another. In principle, 𝑁eff may be estimated 562 
empirically, inferred from stochastic simulations, or approximated from response duration and correlation 563 
structure. Figure 5 therefore shows that a single fitted Beta distribution can provide a useful effective 564 
description at intermediate and long periods, while a mixture of record-specific distributions is required for 565 
a more complete representation of the pooled population. 566 

Poulos and Miranda (2022) observed that empirical distributions of PSA in a given direction normalized by 567 
RotD100 are well approximated by Beta distributions. The present results offer a possible structural 568 
explanation for why bounded Beta-like behaviour may emerge in directional response: covariance 569 
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anisotropy itself follows a Beta family under the isotropic reference problem, while Eq. (15) shows how this 570 
covariance geometry is transformed by directional peak-factor modulation. 571 

 572 
Figure 5. Empirical cumulative distribution functions of 𝜅𝑟𝑚𝑠

2  for the ESM database at four representative oscillator 573 
periods. Black lines show observed distributions and blue dashed lines show fitted Beta distributions. The fitted 574 
effective sample size 𝑁̂𝑒𝑓𝑓  and Kolmogorov–Smirnov distance 𝐷𝐾𝑆 are reported in each panel. 575 

To examine the origin and variability of 𝜅rms, we next consider a simple first-order approximation based on 576 
response duration and oscillator period. Following Section 4, the effective covariance sample size is 577 
approximated as 𝑁eff(𝑇) ≈ 4πξ𝐷𝑅

∗ (𝑇)/T, where 𝐷𝑅
∗ (𝑇) denotes the energetic duration of the oscillator 578 

response. Strictly speaking, the theoretical derivation employs an effective duration associated with the 579 
modulation envelope of the process. In practical application, this envelope is unknown, and its effective 580 
duration is here approximated by the energetic duration computed directly from the oscillator response 581 
history. 582 

To expose the role of duration at the population level, the recordings were divided into tertiles according to 583 
ground-motion energetic duration 𝐷𝐺

∗ . The resulting groups have median durations of approximately 𝐷𝐺
∗ =584 

3.5, 8.4, and 17.3 s for the short-, intermediate-, and long-duration subsets, respectively. Figure 6 585 
compares the observed median values of 𝜅rms(𝑇) with the corresponding isotropic-null median 586 
predictions for the three duration groups. The right panel shows the associated median values of the 587 
conventional directional ratio RotD100/RotD50. 588 

Several observations emerge. First, the recorded motions exhibit a clear and systematic duration 589 
dependence. Short-duration records display larger covariance anisotropy than long-duration records over 590 
most of the period range. The same ordering is evident in the RotD100/RotD50 ratio, showing that the 591 
duration dependence identified at the covariance level propagates into conventional engineering 592 
measures of directional response. This observation is consistent with earlier findings that directional 593 
amplification ratios depend on both oscillator period and duration (Poulos et al., 2021), but provides a 594 
different interpretation of the underlying mechanism. The observed duration dependence is also 595 
consistent with the mixture interpretation: even within the isotropic-null closure, pooling records with 596 
different durations combines populations associated with different effective covariance sample sizes. 597 

Second, the isotropic-null model reproduces the observed duration ordering and captures a substantial 598 
fraction of the variation over the intermediate period range. This agreement is notable because the model 599 
contains no representation of rupture directivity, path effects, site amplification, or other persistent 600 
physical polarization mechanisms. The observed trends are therefore consistent with finite covariance 601 
sampling contributing materially to the directional anisotropy present in recorded motions. 602 
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Systematic departures from the prediction appear at both ends of the period range. At short periods, the 603 
approximation 𝑁eff(𝑇) ≈ 4πξ𝐷𝑅

∗ (𝑇)/T implicitly assumes that the effective bandwidth of the response is 604 
controlled primarily by the oscillator. As oscillator period decreases, however, the response becomes 605 
increasingly transparent to the excitation and its bandwidth becomes constrained by the finite bandwidth 606 
of the ground motion itself. Consequently, the narrowband oscillator approximation can overestimate 𝑁eff 607 
at short periods and therefore underpredict the corresponding covariance anisotropy. 608 

At long periods, the discrepancy has a different origin. The approximation used to estimate 𝑁eff follows from 609 
an asymptotic covariance-estimation argument in which the effective duration is large compared with the 610 
correlation time of the response. When only a few effective response cycles contribute to the covariance 611 
estimate, this asymptotic scaling becomes increasingly inaccurate and can underestimate the variance-612 
equivalent covariance sample size. The resulting isotropic-null prediction therefore tends to overestimate 613 
anisotropy, particularly for short-duration records. Similar limitations of asymptotic random-vibration 614 
approximations in the few-cycle regime are well known and commonly motivate finite-window corrections. 615 

The comparison therefore supports two distinct conclusions. First, the isotropic covariance framework 616 
provides a useful stochastic reference for interpreting covariance anisotropy in recorded earthquake 617 
motions. Second, the simple 𝑁eff approximation captures much of the observed period and duration 618 
dependence over the intermediate period range but exhibits systematic biases at very short and very long 619 
periods. These discrepancies reflect limitations of the first-order effective-sample-size closure and may 620 
also contain contributions from departures of real ground motions from the isotropic-reference 621 
assumptions, including finite excitation bandwidth, more general non-stationarity, and persistent physical 622 
directionality. 623 

 624 
Figure 6. Comparison of observed and predicted directional anisotropy in the ESM database. Records were grouped 625 
into tertiles of ground-motion energetic duration 𝐷𝐺

∗ (median durations 3.5 s, 8.4 s, and 17.3 s). (a) Median covariance 626 
anisotropy 𝜅𝑟𝑚𝑠(𝑇). Solid lines show observations and dashed lines show stochastic predictions based on 𝑁𝑒𝑓𝑓 =627 
4𝜋𝜉𝐷𝑅

∗ (𝑇)/𝑇. (b) Corresponding median values of 𝑅𝑜𝑡𝐷100/𝑅𝑜𝑡𝐷50. The model reproduces the observed duration 628 
ordering and much of the period dependence over the intermediate period range. 629 

7. Discussion 630 

Directional variability of horizontal response spectra is commonly interpreted through rotation-based peak 631 
measures such as RotD100, RotD50, and ratios derived from them. Previous studies have shown that these 632 
quantities depend systematically on oscillator period and duration, and that non-negligible directional 633 
amplification can arise even when the two horizontal components are generated from the same isotropic 634 
stochastic process (Poulos et al., 2021). These findings established an important empirical fact: directional 635 
variability does not require a deterministic physical polarization mechanism. They also leave a more 636 
fundamental question, however: what part of the observed directionality is already present in the second-637 
order geometry of the oscillator response, and what part is introduced by the stochastic selection of peaks? 638 

The present results clarify this distinction. RotD100/RotD50 is not a direct measure of anisotropy of the 639 
directional response field, but a peak-based statistic combining at least two mechanisms: anisotropy of 640 
the oscillator-response covariance structure and directional variability associated with peak extraction. 641 
Covariance anisotropy exists before peak selection and produces a realization-dependent second-order 642 
response geometry quantified by 𝜅rms. Peak selection then acts on this underlying field and further 643 
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modifies the directional distribution of spectral ordinates through the directional peak-factor field. 644 
Directional amplification and covariance anisotropy are therefore related but not equivalent. The former 645 
reflects the combined effects of covariance geometry and stochastic peak formation. 646 

This distinction also clarifies the role of duration. Directional effects have previously been associated with 647 
finite-duration peak-factor mechanisms, such as the reduced number of opportunities for oscillators to 648 
attain large peaks in different orientations (Poulos et al., 2021). The present framework shows that finite 649 
duration acts earlier, at the covariance level. For a finite-duration filtered process, the sample covariance 650 
matrix fluctuates around its population value, producing unequal eigenvalues even when the population 651 
covariance is perfectly isotropic. The magnitude of this realization-level anisotropy depends on the amount 652 
of effectively independent covariance information contained in the response history. The governing first-653 
order variable is therefore the variance-equivalent covariance sample size, rather than duration or 654 
oscillator period considered separately. 655 

This interpretation unifies the observed period and duration dependences. Within the first-order closure 656 
developed here, the effective covariance sample size scales approximately with the ratio of energetic 657 
response duration to oscillator period. Increasing oscillator period or decreasing response duration 658 
therefore reduces effective covariance sampling and increases the expected magnitude of finite-sample 659 
anisotropy. Period dependence and duration dependence are consequently not independent phenomena 660 
within this mechanism, but different manifestations of the same reduction in effective covariance 661 
sampling. Records at the same oscillator period may therefore exhibit substantially different levels of 662 
covariance anisotropy when their response durations or bandwidths differ. Empirical directional models 663 
conditioned primarily on oscillator period may obscure this dependence by averaging over heterogeneous 664 
duration and bandwidth conditions. 665 

The framework further clarifies the interpretation of preferred response directions. Recent studies have 666 
reported population-level tendencies for the orientation of maximum spectral response to align with 667 
physically meaningful directions, with stronger tendencies sometimes observed at long oscillator periods 668 
(Girmay et al., 2024). Such observations are physically important, but the direction associated with an 669 
individual record is meaningful only when the response field possesses sufficient anisotropy. When 𝜅rms is 670 
small, the covariance geometry is nearly isotropic and its principal direction is weakly constrained: a finite 671 
sample still produces a mathematically defined principal axis, but its orientation may be dominated by 672 
sampling fluctuations rather than by a persistent directional property of the underlying process. Peak-673 
selection variability can introduce additional uncertainty in the orientation of the maximum spectral 674 
response. Conversely, when the observed anisotropy substantially exceeds the finite-sample isotropic 675 
baseline, the associated directional orientation becomes more plausibly attributable to persistent physical 676 
structure. 677 

This issue is particularly relevant at long oscillator periods. Long-period response may exhibit stronger 678 
apparent directionality, but it is also characterized by fewer effective covariance realizations. The resulting 679 
increase in finite-sample anisotropy is accompanied by greater uncertainty in the orientation inferred from 680 
an individual realization. Thus, the period range in which preferred directions appear most pronounced can 681 
also be one in which record-level directional estimates are least stable. Population-level orientation trends 682 
may remain robust even when the dominant direction inferred from an individual short-duration, long-683 
period response history is statistically uncertain. The isotropic covariance baseline therefore provides a 684 
context not only for interpreting the magnitude of observed anisotropy, but also for judging when an 685 
associated preferred direction is likely to carry physical information. 686 

A further implication concerns the treatment of directional variability as aleatory uncertainty. For a given 687 
record, azimuthal variation is not an independent source of randomness. It is a structured field determined 688 
by the same two horizontal response histories. Rotation-based quantities such as RotD50, RotD100, 689 
arbitrary-component response, and component-to-component variability are therefore not separate 690 
physical objects; they are different summaries or projections of the same directional response field. The 691 
randomness across records lies instead in the descriptors of that field, including its overall response scale, 692 
covariance anisotropy, orientation, and directional peak-factor modulation. Treating component-to-693 
component variability (Girmay and Miranda, 2026) as an additional independent scalar aleatory term may 694 
obscure the geometric coupling between directions and can implicitly treat different orientations of the 695 
same record as though they represented independent realizations. 696 
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The field view also clarifies the practical role of the present framework. A covariance-based representation 697 
characterizes the second-order geometry of the directional response directly. Once the overall response 698 
scale, covariance anisotropy, principal orientation, and directional peak-factor modulation are described, 699 
conventional rotation-based measures can in principle be obtained as derived quantities rather than 700 
introduced as separate stochastic objects. This perspective is consistent with the finding that the 701 
directional peak-factor fluctuation itself forms a smooth, low-dimensional stochastic field over orientation 702 
(Rupakhety and Hernández-Aguirre, 2026). Together, the covariance geometry and peak-factor modulation 703 
therefore provide a compact representation of the principal ingredients controlling the directional PSA 704 
field. 705 

Such a representation offers a path toward directional ground-motion models that operate on the full 706 
angular response field rather than separately modelling selected scalar measures or percentile ratios. In 707 
that setting, an amplitude model would describe the overall response scale, the covariance model would 708 
describe anisotropy and orientation, and the peak-factor model would describe the remaining directional 709 
modulation associated with extreme response. Rotation-invariant quantities such as RotD50 and RotD100 710 
would then arise as operators applied to the resulting field. This approach preserves the dependence 711 
between orientations and provides a natural basis for propagating directional response through 712 
applications such as record selection, conditional simulation, and seismic demand modelling without 713 
treating dense angular rotations as independent observations. 714 

The distinction between stochastic covariance anisotropy and persistent physical directionality is equally 715 
important. The isotropic model developed here does not imply that source, path, or site mechanisms are 716 
unimportant. Rather, it shows that a non-circular response field is already expected from finite covariance 717 
sampling even in the absence of such mechanisms. Physical directionality should therefore be interpreted 718 
relative to this stochastic reference rather than relative to perfect circularity. Departures in anisotropy 719 
magnitude, orientation, or their joint behaviour beyond the isotropic baseline may then provide information 720 
about persistent source-, path-, or site-induced structure. 721 

Thus, the main conceptual advance of this work is the separation of covariance geometry from peak 722 
response. Classical bivariate sphericity theory supplies the finite-sample distribution of covariance shape 723 
under independent isotropic Gaussian sampling; the present framework identifies this covariance 724 
anisotropy as a mechanism of directional oscillator response, embeds it within the RMS–peak-factor 725 
decomposition of response spectra, and separates it from the additional directional variability introduced 726 
by peak selection. The effective-sample-size formulation provides a first-order connection between this 727 
independent-sample baseline and finite-duration filtered response. In this view, directional variability is 728 
neither solely a peak-factor phenomenon nor necessarily evidence of persistent physical polarization: it 729 
emerges from the interaction of finite-sample covariance geometry, directional peak formation, and, in 730 
recorded motions, any additional physical directional structure present in the ground motion. 731 

8. Conclusions 732 

This paper developed a stochastic covariance framework for directional anisotropy of horizontal oscillator 733 
response. The normalized eigenvalue contrast 𝜅rms = (𝜆1 − 𝜆2)/(𝜆1 + 𝜆2) provides a bounded and scale-734 
invariant measure of covariance shape. Its square is complementary to the classical bivariate sphericity 735 
statistic and, for N independent samples from an isotropic Gaussian population, follows the exact 736 
distribution 𝜅rms

2 ~Beta(1, (𝑁 − 1)/2). The trace–anisotropy formulation used here recovers this classical 737 
result directly from the real Wishart eigenvalue density and expresses it in variables suited to directional 738 
oscillator response. The principal contribution of the present framework is therefore the identification of 739 
finite-sample covariance anisotropy as a mechanism of directional oscillator response and its separation 740 
from the additional directional variability introduced by peak selection. 741 

To connect the independent-sample baseline to finite-duration oscillator response, a variance-equivalent 742 
effective sample size 𝑁eff was introduced. For lightly damped, amplitude-modulated response, the first-743 
order approximation 𝑁eff ≈ 4𝜋𝜉𝐷eff/𝑇 relates covariance anisotropy to oscillator period, damping, and 744 
energetic duration. Monte Carlo simulations show close agreement between this closure and the 745 
simulated mean, dispersion, and distribution of 𝜅rms under stationary filtered and amplitude-modulated 746 
Gaussian excitation. Additional simulations with standardized Student-t carriers produced maximum 747 
Kolmogorov–Smirnov differences below 0.015 relative to the Gaussian-carrier distributions, indicating 748 
limited sensitivity to the forms of carrier non-Gaussianity examined here. 749 
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Analysis of 4690 ground motion records from 417 earthquakes and 1304 stations confirms systematic 750 
period- and duration-dependent covariance anisotropy. A single fitted Beta distribution does not describe 751 
the pooled population uniformly across period: the Kolmogorov–Smirnov distance is approximately 0.13 at 752 
T = 0.1 s, clearly rejecting a single-Beta representation, but decreases to approximately 0.023 at T = 5 s. 753 
This behaviour is consistent with a heterogeneous population containing record-specific effective 754 
covariance sample sizes rather than one common 𝑁eff. When the records are separated into duration 755 
tertiles with median ground-motion energetic durations of approximately 3.5, 8.4, and 17.3 s, short-756 
duration motions exhibit systematically greater 𝜅rms than long-duration motions over most of the period 757 
range. The same duration ordering is observed in RotD100/RotD50. The first-order 𝑁eff approximation 758 
reproduces much of this ordering and period dependence over the intermediate-period range, while 759 
systematic departures remain at short and long periods. 760 

These findings show that covariance anisotropy develops before peak extraction and is distinct from 761 
directional peak-factor variability. Rotation-based quantities such as RotD100/RotD50 consequently 762 
combine covariance geometry with stochastic peak-selection effects rather than measuring covariance 763 
anisotropy directly. More generally, non-zero realization-level anisotropy is expected even for an isotropic 764 
population because of finite covariance sampling. The isotropic covariance model therefore provides a 765 
stochastic reference against which persistent source-, path-, or site-induced directionality in recorded 766 
motions may be interpreted. 767 
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      𝜎 ˉ  a 2 =     𝜆 1 +   𝜆 2 2 ,           𝜅 rms =     𝜆 1 −   𝜆 2    𝜆 1 +   𝜆 2 ,     0 ≤   𝜅 rms ≤ 1


      𝜎 ˉ  a 2


    𝜅 rms


    𝜅 rms


    𝜅 rms


  PSA ( 𝜃 ) =   max ⁡  t ∣ a ( t , 𝜃 ) ∣


  p ( 𝜃 ) =   PSA ( 𝜃 )    𝜎  a ( 𝜃 )


  ln ⁡ p ( 𝜃 ) =   𝜇  p + 𝜀 ( 𝜃 )


    𝜇  p


  𝜀  ( θ )


  𝜋


   [ 0 , 𝜋 )


    𝜇  p


  𝜀  ( 𝜃 )


  S  ( 𝜃 ) =  PSA 2  ( 𝜃 )


  S ( 𝜃 ) =  PSA 2  ( 𝜃 ) =   𝜎  a 2 ( 𝜃 ) exp ( 2   𝜇  p ) exp ( 2 𝜀 ( 𝜃 ) )


  S ( 𝜃 ) = C  [ 1 +   𝜅 rms cos 2 ( 𝜃 −   𝜃 0 ) ] exp ( 2 𝜀 ( 𝜃 ) )


  C =     𝜎 ˉ  a 2 exp ⁡ ( 2   𝜇  p )


    𝜅 rms


  𝜀  ( 𝜃 )


  𝜋 / 2


    𝜀  s ( 𝜃 ) =   𝜀 ( 𝜃 ) + 𝜀 ( 𝜃 + 𝜋 / 2 ) 2 ,   𝜀  a ( 𝜃 ) =   𝜀 ( 𝜃 ) − 𝜀 ( 𝜃 + 𝜋 / 2 ) 2


  𝜀 ( 𝜃 ) =   𝜀  s ( 𝜃 ) +   𝜀  a ( 𝜃 ) ,     𝜀 ( 𝜃 + 𝜋 / 2 ) =   𝜀  s ( 𝜃 ) −   𝜀  a ( 𝜃 )


    𝜀  s


  𝜋 / 2


    𝜀  a


  𝜋 / 2


    𝜃 0 = 0


  𝜃 = ( 0 , 𝜋 / 2 )


  S  ( 0 ) = C  ( 1 +   𝜅 rms ) exp  ( 2  (   𝜀  s +   𝜀  a ) )       and       S ( 𝜋 / 2 ) = C ( 1 −   𝜅 rms ) exp ( 2 (   𝜀  s −   𝜀  a ) )


    𝜅 psa =   S ( 0 ) − S ( 𝜋 / 2 )  S ( 0 ) + S ( 𝜋 / 2 )


  S  ( 0 )


  S ( 𝜋 / 2 )


  t a n h ( z ) =   exp ⁡ ( 2 z ) − 1   exp ⁡   ( 2 z ) + 1


    𝜅 psa =     𝜅 rms + tanh ( 2   𝜀  a )  1 +   𝜅 rms tanh ( 2   𝜀  a )


    𝜅 psa


    𝜅 rms


    𝜅 rms


    𝜅 psa


    𝜀  a


    𝜅 rms  


    𝜅 psa


  𝐗  ( t ) =  [      X 1  ( t )     X 2  ( t ) ]


  𝔼  [ 𝐗  ( t ) 𝐗    ( t ) ⊤ ] =  σ 2   𝐈 2


    𝐗   ( i ) , i = 1 , … , N


    X   ( i ) ∼   𝒩 2  ( 0 ,  σ 2   I 2 )


    C ^ =  1  N   ∑  i = 1  N    X   ( i )   X   ( i ) ⊤


  N   𝐂 ^


  N   𝐂 ^ ∼   𝒲 2  ( N ,  σ 2   𝐈 2 )


  N


  N


    𝜎 2   𝐈 2


    𝜆 1 ≥   𝜆 2 > 0


    𝐂 ^


   κ rms


  s =   𝜆 1 +   𝜆 2


    𝜆 1 =   s 2  ( 1 +   𝜅 rms ) ,       𝜆 2 =   s 2  ( 1 −   𝜅 rms )


  s


    𝜅 rms


  1 −   𝜅 rms 2 =   4   𝜆 1   𝜆 2     (   𝜆 1 +   𝜆 2 ) 2 =    det ⁡    𝐂 ^     [ tr ⁡  (   𝐂 ^ ) / 2 ] 2


    𝜅 rms 2


    𝜅 rms


  s


    𝜆 1


    𝜆 2


   ( s ,  κ rms )


    𝜅 rms


  2 × 2  


  f  (  λ 1 ,  λ 2 ) ∝    (  λ 1  λ 2 )   (  ( N − 3 ) / 2 )  (  λ 1 −  λ 2 )  exp ⁡   [ − N  (  λ 1 +  λ 2 ) /  ( 2  σ 2 ) ]


  d =  λ 1 −  λ 2


   (  λ 1 ,  λ 2 )


   ( s , d )


  f  ( s , d ) ∝    (     s 2 −   d 2 4 )   ( N − 3 ) / 2 d  exp ⁡   ( −   N s  2   𝜎 2 )


  s > 0


  0 ≤ d ≤ s


  d = s   𝜅 rms


  f  ( s ,   𝜅 rms ) ∝   s  N − 1  exp ⁡   ( −   N s  2   𝜎 2 )   𝜅 rms    ( 1 −   𝜅 rms 2 )   ( N − 3 ) / 2


  s


    𝜅 rms


  f  ( s ,   𝜅 rms ) =   f  s  ( s )   f  𝜅  (   𝜅 rms )


    f  s  ( s ) ∝   s  N − 1  exp ⁡   ( −   N s  2   𝜎 2 )


    f  𝜅  (   𝜅 rms ) ∝   𝜅 rms    ( 1 −     𝜅 rms 2 )   ( N − 3 ) / 2


    𝜅 rms


    𝜅 rms


  y =   𝜅 rms 2


  f  ( y ) = f  (   𝜅 rms )  | d   𝜅 rms / d y |


    𝜅 rms =  y


    𝜅 rms =  y


  d   𝜅 rms / d y = 1 /  ( 2  y )


   y


  f  ( y ) ∝    ( 1 − y )   ( N − 3 ) / 2 ;   0 ≤ y ≤ 1


    𝜅 rms 2 ∼  Beta ⁡   ( 1 ,   N − 1 2 )


  N = 3


    𝜅  r m s 2


   Beta ⁡   ( 1 , 1 )


  [ 0 , 1 ]


  𝔼  [   𝜅 rms 2 ] =  2  N + 1


  𝔼  [   𝜅 rms ] =    ( N − 1 )  π 4   Γ  (   N − 1 2 )  Γ  (   N 2 + 1 )       and        Var ⁡   (   𝜅 rms ) = 𝔼  [   𝜅 rms 2 ] −    ( 𝔼  [   𝜅 rms ] ) 2


  Γ  ( ⋅ )


  𝔼  [   𝜅 rms ] ≈    𝜋  2 N ,        Var ⁡   (   𝜅 rms ) ≈   4 − 𝜋  2 N       and       sd ⁡   (   𝜅 rms ) ≈    4 − 𝜋  2 N


    N  − 1 / 2


  y =   𝜅 rms 2


    f  y  ( y ) ∝    ( 1 − y )   ( N − 3 ) / 2 ≈   e  − N y / 2


  N   𝜅 rms 2


   N   𝜅 rms


    𝜅 rms


   [ 0 , 𝜋 )


  X ( t )


  Y ( t )


   σ 2


  ρ  ( τ )


  ρ  ( 0 ) = 1


      C  X Y ^ =  1  D   ∫ 0  D  X  ( t ) Y  ( t )   d t


  X ( t )


  Y ( t )


   Var ⁡   (     C  X Y ^ ) =     𝜎 4    D 2   ∫ 0  D    ∫ 0  D    𝜌 2  ( t − s )   d t   d s


  𝜏 = t − s


   Var ⁡   (     C  X Y ^ ) =     𝜎 4    D 2   ∫  − D  D   ( D −  | 𝜏 | )   𝜌 2  ( 𝜏 )   d 𝜏


   ( D −  | 𝜏 | )


    𝜌 2  ( 𝜏 )


   | 𝜏 |


  D


   Var ⁡   (     C  X Y ^ ) ≈     𝜎 4  D   ∫  − ∞ ∞    𝜌 2  ( 𝜏 )   d 𝜏


  𝜌  ( − 𝜏 ) = 𝜌  ( 𝜏 )


   Var ⁡   (     C  X Y ^ ) ≈     𝜎 4  D   2   ∫ 0 ∞   ρ 2  ( τ )   d 𝜏


  N


    𝜎 4 / N


    N eff ≈   D  2   ∫ 0 ∞    𝜌 2  ( 𝜏 )   d τ


    N  e f f


    N  e f f


   ω  n = 2 𝜋 / T


  𝜉


  𝜌  ( 𝜏 ) ≈   e  − 𝛼  | τ |  cos ⁡   (   𝜔  d 𝜏 )


  𝛼 = 𝜉   𝜔  n


   ω  d ≈  ω  n  1 −   𝜉 2


  𝜌  ( 𝜏 )  


    𝜌 2  ( 𝜏 )


     cos 2 ⁡   (  ω d τ ) =  [ 1 +  cos ⁡   ( 2  ω d τ ) ] / 2


    ∫ 0 ∞    𝜌 2  ( 𝜏 )   d τ   ≈ 1 / 4 𝛼


    N eff ≈ 2 α D = 2 𝜉   𝜔  n D =   4 𝜋 𝜉 D  T


    𝜅 rms 2  ( T ) ∼  Beta ⁡   ( 1 ,     N eff  ( T ) − 1 2 )


    N eff


  𝔼  [   𝜅 rms  ( T ) ] ≈    T  8 𝜉 D


    g  i  ( t ) = w  ( t )   u  i  ( t )


    u  i  ( t )


  w ( t )


    N eff =      (  ∫    w 2  ( t )   d t ) 2   ∫    w 4  ( t )   d t  1  2   ∫ 0 ∞   ρ 2  ( τ )   d τ


    D eff =      (  ∫    w 2  ( t )   d t ) 2   ∫    w 4  ( t )   d t


    D eff


    D eff


    N eff  ( T ) ≈   4 𝜋 𝜉   D eff  T


    𝜅 rms


    𝜅  r m s


    g  i  ( t ) =  V     u  i  ( t )


    u  i  ( t )


  V > 0


    u  i  ( t )


      𝐂  g ^ = V     𝐂  u ^


  V


    𝜅 rms  ( g ) =   𝜅 rms  ( u ) .  


    X  i =   R  i  cos ⁡    𝛩  i


    Y  i =   R  i  sin ⁡    𝛩  i


    𝛩  i


   [ 0 , 2 𝜋 )


    R  i


  a =       C 11 ^ −     C 22 ^ 2 =  1  2 N   ∑  i = 1  N    R  i 2  cos ⁡   ( 2   𝛩  i ) ,     b =     C 12 ^ =  1  2 N   ∑  i = 1  N    R  i 2  sin ⁡   ( 2   𝛩  i )


   N  ( a , b ) ⇒ 𝒩  ( 0 ,   E  [   R 4 ] 8   𝐈 2 )


  ⇒


    m ^ =  (     C 11 ^ +     C 22 ^ ) / 2


    𝜎 2


  N   𝜅 rms 2 ⇒   𝛾 4   𝜒 2 2 ,       𝛾 4 =   𝔼  [   R 4 ]  8   𝜎 4


  N


  N   𝜅  r m s 2


    𝜒 2 2


    𝛾 4


  𝔼  [   R 4 ] = 8   𝜎 4


    𝛾 4 = 1


    𝛾 4 > 1


    𝛾 4 > 1


    𝛾 4 < 1


    N eff →     N eff    𝛾 4


    𝜅 rms


    N eff


    N eff ≈ 4 π 𝜉 D / T


    N eff ≈ 4 π 𝜉   D eff / T


    N eff


    𝜅 rms 2


   κ  r m s  ( T )


    N eff ≈ 4 𝜋 𝜉 D / T


   κ rms


    𝜅 rms


    𝜅 rms


    𝜅  r m s  ( T )


    N  e f f ≈ 4 𝜋 𝜉 D / T


    D eff


    D eff


    𝜅 rms


    𝜅  r m s ( T )


  D = 100


  d t = 0 . 005


  𝜉 = 5 %


  𝜉 = 5 %


    D  e f f 


  D


    𝜅 rms 2


    𝜅  r m s 2  


  𝜉 = 0 . 05


    𝜅  rms


    𝜅  rms 2


  Δ F  ( x ) =   F ν  ( x ) −   F  G  ( x )


    F  G  ( x )


    𝜅  rms 2


    F ν  ( x )


    t 5


    𝜅  rms 2


    𝜅  rms 2


    N  eff


    𝜅  r m s 2


  t


  50000


  𝜉 = 5 %


  t


  𝜈 = 20 , 10 , 5


    t 5


  𝔼 [   𝜅  r m s 2 ]


    D  K S , m a x ⁡


  t


    N eff


    D  K S , m a x


    M  w ≥ 5


    R  J B ≤ 200


  0 . 8 /   f  h p


    f  h p


    𝜅  rms 2


    N  eff


    N  eff


    D  K S ≈


    D  K S


    N  eff


    N  eff


    N  eff


    N  eff


    𝜅  r m s 2


      N ^  e f f


    D  K S


    𝜅 rms


    N eff  ( T ) ≈ 4 π ξ   D  R ∗  ( T ) / T


    D  R ∗  ( T )


    D  G ∗ .


    D  G ∗ = 3 . 5


    D  G ∗ = 3 . 5


    𝜅 rms  ( T )


    N eff  ( T ) ≈ 4 π ξ   D  R ∗  ( T ) / T


    N eff


    N eff


    N eff


    D  G ∗


    𝜅  r m s ( T )


    N  e f f = 4 𝜋 𝜉   D  R ∗ ( T ) / T


    N  e f f = 4 𝜋 𝜉   D  R ∗ ( T ) / T


  R o t D 100 / R o t D 50


    𝜅 rms


    𝜅 rms


    𝜅 rms =  (   𝜆 1 −   𝜆 2 ) /  (   𝜆 1 +   𝜆 2 )


    𝜅 rms 2 ~ Beta  ( 1 ,  ( N − 1 ) / 2 )


    N eff


    N eff ≈ 4 𝜋 𝜉   D eff / T


    𝜅 rms


    N eff


    𝜅 rms


    N eff


  n

