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Key points5

• We develop a Bayesian framework to infer earthquake-cycle parameters from statistics of6

past large earthquakes.7

• The method exploits stationary statistics to avoid estimating unknown initial conditions in8

chaotic systems.9

• Ensemble Kalman inversion combined with surrogate modeling enables efficient uncertainty10

quantification.11
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ABSTRACT12

Physics-based models of the earthquake cycle could be used for time-dependent hazard assess-13

ment. For such an application, their parameters must be calibrated so that simulated earthquake14

sequences reproduce the statistics of past earthquakes, including recurrence statistics and mag-15

nitudes. This is challenging because the dynamics are described by nonlinear partial differen-16

tial equations, initial conditions are unknown, and records of past earthquakes are sparse, in-17

complete, and noisy. To address this challenge, we present a Bayesian inverse-problem frame-18

work to infer heterogeneous parameters in an earthquake-cycle model from observations of19

past large earthquakes. Rather than matching a time-series of individual events, we exploit20

ergodicity (long-term statistics independent of initial conditions) and invert for stationary, spa-21

tially distributed summary statistics of event timing and slip, including mean interevent times,22

coefficients of variation, burstiness, and average coseismic slip, which are quantities that can23

in principle be estimated from paleoseismic and historical records. Observational noise and24

event-detection thresholds are explicitly accounted for in the construction of these statistics.25

The inverse problem is solved using a derivative-free ensemble Kalman inversion method, and26

uncertainty quantification is enhanced by an emulate–sample strategy that leverages machine-27

learning for surrogate modeling, in which a Gaussian-process surrogate of the parameter-to-28

statistics map enables efficient MCMC sampling without further expensive forward simula-29

tions. Synthetic experiments with realistic data noise demonstrate that the model parameters30

can be inverted from statistical quantities observable from paleoseismology at a limited num-31

ber of observation points. The framework provides a principled and computationally tractable32

method to calibrate earthquake-cycle models, providing a foundation for forecasting.33

Plain Language Summary34

Physics-based models of the earthquake cycle simulate how stress builds up on faults and is re-35

leased during earthquakes. These models could improve earthquake hazard assessment, but only if36

their physical parameters can be estimated from observations. This is challenging because records37

of past earthquakes are sparse, uncertain, and span only a small portion of the earthquake cycle.38

Paleoseismic data provide information about the timing and size of past earthquakes, but these39

observations are noisy and incomplete.40
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In this study, we develop a method to estimate earthquake model parameters using statistical41

properties of past earthquakes, such as average recurrence time and slip. Instead of matching in-42

dividual earthquake sequences, we match long-term statistical behavior and quantify uncertainty43

using Bayesian methods and machine learning. Our results show that fault properties can be con-44

strained even with sparse paleoseismic data, providing a step toward physics-based earthquake45

forecasting.46

1 INTRODUCTION47

A central challenge in earthquake-cycle modeling is the estimation of physical parameter val-48

ues that appear in the governing equations of a physical simulation model and control long-term49

fault behavior. Dynamical modeling of earthquake sequences requires solving Partial Differential50

Equations (PDE) describing the motion resulting from frictional sliding on a fault embedded in51

an elastic medium, together with a frictional constitutive law (Rice, 1993; Lapusta et al., 2000;52

Chen and Lapusta, 2009). The predictive power and interpretation of these models depend criti-53

cally on parameter calibration: simulated sequences must reproduce key observables of long-term54

fault behavior, including recurrence intervals and coseismic slip (Barbot et al., 2012). Achieving55

this requires tuning model parameters using observations that include a sufficient number of large56

events to yield meaningful statistics and therefore span decadal-to-millennial timescales. Because57

such timescales far exceed the instrumental and written historical record, the primary constraints58

on long-term earthquake recurrence come from paleoseismic observations. Paleoseismic investi-59

gations are generally carried out in trenches excavated across faults and provide information on60

the age and eventual slip produced by past earthquakes (Burbank and Anderson, 2013; Wang et al.,61

2024). These observations are sparse and noisy, yet provide informative constraints on event tim-62

ing and slip. Further complicating this process is the chaotic nature of earthquake dynamics, as63

each event depends sensitively on the unknown initial condition of the dynamical model.64

Several approaches have been developed to constrain parameters in physical models of earth-65

quake occurrence and the earthquake cycle. The rate-and-state formulation derived from friction66

experiments provides a well-established framework linking the stress history to the earthquake67
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rate (Dieterich, 1994; Heimisson and Segall, 2018). This approach has been validated in particular68

using observational data in induced seismicity settings (Kaveh et al., 2023). However, this model69

only predicts the seismicity rate and not the occurrence of individual event so its application to70

time-dependent earthquake forecasting is limited. To overcome this limitation, approaches that71

explicitly model the spatiotemporal evolution of fault slip over the earthquake cycle are required.72

Using a dynamical model of earthquake, Kaveh et al. (2025b) demonstrated that large events73

can be forecast as a consequence of the self-organization of the stress field resulting from prior74

ruptures. In a follow-up article Kaveh et al. (2025a) addressed the data assimilation problem:75

they inverted for the slip rate and stress on the fault and leveraged machine learning to learn the76

sequence of slow slip events, thereby accelerating the forward model. In that study, they also77

showed that future events can be predicted using noisy observations of slip rate. Both of these78

works, however, assumed full knowledge of the model parameters. In the present work, we remove79

this limitation by developing a methodology to constrain the model parameters using observations80

that can, in principle, be derived from historical and paleoseismological records.81

Recent studies on finding parameters of earhtquake models have focused on the joint estima-82

tion of the model parameters and initial state. In particular, Stiernström et al. (2024) introduced an83

adjoint-based inversion framework that extends full waveform inversion concepts to earthquake-84

cycle models, enabling joint estimation of model parameters and the initial stress state through85

gradient-based optimization when event-specific observations and information about the system86

state are available. Fukushima et al. (2025) proposed a physics-informed deep learning framework87

to invert for spatially heterogeneous frictional parameters in slow slip event (SSE) regions using88

dense geodetic time series, demonstrating that heterogeneity can be constrained when continuous,89

high-resolution observations are available.90

The approaches of (Stiernström et al., 2024; Fukushima et al., 2025; Riley et al., 2025) are91

well-suited for calibrating model parameters using observations of individual rupture dynamics or92

densely sampled system trajectories. However, these methods are less applicable when observa-93

tions are sparse and have large uncertainties, as is typically the case with the time and slip of past94

large earthquake ruptures estimated from paleoseismology. In particular, when continuous high-95
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resolution observations are unavailable, data-driven or neural-network-based calibration strategies96

lack the trajectory-level information required for effective training. Moreover, in strongly chaotic97

earthquake-cycle models, constructing adjoint sensitivities over timescales that exceed the sys-98

tem’s predictability horizon becomes uninformative. In addition, joint inversion for the initial con-99

dition and model parameters is a requirement for this process, and becomes infeasible for chaotic100

earthquake-cycle dynamics when the system trajectory has evolved over several thousand years.101

For physics-based earthquake forecasting, however, a model need not reproduce the detailed dy-102

namics of any single rupture; rather, it must reproduce the long-term statistical behavior of the103

fault, such as recurrence intervals, variability, and average coseismic slip. Consistent with this per-104

spective is the work of Corbi et al. (2024), who combined laboratory “foamquake” experiments105

with numerical inversions to constrain asperity properties and frictional parameters using statisti-106

cal features of earthquake cycles. Their study highlights the importance of statistical observables107

for constraining recurrence behavior when trajectory-level information is unavailable. The use of108

statistical observables to constrain parameters of chaotic dynamical systems, rather than trajectory109

matching, has a long history in the climate dynamics and time-series communities (Lütkepohl,110

1991; Neumaier and Schneider, 2001; Brockwell and Davis, 2016; Schneider et al., 2021; Dunbar111

et al., 2021a), but has been explored only to a limited extent in the context of earthquake-cycle112

models.113

In this paper, we formalize this statistical perspective within a Bayesian inverse-problem frame-114

work for estimating heterogeneous parameters of earthquake-cycle models from paleoseismic ob-115

servations. Rather than performing joint inversion for both model parameters and the unknown116

initial condition, we calibrate parameters using stationary statistical observables of the system,117

such as the mean interevent time, the coefficient of variation, burstiness, and the mean coseismic118

slip, which are quantities that can be inferred from paleoseismic records (Griffin et al., 2020).119

This shift from trajectory matching to stationary-statistics matching fundamentally changes the120

inverse problem: it removes the need to infer the initial condition and reframes chaos as a source121

of sampling variability rather than instability. Within this framework, we obtain rigorous uncer-122

tainty quantification, incorporate spatially distributed statistics from multiple observation sites,123
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representing paleoseismic trenching sites, and provide a principled treatment of observational un-124

certainty, including noise in event dating, slip-measurement noise, and incomplete detectability of125

small events.126

The main contributions of this work are: (i) a Bayesian inverse-problem framework for cali-127

brating heterogeneous parameters of earthquake-cycle models using stationary statistical observ-128

ables derived from paleoseismic records; (ii) a formulation that exploits ergodicity to remove the129

need to estimate the unknown initial condition of the dynamical system; and (iii) a computa-130

tional strategy that uses machine learning to enable efficient uncertainty quantification. The re-131

sults demonstrate that paleoseismic-scale observations can meaningfully constrain heterogeneous132

frictional parameters despite noise and chaos, establishing a necessary calibration step for physics-133

based earthquake-cycle models and laying the groundwork for subsequent forecasting studies.134

The remainder of the paper is organized as follows. In Section 2 we introduce the inverse-135

problem formulation and describe the earthquake-cycle forward model, the parameterization of136

heterogeneous frictional properties, and the construction of paleoseismic observables. We then137

present the Bayesian calibration methodology in Section 3, including the Ensemble Kalman In-138

version framework and the machine learning strategy for uncertainty quantification. The inversion139

results and posterior analyses are presented in Section 4 and Section 5, followed by conclusions140

and perspectives for future work.141

2 SETTING UP THE INVERSE PROBLEM142

We work in a controlled synthetic setting, generating noisy observations of event timing and slip143

from numerical simulations, incorporating realistic dating and measurement noise, and accounting144

for the limited detectability of small events. This framework still enables a critical assessment145

of loss functions, parameter identifiability, and algorithmic feasibility, without the confounding146

challenges of model–data misspecification. From these records, we construct spatially distributed147

statistical observables at multiple trench-like locations along the fault, including mean interevent148

times, coefficients of variation, interevent correlations, and average coseismic slip.149

We consider an earthquake-cycle model parameterized by a vector u ∈ Rdu , where du de-150
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notes the number of unknown parameters. Although these parameters may vary spatially along151

the fault, we represent them through a finite-dimensional parameterization, so that the full spatial152

structure is described by a finite set of coefficients in Rdu . The observational data are collected153

in a vector y ∈ Rdy , which consists of summary statistics computed from paleoseismic records154

at trench-like locations along the fault. For intuition, one may think of these as quantities such155

as the average interevent time measured at dy trench sites. Because earthquake-cycle dynamics156

are often chaotic, trajectory-level predictions are highly sensitive to initial conditions; however,157

their long-term statistical properties are empirically stationary over sufficiently long evolutions.158

For large earthquakes, only finite and relatively short observation windows are available, typically159

limited to the Holocene (≲ 104 years). As a result, statistics estimated from paleoseismic records160

should be regarded as noisy approximations of their long-term stationary values. We exploit ergod-161

icity to interpret these finite-time estimates as noisy samples of the underlying stationary statistics,162

with uncertainty arising from both observational noise and unknown initial conditions. In Section163

2.1 we formulate the relationship between the parameters u and the observable statistics y. This164

formulation combines the earthquake-cycle dynamical model, described in Section 2.2, with an165

observation operator introduced in Section 2.3, which defines the statistical quantities extracted166

from paleoseismic records. In Section 2.4 we explain why it is not necessary to invert for the167

unknown initial condition. Instead, by focusing on statistical observables, the uncertainty arising168

from the unknown initial condition can be treated as part of the observational uncertainty in the169

inverse problem.170

2.1 Exploiting Stationary Statistics171

The formulation of the inverse problem to estimate parameters relies on a structural assumption172

about the long-term behavior of the earthquake-cycle model. Specifically, we assume that the173

dynamical system exhibits stationary long-term statistics over long timescales. In other words,174

although individual earthquake sequences are sensitive to initial conditions (such as the initial175

stress distribution), the statistical properties of the sequence, such as the average interevent time176
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or the average coseismic slip at a given location, converge, over sufficiently long time horizons, to177

values that are independent of the initial state.178

This assumption is consistent with the notion of ergodicity. For an ergodic dynamical system,179

time averages of suitable observables converge to deterministic values that depend only on the180

system parameters and not on the initial condition. To illustrate this idea, let hi denote a sequence181

of observations of a quantity of interest (for example, interevent times or coseismic slip measured182

at a trench site). Then the long-time average183

lim
N→∞

1

N

N∑
i=1

hi

is independent of where the sequence begins in the earthquake cycle and is unaffected by individual184

realizations of measurement noise. The limit is a deterministic quantity determined solely by the185

underlying model parameters.186

Motivated by this perspective, we denote by G∞(u) ∈ Rdy the vector of infinite-time aver-187

aged summary statistics produced by the earthquake-cycle model with parameters u. In practice,188

however, neither nature nor numerical simulation provides access to infinite-time averages. Pale-189

oseismic records extend over only a finite time window T , and therefore the statistics computed190

from such records are finite-time estimates of their infinite-time limits. Let G(u;T ) ∈ Rdy de-191

note the summary statistics computed from a trajectory of the earthquake-cycle with parameters u,192

evolved over only a finite time horizon T starting from a random initial condition. For notational193

convenience, when the dependence on the observation window is clear from context, we write194

G(u) in place of G(u;T ). Unlike G∞(u), the quantity G(u;T ) is a random variable. Its random-195

ness arises from two sources: (i) the unknown initial condition of the dynamical system (when we196

start gathering paleoseismic records in the earthquake cycle), and (ii) realizations of observational197

noise in the measurement of event timing and slip.198

We assume that the observational noise in event dating and slip measurements are independent199

and identically distributed with zero mean across detected events. Because each component of200

G(u;T ) is constructed as an average over events occurring within the time window [0, T ], the con-201

tribution of measurement noise to G(u;T ) converges to zero as T → ∞ by the law of large num-202
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bers. Consequently, the limiting map G∞(u) is deterministic and independent of both the initial203

condition (by ergodicity of the dynamical system) and the particular realizations of measurement204

noise (by the law of large numbers).205

lim
T→∞

G(u;T ) = G∞(u).

We therefore interpret the statistics found from finite time observation (y = G(u;T )) as a noisy206

evaluation of G∞(u), and write207

y = G∞(u) + ηT , (1)

where ηT ∈ Rdy represents a noise with covariance matrix ΓT which encapsulates the contribu-208

tion of the unknown initial condition and measurement noise. The magnitude of ηT decreases as209

T increases, consistent with ergodic averaging and the law of large numbers. The statistics (for210

example, interevent time or average coseismic slip) obtained from paleoseismic observations over211

a time window of length T are a single realization of the random model described in Eq. 1. We212

denote this single realization by y†. Now the goal is to estimate the parameters (u) from y†. In213

particular, we want to characterize the posterior distribution of the parameters given the noisy ob-214

servation y†, denoted by π(u | y†). By Bayes’ rule, the posterior is proportional to the likelihood215

times the prior,216

π(u | y†) ∝ ℓ(y† | u) ρ(u), (2)

where ℓ(y† | u) is the likelihood and ρ(u) is the prior distribution on the model parameters. The217

likelihood takes the form218

ℓ(y† | u) ∝ exp
(
−1

2
∥y† − G∞(u)∥2ΓT

)
,

where ∥x∥2ΓT
:= x⊤Γ−1

T x. The corresponding negative log-likelihood up to a normalization con-219

stant is220

Φ(u) = 1
2
∥y† − G∞(u)∥2ΓT

. (3)

Although inference is formally posed in terms of the idealized map G∞, in practice we only access221

noisy evaluations G(u;T ) as discussed below. Direct Monte Carlo sampling of Eq. 2 is com-222
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putationally prohibitive, as a single evaluation of the forward map G∞(u) requires running the223

earthquake-cycle model over a very long time and can take days to months. To address this chal-224

lenge, we adopt a recently developed strategy for approximating the posterior distribution, known225

as the Calibrate–Emulate–Sample (CES) framework (Cleary et al., 2021). This method has several226

desirable attributes. First, it does not require evaluate ofG∞(u) and works only with noisy eval-227

uation of it namely G(u, T ) = G∞(u) + ηT ; second, it works with fewer evaluations of G(u, T )228

compared to traditional Monte Carlo samplers. This approach enables efficient approximate sam-229

pling from the posterior and is described in Sections 3.1 and 3.2.230

Nevertheless, evaluating G(u, T ) for some parameters u to estimate the likelihood is neces-231

sary. In principle, to reduce computational cost, the model could be simulated over a shorter time232

horizon than T ; however, this would require appropriately rescaling the noise term, since statistics233

computed from shorter time windows exhibit larger variability. In this paper we do not adopt this234

strategy and instead simulate the model up to time T . To get a realization of G(u, T ) one does235

not need to evaluate G∞(u) because G(u, T ) requires only the finite time statistics of a forward236

model with parameters u and a random initial condition. In fact, it is instructive to think of G as a237

composition of two functions the forward model map ψ and an observation functional H , i.e.,238

G = H ◦ ψ.

The map ψ which is an earthquake simulator takes the parameter vector u and, starting from239

a random initial condition, evolves the earthquake-cycle model over a time horizon T and pro-240

duces the resulting time history. The functional H maps the output of the earthquake simulator to241

paleoseismic-style observables by extracting informative summary statistics, including interevent242

time, coefficient of variation (COV), Pearson correlation coefficient (PCC), and mean coseismic243

slip at trench-like locations (Griffin et al., 2020). These statistics are described in Section 2.3. The244

mapping also incorporates randomness to represent measurement noise. In the following subsec-245

tions, we discuss in detail each component of the inverse problem in Eq. 1: the parameters of246

interest u, the forward dynamical model ψ, and the observational model H .247
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2.2 Dynamical model (ψ) and parameters of interest (u)248

To solve the inverse problem defined in Eq. 1, we require an earthquake simulator that contains249

the unknown model parameters. In this work, we model the spatiotemporal evolution of slip on a250

fault embedded in an elastic medium using the rate-and-state friction law with the aging evolution251

law Ruina (1983). Although we focus on this specific formulation, the inversion methodology is252

general and can be applied to other models of the earthquake cycle. The evolution of the fault253

system is assumed to be governed by254

∂tv =
[
κ+

a σ̄

v

]−1[
L
(
v − vpl

)
− b σ̄

(1
θ
− v

drs

)]
, (z, t) ∈ Γ× (0,∞), (4a)

∂tθ = 1− vθ

drs
, (z, t) ∈ Γ× (0,∞), (4b)

Here v(z, t) denotes the slip rate and θ(z, t) is the state variable representing the memory of255

contact on the fault surface. The operator L denotes the static elastic stress transfer along the fault.256

To reduce computational cost, we use a quasidynamic approximation (Rice, 1993). Stress transfer257

are calculated with static elastic kernels rather than fully dynamic elastic kernel (Lapusta et al.,258

2000), which would be significantly more expensive to simulate. The parameter κ = µ/(2cs)259

is the radiation damping coefficient, introduced to account for the energy radiated by seismic260

waves (Rice, 1993), where µ is the shear modulus and cs is the shear-wave speed; both are treated261

as known physical parameters. The coefficients a, b, and drs are frictional parameters that are262

constant in time but may vary spatially; in this work they are assumed to be piecewise constant.263

The effective normal stress σ̄ is likewise assumed to be piecewise constant.264

We consider a one-dimensional fault embedded in a two-dimensional elastic medium, with265

Γ = [−L/2, L/2]. The fault is assumed to be infinite in extent, but only a segment of length L266

is governed by the rate-and-state friction law; the remainder slips steadily at the prescribed plate267

loading rate vpl. For certain parameter regimes, the system described by Eq. 4 exhibits multiscale,268

complex, and potentially chaotic behavior in both space and time.269

In this study we perform a synthetic experimental set-up in which the data is derived from270

the model whose parameters we wish to learn. We prescribe the true spatial distribution of the271
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frictional parameters (aσ̄, bσ̄, drs) and use synthetic, noisy paleoseismic data to infer their distri-272

bution. The true spatial profiles of these frictional properties are shown in Fig. 1. The model setup273

is inspired by (Kaneko et al., 2010), but with stronger spatial heterogeneity. Given these proper-274

ties and a random initial condition, Eq. 4 is simulated forward in time to generate a long-term275

sequence of synthetic earthquake events. An example of the resulting spatiotemporal earthquake276

sequence produced by the model is shown in Fig. 2. From this simulated catalog we then construct277

synthetic historical (paleoseismic) observations subject to observational noise. The construction278

of these synthetic observations is described in the next subsection.279

When inverting for the parameters (aσ̄, bσ̄, drs) of model Eq. 4, one typically does not know280

the spatial structure of the frictional properties: they could take many forms—piecewise constant,281

polynomial, or parameterized through polynomial or GP models, and so on. In this work, how-282

ever, we make a simplifying assumption, assuming that they vary in a piecewise constant manner.283

Specifically, we assume that the fault consists of five distinct segments and that the sign of a − b284

is known in each segment. Such information may be obtained from interseismic coupling maps285

derived from geodetic measurements (Avouac, 2015).286

The unknown parameters u consist of the values of (aσ̄, bσ̄, drs) in the five segments of the287

fault, together with the lengths of the velocity-weakening (VW) segments. The parameter vector288

u is illustrated in Fig. 3. We assume that the lengths of the two outer velocity-strengthening (VS)289

segments on the left and right, denoted L(1)
V S and L(3)

V S , are known. These segments exhibit no pa-290

leoseismic slip, so their extents can be inferred from historical observations. In contrast, we take291

the lengths of the remaining segments as unknowns: the left velocity-weakening (VW) segment292

L
(1)
VW , the central VS segment L(2)

V S , and the right VW segment L(2)
VW . The fault is therefore par-293

titioned into five piecewise-constant regions: three velocity-strengthening segments (V S1, V S2,294

V S3, shown in green in Fig. 3) and two velocity-weakening segments (VW1 and VW2, shown in295

blue). Each segment is assigned distinct frictional properties.296

In fact, there are only two unknown length segments because of known overall length con-297

straint L. We treat L(1)
VW and L(2)

VW as unknown parameters and determine the remaining central VS298
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segment length by299

L
(2)
V S = L−

(
L
(1)
V S + L

(3)
V S + L

(1)
VW + L

(2)
VW

)
.

In total, the number of unknown parameters in our synthetic test is du = 17: two segment-length300

parameters and fifteen frictional parameters (aσ̄, bσ̄, drs) across the five segments. The vertical red301

ticks in Fig. 3 are the locations of observational points (trenches). It is worth noting that in the302

outer VS segments (V S1 and V S3), only a single observational trench exists, and these locations303

exhibit the longest interevent times. Moving farther into these segments, the recurrence intervals304

increase until no events are observed in the historical data. This behavior supports the practical305

identifiability of L(1)
V S and L(3)

V S from historical data, as their boundaries correspond to the onset of306

zero recorded coseismic slip.307

We denote by ψ the dynamical model operator. Given model parameters u, the map ψ(u;T )308

evolves Eq. 4 from a random initial condition and returns the system trajectory over a finite time309

horizon [0, T ]. In practice, the random initial condition is not used directly. Instead, the model is310

first integrated over a spin-up period, after which the resulting state is taken as the effective initial311

condition for the simulation over [0, T ]. This procedure ensures that the trajectory begins from a312

dynamically consistent state representative of the long-term behavior of the system; formally, it313

approximates a sample from the invariant (stationary) measure of the earthquake-cycle dynamics.314

2.3 Observational model (H)315

This part describes how the observable vector y is constructed from the trajectory of the system316

over a finite time horizon [0, T ]. We also describe how observational noise in event timing and slip317

measurements, as well as the limited detectability of events, is incorporated into the construction318

of these observables. As stated earlier, we use only statistical summaries of the observations rather319

than the full sequence of individual event times or slip values at specific locations. This choice320

allows us to invert solely for the model parameters, without needing to infer the unknown initial321

condition of the dynamical system. This comes at the cost of introducing an additional source of322

uncertainty arising from the unknown initial condition, which is explained in the next subsection.323

The statistical quantities we use at each observational point (trench) include the mean in-324
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terevent time, the coefficient of variation, the Pearson correlation coefficient, and the average co-325

seismic slip. To define these observables precisely, we first introduce the underlying time-series326

quantities from which they are derived. We also explicitly account for observational uncertainties,327

since both event-timing data (due to dating errors) and slip measurements (due to stratigraphic and328

instrumental noise) are inherently noisy.329

We first define the cumulative slip function c(z, t) : Γ× [0, T ] 7→ R+ as:330

c(z, t) :=

∫ t

0

v(z, t′) dt′, (5)

where v(z, t′) represents the slip rate at location z on the fault at time t′.331

We assume that there are no
t observational points on the fault where we observe only the timing332

of past events. We denote the set of these locations by Zo
t . We further assume we have access to slip333

measurements at no
s points on the fault, and we denote the set of all slip observational points by Zo

s .334

Typically, no
t ≥ no

s , and the temporal information tends to be less noisy than the slip measurements335

and extend further in time. In this paper, for simplicity, we take no
t = no

s = 20 and Zo
s = Zo

t . The336

formulation, however, applies to the general case in which Zo
s ̸= Zo

t .337

For each z ∈ Zo
t ∪ Zo

s we define the sets T s(z), T e(z), and S(z) containing start, end and338

amount of slip of each event that point z has experienced. Importantly, elements of T s(z) and339

T e(z) come in pairs: each ti ∈ T s(z) corresponds to a unique t′i ∈ T e(z), and coseismic slip340

values in S(z) are constructed from these matched pairs. We define these quantities by using a341

threshold on the slip rate vthresh at that location.342

T s(z) := {t | v(z, t) = vthresh, v(t+ ϵ) > v(t) for ϵ small (v(z, t) increasing)} (6)

T s(z) is the set of starting times of earthquakes that a point z has experienced.343

T e(z) := {t | v(z, t) = vthresh, v(t+ ϵ) < v(t) for ϵ small (v(z, t) decreasing)}, (7)

T e(z) is the set of the ending times of earthquakes at a point z.344

S(z) = {c(z, t′i)− c(z, ti) | i ∈ I(z), t′i ∈ T e(z), ti ∈ T s(z)}, (8)

where I(z) is the indexing set for T s(z), and S(z) is the set of coseismic slips that a point z345
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has experienced. Not all of the events in these sets are detectable using paleoseismic data. To346

account for this, we introduce two distinct slip thresholds: sthresh denotes the minimum coseismic347

slip required for an event to appear in timing records, and s′thresh denotes the minimum coseismic348

slip required for an event to appear in slip records. In this paper, we take sthresh = s′thresh, but we349

present the problem for the general case when they are different.350

Now, for the points z ∈ Zo
t we define:351

T o(z) := {ti + ζi | i ∈ I, ti ∈ T s(z), si > sthresh, si ∈ S(z), ζi ∼ N (0, σ2
dating)}, (9)

where σ2
dating is the variance of the dating noise of the historical record (e.g., carbon dating). We352

assume independence between dating noise and slip-measurement noise, and also independence353

across events. This assumption can, however, be relaxed, as older paleoseismic observations are354

often noisier than more recent ones. T o(z) is the noisy observed dates for each point z ∈ Zo
t on355

the fault and for events with coseismic slip bigger than sthresh.356

We define the set of interevents (∆T o(z)) for the point z ∈ Zo
t as follows:357

∆T o(z) := {ti+1 − ti|1 ≤ i ≤ m, ti ∈ T o(z)}, (10)

where m is defined as the number of elements in T o(z) minus one. For each z, we define the mean358

empirical interevent time ∆t(z) as the average of the elements in the set ∆T o(z), and the empirical359

standard deviation σ∆t(z) as the standard deviation of the same elements. From these, we define360

the coefficient of variation at location z as361

COV(z) =

(
σ∆t(z)

∆t(z)

)(
1 +

1

4m

)
, (11)

This adjusted formula provides an approximately unbiased estimator of the population coefficient362

of variation σ/µ, assuming the elements in ∆T o(z) are drawn from a normally distributed popu-363

lation (Subrahmanya Nairy and Aruna Rao, 2003). If COV = 0, the signal is perfectly periodic.364

If COV = 1, the events are memoryless, as in a Poisson process. Values of COV > 1 indicate365

clustering of events.366
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We further wish to quantify the burstiness of the events. Define367

τ(z) := {∆ti ∈ ∆T o(z) | i ̸= m (all elements of ∆T obs(z) except the last one)}, (12)

τ+(z) := {∆ti ∈ ∆T o(z) | i ̸= 1 (all elements of ∆T obs(z) except the first one)}, (13)

as the lagged vectors of interevent times. Then, the burstiness is defined as the Pearson sample368

Correlation Coefficient (PCC) between consecutive interevent times at location z369

PCC(z) :=

∑m−1
i=1 (τi − τ)

(
τ+i − τ+

)√∑m−1
i=1 (τi − τ)2

√∑m−1
i=1

(
τ+i − τ+

)2 , (14)

where τ and τ+ are the sample means of τ(z) and τ+(z), respectively.370

Now that we have defined the statistical quantities of interest (average interevent time, coeffi-371

cient of variation, and burstiness) for timing of events and accounted for the observational noise372

in those statistics, we next define the statistics of coseismic slip observation. Using the definition373

of S(z), at each point z ∈ Zo
s , we define the observed slip:374

So(z) := {si(z) + γi | si(z) ∈ S(z), si(z) > s′thresh, γi ∼ N (0, σ2
slip)}, (15)

where s′thresh is a slip threshold above which we can observe an effect in the slip paleoseismic375

record and σslip is the standard deviation of slip measurement noise. For each z ∈ Zo
s we take the376

average of elements in So(z) and construct the So(z). Paleoseismic slip measurements are often377

sparse and noisy. For this reason, we make use only of the average coseismic slip in the inversion378

and do not attempt to incorporate higher-order statistics of the slip measurements.379

We concatenate the observations from all trench locations to form the full observational vector.380

Namely, we define ∆t(Zo
t ) ∈ Rno

t as the vector of mean interevent times, COV(Zo
t ) ∈ Rno

t as381

the coefficients of variation, PCC(Zo
t ) ∈ Rno

t as the Pearson sample correlation coefficients of382

interevent times, and So(Zo
s ) ∈ Rno

s as the average observed coseismic slip at the corresponding383

slip-observation locations. We define the observational vector to be:384

y =
[
∆t(Zo

t ), COV(Z
o
t ), PCC(Z

o
t ), S

o(Zo
s )
]
∈ R3no

t +no
s . (16)

At observation locations where three or fewer paleoseismic event times are available (i.e., fewer385

than two interevent intervals), we consider the number of events insufficient to compute meaning-386
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ful interevent statistics. In these cases, we define the mean interevent time as the total duration of387

the simulation, and we set COV = 1 and PCC = 0.388

We illustrate the construction of the synthetic paleoseismic observation in Fig 4 from which389

we extract desired statistics. Panels (a)-(b) correspond to noiseless records, while panels (c)-(d)390

include dating noise in event times and slip-measurement noise in coseismic slips. In each row,391

the left panel shows only the occurrence times of events (black markers), whereas the right panel392

shows the same events colored by the associated coseismic slip. This comparison highlights the393

impact of measurement noise on both the timing and slip components of paleoseismic observa-394

tions. In this paper, we use statistics derived from noisy event timing and slip data, of the type395

illustrated in Fig. 4(d).396

We conduct a synthetic experiment, in which we define a utrue, and we make a synthetic noisy397

historical record (y†) where the noise comes from not knowing the initial condition and also the398

observational noise. In this study, using true parameters plotted in Fig 1, and presented in Tables399

1 and 2, we simulate dynamical model (Eq. 4) for 5500 years and remove the first 500 years400

(T = 5000 years). We set the paleoseismic event detection thresholds sthresh = s′thresh = 0.8(m);401

events that have coseismic slip greater than 0.8(m) at the locations of a trench are observed in the402

synthetic data set. We use no
t = no

s = 20, the synthetic trenches are denoted by vertical red ticks403

in Fig 3. We use σdating = 10(year) as the standard deviation of timing measurement noise and404

σslip = 0.4(m) as the standard deviation of the slip measure noise. Fig 5 plot the noisy observation405

that is used in this study to invert for parameters.406

With this, the observation functionalH is defined as a map that takes the full slip-rate trajectory407

v(t, z), for t ∈ [0, T ] and z ∈ Γ, and computes the statistics defined in Eqs. 5–16. For systems408

with stationary statistics as T → ∞, the output of the map G(u;T ) = H ◦ ψ(u;T ) is independent409

of observational noise and the unknown initial condition. For finite-time statistics, however, the410

map G(u;T ) can be viewed as a random map whose expectation equals the infinite-time limit of411

the operator (G∞(u)).412
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2.4 Why the Initial Condition Need Not Be Inferred413

A common approach to parameter estimation in dynamical systems is state augmentation, in which414

unknown parameters are appended to the state vector and estimated jointly with the evolving415

system trajectory. This strategy has a long history in data assimilation (Anderson, 2001; Doucet416

et al., 2001; Julier et al., 2000; Evensen, 2018) and can be effective when dense, time-resolved417

observations of the system state are available.418

For earthquake-cycle models over paleoseismic timescales, however, state augmentation is419

structurally ill-suited. The governing dynamics are nonlinear and often lead to chaotic dynamics420

(Barbot, 2019), so trajectory-level predictions are highly sensitive to initial conditions. Over time421

horizons of thousands of years, small perturbations in the initial stress state grow exponentially,422

rendering the trajectory matching unstable and effectively non-identifiable. When observations423

are limited to sparse and noisy event times and slip measurements, the data contain insufficient424

information to jointly recover both the initial condition and heterogeneous model parameters. In425

such settings, state-augmentation methods are prone to degeneracy, ensemble collapse, or spurious426

parameter compensation.427

Rather than attempting to reproduce a specific earthquake sequence, we instead target sta-428

tionary statistical properties of the system. As described in Subection 2.1, we assume that the429

earthquake-cycle model admits stationary long-term statistics for the observables of interest. Un-430

der this assumption, there exists a deterministic mapping431

G∞(u) = E
[
G(u;T )

]
,

where G(u;T ) is the finite time average of statistics, and the expectation is taken with respect432

to the stationary process induced by the dynamics and observational noise. The map G∞(u) de-433

pends only on the model parameters and not on the initial condition and realizations of noise.434

Appendix A provides a pedagogical illustration of finite-time averaging in a chaotic system using435

the Lorenz–63 equations.436

The assumption of stationary statistics is supported by the dissipative nature of earthquake-437

cycle models. Dissipative dynamical systems possess a compact global attractor that contains the438
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long-term dynamics of the system (Temam, 1997). Regardless of the initial stress state, trajectories439

eventually converge toward this attracting set and subsequently evolve within it. On this attractor,440

the dynamics admit invariant probability measures that describe the long-term statistical behavior441

of the system. Consequently, statistical observables computed over sufficiently long time intervals442

become independent of the initial condition and depend only on the model parameters. This pro-443

vides the dynamical justification for calibrating model parameters using stationary statistics rather444

than attempting to reproduce a specific earthquake sequence.445

In practice, paleoseismic records span a finite time window [0, T ]. Statistics computed from446

such records therefore fluctuate around their infinite-time values due to finite sampling and obser-447

vational noise. For fixed parameters u, the finite-time quantity G(u;T ) is thus a random variable448

whose variability reflects both the unknown initial condition and measurement noise. Within this449

framework, the initial condition enters only through the sampling variability of G(u;T ) and is450

absorbed into the effective noise term of the inverse problem (Eq. 1).451

The key modeling decision of this work is therefore to invert for parameters using stationary452

statistics rather than trajectories. Under the stationarity assumption, the inverse problem can be453

posed without specifying or estimating the initial condition explicitly. The unknown initial state454

contributes to uncertainty (η in Eq. 1), but it does not constitute an additional parameter to be455

inferred.456

To illustrate the stochastic nature of the finite-time mapG(u;T ), we fix u = utrue and generate457

multiple realizations of the random variable G(utrue;T ) in Fig. 6. Recall that458

G(utrue;T ) = H ◦ ψ(utrue;T ),

whereψ denotes the dynamical simulator andH the observational functional. To sampleG(utrue;T ),459

we proceed as follows. Within ψ, the model is initialized from a random initial condition and460

evolved for a spin-up period of 500 years to ensure convergence toward its stationary (ergodic)461

regime. From the resulting state, the system is integrated forward to T = 5000 years. The func-462

tional H is then applied to extract paleoseismic-style summary statistics. Randomness enters both463



Bayesian Calibration of earthquake cycle models 21

through the random initial condition in ψ and through observational noise in H , including dating464

uncertainty and slip-measurement noise.465

We generate 120 independent realizations of G(utrue;T ). These are shown as black curves in466

Fig. 6. The red curve denotes their empirical mean, which serves as an empirical approximation of467

the infinite-time deterministic map G∞(utrue). In the inverse problem, however, we observe only a468

single realization of this random variable. Denoting this realization by y† (one of the black curves469

in Fig. 6), our objective is to characterize the conditional distribution π(u | y†). The specific470

realization used in the inversion is shown in Fig. 5.471

3 METHOD472

We solve the inverse problem in Eq. 1 using Ensemble Kalman inversion (EKI) (Chen and Oliver,473

2012; Iglesias et al., 2013; Schillings and Stuart, 2016; Chada et al., 2021; Huang et al., 2022;474

Dunbar et al., 2022b; Gjini et al., 2025), a family of derivative-free, ensemble-based methods475

that have demonstrated success in a wide range of inverse problems involving complex and noisy476

forward models. Ensemble methods are robust to noisy evaluations of the parameter-to-observable477

map (Dunbar et al., 2022a), naturally parallelizable, and scale well to high-dimensional parameter478

spaces, making them well suited for earthquake-cycle applications. Out of the box, the classical479

variants of EKI provide only pointwise estimates of the Bayesian solution (i.e. the posterior mean,480

or a maximum-likelihood solution) in nonlinear problems, and so we use a strategy known as481

Calibrate, Emulate, Sample, (Cleary et al., 2021; Dunbar et al., 2021b, 2024), which uses EKI482

samples to build a targeted machine-learning-based emulator that is then used for sampling the483

posterior. Specifically, we train a Gaussian process surrogate to approximate the mapping from484

model parameters to observable statistics, leveraging the fact that Gaussian processes perform485

well in small-data regimes (as each training pair arises from a computationally expensive seismic486

record simulation). This surrogate enables efficient Bayesian sampling of the posterior distribution487

using standard techniques such as Markov Chain Monte Carlo. The method is organized into two488

stages, described in the following subsections. Section 3.1 presents the calibration step based on489
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Ensemble Kalman Inversion, and Section 3.2 describes the emulate-sample stage used for posterior490

uncertainty quantification.491

3.1 Calibrate: Ensemble Kalman Inversion492

To solve the inverse problem defined in Eq. 1, we employ the continuous-time formulation of493

Ensemble Kalman Inversion (EKI) (Iglesias et al., 2013; Iglesias and Yang, 2021). Referring to494

the inverse problem defined in Eq. 1, let y† denote the observed data. The calibration stage seeks495

parameters u for which the model outputs G(u) reproduce y† with a small misfit.496

Let {u(j)(t)}Jj=1 denote an ensemble of parameters at final algorithmic time t. Define the en-497

semble means498

ū(t) =
1

J

J∑
j=1

u(j)(t), Ḡ(t) =
1

J

J∑
j=1

G(u(j)(t)),

and the empirical cross-covariance between parameters and model outputs499

CuG(t) =
1

J

J∑
j=1

(
u(j)(t)− ū(t)

)(
G(u(j)(t))− Ḡ(t)

)⊤
. (17)

Following Iglesias and Yang (2021), each ensemble member evolves according to the continuous-500

time EKI dynamics501

du(j)

dt
= −CuG(t) Γ

−1
y

(
G(u(j)(t))− y†

)
, (18)

where Γy is the observational noise covariance. At algorithmic time t = 1, each ensemble mem-502

ber represents a sample from the Gaussian approximation of the Bayesian posterior distribution503

(π(u|y†)) (Iglesias and Yang, 2021). This formulation is derivative-free: it does not require gradi-504

ents or adjoints of the forward map, but instead relies only on forward evaluations at the ensemble505

members. Nevertheless, the evolution of the ensemble has a close connection to gradient-based506

optimization methods. In linear inverse problems this link can be made precise, while in nonlin-507

ear settings it holds approximately, with the ensemble dynamics behaving similarly to a projected508

gradient descent in parameter space (Schillings and Stuart, 2016; Garbuno-Inigo et al., 2020). In509

addition, the use of ensemble differences introduces an intrinsic averaging effect that improves510

robustness to noisy forward evaluations (Dunbar et al., 2022a). In practice, the method typically511
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moves the ensemble toward regions of small data misfit within relatively few iterations, making512

EKI well suited to problems with expensive forward models.513

Empirically, Ensemble Kalman Inversion (EKI) is observed to robustly produce accurate point514

estimates in nonlinear, derivative-free inverse problems such as Eq. 1. In practice, the ensemble515

at the final iteration is often used as an approximation to the posterior distribution, and in lin-516

ear–Gaussian settings this correspondence can be justified rigorously Calvello et al. (2025). Even517

in nonlinear problems, the resulting ensemble typically provides a highly informative characteriza-518

tion of parameter uncertainty, in particular for unimodal Bayesian inverse problems. Nevertheless,519

the ensemble spread does not capture the full posterior variability, and additional refinement can520

improve uncertainty quantification. In this work, we further refine the approximate posterior ob-521

tained from EKI using a Gaussian process–based machine learning surrogate to achieve a more522

accurate characterization of the model parameters; this procedure is described in the following523

subsection.524

3.2 Emulate and Sample: Surrogate-Based Uncertainty Quantification525

The EKI calibration stage yields a set of parameter–observation {(ui, G(ui))}i pairs concentrated526

near regions of high posterior probability. Using these pairs, it is possible to construct a surrogate527

of the forward map and perform posterior sampling with the surrogate in place of the expensive for-528

ward model, resulting in a computationally efficient two-stage approach to approximate Bayesian529

inference. This strategy of training an input–output emulator from EKI samples and subsequently530

sampling the posterior has been developed in previous work (Cleary et al., 2021), primarily within531

the climate dynamics community, and we adapt it here to the earthquake-cycle setting. It should be532

noted that the emulator that we train here is different from the emulators designed to simulate the533

full earthquake cycles models (Kaveh et al., 2025a; Magen et al., 2025). Here, the emulator only534

models the parameter (u ∈ Rdu) to observable statistics y ∈ Rdy ; the underlying PDE dynamics is535

not directly emulated.536

Emulator construction. Training an accurate surrogate for the map u 7→ G(u) is typically the537

main computational bottleneck in Bayesian inversion for two reasons: (i) the parameter space538
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is moderately high dimensional while the number of available training samples is limited, and539

(ii) each training datum consists of a pair (u,G(u)), where evaluating G(u) requires running540

the forward model for a long time. In contrast to the reduced-order modelling strategy of Kaveh541

et al. (2025a), where a neural network emulator is trained to approximate the forward model in542

a low-dimensional latent space, the goal in the present work is to directly approximate the map543

from model parameters to observable statistics. This map is considerably smoother and lower-544

dimensional than the full dynamical trajectory, and therefore better suited to statistical emulation545

methods. For this reason, we employ Gaussian process (GP) regression rather than neural net-546

works: GPs provide reliable uncertainty estimates and perform well in regimes in which data are547

sparse and additional samples are expensive to obtain.548

A further difficulty is that the corresponding model outputs may be strongly correlated, which549

degrades the conditioning of the regression problem and increases the effective dimensionality550

of the surrogate. To address this, we apply linear dimension reduction to the output space. Let551

{u(j), G(u(j))}Mj=1 denote the EKI-adapted training set. We perform principal component analysis552

(PCA) on the outputs; in particular, we use the estimated observational covariance matrix Γy to553

define the correlation of the output space. Writing554

G(u(j)) = ȳ + Uoutw
(j),

the matrix Uout contains the leading principal directions of the output ensembles, and the latent555

variables w(j) contain the associated PCA coordinates. We retain only the principal components556

that capture a prescribed percentage (here 95%) of the empirical variance. Applying this threshold557

to the training data shows that the 80-dimensional output vector has an intrinsic dimension of 23.558

These reductions reflect the presence of strong correlations in the spatially distributed observa-559

tional data.560

We use independent Gaussian processes for each latent output dimension:561

wk = fk(u) + εk, k = 1, . . . , rout,

where rout is the retained latent dimensions of the output spaces, and εk represents observational562
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noise or modelling error. For each latent component k, we employ a Gaussian Process (GP) re-563

gression model with a squared-exponential (radial basis function) kernel augmented by a diagonal564

noise term. The kernel hyperparameters consist of a signal variance and one length-scale param-565

eter per input dimension. These parameters are learned by maximizing the marginal likelihood566

of the training data. Further details of the GP formulation and training procedure are provided in567

Appendix B. Let f̂k denote the GP posterior mean for each latent direction. The resulting surrogate568

in latent space is569

ŵk(u) = f̂k(u), k = 1, . . . , rout.

Finally, lifting back to the physical output space is achieved via the PCA decoder,570

Ĝ(u) = ȳ + Uout ŵ(u).

Thus, the emulator is trained entirely in low-dimensional latent coordinates and reconstructed in571

the full output space through linear maps. This procedure whitens the data, removes redundant572

degrees of freedom, improves numerical conditioning, and reduces the effective complexity of the573

surrogate-learning problem.574

The resulting surrogate Ĝ(u) provides a smooth and accurate approximation of the forward575

map in the region of interest,576

G(u) ≈ Ĝ(u),

and the smoothing inherent to GP regression mitigates small-scale numerical irregularities inG(u).577

This regularity substantially improves the robustness and efficiency of the MCMC sampling car-578

ried out in the subsequent stage, using the GP in place of the exact parameter to observables map.579

Alongside the Gaussian process posterior mean providing a surrogate model prediction at u, it580

also gives us an estimate of the uncertainty Γ̂(u), this uncertainty combines both the observational581

noise, and an estimate of emulators own uncertainty (related to the lengthscale-weighted distance582

of u to the emulator’s training data set).583

Posterior sampling with an emulator: Given the surrogate, we define, as in previous studies584
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(Cleary et al., 2021; Dunbar et al., 2021b), an approximate negative log-likelihood585

Φemu(u) =
1
2
∥y† − Ĝ(u)∥2

Γ̂(u)
+ log det Γ̂(u),

and use this expression for posterior exploration. The log-determinant term is typically part of586

the Bayes normalization constant, but as Γ̂(u) now depends on u, we explicitly write it out as587

part of the likelihood. All sampling steps rely solely on the surrogate, so no further evaluations of588

the forward model are required. We use the preconditioned Crank–Nicolson (pCN) algorithm to589

perform MCMC, which is dimension-robust under Gaussian priors (Cotter et al., 2013). However,590

the framework is modular, and other MCMC or SMC algorithms could be used in place of pCN.591

This emulate–sample strategy offers several advantages. First, posterior sampling is extremely592

fast, as it uses only inexpensive surrogate evaluations. Second, the smoothing effect of the sta-593

tistical emulator leads to a well-behaved objective landscape, enabling efficient sampling without594

the need for advanced proposals or annealing strategies. Third, because the emulator is trained595

on EKI-adapted samples and on dimension-reduced data, it achieves high accuracy using only596

O(103) forward-model evaluations-several orders of magnitude fewer than required in most clas-597

sical or ML-accelerated Bayesian inversion frameworks. The resulting method provides scalable598

approximate uncertainty quantification in settings where direct Bayesian sampling would be com-599

putationally infeasible. As the posterior represents a very small volume relative to the prior, the600

Calibration stage is very important to tailor the training point selection to this region of space;601

in this way we do not waste forward model runs in sampling regions for training that are very602

unlikely to be consistent with observations.603

4 INVERSION RESULTS604

We now present the results of the inverse problem defined in Eq. 1. The calibration stage of solving605

the inverse problem is initialized with 90 ensemble members drawn from the uniform prior distri-606

butions listed in Table 2. To incorporate prior knowledge about the seismogenic fault segments,607

we assume the sign of (a − b) in each segment is known, and rather than inverting for aσ̄ and bσ̄608
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independently, we invert for aσ̄ and the ratio x = b/a in velocity-strengthening (VS) segments609

and x = a/b in velocity-weakening (VW) segments, imposing 0 ≤ x ≤ 1.610

Fig 7 shows the evolution of the ensemble members during the EKI iterations. Grey curves611

denote individual ensemble trajectories, the black dashed curve shows the ensemble mean, and612

the red dashed line marks the true parameter value. The algorithm rapidly drives the ensemble613

toward regions of low misfit, and convergence is achieved in O(103) forward simulations. This614

demonstrates that the method is computationally tractable despite the chaotic dynamics of the615

forward model and the noisy, finite-length statistics used in the inversion.616

The first row of Fig. 7 shows that the lengths of the two VW segments are well constrained,617

with the ensemble collapsing tightly around the true values. In contrast, parameters associated with618

the outer VS segments exhibit weaker contraction and noticeable bias, especially on the right-hand619

side of the fault. This behavior is physically consistent: each of these outer VS segments contains620

only one trench, and the number of detectable events decreases rapidly with distance into the621

VS regions. Although the properties of these VS regions influence neighboring VW segments,622

the resulting imprint on the paleoseismic statistics is too weak to robustly constrain aσ̄ and b/a623

in those segments. Nevertheless, the parameter drs in the VS regions is moderately constrained,624

whereas aσ̄ and the friction ratio remain biased, with the bias more pronounced in VS3 than VS1.625

Within the two VW segments, the inversion performance is significantly stronger. The param-626

eters aσ̄, drs, and the friction ratio are all well recovered, with the ratio parameter exhibiting the627

smallest uncertainty among all inferred quantities. The middle VS segment (VS2) is also reason-628

ably constrained, although the posterior mean shows slightly larger bias and variance than the VW629

segments. This is likely due to the strong dynamical role of VS2 in controlling rupture segmenta-630

tion and hence its stronger connection to the paleoseismic statistics.631

Following EKI, we train a Gaussian-process surrogate for the parameter-to-statistics map using632

the adapted ensemble samples and perform Bayesian sampling using Markov chain Monte Carlo.633

We run 200,000 MCMC iterations, achieving an average acceptance rate of approximately 0.206,634

which is well within the desirable range for high-dimensional posteriors. The chains exhibit stable635

behavior and visually good mixing.636
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Fig 8 shows the resulting marginal posterior distributions (black) together with the priors637

(blue). The true parameter values are marked by vertical dashed lines. For parameters in the VW638

segments and the central VS segment, the posteriors are substantially narrower than the priors639

and typically peak close to the truth, confirming strong data constraint. In contrast, parameters in640

the outer VS regions retain a much broader spread and bias, consistent with the qualitative EKI641

behavior discussed above.642

Fig 9 presents the reconstructed spatial profiles of aσ̄, the friction ratio, and drs along strike.643

The posterior mean profiles closely follow the true distributions in the VW segments and in the644

central VS region, with credible intervals that reflect the expected level of uncertainty. Deviations645

occur primarily in VS1 and VS3, where observational information is sparse and finite-time statis-646

tics provide limited discriminatory power. Nonetheless, the inversion successfully recovers the647

large-scale structure of the heterogeneous frictional properties and the segmentation geometry.648

These results demonstrate that paleoseismic-scale observations, despite sparsity, noise, and649

limited duration, can constrain key heterogeneous earthquake-cycle parameters within a Bayesian650

framework built on stationary statistics. Parameters that directly influence recurrence, variability,651

and slip amplitude are best constrained, while those associated with poorly observed VS regions652

remain less identifiable. The approach, therefore, provides a statistically grounded and computa-653

tionally feasible framework route toward calibrating physics-based earthquake-cycle models from654

paleoseismic data.655

5 DISCUSSION656

This section discusses several aspects of the inversion framework and its results. Section 5.1 sum-657

marizes the main modeling, statistical, and computational assumptions and discusses their limita-658

tions. Section 5.2 examines the statistical consistency of the inversion results and the identifiability659

of the parameters. Section 5.3 interprets the inferred values of (a−b)σ̄ in terms of physical scaling660

relations from rate-and-state friction theory. Section 5.4 explains why the parameter drs is com-661

paratively well constrained in the velocity-strengthening segments. Section 5.5 presents posterior662
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predictive validation using the full forward model. Finally, Section 5.6 evaluates the robustness of663

the surrogate model outside the calibration domain.664

5.1 Limitations & Assumptions665

Our formulation relies on several modeling, statistical, and computational assumptions, which we666

recall and discuss below.667

FORWARD-MODEL APPROXIMATION.668

We employ a quasi-dynamic earthquake-cycle model with static stress transfer (Eq. 4). This rep-669

resents a first-order approximation to fully dynamic rupture processes. The choice is motivated by670

computational considerations: solving the inverse problem requires repeated forward simulations,671

and fully dynamic models are computationally prohibitive. Nevertheless, the proposed approach672

is computationally feasible: as demonstrated later, the EKI stage converges using approximately673

2,500 forward simulations of the 5,500-year dynamical model. Because the framework is designed674

to require relatively few forward-model evaluations, it can readily be extended to more complex675

forward models, including fully dynamic PDE models with memory (Lapusta et al., 2000; Lapusta676

and Liu, 2009).677

Ergodicity and stationarity of statistics.678

A central assumption of this work is that the earthquake-cycle system is ergodic, so that long-term679

statistics of observable quantities are stationary and independent of initial conditions. This prop-680

erty is readily observed in long numerical simulations of the dynamical model (see Section 2.4),681

but it has not yet been rigorously established for natural tectonic settings. Whether real earthquake682

sequences are ergodic remains an open question (Brodsky and Farge, 2026), and we do not attempt683

to address it here. Moreover, many paleoseismic records are too sparse to directly test ergodicity.684

Our framework should therefore be interpreted as demonstrating what is achievable if ergodicity685

holds.686
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Fault segmentation and frictional regime.687

To aid identifiability and reduce parameter dimensionality, we assume a priori that the fault is688

divided into five segments and that the sign of (a−b) is known in each. For the outer segments (VS1689

and VS3), this assumption is supported by the absence of large historical earthquakes, suggesting690

velocity-strengthening behavior. Inferring that the central segment is velocity-weakening is more691

challenging, but is consistent with geodetic constraints and estimates of interseismic coupling.692

While relaxing this assumption is possible, it would enlarge the parameter space and may introduce693

additional uncertainties in recovering the parameters of the central segment.694

Resolution and nucleation-scale constraint.695

For computational tractability, we restrict attention to parameter sets that do not lead to excessively696

small nucleation sizes, since these require very fine spatial discretization. The nucleation length697

scale (Rubin and Ampuero, 2005) is estimated along the strike using698

hra = min
VW segments

2µ drs bσ̄

π
(
(b− a)σ̄

)2 ,
and the grid spacing is chosen such that ∆x ≤ hra/κ with κ = 15 points per nucleation length.699

This yields the grid size700

N = 2⌈log2(
κL
hra

)⌉,

where L is the fault length. During Calibration using, simulations are only performed if N ≤701

213; otherwise, the model is skipped to accelerate computation. For reference, the true model702

used in this study requires N = 211. We emphasize that this resolution constraint is imposed703

only during the calibration stage, where full forward simulations are required. The emulator is704

trained on input–output pairs generated from parameter sets satisfying this constraint; however,705

once trained, the emulator can be evaluated for parameter values outside this region.706

Observation-noise covariance.707

We assume the noise η in Eq. 1 is Gaussian and we have access to an estimate of the observational708

covariance matrix Γ obtained from long-model simulations using the true parameters. The true709
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state utrue and the corresponding covariance Γtrue are, of course, unknown in realistic settings,710

making this an approximation. Similar assumptions are commonplace in settings such as weather711

forecasting, (Cleary et al., 2021) as system variability can be estimated from observable data even712

without knowledge of the true state. In our context, with only a single paleoseismic record avail-713

able, obtaining such an estimate is considerably more challenging, and an important direction for714

future work is to develop strategies for approximating Γ from limited data—for example by ex-715

ploring the sensitivity of Γ to model parameters or by combining observations from multiple sites.716

In what follows, we proceed with Γ computed from the true model, while acknowledging this717

limitation.718

Perfect model setting.719

We create the synthetic data using the forward model defined in Eq. 4. As we later use this frame-720

work for inversion, we are not able to make quantitative statements about how suitable our choice721

of forward model is for representing existing paleoseismic data sets. This is because we neglect that722

there is any discrepancy between the optimally configured model, and the true paleoseismic record,723

that cannot be described by additive Gaussian noise. We adopt this perfect-model assumption to724

isolate methodological aspects of the inversion framework, allowing quantitative investigation of725

the choice of loss functions and observables, parameter identifiability, and algorithms for uncer-726

tainty quantification in a setting free from confounding factors present in real data. For application727

to specific paleoseismic data sets, however, model misspecification and structural error must also728

be addressed. In principle, such effects could be incorporated by augmenting the parameter vector729

u with additional parameters describing model discrepancy or structural corrections. In practice,730

however, these parameters may be only weakly identifiable from the available observations, and731

careful experimental design and the inclusion of additional data sources would likely be required.732

These assumptions define the scope of the present work: our aim is to assess the feasibility and733

performance of a statistically grounded inversion framework under controlled conditions, thereby734

providing a foundation for more realistic future applications.735
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5.2 Misfit, statistical consistency, and identifiability736

The EKI calibration successfully drives the ensemble toward parameters whose forward simula-737

tions reproduce the observed statistics within uncertainty (Fig. 10). The ensemble-mean prediction738

lies almost entirely within the 2σ observational bands for mean recurrence time, COV, PCC, and739

average slip, confirming that the inversion finds parameter sets that are statistically consistent with740

the paleoseismic data. This demonstrates that the statistics used here contain sufficient informa-741

tion to constrain the dominant features of long-term earthquake-cycle behavior, even though no742

trajectory-level matching is performed.743

At the same time, the results make clear that identifiability is not uniform. Parameters in the744

central VW segments are well constrained because these regions repeatedly host large earthquakes745

that directly shape the observed statistics. In contrast, parameters in the outer VS segments influ-746

ence the data mainly through their effect on rupture penetration and segmentation. Consequently,747

these parameters may remain biased even while the statistical misfit is well within the 2σ tolerance.748

5.3 Discussion of (a− b)σ̄749

In classical rate-and-state theory, the recurrence time of earthquakes on a velocity-weakening patch750

is controlled to first order by (b−a)σ and the rate at which the fault is reloaded. A scaling estimate751

gives T ∼ ∆τ/τ̇ with ∆τ ∼ (b − a)σ and τ̇ ∼ kVpl. More explicit formulations of this scaling752

lead to recurrence-time estimates of the form (Barbot et al., 2012)753

Tr =
(b− a)σ̄

µ

W

vpl
ln

(
vco
vint

)
. (19)

Here, W denotes the characteristic width of the seismogenic velocity-weakening patch, vint rep-754

resents the typical interseismic slip velocity within that patch , and vco denotes the coseismic slip755

rate. These expressions are consistent with nucleation-controlled models (Dieterich, 1992). Al-756

though our system is chaotic and the recurrence process is more complex, the inversion results are757

consistent with this physical picture: (a − b)σ̄ is well constrained and convergenes quickly in the758

VW segments (Fig. 11).759

This indicates that the interevent time statistics encode the effective (a − b)σ̄ in the segments760
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that host repeated ruptures. Although vco and vint are not strictly constant in our model and depend761

on the evolving fault state, their influence enters primarily through the logarithmic factor in the762

recurrence-time expression. Over the parameter range explored in the inversion, this contribution763

varies more weakly than the leading multiplicative term. To first order, the dominant control on764

the recurrence scale is therefore the factor (b − a)σ̄, while variations in vco, vint are effectively765

absorbed into a secondary correction. This explains why (a − b)σ̄ emerges as one of the most766

tightly constrained and identifiable parameter combinations in the velocity-weakening segments.767

5.4 Discussion of drs in velocity–strengthening regions768

A notable feature of the inversion is that in the VS segments, drs is better constrained than aσ̄769

and b/a. This follows directly from rate-and-state friction physics, and we briefly summarize the770

argument. Strength of the fault is given by:771

τ = σ̄
[
µ∗ + a ln

( v
v∗

)
+ b ln

(v∗θ
drs

)]
. (20)

Far inside a VS regions (segment 1 and 5) the fault creeps at a rate close to vpl, so θss ≈ drs/vpl,772

giving773

τi = σ̄
[
µ∗ + a ln

(vpl
v∗

)
+ b ln

( v∗
vpl

)]
. (21)

When rupture arrives, v→vdyn while θ initially remains drs/vpl, producing774

τpeak = σ̄
[
µ∗ + a ln

(vdyn
v∗

)
+ b ln

( v∗
vpl

)]
, (22)

and after state relaxation toward θ = drs/vdyn,775

τd = σ̄
[
µ∗ + a ln

(vdyn
v∗

)
+ b ln

( v∗

vdyn

)]
. (23)

Thus the stress drop is776

∆τ = σ̄b ln
(vdyn
vpl

)
. (24)

For a single rupture, the weakening may be approximated as linear slip weakening with dτ/dS =777

bσ̄/drs, giving778

∆τ =
bσ̄

drs
S. (25)
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Equating the two expressions yields779

drs =
S

ln(vdyn/vpl)
, (26)

where S denotes the slip accumulated over the weakening phase of rupture. This expression shows780

that, in velocity–strengthening segments where the slip rate remains close to vpl, the parameter drs781

is primarily controlled by the local weakening slip S and by the ratio between dynamic and inter-782

seismic slip rates. We emphasize that vdyn is not an independent quantity: it is itself determined783

by other frictional parameters, fault geometry, and rupture dynamics. Nevertheless, this relation784

provides the closest practical decoupling of drs from the remaining parameters, and it explains785

why drs is more identifiable than aσ̄ or the friction ratio in the VS regions.786

5.5 High-Fidelity Posterior Predictive Validation787

The posterior distribution is obtained using the approximate (machine-learned) forward operator788

Ĝ(u) together with pCN sampling. Because the true forward model G(u) is computationally ex-789

pensive, it is not used directly within the Bayesian inference procedure. Instead, it is employed790

only during the calibration stage to generate training samples, which are subsequently used to791

construct the emulator Ĝ(u). Consequently, we do not have access to the exact posterior associ-792

ated with the true model, and a direct comparison between the approximate and true posteriors is793

not possible.794

Instead, we assess the physical consistency of the inferred parameters through a posterior795

predictive check performed in the true model. We draw samples u(j) ∼ π(u | y†) from the approx-796

imate posterior and propagate them through the high-fidelity forward model,797

G
(
u(j)
)
, j = 1, . . . , Ns.

This pushforward ensemble provides an estimate of the predictive distribution of paleo-observables798

under posterior parameter uncertainty. The resulting distribution is then compared against the ob-799

servations y†.800

For computational tractability, full-resolution simulations were performed only for posterior801

samples satisfying the numerical resolution constraint N ≤ 213. From 150 posterior samples802
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drawn at random, 93 satisfied this condition and were used to construct the posterior predictive803

ensemble. The median and percentile ranges of the pushforward distribution are shown in Fig. 12.804

The median of the pushforward ensemble closely follows the observed paleo-statistics, while the805

spread of the ensemble quantifies the uncertainty induced by the posterior distribution.806

5.6 Surrogate Robustness Outside the Calibration Domain807

During the calibration stage, forward simulations were restricted to parameter values requiring808

spatial resolution N ≤ 213. Consequently, the emulator Ĝ(u) was trained only on this subset of809

parameter space.810

The posterior distribution π(u | y†) obtained using the surrogate model is not explicitly con-811

strained to this regime and assigns nonzero probability to parameter values requiring higher res-812

olution. Among 150 posterior samples drawn at random, 57 required N > 213, and 16 required813

N = 214. The empirical frequency 57/150 therefore provides an estimate of the posterior proba-814

bility mass associated with this higher-resolution region.815

To assess the surrogate’s extrapolation behavior, we evaluate the full forward model G(u) for816

these 16 samples. This analysis is conditional on the subset of posterior draws lying outside the817

calibration regime and does not constitute an independent posterior predictive sample from the full818

posterior.819

The resulting pushforward distribution is shown in Fig. 13. Compared to Fig. 12, the median820

prediction follows the observations y† with reduced accuracy. Nevertheless, for most components821

of y†, the observed values remain within the 16th–84th percentile range of the conditional predic-822

tive distribution. These results indicate that the surrogate model retains partial predictive capability823

beyond the calibration domain.824

6 CONCLUSIONS825

We have developed and tested a Bayesian framework for constraining heterogeneous frictional826

parameters and fault-segmentation geometry in earthquake-cycle models using paleoseismic-style827

observations. A key contribution of this work is the rigorous formulation of parameter estima-828
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tion as an inverse problem based on observational statistics that mimic realistic paleoseismic data829

(noisy event times, noisy slip, and detection thresholds) in a controlled synthetic environment.830

Rather than attempting to reproduce individual event trajectories or to infer the full system state,831

we focus on spatially distributed statistics of interevent times, variability, temporal clustering, and832

mean coseismic slip, interpreted through an ergodic perspective. In chaotic earthquake-cycle mod-833

els with observational noise, joint inversion for both model parameters and the initial condition834

over paleoseismic timescales is effectively ill-posed, as small errors in the initial state grow expo-835

nentially and render trajectory-level matching unstable and non-unique. This shift in perspective-836

from reproducing specific historical earthquake sequences to matching the stationary statistical837

behavior of the fault-targets the quantities most relevant for long-term forecasting and hazard838

assessment. It therefore becomes possible to invert for model parameters without specifying or839

estimating the initial condition, while still accounting for both observational noise and finite-time840

sampling effects.841

We showed that Ensemble Kalman Inversion can efficiently identify parameter sets whose842

simulated statistics match the synthetic paleoseismic observations within estimated uncertainty,843

despite chaotic dynamics and noisy, finite-length records. The subsequent emulate–sample stage844

uses a machine-learning surrogate, specifically a PCA-reduced Gaussian process emulator, to re-845

fine the posterior samples obtained from the EKI algorithm and to improve the reliability of846

the resulting uncertainty quantification. The inversion recovers the frictional parameters in the847

velocity-weakening and central velocity-strengthening segments with relatively tight posteriors,848

while highlighting limited identifiability in poorly observed outer velocity-strengthening regions.849

The analysis of (a− b)σ̄ and drs further clarifies which combinations of rate-and-state parameters850

are most strongly encoded in paleoseismic-scale statistics and why some are better constrained851

than others.852

Taken together, these results demonstrate that long-term paleoseismic observations, when in-853

terpreted through a statistically grounded, ergodic framework, can provide meaningful constraints854

on heterogeneous earthquake-cycle parameters and segmentation geometry, even in the presence855

of chaos and realistic observational noise. The study is conducted in a controlled synthetic set-856
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ting, with the same model class used for data generation and inversion, so that methodological857

performance can be clearly assessed. Future work should relax these idealizations by incorpo-858

rating model error, exploring alternative forward models and additional data types (e.g., geodetic859

time series), and developing practical strategies to estimate observational covariances from limited860

real-world records. Nonetheless, the present results establish a feasible, physics-based calibration861

pathway from paleoseismic-scale data to parameter-consistent earthquake-cycle models, providing862

a foundation on which more realistic forecasting and hazard-assessment studies can be built.863
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Table 1. Known parameters

Category Symbol Description Value / Unit

(a) Physical Parameters

µ Shear modulus 30 GPa

cs Shear-wave speed 3.3 km s−1

vpl Plate loading rate 50 mm yr−1

(b) Geometrical Parameters

L
(1)
VS Length of the first VS segment (see Fig. 3) 40 km

L
(3)
VS Length of the third VS segment (see Fig. 3) 40 km

L Total fault length subjected to rate-and-state friction (see Fig. 3) 240 km

(c) Observational Parameters

σdating Standard deviation of dating noise 10 yr

σslip Standard deviation of slip measurement noise 0.4 m

sthresh = s′thresh Coseismic slip threshold for an event to be detectable 0.8 m

T Total duration of the synthetic paleoseismic record 5000 yr

Tfilter Time window removed before event detection 500 yr
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Table 2. Unknown parameters. Range of the priors and the True values

Segment Parameter Lower Bound Upper Bound True

VW1 L
(1)
VW1(km) 65 77 72.5

VW2 L
(2)
VW1(km) 65 77 72.5

VS1 aσ̄(MPa) 0.2 0.8 0.5

VS1 bσ̄(MPa) 0 aσ̄ 0.05

VS1 drs(mm) 2 20 8

VW1 aσ̄ (MPa) 0.2 0.8 0.525

VW1 bσ̄(MPa) aσ̄ 1 0.7

VW1 drs(mm) 2 20 12

VS2 aσ̄ (MPa) 0.2 0.8 0.6

VS2 bσ̄ (MPa) 0 aσ̄ 0.4

VS2 drs(mm) 2 20 8.8

VW2 aσ̄ (MPa) 0.2 0.8 0.5

VW2 bσ̄ (MPa) aσ̄ 1 0.75

VW2 drs(mm) 2 20 14.4

VS3 aσ̄ (MPa) 0.2 0.8 0.5

VS3 bσ̄ (MPa) 0 aσ̄ 0.05

VS3 drs(mm) 2 20 8
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Figure 1. True parameter values used in this study (utrue), which are the targets of the inversion. Shaded

bands denote alternating velocity-strengthening (green) and velocity-weakening (blue) fault segments.
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Figure 2. An example of the earthquake sequence generated by model Eq. 4 using the frictional parameter

distributions shown in Fig. 1 and the parameters listed in Table 1. Horizontal line segments indicate the

rupture extent of each earthquake. Shaded bands follow the convention of Fig. 1.
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Figure 3. unknown parameters (u) that we invert for in our framework. u1 and u2 are the lengths of VW

segments, while the others (u3:17) are the physical model parameters in different segments that we invert

for. Red vertical lines are the locations in which we assume we have paleoseismic data for (Zo
t ) (same as

Zo
s ). Black vertical lines mark the boundaries between adjacent fault segments. Shaded bands follow the

convention of Fig. 1.
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Figure 4. Synthetic paleoseismic observations extracted from the simulation at locations Zo
t , plotted versus

fault position (km) and time (years). Events are observed only if the coseismic slip exceeds s′thresh and fall

within the plotting window. (a) Noiseless event times only (black markers); slip values are not displayed.

(b) Same noiseless events as in (a), colored by coseismic slip magnitude (m). (c) Event times only with

dating noise added (black markers); slip values are not displayed. (d) Same noisy events as in (c), colored

by coseismic slip magnitude after adding both dating noise (to times) and slip-measurement noise (to slips).

Vertical dashed lines indicate boundaries between velocity-strengthening and velocity-weakening segments.
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Figure 5. Noisy paleo-style summary of earthquake-cycle statistics (y†) along the fault for the true model

used to estimate u. Each panel shows the spatial variation of a diagnostic quantity at the trench observation

locations (indicated by “+” symbols), connected by black lines. Panels show: (a) mean interevent time, (b)

coefficient of variation (COV) of interevent times, (c) Pearson correlation coefficient of successive recur-

rence intervals, and (d) mean coseismic slip. Shaded bands follow the convention of Fig. 1.
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Figure 6. Realizations of G(utrue;T ) and estimate of G∞(utrue) plotted at the observational points. Av-

erage interevent time, coefficient of variation of the events, Pearson sample correlation coefficient, and the

average slip for the observational points. The black lines are the random realizations of G(utrue;T ), and

the red line is the empirical average of those realizations. Shaded bands follow the convention of Fig. 1.
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Figure 7. EKI sample paths. Each panel corresponds to one model parameter. Grey curves show the evolu-

tion of individual ensemble members across iterations, the dashed black curve denotes the ensemble mean,

and the red line marks the true parameter value. The first row shows the inversion of the lengths of the

velocity-weakening (VW) segments. Subsequent rows correspond to parameters within each fault segment,

ordered from left to right along strike.
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Figure 8. Posterior distributions of the model parameters (black) and the prior distributions (blue). The

vertical dashed line indicates the true parameter value used to generate the synthetic data.
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Figure 9. Posterior reconstructions of along-strike fault properties. Gray lines show 5,000 posterior samples

of the inferred piecewise-constant profiles for (top) aσ̄, (middle) the friction ratio x (a/b or b/a, depending

on segment type), and (bottom) drs. The dashed black curves denote the posterior mean profiles, and the red

curves show the true profiles used to generate the synthetic data. Each posterior sample uses its own inferred

lengths of VW segments (L(1)
VW and L

(2)
VW ), while the outer boundaries are fixed. Shaded bands follow the

convention of Fig. 1.
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Figure 10. Comparison between the observed paleoseismic statistics (y†) and the ensemble-mean prediction

from the final EKI iteration. Red curves show observations with 2σ uncertainty; Black curves denote the

ensemble mean. Panels show mean interevent time, COV, PCC, and mean coseismic slip. Shaded bands

follow the convention of Fig. 1.
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Figure 11. Evolution of (a− b)σ̄ during Ensemble Kalman Inversion. Grey lines show ensemble members,

the dashed black curve is the ensemble mean, and the red line indicates the true value for each segment.



Bayesian Calibration of earthquake cycle models 51

Figure 12. Spatial profiles of paleo-observables along the fault obtained via posterior predictive evaluation

in the high-fidelity forward model. Parameter samples u(j) ∼ π(u | y†) that satisfy the numerical resolution

constraint N ≤ 213 are propagated through the true model to compute noisy summary statistics G(u(j);T ).

Black solid curves show the median of the resulting pushforward ensemble, with dashed curves indicating

the 16th–84th percentile range. Red curves denote the observed paleo-statistics y†. Panels display mean

interevent time, COV, PCC, and mean coseismic slip. Shaded bands follow the convention of Fig. 1.
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Figure 13. Spatial profiles of paleo-observables along the fault for the 16 posterior samples requiring reso-

lution N = 214, i.e., outside the calibration regime (N ≤ 213). These samples were drawn from π(u | y†)

and represent an empirical posterior probability mass of 16/150. The high-fidelity forward model G(u) is

evaluated for this subset to assess surrogate extrapolation. Black solid curves show the median of the re-

sulting conditional pushforward distribution, with dashed curves indicating the 16th–84th percentile range.

Red curves denote the observations. Panels show mean interevent time, COV, PCC, and mean coseismic

slip. Shaded bands follow the convention of Fig. 1.
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APPENDIX A: FINITE-TIME AVERAGES IN ERGODIC SYSTEMS: AN EXAMPLE872

Example (Lorenz system). Consider the Lorenz ’63 model (Lorenz, 1963):873

ẋ1 = c1(x2 − x1), (A.1a)

ẋ2 = x1(c2 − x3)− x2, (A.1b)

ẋ3 = x1x2 − c3x3. (A.1c)

If parameters [c1, c2, c3] = [10, 28, 8/3] are chosen then the dynamics are chaotic and admit a874

natural invariant probability measure µ supported on the global attractor (Tucker, 1999). We denote875

by x1(·) ∈ C(R+,R) the first coordinate of a trajectory initialized according to this invariant876

measure, i.e. x(0) ∼ µ.877

Define the finite-time average878

G(T ) :=
1

T

∫ T

0

x1(t) dt, G∞ := Eµ[G(T )] .

By symmetry of the Lorenz attractor in the x1-direction, the true expectation satisfies G∞ = 0.879

For finite T , however, G(T ) is a random variable whose variability arises from sensitivity to initial880

conditions. Its variance decreases as the averaging window T increases, and in the limit T → ∞881

the time average converges to the invariant expectation (Holland and Melbourne, 2007), zero in882

this case. This behavior is illustrated in Fig. A1.883

APPENDIX B: GAUSSIAN PROCESS EMULATOR884

In this section we briefly describe the Gaussian Process (GP) regression framework used to con-885

struct the surrogate forward operator Ĝ(u) from calibration data.886

Suppose we are given a training data set887

{(ui, wi)}ni=1, ui ∈ Rdu , wi ∈ R,

where888

wi = f(ui) + ϵi, ϵi ∼ N (0, γ2)

represents observational noise, and n denotes the number of calibration samples used in training889
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Figure A1. Finite-time averaging in the Lorenz system. Left: Chaotic time series of x1(t) in Eq. A.1. Right:

Empirical distribution of the finite-time average 1
T

∫ T
0 x1(t) dt computed from random initial conditions for

two different values of T . The finite-time average is a random variable due to sensitivity to initial conditions;

its variance decreases as the averaging window T increases. The vertical dashed line indicates the infinite-

time expectation limT→∞
1
T

∫ T
0 x1(t) dt.

the emulator. A Gaussian Process prior places a probability distribution over functions f : Rdu →890

R such that for any finite collection of inputs, the corresponding function values are jointly Gaus-891

sian. We write892

f ∼ GP(0, kλ),

where kλ(u, u′) is a covariance kernel parameterized by hyperparameters λ. In this work we em-893

ploy the squared-exponential (radial basis) kernel,894

kλ(u, u
′) = σ2 exp

(
−1

2

du∑
j=1

(uj − u′j)
2

ℓ2j

)
,

where σ2 denotes the signal variance and {ℓj}duj=1 are length-scale parameters controlling smooth-895

ness in each coordinate direction.896

Let Kλ(U,U) ∈ Rn×n denote the kernel matrix with entries897

[Kλ(U,U)]ij = kλ(ui, uj).
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Under the GP prior and Gaussian noise model, the data vector W = (w1, . . . , wn)
⊤ follows898

W ∼ N (0, Kλ(U,U) + γ2I).

The kernel parameters λ are determined by maximizing the marginal likelihood of the data,899

equivalently minimizing the negative log-marginal likelihood900

L(λ) = 1

2
W⊤K−1

w W +
1

2
log detKw +

n

2
log(2π),

where901

Kw = Kλ(U,U) + γ2I.

The first term measures data misfit while the log-determinant term penalizes overly complex co-902

variance structures, providing automatic regularization. For a new parameter value ũ, define903

k∗ = Kλ(ũ, U), k∗∗ = kλ(ũ, ũ).

The predictive distribution for the latent function value f(ũ) is Gaussian with mean and variance904

m(ũ) = k∗K
−1
w W,

s2(ũ) = k∗∗ − k∗K
−1
w k⊤∗ .

We define the emulator prediction as905

f̂(ũ) = m(ũ).

APPENDIX C: GAUSSIAN PROCESS EMULATOR VALIDATION906

The Bayesian inversion framework in this study uses a Gaussian process (GP) emulator to approx-907

imate the forward mapping from model parameters to the observation vector of summary statistics.908

Since the resulting posterior may be sensitive to emulator error, we provide here a concise valida-909

tion of the GP accuracy and uncertainty quantification.910

C1 Test error versus training set size911

The training data used to construct the Gaussian process (GP) emulator are obtained from forward-912

model evaluations performed during the calibration step described in Section 3.1. In the ensem-913
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ble Kalman inversion procedure, the forward earthquake-cycle model is evaluated repeatedly at914

ensemble parameter values u. For each forward simulation, we compute the summary-statistics915

vectorG(u, T ) from the simulated earthquake sequence over a finite time horizon T . The resulting916

input–output pairs (u,G(u, T )) collected during the calibration stage are then used as the training917

data for the GP emulator. No additional forward simulations are required beyond those already918

performed for calibration. We trained a sequence of GP emulators using increasing numbers of919

training simulations (subsampled from available model evaluations) while keeping a fixed, held-920

out test set for evaluation. For each emulator, we computed the mean squared prediction error on921

the test set,922

MSEtest =
1

Ntest

Ntest∑
j=1

∥∥y(j) − ŷ(j)
∥∥2
2
, (C.1)

where y(j) denotes the forward-model output (summary-statistics vector) and ŷ(j) is the GP predic-923

tive mean at the same input. Fig A2 shows that the test error decreases as the training set grows and924

then approaches a plateau. We therefore select the emulator corresponding to a training set size925

at which the test error curve begins to plateau, indicating diminishing returns from adding addi-926

tional training simulations. balancing improved accuracy with diminishing returns from additional927

training simulations.928

C2 Consistency with observations and predictive uncertainty929

As an additional check, we evaluate the selected emulator at the true parameter utrue and com-930

pare the GP prediction to the observed summary-statistics vector. The GP provides a predictive931

mean µGP and predictive covariance ΣGP for the 80-dimensional observation vector. We visual-932

ize the comparison by plotting the observations against µGP and indicating pointwise predictive933

uncertainty using ±1σ, where934

σi =
√

(ΣGP)ii, i = 1, . . . , 80. (C.2)

Figure A3 shows close agreement between the observation vector and the GP predictive mean935

across all components, with deviations that are small relative to the indicated predictive uncer-936
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Figure A2. GP emulator test error versus training set size. The plotted quantity is the mean squared pre-

diction error on a test set. The error decreases with increasing training simulations and then plateaus; we

therefore select an emulator trained with 922 simulations, which lies near this plateau, for subsequent infer-

ence.

tainty. Together with the plateau behavior in Figure A2, this supports that the GP emulator is937

sufficiently accurate for the inference results reported in the main text.938

We observe that the predictive standard deviation produced by the GP emulator is larger than939

the empirical variability obtained when the forward model is evaluated at the true parameter utrue.940

This discrepancy can be explained by the manner in which the training data are generated.941

Each training pair (u,G(u)) requires a full forward-model simulation. Because these simula-942

tions are computationally expensive, we restrict each run to a maximum wall-clock time of 8 CPU943

hours and record the summary statistics obtained within this time window. Ideally, the forward944

model would be integrated over the full simulation horizon ( 5500 years) to obtain statistically945

converged summary statistics. Under the imposed time constraint, however, some parameter con-946

figurations are simulated over shorter effective time horizons, leading to increased variability in947

the estimated observables.948

As a result, the training outputs used to construct the emulator contain additional numerical and949

sampling noise relative to the fully converged model outputs. The GP regression therefore learns950

a mapping with an inflated effective noise level, which manifests as larger predictive variance.951

From a Bayesian inversion perspective, this effect leads to a conservative posterior: the uncer-952
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Figure A3. Comparison of the observed summary-statistics vector (black) with the Gaussian process (GP)

predictive mean of the selected emulator (blue), evaluated at the true parameter utrue. Dashed blue curves

indicate pointwise predictive uncertainty, µGP ± 1σGP, where σGP =
√
diag(ΣGP) is computed from the

diagonal of the GP predictive covariance. Dashed black curves indicate pointwise observational uncertainty,

y† ± 1σobs, where σobs denotes the standard deviation of the forward-model noise in Eq. 1, estimated

empirically. Panels show mean interevent time, COV, PCC, and mean coseismic slip. Shaded bands follow

the convention of Fig. 1.

tainty in parameter space is slightly overestimated due to the inflated emulator noise. In practical953

applications where forward simulations can be run to the full designed time horizon T , the re-954

sulting emulator would exhibit reduced predictive variance and yield a correspondingly tighter955

posterior distribution.956
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