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Ekman-Inertial Instability

Nicolas Grisouard⇤ and Varvara E. Zemskova
University of Toronto, Department of Physics, 60 St. George Street, Toronto ON M5S 1A7, Canada

(Dated: June 26, 2020)

We report on an instability, arising in sub-surface, laterally-sheared flows in rotation. When
the lateral shear of a horizontal flow in geostrophic balance is of opposite sign as the Coriolis
parameter, and exceeds it in magnitude, embedded perturbations are subjected to inertial instability,
albeit modified by viscosity. When the perturbation arises from the surface of the fluid, the initial
response is akin to a Stokes problem, with an initial flow aligned with the initial perturbation.
Perturbation then grows quasi-inertially, rotation deflecting the velocity vector, which adopts a
well-defined angle with the mean flow. While the perturbation initially grows super-inertially, the
growth rate then becomes sub-inertial, eventually tending back to the inertial value. The same
process repeats downward as time progresses. Ekman-inertial transport aligns with the asymptotic
orientation of the flow, and grows exactly inertially with time, once the initial instants have passed.
Because of the strongly super-inertial initial growth rate, this instability might compete favorably
against other instabilities arising in ocean fronts.

I. INTRODUCTION

When wind blows over the ocean surface over long pe-
riods of time, momentum di↵uses down in a very di↵erent
manner from Stokes’ first problem. Instead, the Coriolis
acceleration balances downward di↵usion of momentum
to form Ekman spirals [1]. According to its simplest de-
scription [2], horizontal velocity at the surface forms a
45�-angle with the direction of the wind, and within the
Ekman layer (hereafter referred to as EL), spirals down
to zero over a depth O(

p
2⌫/f), where ⌫ is the kinematic

viscosity (hereafter “viscosity”), in practice the vertical
eddy viscosity, and f is the Coriolis parameter. In spite of
its simplicity and notorious di�culty to directly observe
in the ocean, this solution has allowed some significant
advances in our understanding of ocean dynamics. For
example, the predicted cumulative mass transport of ELs
provides a relatively accurate explanation of how winds
set up ocean gyres [1, 3, and references therein]. Since
then, Ekman layer theory has been amended to include
weak vorticity e↵ects [4–6], or variability of the wind and
eddy di↵usivity both in space [7] and time [8].

EL theory has seen a renewed interest in the context
of submesocale studies [9, 10]. Submesoscale flows are
defined by a vertical vorticity field ⇣ = (r⇥ v) · ẑ with
magnitude comparable to the planetary vorticity f , i.e.,
Rossby number of order unity (Ro = ⇣/f = O(1)). [11]
Near the ocean surface, submesoscale flows and their as-
sociated vertical velocities could be important for ecosys-
tems [12–14], atmosphere-ocean exchanges [15, 16], or as
a kinetic energy sink that could help, closing the energy
budget of the ocean [10, 17]. Recent studies have ex-
panded our understanding of submesoscale ELs and their
impacts by incorporating interactions with Ro = O(1)
vortical flows [3], surface waves and Langmuir circula-
tion [18], and modifications due to baroclinic pressure
torques [15, 19, 20].
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In the present study, our goal is to contribute to this
e↵ort by describing an instability, hereafter referred to
as “Ekman-Inertial Instability” (EII). It can be seen as
the unstable counterpart of an EL that occurs in anticy-
clonic flows for which Ro < �1. Such flows can undergo
inertial instability (InI), in which a particle slightly dis-
placed across a geostrophic jet will find itself in a region
where the imbalance between ambient pressure gradient
and the Coriolis force tends to amplify its displacement
[21, 22]. The main features of InI are well-described by
linear stability analysis, i.e., by the growth of a plane
wave-like mode at a rate of f

p
�1� Ro in the inviscid

limit, constant in time and space.

EII, on the other hand, originates from a disturbance
in the wind stress at the surface of the ocean, and the
vertical extent over which it impacts the fluid increases
downward due to viscous stresses, eventually following
a typical

p
⌫t scaling. In a first phase, which we will

refer to as “viscous-inertial peeling”, tangential viscous
stresses act to set the fluid in motion much faster than
the expected exponential growth of InI. Past this initial
phase, the flow keeps accelerating, akin to InI, but less so
due to the downward di↵usion of momentum by viscosity.
Originating at the surface, these processes repeat at later
times at greater depths.

In the next section, we derive the expressions of the
velocity field under EII, followed in § III by a description
of how EII physically manifests itself. In § IV, we discuss
how EII would insert itself in the dynamical landscape
of an unstable front, before o↵ering a summary and con-
clusions in §V.

II. MATHEMATICAL DESCRIPTION

We present here the solution for the most idealized ver-
sion of EII. We mirror this derivation with its “stable”
counterpart, i.e., the establishment of an EL accompa-
nied by near-inertial oscillations, in the appendix.
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A. Velocity

We assume an initial velocity field v̄ = v̄ŷ in an
(x̂, ŷ, ẑ) direct Cartesian coordinate system, with ẑ
pointing vertically upward. The current is in geostrophic
balance, i.e., ⇢fv̄ = p̄y, where p̄ is the geostrophic pres-
sure field, ⇢ the mass density we assume constant, and
a subscript denoting a partial derivative. In sub-surface
currents, the velocity varies in the across-jet direction,
which defines a local Rossby number

Ro = v̄x/f. (1)

We treat Ro as a constant: a strong simplification in
the submesoscale regime, but one that captures the es-
sential physics of EII. We refer to the deviations from v̄ŷ
as (u, v, w). Like in ELs and InI, a constant Ro allows
us to ignore all horizontal derivatives. From incompress-
ibility and a top rigid lid, w ⌘ 0, and the equations of
motion reduce to

ut � fv = ⌫uzz and vt + (1 + Ro)fu = ⌫vzz. (2)

EII starts with a change in wind conditions at the sur-
face at t = 0. The surface wind stress goes from a con-
stant value T

y
I that matches the initial interior viscous

stress ⇢⌫v̄z|z=0, and starts evolving as T y(t). The trans-
lation for v is that for t  0, vz|z=0 = 0 and for t > 0,

vz|z=0 = a(t) = [T y(t)� T
y
I ] /(⌫⇢). (3)

EL boundary conditions close the system, i.e.,

uz|z=0 = 0 and lim
z!�1

(u, v) = 0. (4)

In order to decouple eqns. (2), we introduce

U = u+ v/↵ and V = �u+ v/↵, (5)

with ↵
2 = �1� Ro. In scaled coordinates

⌧ = Ft and Z = z/�, (6)

where F = ↵f and � =
p
2⌫/F , eqns. (2) become

U⌧ � U = UZZ/2 and V⌧ + V = VZZ/2. (7)

Solving for U
† = Ue�⌧ and V

‡ = V e⌧ turns eqns. (7)
into mere di↵usion equations, e.g.,

2U †
⌧ = U

†
ZZ and U

†
Z

���
Z=0

= A(⌧)e�⌧
, (8)

with A(⌧) = a(⌧)�/↵, together with boundary conditions
(4). Note that we could include a perturbation in uz at
the surface as well in A(⌧) with no loss of generality. The
solution to this system is

U
† =

Z ⌧

0

A(⌧ 0)e�⌧ 0

p
2⇡(⌧ � ⌧ 0)

exp

✓
� Z

2

2(⌧ � ⌧ 0)

◆
d⌧ 0. (9)

After multiplying with e⌧ and the change of variables
✓ 7! ⌧ � ⌧

0,

U =

Z ⌧

0

A(⌧ � ✓)p
2⇡✓

exp

✓
✓ � Z

2

2✓

◆
d✓. (10)

A similar derivation for V yields

V =

Z ⌧

0

A(⌧ � ✓)p
2⇡✓

exp

✓
�✓ � Z

2

2✓

◆
d✓. (11)

B. Validation strategy

To independently validate our findings, we solve equa-
tions (2)–(4) in the case of an abrupt change in bound-
ary conditions (constant a and A) with the spectral code
Dedalus [23] [24]. The depth of our domain is 15�, and we
use 256 Chebyshev modes. We integrate the equations
over 15/F , which is long enough to see EII mature, but
short enough that it does not reach the bottom of the
domain, in agreement with the condition at infinity in
eqns. (4). Because the one-dimensional equations (2) are
linear, Dedalus integrates them implicitly in time with a
4th-order Runge-Kutta scheme. At the start of the simu-
lation, u and v vary more strongly, and we progressively
decrease the time step �t following

�t = �tm + (�tM ��tm)
�
1� e�Ft

�
, (12)

with F�tm = 10�5 and F�tM = 10�2.
Simulations shown here are seeded with noise, mean-

ing that EII and InI compete. However, noise-free simu-
lations (not shown) behave virtually identically. As ex-
pected from linear calculations, outcomes of numerical
simulations and analytical solutions are practically in-
distinguishable. We present both below for the abrupt
wind change case.

C. Solution following an abrupt change in wind

We now focus on the case when wind changes abruptly,
i.e., for constant A(⌧) = A0. We numerically tested
moderate departures from this case, e.g., exponential ap-
proach to di↵erent, constant wind stress values over time
scales similar to 1/F or shorter and found qualitatively
and quantitatively similar behavior to the abrupt change
case. Should the wind evolve over longer time scales, EII
would likely initiate and saturate before said time scales
have time to impart their signature on the flow.
IUnder this condition, eqn. (10) can be cast in the

following closed forms

U =
A0p
2
=

eZi

p
2erfc

✓
�i

p
⌧ � Zp

2⌧

◆�
(13a)

=
A0p
2
e⌧�Z2/(2⌧)=


W

✓p
⌧ +

iZp
2⌧

◆�
, (13b)
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FIG. 1. Evolution of the profiles of U† and V , after an
abrupt change in boundary conditions. Solid lines: analyti-
cal solutions derived in § II C; crosses: independent numerical
integration of eqns. (2), described in § II B. We only display
one cross every eight grid points.
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FIG. 2. Same as fig. 1, presented as time series at a few
depths. We only display one cross every ten time steps.

where erfc is the complementary error function, = de-
notes the imaginary part and W is the Faddeeva function

8⇠ 2 C, W(⇠) = e�⇠2erfc(�i⇠).

We plot U † corresponding to this solution in figs. 1 (left
panel) and 2 (top panel).

Eqn. (13b) highlights the long-term behavior of the
solution. First, e⌧ is the only factor that exhibits a per-
sistently growing behavior, while the rest, namely, U†,
is bounded at all times. In fact, U grows indefinitely,
albeit at a rate that keeps evolving, which we will dis-
cuss in § IID. Second, for ⌧ � 1, W(. . . ) ⇡ W(

p
⌧), and

the Z-dependence mostly manifest itself in the e�Z2/(2⌧)

factor. Therefore, the bell-shaped profile of U† found at
Ft ⇡ 15 in fig. 1 is a weakly-modulated Gaussian, whose
vertical extent scales as

p
⌫t in dimensional coordinates.

Similarly, eqn. (11) becomes

V =
A0

2
p
2


eZ

p
2erfc

✓
�
p
⌧ � Zp

2⌧

◆

� e�Z
p
2erfc

✓p
⌧ � Zp

2⌧

◆�
, (14)

which we plot in figs. 1 (right panel) and 2 (bottom
panel). Contrary to U , the error functions above have
real arguments, bounding V at all times and depths. In
particular, for ⌧ � 1, V ⇡ A0/

p
2eZ

p
2 and does not

extend deeper than O(�).
Figs. 1 and 2 show that EII is most pronouced at the

surface. There, eqns. (13) have simple analytical expres-
sions, namely

U |Z=0 =
A0p
2
erfi

�p
⌧
�
=

r
2

⇡
A0e

⌧D
�p

⌧
�
, (15a)

V |Z=0 =
A0p
2
erf

�p
⌧
�
, (15b)

where erfi is the imaginary error function and

8⇠ 2 R, D(⇠) =

p
⇡

2
e�⇠2erfi(⇠)

is the Dawson integral. It is bounded, with D(
p
⌧) ⇡p

⌧ for ⌧ ⌧ 1, then going though a maximum at ⌧ ⇡
0.92, before decaying monotonically to zero, eventually
as 1/(2

p
⌧).

D. Growth rate

The general expression for the growth rate of U is

�U (t, Z) =
1

U

@U

@t
= F +

1

U †
@U

†

@t
. (16)

We hereafter refer to periods of time when �U > F (�U <

F ) as “super-inertial” (“sub-inertial”), in reference to the
growth rate of inviscid InI.
The growth rates of U and V can be readily obtained

from eqns. (10)–(11) and the Leibniz integral rule. We
explicitly plot �U in the case of a sudden wind change
in fig. 3. In accordance with eqn. (16), periods of U† in-
creasing (decreasing) in fig. 2 correspond to phases over
which U grows super-inertially (sub-inertially). Qualita-
tively, the growth rate behaves similarly at all depths.
Thus, we focus on the surface behavior, which also has
the strongest impact on the dynamics of a front. There,

�0 = �U |Z=0 =
⇥
2
p
⌧D

�p
⌧
�⇤�1

, (17)

which we can break down following the discussion at the
end of § II C. That is, for ⌧ ⌧ 1, �0 ⇡ 1/(2⌧), and the
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FIG. 3. Same as fig. 2, for growth rates �U . Note the
change in vertical log scale at �U = 2F , curves would appear
inifintely di↵erentiable otherwise.

growth rate goes from infinity to unity within a duration
⌧ ⇡ 0.854. It then decreases and reaches a minimum of
�0 ⇡ 0.778F at ⌧ ⇡ 2.26. The growth rate then mono-
tonically increases and asymptotically tends to F .

At depth, the flow qualitatively goes through the same
series of steps, with quantitative di↵erences. As Z de-
creases, the initial growth rate increases in absolute value
due to lower values of U . It reaches the �U = F mark,
then its minimum value, which is closer to F at greater
depth, at later times.

III. INSTABILITY DYNAMICS

This section presents a more qualitative description of
EII, namely, the physical mechanisms involved, the mor-
phology of the induced flow, and the implication on mass
transport.

A. Dynamics through the lens of energetics

The individual mechanisms involved in EII can be
better traced by investigating their energetic signatures.
From eqns. (2), the evolution equation of the kinetic en-
ergy density of the flow K = (u2 + v

2)/2 is

Kt = �LSP � �z � ", (18)

where LSP = Rofuv stands for Lateral Shear Produc-
tion, i.e., the transfer of kinetic energy from perturba-
tions to the mean shear (negative here); � = �⌫Kz, the
viscous di↵usive flux of kinetic energy; and " = ⌫(u2

z+v
2
z),

the irreversible dissipation.
Fig. (4) shows that �z plays a role that depends on

the phase of EII. In the first phase, which we refer to
as “Viscous-Inertial Peeling” (VIP), ��z is the domi-
nant energy source at the leading edge of the instability,

0.00 0.02
Units of |Ro|FA2

0e
�2Ft

�4.0

�3.5

�3.0

�2.5

�2.0

�1.5

�1.0

�0.5

0.0

z/
�

Kt

�LSP
��z

�✏

0.000 0.002
Units of |Ro|FA2

0e
�2Ft

�3.0

�2.8

�2.6

�2.4

�2.2

�2.0

�1.8

�1.6

z/
�

FIG. 4. Kinetic energy budget at Ft = 2 (cf. eqn. 18). The
right-hand-side panel is a magnification of the left-hand-side
panel around the edge of the EII propagation. These plots
are from the numerical simulation.

setting the fluid in motion, with �LSP being the sec-
ondary energy source. This phase (fig. 4, right panel)
coincides with the super-inertial growth we described in
§ IID. Near the surface, it lasts O(F�1), too short for
rotation to influence the dynamics significantly. VIP is
therefore a Rayleigh-like problem, rotation acting as a
perturbation.
After the instability front has passed however (fig. 4,

z/� > �1.5), �LSP becomes the dominant source of en-
ergy, as in InI, and ��z acts to reduce the growth of
the instability. Physically, rotation is now acting and the
flow set in motion during VIP is inertially unstable, a
phase we call “Inertial-Viscous Instability” (InVI). Up-
per layers of the fluid have begun going unstable earlier
than lower layers, and their velocity proceeds to grow
quasi-exponentially. The result is a persistent horizontal
momentum imbalance between upper and lower layers,
which viscosity di↵uses downward. InVI therefore be-
haves like a viscously-dragged InI. As time progresses,
EII behaves more and more like inviscid InI: relatively
speaking, the vertical gradients diminish (see fig. 1), �z

becomes less important, and the growth rate approaches
F .

B. Hodograph

EII induces a peculiar velocity field, with some fea-
tures reminiscent of the Ekman spiral (see fig. 5), with
a caveat that we address in the next paragraph. During
the early phases of VIP and near the surface, e±⌧ ⇡ 1
and eqns. (10)–(11) show that U and V both initially
grow at similar rates. Rotation is not acting yet, and
the motion is along the original wind perturbation di-
rection (fig. 5, left panel). Later, as VIP transitions into
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FIG. 5. Scaled hodographs at two di↵erent depths as time
progresses. Left: short-term behavior. Right: long-term be-
havior. Annotated arrows indicate the time stamps on the
last point of a given line. Solid lines are the theoretical pre-
diction and crosses are the numerical simulation, with one
cross displayed every time step. The axes are scaled equally,
showing true angles in (u, v/↵) coordinates.

InVI near the surface, V settles to a constant value, while
U keeps growing quasi-exponentially (recall § II C). The
near-surface velocity vector therefore adopts an angle of
45� with the mean flow in u, v/↵ coordinates (fig. 5, right
panel). For Z ⌧ �1 however, V ⇡ 0 at all times, and the
velocity vector adopts this 45�-angle immediately (fig. 5,
z = �5� lines).

We caution however on the analogy with ELs: the an-
gle we just mentioned is with the direction of the mean
flow, not that of the wind direction. Indeed, the appear-
ance of this angle traces its roots back to eqns. (7), and
to U and V being the solution of an unstable and stable
partial di↵erential equation, respectively. Incorporating
a wind disturbance along x in EII would change A(⌧),
not the final orientation of the velocity vector.

C. Transport

Contrary to the EL case and its spiraling hodograph,
the vertically integrated volume transport due to EII is
mostly aligned with the direction of velocity field. When
wind changes abruptly, we have, in EII coordinates,


M

(U)

M
(V )

�
= �

Z 0

�1


U

V

�
dZ 0 =

A0�

2


e⌧ � 1
1� e�⌧

�
, (19)

or, in across- and along-front coordinates,

M =


M

(u)

M
(v)

�
= A0�


cosh ⌧ � 1
↵ sinh ⌧

�
, (20)

respectively. Also note that unlike �U , the growth rate
of the mass transports reaches F quickly, i.e., over a du-
ration of O(F�1).

IV. DISCUSSIONS

A. Comparison with InI

While EII is similar to InI in several aspects, it also fea-
tures several di↵erences. For InI, �LSP is the sole source
of energy of the unstable perturbations. Velocities grow
as part of spatially global modes, as opposed to the local
(i.e., stress-driven) nature of EII expansion. In InI, the
viscous flux divergence �z and kinetic energy dissipation
" have passive roles, enhanced where InI creates stronger
vertical shear, and decreasing the growth rate by a con-
stant amount ⌫m2, where m is the vertical wavenumber
of the growing mode. Moreover, because �LSP is not
scale-selective, InI occurring in a comparable horizontally
invariant domain tends to select larger scales to minimize
the importance of viscous e↵ects, while the vertical scale
of the EII flow constantly increases with

p
⌫t.

Viscosity induces another major practical di↵erence
between InI and EII, namely that a large value of (eddy)
viscosity can only prevent the former from growing, while
it can aid the latter’s expansion. Indeed, InI modes grow
at a rate F � ⌫m

2, and viscosity’s only role is that of
damping and scale selection. In EII, however, a larger
viscosity has two consequences: (1) it speeds up the ver-
tical propagation of EII via a larger �, and (2) it decreases
its magnitude since A0 / ⌫

�1/2. However, because EII
grows fast during VIP, we can reasonably anticipate it to
rapidly become detectable even in a highly turbulent en-
vironment, and to impart its signature at depth. There-
fore, we argue that regardless of the value of eddy vis-
cosity, EII is likely to always manifest itself, be it as an
intense, near-surface current, or as a slower, slab-like mo-
tion of a significant vertical fraction of the front, or as
some intermediate behavior.
One point of convergence between InI and EII refers to

the 45�-angle in stretched coordinates between mean and
EII flow. Recall that we cautioned in § III B against liken-
ing it to the surface deviation from the wind direction of
the EL solution. On the other hand, a volume distur-
bance triggering InI would also induce flow that quickly
aligns with the same angle as that of EII, by virtue of
eqns. (7), which both EII and InI share.

B. Finite width of currents

As with all instabilities, EII induces a flow that will
mix stable and unstable fluid, eventually extinguishing
itself. Our solution does not include this e↵ect because
we kept Ro, i.e., ⇣, constant, e↵ectively providing an end-
less supply of unstable fluid. In an actual front however, ⇣
varies in space. In that case, M (u), the cross-jet volume
flux induced by EII, will eventually provoke its extinc-
tion: the front is indeed surrounded by stable, Ro > �1
fluid, which would cap the unstable region and stop EII
from growing any further.
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Furthermore, EII will grow at di↵erent rates depend-
ing on the location within a front because Ro varies in
space. As a consequence, a horizontal velocity divergence
ux will develop, compensated by a vertical velocity diver-
gence wz, a process called Ekman pumping for ELs. We
can compute the vertical velocity w1 well below the re-
gion where EII occurs by vertically integrating the mass

continuity equation, yielding w1 = �M
(u)
x . A compre-

hensive treatment of the corresponding “Ekman-inertial
pumping” would require at least a two-dimensional study,
and be further complicated by the fact that Ro = O(1),
meaning that x- and z-directions will be strongly cou-
pled. We defer this study to future work.

V. CONCLUSIONS

Oceanic flows with anticyclonic vertical vorticity that
over-compensates planetary vorticity (i.e., Ro < �1), are
unstable to perturbations in surface boundary conditions.
These perturbations rapidly propagate down via tangen-
tial viscous stress, at a rate that far supersedes that of
InI, at least initially so, a regime we called “Viscous-
Inertial Peeling”. After the instability is “primed” by
the viscous stress however, the instability behaves like a
slightly modified InI. In the simplest possible mathemat-
ical description we can make of it, namely, a columnar
model, the vertical shear, compensated for inertial ex-
ponential growth, essentially follows a Rayleigh problem,
and inherits its infinite initial growth rate. Assuming
an abrupt change in wind conditions allowed us to write
closed forms for the solutions, and therefore to make some
of this behavior more explicit. After VIP, mass transport
grows expoentially, at a rate F .

This instability not only shares several of its features
with InI, its qualitative description inevitably brings
up features, more common to an Ekman spiral, super-
posed with inertial oscillations. In fact, we mirror our
derivation with that for the Ro > �1 case in the Ap-
pendix, which highlights striking similarities, and which
prompted us to call this instability “Ekman-Inertial In-
stability”. In particular, the importance of viscous
stresses, and the accompanying top-down propagation
of momentum disturbances, is common to both, and
provides EII with an initially infinite growth rate that
may make it competitive with other instabilities such as
InI, its baroclinic generalizations within the framework
of centrifugal or symmetric instability, or baroclinic in-
stability.

Whether this instability is novel or a mere flavor of
InI is up for interpretation. More important however is
to recognize EII’s peculiar behavior, which may manifest
itself in peculiar ways in actual ocean fronts. Investigat-
ing more realistic, i.e., two-and three-dimensional config-
urations, will be the topic of future work. The points
we raised in § III C would be a good start, which would
inevitably raise new questions. In particular, how EII
behaves in the presence of vertical and cross-jet buoy-

ancy variations promises interesting discussions. Our
one-dimensional model can easily incorporate an evolu-
tion equation for the buoyancy b, namely,

bt � ub̄x = bzz, (21)

where b̄ is the mean buoyancy field and  is the buoy-
ancy di↵usivity coe�cient. In our one-dimensional model
still, b does not feed back into the momentum equations
(2). Therefore, EII can advect water masses of di↵er-
ent densities across the front, which could directly mod-
ify the potential energy of a density front. Grisouard
[25] had observed that with similar boundary conditions,
and contrary to predictions from symmetric instability
theory, a horizontal flow was advecting buoyancy later-
ally immediately under the surface and extracting poten-
tial energy from the front. Moreover, minimal potential
energy exchanges were found between front and fluctu-
ations when the minimum anticyclonic Rossby number
was large, which would have suppressed EII, and the
Richardson number of the thermal wind shear was small,
which would have favored symmetric instability. At the
time, these behaviors had no complete explanations. In
light of our results however, they were consistent with EII
out-competing symmetric instability whenever Ro was
su�ciently anticyclonic.
Finally, stability of EII to along-jet and other three-

dimensional disturbances such as convection, surface
wave e↵ects [26, 27] or non-traditional e↵ects [28] should
be investigated, along with a more complete description
of the competition with the transient growth of centrifu-
gal, symmetric and/or baroclinic instability [29].
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Appendix: Comparison with the establishment of an
Ekman spiral

When Ro > �1, re-defining F = �f , with � =p
1 + Ro, better reveals the set-up of an EL. In doing

so, eqns. (6)–(7) apply, albeit with the new definition of
F . Note that we do not need to solve for both U and V

anymore, since u and v derive from the real and imagi-
nary parts of either of them. In line with the traditional
presentation of ELs, we solve for Ṽ = u+ iv/� and intro-
duce the counter-rotated field Ṽ

‡ = Ṽ ei⌧ to obtain the
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same di↵usion equations such as the one in (8), and the

counter-rotated boundary condition Ṽ
‡
Z

���
Z=0

= iA(⌧)ei⌧ ,

with A = vz|z=0 /�. The solution is formally identical
to eqn. (11), with the exception of ie�i✓ replacing e�✓.
When surface boundary conditions change abruptly,

Ṽ =
A0ei⇡/4

2
p
2


eZ

p
2ierfc

✓
�
p
i⌧ � Zp

2⌧

◆

� e�Z
p
2ierfc

✓p
i⌧ � Zp

2⌧

◆�
. (A.1)

As ⌧ ! 1, Ṽ ! A0eZ+i(⇡/4+Z)
/
p
2, which is the

classical Ekman spiral solution. To obtain this result, we
used the identities

ei⇡/4p
2
erf

⇣p
i⌧

⌘
= S

⇣p
⌧̂

⌘
+ iC

⇣p
⌧̂

⌘
! 1 + i

2
, (A.2)

where S and C are the normalized Fresnel integrals, ⌧̂ =
2⌧/⇡, and the last arrow implies lim⌧̂!1.

At the surface,

Ṽ

���
Z=0

= A0

h
S
⇣p

⌧̂

⌘
+ iC

⇣p
⌧̂

⌘i
. (A.3)

For ⌧ ⌧ 1, C(
p
⌧̂) ⇡

p
⌧̂ , i.e., exhibits a growth rate

singularity, similar to that of EII. In the other limit
⌧ � 1, C(

p
⌧̂)�1/2 ⇡ sin ⌧/

p
2⇡⌧ , with S behaving sim-

ilarly. That is, the convergence to the EL solution mani-
fests itself as near-inertial, or near-F frequency, pseudo-
oscillations. Note that their envelope decays as 1/

p
2⇡⌧ ,

identical to that of
p

2/⇡D(
p
⌧), the compensated EII

magnitude. The time evolution of the surface hodograph
resembles that of a Cornu spiral, albeit one that con-
verges more slowly towards its attractor and with a con-
stant quasi-frequency F .
Like EII, this solution highlights two phases: first, that

of a rapid adjustment (singular growth rate), followed
by a slow (⇠ ⌧

�1/2) and oscillatory convergence towards
constant values u/A0 = v/(�A0) = �1/2, which is the
surface expression of the EL. These two phases are of
course the stable counterparts to EII’s VIP and InVI
stages. In fact, because we defined VIP as the phase
during which rotation has not a↵ected the motion yet, it
appears natural that VIP is shared by both EII and EL.
Contrary to EII however, a wind disturbance of arbi-

trary orientation corresponds to a surface boundary con-
dition for Ṽz that is not purely imaginary, and whose
phase encodes the disturbance direction. As a result, the
orientation of u and v is with respect to the wind direc-
tion, not the mean flow.
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