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ABSTRACT. Supraglacial lake drainages create spatially finite regions of re-7

duced basal friction, slippery patches, at the ice-bed interface that perturb8

local stresses in the overlying ice, potentially sufficiently to trigger cascading9

hydrofracture-driven lake drainage events. We derive analytical solutions for10

the perturbed stress response to such slippery patches using the shallow shelf11

approximation and validate these solutions against 2d full-Stokes numerical12

simulations for Newtonian n “ 1 and Glen n “ 3 rheologies, spanning a range13

of flow parameters. The stress perturbation magnitude scales as ρgα`{4, lin-14

ear in surface slope α and patch length `, and decays exponentially into the15

ice away from the patch over a decay lengthscale p2Bh{Cqn{pn`1q, dependent16

on ice thickness h, rheological parameters n,B, and basal sliding coefficient17

outside the patch, C. The stress decay lengthscale increases with larger ice18

thickness and smaller basal traction. Combining stress magnitude and decay19

lengthscale, we define an absolute coupling length as the distance over which20

the perturbed stress remains above a given threshold, which is largest in the21

Greenland ablation zone. We discuss implications of these results for the mag-22

nitude and spatial reach of stress communication among lake drainage events,23

especially under a warming climate.24
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INTRODUCTION25

Interfaces between varying boundary conditions are critical to ice sheet dynamics. For example, the26

organization of ice flow into ice streams, which serve as fast flowing conduits through which Antarctic27

ice is rapidly transported seaward (e.g., Bindschadler and Vornberger, 1998; Hulbe and Fahnestock, 2007;28

Rignot and others, 2011), is dependent on the dynamics associated with a transition in basal boundary29

condition (Jacobson and Raymond, 1998; Suckale and others, 2014; Mantelli and others, 2019). The flux30

of ice through the grounding line (e.g., off the edge of the continent to form floating ice shelves in the31

ocean) is critically dependent on the dynamics at the basal boundary transition of the grounding line32

(Weertman, 1974; Chugunov and Wilchinsky, 1996; Schoof, 2007a). Another such glacial interface is a33

seasonally occurring feature of the Greenland Ice Sheet (GrIS): rapid spatially finite injections of surface34

meltwater to the ice-bed interface from the drainage of supraglacial lakes through the ice column (e.g., Das35

and others, 2008; Tsai and Rice, 2010; Stevens and others, 2015).36

During the summer months (June-September) the GrIS ice-bed interface becomes partially lubricated37

by surface meltwater which penetrates the ice column via surface-to-bed pathways such as moulins and38

hydrofracture-driven lake drainages (HLD) (e.g., Alley and others, 2005; Das and others, 2008). These39

spatially-finite injections of meltwater reduce the friction between the ice and bed below, leading to a tran-40

sient acceleration of the overlying ice (Joughin and others, 2013; Stevens and others, 2016). In many cases,41

the resulting induced stresses are sufficient to trigger further HLD events, delivering further lubricating42

water to the bed (Das and others, 2008; Stevens and others, 2015; Christoffersen and others, 2018; Poinar43

and Andrews, 2021). These rapid HLD events can deliver large volumes of water („ 5 x 107 m3) to the44

bed (Fitzpatrick and others, 2014), which form spatially-finite blisters of diameter on the order of several45

ice thicknesses beneath the ice, reducing the effective pressure (ice overburden minus basal water pressure)46

over that area (e.g., Lai and others, 2021; Stevens and others, 2024).47

In some cases, multiple neighboring lakes are observed to drain in rapid succession leading to the48

hypothesis of a domino effect of HLD events, where one lake drainage may trigger another and so on,49

which could have the capacity to then transiently overwhelm the evacuation capacity of the subglacial50

hydrological system, leading to increased ice motion (e.g., Christoffersen and others, 2018). Prescience51

of these dynamics is especially relevant as the presence of lakes is projected to expand inland over the52

coming decades in response to the warming climate (Leeson and others, 2015; Ignéczi and others, 2016;53
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MacFerrin and others, 2019). These inland regions are characterized by a subglacial hydrological system54

which may be more readily overwhelmed by meltwater injections due to thicker more gently sloping ice,55

potentially leading to a lower effective basal friction in response to rapid basal meltwater injection (e.g.,56

HLD) (Chandler and others, 2013; Meierbachtol and others, 2013; Dow and others, 2014; Doyle and others,57

2014). Constraining the structure of the influence one lake drainage has on other lakes in the area via distal58

stress communication, and how this communication varies across the GrIS, remains a critical yet incomplete59

challenge. In this study, we aim to investigate the following question: what are the fundamental controls60

on the magnitude and spatial extent of stress and velocity response to spatially finite basal traction loss?61

Our case sits within a broader class of ice flow problems subjected to spatially varying basal boundary62

conditions. For grounded ice sheets this type of transition often occurs at the onset (margins) of narrow63

rapidly moving regions, known as ice streams, which are fed laterally by slower moving ice ridges that are64

basally frozen. Jacobson and Raymond (1998) demonstrated the sensitivity of ice stream margin locations65

to thermo-viscous feedbacks. Haseloff and others (2015) derive a boundary layer description of this lateral66

transition from slow shear-type to fast plug-type flow, accounting for the role of lateral advection on margin67

migration. Barcilon and MacAyeal (1993) describe the structure of flow across an along-flow basal condition68

transition from no-slip to free-slip, work which was extended by Mantelli and others (2019) and Schoof and69

Mantelli (2021) to include the thermomechanical behavior in the associated boundary layers. The present70

paper differs in that we discuss a spatially finite region of rapid flow with an upstream transition from71

slow to fast flow and a downstream transition back to slow flow. We are also interested in systems for72

which the slippery region is not induced or controlled thermomechanically, rather simply by the presence73

of meltwater which can supply sufficient upward pressure on the overlying ice to drastically reduce basal74

friction, such as is the case following a rapid lake drainage (e.g., Lai and others, 2021).75

Previous attention has been paid to the problem of ice flow over spatially finite basal heterogeneities.76

Several studies demonstrate steady-state longitudinal transmission of basal heterogeneities (e.g., topog-77

raphy) to be on the order of several ice thicknesses (e.g., Kamb and Echelmeyer, 1986; Gudmundsson,78

2003; Raymond and Gudmundsson, 2005; Sergienko, 2013; Crozier and others, 2018). In particular, Gud-79

mundsson (2003) investigates surface responses to small amplitude basal slipperiness perturbations, finding80

regions of extension and compression up and downstream from the basal heterogeneity, respectively, quali-81

tatively consistent with our findings. Gudmundsson (2008) uses the shallow shelf approximation (SSA) to82

derive analytical transfer functions for small amplitude sinusoidal basal slipperiness perturbations in the83
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Newtonian limit, which imply exponentially decaying spatial responses, consistent with our work. Here, we84

aim to add to this conversation by posing a boundary value problem for a spatially finite slippery patch,85

deriving the lengthscale of the boundary layer adjacent to a slippery patch for linear and non-linear rheol-86

ogy. Using a simple analytical model and scaling arguments, we reveal the dominant relationships between87

geometrical parameters (ice thickness, slope, patch length) and the resulting stress and velocity perturba-88

tions. In this paper, we do not evolve the system forward in time, as the slippery patch-induced stress89

perturbations are directly relevant for triggering surface fracture and potential subsequent lake drainage90

cascades. However, long-term impacts of the slippery patch’s annual appearance on ice-sheet dynamics91

remains an interesting direction for future work.92

We begin by presenting our model, which is a simplified representation of the stress coupling from lake93

drainage-induced basal sliding. We present an analytical model based on the SSA (MacAyeal, 1989), as94

well as 2d numerical simulations. We then discuss the implications of this work in the context of Greenland95

Ice Sheet lake drainages under the warming climate before concluding the paper.96

MODEL97

We consider an idealized 2d (along-flow) ice sheet, which is of infinite length, constant thickness and surface98

slope, and flowing from left to right. In the interior of the domain exists a patch of finite length across which99

the basal boundary condition is shear-free, that is, a “slippery patch” (figure 1). As a further simplification,100

we consider a depth-integrated version of this model, which admits elementary analytical solutions. We101

present each of these models, in turn, below. We present this first, before moving to a demonstration of102

the 2d system, which is solved numerically.103

Numerical model (2d)104

We consider a 2-dimensional flowline numerical model. We use the open-source finite element full-Stokes

solver Elmer/Ice (Gagliardini and others, 2013), with which we conducted a suite of numerical experiments.

In particular, we used Elmer/Ice to solve the incompressible Stokes system:

∇ ¨ σ ` ρig “ 0, ∇ ¨ u “ 0 , (1)
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Fig. 1. Schematic of the 2d flowline model. An ice slab of uniform thickness h flows over a bed with a spatially

finite slippery patch of length ` (orange) where basal friction coefficient C,Cb “ 0. Outside the patch, the bed has

finite friction C,Cb ą 0 set by the sliding ratio γ. Boundary layers on the up- and downstream edges of the patch,

where the flow transitions from free slip to basal friction conditions. The surface slope α defines the gravitational

driving stress τd “ ρghα.

in a domain of length Lx, subjected to periodic boundary conditions on both the horizontal (x) and vertical105

(z) components of the velocity field, upx, zq and wpx, zq, respectively. The simulation mesh is structured106

with spatially varying horizontal resolution across five zones: fine resolution (10 m) across the center 50107

km of the domain, intermediate resolution (100 m) in 50 km zones on both sides adjacent to the central108

region, and coarse resolution (500 m) in the far-field beyond. The mesh is extruded vertically to the ice109

thickness h with 40 vertical levels.110

We ran a suite of experiments designed to investigate the relationship between the geometrical param-

eters of the flow and the resulting stress response. We later compare these empirical relationships to those

that arise from the analytical model. To this end, we ran simulations over a range of parameter values for

the ice thickness h, surface slope α, patch length `, and basal sliding states γ,Cb (table 1). Basal sliding

is characterized by a Weertman-type (e.g., Weertman, 1957) sliding law of the form

τb “ Cb|ub|
1{n´1ub , (2)

where the subscript b indicates quantities basal interface and we follow a common simplification of the

Weertman sliding law, taking the exponent to be 1{n (e.g., Weertman, 1974; Schoof, 2007b; Tsai and

others, 2015; Sergienko, 2022), where n is the flow law exponent in Glen’s flow law (Glen, 1955). Here, we

define γ as the ratio between the scales of sliding and deformation contributions to velocity, that facilitates
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Table 1. Range of parameter values used in the numerical experiments.

Parameter Symbol Value(s) Units

Ice thickness h [0.3, 1.0, 2.0, 3.0] km

Surface (bed) slope α [0.1, 0.5, 1.0] ˝

Patch length ` [2.5, 5.0, 10.0, 25.0] km

Flow law exponent n 1 or 3 –

Flow law parameter B´n

$

’

&

’

%

5.0ˆ 10´15 pn “ 1q

2.4ˆ 10´24 pn “ 3q
Pa´n s´1

Sliding ratio γ [0.1, 0.5] –

Basal sliding coefficient Cb B pγ{hq
1{n Pa s1{n m´1{n

later comparison to the analytical model strictly valid when γ ! 1,

γ ”
rudeforms

ruslides
“
B´nτnb h

pτb{Cbqn
“
hCnb
Bn

, (3)

where the brackets rs indicate characteristic scale of the variable inside the brackets. All experiments were111

conducted with an ice sheet of constant thickness and surface slope (simply by tilting the gravity vector112

acting upon the flow according to α, see e.g., figure 1) and were subjected to periodic boundary conditions113

at the inflow (left) and outflow (right) of the ice body. We repeated this experiment for two ice rheologies:114

Newtonian (n “ 1) and Glen (n “ 3). The flow, in both cases, results in a strong perturbation in the115

velocity and stress fields at the center of the domain where the slippery patch resides, but returns to the116

background flow state, consistent with sliding-accommodated SIA, toward the edges of the domain (figure117

2).118

Analytical model (1d)119

To derive the 1d model, we begin this section by considering the depth-integrated shallow stream approx-

imation (SSA) (MacAyeal, 1989)

Bxp2hτxxq ´ τb ´ ρghBxs “ 0 , (4)

where g is gravity, h, ρ, s are ice thickness, density, and surface, respectively, τxx is longitudinal deviatoric

stress, and τb is the basal traction. This approximation of Stokes requires a dominant contribution of sliding
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Fig. 2. Example simulation domain for h “ 1000 m, α “ 0.5˝, ` “ 5 km, γ “ 0.1. (a, d) Horizontal velocity

field upx, zq response to the slippery patch for Newtonian n “ 1 and Glen n “ 3 rheologies, respectively. (b, e)

Deviatoric normal stress τxxpx, zq response to the slippery patch for Newtonian and Glen rheologies, respectively. (c,

f) Vertical profiles of horizontal velocity at the (periodic) inflow/outflow (dashed) boundaries compared to analytical

basal sliding-accommodated SIA solution (red).
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to the overall velocity, namely γ ! 1 (3). As mentioned above (and in Appendix A), this depth-integrated

model uses the following parameterization for the basal shear term:

τb “ C|u|1{n´1u , (5)

where C, u are depth-integrated quantities with C “ Cbpub{uq
1{n (51) relating the depth integrated quantity

C in our 1d model with the basal quantities Cb, ub from the Elmer/Ice simulations. The flow law exponent

n comes from Glen’s flow law (Glen, 1955), which relates the strain rate to the applied stress as

τxx “ B| 9εxx|
1{n´1 9εxx , (6)

with B the ice hardness parameter and 9εxx “ Bxu the deviatoric strain rate, where u is horizontal velocity.

We take the simplifying case of constant ice thickness and surface slope, sx “ ´α. With these relationships,

we rewrite the SSA equation in terms of velocity as

2Bhp|ux|1{n´1uxqx ´ C|u|
1{n´1u` ρghα “ 0 , (7)

where derivatives are here and henceforth denoted with subscripts. The basal traction condition is piecewise

constant across the domain:

Cpxq “

$

’

’

’

&

’

’

’

%

0, x P r0, `s,

C ą 0, x P p´8, 0s Y r`,8q .
(8)

We are predominantly interested in the spatial structure of the perturbed stress which arises from the

presence of a spatially-finite patch of free-slip. Our model considers the stress profile across the patch as

setting the boundary condition for the surrounding boundary layers upstream and downstream from the

patch. Inside the patch C “ 0 and the SSA reduces to

p2hτxxqx “ ´τd, x P r0, `s (9)

where the τd “ ρghα is the driving stress. Independent of n, this yields a linear membrane stress profile
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across the patch (see also Figure 4b,f, middle panel):

τxxpxq “ τxxp0q ´
τd
2hx . (10)

The antisymmetry of the membrane stress about the patch center, τxxp`{2q “ 0, gives the boundary

condition at the upstream patch edge:

τxxp0q “ ´τxxp`q “
τd`

4h “
ρgα`

4 (11)

such that equation (10) can be rewritten as

τxx “
ρgα`

4

´

1´ 2x
`

¯

(12)

yielding a characteristic scale for the stress perturbation rτxxs:

rτxxs ”
ρgα`

4 (13)

Outside the patch where our basal traction is given by Cpxq “ C, the governing equation is

p2hτxxqx ´ C|u|1{n´1u “ ´τd , x P p´8, 0s Y r`,8q (14)

subjected to the boundary condition above (11). Using the constitutive relation τxx “ B|ux|
1{n´1ux, the

relevant length and velocity scales of this region can be found from the balance between deviatoric stress

gradient and basal drag terms in (7):
2Bhrus1{n

rxs1{n ¨ rxs
“ Crus1{n , (15)

from which rus1{n cancels, giving the characteristic lengthscale of this region:

rxs “

ˆ

2Bh
C

˙
n

n`1
. (16)

This region is host to a boundary layer (BL) at the edge (upstream and downstream) of the patch, where

the flow transitions from the far field, which is characterized by a balance between basal drag and driving

stress to the patch interior, which is characterized by a balance between longitudinal stresses and driving
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stress. Thus, across this boundary layer, there is a balance between longitudinal stresses and basal drag.

The velocity scale is then determined by the membrane stress boundary condition at x “ 0 (11):

2Bh rus
1{n

rxs1{n
“
τd`

2 , (17)

which gives

rus “ rxs

ˆ

τd`

4Bh

˙n

“ rxs

ˆ

ρgα`

4B

˙n

. (18)

Nondimensionalizing with

u “ rusũ (19)

x “ rxsx̃ (20)

τxx “ rτxxsτ̃xx (21)

with rus, rxs, and rτxxs defined in equations 18, 16, and 13 respectively, gives the dimensionless governing

equation outside the patch:

p|ũx̃|
1{n´1ũx̃qx̃ ´ |ũ|

1{n´1ũ “ ´2δ , (22)

where

δ ”
rxs

`
“
p2Bh{Cqn{pn`1q

`
(23)

is the ratio of the boundary layer extent to the patch length. Here, we decompose the velocity into a

sum of two components, namely the background far-field velocity u8 and the perturbed boundary layer

velocity u1. We do this in order to facilitate later comparison between this analytical solution and the

depth-averaged numerical simulations with the background velocity subtracted away. In particular, we

take

upxq “ u8 ` u
1pxq , (24)

and introduce a dimensionless variable relating these two components’ scales

ε ”
u8
rus

, (25)
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such that we have

ũpx̃q “ ε` ũ1px̃q . (26)

Substitution into the dimensionless governing equation, noting that ũx̃ “ ũ1x̃, gives

p|ũ1x̃|
1{n´1ũ1x̃qx̃ ´ |ε` ũ

1|1{n´1pε` ũ1q “ ´2δ . (27)

We note that the dimensionless background balance, obtained by evaluating the governing equation far

from the patch where ũ1 Ñ 0, requires

|ε|1{n´1ε “ 2δ , (28)

which allows us to rewrite the governing equation as:

p|ũ1x̃|
1{n´1ũ1x̃qx̃ “ |ε` ũ

1|1{n´1pε` ũ1q ´ |ε|1{n´1ε . (29)

For n “ 1, the right-hand side simplifies exactly: pε ` ũ1q ´ ε “ ũ1, independent of ε. For n ą 1, since

ε “ p2δqn ! 1 when δ ! 1 (28), the right-hand side of (29) reduces to |ũ1|1{n´1ũ1, giving the leading-order

boundary layer equation (dropping tildes henceforth):

p|u1x|
1{n´1u1xqx “ |u

1|1{n´1u1 , (30)

which is subjected to the following boundary conditions:

u1 “ 0 pxÑ ´8q (31)

|u1x|
1{n´1u1x “ 1 px “ 0q , (32)

where (32) is the dimensionless version of (11).120

Taking typical scales of h „ 103 m, ` „ 104 m, B „ 7.5ˆ 107 Pa s1{3, C „ 5ˆ 106 Pa s1{3 m´1{3 gives

rxs „ 2.3 ˆ 103 m (16). In order to strictly use SSA to describe this system, we must have h ! rxs ! `.

With the scales estimated from above, we have h „ 1ˆ 103 m, rxs „ 2.3ˆ 103 m, and ` „ 104 m, meaning

δ „ 0.23. While the parameter combinations may not place us in deeply in the asymptotic regime of δ ! 1,

the resulting reduced-order model is reasonable, illustrative, and interpretable, but not asymptotically

strict. Thus, the remainder of this derivation shall be concerned with evaluating analytically the system



Rines and others: Longitudinal stress coupling 12

under these assumptions, but note that the boundary layer scaling (16) sufficiently captures relationships

outside this parameter regime (see, e.g., figure 4c,d,g,h). For convenience, we define

y ” |u1x|
1{n´1u1x (33)

ñ u1x “ |y|
n´1y , (34)

which allows us to write our leading-order governing equation as

u1x
d

du1
p|u1x|

1{n´1u1xq “ |y|
n´1y

dy

du1
“ |u1|1{n´1u1 (35)

ñ
1

n` 1
d

du1
p|y|n`1q “ |u1|1{n´1u1 . (36)

Integration of this equation (and applying the boundary condition from (31)) yields

|y|n`1 “ n|u1|1{n`1 (37)

ñ u1x “ |y|
n´1y “ n

n
n`1 |u1|1´1{nu11{n , (38)

where we can drop the absolute values given the solution (subjected to the boundary conditions) will be

positive everywhere, and we write, for simplicity:

u1x “ n
n

n`1u1 , (39)

Integration of the ODE gives

u1pxq “ u10 exp pn
n

n`1xq , (40)

where u10 “
` 1
n

˘
n

n`1 is determined by the boundary condition at x “ 0. To illustrate, we start with

|y|n`1 “ n|u1|
n`1

n (41)

and recognize that the boundary condition at x “ 0, |u1x|1{n´1u1x “ 1, is just yp0q “ 1 in terms of y. Then,
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letting u10 ” u1p0q:

|yp0q|n`1 “ 1n`1 “ n|u10|
n`1

n (42)

ñ u10 “

ˆ

1
n

˙
n

n`1
(43)

ñ u1pxq “

ˆ

1
n

˙
n

n`1
exp pn

n
n`1xq (44)

This gives the velocity structure in the boundary layer (as discussed further in Appendix B). For the

deviatoric stress, we use the constitutive relation in dimensionless form (tildes dropped):

τxx “ |u
1
x|

1{n´1u1x “ ypxq . (45)

Substituting the velocity solution gives the dimensionless stress decay profile:

τxxpxq “ n
1

pn`1q pu1pxqq
1
n “ exp

´

n
´ 1
pn`1qx

¯

, (46)

where we drop the absolute values signs because u1 ą 0 and u1x ą 0 in the upstream boundary layer.121

Downstream from the trailing edge of the patch (x “ `), the stress profile is solved for in the same way,122

with the stress decaying at the same rate into x ą `.123

Summary124

In summary, the relevant spatial scale for the stress perturbation differs across the domain. Namely, rxs

(16) dictates the stress decay lengthscale upstream and downstream from the patch (equation (46)), and

` characterizes the linear stress variation lengthscale across the patch interior (equation (12)). Returning

to dimensional variables τxx and x, we write the summary for the deviatoric stress profile across the full

domain:

τxxpxq

ρgα`{4 “

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

exp
´

n´
1

n`1 x
rxs

¯

, x ď 0

1´ 2x` , 0 ď x ď `

´ exp
´

´n´
1

n`1 px´`q
rxs

¯

, x ě `

(47)
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Inside the boundary layer regions, the spatial coordinate x is measured from the nearest patch edge and125

scaled by rxs (16), while inside the patch the coordinate is measured from the upstream edge and scaled126

by the patch length `. This analytical solution is rendered as the solid black curve in figure 4b,f.127

RESULTS AND DISCUSSION128

We first present an analysis of the stress response at the ice surface, which we extracted from the numerical129

experiments, before moving to compare the 1d model to the depth-integrated simulation results. We then130

discuss implications of this work. In all comparisons between the numerical results and analytical scalings,131

the depth-averaged friction coefficient C in the decay lengthscale rxs (16) is obtained from the basal132

coefficient Cb via the relationship C “ Cbpub{uq
1{n (51), where Cb is specified in the Elmer/Ice simulations133

by the sliding ratio γ ((3), table 1).134

Surface Stress135

For the numerical experiments, we used the flow parameters that were presented in table 1. The stress136

at the ice surface exhibits regions of tension and compression on the upstream and downstream sides137

of the slippery patch, respectively (figure 3a,b). This is expected, as the ice accelerates across the first138

half of the patch due to the basal traction loss, and decelerates across the second half of the patch as139

it begins to feel the basal shear stress effects on the other side of the patch. Though our 1d analytical140

model does not apply to the ice surface stresses, we observed from the simulations that the analytical141

scaling relationships between the ice geometry (e.g., h, α, `) and the stress response hold. In particular,142

the magnitude of the surface stress scales linearly with ρgα`{4 and the decay length scales with rxs (16)143

for experiments with Newtonian and Glen rheologies, albeit each with different prefactors. To obtain these144

prefactors, for each simulation, we compute the ratio of the simulated quantity to the theoretical scale (e.g.,145

max |τ surf
xx |{pρgα`{4q). The associated prefactor κ is then the median of those ratios across the ensemble of146

simulations, with gray bands spanning the 16th-84th percentiles. To quantify the decay lengthscales from147

the numerical experiments, we take the length upstream from the patch onset over which the perturbed148

stress is above max |τxx|{e because the 1d model implies a decaying exponential function, so this is the149

natural measure of the associated decay lengthscale. The stress magnitude relates to the theoretical stress150

scale with prefactors of κ1 “ 0.78 and κ3 “ 0.95 for the Newtonian and Glen experiments, respectively,151

while the decay lengths relate to the theoretical decay lengthscale with prefactors of κ2 “ 1.40 and κ4 “ 3.22152
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for the Newtonian and Glen experiments, respectively. These prefactors are all Op1q, indicating that, to153

the first order, the characteristic scales rτxxs ” ρgα`{4 and rxs ”
`2Bh
C

˘

n
n`1 provide good estimates of154

surface stress magnitude and decay lengthscale, respectively.155

We note that we restrict the analysis to simulations satisfying the minimum requirement of h ă rxs ă `,156

which ensures the boundary layer (decay) length scale is sufficiently broad such that we can reasonably157

use a depth-integrated model (i.e., SSA), but not broader than the slippery patch length `. For the profile158

panels (Figure 3a,d), we further require that δ ” rxs
` ă 0.3 to display cases where boundary layers are159

well separated from the patch interior. The scaling panels (Figure 3b,c,e,f) include all simulations which160

satisfy the first filter (h ă rxs ă `). These two restrictions are likewise applied to our analysis of the161

depth-averaged stresses, below.162

Depth-Averaged Stress163

For the depth-averaged stresses we once again compare the scalings from the 1d model to results from164

the simulations, which we now have depth-averaged. The depth-averaged stress magnitude scales linearly165

with ρgα`{4 and the decay length scales linearly with rxs again for both rheologies with prefactors κ5, κ6166

and κ7, κ8 for Newtonian and Glen rheologies, respectively (figure 4c,d,g,h). The prefactor values for these167

depth-averaged results echo the patterns observed for the surface stresses, where the stress magnitudes are168

similar between rheologies (κ5 “ 0.93, κ7 “ 0.94 for Newtonian and Glen, respectively). The decay length169

prefactors show more discrepancy (κ6 “ 1.04, κ8 “ 2.86 for Newtonian and Glen, respectively).170

The non-dimensionalized stress profiles also agree well with the 1d analytical model (figure 4b,f), con-171

firming the existence of up (down)stream boundary layers with exponential stress decay (recovery) and172

linear stress decline across the patch. The collapsed numerical profiles are tighter to the 1d analytical173

model for the Newtonian experiments than for the Glen experiments, consistent with and indeed expected174

from the model derivation (see, e.g., equations 25-30). In particular, for n “ 1, the boundary layer equation175

is exact and the background velocity terms cancel identically, independent of δ. However for n ą 1 this176

cancellation is approximate, strictly requiring ε “ p2δqn ! 1, leading to increasing error with increasing δ177

(see e.g., Figure C1). In figure 4(a, d) we only included simulations with δ ă 0.3. The simulations with178

Glen rheology are thus subject to two compounding effects: the approximation is inexact for δ ą 0 and δ is179

systematically larger due to the broader extent of the boundary layer for Glen rheologies, which degrades180

the agreement between the 1d model and the depth-averaged simulations with Glen rheology, though the181
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Fig. 3. Surface longitudinal stress τsurf
xx from the 2d Elmer/Ice numerical simulation ensemble for Newtonian

(n “ 1, left) and Glen (n “ 3, right) rheologies. (a, d) Dimensional surface stress profiles across the slippery patch,

colored by ice thickness h with marker shape depicting surface slope α and linestyle depicting sliding ratio γ. Profiles

with δ “ rxs{` ă 0.3 are shown. (b, e) Maximum surface stress max |τ surf
xx | versus the analytical prediction ρgα`{4

with proportionality constants κ1 and κ3 for Newtonian and Glen rheologies, respectively. (c, f) Decay lengthscale

(DL; e-folding decay distance from the stress peak) versus the theoretical decay lengthscale rxs “ p2Bh{Cqn{pn`1q

with κ2 and κ4 for Newtonian and Glen rheologies, respectively. Asymmetric error bounds (gray shade) denote the

16th-84th percentile of κ prefactor estimates. We have restricted the all plots, including the log-log plots to display

simulation results satisfying h ă rxs ă `.
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Table 2. Numerically determined prefactors κ for scaling relationships of maximum stress perturbation maxpτxxq

and decay lengthscale DL. DA and S denote depth-averaged and surface quantities, respectively. Values are medians

across the simulation ensemble; superscripts and subscripts give the 16th–84th percentile bounds.

Case maxpτxxq “ κ rρgα`{4s DL “ κ
”

p2Bh{Cqn{pn`1q
ı

n “ 1, S κ1 “ 0.78`0.12
´0.13 κ2 “ 1.40`0.50

´0.31

n “ 3, S κ3 “ 0.95`0.07
´0.03 κ4 “ 3.25`2.64

´0.67

n “ 1, DA κ5 “ 0.93`0.04
´0.07 κ6 “ 1.04`0.56

´0.06

n “ 3, DA κ7 “ 0.93`0.03
´0.06 κ8 “ 2.86`0.64

´0.78

overall agreement remains good across both rheologies. A summary of the prefactors for both surface and182

depth-averaged stresses is provided in table 2.183

Implications184

One benefit of a simple model such as ours is the ease with which we apply it to make qualitative im-185

plications. From the modeling work above, it is clear that the stress perturbation responding to a basal186

slippery patch is critically dependent on the ice thickness, surface slope, slippery patch length, and sur-187

rounding basal sliding conditions. The guiding question of ‘what is the structure of stress perturbations188

from slippery patches’ stems from the need to understand how the ice sheet might respond to continued189

arctic warming and meltwater forcings. In particular, our work was initially motivated by the lake drainage190

cascade hypothesis, whereby the stress perturbation resulting from the drainage of one lake might trigger191

the drainage of another (e.g., Christoffersen and others, 2018). The communication of stresses between192

lakes in response to their drainage is still yet to be fully understood. It remains unclear how and how far193

these stresses may be transmitted in response to HLD-induced meltwater injections (which we treat here as194

slippery patches). Modeling of membrane stress response to basal traction loss by Christoffersen and others195

(2018) suggests there may be a mechanism by which lakes located several tens of kilometers apart may196

transmit stresses and provide a sufficient triggering mechanism. Observations of HLD-induced stresses by197

Stevens and others (2024) suggest coupling lengthscale on the order of only several ice thicknesses. In this198

study, we have aimed to contribute to this ongoing conversation in the literature, using our simple model199

to reveal the structure of an idealized slippery patch-induced stress perturbation. As discussed above, we200

find that the magnitude of the stress perturbation is set by ρgα`, and decays into the upstream ice over a201
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Fig. 4. Depth-averaged longitudinal stress τ̄xx from the 2d Elmer/Ice simulation ensemble for (left) Newtonian

n “ 1 and (right) Glen n “ 3 rheologies. Top row (a, e): Dimensional profiles across the patch, colored by ice thickness

h with marker shape denoting surface slope α and linestyle denoting γ. Middle row (b–d, f–h): Non-dimensionalized

stresses in the three regions of upstream boundary layer, patch interior, and downstream boundary layer, each with

analytical solution (solid black curve; equation (47)). Profiles with with δ “ rxs{` ă 0.3 are shown and collapse

well onto the 1d model. Bottom row (c–d, g–h): Log-log plots showing max |τ̄xx| “ κ ρgα`{4 and decay lengthscale

DL “ κ rxs, with proportionality constants κ5, κ6 (Newtonian) and κ7, κ8 (Glen). Asymmetric error bounds (gray

shade) denote the 16th–84th percentile of prefactor estimates. To comply with the modeling assumptions, we have

restricted all plots, including the log-log plots, to display simulation results satisfying h ă rxs ă `.
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lengthscale of p2Bh{Cqn{pn`1q.202

Though the stress decay lengthscale increases with the local ice thickness, the exponential nature of the

stress response suggests that we should be particular in our definition of the term ‘coupling length’. Say,

for example, we are interested in the absolute distance over which the perturbed upstream stress is above

a critical value τval, such that hydrofracture-triggered lake drainage can occur. This distance, referred to

here as the absolute coupling length (ACL), is then a function not only of the stress decay lengthscale but

also the maximum magnitude of the stress perturbation. The maximum stress magnitude, and therefore

the ACL, are therefore unique functions of location on the ice sheet given a specific ph, αq:

ACL “ p2Bh{Cq
n{pn`1q

n´1{pn`1q ln
ˆ

ρgα`{4
τval

˙

(48)

As an illustrative example, we use τval “ 30 kPa due to the onset of fracture initiation in linear elastic203

fracture modeling (LEFM) of ice (e.g., Lai and others, 2020). Note that more sophisticated mechanistic204

understanding of the critical stress required for hydrofracture-triggered lake drainage is needed to determine205

τval. ACL would decrease with τval so if one were to use τval “ 100 kPa the resulting absolute coupling206

length would be even smaller. Using (48) we generate phase spaces that demonstrate the sensitivity of the207

ACL to different parameter combinations in our model (Figure 5). In particular, we assume a fixed patch208

length of ` “ 5 km and display ACL as a function of thickness h and slope α (Figure 5a,b) and then assume209

a fixed surface slope and display ACL as a function of thickness h and patch length ` (Figure 5c,d). For210

all phasespaces, we assume a sliding ratio of γ “ 0.1. In all panels of Figure 5, the dash-dot curve in each211

panel marks the δ “ rxs{` “ 1 line, as a reference for the location on the phasespace where the boundary212

layer length exceeds the patch length, and the 1d model deteriorates strongly.213

In the top row (Figure 5a,b), the black dashed curves bound the thickness and surface slope consistent214

with typical GrIS driving stresses in the range τd “ ρghα “ 50 to 150 kPa (e.g., Cuffey and Paterson,215

2010). Also in the top row, the solid black curve delineates the 90th-percentile ph, αq envelope of the GrIS216

derived from BedMachine v6 surface and bed topography (Morlighem and others, 2017) and ITS_LIVE217

(Version 2) surface velocities (Gardner and others, 2025). In particular, we computed the joint distribution218

of thicknesses h and along-flow surface slope α from BedMachine v6 and ITS_LIVE, respectively. The219

ice surface field was coarsened and smoothed to a resolution of 1.5 km and surface slopes were computed220

from this smoothed DEM. The slopes were then projected onto the local ice-flow direction û “ pvx, vyq{|v|221

which was obtained from ITS_LIVE, giving the along-flow slope α “ arctanp|∇s ¨ û|q. Locations with222
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speeds |v| ă 5 m/yr were excluded. The resulting ph, αq pairs over grounded ice were binned (120 ˆ 120223

bins spanning h P r200, 3000s m and α P r0.05˝, 1.0˝s. The 90th-percentile envelope was then defined as224

the smallest set of histogram bins whose cumulative count comprises 90% of all grounded ice pixels. The225

boundary of this region was smoothed for visual clarity with a Gaussian filter (σ “ 3 bins) before adding226

the contour to the phasespace.227

In the bottom row (Figure 5c,d), the vertical dashed line marks ` “ 10 km, an approximate upper228

bound on slippery patch lengths (e.g., Stevens and others, 2015, 2024). The magenta outline traces the229

region where these observational and model-validity constraints are simultaneously satisfied. Within this230

region, ACLs are up to 14 km for n “ 1 and up to 12 km for n “ 3. Accounting for the fitting constant for231

the n “ 3 cases of „ 2.8 (Figure 4h) could imply the ACL for n “ 3 cases reaches up to „ 34 km.232

To illustrate how the ACL dependencies play out, and indeed compete, in a spatial context, we evaluate233

the analytical model along an idealized convex ice sheet profile (e.g., Weertman, 1976). We assume a234

perfectly plastic ice sheet with a divide-to-terminus distance of L “ 300 km resting on a flat bed with235

yield stress τy “ 50 kPa. The thickness and surface slope are thus related by hpxq “
a

2τyx{pρgq and236

αpxq “ τy{pρghq, where x is the distance from the terminus (Figure 6). This profile traces a one-dimensional237

path through the phasespace (Figure 5), with a steep thin margin and gentle thick interior.238

Figure 6a,b shows the ice sheet cross section colored by the ACL and maximum stress magnitude,239

respectively, assuming a 5 km slippery patch with γ “ 0.1 and n “ 3. Tracing from the terminus,240

the ACL first increases toward the interior until it reaches a maximum value of „ 3 km around 75 km241

from the terminus, at which point the ACL decreases monotonically toward the interior (Figure 6a,c,d).242

Despite the fact that the decay lengthscale, rxs, increases with thickness h, we see here the competing243

effect of the decreasing stress magnitude. Stress magnitude is a strong function of surface slope α which244

decreases monotonically from terminus to interior (Figure 6b,c,d). As a result, the ACL reaches a peak245

value somewhere between the interior and the terminus, corresponding to conditions typical of the GrIS246

ablation zone which is host to many supraglacial lakes.247

CONCLUSION248

We have presented an investigation into the viscous stress response of and ice sheet to a spatially finite249

region of basal traction loss, i.e., a slippery patch, using a combination of a depth averaged analytical250

model and 2d full-Stokes numerical simulations using Elmer/Ice. Our 1d analytical model, derived from251
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Fig. 5. Phase space maps of the absolute coupling length (ACL, (48)) for the analytical 1d boundary layer model

with γ “ 0.1 and stress threshold value τval “ 30 kPa. (a, b) ACL as a function of ice thickness h and surface slope

α for a patch length of ` “ 5 km for Newtonian (n “ 1) and Glen (n “ 3) rheologies, respectively. (c, d) ACL as

a function of h and patch length ` for a fixed surface slope α “ 0.5˝. In all panels, the black dash-dot curve marks

the boundary where δ “ 1, outside of which the boundary layer lengthscale exceeds the patch length (δ ą 1) and

the 1d model breaks down significantly for the Glen rheology (equations 22, 23). In (a, b) the black dashed curves

bound typical GrIS driving stress range τd “ ρghα between 50 and 150 kPa; the solid black contour delineates the

90th percentile envelope of ph, αq values derived from BedMachine v6 (Morlighem and others, 2017) and ITS_LIVE

(Gardner and others, 2025). In (c, d), the vertical dashed line marks the ` “ 10 km, an approximate upper bound

for slippery patches, and the solid horizontal lines bound the 5th-95th percentile thickness range of GrIS grounded

ice pixels with along flow slope α “ 0.5˝ ˘ 0.05˝. The magenta outline traces the region where all observational and

model validity constraints are simultaneously satisfied, and thus is the region of interest in the phase space.



Rines and others: Longitudinal stress coupling 22

Fig. 6. Absolute coupling length (ACL) and maximum longitudinal deviatoric stress τxx evaluated along an ide-

alized convex ice sheet profile (Weertman, 1976) with divide-to-terminus distance L “ 300 km, yield stress τy “ 50

kPa, Glen (n “ 3) rheology, sliding ratio γ “ 0.1, patch length ` “ 5 km, and stress threshold τval “ 30 kPa (48). (a)

Surface topography colored by ACL, showing a peak of „ 3 km in the ablation zone „ 75 km from the terminus before

declining toward the interior. (b) Same topography colored by the maximum stress magnitude max τxx “ ρgα`{4,

which decreases monotonically from the margin toward the flattening interior. (c) ACL (blue, left axis) and maxi-

mum stress (black, right axis) as functions of ice thickness h, demonstrating competing effects of increasing decay

lengthscale and decreasing stress magnitude with growing thickness. (d) ACL and stress maximum as functions of

slope.



Rines and others: Longitudinal stress coupling 23

SSA, reveals that the perturbed stress is governed by two fundamental scales: the stress magnitude scales252

as ρgα`{4, set by the driving stress and patch length, while the spatial decay of the perturbation extends253

over a decay lengthscale p2Bh{Cqn{pn`1q. The latter scale is set by the balance between membrane stress254

gradients and basal drag. These scalings hold for the two rheologies tested, namely Newtonian n “ 1 and255

Glen n “ 3, for both depth-averaged and surface stresses. Our 1d theory of the stress perturbation profiles256

agrees well with depth-averaged simulations. Numerical deviations from the 1d model are stronger for the257

Glen rheology, which is expected due to the model’s inexactness and dependence on δ (Equations 29, 30).258

This dependence is further confirmed in Appendix C (see Figure C1).259

Together, the stress magnitude and decay length determine an absolute coupling length (ACL), which260

we define to be the distance over which the stress perturbation exceeds some defined threshold. Evaluation261

of the ACL along an idealized ice sheet profiles reveals a non-monotonic dependence on distance from the262

terminus (Figure 6). In particular, despite the decay length growing with ice thickness as derived in the263

1d model and confirmed by the numerical studies, the rapidly diminishing surface slope in the ice interior264

drives a competing reduction in stress magnitude, such that the ACL reaches a peak in the ablation zone,265

the region which is home to many supraglacial lakes. The same qualitative conclusion holds from the266

estimated absolute coupling length over the Greenland Ice Sheet in figure A1 in Appendix A.267

With these results, we aim to contribute to the ongoing discussion of lake drainage communication and268

cascade dynamics. Our simple model provides a transparent, parameter-explicit, idealized understanding269

of the structure of a stress perturbation from a basal slippery patch and how this structure varies across270

an idealized ice sheet. The finding that the ACLs are largest in the ablation zone, perhaps up to a few tens271

of kilometers when accounting for the n “ 3 numerical prefactor, supports the plausibility of membrane272

stress transmission across the ice and possible triggering between neighboring lakes.273

Though the presence of supraglacial lakes is expected to continue expanding inland from the GrIS274

margin under the warming climate (e.g., Leeson and others, 2015), these inland locations may indeed be275

more shielded from the same hydrofracture cascade effects modeled and observed for lakes closer to the276

margin in the current ablation zone (e.g., Christoffersen and others, 2018). Stress perturbations inland277

may be of smaller magnitude, with shorter ACLs despite the thicker ice. Inland lakes then may be less278

likely to drain via hydrofracture, and the ones that do may be less likely to trigger cascades with nearby279

lakes. This is of particular interest given the sensitivity of the inland subglacial system to basal traction280

loss (Schoof, 2010; Meierbachtol and others, 2013; Dow and others, 2014; Doyle and others, 2014; Poinar281
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and others, 2015).282

Several important physical processes are not captured in our present model and represent natural283

extensions of this work. For one, ours is not a time-dependent model. The transient evolution of the284

stress perturbation following a lake drainage event, and the timescale over which the perturbation arises285

and decays, transient effects which would consider the viscoelasticity of ice and the motion of the recently286

injected subglacial water both vertically and laterally, remain to be characterized. Related, we use a287

simplified representation of the basal traction, as well as ignoring variation in basal topography, which in288

our view warrants further analysis. The current work is limited also by being 1d along-flow (2d numerically,289

but still along-flow) and thus ignores lateral stresses. Addressing these extensions, some of which are the290

subject of current ongoing and future planned work, will be necessary for a more complete characterization291

of the impacts of lake drainage-induced injections of meltwater to the GrIS bed.292
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APPENDIX A: MODEL APPLICATION299

We extend the application of our 1d model from the idealized convex ice sheet profile (figure 6) to the300

map of the Greenland Ice Sheet. Using BedMachine v6 (Morlighem and others, 2017) and ITS_LIVE301

(Gardner and others, 2025) to obtain a ph, αq estimates across the ice sheet, as described in the Implications302

subsection, we project the phasespace values for absolute coupling length (ACL, (figure 5)) and maximum303

stress magnitude values to the topography of Greenland. Without over-interpretation, it is clear (and not304

surprising) that the same qualitative patterns as were evident in the idealized convex topography case are305

again present. Namely, the ACL generally increases initially as we move from the margin towards the306

ablation zone where many supraglacial lakes are located (Dunmire and others (2021), Dunmire and others307

(2025); zoom frames figure A1a), before decreasing again toward the ice interior. The stress magnitude is308

at a maximum near the margin, due to the high surface slopes, and decreases toward the interior (figure309
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A1b). This could imply that the lakes currently residing seasonally in the GrIS ablation zone possess310

maximum stress communication potential. If they do continue to form further inland (e.g., Leeson and311

others, 2015), their stress communications may become relatively muted.312

APPENDIX B: VELOCITY313

We start this appendix with a brief discussion on velocity details in the Elmer/Ice simulations. We then

extend our 1d analytical model to discuss the velocity structure across the domain in response to the

slippery patch. In the Elmer/Ice numerical simulations we set the inflow/outflow boundary conditions

to be periodic. This results in velocity profiles at the inflow/outflow boundaries are consistent with the

sliding-accommodated shallow-ice approximation (SIA) (Figure 2):

upzq “
2B´n

n` 1 pρgαq
n
”

hn`1 ´ ph´ zqn`1
ı

`

ˆ

ρghα

Cb

˙n

. (49)

To facilitate comparison between the analytical and numerical depth averaged results, we define far-field

depth-averaged velocities from the simulations by depth-averaging (49) to yield:

u8 ”
2B´n

n` 2 pρgαq
nhn`1 `

ˆ

ρghα

Cb

˙n

. (50)

This is the background velocity, u8, which is subtracted from the full velocity to characterize the perturbed314

velocity, u1.315

Another important note is that in order to map the analytical depth-integrated model to the 2d numer-

ical Elmer simulations, a relationship between the parameterizations for the basal shear stress between the

two models must be made. In particular, the analytical model uses τb “ Cu1{n while the Elmer simulation

uses τb “ Cbu
1{n
b , giving rise to the relationship between the two parameterizations:

C “ Cb

´ub
u

¯1{n
, (51)

where, evaluating equations 50 and 49 at z “ 0 reveals the ratio

´ub
u

¯

“
n` 2

n` 2` 2B´nhCnb
. (52)
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Fig. A1. Application of the 1d boundary layer model to Greenland Ice Sheet conditions using Glen rheology

(n “ 3, A “ 24 ˆ 10´25 Pa´3s´1 assuming sliding ratio γ “ 0.1 and fixed patch length ` “ 5 km. (a) Absolute

coulping length (distance over which τxx ě τval “ 30 kPa; (48)) at each ice pixel, computed from BedMachine v6

ice thickness and ITS_LIVE along flow surface slope, plotted over hillshade basemap. (b) Maximum surface stress

max τxx “ ρgα`{4 at every ice pixel. Insets show zoomed view of the central west region (red boxes), with black

polygons outlining observed supraglacial lakes in the ablation zone (Dunmire and others, 2025). 1600 m elevation

contour shown in white, representing the approximate current-day upper bound of lake presence (e.g., Poinar and

others, 2015; Fan and others, 2025).



Rines and others: Longitudinal stress coupling 27

We now present the 1d model for the velocity field. Outside the patch, we have already encountered

the velocity solution as an intermediate step in deriving stress (44). For the velocity across the patch, we

begin by recalling the dimensional linear deviatoric stress profile across the patch (10):

τxxpxq “
ρgα`

4

ˆ

1´ 2x
`

˙

“
τd`

4h

ˆ

1´ 2x
`

˙

, (53)

where again we have returned to dimensional variables. We obtain the velocity gradient from the consti-

tutive relation τxx “ B|ux|
1{n´1ux (recalling that ux “ u1x because u8 is constant):

u1x “
ˇ

ˇ

ˇ

τxx
B

ˇ

ˇ

ˇ

n´1 τxx
B

. (54)

We substitute the linear stress profile (53) which gives:

u1x “

ˆ

τd`

4Bh

˙n ˇ
ˇ

ˇ

ˇ

1´ 2x
`

ˇ

ˇ

ˇ

ˇ

n´1 ˆ

1´ 2x
`

˙

. (55)

We introduce dimensionless variables:

ũ1 “
u1

rus
, ξ “

x

`
, (56)

where rus “ rxspτd`{p4Bhqqn (18). Converting the x derivative using u1x “ p1{`qdu1{dξ and substituting

the dimensionless variables (56):

rus

`

dũ1

dξ
“

ˆ

τd`

4Bh

˙n

|1´ 2ξ|n´1p1´ 2ξq . (57)

Dropping tildes, and recalling that rus “ rxspτd`{p4Bhqqn (18) allows us to write:

rxs

`

ˆ

τd`

4Bh

˙n du1

dξ
“

ˆ

τd`

4Bh

˙n

|1´ 2ξ|n´1p1´ 2ξq . (58)

The pτd`{p4Bhqqn factors cancel, leaving

du1

dξ
“

`

rxs
|1´ 2ξ|n´1p1´ 2ξq “ 1

δ
|1´ 2ξ|n´1p1´ 2ξq , (59)

where δ “ rxs{` (23). We integrate from ξ “ 0, where u1p0q “ u10 “ p1{nqn{pn`1q is the velocity at the patch
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edge (43):

u1pξq “ u10 `
1
δ

ż ξ

0
|1´ 2ξ1|n´1p1´ 2ξ1q dξ1 . (60)

We note that the antiderivative of |1´ 2ξ|n´1p1´ 2ξq with respect to ξ is ´ |1´2ξ|n`1

2pn`1q , which can be verified

by considering two cases separately. For ξ ă 1{2, |1´ 2ξ| “ p1´ 2ξq, so:

d

dξ

ˆ

´
p1´ 2ξqn`1

2pn` 1q

˙

“ ´
pn` 1qp1´ 2ξqn ¨ p´2q

2pn` 1q “ p1´ 2ξqn “ |1´ 2ξ|n´1p1´ 2ξq . (61)

For ξ ą 1{2, |1´ 2ξ| “ p2ξ ´ 1q, so:

d

dξ

ˆ

´
p2ξ ´ 1qn`1

2pn` 1q

˙

“ ´
pn` 1qp2ξ ´ 1qn ¨ 2

2pn` 1q “ ´p2ξ ´ 1qn “ |1´ 2ξ|n´1p1´ 2ξq , (62)

where in the last step we used p1´ 2ξq ă 0 for ξ ą 1{2, so |1´ 2ξ|n´1p1´ 2ξq “ p2ξ´ 1qn´1 ¨ p´p2ξ´ 1qq “

´p2ξ ´ 1qn. With this, we integrate directly:

u1pξq “ u10 `
1
δ

ż ξ

0
|1´ 2ξ1|n´1p1´ 2ξ1qdξ1 (63)

“ u10 `
1
δ

„

´
|1´ 2ξ1|n`1

2pn` 1q

ξ

0
(64)

“ u10 `
1
δ

ˆ

´
|1´ 2ξ|n`1

2pn` 1q `
1

2pn` 1q

˙

(65)

“ u10 `
1

2pn` 1qδ r1´ |1´ 2ξ|n`1s (66)

where u10 “ p1{nqn{pn`1q is the velocity at the patch edge (43). The velocity is symmetric about the patch

center ξ “ 1{2, where it reaches its maximum value:

u1max “ u10 `
1

2pn` 1qδ “ p1{nq
n{pn`1q `

1
2pn` 1qδ (67)

Below we derive a suitable normalization for the velocity perturbation within the patch. Subtracting

the velocity maximum (67) from the patch-interior equation (66):

u1pξq ´ u1max “ ´
1

2pn` 1qδ |1´ 2ξ|n`1 . (68)

Returning to dimensional variables using u1 “ rusũ1, ξ “ x{`, and rus “ rxspτd`{p4Bhqqn (18), and noting
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that 1{δ “ `{rxs, the factors of rxs cancel to give

u1 ´ u1max
pρgα`{4Bqn ` “ ´

2n

n` 1

ˇ

ˇ

ˇ

ˇ

x

`
´

1
2

ˇ

ˇ

ˇ

ˇ

n`1
. (69)

The right-hand side depends only on x{`: the velocity shape within the patch is independent of the basal316

sliding coefficient C and the coupling length rxs, which enter only through the peak amplitude u1max.317

Thus, for comparison between the numerical and analytical curves across the patch, the depth-averaged

numerical velocity magnitudes are shifted by the maximum velocity u1max and normalized by pρgα`{4Bqn`,

such that all curves collapse regardless of δ onto the analytical curve (black curves, figure B1b,f,c,g). The

perturbed velocity in the upstream and downstream boundary layer regions, derived in the main text (44),

is rescaled by the perturbed velocity at the patch edge u10, such that the dimensionless velocity at the patch

edges is unity. The velocity decay length outside the patch, like the stresses, is characterized by rxs (16).

In summary, the velocity model across the domain is expressed as:

u1pxq

u10
“ exp

ˆ

n
n

n`1
x

rxs

˙

, x ď 0

u1 ´ u1max
pρgα`{4Bqn ` “ ´

2n

n` 1

ˇ

ˇ

ˇ

ˇ

x

`
´

1
2

ˇ

ˇ

ˇ

ˇ

n`1
, 0 ď x ď `

u1pxq

u10
“ exp

ˆ

´n
n

n`1
px´ `q

rxs

˙

, x ě `,

(70)

where the theoretical patch-edge velocity u10 “ rusp1{nqn{pn`1q and the theoretical maximum perturbed318

velocity u1max are defined in equations (43) and (67) respectively.319

APPENDIX C: MODEL SENSITIVITY320

The 1d model is asymptotically valid only where δ “ rxs{` ! 1. This requirement bears little significance to321

the case of Newtonian rheology (equations 29, 30), but becomes important for n ą 1 (e.g., Glen rheology).322

Thus, the 1d model offers an approximation of the depth-averaged flow which is of increasing fidelity as δ323

diminishes. This dependence on δ can be clearly explained and visualized by coloring the nondimensional324

curves (as in figures 4 and B1) by their corresponding δ value, as we do here in figure C1.325
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Fig. B1. Depth-averaged velocity profiles from the 2d Elmer/Ice simulation ensemble (colored curves) and com-

parison to 1d analytical model ((70), black curves) for experiments with Newtonian and Glen rheologies on the

top and bottom, respectively, with (a, d) showing dimensional velocities from the simulations; (b, e) showing non-

dimensionalized results; (c, f) showing log-scale plots comparing theoretical maximum velocity (67) to maximum

simulated velocity. All velocities are perturbed velocities (u1) above background (u8), where the background veloci-

ties are defined by the theory (50). Note that the same (as for stress, figures 3, 4) threshold of δ ă 0.3 was applied

for the profiles in (a, e) and the threshold of h ă rxs ă ` applied for all plots, including the log-log plots in (d, h).
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Fig. C1. Non-dimensional depth-averaged profiles for stress (top row) and velocity (bottom row) for the Newtonian

and Glen rheology experiments (left, right, respectively) for which h, δ ď 1. Experiments with smaller δ values exhibit

tighter agreement with the 1d analytical theory (black), as expected. Only the h ă rxs ă ` filter was applied to the

curves here.
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