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Abstract1

In mountain areas, debris flows and fluvial transport often build up conical de-2

posits at the confluence between steep tributaries and trunk rivers. The resulting3

debris and alluvial fans typically exhibit a well-defined relationship between slope4

or elevation and the distance from the fan apex. This relationship, however, be-5

comes more difficult to characterize when fans are constrained by the topography6

of the valley, causing the paths of steepest slope to bend around obstacles. In pre-7

vious work, a forward modeling approach was developed to reconstruct these more8

complex fan surfaces from an assumed elevation-distance profile. In this paper, we9

complement this forward algorithm with its inverse: a systematic, fast method to10

deduce the elevation-distance profile from either the observed fan topography or just11

its perimeter curve. Using the visibility polygon, the method maps the shortest path12

distance from the apex to all observation points, taking obstacles into account. We13

then fit a quadratic function to the resulting elevation-distance data pairs, processed14

using a median filter. For synthetic fan surfaces produced by the forward algorithm,15

we check that the inverse method precisely recovers the assumed elevation-distance16

curve, to within numerical error. We then extract empirical relations between ele-17

vation and shortest path distance from actual fan surfaces in Italy and Taiwan, and18
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show that they provide a better approximation of fan topography than the relations19

between elevation and direct distance assumed in previous works.20
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1 Introduction29

At tributary confluences and along mountain fronts, debris flows and fluvial transport30

often build up conical sediment deposits. These debris and alluvial fans are of interest31

as sedimentary records (Harvey, 2012; Nicovich et al., 2023), and because of the hazards32

they pose to people and infrastructure (Davies and McSaveney, 2008; Calvo and Savi,33

2009; Khan et al., 2013). In particular, fans may aggrade rapidly due to episodic debris34

flows and floods. (Blair and McPherson, 2009; Hsieh and Capart, 2013; de Haas et al.,35

2018). It is then important to predict the resulting aggradation heights and affected36

areas.37

Methods to delineate hazard areas range from simple travel-distance estimates (Rick-38

enmann, 2005) to detailed analyses using numerical flow simulations. Such simulations39

(e.g. Hsu et al., 2010; Wu et al., 2013; Yanagisaki et al., 2016; Shiu et al., 2023) can40

accommodate complex terrain, and involve detailed computations of velocities and depth41

during flow. These models, however, are computationally expensive and difficult to cal-42

ibrate from limited field data. We propose here a simpler, geometry-based method that43

2



can be calibrated directly from fan topography. The method assumes that flow proceeds44

down paths of steepest descent, and produces deposits characterized by a consistent45

distance-elevation relationship. The resulting geometry depends on whether fans are46

confined or unconfined (Stanistreet and McCarthy, 1993; Al-Farraj and Harvey, 2005).47

Whereas unconfined fans spread freely across open terrain, confined fans, on the other48

hand, are constrained by the surrounding topography.49

For unconfined fans, flow occurs down unobstructed, straight paths that radiate from50

the apex. The profile of elevation versus radial distance then uniquely determines the51

geometry of the deposit. Typically, this profile is concave upwards, featuring slopes that52

decrease with distance (Bull, 1977; Bowman, 2019). Such profiles are straightforward to53

deduce from field data, by plotting elevations against the direct distance from the apex54

(Bull, 1964; Nicovich et al., 2023; Iacobucci et al., 2024). Exponential and quadratic55

fits can then be used to approximate empirical profiles (Troeh, 1965; Rice and Church,56

2001). Various theoretical models based on hydraulic or diffusive principles have also57

yielded profile shapes (Parker et al., 1998; De Chant et al., 1999; Densmore et al., 2007;58

De Chant et al., 2021).59

For confined fans, the geometry becomes more complex. Flows still take place down60

paths of steepest descent, but these paths must now bend around topographic obstacles.61

The resulting deposits are no longer radially symmetric. Nevertheless, it is still possible to62

define an elevation-distance profile, provided that the distance is measured along the bent63

flow paths. In Chen and Capart (2022), we proposed an algorithm to reconstruct confined64

fan surfaces from an assumed elevation-distance profile. The resulting surfaces were found65

to be in good agreement with the surveyed topography of various complex fans. However,66

identifying the elevation-distance profile from surveyed data remained unresolved. In this67

paper, we consider this inverse problem, complementary to the forward problem addressed68

in Chen and Capart (2022).69

The paper is structured as follows: the methodology is presented in Section 2. In70

Section 3, the inverse and forward methods are demonstrated on a proof-of-concept case.71

To check the accuracy of the inverse method, it is applied in Section 4 to multiple fans72
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in Italy and Taiwan. Their morphometric analysis is presented in Section 5, before73

conclusions in Section 6.74

2 Methodology75

2.1 Assumptions and forward model76

Figure 1 illustrates the physical and geometrical assumptions of our method. Considering77

first an idealized sand pile without any obstacles (Fig. 1a), sand grains supplied at apex78

A flow down paths of steepest descent, and form a cone-shaped deposit of inclination set79

by the angle of repose θ. Given this angle of repose, an initial topography (here a flat80

plane), and an apex of given position and elevation, we can deduce the topography of the81

sand pile82

z(x, y) = zA − tan θ s(x, y) , (1)

where s(x, y) is the direct horizontal distance from apex A given here by83

s(x, y) =
√

(x− xA)2 + (y − yA)2 . (2)

This represents a circular cone, or surface of revolution with a straight generatrix84

γ (red line). The intersection of this cone with the underlying initial flat plane also85

defines the boundary B (blue line) of the pile. For debris and alluvial fans (Fig. 1b),86

we assume that transport likewise proceeds down paths of steepest descent, but now the87

deposit slope decreases with the horizontal distance from the apex. Over a flat plane, the88

resulting unconfined fan deposit becomes a surface of revolution with a curved generatrix89

γ (red curve). The topography of the fan is given by:90

z(x, y) = F (s(x, y)) , (3)

where F (s) is a generic function describing the elevation-distance profile. Given this91

relationship z = F (s), we can determine both the fan’s surface topography z(x, y) and92
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its boundary B, where the fan deposit meets the initial flat plane.93

With obstacles present (Fig. 1c), flow paths must bend, for instance at the corner C94

to reach point D. For confined debris and alluvial fans (Fig. 1d), the generatrix γ has a95

curved profile, hence the elevation contours are no longer evenly spaced. Orthogonal to96

these contours, the steepest path segments nevertheless remain straight in plan between97

turning points, just like the corresponding path segments of the constant slope sand pile98

of Fig. 1c. The elevation at point D continues to satisfy zD = F (sD), but now sD must99

account for the path around obstacles:100

sD =
√

(xC − xA)2 + (yC − yA)2 +
√

(xD − xC)2 + (yD − yC)2 . (4)

The travel distance is therefore not the direct distance AD but the shortest path dis-101

tance along path ACD. Although calculations become more complex, the fan deposit102

topography and boundary produced in the presence of obstacles can again be fully de-103

termined once the following data are provided: the initial terrain and geometry of the104

obstacle, the position and elevation of the apex A, and the elevation-distance function105

z = F (s). Moreover, this remains true even for fans that form over irregular, three-106

dimensional terrain, featuring paths that may need to bend repeatedly around valley107

sides and other obstacles.108

To solve this forward problem, a general iterative algorithm was proposed and demon-109

strated by Chen and Capart (2022). This method uses a 2D visibility polygon algorithm110

(Ghosh, 2007; Obermeyer et al., 2008) to generate fan sectors from an initial apex. It111

then identifies corners that act as new children apexes, repeating the process until the112

full fan surface is constructed. The outer boundary B of the fan deposit is also obtained113

as part of the solution. Within and along this boundary, the final fan surface z(x, y)114

produced by the iterative procedure satisfies the eikonal equation,115

|∇z(x, y)| = S(s(x, y)) , (5)

where ∇ is the gradient and S = −dz/ds = −dF/ds denotes the distance-dependent116
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slope. Full details regarding the forward algorithm are provided in Chen and Capart117

(2022). An implementation is also included in the code repository described in the com-118

puter code availability section. Applications of the eikonal equation to sand piles and119

natural landscapes have also been proposed by Pauli and Gioia (2007) and Anand et al.120

(2023).121

To illustrate the forward method, consider the idealized example shown in Fig. 2a,b.122

The initial topography (in gray) is an inclined front plane connecting two flat horizontal123

regions, into which a prismatic V-shaped canyon is incised. An apex is placed within the124

canyon (green point), and a curved elevation-distance profile is given (red line). Given125

these data, the forward algorithm produces the resulting fan surface (in brown) and its126

outer boundary B. The fan is partly confined within the canyon, before spreading out127

down the inclined plane and over the horizontal plain. The outer boundary B features128

lateral margins where the fan connects with steeper topography (canyon sides and front129

plane) and a fan toe where the fan onlaps milder topography (the horizontal plain). Given130

this boundary B, we observe that we could replace it with a vertical wall without altering131

the resulting fan surface (Fig. 2c).132

2.2 Proposed inverse method and validation133

Complementing the forward algorithm described in the previous section, this paper ad-134

dresses the inverse problem of retrieving the elevation-distance profile from the topogra-135

phy of a fan. Given a fan surface z(x, y), apex A, and boundary B, the goal is first to136

compute the shortest path distance s(x, y) from the apex A to any point within and along137

boundary B. The resulting 2D distance map is the Shortest Path Map (SPM). Once the138

SPM is generated, the elevation-distance data pairs (s, z) can be used to establish the139

fan’s characteristic profile z = F (s).140

To compute the shortest path distance s(x, y) from apex A, constrained by the bound-141

ary B, we could use an iterative version of the 2D visibility polygon algorithm. This142

method has been used by various authors (Lee and Preparata, 1984; Kapoor and Ma-143

heshwari, 1988; Berg et al., 2008) for optimal path planning in 2D geometries with ob-144
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stacles. Here we choose instead to specialize the algorithm of Chen and Capart (2022).145

The equation that must be satisfied by the shortest path distance s(x, y) is given by146

|∇s(x, y)| = 1 , (6)

with condition s = 0 at apex A and constrained by boundary B. This is a special147

case of Eq. (5), obtained by setting the slope S = 1 corresponding to a 45° inclination.148

The boundary constraint B is modeled as a vertical wall by constructing an artificial149

topography with zero elevation within B and a high elevation (zwall) set to ten times the150

domain diagonal outside it. The apex height is set to zA = zwall. The shortest path151

distance s(x, y) can then be deduced by applying the forward algorithm to this special152

geometry. Using Chen and Capart (2022)’s fan simulation tool with S = 1 and apex at153

(xA, yA, zwall), we generate solution z(x, y) descending from zwall within B. The resulting154

elevation drop on this artificial surface, zwall − z(x, y), directly yields the shortest path155

distance s(x, y), as shown in Fig. 2d. This approach efficiently computes the SPM for156

confined fan geometries.157

As illustrated by Fig. 3, the shortest path distance s differs significantly from the158

direct Euclidean distance d used in previous studies (Staley et al., 2006; Cavalli and159

Marchi, 2008; Hamilton et al., 2013). While d represents straight-line distances that can160

unphysically cross obstacles (Fig. 3a), s accounts for the bent paths caused by boundary161

constraints (Fig. 3b). As a result, the (d, z) data pairs (black dots, Fig. 3c) scatter away162

from the correct elevation-distance relationship (red line), but the (s, z) data pairs (black163

dots, Fig. 3d) collapse precisely onto the correct relation. This demonstrates that the164

shortest path method is an accurate inverse of the forward algorithm.165

2.3 Field case application procedure166

Applying the inverse method to field cases involves three main steps: (1) Delineating the167

fan boundary B, (2) Generating the SPM based on B, and (3) Fitting a quadratic function168

to the elevation-distance data. While SPM generation was described in Section 2.2, this169

section details the boundary delineation and quadratic fitting steps. We demonstrate the170
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procedure on the Putunpunas fan in the Laonong river valley, Taiwan (Fig. 4, 5). This171

fan has repeatedly aggraded due to strong debris flows exiting from its steep catchment.172

We analyzed this fan using a digital elevation model (DEM) from January 2014, following173

a significant debris-flow event in June 2012 (Hsieh and Capart, 2013). The DEM and174

aerial photo were provided by CECI Engineering Consultants, Inc., Taiwan.175

2.3.1 Delineating the fan boundary B176

B is delineated using DEMs and imagery data. Hillshade maps and contour lines derived177

from DEMs illustrate fan morphology: contour lines in alluvial fans are more widely178

spaced than in mountains but closer than in riverbeds, forming characteristic outward-179

radiating patterns from the valley mouth. Following Moore and Howard (2005), we180

identify the fan’s upper boundary where contour lines transition from concave to convex181

planimetric form downstream, and trace the continuous deposit to the fan toe (Fig. 4a).182

Satellite imagery and aerial photography complement topographic analysis by reveal-183

ing distinct colors and textures of fan deposits (Fig. 4b). In transitional zones, we conser-184

vatively drew boundaries to exclude ambiguous areas, ensuring accurate representation185

of the fan surface.186

For fans with interior obstacles, such as the Putunpunas fan (Fig. 4b), interior bound-187

aries must also be delineated. These obstacles, typically older terrace deposits or bedrock188

exposures, influence sediment transport paths and depositional patterns. Including these189

internal boundaries provides a more precise representation of the fan’s morphological190

characteristics. The boundaries of internal obstacles are treated as vertical walls, just191

like the outer walls illustrated in Fig. 2.192

2.3.2 Generating the Shortest Path Map (SPM) based on B193

To calculate distances, the apex is by default the point of maximum elevation within the194

boundary. An analyst may override this default choice by selecting a different location,195

along or within the fan boundary. This may be needed, for instance, if the upstream196

reaches of the fan have been affected by channel incision.197
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We then compute and compare two distance metrics: the direct distance, which mea-198

sures straight-line distances from the apex to points within the convex hull of the exterior199

boundary (Fig. 4c), and the shortest path distance, computed using the SPM methodol-200

ogy detailed in Section 2.2.201

For the Putunpunas fan, the shortest path calculation must consider both exterior202

and interior obstacles. Unlike direct distance paths, which cross obstacles, the shortest203

path correctly bends around them (red line in Fig. 4c, e). Using either method, distance-204

elevation data pairs can be obtained for all interior points of the DEM within boundary205

B. Alternatively, data pairs can also be sampled along boundary B at intervals equal to206

the DEM resolution.207

The distance-elevation data pairs obtained using either the direct distance d or the208

shortest path distance s are illustrated on Fig. 5a,b. Figure 5a shows the results obtained209

by plotting (d, z) data pairs. In the fan’s distal zone (d = 2000 to 2500 m), the data show210

significant scatter. This indicates that the direct distance poorly captures the actual flow211

paths, affected by valley confinement. By contrast, Fig. 5b shows the results obtained by212

plotting (s, z) data pairs. By taking into account the longer paths needed to bend around213

obstacles, the data spread over a longer horizontal distance range. In the distal zone (s =214

2000 to 3000 m), scatter is considerably reduced. This shows that the shortest path215

distance accounts much better for the observed elevation changes. Furthermore, shortest216

path distance contours (Fig. 4e) align much better with the surveyed fan topography217

(Fig. 4a) than direct distance contours (Fig. 4c) do.218

Figure 5c shows the profile obtained by sampling (s, z) data pairs along the boundary219

only. Although this reduces the data coverage, the resulting profile closely matches that220

from the full fan data (Fig. 5b). For confined fans, boundary data alone may thus suffice221

to reconstruct a reliable elevation-distance profile. This can be useful when a post-event222

DEM is not available: the perimeter can be obtained from 2D imagery only (e.g. satellite223

images) and used to interpolate elevations along the boundary from a pre-event DEM.224
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2.3.3 Fitting a quadratic function to the elevation-distance relationship225

Although using the shortest path distance significantly reduces scatter, the (s, z) data226

pairs still exhibit some dispersion. This residual scatter may be due to interactions be-227

tween primary depositional and secondary modification processes (Blair and McPherson,228

1994b), including incision (Vincent et al., 2022), local topographic variations, and slope229

variations across different azimuthal directions (Le Hooke and Rohrer, 1979), that make230

the fan surface more complex than assumed by our model. To address this variability, we231

apply two processing steps. The first step uses median filtering: we partition the distance232

domain between fan apex (sA = 0) and toe (sT = max(si)) into 50 equal-sized bins, calcu-233

lating median elevations to minimize local topographic effects (black dots in Fig. 5a, b).234

When only boundary data are used (Fig. 5c), the median filter is not needed. Following235

Troeh (1965), the second step is to use least squares to fit the filtered data by a quadratic236

function. This choice of a quadratic profile is supported by numerous previous studies237

(Bull, 1977; Le Hooke and Rohrer, 1979; Nanninga and Wasson, 1985; De Chant et al.,238

1999; Rice and Church, 2001; De Chant et al., 2021) across diverse geological settings.239

However, extrapolating the quadratic curve beyond observed data points may yield un-240

realistic results. To better represent fan morphology, we adopt a piecewise function with241

the fan apex at s = sA = 0. The function combines a quadratic fit within the fan body242

0 < s < sT with linear extrapolation at both ends: a constant slope matching the channel243

gradient upstream s ≤ 0 and a tangent line downstream s ≥ sT . This formulation pre-244

vents unrealistic slope reversals that might occur with a simple quadratic extrapolation245

while ensuring smooth transitions at boundaries. Moreover, the linear segments better246

capture the characteristic steepening of slopes at both channel-fan and fan-floodplain247

transitions. The assumed elevation-distance profile is therefore defined by:248

ẑ(s) =



















Ŝs+ P̂ , s ≤ 0 ,

L̂s2 + Ŝs+ P̂ , 0 < s < sT ,

(2L̂sT + Ŝ)s− L̂s2
T
+ P̂ , s ≥ sT ,

(7)
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where L̂ controls profile concavity or convexity, while Ŝ and P̂ represent the slope and249

elevation at the fan apex (s = 0).250

In Fig. 5a-c, the fitting lines are plotted together with the original distance-elevation251

data. Overall, the data are fitted well by the assumed quadratic profiles. The quality of252

the fit, however, is comparatively poorer at the distal end of the fan, where the topography253

transitions to the milder sloped trunk river bed.254

2.3.4 Evaluating model performance255

We evaluate the inverse method with two complementary metrics: the Root Mean Squared256

Error (RMSE) to assess the profile fit, and a Difference of DEMs (DoD) to assess the257

spatial accuracy of the resulting idealized surface.258

First, the RMSE is the differences between the raw elevation data and the elevations259

deduced from the quadratic fit. This value allows for effective comparison of different260

distance metrics (e.g., direct vs. shortest path), with a lower RMSE indicating a better261

fit. For the fan shown in Fig. 4 and Fig. 5, the RMSE results clearly show the superiority262

of the shortest path distance method. The new method reduces the profile’s RMSE by263

over 3× (from 13.44 m to 4.23 m) when compared to using direct distance.264

This result allows for a nuanced interpretation of the model’s performance. The265

significant reduction in RMSE quantifies the correction of a major model formulation266

error: the flawed assumption that transport paths are straight. With this systematic267

bias addressed, the final residual RMSE is best understood as a composite measure. It268

reflects both the fan’s true geomorphic complexity, including its physical deviation from269

an ideal shape due to processes such as backstepping or channelization, and the inherent270

limitations of the model’s isotropic assumption, which remain even after adopting the271

improved distance metric.272

Second, to assess how well the idealized isotropic fan model represents the actual273

fan surface, we compute a DoD. For each distance metric being tested, an idealized fan274

surface is first constructed by applying the fitted quadratic profile (Eq. 7) to the cor-275

responding distance map. This idealized surface is then subtracted from the actual fan276
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topography to produce a map of model residuals (Fig. 4d,f). This spatial analysis allows277

for a more direct visual and quantitative comparison of different methods, as demon-278

strated for the Putunpunas fan, where the shortest path method significantly reduces279

the magnitude of the residuals. Crucially, these residuals are more than just a measure280

of error; they reveal where the fan’s true morphology deviates from the idealized model,281

often highlighting the influence of secondary geomorphic processes like channel incision282

or asymmetric anisotropic deposition.283

2.4 Application to a large-scale, fluvially-dominated fan284

To check that our method is suitable regardless of scale and formative process, we also285

applied it to the Laonong River fan, Taiwan, a fluvially-dominated system 200 times286

larger (128 km2) than the Putunpunas fan. For this application, we followed the same287

procedure detailed in Section 2.3, with one key modification: to isolate the primary fan288

topography, we excluded the active river channel using boundaries from Taiwan’s Water289

Resources Agency (WRA) (Fig. 6a,b).290

At this larger scale, the shortest path distance again proved superior to the direct291

distance. Its distance contours align more closely with the observed elevation contours,292

especially in the northern portion of the fan (Fig. 6c,e). The resulting elevation-distance293

data pairs (Fig. 7b) exhibit significantly less scatter and a lower RMSE than the data pairs294

derived from direct distance (Fig. 7a). Quantitatively, the shortest path method nearly295

halved the profile’s RMSE from 4.83 m to 2.63 m and reduced elevation discrepancies in296

the reconstructed surface by up to 10 m compared to the direct distance model (Fig. 6d,f).297

298

This large-scale application demonstrates the method’s robustness, including its abil-299

ity to identify geomorphic processes, as the DoD map (Fig. 6f) clearly delineates areas of300

significant river incision. In addition, the method provided a quantitative basis for refin-301

ing the fan boundary. Given the ambiguous apex location, we tested several candidate302

delineations and selected the one that minimized the profile’s RMSE, yielding a result303

consistent with previous geomorphic studies (Lin et al., 2009).304
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3 Fan surface reconstruction test305

This section tests our method’s ability to reconstruct a complete fan surface from partial306

survey data. We focus on a single depositional event, for which data are unusually307

complete. It is therefore possible to rigorously test the complete inverse-forward workflow.308

The chosen case is a fan aggradation event on 7 August 2021, at the confluence of309

Taiwan’s Laonong River and its Yu-Shui tributary. A single debris flow from the Yu-Shui310

catchment deposited approximately 3 million m3 of debris, causing aggradation of 20 m or311

more over an area of 65000 m2. The unusually complete pre- and post-event dataset for312

this event (Table 1) provides a unique validation opportunity. We derived the elevation-313

distance profile from a later post-event DTM, excluding areas modified by subsequent314

excavation work. This profile was then used in the forward model to reconstruct the315

complete fan surface. The reconstruction can then be validated against survey data316

acquired immediately (five days) after the event, allowing comparison between the fan317

reconstructed from partial data and the actual fan surface.318

Table 1: Summary of datasets used for Yu-Shui fan reconstruction analysis

Data Type ResolutionDate Source Description

Lidar DTM 10 m June 2016 Ministry of the Interior
(MOI), Taiwan

Pre-event terrain
conditions

SPOT
Satellite
Imagery

1.5 m February
1, 2021

Center for Space and
Remote Sensing
Research, NCU

Pre-event surface
conditions

Aerial
Photography
& DSM

0.18 m /
0.7 m

August 12,
2021

National Science and
Technology Center for
Disaster Reduction
(NCDR)

Immediate
post-event
documentation

SPOT
Satellite
Imagery

1.5 m November
7, 2021

Center for Space and
Remote Sensing
Research, NCU

Later post-event
surface conditions

Lidar DTM 10 m January
2022

CECI Engineering
Consultants

Later post-event
terrain conditions

The analysis steps are shown in Fig. 8. For the inverse method (Fig. 8a,d), we used the319

later post-event DTM and imagery to delineate the fan boundary and identify excavated320
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areas. After excluding these modified areas, we derived the elevation-distance profile321

using median filtering and quadratic fitting (Fig. 8c,d). As previously found, the shortest322

path data pairs (s, z) are well fitted by the quadratic profile, and show significantly less323

scatter (RMSE = 2.48 m; Fig. 8d) than the direct distance data pairs (d, z) (RMSE =324

7.67 m; Fig. 8c)325

Next, we used the forward method to reconstruct the fan surface (Fig. 8e) from326

three inputs: the fitted elevation-distance function, the apex location, and an initial327

topography (zinit). To model aggradation only, this initial topography was a composite328

of minimum elevations from pre- and later post-event DTMs (Fig. 8b). Within the fan’s329

final footprint, 91.4% of this surface was from the pre-event DTM. The apex location330

(xA, yA) was aligned with the inverse method’s apex point, with zA derived from the331

fitted elevation-distance curve at s = 0 (zA = P̂ ) to maintain consistency between input332

parameters and reconstructed morphology.333

Figure 8e shows the reconstructed fan surface and associated deposit thickness z−zinit334

ranging from 0 to 30 m. Figure 8f then maps the difference ∆z between the reconstructed335

surface and the immediate post-event topography, used as validation data. Although the336

reconstructed surface slightly overestimates the fan elevation along the inner bank of the337

bend, good overall agreement is observed.338

Further comparisons between the reconstructed fan elevations and those used for339

calibration and validation are provided by the scatter plots of Fig. 9a,b. On both plots,340

the data cluster closely along the line of perfect agreement. The model achieved an RMSE341

of 3.09 m against the calibration data and a comparable 3.45 m against the validation342

data.343

The results demonstrate our methodology’s capabilities and limitations. A key strength344

is that the reconstructed surface successfully reproduces the complete fan surface and ex-345

tent (Fig. 8e), despite being calibrated with partial data. This validates our morphological346

assumptions in data-deficient regions. The method, however, is subject to two important347

limitations. First, it can only model aggradation, and does not capture the erosion that348

took place along the bank opposite the fan. A second limitation is that our approach349
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does not determine how the apex location or elevation will respond to future events. For350

future hazard assessments, this uncertainty must be taken into account, for instance, by351

considering multiple scenarios for the post-event apex location and elevation.352

4 Application to multiple fans353

This section evaluates the effectiveness of the shortest path distance approach by apply-354

ing it to multiple fans. We consider two contrasting regional datasets: an analysis of 25355

fans from the alpine setting of Italy’s Valtellina Valley and a study of 50 large-scale (> 2356

km2) alluvial fans in Taiwan. Following these applications, we perform a comparative as-357

sessment of the three profile extraction methods to quantitatively evaluate their accuracy358

and provide practical guidelines for their application.359

4.1 Fans in Valtellina Valley, Italy360

To evaluate our method in a different environmental setting, we first analyzed alluvial361

fans in Italy’s Valtellina Valley. The area’s continental climate (1200 mm annual rain-362

fall) (Luino et al., 2020) contrasts with Taiwan’s subtropical monsoon climate (>2000363

mm). These distinct climatic regimes, combined with different geological settings, pro-364

duce markedly different fan morphologies: the Valtellina Valley fans are predominantly365

smaller and steeper than their Taiwanese counterparts. This alpine valley is drained by366

the Adda River, and the studied fans are located at the confluences of its tributaries,367

grading down to the main valley floor. The analysis used the AW3D30 DEM (30-meter368

resolution) from the Japan Aerospace Exploration Agency (JAXA). We refined the fan369

boundaries from Norini et al. (2016) by excluding main river valleys, separating merged370

fans, and removing small fans (< 0.1 km2) to prevent spurious results, yielding a final set371

of 25 fans for analysis (Fig. 10a).372

The elevation-distance relationships for these fans were analyzed using the inverse373

method, with results presented in Fig. 10b. The profiles show median elevations in 50374

equal-sized bins fitted with quadratic curves (black lines). The profiles are displayed with375
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10× vertical exaggeration. For context, the longitudinal profile of the Adda River, which376

serves as the local base level for these fans, is included as a black line.377

To gain a deeper understanding of these morphometric variations, we label the fans378

based on their dominant formative processes. Based on the work of Blair and McPherson379

(1994a), Crosta and Frattini (2004) used a combination of field analysis of landforms (e.g.,380

lobes and levees), sedimentary deposits, and historical flood documentation to classify381

fans into Type I and Type II. In this framework, Type I fans are dominated by sediment-382

gravity flows (debris flows), while Type II fans are shaped by fluid-gravity flows (e.g.,383

sheet-floods). This process-based distinction is visualized using distinct colors in Fig. 10.384

In our study area (Fig. 10a), Crosta and Frattini (2004) identified three Type I (shown385

in red) and nine Type II fans (shown in blue). The corresponding profiles (Fig. 10b) differ386

mainly in terms of slope. We found that the mean slope of the Type I fans is 0.151 m/m,387

significantly steeper than the mean slope of 0.0985 m/m for the Type II fans. In contrast,388

the profile concavity, measured by the dimensionless drop (a metric defined in Section 5.1),389

was more similar between the groups (mean of 0.019 for Type I versus 0.0151 for Type390

II). This finding, which quantitatively links steeper gradients to debris-flow processes, is391

consistent with the general observations of Crosta and Frattini (2004).392

4.2 Fans in Taiwan393

To investigate regional variations and validate our methodology at a broader spatial scale,394

we also conducted a morphological analysis of Taiwan’s major alluvial fans. Starting with395

the alluvial fans (area > 2 km2) documented in Lin et al. (2009), we refined the selection396

using elevation contour patterns from the 20-meter resolution DEM (2016-2024 merged397

dataset) provided by the MOI of Taiwan. After excluding five fans whose contour patterns398

did not exhibit typical fan morphology, our final analysis included 50 fans, numbered from399

northwest to southeast (Fig. 11a). For context, Fig. 11a includes a red box showing the400

Putunpunas fan, the smaller debris fan considered earlier (Fig. 4)401

Figure 11b presents the 50 alluvial fan profiles using a consistent color scheme. To402

facilitate profile comparison, we applied horizontal scaling and translation using the for-403
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mula xT + λ(sT − s), where xT (fan toe position) serves as the translation baseline. The404

horizontal scaling coefficient λ was set to 2 for western fans and -2 for eastern fans. Each405

point represents the median elevation in 50 equal-sized bins, with black lines showing406

quadratic curve fits.407

The alluvial fans display distinct regional characteristics, which can be strongly linked408

to their terminal boundary conditions. To investigate this, we classified the 50 fans as409

either “distally unconfined" (terminating on open plains) or “distally confined" (termi-410

nating in constricted valleys). This classification aligns with Taiwan’s geography and411

explains the observed morphological differences. The western fans are predominantly412

distally unconfined, allowing for the development of longer fans with gentle slopes of413

approximately 0.5 degrees (≈0.0087 m/m). In contrast, the eastern fans are almost all414

distally confined by the narrow coastal plain between the Central and Hai’an mountain415

ranges. This spatial constraint results in significantly steeper fans, with slopes typically416

ranging from 3 to 6 degrees (≈0.0524 to 0.1051 m/m). These quantitative relationships417

between confinement and fan morphometry are further explored in our detailed analysis418

in Section 5.419

4.3 Comparative assessment of fan profile reconstruction meth-420

ods421

Our analysis investigated three methodologies for characterizing alluvial fan profiles, as422

detailed in Section 2.3.2. We quantified performance using RMSE between fitted curves423

and observed elevations: direct distance (RMSEd), interior shortest path (RMSEs), and424

boundary shortest path (RMSEb). The analysis, applied to the Putunpunas fan, the425

Yu-Shui fan, 50 larger Taiwanese fans including the Laonong River fan, and 25 Italian426

fans, used RMSEs as reference due to its consistent performance. To quantify boundary427

complexity, we used a dimensionless compactness index (Pc/Pb), where Pc is the convex428

hull perimeter (dashed line in Fig. 4c) and Pb is the fan boundary perimeter (black outline429

in Fig. 4e).430

As shown by Fig. 12a, the RMSE between the elevation-distance profile and the orig-431
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inal data pairs can be reduced significantly by using the shortest path distance instead of432

the direct distance. Results show that their relative performance depends strongly on fan433

planform. For unconfined fans (Pc/Pb approaching 1), the shortest path method performs434

similarly to the direct distance method, as could be expected. In confined settings with435

irregular boundaries, however, the shortest path method performs significantly better436

than the direct distance method. The corresponding error, RMSEs, is reduced by up to437

3.5 times compared to the direct distance method error, RMSEd. Over all 77 fans, the438

shortest path method performs equivalently or significantly better than the direct dis-439

tance method, demonstrating its ability to accurately capture fan morphology regardless440

of whether obstacles are present.441

As shown by Fig. 12b, using boundary measurements alone generally produces larger442

errors than using data from the entire fan. The error for boundary-based measure-443

ments, (RMSEb, is on average 1.25 times greater than the error for full fan measure-444

ments, RMSEs), independent of fan morphology. However, accuracy comparable to445

interior methods can be attained when using high-resolution data (1 and 5 m). This446

improvement in boundary method performance is attributed to the enhanced precision447

in boundary delineation afforded by high-resolution topographic data, as demonstrated448

by the Putunpunas and Yu-Shui cases.449

These findings provide practical guidelines: shortest path methods should be preferred450

when Pc/Pb < 0.8, boundary-based measurements require high-resolution data, and the451

Pc/Pb ratio can predict potential errors in direct distance measurements. These insights452

provide a framework for selecting measurement approaches based on fan morphology and453

data quality, with potential applications in quantifying systematic errors within existing454

databases. Note also that the RMSEs for the shortest path method should not be inter-455

preted as a model failure, but rather as a substantially improved indicator of geomorphic456

complexity. They quantify the extent to which a real-world fan, whether formed by debris457

flows or fluvial processes, deviates from the idealized geometric solid constructed by our458

method.459
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5 Morphometric analysis460

This section performs a detailed morphometric analysis of the full fan dataset. Using461

the validated shortest path distance method, we now investigate the quantitative rela-462

tionships between fundamental morphological parameters, including fan area, slope, and463

profile concavity. The aim of this systematic analysis is to provide new insights into the464

morphometric patterns of alluvial fans by linking them to controlling factors such as for-465

mative processes and terminal boundary conditions across diverse geographical settings.466

5.1 Morphometric indicators definitions467

The morphometric characteristics of debris and alluvial fans, particularly their longitu-468

dinal slope and profile concavity, serve as fundamental parameters for understanding fan469

evolution (Troeh, 1965; Moore and Howard, 2005; Williams et al., 2006). Various key470

characteristics can be deduced from the fitted profiles defined by Eq. (7). The first is471

total fan relief, or the total elevation difference ∆ẑ = ẑA− ẑT . This can be obtained from472

Eq. (7) as473

∆ẑ = ẑ(0)− ẑ(sT ) = −L̂s2
T
− ŜsT . (8)

A second characteristic is the mean fan slope ∆ẑ/sT , which also equals the local slope at474

the midpoint:475

∆ẑ

sT
= −L̂sT − Ŝ = −

dẑ

ds
(sT/2) . (9)

To quantify departure from constant slope, we further define the drop δẑ as the difference476

between a linear profile and the fitted profile at its midpoint:477

δẑ =
ẑA + ẑT

2
− ẑ(sT/2) =

1

4
L̂s2

T
. (10)

We then make this dimensionless by normalizing with respect to the fan length sT . The478

resulting dimensionless drop δẑ/sT = 1

4
L̂sT scales linearly with the quadratic coefficient479

L̂, and provides a measure of the concavity of the fan profile. It is also proportional to480

the slope differential between the fan’s apex and toe, equal to 2L̂sT . The variables used481
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in the above definitions are illustrated in Fig. 2b.482

5.2 Results and discussion483

Analysis of the 77-fan dataset using the validated shortest path method reveals three484

key morphometric relationships (Fig. 13a-c). First (Fig. 13a), a strong negative correla-485

tion between fan area and slope indicates that smaller fans are systematically steeper.486

Second (Fig. 13b), larger fans exhibit decreased profile concavity, a trend also observed487

on Martian fans (Kraal et al., 2008). This relationship may reflect how smaller, more488

concave fans create abrupt topographic transitions between steep catchments and gentle489

depositional plains, whereas larger fans grade more smoothly into their surroundings.490

Finally (Fig. 13c), our results confirm a strong positive relationship between slope and491

concavity, showing that steeper fans are more concave, a finding consistent with previous492

work (Moore and Howard, 2005; Seybold et al., 2021).493

The distribution of fans within these general trends is potentially influenced by both494

formative processes and terminal boundary conditions. Although the sample size for495

process-based classification is limited, the Italian data suggests that debris-flow domi-496

nated (Type I) fans are steeper than their fluvial (Type II) counterparts. The role of497

terminal conditions is more clearly demonstrated by the Taiwanese fans, where distally498

confined fans are steeper and more concave than unconfined fans of a similar area.499

When explicitly compared to previous studies of Taiwanese fans, our regression of500

fan area versus slope is steeper than that found by Lin et al. (2009), likely due to our501

use of higher-resolution DEMs and a different regression methodology; specifically, we502

applied a logarithmic transformation to the data before linear regression to ensure that503

smaller-sloped fans were weighted equally in the analysis. The impact of our updated504

methodology is best illustrated by the large Choshui fan (No. 1). Despite using the same505

fan boundary as Lin et al. (2009), our calculated slope (0.0056 m/m) is three times gentler506

than their value (0.017 m/m). We confirmed this gentler slope with a direct calculation507

from our own high-resolution DEM. This large discrepancy is most likely attributable508

to Lin’s use of lower-resolution 40 m DEM data from the 1980s in combination with509
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a different slope calculation methodology. The regression analysis of Saito and Oguchi510

(2005), on the other hand, shows a similar slope trend to our findings but with a parallel511

shift, potentially due to differences in the datasets used.512

The regression for the entire 77-fan dataset is steeper than the Taiwan-only analysis,513

a result driven by the inclusion of the steep Italian fans and highlighting inter-regional514

differences. These differences may be attributed to variations in factors such as basin515

ruggedness index (Melton ratio) or mean annual precipitation (Chou et al., 2017). How-516

ever, a detailed examination of these factors is beyond the scope of the current study.517

Nevertheless, the demonstrated morphometric relationships provide valuable insights for518

hazard assessment. The systematic differences linked to controlling factors suggest that519

hazard scenarios must be evaluated in their specific geological and climatic contexts, and520

the correlation between slope and concavity can be used to estimate potential aggradation521

patterns better.522

6 Conclusion523

In this study, we developed a novel inverse method for characterizing alluvial fan mor-524

phology through shortest path distance analysis. The method generates an SPM from525

fan boundaries and an apex, capturing topographic constraints where direct distance526

fails. Validation included theoretical and field tests, showing reversibility with the for-527

ward method (Chen and Capart, 2022) on a synthetic fan and broad applicability on fans528

of different scales, including the small, debris-flow-dominated Putunpunas fan, and the529

large, fluvially-dominated Laonong River fan.530

The method demonstrated significant practical utility through two major applica-531

tions. First, the successful reconstruction of the Yu-Shui fan event showed how elevation-532

distance functions derived from post-event topography can inform forward modeling,533

bridging the gap between simple direct distance estimations and complex numerical sim-534

ulations. Second, a broad morphometric analysis of 77 fans in Taiwan and Italy estab-535

lished the superior performance of the shortest path metric and revealed key controls536
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on fan morphology. Our analysis quantitatively demonstrated that fan shape is strongly537

linked to terminal boundary conditions, with distally confined fans being steeper and538

more concave than distally unconfined fans.539

Comparative analysis established the superior performance of shortest path metrics540

over direct distance measurements, particularly in confined settings with low boundary541

compactness. The method revealed key morphological relationships, including the inverse542

correlation between fan area and both slope and concavity. Notably, these trends match543

observations of Terrestrial and Martian fans (Moore and Howard, 2005; Kraal et al., 2008;544

Seybold et al., 2021), suggesting universal mechanisms in fan formation processes across545

different planetary environments. The ability of our method to capture these consistent546

trends across vastly different scales underscores its fundamental strength: it is built upon547

scale-invariant geometric principles. The concept of using a shortest path distance map548

and fitting an elevation-distance profile is not dependent on the absolute size of the fan549

but rather on its overall geometric form.550

Various avenues are suggested for further work. First, the shortest path distance could551

be used to analyze other properties of debris and alluvial fans than just their elevation552

profiles. These could include surface roughness (e.g. Cavalli and Marchi, 2008) and grain553

size variations (e.g. Reynolds, 2024). Secondly, the geometric fan characteristics exploited554

by our method could be used for other tasks, including automated fan delineation (see555

e.g. Iacobucci et al., 2024) or the reconstruction of ancient fan surfaces from preserved556

terrace deposits (see e.g. Chen et al., 2022). Finally, our proposed method could be used557

to map aggradation risk, by simulating a variety of possible future fan surfaces under558

various scenarios.559
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mensionless drop δẑ/sT , with the black line showing the overall regression963

and dashed lines representing the 95% confidence interval. . . . . . . . . 49964

36



x

y

z

x

y

z

A

γγγ γγγ

A

y

x

AAA AAA

DDD

CCC

DDD

CCC

(a) (b)

(c) (d)

y

x

 

  

 

Figure 1: Generatrix determining the shape of the cone with and without obstacle. (a)
Constant-slope sand pile generated by the constant slope generatrix. (b) Unconfined fan
generated by a curved vertical profile. (c) The plan view of constant-slope sand pile
affected by the obstacle. (d) Plan view of confined fan generated by a curved vertical
profile; black line: elevation contour; gray line: vertical wall; red line: shortest path line;
blue line: fan boundary.
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(d)

Figure 2: Generation of the shortest path map (SPM). (a) A hypothetical fan showing
an elevation-distance relationship (red line) with its apex point (green). (b) The fan
boundary, B, displayed in plan view (blue outline). (c) The wall elevation, zwall, imposed
beyond B, visualized as the translucent blue wall. (d) The 45° artificial fan surface (blue)
yielding the SPM s(x, y) as the elevation drop from zwall.
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Figure 3: Comparison between direct and shortest path distances and validation of the
inverse model. (a) Contours of direct distance from the apex. (b) Contours of shortest
path distance from the apex. (c) Scatter plot of direct distance versus elevation. (d)
Scatter plot of shortest path distance versus elevation. In panels (c) and (d), the red
curve represents the input elevation-distance profile used to generate the hypothetical fan
shown in Fig. 2a,b. Panel (d) also defines the different variables used in the morphometric
analysis (section 5).
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Figure 4: Application of the inverse method to the Putunpunas fan, Laonong River,
Taiwan (2014). (a) Hillshade map with 10-meter interval elevation contours. (b) Aerial
photography; in both (a) and (b), the blue outline indicates the manually defined fan
boundary. (c) Direct distance, d, with 100-meter contours in the convex hull (dash line)
of the defined boundary (black outline); red line: direct path line from apex to the farthest
point (red dot). (d) Elevation difference ∆z between the direct distance reconstructed
topography and the surveyed topography within the defined boundary (blue outline), with
10-meter interval contours of direct distance reconstructed topography. (e) Shortest path
distance, s, with 100-meter contours in the defined boundary; red line: shortest path from
apex to farthest point. (f) Elevation difference ∆z between the shortest path distance
reconstructed topography and the surveyed topography within the defined boundary
(blue outline), with 10-meter interval contours of shortest path distance reconstructed
topography.
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Figure 5: Elevation-distance relationships for the Putunpunas fan. The distance from the
apex is calculated using three methods: (a) direct distance, (b) shortest path distance
to all data points, and (c) shortest path distance to the boundary points. In panels
(a) and (b), gray dots represent all elevation-distance data pairs, and black dots show
the median elevation within 50 equal-sized distance bins. A quadratic polynomial (solid
blue line), with a tangential extension (dashed blue line), is fitted to the binned data
(black dots). The Root Mean Square Error (RMSE) shown on each panel quantifies the
deviation between this fitted curve and the original elevation-distance data. The fan apex
and the farthest point are marked by red and green circles, respectively. In panel (c), the
solid black line connects the boundary data points.
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Figure 6: Application of the inverse method to the large Laonong River fan, Taiwan. (a)
Hillshade map with 10-meter interval contours. (b) Aerial photography; in both (a) and
(b), the blue outline indicates the manually defined fan boundary, and the white out-
line indicates the active river channel, which was excluded from the analysis. (c) Direct
distance, d, with 1000-meter contours in the convex hull of the defined boundary (black
outline); red line: direct path line from apex to the farthest point (red dot); dashed line:
convex hull of the manually defined fan boundary. (d) Elevation difference ∆z between
the direct distance reconstructed topography and the surveyed topography within the
defined boundary (blue outline), with 10-meter interval contours of direct distance re-
constructed topography. (e) Shortest path distance, s, with 1000-meter contours in the
defined boundary; red line: shortest path from apex to farthest point. (f) Elevation differ-
ence ∆z between the shortest path distance reconstructed topography and the surveyed
topography within the defined boundary (blue outline), with 10-meter interval contours
of shortest path distance reconstructed topography.
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Figure 7: Elevation-distance relationships for the Laonong River fan. Unlike the previous
analysis, data points from the active river channel have been excluded. All other methods
and symbols are as described in the caption for Fig. 5.
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Figure 8: Fan reconstruction of the 2021/08/07 Yu-Shui fan event. (a) Post-Event Satel-
lite Image (2021/11/07) showing the surface conditions after the event. The black outline
delineates the boundary used for the inverse analysis, while the white outline indicates
an area excluded due to artificial disturbance. The green circle marks the fan apex.
(b) Initial topography zinit derived from the minimum DEM values (2016/06/24 and
2022/01/26). The surface is shown with 10-meter contours. The green circle indicates
the same fan apex as in (a). (c) Elevation vs. direct distance. (d) Elevation vs. shortest
path distance. In panels (c) and (d), data presentation matches Fig. 5a,b; gray data
pairs: data outside the white boundary. (e) Contours: reconstructed fan surface show-
ing the forward model’s reconstruction based on the quadratic function from panel (d)
(contours at 10-meter interval). Color-coded map: deposit thickness h defined as the
elevation difference between the reconstructed surface and the initial topography. The
white outline marks the fan boundary delineated from immediate post-event contour map
and imagery. (f) Reconstruction error defined as the elevation difference ∆z between the
reconstructed surface and the immediate post-event topography. The coordinate system
used is TWD97 / TM2 zone 121 (EPGS:3826).
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Figure 9: Performance of the fan reconstruction model shown by comparing simulated
elevations against two observed datasets. (a) Scatter plot of simulated vs. observed
elevations for the later post-event surface (data from 2021/11/07) used for calibration.
(b) Scatter plot of simulated vs. observed elevations for the immediate post-event surface
(data from 2021/08/12) used for validation. The green line in both panels represents the
line of perfect agreement (1:1).
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Figure 10: Morphometric analysis of alluvial fans in central Valtellina, Italy. (a) Bound-
aries of 25 fans, numbered from upstream to downstream. Green dots indicate fan apexes;
colored polygons outline the fan planforms; the black line represents the river thalweg.
Fan boundaries were delineated following Norini et al. (2016). (b) Elevation profiles of
the fans, where the horizontal axis is transformed according to x = xT +λ(sT − s). Here,
xT represents the x-coordinate of the point farthest from the apex, sT is the maximum
shortest path distance, and s denotes the shortest path distance from the apex. A hor-
izontal scaling factor of λ = 1 is applied. River and fan profiles are plotted with 10×
vertical exaggeration. Colored dots indicate the median elevation within 50 equal-sized
bins; the black line represents the riverbed thalweg profile. The coordinate system used
is RDN2008 / Italy zone (N–E) (EPSG:6875). Red, blue, and white (gray in panel (b))
colors indicate Type I, Type II, and non-classified fans, respectively, as defined in Crosta
and Frattini (2004), where Type I fans are generally characterized by debris-flow pro-
cesses and Type II fans by fluvial flow processes.
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Figure 11: Morphometric analysis of fans in Taiwan. (a) Boundaries of 50 fans, numbered
from northwest to southwest and northeast to southeast; green dots: fan apexes; red dots:
farthest shortest path distance. The fans are classified based on their terminal conditions:
fans 8, 10, 11, and 24-50 are distally confined, while the remainder are distally unconfined.
The fan boundaries delineation follows Lin et al. (2009). (b) Elevation profiles of the fans,
where the data presentation follows the format of Fig. 10, with a horizontal scaling factor
of λ = ±2 applied. Colored dots indicate median elevations within 50 equal-sized bins,
with colors corresponding to the fan boundaries in panel (a); black lines: quadratic fits
for the median values.
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Figure 12: Relationship between the ratio of Root Mean Square Error (RMSE) and the
ratio of convex hull perimeter (Pc) to fan boundary perimeter (Pb) for different meth-
ods. (a) Relationship between Pc/Pb and the ratio of direct distance RMSE (RMSEd) to
shortest path distance RMSE (RMSEs). (b) Relationship between Pc/Pb and the ratio of
boundary shortest path distance RMSE (RMSEb) to RMSEs. Both panels show 50 Tai-
wanese fans from Lin et al. (2009) (•: distally confined, ◦: distally unconfined), including
the large Laonong river fan (◦), 25 Italian fans from Norini et al. (2016) (•: Type I, •:
Type II, •: non-classified), the Putunpunas fan (•), and the Yu-Shui fan (•).
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Figure 13: Log-log relationships of fan morphometric properties for 50 Taiwanese fans
from Lin et al. (2009) (•: distally confined, ◦: distally unconfined), including the Laonong
river fan (◦), 25 Italian fans from Norini et al. (2016) (•: Type I, •: Type II, •: non-
classified), the Putunpunas fan (•), and the Yu-Shui fan (•). (a) Regression of fan area
Ab versus slope ∆ẑ/sT . The black line shows the overall regression for all 77 data points,
with dashed black lines indicating the 95% confidence interval. The yellow line represents
the regression for the 50 Taiwanese fans, with yellow and black dashed lines showing the
95% confidence interval. Comparisons are included with regression results from previous
studies (yellow dotted line from Lin et al. (2009) and magenta dotted line from Saito
and Oguchi (2005)). (b) Relationship between dimensionless drop δẑ/sT and fan area
Ab, where the black line represents the overall regression, and dashed lines indicate the
95% confidence interval. (c) Relationship between slope ∆ẑ/sT and dimensionless drop
δẑ/sT , with the black line showing the overall regression and dashed lines representing
the 95% confidence interval.
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