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SUMMARY

Waveform backprojection is a key technique of earthquake-source imaging, which has

been widely used for extracting information of earthquake source evolution that cannot

be obtained by kinematic source inversion. The technique enjoys considerable popularity,

owing to the simplicity of its implementation and the robustness of its processing, but

the physical meaning of backprojection images has remained elusive. In this study, we

reviewed the mathematical representation of backprojection (BP) and hybrid backprojec-

tion (HBP) methods, following the pioneering work of Fukahata et al. (Geophys. J. Int.

(2014) 196, 552–559), to clarify the physical implications of BP images. We found that

signal intensity in BP and HBP images is scaled with the amplitude of the Green’s func-

tion that corresponds to a unit-step slip, which results in the signal intensity being depth

dependent. We propose variants of BP and HBP, which we call kinematic BP and HBP,

respectively, to relate the BP signal intensity to slip motion of an earthquake by modify-

ing the normalizing factors used in the original BP and HBP methods. The original BP

and HBP images remain useful for assessing the spatiotemporal strength of the wave ra-
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diation, which scales with the amplitude of the Green’s function, whereas the kinematic

BP and HBP methods are suitable for imaging the slip motion that is responsible for the

high-frequency radiation produced during the source-rupture process.

Key words: Image processing; Time series analysis; Earthquake dynamics; Earthquake

source observations; Theoretical seismology

1 INTRODUCTION

Waveform backprojection (BP) is a technique for tracking the source evolution of specific seismic

phases (e.g. the P phase) during an earthquake (see Kiser & Ishii 2017, for a comprehensive re-

view of BP). Owing to its robustness and applicability to high-frequency waveforms, BP has been

used for extracting information about earthquake-rupture evolution that is missed by the analyses of

low-frequency waveforms by kinematic source inversion, including, for example, multiple branching

ruptures (Meng et al. 2012b; Satriano et al. 2012; Fan et al. 2016, 2017), triggering ruptures of very

early aftershocks (D’Amico et al. 2010; Kiser & Ishii 2013; Fan & Shearer 2016), cascading asperity

ruptures (Okuwaki et al. 2014, 2016), mechanisms of deep earthquakes (Suzuki & Yagi 2011; Kiser

et al. 2011; Ye et al. 2013), frequency-dependent wave radiation of subduction zone megathrust earth-

quakes (Kiser & Ishii 2011; Wang & Mori 2011; Yao et al. 2013; Satriano et al. 2014; Yin et al. 2016,

2018), and complex rupture evolution associated with the geometric features of a fault system (Meng

et al. 2012a; Uchide et al. 2013; Vallée & Satriano 2014; Okuwaki & Yagi 2018).

According to theoretical studies and dynamic numerical simulations of rupture evolution, high-

frequency waves are generated by abrupt changes of slip velocity or rupture velocity, or both (Madariaga

1977; Bernard & Madariaga 1984; Spudich & Frazer 1984; Madariaga et al. 2006; Beresnev 2017).

Such changes can be caused by barriers or asperities, including fault roughness (Das & Aki 1977; Aki

1979; Dunham et al. 2011; Shi & Day 2013; Bruhat et al. 2016; Mai et al. 2017). By applying the

BP technique, studies have imaged intense high-frequency radiation just before the rupture penetrates

a large-slip area or geometric barriers (e.g. Uchide et al. 2013; Yagi & Okuwaki 2015; Okuwaki &

Yagi 2018), a finding that is consistent with our theoretical understanding of the generation of high-

frequency radiation. In the case of some subduction-zone megathrust earthquakes, however, a distinct

anti-correlation with respect to depth has been reported, between a shallow large-slip area and the

deep sources of intense high-frequency radiation, which may reflect the rupture of heterogeneous,

small high-stress patches; this finding leads to the idea that rupture properties within these subduction

⋆ Contribution was mostly made at the time affiliated with University of Tsukuba1.
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Backprojection to image slip 3

zones are segmented along depth (Koper et al. 2012; Lay et al. 2012; Ye et al. 2016). This idea may be

useful for a unified understanding of subduction-zone megathrust earthquakes involving the apparent

diversity of source rupture evolution.

However, the tendency of lacking intense high-frequency signal at the shallow part of the seismo-

genic zone generally observed through application of BP methods may not directly draw conclusion

that the intensity of kinematic features responsible for high-frequency radiation increases with depth.

Since the observations show that the rupture front often goes along both up-dip and down-dip direc-

tions (e.g. MW 9.0 2011 Tohoku-oki, Japan and MW 8.3 2015 Illapel, Chile, earthquakes; Meng et al.

2011; Melgar et al. 2016; Meng et al. 2018), it is plausible that there exist kinematic features around

the rupture tip or the healing front (e.g. Madariaga et al. 2006) even at shallow. In fact, as shown

in Section 2, BP and HBP images are not simple representation of kinematic features of the source

process, and they have an inherent depth-dependent bias that is proportional to the amplitude of the

Green’s function.

In this study we propose an alternative BP technique that enables us to extract kinematic features

of rupture evolution from high-frequency waveform data. We first review the mathematical represen-

tation of the BP method, following the pioneering work of Fukahata et al. (2014), who have clarified

the theoretical background of the BP techniques and showed that a BP image can represent slip motion

as either slip velocity or slip acceleration. However, because Fukahata et al. (2014) basically consid-

ered the case of a point source, they did not discuss in detail the normalizing factor adopted for the

BP method. We point out the importance of the normalizing factor, which plays a critical role in the

resultant signal intensity for the case of multiple-point sources. We consider both the original time-

domain BP method (e.g. Ishii et al. 2005) and the Hybrid backprojection (HBP) method (Yagi et al.

2012; Okuwaki et al. 2014). The latter is a variant of the BP technique that introduces the Green’s

function to enhance the depth resolution of the projected images by using depth phases. We clarify the

theoretical meaning of the signal intensity obtained by the BP and HBP methods, which depends on

the amplitude of the Green’s function and is not directly related to the slip motion. We examine this

theoretical outcome through numerical tests using synthetic waveforms, and confirm that the images

obtained by the BP and HBP methods have an inherent depth dependence, which is due to the nor-

malizing factor. We propose new variants of the BP and HBP methods (which we call kinematic BP

and HBP methods) that, by taking the effect of the normalizing factor into account, allow us to remove

the depth-dependent bias in the original BP and HBP images and retrieve signal intensities that are

related to slip velocity or slip acceleration. We test the methods through numerical experiments and

application to the observed data of the MW 8.3 2015 Illapel, Chile, earthquake, and confirm that the

relative signal intensity is related to the slip motion by the kinematic BP and HBP methods.

Page 3 of 41 Geophysical Journal International

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



4 R. Okuwaki, A. Kasahara, Y. Yagi, S. Hirano, and Y. Fukahata

2 DEPTH DEPENDENCE IN BP AND HBP IMAGES

In this section, we investigate the mathematical expressions of the BP and HBP methods (Ishii et al.

2005, 2007; Yagi et al. 2012; Fukahata et al. 2014). Particularly, we consider the role of the normal-

izing factors in the implementations and their effect on the resultant signal intensity, which was not

addressed in detail by Fukahata et al. (2014). We then perform a numerical test by using synthetic

waveforms to demonstrate that both the BP and HBP images have an inherent depth dependence that

is proportional to the amplitude of the Green’s function for a unit-step slip.

2.1 Representation of BP

A BP image is made by stacking observed waveforms as follows:

sBP
i (t) =

∑

j

w j
u j(t + tp

i j)

A j
, (1)

where sBP
i (t) is the signal intensity of the BP image at the ith source location at hypocentral time t

(where t = 0 corresponds to the origin time of the earthquake), and u j(t+ tp
i j) is the observed waveform

at the jth station that is time-shifted by the theoretical travel time of the P phase tp
i j between the ith

source location and the jth station. For simplicity, we neglect the calibration of travel time error (Ishii

et al. 2007; Fan & Shearer 2017) and the slowness correction (Meng et al. 2016). w j is a weighting

factor for each waveform, which is introduced to avoid spatial bias due to the station distribution; w j

is usually designed to be negatively correlated with station density and sums to 1, that is,
∑

j w j = 1

(details are shown in Section 2.3). The normalizing term A j is given by the root-sum-square of the

observed waveform,

A j = pol(u j) ·
√∫ T

0
u2

j(τ + tp
j )dτ, (2)

where pol(u j) ∈ {−1,+1} is the polarity of the first motion of waveform u j, tp
j is the P-phase arrival

time at the jth station, and T is the waveform length. The normalizing factor can also be represented

by the maximum amplitude of the observed waveform, although these forms of the normalizing factor

were not presented explicitly in the relevant papers. In this study, we use the representation in eq. (2),

because of its similarity to the normalizing factor in the HBP method defined in eq. (8). The observed

waveform u j can be expressed as

u j(t) =
∑

i′

(
ai′ ∗Gi′ j

)
(t)

=
(
ai ∗Gi j

)
(t) +

∑

i′(!i)

(
ai′ ∗Gi′ j

)
(t), (3)
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Backprojection to image slip 5

where ai is the slip motion at the ith source location on the fault surface, ∗ denotes convolution, and we

neglect the background noise of the observed waveform for simplicity. The Green’s function Gi j in eq.

(3) is the deformation at the jth station due to a unit-step slip on the ith subfault. For the velocity data

u j, slip motion ai may represent slip velocity if the Green’s function is a propagator from slip velocity

to far-field velocity, or slip acceleration if the Green’s function is a propagator from slip velocity to

far-field displacement (Fukahata et al. 2014). Hereafter, we refer to the slip motion ai as slip velocity,

considering together that the waveform u j is velocity data and the Green’s function Gi j is for unit-

step slip velocity. By substituting eq. (3) into eq. (1), we get the following expression for the signal

intensity,

sBP
i (t) =

∑

j

w j

A j

((
ai ∗Gi j

)
(t + tp

i j) +
∑

i′(!i)

(
ai′ ∗Gi′ j

)
(t + tp

i j)
)
. (4)

As shown in eq. (4), eq. (1) is divided into two terms: the first term is the signal that corresponds to

the contribution from the ith source, and the second term is noise, which is the contribution from other

i′th locations. If the noise term can be assumed to be suppressed by stacking (Fukahata et al. 2014) as,

∑

j

w j

A j

⎛
⎜⎜⎜⎜⎜⎜⎝
∑

i′(!i)

(
ai′ ∗Gi′ j

)
(t + tp

i j)

⎞
⎟⎟⎟⎟⎟⎟⎠ ≈ 0, (5)

then the signal intensity at the ith location can ideally be represented as

sBP
i (t) ≈

∑

j

w j

A j

(
ai ∗Gi j

)
(t + tp

i j), (6)

where the signal intensity at the ith source location sBP
i represents the slip velocity at the ith source

location ai, which scales with the normalizing factor A j and the Green’s function Gi j. Hence, the signal

intensity sBP
i is not uniquely determined by the amplitude of the slip velocity at the ith source location

ai, but is additionally controlled by a scaling factor composed of A j and Gi j, which depends on the

source location because its numerator includes Gi j.

2.2 Representation of HBP

The HBP image is made by stacking cross-correlation functions of the observed waveform and the

Green’s function:

sHBP
i (t) =

∑

j

w j

(
u j×̂Gp

i j

)
(t)

Ai j
=

∑

j

w j

∫ T
0 u j(τ)G

p
i j(τ − t)dτ

Ai j
(7)

where ×̂ denotes cross-correlation, and Gp
i j is the theoretical Green’s function that corresponds to the

deformation due to a unit-step slip velocity. T is the time period of the cross-correlation function of

the waveform and the Green’s function. The weighting factor w j is the same as in eq. (1), and the
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6 R. Okuwaki, A. Kasahara, Y. Yagi, S. Hirano, and Y. Fukahata

normalizing factor Ai j is represented as

Ai j =

√∫ T

0
u2

j(τ + tp
j )dτ ·

√∫ T

0
Gp

i j
2(τ + tp

i j)dτ, (8)

which is designed to normalize the cross-correlation function in the numerator of eq. (7). Eq. (3) can

be used to expand eq. (7) into signal and noise terms as follows:

sHBP
i (t) =

∑

j

w j

Ai j

⎡
⎢⎢⎢⎢⎢⎢⎣
((

ai ∗Gi j
)
×̂Gp

i j

)
(t) +

∑

i′(!i)

((
ai′ ∗Gi′ j

)
×̂Gp

i j

)
(t)

⎤
⎥⎥⎥⎥⎥⎥⎦ . (9)

If the noise term can be assumed to be suppressed by stacking (Fukahata et al. 2014) as

∑

j

w j

Ai j

⎛
⎜⎜⎜⎜⎜⎜⎝
∑

i′(!i)

(
ai′ ∗Gi′ j

)
×̂Gp

i j

⎞
⎟⎟⎟⎟⎟⎟⎠ (t) ≈ 0, (10)

the final form of the signal intensity is

sHBP
i (t) ≈

∑

j

w j

Ai j

((
ai ∗Gi j

)
×̂Gp

i j

)
(t). (11)

The resultant signal intensity at the ith source location sHBP
i represents the slip velocity ai scaled with

a weighting factor w j, the normalizing factor Ai j and the cross-correlation function of the Green’s

functions. Eq. (11) indicates that the resultant signal intensity of the HBP method is also expected to

correlate with the source location because the scaling factor includes the Green’s functions.

2.3 Numerical test

As seen in eqs. (6) and (11), the signal intensity of the BP and HBP images is not a simple represen-

tation of the slip motion at the specific source location; but rather, it includes additional contributions

from the normalizing factors and the Green’s functions. We performed a numerical test with synthetic

waveforms computed using a known slip velocity a to empirically show how the scaling factors in eqs.

(6) and (11) affect the resultant BP and HBP images. First, we generated synthetic waveforms using 20

point sources that were randomly distributed on a dipping model plane in the Chilean subduction zone

(Fig. 1a). Each point source has a uniform potency of 4 × 106 m3 (2 × 2 km2 area × 1 m slip for pure

thrust motion against the relative plate motion; DeMets et al. 2010), which is composed of a triangular

slip-rate function with a half-rise time of 0.25 s computed at a sampling frequency of 20 Hz (Fig. 1d).

The model plane is a 190 × 130 km2 rectangle with strike and dip angles of 2.7◦ and 15◦, respectively,

that has been discretized for point sources with a spatial resolution of 2 km × 2 km in both strike and

dip directions. The initial rupture point (hypocentre) is located at 31.637◦S, 71.741◦W, and 25-km

depth. Each point source is triggered to rupture by the expanding circular rupture front propagating at

a constant speed of 3 km/s from the hypocentre (Fig. 1c). The Green’s function that is convolved with
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Backprojection to image slip 7

Figure 1. Model setting for the numerical test. (a) Map view of the distribution of randomly selected point

sources for the case #1 and (b) all the point sources through the cases #1–#100. The color of point sources

represents the index of the case. The gray rectangle outlines the model fault plane with a dip angle of 15◦,

the black line on the west side is the up-dip limit of the fault area, and the star denotes the nucleation point

(hypocentre). The thin gray curved line shows the coastline. (c) Relation between the point-source location

(red dot) and the rupture front for the case 1. The star denotes the nucleation point. Gray circles represent

the constantly propagating rupture front snapshotted at 10 s interval. (d) Slip-rate function (SRF) built in each

point source. (e) Observation station distribution denoted as triangles. The star denotes the nucleation point, and

the gray dashed circles show epicentral distances at 30◦ and 90◦. Color of each triangle represents the weight

defined in eq. (12).

the slip-rate function to generate the synthetic waveforms is calculated by the method of Kikuchi &

Kanamori (1991). Near the source area, a layered medium (Table 1) is used for calculating the Haskell

propagator matrix for the Green’s function, and the ak135 model (Kennett et al. 1995) is used to cal-

culate geometrical spreading factors, ray parameters, and travel times. The synthetic waveforms were

calculated for the stations at teleseismic distances between 30◦–90◦ (Fig. 1e), and the weighting factor

Table 1. Near-source structure used to calculate Green’s function.

VP VS Density Thickness

(km/s) (km/s) (103kg/cm3) (km)

1.50 0.00 1.02 4.00

4.80 2.77 2.72 4.00

5.50 3.18 2.72 4.00

6.00 3.46 2.86 4.00

6.40 3.70 2.86 6.00

6.80 3.93 3.03 8.00

7.80 4.32 3.42 0.00
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8 R. Okuwaki, A. Kasahara, Y. Yagi, S. Hirano, and Y. Fukahata

Figure 2. Map view of the result with the (a) original BP, (b) original HBP, (c) kinematic BP, and (d) kinematic

HBP methods. Color represents the maximum intensity of the backprojected signal among the source duration,

which is normalized by the maximum intensity among backprojected images for each case of #1–#100. The

gray rectangle outlines the model fault plane, the black line is the up-dip limit of the fault area, and the star

denotes the nucleation point (hypocentre). The thin gray curved line shows the coastline.

w j in eqs. (1) and (7) is calculated according to the following rules:

w j =
r j∑
j r j
,

r j =
1

∑
j′ m j j′

,

m j j′ =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1 (∆ j j′ ≤ 20◦)

0 (∆ j j′ > 20◦),
(12)

where ∆ j j′ is the epicentral distance between a pair of stations. In the BP method, this weighting factor

is based on globally distributed stations (e.g. Fan & Shearer 2015), whereas when the BP method is

applied to an array of stations, the weighting factor is represented by, for example, a cosine function

(Ishii et al. 2007), and the weight given to the waveform decays with distance from the centre of the

station array. Note that in this test, the hypocentre, fault geometry, station configuration, and near-

source velocity structures are those used in seismic source study of the MW 8.3 2015 Illapel, Chile,

earthquake (Okuwaki et al. 2016). We used the BP and HBP methods to backproject the synthetic

waveforms onto the fault. To show systematic bias independent of specific point-source distributions,

we computed backprojection images for 100 cases of 20 randomly selected point sources (Fig. 1b).

We then plotted the backprojected signal intensities at the locations of point sources shown in Fig.

1(b) both in map view (Figs. 2a and b) and along depth (Figs. 3a and b). The result shows a clear depth

dependence of the backprojected signal intensity on the model fault plane, where the signal intensity

increases with the depth of the point sources even though we generated the synthetic waveforms by
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Backprojection to image slip 9

Figure 3. Depth view of the normalized intensity of images obtained by the (a) original BP, (b) original HBP,

(c) kinematic BP, and (d) kinematic HBP methods. Abscissa is the depth of point sources, and the ordinate is the

normalized intensity of the backprojected images. Black dot is the mean value of the signal intensities within

each 5-km-depth bin. One standard deviation of the signal intensities within each depth bin is shown as the

vertical error bar.

assuming the same potency at all the point sources. The mean values of the signal intensities measured

within 5-km-depth bins monotonically increase from the shallowest to deepest bins; 0.52 ± 0.13 to

0.85 ± 0.12 and 0.55 ± 0.10 to 0.90 ± 0.10 for the original BP and HBP methods, respectively (Figs. 3a

and b). This depth dependence in both the BP and HBP images reflects the depth dependence of the

fractions in eqs. (6) and (11), which have the Green’s functions as their numerator and the normalizing

factor as their denominator. In the assumed dipping model fault plane embedded in a layered medium

(Table 1), the Green’s function displays a depth dependence related to the rigidity of the medium and

to geometrical spreading factors, both of which become larger with depth. Thus, we can conclude

that the BP and HBP methods are inherently designed to retrieve contributions of wave radiation to

entire waveforms, which should be proportional to the amplitude of the Green’s functions. Note that

the weighting factor w j fluctuates at most 9% for the station configuration adopted in this numerical

test (Fig. 1e), and it does not significantly affect the signal intensity. The numerical test presented in

this study extends the result of Fukahata et al. (2014) that did not rigorously consider the effect of a

scaling factor due to the amplitude of the Green’s function, because they basically considered the case

of a single point source. However, for the case of multiple-point sources (Fig. 1), the dependence of

the signal intensity on the source location has been clearly revealed (Figs. 2a and b and 3a and b),
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10 R. Okuwaki, A. Kasahara, Y. Yagi, S. Hirano, and Y. Fukahata

because the scaling factor is proportional to the amplitude of the Green’s function which depends on

the source location shown in eqs. (6) and (11).

3 NEW SCALING FACTORS FOR BP AND HBP METHODS TO IMAGE SLIP MOTION

The depth dependence of the BP and HBP images (Figs. 2a and b and 3a and b) highlights the inherent

design of the BP and HBP methods, which extracts the relative strength of the wave radiation scaled

by the amplitude of the Green’s function; as a result, the BP and HBP images are biased when they are

interpreted as the slip motion. However, BP and HBP methods are potentially useful for investigating

the details of rupture properties or slip motion recorded in high-frequency waveforms. Therefore, it

would be convenient if we can design BP and HBP methods to retrieve the slip motion on a fault plane

from the backprojected images. For this purpose, we propose variants of the BP and HBP methods in

which the normalizing factors in eqs. (1) and (7) of the original BP and HBP methods are appropriately

modified. We then test the proposed methods in the same situation as described in Section 2.3 and also

apply them to real waveforms of the MW 8.3 2015 Illapel, Chile, earthquake.

3.1 Modification in kinematic BP and HBP methods and synthetic test

In order to retrieve the slip motion from the signal intensity, we modify the BP and HBP methods by

changing the normalizing factors to cancel out the numerators of the signal terms, Gi j in eq. (6) and

Gi j×̂Gp
i j in eq. (11). For the BP method, we propose a normalizing factor AkBP

i j as

AkBP
i j = gp

i j, (13)

where gp
i j is the amplitude of the first motion of the theoretical Green’s function, which corresponds

to the first local maximum (or minimum if polarity is down) of the amplitude from the arrival time.

For the HBP method, we modify the normalizing factor Ai j in eq. (8) by using the theoretical Green’s

function Gp
i j:

AkHBP
i j =

∫ T

0
Gp

i j
2(τ + tp

i j)dτ. (14)

The bias in the original BP and HBP images (Section 2.3) is expected to be corrected by this modi-

fication of the normalizing factors. Thus, the kinematic BP and HBP images should be more directly

related to the slip motion on a fault.

The same numerical test that we carried out in Section 2.3 is performed to examine how the pro-

posed normalization factors modify the resultant signal intensity. As shown in Figs. 2–4, the depth

dependence seen in the original BP and HBP images has mostly disappeared; basically uniform dis-

tribution of signal intensity with depth is obtained by the kinematic BP and HBP methods. The mean
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Backprojection to image slip 11

Figure 4. Histograms of the normalized intensity of the signals obtained by (a) the original and kinematic BP

methods, and (b) the original and kinematic HBP methods.

values of the signal intensities within the shallowest bins have been increased by 1.48 and 1.47 with

the kinematic BP and HBP methods, respectively (Fig. 3), compared to the mean values of the original

results. These results indicate that the input potency used for generating the synthetic waveforms is

backprojected onto the point source without the depth-dependent bias.

3.2 Theoretical background of kinematic BP and HBP methods

Here, we consider the theoretical background of the kinematic BP and HBP methods, which success-

fully suppressed the depth-dependent bias, following the procedure taken in Fukahata et al. (2014)

with the modified normalizing factors of eqs. (13) and (14).

In the kinematic BP method as well as in the original BP method, we first assume that the Green’s

function in eq. (6) is an impulsive response function (Fukahata et al. 2014), which can be represented

by Dirac’s delta function with the amplitude of the first motion of the Green’s function as a scale factor

on the basis that later phases and inelastic attenuation can be neglected:

Gi j(t + ti j) ≈ gi jδ(t), (15)

where gi j is the amplitude of the first motion of the true Green’s function, and ti j is the true travel

time of the P phase. If we can further assume that the true travel time ti j is approximately equal to the

theoretical travel time of tp
i j,

tp
i j ≈ ti j, (16)
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12 R. Okuwaki, A. Kasahara, Y. Yagi, S. Hirano, and Y. Fukahata

eq. (15) becomes

Gi j(t + tp
i j) ≈ gi jδ(t). (17)

Substituting Eq. (17) into eq. (6), we obtain

skBP
i =

∑

j

w j

A j
aigi j(t). (18)

If we can compute a Green’s function for the P phase that satisfies

gp
i j ≈ gi j, (19)

the fraction of the Green’s function and the normalizing factor in eq. (18) is canceled out in the

kinematic BP method because we now have defined the normalizing factor as in eq. (13). Hence,

the modified signal intensity at the ith source location skBP
i becomes

skBP
i (t) ≈ ai(t), (20)

where we used
∑

j w j = 1. In eq. (20) the signal intensity in the kinematic BP method, skBP
i , directly

corresponds to the slip velocity ai. Which of the Green’s function due to unit-step slip velocity or

displacement can well satisfy the assumption of eq. (17) is hard to be determined (Fukahata et al.

2014), but we note if the effect of the attenuation for the teleseismic body waves can be neglected, the

slip motion ai corresponds to the slip acceleration for the velocity data u j.

In the kinematic HBP method as well as in the original HBP method, we first assume that the

theoretical Green’s function is a good approximation of the true Green’s function as

Gp
i j(t) ≈ Gi j(t). (21)

Substituting eq. (21) into eq. (11), we obtain

skHBP
i (t) ≈

∑

j

w j

((
ai ∗Gp

i j

)
×̂Gp

i j

)
(t)

Ai j
. (22)

If we use the normalizing factor defined by eq. (14), the fraction that is composed of the cross-

correlation of the Green’s functions and the normalizing factor in eq. (22) results in the normalized

auto-correlation function of the Green’s function. Therefore, if we can assume that the stacked auto-

correlation functions is like the Dirac’s delta function with certain amplitude (Fukahata et al. 2014),

eq. (22) becomes

∑

j

w j

(
Gp

i j×̂Gp
i j

)
(t)

∫ T
0 Gp

i j
2(τ + tp

i j)dτ
≈ δ(t), (23)

where we used
∑

j w j = 1. Then, the modified signal intensity at the ith source location skHBP
i is finally
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Backprojection to image slip 13

expressed as

skHBP
i (t) ≈ ai(t). (24)

In eq. (24) the signal intensity of the kinematic HBP image, skHBP
i , directly corresponds to the slip

velocity ai.

3.3 Application to the real data

In order to demonstrate how the relative signal intensity is modified by the kinematic BP and HBP

methods for the real case, we applied them to the waveforms of the MW 8.3 2015 Illapel, Chile, earth-

quake with the same procedure adopted by Okuwaki et al. (2016), where they used the original HBP

method (Fig. 5). Here, 4th root stacking (e.g. McFadden et al. 1986) was used to enhance the signal-

to-noise ratio of the image, and the data were filtered in the 0.3–2.0 Hz frequency band. Compared

with the original BP and HBP methods, the signal intensities of the kinematic BP and HBP methods

in the region shallower than 25-km depth have been increased by 1.25 and 1.33 of their mean values,

respectively (Figs. 5c and f), which are similar to the ones for the numerical tests measured within

0 to 25-km-depth bin; 1.28 and 1.31. We note that the mean values of the real applications and the

numerical tests may not be simply compared since for the real applications, the mean values were

measured among all the point sources in the model fault, while for the numerical tests, we only used

the intensities on the input-source points (Fig. 1b). Based on the numerical test, we can consider that

the depth-dependent bias included in the original BP and HBP method is successfully suppressed by

the kinematic BP and HBP methods. The source models of the 2015 Illapel earthquake showed a com-

plex rupture evolution along both the up-dip and down-dip directions (Melgar et al. 2016; An et al.

2017; Yin et al. 2018; Meng et al. 2018), which is more consistent with the image obtained by the

kinematic BP and HBP methods. The increased signal in the shallow part should reflect the source of

high-frequency radiation from the up-dip rupture propagation. The general difference between the BP

and HBP images, especially in the shallow region, reflects the enhancement of the spatial resolution in

dip direction of the HBP method by adopting the information of depth phases of the Green’s function

(Yagi et al. 2012). While in the region deeper than 25-km depth, the distributions of the signal intensi-

ties remain almost the same for the original and kinematic BP and HBP methods (Figs. 5c and f). This

suggests that the previous discussion of the deep-intense high-frequency radiation, which may result

from the rupture of small high-stress patches that accelerate the following large slip (e.g. Okuwaki

et al. 2016), should not be affected significantly even by the kinematic BP and HBP methods, at least

in the case of the 2015 Illapel earthquake. The real applications suggest that the heterogeneity of the

fracture energy or stress drop that perturbs the rupture-front propagation (e.g. Husseini et al. 1975;
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14 R. Okuwaki, A. Kasahara, Y. Yagi, S. Hirano, and Y. Fukahata

Figure 5. Comparison of the real-data application of the original and the kinematic BP and HBP methods for the

MW 8.3 2015 Illapel Chile earthquake. (a, b, d, e) Color represents the normalized intensity of the backprojected

signal. The gray rectangle outlines the model fault plane with a dip angle of 15◦, the black line on the west side

is the up-dip limit of the fault area, and the star denotes the nucleation point (hypocentre). The thin gray curve

shows the coastline. (c, f) Histograms of the normalized intensity of the signals obtained by the original and the

kinematic BP and HBP methods. µ and µk are the mean values of the original and the kinematic BP and HBP

signal intensities, respectively.

Fukuyama & Madariaga 1998) may exist in both shallow and deep part of the fault, though the degree

of heterogeneity may be different depending on depth.

4 DISCUSSION

In this study, we proposed the variants of the BP and HBP methods in order to directly retrieve the slip

motion from the backprojected images by modifying the normalizing factors adopted in the original BP

and HBP methods, which suppresses the depth-dependent bias in the original BP and HBP methods.

However, for subduction zone megathrust earthquakes, the depth dependence of the signal intensity in
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Backprojection to image slip 15

the original BP and HBP images is still crucial information for assessing future-earthquake damage

due to strong shaking, because buildings have resonant frequencies that lie in the frequency band used

for the BP analyses (e.g. Snieder & Şafak 2006; Meng et al. 2012a). The contribution from high-

frequency wave radiation by a unit slip in the deeper part of the seismogenic zone tends to be larger

than that from the radiation in the shallower part of the fault, provided that the fault is dipping and the

rigidity of the medium increases with depth. Both the mathematical representations and numerical test

indicate that in the original BP and HBP methods the signal intensity does not directly correspond to

the slip behaviour.

We verified through numerical tests that the kinematic BP and HBP methods worked well for

suppressing depth dependence of the signal intensity and extracting slip motion on a fault surface,

which should be useful for unbiased interpretation of high-frequency signals in the context of the

source-rupture evolution. However, even if we use the kinematic BP and HBP methods, in the ideal

model setting to generate the synthetic waveforms, the input sources were still imperfectly recovered,

and the normalized backprojection intensity ranged from about 0.5 to 1.0 (Figs. 3 and 4). One possible

reason for this spread in the distribution is due to the noise given in the second terms in eqs. (4) and

(9). We assumed for both the original and kinamatic BP and HBP methods that the noise terms can be

suppressed by stacking as eqs. (5) and (10) based on Fukahata et al. (2014). However, in our numerical

test, where the multiple-point sources with a uniform slip-rate function are randomly distributed (Fig.

1), the interference of the noise and signal terms cannot be neglected when the sources are close to

each other since the convolution functions of the slip velocity and the Green’s function get similar

among the neighbouring locations. As a result, the signal intensity may be intensified or decreased by

the noise, and the signal intensity at the specific source point may not exactly represent the slip. This

imperfect recovery of the input sources is a common feature in both the original and kinematic BP

and HBP methods, irrespective of the implementation of the normalizing factor because this comes

from the resemblance of the Green’s function at sources (Fukahata et al. 2014). We also note that

the assumptions we made in eqs. (19) and (21) may not work efficiently for the analysis of real data,

because of the limitation to calculate the Green’s function accurately (e.g. Yagi & Fukahata 2011),

and the uncertainty of the depth and focal mechanism of the source points may distort the kinematic

BP and HBP images for real applications.

We have discussed the depth dependence of the signal intensity in the original BP and HBP meth-

ods by only considering that the scaling factors include the Green’s functions in the numerators of the

signal terms in eqs. (4) and (9). However the normalizing factors adopted in the original BP and HBP

methods also include the slip motion ai since the normalizing factors are composed of the waveform
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16 R. Okuwaki, A. Kasahara, Y. Yagi, S. Hirano, and Y. Fukahata

data u j (eq. 3). For example, eq. (6) can be rewritten as

sBP
i (t) ≈

∑

j

w j

(
ai ∗Gi j

) (
t + tp

i j

)

pol(u j) ·
√∫ T

0

[∑
i′
(
ai′ ∗Gi′ j

)
(τ + tp

j )
]2

dτ
, (25)

for the original BP method, in which ai is included in both the numerator and denominator. Thus,

the relationship between the resultant signal intensity and the slip motion ai is essentially non-linear

in the original BP and HBP method, which makes it difficult to understand the effect of the Green’s

function on the depth dependence of the signal intensity. On the other hand, the normalizing factors

in the kinematic BP and HBP methods are designed to include the Green’s function alone. Because

of that, the signal intensity is directly related to the slip motion, which establishes a linear relation

between the signal intensity and the slip motion.

5 CONCLUSION

Through the mathematical reviews and numerical tests of the time-domain BP and HBP methods,

we confirmed that the signal intensity in the original BP and HBP methods was designed to retrieve

the relative strength of wave radiation. Therefore, the signal intensity is proportional to the amplitude

of the Green’s function, which leads to clear depth dependence of the signal intensity. The depth

dependence of the BP and HBP images gives a bias when the signal intensity of the image is interpreted

as the rupture property. On the other hand, the kinematic BP and HBP methods, the variants of the

BP techniques proposed in this paper, can directly relate the signal intensity to slip motion on a fault

surface, which is free from the depth dependence. The proposed methods are useful for quantifying

the depth dependence of the high-frequency sources, which would deepen our understanding of the

high-frequency radiation and its role on the rupture property during an earthquake.
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