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Key points
•

Simple numerical softening laws successfully reproduce strain localization and stress
transients observed in laboratory torsion tests.

•

A viscous process zone evolves at the tip of a nucleating shear zone and propagates with
progressive shear strain.

•

Strain weakening is required to form a localized shear zone in a strong matrix surrounding a
weak inclusion.
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Localization processes in the viscous lower crust lead to the formation of deformation zones over a
broad range of scales that may affect the mechanical response of faults in the upper crust during the
entire seismic cycle. In order to gain detailed insight into the processes involved in strain localization
and rheological weakening in viscously deforming rocks we conduct centimeter-scale numerical
models. Our 2D Cartesian models are benchmarked to high-temperature and high-pressure torsion
experiments on Carrara marble samples containing a single weak Solnhofen limestone inclusion. The
numerical models successfully reproduce bulk stress-strain transients and final strain distributions
observed in the experiments by applying a simple softening law that mimics rheological weakening.
By varying softening parameter values within this modeling framework, we quantify the impact of
rheological weakening on localization and shear zone formation.
We find that local stress concentrations forming at the inclusion tips initiate strain localization inside
the host matrix. Rheological weakening is a precondition for shear zone formation within the matrix.
At the tip of the propagating shear zone, weakening occurs within a process zone which expands with
time from the inclusion tips towards the matrix. Shear zone width is found to be controlled by the
degree of softening. Introducing a second softening step at elevated strain, a high strain layer
develops inside the localized shear zone, analogue to the formation of ultramylonite bands in
mylonites.

1. Introduction
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Deformation localization is ubiquitous in earth materials and observed over a broad range of scales in
space and time. Localization processes lead to the generation of deformation zones that separate
less strained or unstrained parts of the lithosphere (Fossen & Cavalcante, 2017). In the brittle upper
crust deformation is present as fault zones (Coyan et al., 2013; Valoroso et al., 2013) transitioning
into localized ductile shear zones in the middle–lower crust at the brittle-ductile transition hosting
mylonites and ultra-mylonites (Palin et al., 2014; Park & Jung, 2017). Localization within the deeper
ductile lithosphere is accommodated by a combination of different deformation mechanisms
(Kenkmann & Dresen, 2002; Burlini & Bruhn, 2005). These processes cause shear zone initiation at
material heterogeneities and multiple defects commonly present in rocks that serve as nucleation
points for shear zones on the micro- or macro-scale. Typical examples include randomly scattered
flaws (e.g. Misra & Mandal, 2007), brittle fractures (Mancktelow & Pennacchioni, 2005), weak layers
(Gerbi et al., 2015), veins or dykes (Handy, 1989) or rock fabric (Bürgmann & Dresen, 2008). A
plethora of studies showed that a subsequent strength reduction in shear zones may be attributed to
a range of different processes, like grain-size reduction (Tasaka et al., 2017), a change in controlling
deformation mechanism such as from dislocation to diffusion creep (e.g. White, 1976; Handy, 1989;
Linckens et al., 2011), shear heating (Duretz et al., 2015), the development of crystallographic
preferred orientations (Ji et al., 2004) or melting (Handy et al., 2001).
Laboratory experiments on rock materials provide insights into localization and weakening processes
during shear zone formation at well-defined deformation conditions. A number of experimental
studies have investigated strength and microstructures in high-strain deformation tests on mono2
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mineralic geomaterials (Bystricky et al., 2000; Pieri et al., 2001a; Pieri et al., 2001b; Ter Heege et al.,
2001; Barnhoorn et al., 2004; Hansen et al., 2012) and multiphase aggregates (Bruhn & Casey, 1997;
Bruhn et al., 1999; Rybacki et al., 2003; Dimanov & Dresen, 2005; Bystricky et al., 2006). The effect of
material heterogeneities on the rheological response of otherwise homogeneous earth materials has
been recently addressed by Rybacki et al. (2014), who analyzed the effect of material heterogeneities
on the onset of localized viscous deformation.
In addition to experimental studies, numerical modeling of localization processes allows testing
realistic materials in order to isolate the effect of specific deformation mechanisms and parameters.
Previous numerical modeling work aimed at understanding the role of strength anisotropies that are
either caused by compositional differences (Kenkmann & Dresen, 1998; Mancktelow, 2002; Treagus
& Lan, 2004; Cook et al., 2014) or due to inherited structures (Corti et al., 2007; Mazzotti & Gueydan,
2017; Webber et al., 2018). For example, during lithospheric extension the inherited mechanical
structure exerts a strong control on rift geometry and architecture (Duretz et al., 2016). Material
heterogeneities significantly impact strain localization: (1) Hard inclusions produce stress
concentrations inside a homogeneous matrix, and (2) weak inclusions localize strain in turn
producing stress concentrations at the inclusion matrix interface (Cyprych et al., 2016). Jammes et al.
(2015) identified three end-member types of shear zones: (1) localized, (2) localized anastomosing
and (3) delocalized shear zone that depend on the proportion of strong and weak phase and the
strength ratio. Other modeling studies focused on the effect of rheological weakening and hardening
mechanisms. Numerical weakening mechanisms may depend on strain (Cyprych et al., 2016;
Mazzotti & Gueydan, 2017), stress (Gardner et al., 2017), or deformation work or use grain size
evolution in combination with grain-size dependent flow laws (e.g. Jessell et al., 2005; Herwegh et
al., 2014; Cross et al., 2015) and all of them have been shown to strongly influence the localization
behavior in numerical models. Some form of weakening is required to localize strain in an otherwise
homogeneous rock matrix as observed in nature (Ellis et al., 2001), experiments (Rutter, 1999), and
models (Gueydan et al., 2014).
Here we compare the results of our numerical models to a series of laboratory tests (Nardini et al.,
2018) in order to investigate the temporal and spatial evolution of strain localization and weakening
processes in viscously deforming rocks. For simplicity, we use a single weak inclusion torsion setup
and analyze dynamics, strength, and geometry of the resulting ductile shear zone. With additional
numerical tests we extend the scope of this study to the impact of weakening on localization
behavior and shear zone formation.

2. Numerical modeling of torsion experiments
2.1. Setup of the laboratory experiments
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Sample preparation is following the procedures described in Rybacki et al. (2014): Cylinders of
Carrara marble (10 mm in length, 15 mm outer diameter) were cut from a single block of marble, and
an internal borehole (6.1 mm of inner diameter) was cored and subsequently filled with cylinders of
solid gold to provide a homogeneous distribution of stress over the entire sample through the full
duration of the experiments (Paterson & Olgaard, 2000). Circular segments of Solnhofen limestone
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(arc length ~11.8 mm), a very fine grained (average grain size < 10 µm) rock, were produced by
polishing ~750 µm thick sections that were subsequently inserted in the external surface of the
Carrara marble cylinders (see Figure 1a).
Experiments were conducted in a Paterson-type gas deformation apparatus (Paterson, 1970), at
900 °C temperature and 400 MPa confining pressure. The samples were inserted in copper jackets of
~0.2 mm thickness, and jacket strength at the experimental conditions was accounted for in the
evaluation of the mechanical data. Straight vertical scratches on the jacket surface serve as passive
strain markers. As shown in Rybacki et al. (2014), at experimental P-T conditions the fine grained
limestone is substantially softer than Carrara Marble and therefore acts as a weak material
heterogeneity within a homogeneous stronger matrix. Two different loading conditions, constant
twist rate (equivalent to a strain rate of 1.9*10 -4 s-1 at the outer periphery) and constant torque
(~18.8 MPa), were tested. For each loading type, samples were tested to a final bulk shear strain γ ~1
(Nardini et al., 2018).

2.2. Numerical modeling technique
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In this study, we use the geodynamic modeling software SLIM3D (Semi-Langrangian Implicit Model
for 3 Dimensions) (Popov & Sobolev, 2008). The implicit finite element code utilizes the Arbitrary
Lagrangian-Eulerian Method, has a realistic elasto-visco-plastic formulation for rheology and a free
surface. The software was originally designed to investigate lithospheric-scale processes and has
since been applied in divergent (Brune et al., 2012, 2013, 2016, 2017; Brune & Autin, 2013; Brune,
2014; Heine & Brune, 2014; Koopmann et al., 2014; Clift et al., 2015), convergent (Quinteros et al.,
2010; Quinteros & Sobolev, 2013; Duesterhoeft et al., 2014) and transform (Popov et al., 2012;
Brune, 2014) plate boundary settings. Recently however, its scope has been extended with the aim to
investigate localization processes on the centimeter-scale (Cyprych et al., 2016).
With the SLIM3D software, we solve the thermomechanically coupled conservation equations of
momentum

−
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(3)

with coordinates xi, velocities vi, temperature T, time t, pressure p, stress deviator τij, strain rate
deviator ε̇ij , densities ρ, gravity vector gz, heat capacities Cp, heat conductivities λ, thermal
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expansivities αT, and bulk moduli K. The Einstein summation convention is applied over repeated
indices.
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The conservation equations are solved simultaneously considering the constitutive laws that relate
deformation and stress. Total deviatoric strain rate is described as the sum of elastic and viscous
strain rate (Simo & Hughes, 2006):
elastic

ε̇ij = ε̇ij

viscous

+ ε̇ij

=

1
1
τ^ ij +
τ
2G
2 ηeff ij

(4)

where G is the elastic shear modulus, ^τ ij the objective stress rate (e.g. Bonet & Wood, 1997), and ηeff
the effective viscosity.
120

We use dislocation creep flow laws to model the viscous deformation of limestone and marble. The
effective viscosity is described as:

ηeff =

1
τ II ε̇−1
dis
2

(5)

with τII as the second invariant of the effective deviatoric stress given by:

τ II =

√

1
1
1
(σ xx −p)2 + (σ yy −p)2 + ( σ zz − p)2+ σ2xy+ σ2xz +σ 2yz
2
2
2

(6)

and ε̇dis as the second invariant of the viscous strain rate for dislocation creep, which is defined as:
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n

ε̇dis = Bdis ( τ II ) exp (−

E dis
)
RT

(7)

where Bdis is the material-dependent creep parameter or pre-exponential factor, n the power law
stress exponent, Edis the activation enthalpy and R the gas constant (Popov and Sobolev, 2008). Flow
law parameters for Carrara marble and Solnhofen limestone are given in Table 1.
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To account for the rheological weakening mechanisms operating in rocks at elevated temperatures
and pressures, we implement a function that captures progressive weakening for each element by
increasing the pre-exponential factor (Bdis) linearly between two accumulated finite viscous strain
threshold values (ε1 and ε2) by a fraction of factor A depending on the actual viscous strain ε of the
element:

{

1 if ε < ε1
B dis = Bdis0 ∗ 1+ A−1 ( ε−ε ) if ε < ε < ε
1
1
2
ε −ε
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(8)

A if ε < ε2

The threshold values ε1 and ε2 depend either on 1) accumulated viscous strain (see Cyprych et al.,
2016) or 2) deformation work per element volume Wdef defined as:

W def = εvisc ∗ τ II

(9)
5
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with εvisc as the viscous component of finite strain, which is computed by integrating the second
invariant of the deviatoric viscous strain rate tensor with respect to time. As a result, this
parameterization reduces the effective viscosity by an arbitrary factor A, which we call the weakening
amplitude (see Figure 1b). The thresholds ε1 and ε2 of the baseline model are motivated by
experimental observations. For example, in torsion experiments on solid Carrara marble, Pieri et al.
(2001b) found that samples are fully recrystallized at bulk strains > 2.

2.3. Setup of the numerical model
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Our 2D Cartesian models are designed to reproduce the single inclusion experiments of Nardini et al.
(2018) described above. We model the laboratory shear deformation of a hollow cylinder by using
periodic boundary conditions, such that material leaving one side of the model in shear direction
enters again on the opposite side (see Figure 1c). The model height is 10 mm and the length of the
model along shear direction is 47.124 mm which represents the outer circumference of the hollow
cylinder in the laboratory experiment. Thermal properties of the material do not influence the model
results, due to an imposed temperature of 900 °C and the small model size. To compare with the
experiments, we apply constant strain rate and constant stress boundary conditions, respectively.
Flow laws implemented in the models are based on a series of torsion and triaxial experiments
performed on Carrara marble and Solnhofen limestone by Rybacki et al. (2014). The flow laws are
similar to those obtained by Schmid et al. (1980). Activation energy and thus temperature
dependency are incorporated into a material-dependent creep parameter (Bdis0), as the experiments
and models are performed at a constant temperature (900 °C) (see Table 1).
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Table 1: Flow laws and boundary conditions for the reference model. Temperature dependence is incorporated
in the pre-exponential factor and flow law parameters are valid for given boundary conditions only (Rybacki et
al. 2014).
Flow laws
Phase
Carrara marble (matrix)
Solnhofen limestone (inclusion)

Boundary conditions

n

log(Bdis0) [Pa-n s-1]

7.6a,b

-59.59a

1.4

a

-13.10

c

T [°C]

strain rate [s-1]

900

1.9*10-4

a

Rybacki et al. (2014)
Schmid et al. (1980)
c
Rybacki et al. (2014) report -12.55; was modified such that peak stress of model is equivalent to experiment
b

Figure 1: (a) Schematic drawing of experimental setup: cylinder height is 10 mm, outer diameter is 15 mm, the
inclusion has an angular length of 90° and the inner borehole has a diameter of 6.1 mm and is filled with a solid
gold cylinder. The matrix consists of Carrara Marble and the inclusion of Solnhofen limestone. (b) Effect of
viscous softening on Carrara marble flow law. The pre-exponential factor A (weakening amplitude) is increased
between the two threshold values of local finite strain ε1 and ε2, hence the effective viscosity is locally reduced.
(c) Model setup and boundary conditions. Constant bulk strain rate ( ε̇bulk ) is achieved by prescribing velocity at
top (vx,top) and bottom (vx,bot) model boundaries. At the left and right model side we use periodic boundary
conditions, i.e. velocity and stress are continuous across these boundaries and any material point crossing these
boundaries enters again on the other side of the model. Flow laws of matrix and inclusion are chosen to
represent Carrara marble (strong matrix) and Solnhofen limestone (weak inclusion) (see Table 1). Vertical gray
lines are passive strain markers.
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3. Numerical modeling of single weak inclusion torsion
experiments
165

In the following, we examine (1) the mechanical results, (2) the results of our numerical model in
comparison to benchmark tests, (3) the evolution of the model, (4) the role of softening, (5) the
effect of varying softening parameters, and (6) the impact of progressive softening. Points (2) and (3)
combined with (1) yield further insights into the strain localization process. With (4) to (6) we expand
the parameter space beyond the experimental results allowing new insights from the numerical
perspective.

3.1. Torsion experiment results
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At constant twist rate, calculated shear stress at the sample periphery initially increased up to a peak
value of ~19–20 MPa up to a bulk shear strain of γ ~0.2, followed by gradual weakening up to the
maximum bulk shear strain of about 1 for sample CMHT-17 (Figure 2a). This sample is used to
benchmark the numerical model. In the constant torque experiment, torque was kept constant such
that the maximum shear stress at the sample periphery was about 18.8 MPa, similar to the peak
stress measured in the constant twist rate experiment (see supplementary Figure S1 for results of the
constant torque experiment and a comparison to a numerical model).

3.2. Benchmarking of the numerical model
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The benchmark comparison reveals two differences between model and experiments. First, when
using the experimentally determined flow laws, we find that the maximum bulk shear stress of the
model is ~5 % lower than in the experiment. Likely, this offset is due to experimental uncertainties
contained in the flow laws, which we level out by adopting a slightly smaller pre-exponential factor
for the Solnhofen inclusion (Table 1). The second and most important difference between model and
experiment results from simulating pure dislocation creep of the matrix. This ignores any other
mechanism that might contribute to deformation such as twinning and grain boundary sliding.
However, the experimental results are successfully reproduced using a model based on the
implemented strain-dependent softening mechanism with following values for the accumulated
finite strain thresholds: ε1 = 0.2, ε2 = 0.5 and the weakening amplitude: A = 6 (Figure 1b) affecting the
Carrara marble.
Our model results are in excellent agreement with experimental results at constant strain rate
(CMHT-17). Stress strain curve (see Figure 2a), shear zone width and matrix deformation are very
similar as shown by the passive strain markers (see Figure 2b,c). The inclusion length fits to the
experimental estimate and its distorted rhomboidal shape (Rybacki et al., 2014) is also observed in
the model. Steady-state deformation is not yet reached at a bulk shear strain of γ = 1, indicated by
the negative slope of the stress strain curve. Constant stress model and experimental results are in
good agreement as shown in the supplements (Figure S1). The test also indicates that both loading
configurations (constant strain rate and constant stress) lead to nucleation of ductile shear zones.

8

Figure 2: Benchmark and comparison of constant strain rate model to experiment. (a) Stress strain curves of
reference model (green) and experiment (black). Background shows the phases P1 – pre-weakening, P2 – onset
and acceleration of weakening and P3 – deceleration of weakening. (b) Model with passive strain markers and
shear zone outlines of model (green) and experiment (black). (c) Copper jacket from experiment with passive
strain markers, estimated inclusion length and shear zone outline. Results in (b) and (c) are shown at a bulk
shear strain of ~1.

3.3. Spatial and temporal model evolution

200

In this section we analyze the bulk stress evolution by analyzing the evolution of model-intrinsic
strength variations. To describe inhomogeneous deformation surrounding the shear zone tip we use
the term process zone analogue to nonlinear fracture mechanics (Zang et al., 2000). Here we expand
its meaning to viscous materials describing a region of enhanced microstructural modification in
comparison to the remaining matrix (Rybacki et al., 2014). To analyze the evolution of the process
zone that is observed in the experiments, we visualize the stress and strain distribution in space and
time. Four phases (P1–P4) may be distinguished during the model evolution: pre-weakening (P1),
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onset and acceleration of weakening (P2), deceleration of weakening (P3) and steady-state (P4). In
phase P1 stresses build up (loading) and no material is weakened by viscous softening, but with
ongoing deformation the shear strain locally exceeds the threshold strain ε1 defining the beginning of
weakening and phase P2 at a bulk shear strain of γ ~0.05. With progressive deformation the process
zone enlarges and a larger volume exceeds the weakening threshold, accelerating bulk softening. At a
bulk shear strain of γ ~0.6 the process is slowing down defining the beginning of P3. Two fully
weakened regions in the model center emerge and locally shear strain exceeds ε2 that defines the
second threshold and completion of weakening. In phase P4 the deformation proceeds at steady
state, which is only observed for bulk shear strains γ > 2 using the benchmark setup. In the
benchmark model steady state is not reached since the test is terminated at a bulk shear strain of
γ ~1.
Pronounced stress peaks in front of the inclusion tips are observed during early stages of
deformation (P1 and early P2) (see Figure 3a) resulting in higher strain rates (Figure 3g) than in
surrounding matrix regions of low stress. Similar to the experimental results, strain rates in the
process zone are locally increased by up to a factor of ~50 in comparison to the matrix. Due to this
stress and thus strain rate differences, the finite strain threshold value ε1 (white outline) is first
exceeded at the inclusion tips where softening of the material starts. Strain rate subsequently
increases further and soon the second threshold value ε 2 (black outline) is also exceeded indicating
local completion of softening (see Figure 3b–f&h–l). Consequently, stress gradually decreases again
locally between the onset outline and the inclusion (see Figure 3b&c). The stress concentrations at
the inclusion tips remain due to the remaining viscosity contrast between matrix and inclusion. The
cylindrical symmetry of the experiment and our model results in a merge of the two weakening
fronts (ε1 outline). Once the two local stress peaks causing the onset of softening merge, they
combine to a single, local stress maximum in the model center and the stress gradient in the process
zone decreases significantly with further deformation (see Figure 3e). The fully weakened zones
grow, as the process zone propagates into the matrix from the inclusion, featuring a gradual stress
increase from the end of softening outline towards the inclusion tips (see Figure 3d). In phase P3 the
completely weakened areas in the vertical model center are connected (see Figure 3e&k), after
which the rate of weakening decreases (Figure 2a). Stress and strain rates directly above and below
the inclusion remain low throughout the experiment due to local stress partitioning. A small
transition zone between the inclusion and matrix exists due to coupling of the materials. The overall
observed stress drop in the matrix (Figure 3a-f) is due to the increase of the pre-exponential factor by
the softening law, which in return decreases the effective viscosity by a preset factor A.
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Figure 3: Local Stress (a-f) and strain rate (g-l) evolution within the matrix of the constant strain rate benchmark
model. Outlines indicate finite strain thresholds of ε1 = 0.2 for beginning (white) and ε2 = 0.5 for end (black) of
softening. The process zone is associated with a local stress maximum propagating into the matrix (a-c). The
zone is controlled by the onset and end of softening. A second stress peak remains fixed at the inclusion tips (af).
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Analytical solutions of linear dislocation in an elastic half-space predict elevated stresses as
displacements vanish towards fracture tips (Okada, 1985). Within the ductile regime and for
inclusions of finite width, however, we find that the localization process at the inclusion tip evolves in
a more complex way. Figure 4 shows length profiles that display key parameter values and their
evolution with increasing bulk strain along two horizontal model cross sections. The position of
profile (a) is chosen such that it crosses the center of the right inclusion tip at a bulk shear strain of 1
which is 0.1 mm above profile (b) along the model center. Horizontal velocity in profile (a) is
increased, due to the vertical shift in position. By that, the point symmetry to the inclusion center is
broken, which on the other hand is a feature of profile (b). Similar to a dislocation in an elastic
medium, the area surrounding the inclusion tip exhibits high gradients in deformation and stress. The
profiles show the highest strain rates and strains inside the weak inclusion directly at the tip. Highest
stress values are however observed in the matrix in front of the inclusion. Local strain in the process
zone at the inclusion tip increases approximately linear with bulk strain by a factor of four.
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Figure 5: Length profiles across the whole model. (a) Profile along the center (at bulk strain 1) of the inclusion
tip. Maximum rate of deformation and accumulated finite strain are found in the inclusion tip and maximum
stress in the matrix directly in front of the inclusion tip. (b) Profile along the model center. Due to setup
symmetry results are point symmetric to the model center.

Figure 4: Along-strike variations of key parameters. The inclusion deforms due to simple shear generating
differences between horizontal profiles at various vertical positions. Here we show profiles along the center of
the inclusion (at a bulk strain of 1) and along the center of overall model domain. (a) Profile along the center of
the inclusion tip. Maximum rate of deformation and accumulated finite strain are found in the inclusion tip and
maximum stress in the matrix directly in front of the inclusion tip. (b) Profile along the model center. Due to the
symmetry of the setup, results are approximately point symmetric to the model center.

3.4. The effect of softening on the benchmark model results
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To better constrain the effect of the viscous softening formalism, we run an additional constant strain
rate model, without the strain dependent formalism. Besides the differences in the stress strain
curves (Figure 5a), there is also a less pronounced shear zone development (Figure 5b). This is
indicated by the linearly deflected, green strain marker crossing the matrix and the green shear zone
outline. Strain is instead localizing mainly in the inclusion and, to a lesser extent, in the matrix close
to the inclusion tips. Nonetheless, the results of this test still show reasonable agreement with the
experimental data, because the bulk weakening is generally low for the used samples and setup,
which is indicated by the total shear stress drop of just ~2 MPa in the experiment. Additionally, we
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test a softening law that is based on deformation work instead of finite strain as discussed above. In
this formulation, the weakening thresholds (ε1 and ε2, Eq. 8) are not based on finite strain, but on
deformation work as defined in Eq. 9. However, we find no relevant difference to the strain based
softening implementation (see supplementary Figure S2).

Figure 5: Comparison of model without softening to experiment (same as in Figure 2c). (a) Stress strain curves
of model (green) and experiment (black). (b) Model with passive strain markers and shear zone outlines of
model (green) and experiment (black). (c) Copper jacket from experiment with passive strain markers,
estimated inclusion length and shear zone outline. Results in (b) and (c) are shown at a shear strain of ~1. In
comparison to the reference model, shear stress remains constant over time and the shear zone in the matrix is
less pronounced.

3.5. The softening law parameters
265

This chapter depicts the effects of the softening law parameters on the localization process. We
therefore vary the three controlling parameters (Figure 1b): Two finite strain threshold values onset
(ε1) and end (ε2), as well as the weakening amplitude (A). In order to test the effect of varying A, we
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change this parameter between 1 and 500 leavening the remaining benchmark model unchanged i.e.
ε1 (0.2) and ε2 (0.5) (Table 2). Models are run up to a bulk shear strain of 4, where steady state
conditions are reached in most cases. The reference model for instance reaches steady state at a bulk
shear strain of approximately 2 (Figure 6a). Increasing A amplifies the weakening of the Carrara
marble matrix, resulting in a bulk shear stress drop and enhanced strain and thus shear zone
localization, which is also indicated by a decreasing angle between inclusion and matrix shear zone
(Figure 6). Large values of A also increase the rate of strain localization. This is indicated by the
sudden shear stress drop at about a bulk shear strain of 0.4 and by faster stress peak propagation
into the matrix. For values A > 50 the matrix separates into two zones of substantial viscosity contrast
(Figure 6b).
In another experiment, models are run up to a bulk shear strain of 4, varying ε1 and ε2 at constant A
(Table 3). As expected this shifted the onset and end of weakening – earlier for lower finite shear
strain values and later for higher – but the actual effect on the model is not linear (Figure 7a). Note
that by changing the strain range of softening Δε = ε1 - ε2, the slope of the stress strain curve and thus
localization rate is affected as well. The reference model with the lowest Δε displays the fastest
localization rate, because the rate with which the pre-exponential factor is increased is higher
between the two thresholds due to the linear nature of the softening law. Model E2 with Δε of 0.8
however, reaches steady state only after a long period of ongoing softening (between 0.4 and 3.4
bulk shear strain). The local stress pattern of the tested models differ at a bulk shear strain of 1,
depending on the applied threshold values. While model M0 is in the pre-weakening phase P1,
model E3 & E2 are in phase P2 and model M1 & E1 already reached phase P3 approaching steadystate conditions (Figure 7b).
Table 2: Parameters for models used to test the effect of the weakening amplitude (A) of the softening law.
Models for testing weakening amplitude A

ε1

ε2

Δε

A

M0 - no softening

-

-

-

1

M1 - reference model

0.2

0.5

0.3

6

A1

0.2

0.5

0.3

20

A2

0.2

0.5

0.3

100

A3

0.2

0.5

0.3

500

Table 3: Parameters for models used to test the effect of onset (ε1) and end (ε2) of the softening law.
Models for testing onset and end

ε1

ε2

Δε

A

M0 - no softening

-

-

-

1

M1 - reference model

0.2

0.5

0.3

6

E1

0.0

0.5

0.5

6

E2

0.2

1.0

0.8

6

E3

0.5

1.0

0.5

6
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Figure 6: Effect of the weakening amplitude A. (a) Stress strain curves of models with different weakening
amplitude. For comparison the length of the torsion experiment is indicated. P1–P4 refer to the phases
described in chapter 3.3: pre-weakening (P1), onset and acceleration of weakening (P2), deceleration of
weakening (P3) and steady-state (P4). (b) Viscosity fields of the models at a bulk shear strain of 4. The inclusion
in the reference model is elongated further than in the model without weakening, as the matrix is increasingly
deformed due to the softening law. This effect increases with A. For values of A > 50, strain localization is
strongly pronounced, as shown by the viscosity field of models with a weakening amplitude A of 100 and 500.
Higher values of weakening amplitude lead to stronger weakening and localization.
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Figure 7: Effect of onset and end of weakening on the stress strain evolution. (a) Stress strain curves of models
with varying onset (ε1) and end parameters (ε2). Note the shapes of curves E1 and E3 (same Δε) indicating a non
linear relationship between threshold parameters and weakening behavior. (b) Stress field of models at bulk
shear strain of 1. M0) no softening; M1) reference model; E1) ε1 = 0; E2) ε2 = 1; E3) ε1 = 0.5 and ε2 = 1.0. Models
with lower ε1 have lower bulk strengths at the same bulk shear strain.
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3.6. Ultramylonite model – the effect of progressive softening and
deformation mechanism change
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300
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Mylonitic shear zones often feature mm–cm wide bands with fine grain sizes referred to as
ultramylonites (Hippertt & Hongn, 1998; Kenkmann & Dresen, 2002). It is commonly assumed that
grain size refinement from cataclasis, dynamic recrystallization or mineral reactions promotes a
switch to grain size-sensitive deformation (Heitzmann, 1987; Bürgmann & Dresen, 2008). In order to
mimic a progressive change in mechanism, a second softening step is introduced using a similar
approach as described above for the onset of weakening (Eq. 8). Configuration of the model setup
and the initial onset of softening are identical to the benchmark model, hence earliest stages of
model evolution will be the same as before. The introduction of a second softening step with
progressive strain, however, is expected to lead to further localization and formation of a narrow lowviscosity layer embedded in the primary shear zone. To this end finite strain thresholds for onset of
weakening (ε3 = 1) and completion (ε4 = 2) are chosen, respectively. This procedure enables formation
of a localized ‘ultramylonite’ band inside the active shear zone. A high weakening amplitude (Au = 20)
is chosen to enable fast and strong localization once the threshold ε3 is reached.
Evolution of the model is equivalent to the benchmark model up to a bulk strain of ~0.4 (compare
Figure 3a-d to Figure 8a-d). Upon onset of the second softening stage, strain localizes into a narrow
zone in the model center (Figure 8n,o). Inside this high strain zone, the inclusion is strongly elongated
and an anastomosing shape of the second shear zone establishes (Figure 8q,r) that additionally
becomes wider with increasing bulk strain (Figure 8o-r). This transition to an anastomosing shape
takes place due to a rotation, which is caused by the shear deformation that the material is subjected
to. These results show that a second weakening stage due to a switch in mechanism may explain
classical observations from mylonites, such as within the Castione marble zone (Heitzmann, 1987).
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Figure 8: Local stress (a-i) and strain rate (j-r) evolution within the matrix of the ultramylonite model. Outlines
indicate finite strain thresholds ε1 = 0.2 for onset of softening (white), ε2 = 0.5 end of first softening stage (black),
ε3 = 1.0 for beginning of second stage (orange) and, ε4 = 2.0 for end of second (yellow) softening stage. The
onset of the second softening stage triggers evolution of further localized high strain layer (e,f,n,o) representing
ultramylonite formation within a mylonite.
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4. Discussion
The experimentally observed formation of a localized shear zone and the rheological weakening of
the Carrara marble is successfully reproduced in our numerical models with strain-dependent
softening, both in terms of bulk evolution and final strain pattern. The model reaches steady state at
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a bulk strain of ~2 in good agreement with observations from experiments (Rybacki et al., 2014).
Once steady-state is reached, grain-size reduction through dynamic recrystallization and grain growth
are anticipated to compensate (De Bresser et al., 2001), resulting in steady-state material strength.
Our model results provide insight into the development of local stress, strain partitioning between
matrix, inclusion and shear zone and ensuing viscosities. This provides detailed insight in the
evolution of a localized shear zone that allows a direct comparison with the bulk mechanical data
and microstructural observations collected from the deformation experiments. Note, for example,
that the model successfully predicts the local stress concentration and strain rate amplification ahead
of the inclusion in excellent agreement with the experimental results. This provides confidence to the
results of the parameter study performed here, as to the magnitude of softening. This holds in
particular to the results of models predicting progressive multistage softening combined with a
change in deformation mechanisms, as suggested from a plethora of field studies.
The advantage of employing a simple softening law is to keep numerical complexity low in order to
save computational time (e.g. Huismans & Beaumont, 2003; Brune et al., 2014). Note that numerical
models of brittle deformation often involve a strong mesh-dependency (De Borst & Mühlhaus, 1992)
such that the softening parameters have to be adopted to the chosen resolution. However, in
modeling viscous deformation, the size of the process zone as well as the bulk shear stress evolution
and employed softening parameters (ε1, ε2, A) are almost independent of the model resolution.
The nucleation of a localized shear zone at the inclusion tips involves formation of a process zone.
This process zone is defined by a strong local stress concentration and resulting volume of enhanced
microstructural modification (Rybacki et al., 2014). In our models this zone is represented by a 2D
area showing local stress concentrations that result from the viscosity contrast between limestone
and marble present at the assumed temperature conditions. The enhanced stress levels locally
reduce the effective viscosity of the Carrara marble (power-law rheology) resulting in locally
increased strain rates. In turn, this triggers rheological weakening causing shear strain to
progressively localize in a shear zone embedded in the Carrara matrix. A localized, elliptical process
zone is established, corresponding to the experiments, that display a zone of gradually reduced grainsizes around the inclusion tips.
Previously, in an attempt to model weakening and localization, different types of softening laws have
been used aiming at parameterizing the weakening behavior of natural materials. For example,
Gardner et al. (2017) studied strain localization using different load bearing framework geometries.
They found that interconnected weak layers are hard to form without a dynamic weakening process,
which was also observed in an experimental study by Holyoke III & Tullis (2006). This agrees with our
results showing that pronounced shear zone formation in the matrix only occurs for materials with
an implemented weakening formalism simulating progressive material softening. This implies the
necessity of using softening laws to properly model strain localization and thus shear zone formation.
Gardner et al. (2017) used a different implementation to simulate weakening. They introduced stress
dependent softening combined with time dependent hardening focusing on the transition from nonlinear to linear flow. At larger scale, Mazzotti & Gueydan (2017) pointed out the fundamental role of
inherited tectonic structures for strain and seismicity concentrations in an intraplate setting. Similar
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to our study, their model also includes irreversible softening (no counteracting hardening
mechanism). However, in their model softening is achieved by changing the material yield stress
instead of the pre-exponential factor in a constitutive law, as in this study.
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Multiple effects may play an important role affecting localization and shear zone formation in natural
rocks and could be implemented in numerical models, such as shear heating (Thielmann & Kaus,
2012; Duretz et al., 2015), melting (Dannberg & Heister, 2016; Schmeling et al., 2018) or a switch to
grain-size sensitive diffusion creep, like modeled in our study (e.g. Handy, 1989). Studying nonhomogeneous composite materials, material intrinsic softening as modeled in this study needs to be
complemented with structural or geometric softening (e.g. layering or fault reactivation) of the entire
composite (Duretz et al., 2016).
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Benchmarking of our numerical models to laboratory experiments forms the basis for a parameter
study that allows exploring effects such as viscosity contrast between shear zone materials and
matrix. This allows to go beyond what can be observed in the lab. In that sense, we elucidate the
process of ultramylonite formation (Figure 8), which is achieved by introducing a second softening
stage that mimics the transition to diffusion creep and grain boundary sliding (e.g. Cross & Skemer,
2017). Implementing a single inclusion model captures the nested structure and shape of the
resulting high-strain band, which is in good agreement with common observations of ultramylonite
bands in nature (Heitzmann, 1987; Kilian et al., 2011).

5. Conclusions
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Strength reduction of rocks associated with strain localization in shear zones is an important process
in lithosphere dynamics occurring over a broad range of spatial scales. The process is tied to
weakening mechanisms acting on the grain scale. For simplicity, we use a piece-wise linear softening
law and show that it is capable of simulating rheological weakening. This allows establishing a
minimum constraint on viscous strain softening. Our model provides a virtual way of analyzing the
viscous process zone evolution that can be divided into four phases (P1) pre-weakening, (P2) onset
and acceleration of weakening, (P3) deceleration of weakening and (P4) steady-state. Spatial stress
distributions show that matrix strain localization is initiated by a local stress peak at the inclusion
tips. From there and with increasing strain, the process zone expands into the matrix. Shear zone
width and localization rate are controlled by the amount of rheological weakening. Our numerical
models show that rheological weakening is necessary to establish a pronounced shear zone in a
strong matrix surrounding a weak inclusion. This stresses the importance for geodynamic models to
contain softening laws that appropriately account for rheological weakening.
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Figure S1. Comparison of constant stress model to experiment. (a) Stress strain
curves of model (red) and experiment (black). (b) Strain rate plot over strain. (c)
Model with passive strain markers and shear zone outlines of model (red) and
experiment (black). (c) Copper jacket from experiment with passive strain
markers, estimated inclusion length and shear zone outline. Results in (c) and (d)
are shown at a bulk shear strain of 0.93.
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Figure S2. Comparison of strain and deformation work based weakening
implementations with constant strain rate boundary conditions. (a) Stress strain
curves of strain weakening model (green), work weakening (purple) and
experiment (black). (b) Strain marker comparison between strain dependent
(white) and work dependent (black) implementation of softening, showing almost
identical results.
Movie S3. Benchmark model evolution.

Movie S4. Ultramylonite model evolution.
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