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Full-waveform inversion (FWI) is computationally intensive due to the large number of data points, forward simulations,
and model parameters. However, realistic acquisition geometries often produce highly redundant linearized systems. In
this work, we reformulate post-acquisition data selection as a matrix row-subset selection problem acting directly on
the Jacobian of the linearized inverse problem. Using rank-revealing QR factorization, we introduce two complementary
strategies: (i) row-wise selection to reduce the size of the linear system while preserving conditioning, and (ii) cost-aware
selection to minimize the number of unique forward and adjoint simulations. In addition, we incorporate wavelet-based
model compression derived from the Hessian diagonal to reduce the dimension of the update space. The methods are
evaluated on synthetic elastic FWI experiments for crosshole and surface acquisition geometries. Row-wise QR selection
consistently outperforms random subsampling and achieves accurate reconstructions using a fraction of the original
data points. Cost-aware selection significantly reduces simulation cost with limited degradation of inversion quality.
Model compression further decreases the number of active parameters, with compressibility strongly dependent on
acquisition illumination. These results demonstrate that computational complexity in FWI can be controlled strategically
by identifying the dominant bottleneck, memory, simulation cost, or model dimension, and applying the corresponding
algebraic reduction mechanism. Although illustrated for seismic FWI, the proposed framework extends to inverse problems
where the Gauss—-Newton system is explicitly constructed or approximated, enabling algebraic manipulation of the Jacobian

for data selection.
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1 Introduction

Full-waveform inversion (FWI) has become a cornerstone technique for high-resolution seismic imaging, as it exploits
the complete waveform information to infer quantitative subsurface models. By embedding accurate wave-propagation
physics within an optimization framework, FWI can, in principle, resolve complex structures that are invisible to ray-based
methods (Virieux et al. 2009). Despite these advantages, the practical deployment of FWI at scale remains limited by its

computational cost.

Irrespective of the specific FWI formulation or numerical solver used, the costs arise from two dominant sources. First,
repeated forward and adjoint wavefield simulations are required to compute gradients and sensitivity kernels in iterative
optimization schemes. Second, linearized subproblems, typically least-squares systems involving large Jacobian matrices,
incur substantial memory and linear algebra costs when the data volume is large. These limitations become particularly
acute in three-dimensional, multiparameter, or high-frequency settings, where the size of the data and model space can be

extremely large.

A key observation underlying this work is that realistic seismic surveys typically exhibit redundancies. Several studies have
shown that only a small fraction of sources or measurements is sufficient to recover most of the information content of a
full survey, indicating substantial redundancy in both the data and the associated sensitivity matrices (Maurer, Nuber, et al.
2017; Nuber et al. 2017). This observation is further supported by the success of randomized and compressive approaches
to FWI, where accurate model updates can be obtained from randomly selected subsets of the data (Herrmann et al. 2013;
Lietal. 2012). As a consequence, solving the full linearized problem using all available data is often unnecessary. These are
good news, because realistically-sized seismic data sets (e.g., from hydrocarbon exploration surveys) requires significant

compute resources.

Several strategies have been proposed to mitigate this cost by reducing the amount of data used during inversion. Random
subsampling and dynamic mini-batching reduce computational efforts, but offer limited control over conditioning and are
sensitive to stochastic noise (Li et al. 2012; Herrmann et al. 2013; Herwaarden et al. 2020). Source encoding and blending
techniques decrease the number of wavefield simulations by combining multiple sources into encoded experiments, but
they do not construct explicit data subsets and instead mix sensitivities from different sources, possibly losing information

due to interference (Castellanos et al. 2015; Krebs et al. 2009).

Alternative approaches, based on optimized experimental design (OED), formulate data selection using tools from
linear(ized) inversion theory, but they are typically aimed at pre-acquisition survey design and rely on eigenvalue- or
singular-value-based metrics that can be difficult to scale to large problems (Curtis 1999; Maurer, Nuber, et al. 2017; Nuber
et al. 2017; Krampe et al. 2021). Heuristic criteria based on illumination or wavenumber coverage, while intuitive, lack
robustness and generality in multiparameter FWI. For example, Abdellaziz et al. 2025 developed a formal OED criteria

based on uniform wavenumber sampling, but this method is limited to a specific target in the model space.



78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

Paper draft 3

These limitations motivate a post-acquisition data selection strategy aimed at reducing the size of the linearized inverse
problem. Rather than redesigning the survey geometry prior to data collection, we consider selecting a subset of measure-
ments from an already acquired data set. For example, in large-scale 3D seismic surveys, typically huge amounts of data
have to be acquired for obtaining un-aliased subsurface images. However, such data sets are usually not tractable with FWI
techniques. When FWI is employed for obtaining a reliable velocity model that can be subsequently used for reverse time
migration, it is mostly sufficient to work with a suitably chosen data subset. Within a linearized inversion framework, this

amounts to choosing a subset of equations that preserves the essential structure and stability of the full system.

From a linear algebra perspective, this formulation corresponds to a matrix row-subset selection problem: identifying a
subset of rows that preserves the conditioning of the linearized inverse problem, while reducing computational cost. For
that purpose, rank-revealing QR factorizations provide an effective algebraic tool, and they have been extensively studied in
the context of column and row subset selection (Businger et al. 1965; Gu et al. 1996). More specifically, QR factorization with
column pivoting (CPQR) has been shown to produce near-maximum-volume submatrices with attractive conditioning

guarantees (Drmac et al. 2016).

Building on these developments, QR-based subset selection has been successfully applied in data-driven sparse sensor
placement, where a low-rank basis of representative states or sensitivities is constructed and CPQR is used to select
informative measurement locations (Manohar et al. 2018; Clark et al. 2020). For large-scale problems, randomized and
blocked variants of rank-revealing QR factorizations enable such selections to be computed efficiently (Halko et al. 2011;
Murray et al. 2023). Furthermore, QR-based algorithms have been used for sensor placement in the context of linear PDEs

and seismic travel time tomography (Eswar et al. 2024).

In this work, we extend these ideas to the specific structure and computational constraints of seismic FWI. While QR-based
subset selection has been widely studied in numerical linear algebra and sensor placement problems, these approaches
do not account for the computational structure of FWI, where sensitivities are generated through expensive forward and
adjoint wavefield simulations and where the Jacobian exhibits a natural block structure associated with source-receiver

pairs.

To address these constraints, we introduce two QR-based data selection strategies targeting different computational
bottlenecks: a row-wise CPQR approach that prioritizes memory reduction by selecting individual rows, and a cost-aware
approach that minimizes the number of unique forward and adjoint simulations required. The choice between these

strategies depends on whether the inversion is primarily memory-bound or compute-bound.

The remainder of the paper is organized as follows. Section 2 introduces the inverse problem formulation and the
framework that defines the Jacobian-based linearized systems considered in this work. Section 3 presents in detail the two
QR-based data selection strategies. In Section 4, the developed methods are tested in numerical experiments while Section

5 discusses the results, implications and limits.
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Although the numerical results presented in this paper focus on seismic FWI, the proposed framework is not specific to
seismic imaging. It applies to a broader class of gradient-based inverse problems, in which sensitivities or Jacobians are
available, including other wave-based imaging modalities. By reframing data reduction as a row-selection process driven
by computational constraints, this work provides a flexible, post-acquisition alternative to existing subsampling and design

strategies for large-scale inverse problems.

2 Linearized inverse problem and data structure

Nonlinear inverse problem

We consider inverse problems in which a set of model parameters m € R” is inferred from observed data dp,s € C4 through

a forward operator F that maps model parameters to predicted data,

dpred = F(m). 1)

A common inverse problem formulation consists in finding m that minimizes the least-squares misfit between observed
and predicted data,

1
xm) = = lldops ~Fm)|3, )

In FWI and many applications of interest, the number of model parameters is very large, often exceeding 10*~10°. In such
high-dimensional settings, fully probabilistic or sampling-based approaches quickly become computationally prohibitive,
and practical solutions are typically sought using deterministic, iterative optimization methods starting from an initial

model my (Tarantola 2005; Virieux et al. 2009).

Linearization and sensitivity matrix

To compute model updates within this iterative framework, the misfit function is locally approximated around the current

model estimate. Expanding the least-squares misfit y (m) in a Taylor series around my yields the quadratic approximation
1
y(my +0m) = y(my) +V)((mk)T5m+ Eé‘mTHkém, 3)

where Vy(my) and Hy denote the gradient and Hessian of the misfit with respect to the model parameters.
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Minimizing the quadratic approximation with respect to 6m leads to the optimality condition

Hidm = —Vy(my). (4)

For a least-squares misfit, the dependence of y(m) on the model parameters enters solely through the forward operator
F(m). As a consequence, the gradient and Hessian of the misfit can be expressed in terms of the Jacobian matrix
Ji = 0F/0m|py, . In the Gauss-Newton approximation, which is here chosen for its attractive convergence properties,
second-order derivatives of the forward operator are neglected, and the Hessian is approximated by Hy = ]Z]k. This yield

the following normal equations, where LT L is a regularization (damping/smoothing) term with amplitude A.

[JJe +A°LTL]dm =7 6di,  &di =dops — F (my) 5)

This formulation emphasizes the central role of the Jacobian matrix in Gauss—Newton optimization scheme: it governs
both the gradient and the approximate curvature of the misfit function and dominates the conditioning and computational
cost of the linearized system. Consequently, selecting informative subsets of rows of J;. directly impacts the efficiency and

performance of the inversion and constitutes the focus of the data selection strategies developed in this work.

Jacobian structure and indexing

The proposed data-selection framework targets inverse problems in which the data can be decomposed into a set of
distinct measurements, each associated with a single row of the Jacobian matrix. In this setting, the Jacobian admits
a row-wise representation in which individual measurements define separate linearized equations, thereby defining a
natural level of resolution at which data selection can be performed. In this work, we focus on frequency-domain FWI as a

representative instance of this class of problems.

The Jacobian matrix in FWI is constructed using the adjoint-state method (Fichtner 2010). In our implementation, forward
and adjoint wavefields are simulated in the time domain, while frequency-domain quantities are accumulated on the fly
through discrete Fourier transforms at the frequencies of interest. This avoids storing the full time history and provides
direct access to the sensitivities required to assemble the Jacobian from the interaction of forward and adjoint fields. To
compute the sensitivities in the Jacobian matrix, we make use of the explicit expressions described in Zhou et al. 2009.

Consequently, a forward simulation has to be carried out for every source and receiver position.

Each data point corresponds to a single row of the Jacobian. In the frequency-domain formulation adopted here Pratt
et al. 1998, a row is associated with a specific source-receiver-frequency triplet (s, r, w), while the columns represent model

parameters (m). Rows may optionally be grouped into blocks corresponding to a fixed source-receiver pair (s, r) across all
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selected frequencies, as illustrated in Figure 1. This block structure is convenient when introducing cost-aware or source-
dependent row-selection strategies. The total size of the Jacobian is governed by the number of source-receiver—frequency
triplet d and the number of discretized model parameters m. For realistic acquisition geometries involving hundreds of
sources and receivers and multiple frequencies, this typically results in data spaces that exceed the model dimension by

one to several orders of magnitude, leading to strongly overdetermined systems (Virieux et al. 2009; Fichtner 2010).

Block Ik,(s,r,:)

fixed (s, 1), all w

Ji = ect
Row f/c, (s,1,w)

Figure 1: Schematic of the Jacobian matrix. Each row corresponds to a linearized data equation, indexed by a source-receiver-frequency
triplet (s, r,w). In addition to individual rows, the Jacobian admits a natural block structure where J k,(s,r,) Eroups all frequencies for a
fixed (s, 7).

Post-acquisition data selection

We consider a post-acquisition setting, in which the data have already been collected and the acquisition geometry is fixed.
Within the Gauss-Newton framework defined in equation 5, post-acquisition data selection corresponds to restricting
the set of linearized equations by selecting a subset of rows (or blocks) of the Jacobian matrix. This operation reduces the

number of data equations while leaving the dimension of the model update unchanged.

Introducing a selection operator S that extracts a subset of rows, equation 5 becomes,

[(STK) T (STx) + ALTL] 6m = (SJ;) T (S8dy). ®)

The objective of data selection is to reduce memory usage and computational cost, while preserving the essential infor-
mation content and conditioning of the original Gauss-Newton system. This formulation defines a clear interface for
algorithmic selection strategies: given a Jacobian matrix, or a matrix-free representation thereof, the task is to identify
informative subsets of rows or blocks. The QR-based selection methods introduced in the next section operate directly on

this formulation.
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Model space compression

In addition to data selection, we introduce model-space compression as a complementary strategy to reduce the cost of
solving the Gauss—-Newton system. Rather than operating directly in the physical parameter domain, we transform the
model parameters into a basis, in which the Jacobian exhibits a sparse representation. This enables the identification
and retention of the most informative components while discarding weakly contributing parameters with minimal loss
of accuracy. In practice, we apply a discrete wavelet transform to the model parameters for each Jacobian row and rank
the resulting coefficients using the diagonal of the approximate Gauss-Newton Hessian (JJ) as a measure of parameter
sensitivity. Coefficients associated with low sensitivity are removed, leading to a reduced-dimensional update space.
This strategy is particularly well suited to seismic inversion, where spatial correlations and multiscale structure allow for

efficient representation in a wavelet basis (Xu et al. 2020; Mercier et al. 2025).

Let dm = P, where 6t denotes the retained wavelet coefficients in the compressed model space. The Gauss—-Newton

system is therefore solved for dm, yielding

[(S1cP) T (SJP) + A*LTL] 61 = (SJ,P) T (S5dy). (7)

The computational workflow proceeds in two stages: data selection is performed first through S, reducing the linearized
system in data space, and model compression is introduced subsequently through P when solving the Gauss—-Newton

system.

The unknown of the reduced system is thus the compressed update 6m. Once computed, the update in physical parameter

space is recovered through the inverse transformation

0m=Pém. 8)

The regularisation term A?LT L is applied directly in the compressed domain. Because the wavelet truncation removes
weakly sensitive and high-frequency components, the compression itself acts as an implicit regularisation mechanism. As

a consequence, the required strength of classical Tikhonov-type regularisation is typically reduced.

3 Methodology

Following the formulation of post-acquisition data selection defined in section 2, we design a purely algebraic method that
operates directly on the Jacobian, without modifying the forward operator, the misfit function, or the optimization scheme.

To this end, we adapt column pivoting QR factorization (CPQR) to the specific structure and constraints of full-waveform
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inversion (Eswar et al. 2024). Two complementary selection strategies are introduced. The first performs row-wise selection
of the Jacobian and primarily targets memory and linear-algebra costs. The second exploits the block structure governed
by source-receiver pairs and incorporates a cost model to explicitly control the number of numerical forward simulations

(one simulation for each source and receiver position).

The CPQR factorization is performed once prior to the inversion, using the full Jacobian evaluated at a reference
model. The resulting subset is then kept fixed throughout all subsequent Gauss—Newton iterations. In this study, the
Jacobian is evaluated at the true model in order to isolate and assess the intrinsic performance of the proposed method. In
practice, however, OED is performed using the initial model, under the Gauss-Newton assumption that the linearization
is locally valid. Previous work has shown that the resulting designs are relatively insensitive to this choice (Maurer2017;

Krampe2021; Nuber2017).

3.1 Row-wise QR selection

CPQR provides an effective mechanism for ordering the columns of a matrix so that the leading columns form a well-
conditioned basis for the column space (Golub et al. 1996). Applied to the transposed Jacobian J, the resulting pivot
order induces a ranking of the rows of ], i.e., of the linearized equations, based on linear independence and numerical

conditioning.

Because the Jacobian arising in FWT is typically too large to be factorized explicitly, we first construct a low-dimensional
representation with operator €, that preserves its dominant column-space structure. This is typically achieved through
arandomized projection onto a reduced model subspace with oversampling o (Duersch et al. 2017; Murray et al. 2023).
However, sensitivities in the model space can be very uneven with parts of the model being poorly illuminated. We
therefore suggest a compression scheme based on a hierarchical transform, namely a wavelet transform (Xu et al. 2020;
Mercier et al. 2025) similar to the one introduced in Section 2. This approach effectively balances the representation of
different model regions while preserving the essential features of the Jacobian. The compression used prior to the QR
factorization acts in the model space, that is, on the column space of J. This preserves the row-space structure and therefore
the interpretability of the resulting pivot sequence in terms of selecting rows of the original Jacobian. Its sole purpose is to
construct a computationally tractable surrogate matrix B for the CPQR step; it does not modify the inversion itself and is
entirely decoupled from the model-space compression operator P introduced in the Gauss-Newton formulation. The
compression ratio for the QR step is chosen according to the targeted data-space reduction and is independent of the
compression ratio used for operator P in the inversion. Applying CPQR to B produces a pivot ordering that maps to rows of

the full Jacobian (Gu et al. 1996).

Selecting rows according to this pivot order yields a reduced system that remains well conditioned and representative of

the full Gauss-Newton problem. This row-wise selection strategy is deterministic once the low-dimensional representation
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is fixed and is particularly effective when memory usage or the solution of the Gauss—-Newton system dominates the

computational cost. Algorithm 1 summarizes this QR-inspired row selection procedure.

Algorithm 1 QR-inspired row selection on a compressed Jacobian

Require: Jacobian matrix J € C4*”; Number of rows to select T; oversampling o.
Ensure: S selected rows of J (in pivot order).

Set p — min(T + o, m).

Define a compression operator Q € C"*P,

Build a compressed matrix B — Q)T e CP*4.

CPQR on B to obtain a pivot order over its d columns.

Return Selection operator S corresponding to the first T pivots.

AN v

3.2 Cost-aware QR Selection

While row-wise selection effectively reduces the size of the linearized system, it does not explicitly account for the
computational cost associated with generating individual rows of the Jacobian. In waveform-based inversions, this cost is
dominated by the numerical wavefield simulations, which are naturally shared by groups of rows corresponding to the

same source-receiver pair.

To account for this structure, we introduce a cost-aware selection strategy that operates on blocks of rows associated with
fixed source-receiver pairs but including all frequencies w as displayed in Figure 1. This grouping represents the smallest
granularity at which the number of unique forward and adjoint simulations can be controlled explicitly. Defining blocks in
this way preserves flexibility in data reduction, while allowing a direct control of computational cost. The strategy therefore

balances information gain and simulation effort without imposing unnecessary structural constraints.

The procedure is inspired by Gram-Schmidt QR with pivoting, but it is modified to operate at the block level and to include
a user-defined cost model. At each iteration ¢, each unselected candidate block g is scored using the residual column
energy of this compressed representation (e;), where columns correspond to rows of the original Jacobian. Cost-awareness
is introduced by penalizing blocks that activate previously unused sources or receivers, with factors cg;c and cec, thereby
avoiding activating additional simulations. At each iteration, the block maximizing the energy-to-cost ratio is selected,
and its contribution is removed from the compressed matrix B through a deflation step (orthogonal projection), ensuring
that subsequent selections prioritize complementary information. The procedure returns an ordered list of blocks S that

balances information content and simulation cost. Algorithm 2 details this block selection procedure.

In contrast to standard CPQR routines, this approach needs to perform a manual deflation step, corresponding to matrix-
matrix multiplications, to update the residual matrix after each block selection. Furthermore, the pivoting is implemented
in a greedy outer loop (Line 4 and 5 of Algorithm 1). The CPQR that are computed in each iteration of the outer loop
are of low computational cost because they operate on the chosen block of rows. Nonetheless, the cost-aware approach

is computationally less efficient than the row-wise QR factorization used in Section 3.1. In contrast to standard CPQR
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implementations based on optimized BLAS-3 routines used for row selection, the need to access individual pivots at each
iteration to incorporate cost penalties precludes the use of off-the-shelf algorithms and requires a custom implementation

with explicit residual updates.

Algorithm 2 Cost-aware selection on a compressed Jacobian

Require: Data matrixJ € cd»m, penalties ¢, crec = 0; number of desired blocks T.

Ensure: Ordered selected blocks S.
1: Build a compressed matrix B=Q7JT € CP*4
2: Initialize residual energies e; — ||B. ;||5 for j=1,...,d
3 -Asrc — @, -Arec —3,8S—¢
4: fort=1,...,T do:
5 for each unselected block g do:
Yjegej
€ + Cgrcl[new src] + crecl[new rec]

6: score(g) =

end for
g* = argmaxg score(g)
: S —Su{g*}; update Agyc, Arec
10: Deflate B using columns j € g*; update ej —|B.; ||§
11: end for
: Return S

—
[\S}

3.3 Summary of QR Selection Strategies

Figure 2 provides a schematic overview of the proposed selection workflow. Starting from the full Jacobian, a model-space
reduction yields a compact core matrix that captures the essential row-space structure of the linearized problem. From

this representation, two selection paths are available: row-wise selection and cost-aware selection.

Both strategies result in explicit selection operators S that can be applied directly within the Gauss-Newton framework
described in Section 2. The choice between them depends on the dominant computational bottleneck of the inversion;
memory and linear algebra costs versus the cost of forward and adjoint simulations. In both cases, the optimization

scheme remains unchanged.

(@) (b) (©

Row-wise selection

Block J(s;,r;,9 r,piv=CPQR(B) |[—» s ;0?“233‘3;"
fixed (s, 1), all @ p
"""""""" B=QTJT
Q: model-space Cost-aware selection
reduction Cost-aware greedy selection .
Row ][Sir"irwi) e ked b _gf Y . X S — Block index
OCKS ranke y 1N ormation / cost ratio > from g*
Je Cd xm BeCP* d
p<m

Figure 2: (a) Jacobian J with a block J ;. (dashed separation) and single row J; r « (blue strip); (b) Model space reduction of]J to reduce
the m dimension to p such that B is representative of JT but with dimension p x d. (c) From the B matrix there are 2 possible paths: (i)
Row selection via CPQR to get row indices; (ii) cost-aware selection on blocks via QR inspired Gram-Schmidt to get block indices.
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4 Numerical tests

We assess the proposed data-selection strategies on two synthetic elastic full-waveform inversion scenarios: a crosshole and
a surface acquisition geometry (Figures 3 and 4). In both cases, the true models consist of smooth background velocities
perturbed by localized low- and high-velocity anomalies. For the crosshole configuration, 20 sources and 20 receivers are
positioned in opposing boreholes. The surface configuration comprises a linear surface spread and includes an additional
velocity gradient with depth to promote diving waves. In both geometries, density is not inverted independently, but

derived from the P-wave velocity using the Gardner relation, ensuring internal consistency between elastic parameters.

Forward modelling is performed in the time domain using a Ricker wavelet with a central frequency of 125 Hz, while the
frequency domain output is accumulated on-the-fly (Afanasiev et al. 2019; Witte et al. 2019). The inversion is carried out in
the frequency domain following the Gauss—Newton formulation described in Section 2, implemented with six discrete
frequencies: 50, 90, 125, 150, 200, and 250 Hz. For the crosshole geometry, all frequencies are inverted simultaneously,
as the acquisition provides sufficient illumination to avoid severe cycle-skipping. In contrast, for the surface geometry a
simple frequency continuation strategy is adopted: the inversion is initialized with the three lowest frequencies (50-125
Hz), and the higher frequencies are introduced after 4 iterations. This schedule mitigates cycle-skipping effects associated

with poorer illumination and stronger nonlinearity.

A constant damping term is applied in both geometries to stabilize the Gauss-Newton updates. The damping parameter
is kept fixed across all subsequent experiments to ensure that differences in inversion performance arise solely from

data-selection strategies and not from retuning of regularization.

As areference, we first invert the comprehensive surveys comprising 4800 data points (i.e., all source-receiver-frequency
triplets). The corresponding misfit evolutions and final inverted models are shown in Figures 5 and 6. These results serve
as benchmarks for all reduced-data experiments. Although the reconstruction of Vp remains more challenging than that of
Vs, both geometries yield satisfactory models that capture the main structural features of the true models. The crosshole
geometry exhibits superior resolution and convergence behaviour, which is consistent with its more uniform illumination.

The surface configuration is intrinsically more difficult, reflecting limited angular coverage and depth-dependent sensitivity.

These comprehensive inversions provide a stable and physically plausible baseline against which the impact of data-

selection strategies can be quantified in the following sections.
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Figure 3: True models used for the crosshole numerical tests.
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Figure 4: True models used for the surface numerical tests.

1650

—e— 50 Hz
950 0.200 1 —e— 90 Hz
1600

—e— 125Hz

0.175 4
1550

—e— 150 Hz
—+— 200 Hz
250 Hz

900 0.150
1500
_ I _ = 01257
£ £ &
E 1450 £ £ 850 & 2
> S > 2 0.100 A
1400
0.075
1350 800
0.050
1300 0.025 4
750
1250 v v v v "
20 20 2 4 6 8 10
x [m] x [m] Iteration

Figure 5: Inverted velocity models (Vp and Vg) using the comprehensive survey (4800 data points) for the crosshole geometry. The misfit

for each frequency used is shown across the iterations.
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Figure 6: Inverted velocity models (Vp and Vg) using the comprehensive survey (4800 data points) for the surface geometry. A simple
frequency schedule is used in order to mitigate cycle skipping issues. The misfit for each frequency are shown across iterations.

4.1 Row-wise QR selection

To quantitatively benchmark the row-wise QR selection strategy, described in Section 3.1, we compare its performance
against random data selection for varying numbers of selected data points. For each fraction of retained data, we perform
an inversion using the QR-selected rows and, in parallel, 20 independent inversions using randomly selected subsets
containing the same number of rows. From these inversions, we compute three metrics: (i) the total misfit summed over all
events, (ii) the L,-norm difference between the inverted Vp model and the comprehensive-survey inverted Vp model, and
(iii) the corresponding L,-norm difference for Vs. In the resulting figures for both acquisition geometries, the dashed line
represents the reference obtained with the comprehensive survey, while the shaded area indicates the variability across the

20 random realizations.

For the crosshole geometry, the QR-based selection consistently outperforms random selection across all metrics. The
normalized misfit and the L,-norm differences for Vp are systematically lower for QR than for random subsets at equal
data fractions. For Vg, the difference between QR and random selection becomes small at higher fractions of retained
data points. We interpret this behaviour as a consequence of the favourable illumination provided by the crosshole
configuration. In this regime, even relatively small subsets of data points already yield a high-quality reconstruction of Vs,
such that both random and QR selections converge toward similar solutions. In contrast, the reconstruction of Vp remains

more sensitive to the choice of data points, and QR-based selection retains a clear advantage.

For the surface geometry, QR selection also outperforms random selection; however, this superiority becomes apparent
only beyond approximately 12.5% of retained data points. Below this threshold, the inversion fails to converge to a
meaningful solution and both Vp and Vs are poorly reconstructed. In this strongly underdetermined regime, the specific
choice of data points has limited impact, because the inversion itself is ineffective. Once a sufficient fraction of data
points is included, QR selection consistently yields lower misfits and smaller model differences than random selection,

highlighting its ability to identify more informative subsets in a less favourably illuminated setting.
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Figure 7: Comparison of inversion results for the crosshole geometry obtained with QR-based and random data selection: (a) normalized
misfit; (b-c) Lo-norm differences relative to the comprehensive inverted Vp and Vg models. For the random runs, the solid lines
represent the mean, and the shaded area represents the range (minimum-maximum) over 20 realizations.
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Figure 8: Comparison of inversion results for the surface geometry obtained with QR-based and random data selection: (a) normalized
misfit; (b-c) Ly-norm differences relative to the comprehensive inverted Vp and Vg models. For the random runs, the solid lines
represent the mean, and the shaded area represents the range (minimum-maximum) over 20 realizations.

The corresponding inverted models for different fractions of retained data points are shown in Figures 9 and 10, where they

are compared to the comprehensive-survey results. For clarity, we display models starting from 50% of the data points, as

this level already provides a good reconstruction and small differences relative to the reference solution. Qualitatively,

for the crosshole geometry, satisfactory model reconstruction is achieved with as little as 12.5% of the data points. For

the surface geometry, approximately 25% of the data points are required to reach a comparable level of reconstruction.

This difference is consistent with the poorer illumination and stronger nonlinearity inherent to the surface acquisition

configuration. As a reference, the inversion results for the mean random selection are shown in Section A.1.
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Figure 9: Inverted models of the crosshole geometry for different number of data points accompanied by their differences with respect to
the inverted models with the comprehensive survey. Inversion results with 50% of the data already provides a very close approximation
to the inversion results with the comprehensive dataset, as depicted by the minimal differences observed in the corresponding difference
plot. For reference to the comprehensive survey results, see Figure 5.
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The previous results raise the practical question of how to determine an appropriate number of data points without
performing multiple inversions for different subset sizes. To address this, we analyze the evolution of the sum of the
diagonal entries of the approximate Hessian, H = J'J, as a function of the number of selected data points for both
geometries (Figure 11a). Since the Jacobian of the selected data points is already available, evaluating this quantity does

not introduce significant additional computational costs.

Because the selection operates on the compressed matrix B= Q"] T, we approximate the Hessian diagonal using the CPQR

factors of B. Specifically, with B = QR, we compute

diag(H) = diag(J ') =~ diag(B" B) = diag(R' Q" QR) = diag(R"R), 9)

where orthogonality of Q has been used. The sum of these diagonal entries provides a scalar proxy for the accumulated

curvature information captured by the selected data points.

Visual inspection of Figure 11a seems to indicate a rather continuous increase of the trace sum of the approximate Hessian.
To better identify changes in this quantity, we additionally compute its discrete derivative with respect to the number of
selected data points (Figure 11b). For both geometries, the derivatives exhibit a plateauing behaviour at about 25%. This is
broadly consistent with the inversion results shown in Figures 9 and 10. In particular, the crosshole geometry reaches a
plateau with fewer data points than the surface geometry. This observation also aligns with the inversion experiments,
where satisfactory model reconstruction is achieved with a smaller fraction of data points in the crosshole configuration,
reflecting its superior illumination properties. For both geometries, a marked increase in the derivative of the Hessian
diagonal is observed between 50 and 75% of included data points. Inspection of the corresponding sensitivity vectors
reveals highly localized features that do not align with the expected wave-based illumination patterns at the considered
frequency. Owing to their spatial concentration, these components exhibit strong mutual orthogonality, which explains
the observed rise in amplitude. However, given their limited physical plausibility and localized character, we exclude them

from the selection process.

For comparison, the same analysis is performed for the mean of the random selection strategy. The sum of the Hessian
diagonal shows a near linear increase with the number of selected data points. The corresponding derivative remains
approximately constant, without any clear plateauing behaviour. This is expected, as the random selection does not
prioritize data points based on their information content, leading to a more uniform accumulation of curvature information

as more data points are included.

To further assess whether the observed plateau in the Hessian diagonal sum reliably reflects inversion performance, we
additionally evaluate an established optimal experimental design (OED) criterion and compute the normalized relative
eigenvalue range (nRER), defined as the ratio of the number of eigenvalues exceeding a prescribed threshold (Maurer,

Greenhalgh, et al. 2009). For the moderate problem sizes considered here, the eigenvalue decomposition of J'J can be



346

347

348

349

350

351

352

Paper draft 18

computed explicitly, allowing direct evaluation of the nRER.

The nRER curves exhibit a plateauing behaviour similar to that observed for the derivative of the Hessian diagonal sum,
with stabilization occurring at approximately 50% of the selected data points (Figure 11c). Although the nRER curve is
coarsely sampled, this consistency indicates that the growth of the Hessian diagonal sum captures the essential evolution of
the information content of the Gauss—-Newton system. Consequently, the derivative of the Hessian diagonal sum provides
a computationally inexpensive and practical surrogate criterion for determining an appropriate number of data points in

future large-scale applications, where explicit eigenvalue decompositions are not feasible.
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Figure 11: Comparison of selection criteria for crosshole and surface geometries: (a) sum of Hessian diagonal; (b) derivative of the sum
of the diagonal of the Hessian; (c) nRER as a function of the number of selected data points.
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4.2 Cost-aware QR Selection

In our time-domain adjoint formulation, the computational cost of assembling a subset of Jacobian rows is determined by
the number of distinct forward and adjoint wavefields that must be simulated. Each unique source requires one forward
simulation, and each unique receiver requires one adjoint simulation. Consequently, the cost is governed not only by
the number of selected source-receiver pairs, but by how these pairs are distributed across sources and receivers. The
cost-aware selection strategy penalizes the activation of previously unused sources and receivers, thereby promoting reuse

of existing forward and adjoint simulations and reducing the total number of unique simulations required.

The following discussion assumes a fully sampled acquisition geometry in which each source is recorded by all receivers,
leading to a complete set of source-receiver pairs. This setting is representative of the synthetic configurations considered
in this work and allows for a simple characterization of the relationship between the number of selected pairs and the
associated computational cost. Extensions to more irregular acquisition geometries like ocean bottom node surveys or

streamer data follow similar principles but lead to less symmetric scaling.

If a fixed number K of pairs is prescribed, from the arithmetic—geometric mean inequality, the minimum cost is obtained
when the selected pairs involve approximately v/K sources and v'K receivers, forming an almost square block of size
VK x VK. In this case, the total number of simulations scales as 2v/K. More unbalanced selections, where the pairs
are spread over many distinct sources and receivers, require substantially more simulations. For example, selecting 100
source-receiver pairs (25 % of the data) implies a lower bound of 20 simulations, corresponding to 2 x v/100. The maximum
number of simulations needed to reconstruct the full Jacobian is the number of unique sources (20) plus the number of

unique receivers (20) which leads to 40 simulations in total.

By introducing the penalty term c in Algorithm 2, we reduce the number of unique simulations to 21 for the crosshole
geometry, which is close to this lower bound. For consistency, the same penalty term is applied to the surface geometry.
Owing to the markedly different illumination and resolution properties, the minimum number of unique simulations
achieved in the surface case is only 29. This reflects the competition in Algorithm 2 between the information content of a

candidate block, measured through its residual norm, and the imposed cost penalty.

The evolution of inversion metrics as a function of the fraction of unique simulations is shown in Figure 13 and Figure 14.
The black curve represents the nRER metric, which quantifies the information content of the selected data through the
eigenvalue spectrum of the Hessian. It is expected to increase as more unique simulations are included, reflecting the
accumulation of curvature information. The orange curve corresponds to the relative misfit and should decrease as more
unique simulations are incorporated, indicating improved data fit. Due to the nonlinearity of the inverse problem, the
relative misfit curves, especially for the surface geometry, are not strictly monotonic. Nevertheless, a general decrease in
misfit is observed as the number of unique simulations increases. The yellow curve shows the structural similarity index

(SSIM) (Wang et al. 2004) between the inverted model and the comprehensive survey inverted model; it is also expected to
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increase with the number of unique simulations, reflecting improved structural reconstruction. These expected trends
are generally observed, although the curves remain largely flat. This indicates that restricting the number of unique
simulations has only a limited impact on inversion quality. The consistent behaviour across the three metrics suggests that
the spectral information content, the data fit, and the reconstruction quality are affected comparably by the number of

unique simulations.

Qualitatively, inspection of the inversion results in Figures 13 and 14 reveals a slight drop in quality when transitioning
from row-wise to cost-aware selection, even when no penalty on the number of unique simulations is applied (first row
with ¢ = 0 and Ngimulations = 40). This reflects the intrinsic loss of flexibility associated with grouping rows into blocks rather
than selecting individual triplets. Beyond this initial reduction, further decreasing the number of unique simulations only

marginally affects the inversion results.
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Figure 12: Normalized inversion performance metrics as a function of unique simulations needed: (a) Crosshole geometry, and (b)
Surface geometry.
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Figure 13: Inversion results for cost-aware selection of 25% of the data with different penalty terms. The model differences are computed

with respect to the inverted models not penalized.
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4.3 Model compression

In addition to reducing the number of data points, we further decrease the size of the inverse problem by compressing the
model space using a wavelet-based representation derived from the Hessian diagonal (Xu et al. 2020; Mercier et al. 2025).
The underlying idea is to retain only those wavelet coefficients that account for a prescribed percentage of the cumulative
amplitude of the Hessian diagonal, thereby preserving the dominant sensitivity structure while reducing the number of

active model parameters.

We apply this model compression in combination with the row-wise selection strategy presented in Section 3.1, as this
approach yielded the most compact subsets and the best overall reconstruction quality. For the crosshole geometry, we
retain 25% of the data points, while for the surface geometry 50% are selected; both configurations provide satisfactory
reconstructions prior to model compression. This ensures that any observed degradation can be attributed to parameter

compression rather than insufficient data coverage.

The compression is performed independently for the two model parameters, Vp and Vg, as their sensitivity patterns and
compressibility differ significantly. Table 1 summarizes the number of coefficients before and after compression for both
parameters and geometries. The corresponding inverted models obtained with and without compression are shown in

Figures 15 and 16.

We observe that satisfactory inversion results require retaining 90% of the Hessian diagonal amplitude for the crosshole
geometry and 99% for the surface geometry. Two factors may explain this difference. First, the surface configuration
uses a larger fraction of data points (50% instead of 25% for the crosshole), which enhances overall illumination and
resolution, leading to aricher and less compressible sensitivity structure. Second, the surface geometry is intrinsically more
challenging to invert and may therefore be more sensitive to compression-induced artifacts. This behaviour is consistent

with the findings of Xu et al. 2020, who also reported reduced compressibility for surface-based acquisition settings.

Case Data points Amplitude Vp Vs Total
included retained (before — after) (before — after) (before — after)

Crosshole 25% 90% 4141 — 641 4141 — 1211 8282 — 1852

Surface 50% 99% 4961 — 691 4961 — 1465 9922 — 2156

Table 1: Wavelet-based compression parameter summary for the crosshole and surface cases. Shown are the numbers of coefficients
before and after compression for Vp, Vg, and the total, for each geometry.
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Figure 16: Inverted velocity model using 50% of the data with row-wise selection without (a) and with (b) model compression retaining

99% of the amplitude.
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4.4 Memory and computation saving

The computational savings achieved by the proposed strategies occur along two independent dimensions: reduction
of the size of the Jacobian, through row-wise selection and wavelet-based compression, and reduction of forward and
adjoint simulations, through cost-aware selection. To provide a clear comparison, Table 2 reports all costs relative to the
comprehensive survey (100%). Jacobian storage and simulation counts are evaluated independently and should not be

interpreted as cumulative reductions.

For the crosshole geometry, row-wise selection of 12.5% of the data points reduces the Jacobian, while still delivering
satisfactory reconstruction. Applying additional wavelet-based model compression further reduces the effective size to
2.8% of the comprehensive case. For the surface geometry, to reach a comparable satisfactory inversion results, selecting
25% of the data points is required, and subsequent model compression decreases it to approximately 11%. These reductions

directly translate into lower memory usage and faster linear-algebra operations in the Gauss—-Newton scheme.

In contrast, cost-aware selection primarily targets simulation costs. For the crosshole geometry, the number of unique
simulations approaches the theoretical lower bound of 20, leading to a reduction of 53% of required simulations. For the
surface geometry, simulation costs can be reduced to 72% of the comprehensive case. These results demonstrate that
memory and simulation costs can be controlled independently, depending on the dominant computational bottleneck of

the tomographic inversions.

Acq. Method Jacobian size (%) Simulations (%)
Comprehensive 100 100
Crosshole Row-wise selection 12.5 100
+ Wavelet compression 2.8 100
Cost-aware selection 25 53
Comprehensive 100 100
Surface Row-wise selection 25 100
+ Wavelet compression 10.9 100
Cost-aware selection 25 72

Table 2: Relative memory and simulation cost with respect to the comprehensive survey (100%). Reductions in Jacobian size and number
of simulations are reported independently and are not cumulative.
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5 Discussion

Beyond computational savings, the results highlight the role of conditioning in data reduction. QR with pivoting promotes
the selection of linearly independent rows and therefore implicitly maximizes the numerical rank of the reduced system.
This explains the consistently improved performance relative to random selection, particularly for the more challenging
surface geometry. While random subsets may contain redundant or poorly conditioned combinations of sensitivities,
QR-based selection preserves the dominant structure of the Gauss—-Newton system. The observed plateau behaviour in the

Hessian diagonal sum and nRER further supports this interpretation.

In contrast to stochastic subsampling or mini-batching approaches, the present framework is deterministic once the
compression operator € is fixed. Rather than relying on averaging effects across multiple random realizations, it explicitly
constructs subsets that approximate the column space of the full Jacobian. This deterministic nature improves repro-
ducibility and reduces variance in inversion outcomes, which may be advantageous in applications, where stability and

interpretability are critical.

The numerical experiments illustrate a progressive reduction strategy guided by the dominant computational bottleneck.
Row-wise QR selection primarily addresses memory and linear-algebra costs by reducing the number of linearized
equations. Cost-aware selection targets the cost of forward and adjoint simulations by explicitly minimizing the number
of unique source-receiver simulations. Finally, wavelet-based model compression reduces the number of active model

parameters while preserving dominant curvature information. This is also contributing to reduce the amount of memory.

Consequently, any application should begin by identifying the dominant computational bottleneck; whether memory
footprint or simulation costs, and selecting the reduction mechanism that addresses it most effectively. In many cases, a
combination of these techniques may provide the best trade-off between computational efficiency and imaging quality.
The numerical results demonstrate that substantial reductions can be achieved without significant degradation of inversion
performance, provided that the reduction strategy is aligned with the structure and illumination characteristics of the

acquisition geometry.

The effectiveness of these reductions is strongly dependent on model illumination. The crosshole geometry, characterized
by more uniform angular coverage, allows aggressive data and model compression while maintaining inversion quality.
In contrast, the surface geometry requires a larger fraction of data points and retains more model coefficients to achieve
comparable reconstruction. This confirms that data redundancy and parameter compressibility are intrinsically linked to

illumination quality.

The reductions of computational cost obtained through QR-based selection must also be weighted against the additional
computational effort required by this method. Constructing the reduced system requires computing QR factorizations
of compressed Jacobian representations, which introduces an upfront cost in both memory and computation. If the

compressed Jacobian has dimensions p x d with p <« d, the cost of the pivoted QR factorization scales approximately as
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O(dp?). This single upfront cost can be higher then solving the Gauss-Newton system via conjugate gradient that scales
with O(kdp), where k is the number of CG iteration required (Golub et al. 1996). However, a single Gauss-Newton iteration
requires on the order of n; + n, forward and adjoint wavefield simulations, which dominate the computational budget in
FWI. Because the QR factorization is performed only once prior to the inversion while the selected data subset is reused
across all iterations, even moderate reductions in the number of required simulations is expected to compensate for the

initial design cost.

The present experiments consider small sized problems, for which compressed Jacobians can be constructed explicitly
and QR factorization obtained in seconds while a single inversion iteration requires multiple minutes. For large-scale
three-dimensional surveys, direct QR factorization of the compressed matrices may become infeasible. Potentially, a per
shot or per receiver QR factorizations with a weighted combination strategy could be employed similar to the work of
Winner et al. 2023. Matrix-free implementations based on Jacobian—vector products represent also possible avenues for
scaling to larger problems. Considering the orthogonality of the Jacobian rows to select a subset as suggested by Stummer

et al. 2004 provides also a computationally accessible method.

The proposed framework is not restricted to elastic full-waveform inversion. Because the methodology operates purely at
the level of the linearized inverse problem, it applies to any gradient-based formulation in which sensitivities or Jacobians
can be computed. The selection mechanism acts on algebraic structure rather than on the physics of wave propagation,

making it inherently general.

This abstraction enables natural extensions to heterogeneous and mixed datasets. Multi-physics inversion problems,
joint inversions, or combinations of acquisition geometries can be treated within a unified selection framework, where
sensitivities from different modalities are ranked and selected consistently according to their contribution to conditioning
and curvature. Rather than prescribing reduction independently for each data type, the QR-based strategy provides a

principled mechanism for identifying the most informative equations across the entire coupled system.

More broadly, the formulation can be interpreted as an algebraic reduction strategy for large-scale PDE-constrained inverse
problems. Applications such as travel-time tomography, electromagnetic inversion, ultrasound computed tomography,
or structural health monitoring all involve linearized systems in which computational cost is governed by the size and
conditioning of the sensitivity matrix. In this sense, the present work establishes a general approach for controlling
computational complexity by selecting informative subsets of linearized equations while preserving the essential structure

of the inverse problem.
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6 Conclusion

In this work, we reformulated post-acquisition data reduction in full-waveform inversion as a matrix row-subset selection
problem acting directly on the linearized Gauss—-Newton system. By adapting rank-revealing QR factorization to the
structure of the Jacobian, we developed two complementary strategies: a row-wise selection method targeting memory
and linear-algebra costs, and a cost-aware selection method explicitly reducing the number of unique forward and adjoint
simulations. In addition, wavelet-based model compression derived from the Hessian diagonal was shown to further

reduce the number of active model parameters.

The numerical experiments demonstrate that substantial reductions in both data volume and model dimension can be
achieved while preserving inversion quality. The degree of admissible reduction depends strongly on acquisition geometry
and illumination: well-illuminated configurations allow more aggressive compression, whereas poorly illuminated geome-
tries require a larger fraction of data and model coefficients to maintain stability. These results highlight that computational

savings should be guided by the dominant bottleneck of the inversion and adapted to the physical structure of the problem.

Importantly, the proposed framework is purely algebraic and does not modify the forward operator or optimization scheme.
It therefore provides a flexible post-acquisition strategy that can be integrated into existing Gauss—Newton workflows.
While demonstrated here for seismic FWI, the methodology applies more broadly to gradient-based inverse problems in

which Jacobians or sensitivity operators are available.

By shifting the perspective from acquisition design to algebraic selection within the linearized system, this work establishes
a principled approach for controlling computational complexity in large-scale inverse problems. Future developments
will focus on scalable implementations suitable for very large datasets and how this tools can be generalized to different

optimization schemes.
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A Appendix

A.1 Inversion results of the closest to mean random selection
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Figure 17: Inverted models of the crosshole geometry for the random selection closest to the mean result for different number of data
points accompanied by their differences with respect to the inverted models with the comprehensive survey.
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Figure 18: Inverted models of the surface geometry for the random selection closest to the mean result for different number of data
points accompanied by their differences with respect to the inverted models with the comprehensive survey.
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