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ABSTRACT: We derive a novel anomalous water mass budget framework in which water masses

are defined by bounds on tracer anomalies rather than absolute tracer values, extending Water

Mass Transformation (WMT) theory to ocean variability and extremes. The material derivative of

tracer anomalies introduces three additional transformation terms absent from the standard WMT

framework: advection of climatological tracer gradients by velocity anomalies, the convergence of

climatological-mean transient advective heat fluxes, and contributions from time mean tendency.

The framework is first tested using an analytical model, confirming budget closure and providing

a clear physical interpretation of each term. Application to the ECCOv4r4 ocean state estimate

over 1993–2017 then reveals that the global volume of anomalously warm water (defined by

ω→ ↑ 3.5↓C) exhibits two prominent peaks coinciding with the 1997/98 and 2015/16 El Niño

events. Budget analysis identifies anomalous advection of the climatological temperature gradient

by velocity anomalies as the dominant driver of warm water volume variability, consistent with the

Bjerknes feedback mechanism, while surface heat flux anomalies consistently act as a damping term

throughout both events, and other terms are relatively small. Negligibly small residuals confirm

the numerical consistency of the framework when applied to a dynamically consistent ocean state

estimate. These results establish the budget of anomalous water mass as a rigorous theoretical

framework that opens new avenues for systematically investigating the dynamical mechanisms

governing the generation, evolution, and dissipation of ocean anomalies associated with climate

variability and extreme events.
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SIGNIFICANCE STATEMENT: Marine heatwaves and temperature variability in the ocean have25

significant ecological and climate impacts, yet their physical drivers remain di!cult to quantify.26

Traditional temperature budget approaches often struggle to capture the evolution of extreme27

anomalies, especially below the surface. Here, we introduce a new framework based on anomalous28

water mass budgets, which enables a systematic quantification of the processes governing the29

formation, maintenance, and decay of temperature anomalies. Applying this framework to a global30

ocean state estimate, we show that extreme warm anomalies are primarily driven by circulation31

changes acting on the background temperature structure, while moderate anomalies reflect a32

balance among multiple processes. This approach provides a new pathway for understanding and33

diagnosing ocean temperature variability and extremes across a wide range of spatial and temporal34

scales.35

1. Introduction36

Water masses are bodies of seawater defined by a combination of bounding scalar tracer con-37

centrations or characteristics and using fixed regions of the ocean (Iselin 1939; Sverdrup et al.38

1942; Montgomery 1958; Worthington 1959). Using tracers in this fashion, a wide variety of39

water masses can be identified: density-based definitions yield classic water masses such as North40

Atlantic Deep Water (NADW) and Antarctic Bottom Water (AABW); temperature-based criteria41

identify features such as the Western Pacific Warm Pool and the Eastern Pacific cold tongue; poten-42

tial vorticity-based definitions delineate intermediate and mode waters; and dissolved oxygen-based43

criteria identify oxygen minimum zones such as those in the Eastern Tropical Pacific. Generally,44

characterizing the mean state, intrinsic variability, and forced changes of the global ocean, as well45

as for assessing the long-term impacts of anthropogenic climate change on ocean, can be greatly46

facilitated by partitioning the ocean into distinct water masses and diagnosing their respective47

steady-state balances, seasonal cycle, or transient evolutions (Iselin 1939; Sverdrup et al. 1942;48

Worthington 1959; Speer 1993; Bindo” et al. 2007; Forget et al. 2011; Speer and Forget 2013).49

In water mass analysis, ocean variability and change are understood as the variability and50

change of the constituent water masses. Since oceanographers commonly assume seawater to be51

incompressible (with a constant reference density), water mass change is equivalent to a change in52

volume, which occurs when the isoscalar surfaces that define the water mass move through space53
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(Drake et al. 2025). Early water mass analyses (Iselin 1939; Sverdrup et al. 1942; Worthington54

1959; Talley and McCartney 1982) primarily focused on the climatological mean state, identifying55

and tracking water masses defined by fixed thermohaline criteria on isopycnal surfaces (Talley and56

McCartney 1982). A major conceptual advance was the introduction of Water Mass Transformation57

(WMT) theory by Walin (1982), which provides a concise budget equation directly relating the58

evolution of a water mass’ volume to diascalar volume fluxes across isoscalar surfaces, boundary59

fluxes, and interior mixing processes (Forget et al. 2011; Groeskamp et al. 2019). The WMT60

approach has further been extended to quantify spurious numerical mixing in ocean models (Nurser61

et al. 1999; Drake et al. 2025). Even more recently, WMT theory has been applied to the study62

of extreme climate events, such as diagnosing the volume budget of extreme warm water masses63

associated with marine heatwaves (Bailey et al. 2024). These analyses have proven invaluable for64

elucidating the large-scale ocean circulation, ventilation pathways, and the role of the ocean in the65

global climate system.66

Since existing WMT frameworks define water masses based on absolute tracer values (e.g. tem-67

perature), they are awkward to apply to problems related to climate variability or extremes, which68

inherently involve tracer anomalies (e.g. temperature fluctuations relative to a seasonal climatol-69

ogy). With the backdrop of anthropogenic climate change and climate variability, many oceano-70

graphic phenomena of scientific and societal interest are identified as anomalies : El Niño-Southern71

Oscillation (ENSO) is characterized by anomalous sea surface temperatures in the tropical Pacific72

(Trenberth 1997); marine heatwaves are defined by persistent positive temperature anomalies73

(Hobday et al. 2016). Although some studies have attempted anomalous transformation budgets74

of water masses (Speer and Forget 2013; Bailey et al. 2023), this approach is fundamentally based75

on a static threshold of 𝐿, as opposed to the anomaly 𝐿
→ of a tracer.76

Precisely characterizing the life cycle of water masses defined by anomalies — their formation,77

growth, and decay — and quantitatively attributing their evolution to specific dynamical processes78

therefore requires a dedicated theoretical framework. To this end, we derive a novel anomalous79

water mass budget framework in which water masses are defined by bounds on tracer anomalies80

rather than absolute tracer values. The framework is first validated against an analytical solution81

to establish its theoretical consistency and to identify potential sources of numerical error, and82

then applied to the dynamically consistent ECCOv4r4 ocean state estimate (Forget et al. 2015;83

4



Fukumori et al. 2021) to diagnose the processes governing the variability of global anomalous84

warm water masses.85

The remainder of this paper is organized as follows. Section2 presents the theoretical derivation86

of the anomalous water mass budget framework under the Boussinesq approximation. Section3 val-87

idates the framework against an analytical case, demonstrating its theoretical consistency. Section488

applies the framework to the ECCOv4r4 ocean state estimate to diagnose the processes governing89

the variability of global anomalous warm water masses. Section5 summarizes the findings and90

discusses future directions. Appendix A reviews the standard derivation of the water mass trans-91

formation budget for an arbitrary tracer. Appendix B describes the configuration and numerical92

algorithm details of the analytical case. Appendix C presents the derivation of the anomalous water93

mass transformation budget in the context of the 𝑀
↔ coordinate system employed by ECCOv4r4.94

2. Theory95

a. Water mass transformation96

Before formulating a theory for the transformation of anomalous water masses, we briefly review97

the general Water Mass Transformation (WMT) budget for an arbitrary tracer 𝐿. This general98

result establishes the kinematic framework used below and is independent of any mean–anomaly99

decomposition. We define the water mass, M↑, as the mass of the body of water ε↑(𝐿, 𝑁) that has100

tracer values greater than or equal to a given tracer value 𝐿 and is confined to a region of interest101

R (Fig. 1a):102

M↑(𝐿, 𝑁) =
∫
ε↑ (𝐿,𝑁)

𝑂 𝑃𝑄 . (1)

Walin’s (1977) pioneering analysis demonstrated that the mass and tracer conservation equations103

can be combined to derive a quasi-Lagrangian evolution equation for the water mass M↑. In104

Appendix A, we review Drake et al.’s (2025) approach to this derivation, which we use as the basis105

for extending the framework to tracer anomalies. The ultimate result is the closed budget (Fig. 1a):106

𝑅

𝑅𝑁

M↑(𝐿, 𝑁) = S↑(𝐿, 𝑁) +ϑ↑(𝐿, 𝑁) +G𝑆 (𝐿, 𝑁), (2)
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where S↑ is the total surface mass flux into the body of water, ϑ↑ is the total transport of water107

with tracer values greater than 𝐿 across the region’s boundary 𝑅𝑇, and108

G↑(𝐿, 𝑁) ↗ ↘𝑅𝐿
∫
ε↑≃𝑇

𝑈𝐿

𝑈𝑁

𝑃𝑄 (3)

is the water mass transformation rate, which depends on material derivative of the tracer,109

𝑈𝐿

𝑈𝑁

= ⇐𝐿. (4)

What makes the water mass transformation framework a powerful scientific tool is that the total110

tracer tendencies ⇐𝐿 on the right-hand-side (RHS) of Eq. (4) can be decomposed to evaluate111

contributions from the various physical (or biogeochemical) processes that cause water mass112

transformations.113

b. Anomalous Transformation of Water Masses and Transformation of Anomalous Water Masses114

Since the seasonal cycle is such a dominant signal of variability for most tracers, it is often useful115

to instead consider their anomalies 𝐿→ relative to a climatological mean 𝐿, where the climatological116

mean (·) is generally computed by phase-averaging over several years and the anomaly is defined117

as the deviation of the instantaneous field from the climatology, (·)→ = (·)↘ (·).118

Along these lines, the WMT framework has been adapted to climate variability problems by119

considering the anomalous WMT budget:120

(
𝑅

𝑅𝑁

M↑(𝐿)
)→
= (S↑(𝐿))→+ (ϑ↑(𝐿))→+ (G𝑆 (𝐿))→. (5)

For example, Speer and Forget (2013) consider the seasonal transformation of mode waters and121

Bailey et al. (2023) consider the climatologically anomalous evolution of waters denser than about122

𝑉2 = 1037.15 kg/m3 in the Weddell Sea, which they identify as a precursor of Antarctic Bottom123

Waters. However, the utility of this approach is limited because the underlying water masses124

are still defined based on a static threshold of 𝐿, resulting in an awkward mismatch between the125

theoretical framework (in terms of 𝐿) and the quantity of interest 𝐿→.126
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Here, we pursue an alternative approach, in which a water mass is instead directly defined based127

on an anomaly threshold 𝐿
→ (Fig. 1b). The anomalous water mass is thus defined by:128

M↑(𝐿→, 𝑁) =
∫
ε↑ (𝐿→,𝑁)

𝑂 𝑃𝑄 , (6)

Applying the WMT framework to this anomalous water mass yields the familiar budget (Fig. 1b):129

𝑅

𝑅𝑁

M↑(𝐿→) = S↑(𝐿→) +ϑ↑(𝐿→) +G𝑆 (𝐿→), (7)

which is analogous to the standard result, except that G𝑆 (𝐿→) depends on the material derivative130

of anomalies131

𝑈 (𝐿→)
𝑈𝑁

=
𝑅

𝑅𝑁

(𝐿→) +U ·⇒(𝐿→). (8)

We emphasize that the transformation of these anomalous water masses (in tracer anomaly space)132

are an entirely distinct concept from the anomalous transformation of standard water masses (in133

tracer space).134

As a proof of concept, we here evaluate budgets for anomalous water masses defined in terms135

of climatological anomalies of temperature. To introduce these concepts in a more accessible way136

before applying them to comprehensive ocean model output, we construct a synthetic temperature-137

like tracer field that evolves in space and time according to specified velocities and Eulerian138

temperature tendencies (Appendix B), complete with a seasonal cycle, a secular trend, and other139

variability modes (Figure B1). A major benefit of this analytical model is that it is not subject140

to any spurious numerical mixing or discretization errors, meaning we can be more confident in141

our calculations and interpretations of terms in the budgets. For example, Figure 2a shows the142

emergence of a water mass in the domain that is at least 2.93 (non-dimensional temperature units)143

warmer than the climatological mean, i.e. M↑(ω→ = 2.93). The goal of the following sections is144

to derive a closed WMT budget that enables us to understand the processes driving this evolution.145

c. Material evolution of temperature anomalies relative to a climatological seasonal cycle146

Consider the conservative temperature ω with the climatological seasonal cycle removed, i.e.,147

the temperature anomaly ω→ relative to a climatological annual cycle ω. To arrive at the anomalous148
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water mass budget, we begin from the generic tracer budget given by Eq. (9) and need to derive149

expressions for the material transformation terms, or tracer anomaly tendencies, that balance the150

kinematic material derivative 𝑈 (ω→)
𝑈𝑁

.151

Subtracting the climatological mean equation [Eq. (10)] from the total temperature equation152

[Eq. (9)] yields the standard temperature anomaly tendency equation [Eq. (11)]:153

𝑅ω
𝑅𝑁

= ↘U ·⇒ω+ ⇐ω, (9)

𝑅ω
𝑅𝑁

= ↘U ·⇒ω↘⇒ ·U→ω→+ ⇐ω, (10)
(
𝑅ω
𝑅𝑁

)→
= ↘U ·⇒ω→ ↘⇒ ·

(
U
→ω

)
↘⇒ ·

(
↘U→ω→

)
+ ⇐ω→

, (11)

where U denotes the velocity field, and ⇐ω represents the diabatic heat sources and sinks, including154

surface heat fluxes, geothermal heat fluxes, and mixing processes.155

While Eq. (11) is often used to attribute the drivers of temperature variability encapsulated156

by the anomaly ω→, this approach implicitly assumes that the climatolical anomaly operation157

commutes with the time derivative, i.e. (𝑅𝑁ω)→ = 𝑅𝑁 (ω→). This assumption breaks down when158

the climatological mean seasonal cycle is aperiodic, such that 𝑅𝑁ω ϖ 𝑅𝑁ω, as in the presence of a159

significant mean warming, i.e. ⇑𝑅𝑁ω⇓ > 0, where the angle brackets denote a long-term (multi-year)160

average.161

As a step towards an evolution equation for ω→, we define the detrended temperature ω̃ =162

ω↘ ⇑𝑅𝑁ω⇓(𝑁 ↘ 𝑁0) by removing the integral of the mean tendency. As illustrated in Fig. B1d,163

this procedure ensures that 𝑅𝑁ω̃ = 𝑅𝑁ω̃ for the detrended anomaly, enabling us to proceed with164

deriving an expression for the material tendency of temperature anomalies. Substituting the165

detrended anomaly into Eulerian tendency, we arrive at a revised budget equation for the detrended166
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temperature anomaly:167

𝑅ω̃
𝑅𝑁

= ↘U ·⇒ω+ ⇐ω↘ ⇑𝑅𝑁ω⇓, (12)

𝑅ω̃
𝑅𝑁

= ↘U ·⇒ω↘⇒ · (U→ω→) + ⇐ω↘ ⇑𝑅𝑁ω⇓, (13)

𝑅ω̃→

𝑅𝑁

= ↘U ·⇒ω→ ↘⇒ ·
(
U
→ω

)
↘⇒ ·

(
↘U→ω→

)
+ ( ⇐ω)→, (14)

Since the starting point for anomalous water mass transformation theory is an anomalous tracer168

conservation equation in the material form D𝐿
→

D𝑁
↗ 𝑅𝐿

→
𝑅𝑁

+U ·⇒𝐿→, Eq. (11) can be recast as a budget169

of the anomaly ω→:170

Dω→

D𝑁

=
𝑅ω→

𝑅𝑁

+U ·⇒ω→ = ( ⇐ω)→ ↘⇒ ·
(
U
→ω

)
↘⇒ ·

(
↘U→ω→

)
+ 𝑅𝑁 [(⇑𝑅𝑁ω⇓𝑁)→] . (15)

Meanwhile, Eq. (14) for the detrended anomaly is not yet in material form, because the material171

tendency involves the anomaly ω→, not the detrended anomaly. By partitioning the advective flux172

into components related to the long-team mean tendency anomaly and the detrended anomaly, the173

budget for the detrended anomaly ω̃→ can be expressed as:174

Dω̃→

D𝑁

=
𝑅ω̃→

𝑅𝑁

+U ·⇒ω̃→ = ( ⇐ω)→ ↘⇒ ·
(
U
→ω

)
↘⇒ ·

(
↘U→ω→

)
↘⇒ · (U(⇑𝑅𝑁ω⇓𝑁)→) . (16)

The last term on the RHS of Eq. (15) is non-zero due to the time-dependence of the climatological175

mean operator and represents how trends within the climatology estimation period get reflected176

into anomaly budgets (Figure B2c). This e”ect is mitigated by first detrending the anomalies, as177

evidenced by the absence of this term from the detrended budget [Eq. (16)]; however, the locally-178

detrended anomalies does not account for the advection of temperature anomalies associated with179

non-local trends, as revealed by the new last term on the right-hand side of Eq. (16).180

The distinction between these two budget formulations is critical for practical applications under181

global warming scenarios. As demonstrated in Fig. 2a-b, the water mass of anomaly ω→ and182

detrended anomaly ω̃→ can be very di”erent. Most notably, the tendency of ω→ retains the imprint183
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of long-term global warming, whereas the detrended anomaly isolates variability on all other184

timescales—excluding both the long-term mean tendency and the climatological seasonal cycle.185

The tendency of ω→- water mass displays characteristic step-like discontinuities at the juncture186

of successive annual cycles, a direct consequence of the persistent long-term mean tendency pro-187

gressively shifting the climatological baseline. The detrended formulation, by contrast, preserves188

dynamical continuity; however, it remains influenced by the spatially heterogeneous long-term189

mean tendency, which modifies the detrended anomaly field through advection (the last term on190

the RHS of Eq. (16)) as shown in Fig. B2d. Given these di”erent properties and budget structures,191

both anomaly definitions will be employed in the main text to develop their respective theoretical192

frameworks for anomalous water mass transformation.193

d. Transformation budgets for anomalous water masses194

The primary distinction between budgets for water mass M↑(𝐿) and anomalous water mass195

M↑(𝐿→) is in transformation term G𝑆 . Combining Eq. (15) and Eq. (A6) yields the G𝑆 of196

ω→-water mass:197

G𝑆 (ω→) = ↘𝑂0𝑅ω→

∫
ε↑≃𝑇

Dω→

D𝑁

𝑃𝑄

= ↘𝑂0𝑅ω→

∫
ε↑≃𝑇

(
( ⇐ω)→ ↘⇒ ·

(
U
→ω

)
↘⇒ ·

(
↘U→ω→

)
+ 𝑅𝑁 [(⇑𝑅𝑁ω⇓𝑁)→]

)
𝑃𝑄 . (17)

Transformation of anomalous ω→-water mass transformation thus consists of four components:198

G𝑆 (ω→) = G ⇐ω→ +G
𝑊

→ω+G
𝑊

→ω→ +G⇑𝑅𝐿ω⇓ . (18)

The first term on the RHS is the transformation due to the anomalous material derivative of199

ω→, which corresponds directly to the WMT term in the standard analysis; the remaining three200

terms, however, have no equivalent in the standard WMT framework. The second term represents201

the contribution from the advection or stirring of velocity anomalies acting on the climatological202

temperature gradient, while the third term reflects how climatological heat fluxes due to correlations203

between temperature anomalies and velocity anomalies can transform anomalous water masses.204

The last term reflects the artificial transformation of anomalous water masses due to the aperiodic205
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nature of the climatogical seasonal cycle associated with a long-term mean warming. In practice,206

G ⇐ω→ can be decomposed into contributions from anomalous surface heat flux, GQ , and anomalous207

mixing, G𝑋𝑌𝑍 (Fig. 1b).208

Substituting Eq. (18) into Eq. (7) yields the ω→ water mass budget (Fig. 1b):209

𝑅

𝑅𝑁

M↑(ω→) = S↑+ϑ↑+G ⇐ω→ +G
𝑊

→ω+G
𝑊

→ω→ +G⇑𝑅𝐿ω⇓ . (19)

We also investigate the water mass budget of the detrended anomaly, ω̃→ by combining Eq. (16)210

and Eq. (A6). Finally, the ω̃→-water volume budget is obtained by:211

G𝑆 (ω̃→) = ↘𝑂0𝑅ω̃→

∫
ε↑≃𝑇

(
( ⇐ω)→ ↘⇒ ·

(
U
→ω

)
↘⇒ ·

(
↘U→ω→

)
↘⇒ ·

(
U (⇑𝑅𝑁ω⇓ 𝑁)→

) )
𝑃𝑄 . (20)

Here, the transformation term, G𝑆 in ω̃→-water volume budget also includes four terms:212

G𝑆 (ω̃→) = G ⇐ω→ +G
𝑊

→ω+G
𝑊

→ω→ +G
𝑊 (⇑𝑅𝐿ω⇓𝑁)→ (21)

Here the last term of RHS, G
𝑊 (⇑𝑅𝐿ω⇓𝑁)→ , represents the contribution of spatial heterogeneity in213

temperature trends to water mass transformation of ω̃→.214

Substituting Eq. (21) into Eq. (7) yields the ω̃→ water mass budget (Fig. 1b):215

𝑅

𝑅𝑁

M↑(ω̃→) = S↑+ϑ↑+G ⇐ω→ +G
𝑊

→ω+G
𝑊

→ω→ +G
𝑊 (⇑𝑅𝐿ω⇓𝑁)→ . (22)

3. Application to an Analytical Model229

To validate the anomalous water mass budget framework, we construct a dynamically consistent230

analytical model of temperature, 𝑎 = 𝑎 (𝑍, 𝑀, 𝑁), its Eulerian evolution, and the velocity field that231

advects it. This model serves as a rigorous testbed to verify temperature anomaly budget closure232

and further the anomalous water mass budget closure in Eqs. (A6). Ultimately, this analytical233

verification demonstrates the theoretical integrity of the proposed framework, facilitates a clear234

physical interpretation of each budget component, and provides a benchmark for evaluating po-235

tential sources of numerical error in discrete datasets. Anecdotally, the utility of this approach is236
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demonstrated by the fact that we only deciphered the subtle e”ects of mean trends on the anomalous237

WMT budget thanks to the analytical model, which in the case of ECCOv4r4 were relatively small238

and obscured by the non-closure of the WMT budget.239

Figures 2a and 2b illustrate the time evolution of non-dimensional anomalous water mass defined240

by an extreme warm threshold, corresponding to the 95th percentile of the respective temperature241

anomalies. The discrepancy between the two time series reflects the di”ering definitions of the242

anomaly and the detrended anomaly. Under a persistent warming trend, the volume of the anoma-243

lous warm water mass increases substantially over time. In contrast, the detrended formulation244

isolates the interannual variability of extreme heat by removing both the seasonal cycle and the245

long-term mean tendency. The budgets close in both cases (Figs. 2c and 2d), with root-mean-square246

(RMS) residual errors of 6.8% and 6.3% relative to the RMS tendency for theω→- and ω̃→-based bud-247

gets, respectively. These small residuals demonstrate that the numerical implementation accurately248

captures the underlying closure of the anomalous water mass budget.249

In this analytical case, we first examine the ω→-WMT budget (Fig. 2c). The time tendency of the250

non-dimensional anomalous water mass is jointly regulated by diabatic processes (G ⇐ω→), anomalous251

advection of the climatological temperature gradient (G
𝑊

→ω), and the climatological transient eddy252

flux (G
𝑊

→ω→). However, the annual tendency is dominated by pronounced “stair-step” discontinuities253

at each integer time, which arise from the reconstructed time mean tendency anomaly (G⇑𝑅𝐿ω⇓). As254

a result, the non-dimensional water mass tendency exhibits a systematic increase and enhanced255

variability.256

We next consider the detrended budget (Fig. 2d), in which the influence of the time mean257

tendency anomaly is removed. In this case, the budget for the detrended extremely warm water258

mass is primarily governed by the competition between anomalous diabatic transformation (G ⇐ω→)259

and the transformation associated with the spatial heterogeneity of the long-term mean tendency260

(G
𝑊 (⇑𝑅𝐿ω⇓𝑁)→). The contributions from anomalous advection (G

𝑊
→ω), climatological transient eddy261

fluxes (G
𝑊

→ω→), and boundary water mass flux (ϑ) are comparatively small, but remain necessary262

for accurate budget closure.263

Figure 3 further quantifies the time-mean budget and its standard deviation across a full range of264

anomaly thresholds. The time-mean budget for the anomalous water mass (Figs. 3a and 3c) shows265

that closure is robustly maintained (Res ⇔ 0) for the majority of intense warm and cold anomalies.266
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For the anomaly case (Fig. 3a), the non-dimensional mass change exhibits a pronounced positive267

tendency, primarily driven by the transformation associated with the long-term mean tendency268

anomaly (G⇑𝑅𝐿ω⇓). In contrast, for the detrended case (Fig. 3c), the net volume tendency is close to269

zero, reflecting the removal of the dominant low-frequency trend signal. The balance in this case is270

mainly governed by the o”set between the transformation associated with the spatial heterogeneity271

of the long-term mean tendency and diabatic transformation.272

The standard deviation of the budget terms (Figs. 3b and 3d) highlights the distinct temporal273

variability between the two cases. For the anomaly case (Fig. 3b), the variance is strongly274

amplified by the year-end discontinuities associated with the long-term mean tendency, leading275

to large fluctuations across thresholds. In contrast, the detrended case (Fig. 3d) exhibits reduced276

variability, with interannual fluctuations primarily governed by diabatic transformation and the277

transformation associated with the spatial heterogeneity of the long-term mean tendency. The278

increase in both the residual and its variability as the two anomaly threshold approaches zero279

does not indicate a theoretical inconsistency, but rather reflects numerical cancellation errors: at280

small thresholds, the budget involves di”erencing between large water mass volumes, rendering281

the discrete sampling more sensitive to rounding errors. These errors should not be misconstrued282

as spurious mixing – there isn’t any in our analytical example.283

In summary, the analytical application confirms the validity of the anomalous water mass budget284

theory. The anomalousω→-WMT framework successfully partitions water mass (or volume) changes285

into contributions from time mean tendency anomalies, advection of climatological gradients,286

climatological transient eddy fluxes, and diabatic transformation. Similarly, the detrended ω̃→-287

WMT framework accounts for the critical role of the spatial heterogeneity in the warming trend.288

Importantly, these two frameworks diagnose fundamentally di”erent types of water mass anomalies.289

The ω→-based budget captures variability that includes the influence of the long-term warming290

trend, while the ω̃→-based budget isolates variability relative to that trend. As a result, the inferred291

dominant processes and temporal evolution can di”er substantially between the two formulations.292

One or the other may therefore be more appropriate depending on the scientific question being293

addressed. Together, these diagnostic terms, which are absent in standard WMT frameworks,294

provide a powerful new tool for deciphering the underlying dynamics of water mass variability in295

a changing climate.296
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4. Application to ECCOv4r4310

The Estimating the Circulation and Climate of the Ocean (ECCO) version 4 release 4 (v4r4) state311

estimate serves as the primary dataset for our analysis. Unlike traditional atmospheric or oceanic312

reanalyses, ECCOv4r4 is derived through the adjoint method, ensuring a dynamically consistent313

and closed-budget representation of the ocean’s state (Forget et al. 2015). This closure is particularly314

advantageous for water mass analysis, as it provides a comprehensive suite of diagnostic terms for315

the momentum, volume, and heat budgets, thereby eliminating the non-conservative increments316

that complicate budget-based studies in other reanalysis products. In this study, we utilize the daily317

output of ECCOv4r4 spanning 1 January 1993 to 30 December 2017 to diagnose the anomalous318

water masses budget of temperature.319

Figure 4a shows the time evolution of the global water mass defined by the anomaly (ω→)320

exceeding 3.5↓C. This threshold is chosen to represent extremely anomalous water masses, with321

other threshold choices shown in Fig. 6. The resulting time series exhibits two prominent peaks: the322

largest occurring in late 1997 to early 1998, and the second largest in late 2015 to early 2016. These323

peaks coincide with the two most intense El Niño events on record (Trenberth 1997; McPhaden324

1999; Santoso et al. 2017). Consistent with this correspondence, the global anomalous water mass325

is moderately correlated with the Niño3.4 index (𝑏 ⇔ 0.58). A similar correlation is obtained for326

the detrended anomaly, indicating that this relationship reflects interannual variability rather than327

a shared long-term trend.328

In addition, some of the smaller peaks in the time series may be associated with La Niña329

conditions (negative phases of the Niño3.4 index). Given that the ω→
> 3.5↓C water mass is330

primarily concentrated in the tropical Pacific and Indian Oceans, this behavior may reflect a331

redistribution of heat between ocean basins across di”erent phases of ENSO (not shown). The332

time series of the warm water mass defined by the detrended anomaly (ω̃→, Fig. 4b) exhibits only333

a slight di”erence in magnitude compared to that based on ω→. This contrasts with the analytical334

case (Figs. 2a,b), and can be attributed to the relatively modest warming trends in the real ocean335

compared to the idealized scenario.336

Figures 4c and d show the ω→-water mass budget framework applied to ECCOv4r4 [Eq. (C29)],345

integrated in time to facilitate comparison to the anomalous water mass timeseries. The warm346

water budget reveals that the net increase of this warm water mass is dominated by the water mass347
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transformation due to anomalous velocity advecting the climatological temperature (G
𝑊

→ω), while348

interior diabatic mixing constitutes the primary contribution to water mass destruction, followed349

by the climatological transient eddy heat flux (G
𝑊

→ω→). Notably, anomalous surface heat flux also350

acts to erode the warm water mass, but this contribution is almost exclusively concentrated during351

the two super El Niño events. Finally, the climatological transient eddy heat flux is relatively352

small, comparable in magnitude to the residual, which encompasses errors linked to discretization353

in temperature space, numerical errors that may or may not be interpreted as spurious mixing354

(Megann 2018; Bailey et al. 2023), and other unresolved processes.355

Figure 5 shows the corresponding WMT budget, which is simply the time derivative of the warm362

water budgets shown in Figure 4. The residual is negligibly small at all times, confirming the363

validity of both our theoretical framework and numerical implementation, and indicating that the364

well-resolved dynamical terms provide valuable insights into the variability of the global warm365

water mass. The most prominent feature is that this variability is dominated by the advection366

of climatological temperature by velocity anomalies (orange line). During the two extreme El367

Niño events of 1997/98 and 2015/16, this anomalous advection could be the eastward transport of368

warm water from the western Pacific warm pool, leading to the accumulation of the global warm369

water mass (McPhaden 1999; Santoso et al. 2017). This is consistent with the classical Bjerknes370

feedback mechanism, in which anomalous westerly winds drive anomalous oceanic advection,371

further amplifying the warm sea surface temperature anomalies (Capotondi et al. 2015). Notably,372

the surface heat flux anomaly (red line) acts as a heat sink throughout nearly the entire duration373

of both events, including during their growth phases, reflecting the enhanced ocean-to-atmosphere374

heat release that characterizes extreme El Niño events (Trenberth 1997; Santoso et al. 2017). The375

ω̃→-water mass budget (Eq. C34; Figure 5b) exhibits a pattern largely similar to that of the ω→-water376

mass budget, consistent with the negligible di”erence in warm water mass volume between the377

two definitions. Overall, these results highlight the potential of our framework to capture the full378

life cycle of anomalous warm water mass variability, and motivate future investigations into the379

regional contributions and dynamical origins of such signals.380

Figure 6 further shows the time-averaged anomalous water mass budget and the corresponding381

standard deviations across a range of temperature anomaly thresholds. Both the ω→- and ω̃→-water382

mass budgets achieve good closure at relatively large warm or cold temperature anomalies. The383
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residual increases as the temperature anomaly approaches zero, consistent with the analytical case384

(figure 3), and attributable to numerical errors arising from the computation of small di”erences385

between two large water mass volumes, which makes the discrete sampling framework more386

sensitive to rounding and di”erencing errors.387

Beyond the closure behavior, the budget patterns reveal that the tendency of the water mass at388

extreme temperature anomalies is primarily dominated by the advection of climatological tem-389

perature by velocity anomalies (orange lines), whereas at moderate temperature anomalies, the390

tendency reflects a balance among mixing anomalies (blue lines), surface heat flux anomalies391

(red lines), and the advection of climatological temperature by velocity anomalies (orange lines).392

Regarding the variability of the budget terms, the standard deviations indicate that the rates of393

change are dominated by the advection of climatological temperature by velocity anomalies across394

most temperature anomaly thresholds. This highlights the short-timescale activity of each process,395

even when their time-mean contributions are small.396

In summary, the application of the anomalous water mass budget framework to ECCOv4r4401

demonstrates its ability to accurately close the mass budget of globally defined anomalously warm402

and cold water masses, while providing a dynamically consistent decomposition of the processes403

governing their variability. The framework reveals that anomalous oceanic advection is the primary404

driver of variability of extremely warm water masses, particularly during the two most intense El405

Niño events of the satellite era, whereas surface heat flux anomalies and mixing consistently play406

a damping role. These results establish the robustness of the framework as a powerful diagnostic407

tool and motivate its further application to regional water mass analyses and the investigation of408

other climate phenomena.409

5. Conclusions410

In this study, we have developed a novel theoretical framework for the budget of anomalous water411

masses, in which water masses are defined by bounds on tracer anomalies rather than absolute412

tracer values. To our knowledge, this represents the first systematic derivation of a transformation413

budget for anomalous water masses, extending the classical Water Mass Transformation (WMT)414

theory to the space of climatological anomalies. The key theoretical contribution is the derivation415

of the material tendency of tracer anomalies, which introduces three additional transformation416
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terms absent from the standard WMT framework: the contribution from time mean tendency, the417

advection of climatological tracer gradients by velocity anomalies, and the climatological-mean418

eddy heat flux. We further distinguish between two anomaly definitions — the anomaly ω→ and419

the detrended anomaly ω̃→ — and derive their respective budget equations, demonstrating that420

the choice of anomaly definition has important implications for the interpretation of water mass421

variability under a long-term warming trend, although these additional corrections appear to be422

relatively small in context of real ocean warming rate.423

The framework was first validated against an analytical model, which confirmed budget closure424

and provided a clear physical interpretation of each transformation term. The analytical case425

demonstrated that the detrended formulation e”ectively isolates interannual variability by removing426

both the seasonal cycle and the long-term mean tendency, while the anomaly framework retains427

the imprint of global warming. Both formulations achieve robust budget closure, with residuals428

remaining negligible across a broad range of anomaly thresholds, with the exception of near-zero429

thresholds where numerical cancellation errors become significant.430

The framework was then applied to the ECCOv4r4 ocean state estimate to diagnose the budget431

of global anomalous warm water masses over the period 1993–2017. The global warm water mass432

defined by temperature anomalies exceeding 3.5↓C exhibits two prominent peaks coinciding with433

the two most intense El Niño events on record — the 1997/98 and 2015/16 events — consistent with434

the anomalously warm sea surface temperatures in the tropical Pacific during these periods. Budget435

analysis reveals that anomalous advection of the climatological temperature gradient by velocity436

anomalies is the dominant driver of warm water mass variability, particularly during extreme El437

Niño events, consistent with the classical Bjerknes feedback mechanism. In contrast, surface heat438

flux anomalies act as a consistent heat sink throughout both events, reflecting enhanced ocean-439

to-atmosphere heat release. The negligibly small residuals confirm the validity and numerical440

consistency of the framework when applied to a dynamically consistent ocean state estimate.441

These results establish the anomalous water mass budget framework as a powerful diagnostic tool442

for characterizing the life cycle of ocean anomalies associated with climate variability and extreme443

events. Future work should extend this framework to regional water mass analyses, explore its444

application to other tracers anomalies of interest, and investigate the regional contributions to the445

global anomalous warm water mass variability identified here.446
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F!”. 1. (a) Color shading shows sea temperature from ECCOv4r4 on 1 January 2015. The red contour marks

the 29↓C isotherm, enclosing the water mass with ω > 29↓C. The brown contour shows the 29↓C isotherm on

2 January 2015, indicating its evolution. The black dot–dashed line denotes the daily mean mixed layer depth

(MLD) on 1 January 2015. Light gray contours show the 0.9↓C positive temperature anomaly on 1 January 2015.

This panel illustrates the geometric definition and temporal evolution of water masses used in the standard water

mass budget [Eq. (2)]. The transformation termG ⇐ω is decomposed into surface heat flux and mixing contributions,

G𝑀 and Gmix, respectively, following Eq. (C29). (b) Color shading shows the temperature anomaly on 1 January

2015. The red contour marks the 0.9↓C anomaly, enclosing the water mass with ω→
> 0.9↓C. The brown contour

shows the 0.9↓C anomaly on 2 January 2015. The black dot–dashed line denotes the daily mean MLD on 1

January 2015. Light gray contours show the 29↓C isotherm. This panel illustrates the geometric framework for

anomalous water masses used in the anomalous water mass budget [Eq. (7)]. In this case, the transformation

term G ⇐ω includes additional contributions beyond G𝑀 and G𝑁𝑂𝑃 , as defined in Eq. (C29), reflecting the modified

transformation processes in the anomalous framework.
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F!”. 2. (a) Time evolution of the non-dimensional water mass defined by the anomaly (ω→) warmer than the

95th percentile threshold (2.93). (b) As in (a), but for the detrended anomaly (ω̃→) exceeding its 95th percentile

threshold (2.20). (c) Time series of individual budget components from the anomalous budget [Eq. (19)] for the

95th percentile anomalous water mass defined by ω→. The budget is evaluated using a finite time interval ϱ𝑁 (here

ϱ𝑁 = 0.01 yr), and thus the magnitude of the “stair-step” discontinuities reflects this temporal discretization. In

particular, shorter ϱ𝑁 would lead to larger instantaneous tendencies, while longer ϱ𝑁 smooths these variations

without altering the underlying budget closure. (d) As in (c), but for the detrended anomaly using the detrended

anomalous budget [Eq. (22)]. All budget terms are shown except S, as there is no surface mass flux in the

analytical case.
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F!”. 3. Statistical analysis of the non-dimentional anomalous water mass budget as a function of temperature

anomaly thresholds. (a) Time-averaged budgetary components for the anomaly (ω→) across a range of temperature

thresholds. (b) Corresponding standard variance of budgetary components for the anomaly (ω→). (c, d) As in (a,

b), but for the detrended anomaly (ω̃→) budget and its standard variance.
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F!”. 4. (a) Daily time evolution of the global water mass defined by the anomaly (ω→) exceeding 3.5ºC spanning

1 January 1993 to 30 December 2017 in ECCOv4r4. The Niño3.4 index derived from ECCOv4r4 is overlaid

(right axis) using a 30-day moving average. El Niño (La Niña) conditions are indicated by red (blue) shading

when Niño3.4 exceeds ±0.5↓C, with darker shading for anomalies exceeding 1.5↓C. (b) As in (a) but for the

detrended anomaly (ω̃→) exceeding 3.5ºC. (c) Time series of individual cumulative budgetary components (within

the anomalous budget – Eq. (C29)) for the global water mass defined by the anomaly (ω→) exceeding 3.5ºC. (d)

As in (c) but for the detrended anomalous budget [Eq. (C34)]. All time series have been smoothed with a 30-day

moving average.
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F!”. 5. (a) Time series of individual budget terms from the anomalous water mass budget [Eq. (C29)] for

the global water mass defined by full temperature anomalies exceeding ω→
> 3.5↓C. Panels (a1) and (a2) show

zoomed-in views of (a) for the periods 1997 January 1 – 1998 December 31 and 2015 January 1 – 2016 December

31, respectively. (b) As in (a), but for the detrended anomaly water mass budget [Eq. (C34)]. Panels (b1) and

(b2) show the corresponding zoomed-in views for the detrended anomaly. All time series have been smoothed

with a 30-day moving average.
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F!”. 6. Statistical analysis of the global anomalous water mass budget as a function of temperature anomaly

thresholds in ECCOv4r4. (a) Time-averaged budgetary components for the anomaly (ω→) across a range of

temperature thresholds. (b) Corresponding standard variance of budgetary components for the anomaly (ω→). (c,

d) As in (a, b), but for the anomaly (ω̃→) budget and its standard variance.
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APPENDIX A454

Derivation of the Boussinesq Water Mass Transformation budget from first principles455

Applying the Leibniz-Reynolds transport theorem to the time derivative of the water mass456

M↑ defined in Equation 1, we find that the time tendency of the water mass arises from two457

contributions–changes in density (within a fixed volume) and changes in volume:458

𝑅

𝑅𝑁

M↑(𝐿, 𝑁) =
∫
ε↑ (𝐿,𝑁)

𝑅𝑂

𝑅𝑁

𝑃𝑄 +
∮
𝑅ε↑ (𝐿,𝑁)

𝑂U
(𝑅ε↑ ) · n̂𝑃𝑐. (A1)

Here 𝑅ε↑(𝐿, 𝑁) denotes the boundary of the water mass, and U
(𝑅ε↑ ) represents the instantaneous459

velocity of this moving boundary–distinct from the fluid velocity U.460

Under the Boussinesq approximation—commonly adopted in ocean models—the fluid is as-461

sumed nearly incompressible, such that 𝑂 is treated as a constant 𝑂0 in Eq. (A1). Under this462

approximation, the water mass M↑ enclosed by a body of water ε↑(𝐿, 𝑁) is simply proportional463

to the enclosed volume of water V↑ ↗
∫
ε↑ (𝐿,𝑁) 𝑃𝑄 =M↑/𝑂0. While this approximation motivates464

some authors to express water mass transformations in units of volume, we find it more generaliz-465

able and natural–given the terminology–to work directly in terms of mass, even in the Boussinesq466

applications that follow.467

While the first term on the RHS of Eq. (A1) vanishes under the Boussinesq approximation, it468

will prove useful to nevertheless substitute the mass conservation equation, 𝑅𝑁 𝑂 = ↘⇒ · (𝑂U), to469

make the flow divergence appear explicitly, revealing that water mass change arises due to the470

competition between flow through the water mass’ boundary and the movement of the boundary471
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itself through the water:472

𝑅

𝑅𝑁

M↑(𝐿, 𝑁) = ↘𝑂0

∮
𝑅ε↑ (𝐿,𝑁)

(
U↘U

(𝑅ε↑ )
)
· n̂𝑃𝑐, (A2)

Walin’s (1977) insight is to separately consider the contributions to the surface integral in from473

di”erent types of boundaries. We introduce the notation 𝑅ε↑(𝑁) = (𝑅ε↑(𝑁)≃ 𝑇) ↖ (ε↑(𝑁)≃ 𝑅𝑇)474

to distinguish the physical boundaries of the water mass within the region (the first term) from the475

artificial boundaries that arise by confined the water mass to a region of interest 𝑇 (the second476

term). A useful decomposition is then:477

0 =
∮
𝑅ε↑

U · n̂(𝑅ε↑ )
𝑃𝑐 =

∫
𝑅εsurf

↑ ≃𝑅𝑇
U · n̂(surf)

𝑃𝑐+
∫
ε↑≃𝑅𝑇

U · n̂(𝑅𝑇)
𝑃𝑐+ 𝑅𝐿

∫
ε↑≃𝑇

U ·⇒𝐿 𝑃𝑄 . (A3)

Here, the first term on the RHS represents the volume flux across the surface boundary; the second,478

the flux across the lateral region boundary; and the third, the flux across the 𝐿 tracer isosurface,479

which we rewrite using the standard transformation relationship. We assume there is no mass flux480

across the seafloor.481

Before deriving the contribution of instantaneous volume change to the water mass tendency,482

we recall a purely kinematic identity associated with the evolving tracer isosurface. Along an483

isosurface of the tracer 𝐿, the total derivative of 𝐿 vanishes identically, since the surface is defined484

by the level-set condition 𝐿(𝑍, 𝑁) = const. Specifically,485

𝑃𝐿

𝑃𝑁

=
𝑅𝐿

𝑅𝑁

+U
(𝑅ε↑ ) ·⇒𝐿 = 0, along the 𝐿-isosurface . (A4)

This statement is purely kinematic and therefore remains valid even when 𝐿 represents a tracer486

anomaly. The interface velocity U
(𝑅ε↑ ) corresponds to the full velocity field that advects the487

surface, rather than to any anomalous component. This kinematic constraint forms the basis for488

the consistent formulation of the anomalous water mass budget developed below.489

Then applying Eq. (A4) to the second term of Eq. (A1) and noting that the diatracer unit vector is490

defined by n̂
(𝐿) = ⇒𝐿/|⇒𝐿 |, the contribution from the instantaneous volume change can be rewritten491
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as:492

∮
𝑅ε↑≃𝑇

U
(𝑅ε↑ ) · n̂𝑃𝑐 =

∫
𝑅εsurf

↑ ≃𝑅𝑇
U

(surf) · n̂(surf)
𝑃𝑐+

∮
𝑅ε↑≃𝑇

U
(𝑅ε↑ ) ·⇒𝐿
|⇒𝐿 | 𝑃𝑐

=
∫
𝑅εsurf

↑ ≃𝑅𝑇
U

(surf) · n̂(surf)
𝑃𝑐+

∮
𝑅ε↑≃𝑇

(
↘𝑅𝐿

𝑅𝑁

)
1

|⇒𝐿 | 𝑃𝑐

=
∫
𝑅εsurf

↑ ≃𝑅𝑇
U

(surf) · n̂(surf)
𝑃𝑐↘ 𝑅𝐿

∫
ε↑≃𝑇

𝑅𝐿

𝑅𝑁

𝑃𝑄 . (A5)

Here the first term on the RHS represents the contribution from the surface (or bottom) boundary493

to the volume change, while the second term reflects the e”ect of the tracer tendency—the water494

mass transformation term.495

Further, combining Eqs. (A3) and (A5) and multiplying by 𝑂0 yields the 𝐿-water mass budget:496

𝑅

𝑅𝑁

M↑(𝐿, 𝑁) = ↘𝑂0

∫
𝑅εsurf

↑ ≃𝑅𝑇

(
U↘U

(surf) ) · n̂(surf)
𝑃𝑐

↘𝑂0

∫
ε↑≃𝑅𝑇

U · n̂(𝑅𝑇)
𝑃𝑐

↘𝑂0𝑅𝐿

∫
ε↑≃𝑇

(
𝑅𝐿

𝑅𝑁

+U ·⇒𝐿
)
𝑃𝑄 . (A6)

For any tracer 𝐿, Eq. (A6) shows that the tendency of the 𝐿-classified water mass within a region497

𝑇 can be decomposed into three terms:498

1. surface mass exchanges S↑ (so small it is neglected in most contexts),499

2. lateral boundary transport ϑ↑ (which vanishes if the region 𝑇 completely encloses the body500

of water, as in global analyses), and501

3. cross-isosurface transformationG𝑆 , controlled by the material derivative 𝑈𝐿

𝑈𝑁
= 𝑅𝐿

𝑅𝑁
+U ·⇒𝐿 = ⇐𝐿.502

Therefore, the key to deriving any closed water mass budget is to determine the processes that503

contribute to the tracer’s material tendency.504

APPENDIX B505

Analytical Temperature Model and Discretization of the Budget Calculations506
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a. Model Configuration and Discretization507

For an initial test of the anomalous water mass framework, we construct an idealized analytical508

model of non-dimensional temperature variability. The horizontal domain spans a dimensionless509

range 𝑍 ↙ [0,3], discretized with a uniform spacing ϱ𝑍 = 0.0035 (𝑑𝑍 = 858). ϱ𝑒 = 1 (𝑑𝑒 = 1).510

The reference density (𝑂0) is set to 1 for simplicity. The temporal domain covers 𝑁 ↙ [1,41], where511

𝑁 = 1 defines one model ”year”, corresponding to the primary ”seasonal cycle” frequency ε1 = 2𝑓.512

High-frequency variability is resolved using a sampling rate of ϱ𝑁 = 0.01 (100 samples per year).513

Reflecting the architecture of modern General Circulation Models (GCMs), the vertical grid514

employs exponential stretching to enhance resolution in the upper ocean. The physical depth515

𝑀 ↙ [0,4000] m is mapped to a computational coordinate 𝑔 ↙ [0,1] via the cumulative depth516

function:517

𝑀𝑕 (𝑔) =
𝑖
𝑗𝑔 ↘1
𝑖
𝑗 ↘1

· 𝑀max, (B1)

where 𝑗 = 3 is the stretching parameter. Discrete cell centers 𝑀𝑘 are located at the midpoints of the518

layers: 𝑀𝑘 = (𝑀𝑕,𝑘 + 𝑀𝑕,𝑘↘1)/(2𝑀max). This configuration yields 50 vertical levels concentrated near519

the surface to capture intensified velocity profiles and sharp thermal gradients. All spatiotemporal520

coordinates are treated as dimensionless.521

b. Governing Equations and Analytical Gradients522

The instantaneous temperature field ω(𝑍, 𝑀, 𝑁) is constructed as the product of a horizontal field523

with a vertical structure function 𝑙 (𝑀):524

ω(𝑍, 𝑀, 𝑁) = [ωwave(𝑍, 𝑁) +ωback(𝑍) +ωtrend(𝑍, 𝑁) + 𝑕] 𝑙 (𝑀), (B2)

where 𝑙 (𝑀) = 1↘ tanh[(𝑀↘𝑚1)/𝑛]. The transient componentωwave represents seasonal oscillations525

and propagating wave modes:526

ωwave(𝑍, 𝑁) =
2∑
𝑌=1

𝑜𝑌 cos(ε𝑌𝑁) + 𝑜3 sin[𝑘1(𝑍↘ 𝑕𝑝𝑁)] + 𝑜4 sin[𝑘2(𝑍↘ 𝑕𝑝𝑁)] . (B3)

The background state, ωback(𝑍) = 𝑞𝑍, prescribes a constant horizontal temperature gradient to527

mimic zonal sea surface temperature (SST) transitions. To simulate complex climate signals,528
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ωtrend incorporates an accelerating warming trend and periodic interannual variability:529

ωtrend(𝑍, 𝑁) = [𝑟linear + 𝑟𝑍,amp cos(𝑘𝑍𝑍)]𝑁︸⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌︷︷⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌︸
Spatially-modulated warming trend

+ 𝑟accel𝑁
2︸⨌⨌︷︷⨌⨌︸

Acceleration

+𝑜low sin(εlow𝑁 +𝑠low)︸⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌︷︷⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌︸
Interannual variability mode

, (B4)

where 𝑟𝑍,amp introduces spatial heterogeneity in the warming rate. Fig. B1a shows a snapshot of530

the analytical temperature.531

The velocity field 𝑡(𝑀, 𝑁) is surface-intensified and oscillatory:532

𝑡(𝑀, 𝑁) = 𝑡0 [1+ 𝑜5 sin(ε3𝑁)] · exp(↘𝑀/𝑚2). (B5)

The velocity is spatially uniform (𝑅𝑡/𝑅𝑍 = 0), ensuring mass conservation (⇒ · u = 0) with zero533

vertical velocity (𝑢 = 0).534

The local tendency 𝑅ω/𝑅𝑁 and horizontal gradient 𝑅ω/𝑅𝑍 are derived analytically to ensure the535

governing equations are satisfied exactly:536

𝑅ω
𝑅𝑁

= 𝑙 (𝑀)

↘

2∑
𝑌=1

𝑜𝑌ε𝑌 sin(ε𝑌𝑁)↘
2∑
𝑣=1

𝑜 𝑣+2𝑘 𝑣 𝑕𝑝 cos𝑠 𝑣 +
𝑅ωtrend
𝑅𝑁


, (B6)

𝑅ω
𝑅𝑍

= 𝑙 (𝑀)


2∑
𝑣=1

𝑜 𝑣+2𝑘 𝑣 cos𝑠 𝑣 ↘ 𝑟𝑍,amp𝑘𝑍 sin(𝑘𝑍𝑍)𝑁 +𝑞


, (B7)

where 𝑠 𝑣 = 𝑘 𝑣 (𝑍 ↘ 𝑕𝑝𝑁). The diabatic forcing implied by these tendencies is then derived ana-537

lytically in closed-form: ⇐ω = 𝑅𝑁ω+ 𝑡𝑅𝑍ω. This analytical formulation provides a ”ground truth”538

benchmark for budget verification. All parameters assigned to these analytical expressions are539

summarized in Table B1. It should be emphasized that while the parameters are specifically cho-540

sen to mimic the multi-scale complexity of observed oceanic temperature variability, they do not541

a”ect the fundamental closure of the budget. Rather, achieving exact closure under such intricate542

spatiotemporal conditions further demonstrates the robustness and theoretical rigor of the proposed543

framework. A major advantage of this analytical approach is that water mass budgets can be exactly544

closed, as there are no discretization errors; by contrast, water mass budgets in finite-volume GCMs545

exhibit significant amounts of spurious mixing, which appear as a residual term when attempting546

to close water mass budgets (Gri!es et al. 2000; Lee et al. 2002; Drake et al. 2025).547
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T#$%& B1. Parameters for the non-dimensional analytical model configuration.

Parameter Value Parameter Value

𝑄1, 𝑄2 (Seasonal) 1.0, 0.5 𝑅linear (Linear trend) 0.04

𝑄3, 𝑄4 (Waves) 2.0, 1.0 𝑅accel (Accel. trend) 0.003

𝑄5 (Velocity osc.) 4.5 𝑅𝐿,amp (Trend mod.) 0.04

𝑆1, 𝑆2 17.5𝑇/𝑃max, 0.25𝑆1 𝑆𝐿 (Trend mod. 𝑆) 1.5 · 2𝑇/𝑃max

ε1,ε2 2𝑇, 2𝑇/2.7 𝑄low,εlow 0.4, 2𝑇/50

ε3 (Vel. freq) 2𝑇/3 𝑈low, 𝑉 0, 15.0

𝑊0 (Ref. velocity) 0.08 𝑋 (Back. gradient) -3.0

𝑉𝑀 (Phase speed) 0.5 𝑌1,𝑌2, 𝑍 (Vertical) 0.025, 0.05, 0.25

c. Time-averaged Diagnostics and Budget Closure548

To mimic the way GCM budget diagnostics are archived, we compute time-averaged fields 𝑤avg549

over intervals of ϱ𝑁 = 0.01 using analytical antiderivative functions I𝑤 ↗
∫
𝑤d𝑁:550

𝑤avg =
I𝑤 (𝑁 +ϱ𝑁)↘I𝑤 (𝑁)

ϱ𝑁
, 𝑤 ↙ {ω,𝑡𝑅𝑍ω, ⇐ω}. (B8)

The numerical budget is then evaluated as:551

ϱω
ϱ𝑁

= ↘
(
𝑡

𝑅ω
𝑅𝑍

)
avg

+ ⇐ωavg. (B9)

In this notation, the subscript “𝑜𝑥𝑦” explicitly denotes a time-averaged quantity; unless other-552

wise specified, all variables without this subscript are understood to be instantaneous snapshots.553

As shown in Fig. B1c, the budget achieves perfect closure at machine precision, validating the554

consistency of the framework before proceeding to anomaly decompositions.555

d. Two Anomalous Temperature Budget Formulations565

As introduced in Section 2, we evaluate the performance of the proposed framework using two566

distinct anomaly definitions. Specifically, we consider temperature anomalies defined relative to567

the climatological annual cycle, as well as those further detrended to isolate transient variability568

from long-term warming.569

In this analytical configuration, the climatological mean of any physical quantity or flux term 𝑠570

(representing either a snapshot field such as ω or a time-averaged field such as ωavg) is calculated571

29



by averaging the signal across 𝑑 years for each specific seasonal phase 𝑧 ↙ [0,1):572

𝑠(𝑍, 𝑀,𝑧) = 1
𝑑

𝑑↘1∑
𝛥=0

𝑠(𝑍, 𝑀,𝑧+𝛥𝑎), (B10)

where 𝑎 = 1 is the annual period and 𝑑 = 40. The corresponding anomaly is subsequently defined573

as 𝑠
→ = 𝑠↘ 𝑠. This operator is applied consistently to all budget components to decompose the574

total variability into its seasonal cycle and anomalous perturbations.575

1) T’& A()*#%+ B,-”&.576

In the first formulation, we consider the anomaly ω→ defined relative to the climatological annual577

cycle. To ensure numerical consistency within the discrete sampling framework, the tendency term578

is computed from instantaneous snapshots, while the forcing terms are derived from time-averaged579

diagnostics:580

ϱω→

ϱ𝑁
=
ϱ(⇑ 𝑅ω

𝑅𝑁
⇓𝑁)→

ϱ𝑁
↘
(
𝑡

𝑅ω→

𝑅𝑍

)
avg

↘

𝑡
→𝑅ω
𝑅𝑍


avg

+

𝑡
→𝑅ω

→

𝑅𝑍


avg

+ ⇐ω→
avg, (B11)

where the right-hand side components represent the impact of the long-term mean tendency, and581

the theoretical decomposition of the anomalous advective and diabatic forcing, respectively.582

However, in practical oceanographic applications—particularly when analyzing standard GCM583

outputs—high-frequency correlation terms (i.e., the time-average of instantaneous products of584

anomalies) are typically unavailable, because the instantaneous anomalies are unknowable at run585

time. To address this data constraint, we approximate the budget using resolved time-averaged586

fields:587

ϱω→

ϱ𝑁
=
ϱ(⇑ 𝑅ω

𝑅𝑁
⇓𝑁)→

ϱ𝑁
↘𝑡avg

(
𝑅ω
𝑅𝑍

)→
avg

↘𝑡
→
avg

(
𝑅ω
𝑅𝑍

)
avg

+𝑡
→
avg

(
𝑅ω
𝑅𝑍

)→
avg

+ ⇐ω→
avg +Res. (B12)

Specifically, the climatological eddy flux term is estimated from the resolved time-averaged vari-588

ables through Reynolds decomposition:589

𝑡
→
avg

(
𝑅ω
𝑅𝑍

)→
avg

= 𝑡avg

(
𝑅ω
𝑅𝑍

)
avg

↘𝑡avg

(
𝑅ω
𝑅𝑍

)
avg

. (B13)
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This formulation mimics the typical archival strategy of ocean models, which prioritize time-590

mean velocity and tracer fields. Consequently, evaluating the budget in this manner provides a591

robust assessment of the framework’s applicability to realistic GCM datasets where instantaneous592

cross-product terms are inaccessible.593

2) T’& D&./&(-&- A()*#%+ B,-”&.594

The second formulation of ω̃→ is implemented by removing the locally defined long-term mean595

tendency from the total temperature. Applying the generalized anomaly operator to the detrended596

equations leads to a di”erent partitioning:597

ϱω̃→

ϱ𝑁
= ↘𝑡avg


𝑅 (⇑ 𝑅ω

𝑅𝑁
⇓𝑁)

𝑅𝑍

→
avg

↘𝑡avg

(
𝑅ω̃
𝑅𝑍

)→
avg

↘𝑡
→
avg

(
𝑅ω
𝑅𝑍

)
avg

+𝑡
→
avg

(
𝑅ω
𝑅𝑍

)→
avg

+ ⇐ω→
avg +Res. (B14)

The first term on the right-hand side represents the advection of the long-term mean tendency598

anomaly. This term is vital for maintaining budget closure in regimes characterized by spatially599

varying warming rates. By contrasting Eqs. (B12) and (B14), we can discern how the explicit600

treatment of the long-term mean tendency modulates the interpretation of advective heat transport601

across di”erent anomaly definitions.602

e. Comparison of Budget Results603

Figures B2a and B2b display the temporal evolution of the tendency terms for the anomaly and604

the detrended anomaly, respectively. Two primary findings emerge from this comparison. First, the605

anomaly tendency exhibits prominent ”stair-step” discontinuities at the transition between annual606

cycles. This non-physical jump is explicitly contributed by the anomaly of the reconstructed607

long-term mean tendency [see the first term on the RHS of Eq. (15)] as shown in Figures B2c.608

Because the climatological baseline is re-centered annually, this tendency-related term manifests as609

a discrete impulse at each year-end boundary while remaining zero throughout the year. In contrast,610

the detrended anomaly ω̃→ is inherently free of such discontinuities; however, it remains influenced611

by the spatial heterogeneity of the long-term mean tendency [the first term on the RHS of Eq. (16)].612

Unlike the localized annual jumps, this tendency-advection term exerts a persistent dynamical613

forcing on the detrended tendency that is active at every time step as shown in Figures B2d.614
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The second key result concerns the budget closure under the constraint of time-averaged outputs.615

As shown in Figs. B2o and B2p, both anomaly formulations achieve a near-zero residual (Res616

⇔ 0), validating the theoretical integrity of the proposed framework. This closure is particularly617

noteworthy because the right-hand side terms were calculated using time-averaged fields to derive618

the cross-product (eddy) terms, a process that typically neglects high-frequency correlations.619

While these results confirm the mathematical consistency of our framework, we note that the623

high precision achieved here stems partly from the absence of high-frequency fluctuations in the624

analytical model. In realistic GCM diagnostics, even daily-averaged outputs may lead to non-625

negligible residuals due to the omission of sub-daily nonlinear interactions (e.g., diurnal cycles or626

high-frequency waves).1 Nevertheless, the successful closure in this analytical testbed provides627

a robust benchmark, demonstrating that the framework itself does not introduce systemic errors628

when tendency anomalies and spatial heterogeneities are properly accounted for.629

f. Discretization of Anomalous Water Mass Budgets630

Here we detail the numerical implementation of the anomalous water mass framework within631

this analytical testbed. Following the theoretical derivation in Section 2, the anomalous water mass632

volume,M↑, is defined by the domain where the temperature anomaly exceeds a specified threshold633

(i.e., ω→ ↑ ω→
threshold or ω̃→ ↑ ω̃→

threshold). To maintain dynamical consistency, the volume tendency634

on the left-hand side (LHS) of the budget equation is calculated using snapshot temperature fields.635

Specifically, snapshot anomaly fields are projected onto the temperature coordinates to determine636

the instantaneous volume change.637

On the RHS, the budgetary components are derived from time-averaged outputs. In this analytical638

setup, since explicit mass sources such as precipitation or evaporation are absent, the transformation639

is governed primarily by the transformation terms (G𝑆) and the lateral volume flux terms (ϑ↑).640

These terms are computed by first using the time-averaged temperature anomaly field to identify641

the spatial domains (masks) where the anomaly exceeds the given threshold. Subsequently, the642

corresponding time-averaged physical fluxes within these identified domains are integrated. For643

the transformation terms involving derivatives with respect to the anomaly threshold (e.g., the644

1For GCM simulations that are bit-wise reproducible, one could address this by running the model once to generate the climatological mean
cycle and then re-run the model again a second time, using the now known climatological means for online diagnosis of instantaneous anomalies
and the time-average of their products.
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diabatic transformation G ⇐ω→), we employ a second-order centered di”erence scheme:645

G ⇐ω→ (ω→
𝛥
) = ↘

F (ω→
𝛥+1)↘F (ω→

𝛥↘1)
ω→
𝛥+1 ↘ω→

𝛥↘1
, where F (ω→

𝛥
) =

∑
x↙ε↑ (ω→

>ω→
𝑎)

⇐ω→(x)ϱ𝑄 , (B15)

where ε↑(ω→
>ω→

𝛥
) denotes the spatial domain where the temperature anomaly exceeds the thresh-646

old ω→
𝛥
, and ϱ𝑄 is the grid cell volume. This formulation represents the temperature anomaly647

flux across the ω→
𝛥

isosurface, e”ectively capturing the diabatic forcing acting upon the anomalous648

water mass isosurface.649

APPENDIX C650

Anomalous Water Mass Budget in ECCO651

ECCOv4r4 employs a rescaled height coordinate system (𝑀↔ ↗ 𝑀↘𝑔
𝑚+𝑔𝑚), which allows the cell652

thickness 𝛩 = ϱ𝑀 𝛬↔ to evolve according to the time-varying barotropic scale factor 𝛬↔ = 1+ 𝑔/𝑚,653

where 𝑔 is the sea surface height anomaly and 𝑚 is the resting ocean depth. The potential654

temperature budget in ECCOv4 is diagnosed from available output in the extensive (cell-integrated)655

form:656

 
𝑅 (𝛬↔ω)

𝑅𝑁

+⇒𝛩 · (𝛬↔U𝑏𝑖𝛬

𝛩
ω) + 𝑅 (𝑢𝑏𝑖𝛬ω)

𝑅𝑀
↔


𝑃𝛯𝑃𝑀 =


⇒ ·

(
F
ω
di” +F

ω
forc

)
𝑃𝛯𝑃𝑀, (C1)

where the dimensionless scaling factor 𝛬↔ is separated from the fixed depth-coordinate cell volume657

d𝑄fixed ↗ 𝑃𝛯𝑃𝑀, following the conventions of Forget et al. (2015). Note that the di”usive flux F
ω
di”658

in the ECCO diagnostic output already incorporates the 𝛬
↔ scaling and that the velocity advecting659

tracers in ECCO should be interpreted as a residual-mean velocity,U=U
𝑏 +U

↔, in which U
𝑏 denotes660

the velocity resolved by ECCO’s coarse grid and U
↔ denotes the eddy-induced bolus velocity arising661

from the Gent and Mcwilliams (1990)-type parameterization.662
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Water mass transformation analysis requires a conservation equation in terms of the material663

derivative of the temperature ω, expressed in the intensive form:664


𝑈ω
𝑈𝑁

𝑃𝑄 ↗
 (

𝑅ω
𝑅𝑁

+U ·⇒ω
)
𝛬
↔
𝑃𝑀 𝑃𝛯

=
 (

𝛬
↔ 𝑅ω
𝑅𝑁

+ 𝛬
↔
U𝛩 ·⇒𝛩ω+𝑢

𝑅ω
𝑅𝑀

↔

)
𝑃𝑄fixed. (C2)

Converting the temperature budget from its extensive form to its intensive form requires accounting665

for mass conservation. The local continuity equation takes the form666

𝑅𝛬
↔

𝑅𝑁

+⇒𝛩 · (𝛬↔U𝑏

𝛩
) + 𝑅𝑢

𝑏

𝑅𝑀
↔ = 𝛱, (C3)

In the ECCO diagnostics, the freshwater source term 𝛱 is absorbed into the surface vertical mass667

flux 𝑢, so that the local continuity equation reduces to:668

𝑅𝛬
↔

𝑅𝑁

+⇒ · (𝛬↔U𝑏) = 0. (C4)

Since the eddy-induced bolus transport is non-divergent by construction, the continuity equation669

can also be expressed in terms of the residual velocity:670

𝑅𝛬
↔

𝑅𝑁

+⇒ · (𝛬↔U) = 0. (C5)

To isolate the material derivative of ω (scaled by 𝛬
↔) from the ECCO budget, the integrand in671

Eq. (C1) is decomposed using the product rule as672

𝛬
↔ 𝑅ω
𝑅𝑁

+ 𝛬
↔
U𝛩 ·⇒𝛩ω+𝑢

𝑏
𝑅ω
𝑅𝑀

↔ = ↘ω
(
𝑅𝛬

↔

𝑅𝑁

+⇒𝛩 · (𝛬↔U𝛩) +
𝑅𝑢

𝑅𝑀
↔

)
+⇒ ·

(
F
ω
di” +Fforc

)
. (C6)

Substituting the continuity equation (C5) and dividing by 𝛬
↔ yields the compact form673

𝑅ω
𝑅𝑁

+U ·⇒ω = ⇐ω, (C7)
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where we introduce the material warming rate674

⇐ω ↗ 1
𝛬
↔ ⇒ · (Fω

di” +F
ω
forc). (C8)

To identify the processes that transform anomalous water masses in ECCO, we need to re-express675

these budgets in terms of the material derivative of the temperature anomaly ω→. Following676

the decomposition procedure described in section 2, the temperature anomaly ω→ is obtained by677

subtracting the climatological annual cycle. Taking the climatological mean of Eq. (C7):678

𝑅ω
𝑅𝑁

= ↘U ·⇒ω↘U→ ·⇒ω→+ ⇐ω. (C9)

Subtracting Eq. (C9) from Eq. (C7) yields the anomaly tendency equation:679

𝑅ω→

𝑅𝑁

=
𝑅

(
⇑𝑅𝑁ω⇓ 𝑁

)→
𝑅𝑁

↘U ·⇒ω→ ↘U
→ ·⇒ω+U→ ·⇒ω→+

( ⇐ω)→ . (C10)

Multiplying through by 𝛬
↔, the 𝛬

↔-weighted material derivative of ω→ becomes680

𝛬
↔ 𝑅ω

→

𝑅𝑁

+ 𝛬
↔
U ·⇒ω→ = 𝛬

↔

𝑅 (⇑𝑅𝑁ω⇓ 𝑁)→

𝑅𝑁

↘U
→ ·⇒ω+U→ ·⇒ω→+

( ⇐ω)→

. (C11)

The advective terms on the RHS of Eq. (C11) are written in advective form. However, since681

ECCO diagnostic output provides advective fluxes—and since ⇒ ·U ϖ 0 in the 𝑀↔ coordinate (unlike682

the Boussinesq case in section 2)—these terms must be converted to flux form by combining with683

the continuity equation (C5). We proceed term by term below.684

(i) First advective term. The mean-gradient advection by the anomalous velocity is rewritten as685

𝛬
↔
U
→ ·⇒ω = ⇒ · (𝛬↔U→ω)↘ω⇒ · (𝛬↔U→). (C12)
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(ii) Second advective term. Substituting Eq. (C9), the subseasonal covariance term becomes686

𝛬
↔
U→ ·⇒ω→ = 𝛬

↔

↘𝑅ω
𝑅𝑁

↘U ·⇒ω+ ⇐ω


= ↘𝛬↔ 𝑅ω
𝑅𝑁

+ 𝛬
↔ ⇐ω↘ 𝛬

↔U ·⇒ω↘ 𝛬
↔→

U ·⇒ω. (C13)

To convert the last two terms into flux form in the Eq. (C13), we invoke the mean and anomalous687

continuity equations (C14) and (C15):688

𝑅𝛬
↔

𝑅𝑁

+⇒ · (𝛬↔U) +⇒ · (𝛬↔→U→) = 0, (C14)

𝑅𝛬
↔→

𝑅𝑁

+⇒ · (𝛬↔U→) +⇒ · (𝛬↔→U)↘⇒ · (𝛬↔→U→) = 0, (C15)

yielding689

𝛬
↔U ·⇒ω = ⇒ · (𝛬↔Uω)↘ω⇒ · (𝛬↔U)

= ⇒ · (𝛬↔Uω) +ω
(
𝑅𝛬

↔

𝑅𝑁

+⇒ · (𝛬↔→U→)
)
, (C16)

𝛬
↔→

U ·⇒ω = ⇒ · (𝛬↔→Uω)↘ω⇒ · (𝛬↔→U)

= ⇒ · (𝛬↔→Uω) +ω
(
𝑅𝛬

↔→

𝑅𝑁

+⇒ · (𝛬↔U→)↘⇒ · (𝛬↔→U→)
)
. (C17)

An additional relation is obtained from the climatological mean of Eq. (C1):690

𝑅 (𝛬↔ω)
𝑅𝑁

= ↘⇒ · (𝛬↔Uω) + 𝛬
↔ ⇐ω

= 𝛬
↔ 𝑅ω
𝑅𝑁

+ω
𝑅𝛬

↔

𝑅𝑁

= 𝛬
↔ 𝑅ω
𝑅𝑁

+ 𝛬
↔→
(
𝑅ω
𝑅𝑁

)→
+ω

𝑅𝛬
↔

𝑅𝑁

+ω→𝑅𝛬
↔→

𝑅𝑁

. (C18)
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Combining Eqs. (C13)–(C18), the subseasonal covariance term is expressed as691

𝛬
↔
U→ ·⇒ω→ = ⇒ · (𝛬↔Uω)↘ 𝛬

↔ ⇐ω+ 𝛬
↔→
(
𝑅ω
𝑅𝑁

)→
+ω→𝑅𝛬

↔→

𝑅𝑁

↘ 𝛬
↔→𝑅ω
𝑅𝑁

↘ω
𝑅𝛬

↔→

𝑅𝑁

+ 𝛬
↔ ⇐ω↘⇒ · (𝛬↔Uω)↘ω⇒ · (𝛬↔U→). (C19)

(iii) Sum of the two advective terms. Adding the negated first advective term [Eq. (C12)] and the692

second advective term [Eq. (C19)]:693

↘ 𝛬
↔
U
→ ·⇒ω+ 𝛬

↔
U→ ·⇒ω→

= ↘⇒ · (𝛬↔U→ω) +⇒ · (𝛬↔Uω)↘⇒ · (𝛬↔Uω)

+ 𝛬
↔ ⇐ω↘ 𝛬

↔ ⇐ω+ 𝛬
↔→
(
𝑅ω
𝑅𝑁

)→
+ω→𝑅𝛬

↔→

𝑅𝑁

↘ 𝛬
↔→𝑅ω
𝑅𝑁

↘ω
𝑅𝛬

↔→

𝑅𝑁

. (C20)

The anomalous diabatic term is694

𝛬
↔ ( ⇐ω)→ = 𝛬

↔
(
⇐ω↘ ⇐ω

)
. (C21)

Summing the last three RHS terms of Eq. (C11)—i.e., Eqs. (C20) and (C21)—yields695

↘ 𝛬
↔
U
→ ·⇒ω+ 𝛬

↔
U→ ·⇒ω→+ 𝛬

↔ ( ⇐ω)→
= ↘⇒ · (𝛬↔U→ω) +⇒ · (𝛬↔Uω)↘⇒ · (𝛬↔Uω) + (𝛬↔ ⇐ω)→

+ 𝛬
↔→
(
𝑅ω
𝑅𝑁

)→
+ω→𝑅𝛬

↔→

𝑅𝑁

↘ 𝛬
↔→𝑅ω
𝑅𝑁

↘ω
𝑅𝛬

↔→

𝑅𝑁

. (C22)

The last four terms in Eq. (C22), denoted 𝛱add, can be simplified as follows:696

𝛱add ↗ 𝛬
↔→
(
𝑅ω
𝑅𝑁

)→
+ω→𝑅𝛬

↔→

𝑅𝑁

↘ 𝛬
↔→𝑅ω
𝑅𝑁

↘ω
𝑅𝛬

↔→

𝑅𝑁

= 𝛬
↔→𝑅ω

→

𝑅𝑁

↘ 𝛬
↔→𝑅 (⇑𝑅𝑁ω⇓ 𝑁)→

𝑅𝑁

+ω→𝑅𝛬
↔→

𝑅𝑁

↘ 𝛬
↔→𝑅ω
𝑅𝑁

↘ 𝛬
↔→𝑅 (⇑𝑅𝑁ω⇓ 𝑁)→

𝑅𝑁

↘ω
𝑅𝛬

↔→

𝑅𝑁

=
𝑅 (𝛬↔→ω→)

𝑅𝑁

↘ 𝑅 (𝛬↔→ω)
𝑅𝑁

↘ 𝛬
↔→𝑅 (⇑𝑅𝑁ω⇓ 𝑁)→

𝑅𝑁

. (C23)
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Substituting into Eq. (C11), the anomaly budget becomes697

𝛬
↔ 𝑅ω

→

𝑅𝑁

+ 𝛬
↔
U ·⇒ω→ = 𝛬

↔ 𝑅 (⇑𝑅𝑁ω⇓ 𝑁)
→

𝑅𝑁

↘⇒ · (𝛬↔U→ω) +⇒ · (𝛬↔Uω)↘⇒ · (𝛬↔Uω)

+ (𝛬↔ ⇐ω)→+𝛱𝛬
↔ , (C24)

where 𝛱𝛬
↔ ↗ 𝑅 (𝛬↔→ω→)

𝑅𝑁

↘ 𝑅 (𝛬↔→ω)
𝑅𝑁

collects the residual terms arising from temporal correlations698

between 𝛬
↔→ and ω→.699

Because the ECCO velocity output UVELMASS and VVELMASS already accounts for partial cells700

and time-varying grid-cell thickness, this diagnostic directly represents 𝛬↔U𝛩. We therefore exploit701

the identity702

↘⇒ · [(𝛬↔U)→ω] +⇒ · [(𝛬↔U)→ω→] = ↘⇒ · (𝛬↔U→ω)↘⇒ · [(𝛬↔→U)ω] +⇒ · [(𝛬↔→U→)ω]

+⇒ · (𝛬↔Uω)↘⇒ · (𝛬↔Uω)↘⇒ · [(𝛬↔→U→)ω]

= ↘⇒ · (𝛬↔U→ω) +⇒ · (𝛬↔Uω)↘⇒ · (𝛬↔Uω), (C25)

where the anomalous volume flux (𝛬↔U)→ is computed directly from the ECCO output as703

UVELMASS↘UVELMASS. Substituting Eq. (C25) into Eq. (C24), the anomaly budget can be rewritten704

entirely in terms of ECCO diagnostics.705

Accordingly, the ECCOv4r4-specific full-anomaly ω→-water mass transformation, GM, incorpo-706

rates additional terms 𝛱𝛬
↔ relative to the standard formulation in Eq. (17):707

G𝑆 = ↘𝑂0 𝑅ω→

∫
ε↑≃𝑇


𝛬
↔ 𝑅

(
⇑𝑅𝑁ω⇓ 𝑁

)→
𝑅𝑁

↘⇒ · [(𝛬↔U)→ω] +⇒ · [(𝛬↔U)→ω→]

+⇒ ·
(
F
ω
di”

)→+⇒ ·
(
F
ω
forc

)→+𝛱𝛬
↔


𝑃𝑄fixed. (C26)

For clarity, we decompose the integrand into individual physical contributions and define the708

corresponding components of the ω→-water mass transformation G𝑆 as:709

G𝑆 (ω→) = G ⇐ω→ +G⇑𝑅𝐿ω⇓ +G
𝑊

→ω+G
𝑊

→ω→ +GF𝑏↔

= G𝑋𝑌𝑍 +G𝛴 +G⇑𝑅𝐿ω⇓ +G
𝑊

→ω+G
𝑊

→ω→ +GF𝑏↔

(C27)

38



Each term is defined as follows:710

G⇑𝑅𝐿ω⇓ = ↘𝑂0 𝑅ω→

∫
ε↑≃𝑇


𝛬
↔ 𝑅

(
⇑𝑅𝑁ω⇓ 𝑁

)→
𝑅𝑁


𝑃𝑄fixed,

G
𝑊

→ω = ↘𝑂0 𝑅ω→

∫
ε↑≃𝑇


↘⇒ · [(𝛬↔U)→ω]


𝑃𝑄fixed,

G
𝑊

→ω→ = ↘𝑂0 𝑅ω→

∫
ε↑≃𝑇


⇒ · [(𝛬↔U)→ω→]


𝑃𝑄fixed,

G𝑋𝑌𝑍 = ↘𝑂0 𝑅ω→

∫
ε↑≃𝑇

⇒ ·
(
F
ω
di”

)→
𝑃𝑄fixed,

G𝛴 = ↘𝑂0 𝑅ω→

∫
ε↑≃𝑇

⇒ ·
(
F
ω
forc

)→
𝑃𝑄fixed,

GF𝑏↔ = ↘𝑂0 𝑅ω→

∫
ε↑≃𝑇

𝛱𝛬
↔ 𝑃𝑄fixed.

(C28)

Collecting all contributions, the ω→-water mass budget in ECCOv4r4 can be written as:711

𝑅

𝑅𝑁

M↑(ω→) = S↑(ω→) +ϑ↑(ω→) +G𝑆 (ω→)

= S↑+ϑ↑+G𝑋𝑌𝑍 +G𝛴 +G⇑𝑅𝐿ω⇓ +G
𝑊

→ω+G
𝑊

→ω→ +GF𝑏↔ . (C29)

Equation (C29) generalizes the water mass budget to the full-anomaly framework and provides712

a dynamically consistent decomposition of surface forcing, lateral boundary transport, long-term713

mean trends, transient flux covariances, and diabatic processes.714

The physical interpretation of each term is as follows. The first term on the RHS of Eq. (C29),715

S↑, represents the change in water mass volume due to surface mass flux; in ECCOv4r4 this716

contribution arises solely from freshwater exchange across the air–sea interface. The second term,717

ϑ↑, denotes the advective transport of water mass across the fixed lateral boundaries of the control718

volume; for a global water mass analysis in which isothermal surfaces form closed interfaces, this719

boundary term vanishes identically. The third through fifth terms correspond to transformation720

processes analogous to those in the generalizedω→-anomaly framework of Eq. (18): G⇑𝑅𝐿ω⇓ captures721

the contribution associated with the long-term linear temperature tendency; G
𝑊

→ω arises from722

anomalous velocity advecting the climatological temperature field; and G
𝑊

→ω→ represents the water723

mass transformation driven by the climatological-mean transient advective heat flux, arising from724

the covariance between subseasonal velocity and temperature anomalies. The terms G𝑋𝑌𝑍 and G𝛴725
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account for interior di”usive mixing and surface heat flux anomalies, respectively, both of which726

contribute to diabatic water mass transformation G ⇐ω→ . Finally, GF𝑏↔ represents the transformation727

induced by 𝛱𝛬
↔ , which arises from grid-cell volume fluctuations in the ECCOv4r4 framework.728

In the numerical implication of Eq. (C29), The tendency of M↑ is calculated by projecting729

on the daily snapshot temperature anomaly ω→
snap. Because heat tendencies are not binned into730

temperature anomaly coordinates online, however, we project all of the daily-averaged RHS terms731

on the daily average ω→
avg at the middle time of the two days.732

Following an analogous decomposition, the ECCOv4r4-specific detrended anomaly ω̃→ budget733

is as follows:734

𝛬
↔ 𝑅ω̃

→

𝑅𝑁

+ 𝛬
↔
U ·⇒ω̃→ = ↘⇒ ·


𝛬
↔
U (⇑𝑅𝑁ω⇓ 𝑁)→


↘⇒ · [(𝛬↔U)→ω] +⇒ · [(𝛬↔U)→ω→]

+⇒ · (Fω
di”)→+⇒ · (Fω

forc)→+𝛱𝛬
↔ +F⇑𝑅𝐿ω⇓ . (C30)

where F⇑𝑅𝐿ω⇓ = 𝛬
↔
𝑅𝑁 (⇑𝑅𝑁ω⇓𝑁)→ ↘ 𝑅𝑁 [𝛬↔(⇑𝑅𝑁ω⇓𝑁)→], which can be equal to the first term in the RHS of735

the Eq. (C24) only when the 𝛬
↔ is time independent. Correspondingly, the ECCOv4r4-specific736

detrended anomaly ω̃→↘water mass transformation, GM, is obtained by:737

G𝑆 = ↘𝑂0𝑅ω̃→

∫
ε↑≃𝑇

(
↘⇒ ·


𝛬
↔
U (⇑𝑅𝑁ω⇓ 𝑁)→


↘⇒ · [(𝛬↔U)→ω] +⇒ · [(𝛬↔U)→ω→]

+⇒ · (Fω
di”)→+⇒ · (Fω

forc)→+𝛱𝛬
↔ +F⇑𝑅𝐿ω⇓

)
𝑃𝑄fixed. (C31)

Analogous to the ω→ formulation in Eq. (C27), the total transformation rate is decomposed into738

distinct physical contributions:739

G𝑆 (ω̃→) = G𝑋𝑌𝑍 +G𝛴 +G
𝑊 (⇑𝑅𝐿ω⇓𝑁)→ +G

𝑊
→ω+G

𝑊
→ω→ +GF𝑏↔ +GF⇑𝑐𝐿ω⇓ . (C32)

All terms in Eq. (C32) share identical definitions with their counterparts in the ω→ budget740

[Eq. (C27)], with the exception of G
𝑊 (⇑𝑅𝐿ω⇓𝑁)→ and GF⇑𝑐𝐿ω⇓ , which are specific to the detrended741

40



anomaly framework. These two terms are defined as:742

G
𝑊 (⇑𝑅𝐿ω⇓𝑁)→ = ↘𝑂0 𝑅ω̃→

∫
ε↑≃𝑇

(
↘⇒ ·


𝛬
↔
U
(
⇑𝑅𝑁ω⇓ 𝑁

)→ )
𝑃𝑄fixed,

GF⇑𝑐𝐿ω⇓ = ↘𝑂0 𝑅ω̃→

∫
ε↑≃𝑇

F⇑𝑅𝐿ω⇓ 𝑃𝑄fixed. (C33)

Here, G
𝑊 (⇑𝑅𝐿ω⇓𝑁)→ , analogous to its counterpart in Eq. (21), represents the water mass transformation743

arising from the spatial inhomogeneity of the linearly detrended temperature tendency. The term744

GF⇑𝑐𝐿ω⇓ serves as a correction term attributable to the temporal variability of 𝛬
↔, and vanishes745

identically in the rigid-lid limit where grid-cell volumes are time-independent.746

Collecting all contributions, the ω̃→ water mass budget in ECCOv4r4 is written as:747

𝑅

𝑅𝑁

M↑(ω̃→) = S↑+ϑ↑+G𝑋𝑌𝑍 +G𝛴 +G
𝑊 (⇑𝑅𝐿ω⇓𝑁)→ +G

𝑊
→ω+G

𝑊
→ω→ +GF𝑏↔ +GF⇑𝑐𝐿ω⇓ . (C34)

Compared with the standard anomalous water mass budget derived in Section2 under a fixed-volume748

framework, the ECCOv4r4 formulation is complicated by the temporal variability of the rescaled749

height coordinate 𝛬↔. Since 𝛬↔ encodes the local volume expansion and contraction associated with750

sea surface height fluctuations in the 𝑀↔ coordinate system, its variability modifies both the e”ective751

tracer tendency and the advective flux divergence within each grid cell. As a result, the ECCOv4r4752

anomalous water mass transformation incorporates supplementary contributions — namely GF𝑏↔753

in the full-anomaly budget [Eq. (C29)], and additionally GF⇑𝑐𝐿ω⇓ in the detrended anomaly budget754

[Eq. (C34)] — arising from volume-modulation e”ects that are absent in the standard Boussinesq755

formulation with a rigid lid. In essence, while the dynamical structure of the anomaly budget756

remains consistent with the conventional framework, the temporal variability of 𝛬↔ gives rise to a757

formally extended water mass transformation budget that is specific to the ECCOv4r4 𝑀
↔-coordinate758

system.759
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F!”. B1. (a) Snapshot of the simulated temperature field ω. (b) Time series of temperature (blue solid) at a

representative horizontal location, with the reconstructed linear long-term mean tendency component (⇑𝑅𝐿ω⇓𝑁)

overlaid in red dashed lines. (c) Validation of the instantaneous heat budget: the local temperature tendency

(𝑅𝐿ωsnap) (black solid) is balanced by the sum of the time-averaged advection (orange solid) and diabatic forcing

(green dashed). The resulting residual (red dotted), representing the di”erence between the tendency and the total

forcing, remains at machine precision. (d) Evolution of the temperature anomaly ω→ (blue) and the detrended

anomaly ω̃→ (red). The inset magnification displays the corresponding temporal tendencies for both definitions;

notably, the tendency exhibits characteristic ”stair-step” discontinuities at the end of each year, arising from the

re-centering of the long-term trend within the generalized climatological framework.
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F!”. B2. The left column displays the time evolution of individual components within the anomaly budget

[Eq. (B12)], while the right column shows the corresponding evolution for the detrended wave anomaly budget

[Eq. (B14)].
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