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ABSTRACT: We derive a novel anomalous water mass budget framework in which water masses
are defined by bounds on tracer anomalies rather than absolute tracer values, extending Water
Mass Transformation (WMT) theory to ocean variability and extremes. The material derivative of
tracer anomalies introduces three additional transformation terms absent from the standard WMT
framework: advection of climatological tracer gradients by velocity anomalies, the convergence of
climatological-mean transient advective heat fluxes, and contributions from time mean tendency.
The framework is first tested using an analytical model, confirming budget closure and providing
a clear physical interpretation of each term. Application to the ECCOv4r4 ocean state estimate
over 1993-2017 then reveals that the global volume of anomalously warm water (defined by
® > 3.5°C) exhibits two prominent peaks coinciding with the 1997/98 and 2015/16 El Niifio
events. Budget analysis identifies anomalous advection of the climatological temperature gradient
by velocity anomalies as the dominant driver of warm water volume variability, consistent with the
Bjerknes feedback mechanism, while surface heat flux anomalies consistently act as a damping term
throughout both events, and other terms are relatively small. Negligibly small residuals confirm
the numerical consistency of the framework when applied to a dynamically consistent ocean state
estimate. These results establish the budget of anomalous water mass as a rigorous theoretical
framework that opens new avenues for systematically investigating the dynamical mechanisms
governing the generation, evolution, and dissipation of ocean anomalies associated with climate

variability and extreme events.
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SIGNIFICANCE STATEMENT: Marine heatwaves and temperature variability in the ocean have
significant ecological and climate impacts, yet their physical drivers remain difficult to quantify.
Traditional temperature budget approaches often struggle to capture the evolution of extreme
anomalies, especially below the surface. Here, we introduce a new framework based on anomalous
water mass budgets, which enables a systematic quantification of the processes governing the
formation, maintenance, and decay of temperature anomalies. Applying this framework to a global
ocean state estimate, we show that extreme warm anomalies are primarily driven by circulation
changes acting on the background temperature structure, while moderate anomalies reflect a
balance among multiple processes. This approach provides a new pathway for understanding and
diagnosing ocean temperature variability and extremes across a wide range of spatial and temporal

scales.

1. Introduction

Water masses are bodies of seawater defined by a combination of bounding scalar tracer con-
centrations or characteristics and using fixed regions of the ocean (Iselin 1939; Sverdrup et al.
1942; Montgomery 1958; Worthington 1959). Using tracers in this fashion, a wide variety of
water masses can be identified: density-based definitions yield classic water masses such as North
Atlantic Deep Water (NADW) and Antarctic Bottom Water (AABW); temperature-based criteria
identify features such as the Western Pacific Warm Pool and the Eastern Pacific cold tongue; poten-
tial vorticity-based definitions delineate intermediate and mode waters; and dissolved oxygen-based
criteria identify oxygen minimum zones such as those in the Eastern Tropical Pacific. Generally,
characterizing the mean state, intrinsic variability, and forced changes of the global ocean, as well
as for assessing the long-term impacts of anthropogenic climate change on ocean, can be greatly
facilitated by partitioning the ocean into distinct water masses and diagnosing their respective
steady-state balances, seasonal cycle, or transient evolutions (Iselin 1939; Sverdrup et al. 1942;
Worthington 1959; Speer 1993; Bindoff et al. 2007; Forget et al. 2011; Speer and Forget 2013).

In water mass analysis, ocean variability and change are understood as the variability and
change of the constituent water masses. Since oceanographers commonly assume seawater to be
incompressible (with a constant reference density), water mass change is equivalent to a change in

volume, which occurs when the isoscalar surfaces that define the water mass move through space
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(Drake et al. 2025). Early water mass analyses (Iselin 1939; Sverdrup et al. 1942; Worthington
1959; Talley and McCartney 1982) primarily focused on the climatological mean state, identifying
and tracking water masses defined by fixed thermohaline criteria on isopycnal surfaces (Talley and
McCartney 1982). A major conceptual advance was the introduction of Water Mass Transformation
(WMT) theory by Walin (1982), which provides a concise budget equation directly relating the
evolution of a water mass’ volume to diascalar volume fluxes across isoscalar surfaces, boundary
fluxes, and interior mixing processes (Forget et al. 2011; Groeskamp et al. 2019). The WMT
approach has further been extended to quantify spurious numerical mixing in ocean models (Nurser
et al. 1999; Drake et al. 2025). Even more recently, WMT theory has been applied to the study
of extreme climate events, such as diagnosing the volume budget of extreme warm water masses
associated with marine heatwaves (Bailey et al. 2024). These analyses have proven invaluable for
elucidating the large-scale ocean circulation, ventilation pathways, and the role of the ocean in the
global climate system.

Since existing WMT frameworks define water masses based on absolute tracer values (e.g. tem-
perature), they are awkward to apply to problems related to climate variability or extremes, which
inherently involve tracer anomalies (e.g. temperature fluctuations relative to a seasonal climatol-
ogy). With the backdrop of anthropogenic climate change and climate variability, many oceano-
graphic phenomena of scientific and societal interest are identified as anomalies : El Nifio-Southern
Oscillation (ENSO) is characterized by anomalous sea surface temperatures in the tropical Pacific
(Trenberth 1997); marine heatwaves are defined by persistent positive temperature anomalies
(Hobday et al. 2016). Although some studies have attempted anomalous transformation budgets
of water masses (Speer and Forget 2013; Bailey et al. 2023), this approach is fundamentally based
on a static threshold of A, as opposed to the anomaly A’ of a tracer.

Precisely characterizing the life cycle of water masses defined by anomalies — their formation,
growth, and decay — and quantitatively attributing their evolution to specific dynamical processes
therefore requires a dedicated theoretical framework. To this end, we derive a novel anomalous
water mass budget framework in which water masses are defined by bounds on tracer anomalies
rather than absolute tracer values. The framework is first validated against an analytical solution
to establish its theoretical consistency and to identify potential sources of numerical error, and

then applied to the dynamically consistent ECCOv4r4 ocean state estimate (Forget et al. 2015;
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Fukumori et al. 2021) to diagnose the processes governing the variability of global anomalous
warm water masses.

The remainder of this paper is organized as follows. Section2 presents the theoretical derivation
of the anomalous water mass budget framework under the Boussinesq approximation. Section3 val-
idates the framework against an analytical case, demonstrating its theoretical consistency. Section4
applies the framework to the ECCOv4r4 ocean state estimate to diagnose the processes governing
the variability of global anomalous warm water masses. SectionS summarizes the findings and
discusses future directions. Appendix A reviews the standard derivation of the water mass trans-
formation budget for an arbitrary tracer. Appendix B describes the configuration and numerical
algorithm details of the analytical case. Appendix C presents the derivation of the anomalous water

mass transformation budget in the context of the z* coordinate system employed by ECCOv4r4.

2. Theory

a. Water mass transformation

Before formulating a theory for the transformation of anomalous water masses, we briefly review
the general Water Mass Transformation (WMT) budget for an arbitrary tracer A. This general
result establishes the kinematic framework used below and is independent of any mean—anomaly
decomposition. We define the water mass, Ms, as the mass of the body of water Qs (4, ) that has
tracer values greater than or equal to a given tracer value A and is confined to a region of interest
R (Fig. 1a):

Ms(A,1) :/ pdV. (1)

Qs (1,1)
Walin’s (1977) pioneering analysis demonstrated that the mass and tracer conservation equations
can be combined to derive a quasi-Lagrangian evolution equation for the water mass M. In

Appendix A, we review Drake et al.’s (2025) approach to this derivation, which we use as the basis

for extending the framework to tracer anomalies. The ultimate result is the closed budget (Fig. 1a):

O M) = S (00 + ¥ (1) + G (1), @)
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where Ss is the total surface mass flux into the body of water, W5 is the total transport of water

with tracer values greater than A across the region’s boundary dR, and

Go(11) =0, / DA 4y 3)

o.nr Dt

is the water mass transformation rate, which depends on material derivative of the tracer,

DA .
— =4 4
D1 4)
What makes the water mass transformation framework a powerful scientific tool is that the total
tracer tendencies A on the right-hand-side (RHS) of Eq. (4) can be decomposed to evaluate

contributions from the various physical (or biogeochemical) processes that cause water mass

transformations.

b. Anomalous Transformation of Water Masses and Transformation of Anomalous Water Masses

Since the seasonal cycle is such a dominant signal of variability for most tracers, it is often useful
to instead consider their anomalies A’ relative to a climatological mean A, where the climatological
mean U is generally computed by phase-averaging over several years and the anomaly is defined
as the deviation of the instantaneous field from the climatology, (-)" = () —6.

Along these lines, the WMT framework has been adapted to climate variability problems by

considering the anomalous WMT budget:

(%Mzw) = (S:() + (=(D) + (Gu ()" 5)

For example, Speer and Forget (2013) consider the seasonal transformation of mode waters and
Bailey et al. (2023) consider the climatologically anomalous evolution of waters denser than about
o = 1037.15 kg/m? in the Weddell Sea, which they identify as a precursor of Antarctic Bottom
Waters. However, the utility of this approach is limited because the underlying water masses
are still defined based on a static threshold of A, resulting in an awkward mismatch between the

theoretical framework (in terms of 1) and the quantity of interest A’.
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Here, we pursue an alternative approach, in which a water mass is instead directly defined based

on an anomaly threshold A" (Fig. 1b). The anomalous water mass is thus defined by:

Ms (A1) = / pdV, (6)
Qs (A1)

Applying the WMT framework to this anomalous water mass yields the familiar budget (Fig. 1b):
a ’ 4 ’ ’
5; M=) =S + = (1) + Gu (1), (7

which is analogous to the standard result, except that Gy;(A") depends on the material derivative

of anomalies
D)
Dt

6 4 ’
:E(/l)+U-V(/l). @)

We emphasize that the transformation of these anomalous water masses (in tracer anomaly space)
are an entirely distinct concept from the anomalous transformation of standard water masses (in
tracer space).

As a proof of concept, we here evaluate budgets for anomalous water masses defined in terms
of climatological anomalies of temperature. To introduce these concepts in a more accessible way
before applying them to comprehensive ocean model output, we construct a synthetic temperature-
like tracer field that evolves in space and time according to specified velocities and Eulerian
temperature tendencies (Appendix B), complete with a seasonal cycle, a secular trend, and other
variability modes (Figure B1). A major benefit of this analytical model is that it is not subject
to any spurious numerical mixing or discretization errors, meaning we can be more confident in
our calculations and interpretations of terms in the budgets. For example, Figure 2a shows the
emergence of a water mass in the domain that is at least 2.93 (non-dimensional temperature units)
warmer than the climatological mean, i.e. Ms(® =2.93). The goal of the following sections is

to derive a closed WMT budget that enables us to understand the processes driving this evolution.

c. Material evolution of temperature anomalies relative to a climatological seasonal cycle

Consider the conservative temperature ® with the climatological seasonal cycle removed, i.e.,

the temperature anomaly @’ relative to a climatological annual cycle ©. To arrive at the anomalous
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water mass budget, we begin from the generic tracer budget given by Eq. (9) and need to derive

expressions for the material transformation terms, or tracer anomaly tendencies, that balance the

) ) ) .. D@
kinematic material derivative %.

Subtracting the climatological mean equation [Eq. (10)] from the total temperature equation

[Eq. (9)] yields the standard temperature anomaly tendency equation [Eq. (11)]:

0 :
— = -U-VO+0, 9
o + )
90 - = = =
5 = “Uve-v.ue+e, (10)
00\ ) = —\
(E) - _U-VO —V(U@)—V-(—U@)m, (11)

where U denotes the velocity field, and © represents the diabatic heat sources and sinks, including
surface heat fluxes, geothermal heat fluxes, and mixing processes.

While Eq. (11) is often used to attribute the drivers of temperature variability encapsulated
by the anomaly ©’, this approach implicitly assumes that the climatolical anomaly operation
commutes with the time derivative, i.e. (9,0) = §,(®"). This assumption breaks down when
the climatological mean seasonal cycle is aperiodic, such that 8,0 # 4,0, as in the presence of a
significant mean warming, i.e. (0;®) > 0, where the angle brackets denote a long-term (multi-year)
average.

As a step towards an evolution equation for ®’, we define the detrended temperature © =
® - (9;0)(t — t9) by removing the integral of the mean tendency. As illustrated in Fig. Bld,
this procedure ensures that 6,_(:) = (9,6 for the detrended anomaly, enabling us to proceed with
deriving an expression for the material tendency of temperature anomalies. Substituting the

detrended anomaly into Eulerian tendency, we arrive at a revised budget equation for the detrended
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D = uver6-(e) (12)
00 S pu——

E = —U~V®—V~(U’@’)+®—(5,@>, (13)
K1CY , = - =\,

age 4}V®—V(UC0—V(4U®)+@», (14)

Since the starting point for anomalous water mass transformation theory is an anomalous tracer

conservation equation in the material form DD—AZI = % +U- VA, Eq. (11) can be recast as a budget

of the anomaly ®’:

DO’ 9O’

= T 4U-VO = (9) -V (UB) - V- (-U®) +4,[((6,0))1. (15)

Meanwhile, Eq. (14) for the detrended anomaly is not yet in material form, because the material
tendency involves the anomaly @', not the detrended anomaly. By partitioning the advective flux
into components related to the long-team mean tendency anomaly and the detrended anomaly, the

budget for the detrended anomaly ®’ can be expressed as:

DO’ 96

D = 5 *U VO =)=V (UB)-V-(-TUF)-v-(U@en).  (6)

The last term on the RHS of Eq. (15) is non-zero due to the time-dependence of the climatological
mean operator and represents how trends within the climatology estimation period get reflected
into anomaly budgets (Figure B2c). This effect is mitigated by first detrending the anomalies, as
evidenced by the absence of this term from the detrended budget [Eq. (16)]; however, the locally-
detrended anomalies does not account for the advection of temperature anomalies associated with
non-local trends, as revealed by the new last term on the right-hand side of Eq. (16).

The distinction between these two budget formulations is critical for practical applications under
global warming scenarios. As demonstrated in Fig. 2a-b, the water mass of anomaly ® and

detrended anomaly ©’ can be very different. Most notably, the tendency of @’ retains the imprint
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of long-term global warming, whereas the detrended anomaly isolates variability on all other
timescales—excluding both the long-term mean tendency and the climatological seasonal cycle.
The tendency of ®’- water mass displays characteristic step-like discontinuities at the juncture
of successive annual cycles, a direct consequence of the persistent long-term mean tendency pro-
gressively shifting the climatological baseline. The detrended formulation, by contrast, preserves
dynamical continuity; however, it remains influenced by the spatially heterogeneous long-term
mean tendency, which modifies the detrended anomaly field through advection (the last term on
the RHS of Eq. (16)) as shown in Fig. B2d. Given these different properties and budget structures,
both anomaly definitions will be employed in the main text to develop their respective theoretical

frameworks for anomalous water mass transformation.

d. Transformation budgets for anomalous water masses

The primary distinction between budgets for water mass Ms(A) and anomalous water mass
M5 () is in transformation term Gj. Combining Eq. (15) and Eq. (A6) yields the Gy of
©®’-water mass:

Do’
ZmR Dt

Gu(®) = —pode ‘/Q dav

—poder /Q mR((@)’—V-(U’@)—V-(—W)+8,[((8t®)t)’])dv. a17)

Transformation of anomalous ®’-water mass transformation thus consists of four components:

Gu(9) = Gy + G5+ G + Glo,0)- (18)

The first term on the RHS is the transformation due to the anomalous material derivative of
©®’, which corresponds directly to the WMT term in the standard analysis; the remaining three
terms, however, have no equivalent in the standard WMT framework. The second term represents
the contribution from the advection or stirring of velocity anomalies acting on the climatological
temperature gradient, while the third term reflects how climatological heat fluxes due to correlations
between temperature anomalies and velocity anomalies can transform anomalous water masses.

The last term reflects the artificial transformation of anomalous water masses due to the aperiodic

10
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nature of the climatogical seasonal cycle associated with a long-term mean warming. In practice,
Ge can be decomposed into contributions from anomalous surface heat flux, Gq, and anomalous
mixing, G, (Fig. 1b).

Substituting Eq. (18) into Eq. (7) yields the ® water mass budget (Fig. 1b):

9 ,
EMZ(G)) = S$:+¥Y:+ Gy + Gt Gre + Go,0)- (19)

We also investigate the water mass budget of the detrended anomaly, ® by combining Eq. (16)

and Eq. (A6). Finally, the ®’-water volume budget is obtained by:

Gu(®) = _POa@//

Q.NR ((6), -V (U@) -V (‘W) -V-(U(9,0) t)’)) dv. (20)

Here, the transformation term, Gy in ©’-water volume budget also includes four terms:

Gm(Q) = Go + G5+ Grrgr + Gua,ony 21

Here the last term of RHS, Gy (5,0, represents the contribution of spatial heterogeneity in
temperature trends to water mass transformation of @’

Substituting Eq. (21) into Eq. (7) yields the ® water mass budget (Fig. 1b):

(9 ~/
EMZ(Q ) = S:+Y¥>+Go +G 5+ Gre t Guo,en - (22)

3. Application to an Analytical Model

To validate the anomalous water mass budget framework, we construct a dynamically consistent
analytical model of temperature, T = T'(x, z,t), its Eulerian evolution, and the velocity field that
advects it. This model serves as a rigorous testbed to verify temperature anomaly budget closure
and further the anomalous water mass budget closure in Eqs. (A6). Ultimately, this analytical
verification demonstrates the theoretical integrity of the proposed framework, facilitates a clear
physical interpretation of each budget component, and provides a benchmark for evaluating po-

tential sources of numerical error in discrete datasets. Anecdotally, the utility of this approach is

11
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demonstrated by the fact that we only deciphered the subtle effects of mean trends on the anomalous
WMT budget thanks to the analytical model, which in the case of ECCOv4r4 were relatively small
and obscured by the non-closure of the WMT budget.

Figures 2a and 2b illustrate the time evolution of non-dimensional anomalous water mass defined
by an extreme warm threshold, corresponding to the 95th percentile of the respective temperature
anomalies. The discrepancy between the two time series reflects the differing definitions of the
anomaly and the detrended anomaly. Under a persistent warming trend, the volume of the anoma-
lous warm water mass increases substantially over time. In contrast, the detrended formulation
isolates the interannual variability of extreme heat by removing both the seasonal cycle and the
long-term mean tendency. The budgets close in both cases (Figs. 2¢ and 2d), with root-mean-square
(RMS) residual errors of 6.8% and 6.3% relative to the RMS tendency for the ®’- and ©’-based bud-
gets, respectively. These small residuals demonstrate that the numerical implementation accurately
captures the underlying closure of the anomalous water mass budget.

In this analytical case, we first examine the ®'-WMT budget (Fig. 2c). The time tendency of the
non-dimensional anomalous water mass is jointly regulated by diabatic processes (Gg, ), anomalous
advection of the climatological temperature gradient (G, ), and the climatological transient eddy
flux (Gg7g7)- However, the annual tendency is dominated by pronounced “stair-step” discontinuities
at each integer time, which arise from the reconstructed time mean tendency anomaly (G5,0)). As
a result, the non-dimensional water mass tendency exhibits a systematic increase and enhanced
variability.

We next consider the detrended budget (Fig. 2d), in which the influence of the time mean
tendency anomaly is removed. In this case, the budget for the detrended extremely warm water
mass is primarily governed by the competition between anomalous diabatic transformation (Gg, )
and the transformation associated with the spatial heterogeneity of the long-term mean tendency
(Gu,0)ry)- The contributions from anomalous advection (G;,,g), climatological transient eddy
fluxes (Ggg7), and boundary water mass flux (W) are comparatively small, but remain necessary
for accurate budget closure.

Figure 3 further quantifies the time-mean budget and its standard deviation across a full range of
anomaly thresholds. The time-mean budget for the anomalous water mass (Figs. 3a and 3c) shows

that closure is robustly maintained (Res = 0) for the majority of intense warm and cold anomalies.

12
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For the anomaly case (Fig. 3a), the non-dimensional mass change exhibits a pronounced positive
tendency, primarily driven by the transformation associated with the long-term mean tendency
anomaly (G(s,@))- In contrast, for the detrended case (Fig. 3¢), the net volume tendency is close to
zero, reflecting the removal of the dominant low-frequency trend signal. The balance in this case is
mainly governed by the offset between the transformation associated with the spatial heterogeneity
of the long-term mean tendency and diabatic transformation.

The standard deviation of the budget terms (Figs. 3b and 3d) highlights the distinct temporal
variability between the two cases. For the anomaly case (Fig. 3b), the variance is strongly
amplified by the year-end discontinuities associated with the long-term mean tendency, leading
to large fluctuations across thresholds. In contrast, the detrended case (Fig. 3d) exhibits reduced
variability, with interannual fluctuations primarily governed by diabatic transformation and the
transformation associated with the spatial heterogeneity of the long-term mean tendency. The
increase in both the residual and its variability as the two anomaly threshold approaches zero
does not indicate a theoretical inconsistency, but rather reflects numerical cancellation errors: at
small thresholds, the budget involves differencing between large water mass volumes, rendering
the discrete sampling more sensitive to rounding errors. These errors should not be misconstrued
as spurious mixing — there isn’t any in our analytical example.

In summary, the analytical application confirms the validity of the anomalous water mass budget
theory. The anomalous ®’-WMT framework successfully partitions water mass (or volume) changes
into contributions from time mean tendency anomalies, advection of climatological gradients,
climatological transient eddy fluxes, and diabatic transformation. Similarly, the detrended o'-
WMT framework accounts for the critical role of the spatial heterogeneity in the warming trend.
Importantly, these two frameworks diagnose fundamentally different types of water mass anomalies.
The ®’-based budget captures variability that includes the influence of the long-term warming
trend, while the ©’-based budget isolates variability relative to that trend. As a result, the inferred
dominant processes and temporal evolution can differ substantially between the two formulations.
One or the other may therefore be more appropriate depending on the scientific question being
addressed. Together, these diagnostic terms, which are absent in standard WMT frameworks,
provide a powerful new tool for deciphering the underlying dynamics of water mass variability in

a changing climate.
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4. Application to ECCOv4r4

The Estimating the Circulation and Climate of the Ocean (ECCO) version 4 release 4 (v4r4) state
estimate serves as the primary dataset for our analysis. Unlike traditional atmospheric or oceanic
reanalyses, ECCOv4r4 is derived through the adjoint method, ensuring a dynamically consistent
and closed-budget representation of the ocean’s state (Forget et al. 2015). This closure is particularly
advantageous for water mass analysis, as it provides a comprehensive suite of diagnostic terms for
the momentum, volume, and heat budgets, thereby eliminating the non-conservative increments
that complicate budget-based studies in other reanalysis products. In this study, we utilize the daily
output of ECCOv4r4 spanning 1 January 1993 to 30 December 2017 to diagnose the anomalous
water masses budget of temperature.

Figure 4a shows the time evolution of the global water mass defined by the anomaly (®")
exceeding 3.5°C. This threshold is chosen to represent extremely anomalous water masses, with
other threshold choices shown in Fig. 6. The resulting time series exhibits two prominent peaks: the
largest occurring in late 1997 to early 1998, and the second largest in late 2015 to early 2016. These
peaks coincide with the two most intense El Nifio events on record (Trenberth 1997; McPhaden
1999; Santoso et al. 2017). Consistent with this correspondence, the global anomalous water mass
is moderately correlated with the Nifio3.4 index (r = 0.58). A similar correlation is obtained for
the detrended anomaly, indicating that this relationship reflects interannual variability rather than
a shared long-term trend.

In addition, some of the smaller peaks in the time series may be associated with La Nifa
conditions (negative phases of the Niflo3.4 index). Given that the ®" > 3.5°C water mass is
primarily concentrated in the tropical Pacific and Indian Oceans, this behavior may reflect a
redistribution of heat between ocean basins across different phases of ENSO (not shown). The
time series of the warm water mass defined by the detrended anomaly (', Fig. 4b) exhibits only
a slight difference in magnitude compared to that based on ®’. This contrasts with the analytical
case (Figs. 2a,b), and can be attributed to the relatively modest warming trends in the real ocean
compared to the idealized scenario.

Figures 4c and d show the ®’-water mass budget framework applied to ECCOv4r4 [Eq. (C29)],
integrated in time to facilitate comparison to the anomalous water mass timeseries. The warm

water budget reveals that the net increase of this warm water mass is dominated by the water mass
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transformation due to anomalous velocity advecting the climatological temperature (G,,,g), while
interior diabatic mixing constitutes the primary contribution to water mass destruction, followed
by the climatological transient eddy heat flux (Gy7g;). Notably, anomalous surface heat flux also
acts to erode the warm water mass, but this contribution is almost exclusively concentrated during
the two super El Nifio events. Finally, the climatological transient eddy heat flux is relatively
small, comparable in magnitude to the residual, which encompasses errors linked to discretization
in temperature space, numerical errors that may or may not be interpreted as spurious mixing
(Megann 2018; Bailey et al. 2023), and other unresolved processes.

Figure 5 shows the corresponding WMT budget, which is simply the time derivative of the warm
water budgets shown in Figure 4. The residual is negligibly small at all times, confirming the
validity of both our theoretical framework and numerical implementation, and indicating that the
well-resolved dynamical terms provide valuable insights into the variability of the global warm
water mass. The most prominent feature is that this variability is dominated by the advection
of climatological temperature by velocity anomalies (orange line). During the two extreme El
Nifio events of 1997/98 and 2015/16, this anomalous advection could be the eastward transport of
warm water from the western Pacific warm pool, leading to the accumulation of the global warm
water mass (McPhaden 1999; Santoso et al. 2017). This is consistent with the classical Bjerknes
feedback mechanism, in which anomalous westerly winds drive anomalous oceanic advection,
further amplifying the warm sea surface temperature anomalies (Capotondi et al. 2015). Notably,
the surface heat flux anomaly (red line) acts as a heat sink throughout nearly the entire duration
of both events, including during their growth phases, reflecting the enhanced ocean-to-atmosphere
heat release that characterizes extreme El Nifio events (Trenberth 1997; Santoso et al. 2017). The
©’-water mass budget (Eq. C34; Figure 5b) exhibits a pattern largely similar to that of the ®'-water
mass budget, consistent with the negligible difference in warm water mass volume between the
two definitions. Overall, these results highlight the potential of our framework to capture the full
life cycle of anomalous warm water mass variability, and motivate future investigations into the
regional contributions and dynamical origins of such signals.

Figure 6 further shows the time-averaged anomalous water mass budget and the corresponding
standard deviations across a range of temperature anomaly thresholds. Both the ®'- and ®’-water

mass budgets achieve good closure at relatively large warm or cold temperature anomalies. The
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residual increases as the temperature anomaly approaches zero, consistent with the analytical case
(figure 3), and attributable to numerical errors arising from the computation of small differences
between two large water mass volumes, which makes the discrete sampling framework more
sensitive to rounding and differencing errors.

Beyond the closure behavior, the budget patterns reveal that the tendency of the water mass at
extreme temperature anomalies is primarily dominated by the advection of climatological tem-
perature by velocity anomalies (orange lines), whereas at moderate temperature anomalies, the
tendency reflects a balance among mixing anomalies (blue lines), surface heat flux anomalies
(red lines), and the advection of climatological temperature by velocity anomalies (orange lines).
Regarding the variability of the budget terms, the standard deviations indicate that the rates of
change are dominated by the advection of climatological temperature by velocity anomalies across
most temperature anomaly thresholds. This highlights the short-timescale activity of each process,
even when their time-mean contributions are small.

In summary, the application of the anomalous water mass budget framework to ECCOv4r4
demonstrates its ability to accurately close the mass budget of globally defined anomalously warm
and cold water masses, while providing a dynamically consistent decomposition of the processes
governing their variability. The framework reveals that anomalous oceanic advection is the primary
driver of variability of extremely warm water masses, particularly during the two most intense El
Nifio events of the satellite era, whereas surface heat flux anomalies and mixing consistently play
a damping role. These results establish the robustness of the framework as a powerful diagnostic
tool and motivate its further application to regional water mass analyses and the investigation of

other climate phenomena.

5. Conclusions

In this study, we have developed a novel theoretical framework for the budget of anomalous water
masses, in which water masses are defined by bounds on tracer anomalies rather than absolute
tracer values. To our knowledge, this represents the first systematic derivation of a transformation
budget for anomalous water masses, extending the classical Water Mass Transformation (WMT)
theory to the space of climatological anomalies. The key theoretical contribution is the derivation

of the material tendency of tracer anomalies, which introduces three additional transformation
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terms absent from the standard WMT framework: the contribution from time mean tendency, the
advection of climatological tracer gradients by velocity anomalies, and the climatological-mean
eddy heat flux. We further distinguish between two anomaly definitions — the anomaly ®” and
the detrended anomaly @ — and derive their respective budget equations, demonstrating that
the choice of anomaly definition has important implications for the interpretation of water mass
variability under a long-term warming trend, although these additional corrections appear to be
relatively small in context of real ocean warming rate.

The framework was first validated against an analytical model, which confirmed budget closure
and provided a clear physical interpretation of each transformation term. The analytical case
demonstrated that the detrended formulation effectively isolates interannual variability by removing
both the seasonal cycle and the long-term mean tendency, while the anomaly framework retains
the imprint of global warming. Both formulations achieve robust budget closure, with residuals
remaining negligible across a broad range of anomaly thresholds, with the exception of near-zero
thresholds where numerical cancellation errors become significant.

The framework was then applied to the ECCOv4r4 ocean state estimate to diagnose the budget
of global anomalous warm water masses over the period 1993-2017. The global warm water mass
defined by temperature anomalies exceeding 3.5°C exhibits two prominent peaks coinciding with
the two most intense El Nifio events on record — the 1997/98 and 2015/16 events — consistent with
the anomalously warm sea surface temperatures in the tropical Pacific during these periods. Budget
analysis reveals that anomalous advection of the climatological temperature gradient by velocity
anomalies is the dominant driver of warm water mass variability, particularly during extreme El
Nifio events, consistent with the classical Bjerknes feedback mechanism. In contrast, surface heat
flux anomalies act as a consistent heat sink throughout both events, reflecting enhanced ocean-
to-atmosphere heat release. The negligibly small residuals confirm the validity and numerical
consistency of the framework when applied to a dynamically consistent ocean state estimate.

These results establish the anomalous water mass budget framework as a powerful diagnostic tool
for characterizing the life cycle of ocean anomalies associated with climate variability and extreme
events. Future work should extend this framework to regional water mass analyses, explore its
application to other tracers anomalies of interest, and investigate the regional contributions to the

global anomalous warm water mass variability identified here.
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FiG. 1. (a) Color shading shows sea temperature from ECCOv4r4 on 1 January 2015. The red contour marks
the 29°C isotherm, enclosing the water mass with ® > 29°C. The brown contour shows the 29°C isotherm on
2 January 2015, indicating its evolution. The black dot—dashed line denotes the daily mean mixed layer depth
(MLD) on 1 January 2015. Light gray contours show the 0.9°C positive temperature anomaly on 1 January 2015.
This panel illustrates the geometric definition and temporal evolution of water masses used in the standard water
mass budget [Eq. (2)]. The transformation term G, is decomposed into surface heat flux and mixing contributions,
Go and Gnix, respectively, following Eq. (C29). (b) Color shading shows the temperature anomaly on 1 January
2015. The red contour marks the 0.9°C anomaly, enclosing the water mass with ® > 0.9°C. The brown contour
shows the 0.9°C anomaly on 2 January 2015. The black dot—dashed line denotes the daily mean MLD on 1
January 2015. Light gray contours show the 29°C isotherm. This panel illustrates the geometric framework for
anomalous water masses used in the anomalous water mass budget [Eq. (7)]. In this case, the transformation
term G includes additional contributions beyond Gp and G,ix, as defined in Eq. (C29), reflecting the modified

transformation processes in the anomalous framework.
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Fic. 2. (a) Time evolution of the non-dimensional water mass defined by the anomaly (®’) warmer than the
95th percentile threshold (2.93). (b) As in (a), but for the detrended anomaly @) exceeding its 95th percentile
threshold (2.20). (c) Time series of individual budget components from the anomalous budget [Eq. (19)] for the
95th percentile anomalous water mass defined by ®’. The budget is evaluated using a finite time interval At (here
At =0.01 yr), and thus the magnitude of the “stair-step” discontinuities reflects this temporal discretization. In
particular, shorter At would lead to larger instantaneous tendencies, while longer At smooths these variations
without altering the underlying budget closure. (d) As in (c), but for the detrended anomaly using the detrended
anomalous budget [Eq. (22)]. All budget terms are shown except S, as there is no surface mass flux in the

analytical case.
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306 Fic. 3. Statistical analysis of the non-dimentional anomalous water mass budget as a function of temperature
a7 anomaly thresholds. (a) Time-averaged budgetary components for the anomaly (®”) across a range of temperature
ws thresholds. (b) Corresponding standard variance of budgetary components for the anomaly (®”). (c, d) As in (a,

w9 b), but for the detrended anomaly (@) budget and its standard variance.
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FiG. 4. (a) Daily time evolution of the global water mass defined by the anomaly (®”) exceeding 3.5°C spanning

1 January 1993 to 30 December 2017 in ECCOv4r4. The Nifio3.4 index derived from ECCOv4r4 is overlaid

(right axis) using a 30-day moving average. El Nifio (La Nina) conditions are indicated by red (blue) shading

when Nifo3.4 exceeds +0.5°C, with darker shading for anomalies exceeding 1.5°C. (b) As in (a) but for the

detrended anomaly (@) exceeding 3.5°C. (c) Time series of individual cumulative budgetary components (within

the anomalous budget — Eq. (C29)) for the global water mass defined by the anomaly (®’) exceeding 3.5°C. (d)

As in (c) but for the detrended anomalous budget [Eq. (C34)]. All time series have been smoothed with a 30-day

moving average.
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with a 30-day moving average.
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APPENDIX A

Derivation of the Boussinesq Water Mass Transformation budget from first principles

Applying the Leibniz-Reynolds transport theorem to the time derivative of the water mass
M defined in Equation 1, we find that the time tendency of the water mass arises from two

contributions—changes in density (within a fixed volume) and changes in volume:

ﬁMZ(A,;) = / op dV+}§ p U0 f4s. (A1)
or Q. () 01 00 (11)

Here dQ: (1,¢) denotes the boundary of the water mass, and U(%?=) represents the instantaneous
velocity of this moving boundary—distinct from the fluid velocity U.

Under the Boussinesq approximation—commonly adopted in ocean models—the fluid is as-
sumed nearly incompressible, such that p is treated as a constant pg in Eq. (Al). Under this
approximation, the water mass M enclosed by a body of water Q5 (4,¢) is simply proportional
to the enclosed volume of water V5 = sz (1) dV = Ms/po. While this approximation motivates
some authors to express water mass transformations in units of volume, we find it more generaliz-
able and natural-given the terminology—to work directly in terms of mass, even in the Boussinesq
applications that follow.

While the first term on the RHS of Eq. (A1) vanishes under the Boussinesq approximation, it
will prove useful to nevertheless substitute the mass conservation equation, d;p = =V - (pU), to
make the flow divergence appear explicitly, revealing that water mass change arises due to the

competition between flow through the water mass’ boundary and the movement of the boundary
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itself through the water:

SM(LD) =0

(U _ U“’Qz)) ‘A dS, (A2)
ot 095 (A1)

Walin’s (1977) insight is to separately consider the contributions to the surface integral in from
different types of boundaries. We introduce the notation 9Q5(¢) = (0Q>(f) NR) U (Qx(t) NIR)
to distinguish the physical boundaries of the water mass within the region (the first term) from the
artificial boundaries that arise by confined the water mass to a region of interest R (the second

term). A useful decomposition is then:

0:}15 U~ﬁ<‘99>>dS:/ U-ﬁ<surf>ds+/ U~ﬁ(‘9R)dS+6,l/ U-VAdV. (A3)
Qs QL™ NAR Q=NIR Q-NR

Here, the first term on the RHS represents the volume flux across the surface boundary; the second,
the flux across the lateral region boundary; and the third, the flux across the A tracer isosurface,
which we rewrite using the standard transformation relationship. We assume there is no mass flux
across the seafloor.

Before deriving the contribution of instantaneous volume change to the water mass tendency,
we recall a purely kinematic identity associated with the evolving tracer isosurface. Along an
isosurface of the tracer 4, the total derivative of A vanishes identically, since the surface is defined

by the level-set condition A(x,7) = const. Specifically,

dl 02
— == + U2 vy =0, along the A-isosurface . (A4)

This statement is purely kinematic and therefore remains valid even when A represents a tracer
anomaly. The interface velocity U®?) corresponds to the full velocity field that advects the
surface, rather than to any anomalous component. This kinematic constraint forms the basis for
the consistent formulation of the anomalous water mass budget developed below.

Then applying Eq. (A4) to the second term of Eq. (A1) and noting that the diatracer unit vector is

defined by i) = VA/|V 1|, the contribution from the instantaneous volume change can be rewritten
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492 AS:

0Q>
f U9 ads = / psurh) | g (surf) dS+‘7§ U9L:) .y S
0Q>NR QN NIR o0.nr VA

/ U(surf) ’ﬁ(surf) dS_'_}{ (_8_/1) LdS
JOVTNIR sa.nr\ 0t ) |VA]

01
/ U(surf) _ﬁ(surf) dS—a,l/ —dV. (AS)
JQTNIR 2.0k Ot

< Here the first term on the RHS represents the contribution from the surface (or bottom) boundary
s« to the volume change, while the second term reflects the effect of the tracer tendency—the water
w5 mass transformation term.

s Further, combining Egs. (A3) and (AS) and multiplying by p¢ yields the A-water mass budget:

0
_MZ(/l,t) = —PO/ (U_U(Surf))_ﬁ(surf) ds
ot IOVTNIR
—Po / U-na%R ds
szaR
oA
—10051/ (— +U-V/l) dVv. (A6)
Q.NR ot

<« For any tracer A, Eq. (A6) shows that the tendency of the A-classified water mass within a region

©s R can be decomposed into three terms:

< 1. surface mass exchanges S> (so small it is neglected in most contexts),

so 2. lateral boundary transport W, (which vanishes if the region R completely encloses the body

501 of water, as in global analyses), and
sc 3. cross-isosurface transformation G, controlled by the material derivative % = % +U-Va=A.

s Therefore, the key to deriving any closed water mass budget is to determine the processes that

5

S

.« contribute to the tracer’s material tendency.

5

S

505 APPENDIX B

506 Analytical Temperature Model and Discretization of the Budget Calculations
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a. Model Configuration and Discretization

For an initial test of the anomalous water mass framework, we construct an idealized analytical
model of non-dimensional temperature variability. The horizontal domain spans a dimensionless
range x € [0,3], discretized with a uniform spacing Ax = 0.0035 (N, = 858). Ay =1 (N, = 1).
The reference density (o) is set to 1 for simplicity. The temporal domain covers 7 € [1,41], where
t = 1 defines one model “’year”, corresponding to the primary “’seasonal cycle” frequency Q; = 2.
High-frequency variability is resolved using a sampling rate of Ar = 0.01 (100 samples per year).

Reflecting the architecture of modern General Circulation Models (GCMs), the vertical grid
employs exponential stretching to enhance resolution in the upper ocean. The physical depth
z € [0,4000] m is mapped to a computational coordinate n € [0,1] via the cumulative depth
function:

e —1
1 * Zmaxs (Bl)

ze(n) = ——

where a = 3 is the stretching parameter. Discrete cell centers z; are located at the midpoints of the
layers: zx = (Ze.k +2Zc.k-1)/(22Zmax). This configuration yields 50 vertical levels concentrated near
the surface to capture intensified velocity profiles and sharp thermal gradients. All spatiotemporal

coordinates are treated as dimensionless.

b. Governing Equations and Analytical Gradients

The instantaneous temperature field ®(x, z,7) is constructed as the product of a horizontal field

with a vertical structure function f(z):

O(x,2,1) = [Owave (X, 1) + Opack (X) + Oena(x,7) + ] f(2), (B2)

where f(z) = 1—tanh[(z—H{)/d]. The transient component By, represents seasonal oscillations

and propagating wave modes:
2
Owave (x,1) = Z a;cos(Lt) +azsin[ki(x —cpt)] +assin[ka(x —cpt)]. (B3)

i=1

The background state, Op,cx(x) = yx, prescribes a constant horizontal temperature gradient to

mimic zonal sea surface temperature (SST) transitions. To simulate complex climate signals,
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Oyend Incorporates an accelerating warming trend and periodic interannual variability:

2 .
Oend (x,1) = [Plinear + bx,amp cos(kyxx)]t+ baccert” + aiow SIN(Qow? + Plow), (B4)
———
Spatially-modulated warming trend ~ Acceleration  Interannual variability mode

where by amp introduces spatial heterogeneity in the warming rate. Fig. Bla shows a snapshot of
the analytical temperature.

The velocity field u(z,t) is surface-intensified and oscillatory:

u(z,t) = ug[1+assin(Qast)] -exp(—z/Hy). (B5)

The velocity is spatially uniform (du/dx = 0), ensuring mass conservation (V -u = 0) with zero
vertical velocity (w = 0).
The local tendency d®/dt and horizontal gradient 0®/dx are derived analytically to ensure the

governing equations are satisfied exactly:

00 [ 2 2 0Ouend

Fri f(2) —ZaiQi sin(€;1) — Zaj+2kjcp cosj+ atrten ’ (B6)
| =1 J=1

00 E

o =@ Zaf+2’<j cos ¢ — by ampkx sin(kxx)t +7 |, (B7)
_j:1

where ¢; = k;(x —c,t). The diabatic forcing implied by these tendencies is then derived ana-
lytically in closed-form: ® = 3,0 +ud,®. This analytical formulation provides a “ground truth”
benchmark for budget verification. All parameters assigned to these analytical expressions are
summarized in Table B1. It should be emphasized that while the parameters are specifically cho-
sen to mimic the multi-scale complexity of observed oceanic temperature variability, they do not
affect the fundamental closure of the budget. Rather, achieving exact closure under such intricate
spatiotemporal conditions further demonstrates the robustness and theoretical rigor of the proposed
framework. A major advantage of this analytical approach is that water mass budgets can be exactly
closed, as there are no discretization errors; by contrast, water mass budgets in finite-volume GCMs
exhibit significant amounts of spurious mixing, which appear as a residual term when attempting

to close water mass budgets (Griffies et al. 2000; Lee et al. 2002; Drake et al. 2025).
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TaBLE B1. Parameters for the non-dimensional analytical model configuration.

Parameter Value Parameter Value

aj,ap (Seasonal) 1.0, 0.5 biinear (Linear trend)  0.04

as, aq (Waves) 2.0,1.0 baccel (Accel. trend) 0.003

as (Velocity osc.) 4.5 bx,amp (Trend mod.)  0.04

ki, k> 17.57/ Xmax,0.25k; | kx (Trend mod. k) 1.5 27/ Xmax
Q1, Q) 27, 2m (2.7 Alow > Qow 0.4,27/50

Q3 (Vel. freq) 2n/3 Plow,C 0,15.0

uo (Ref. velocity)  0.08 v (Back. gradient) -3.0

cp (Phase speed) 0.5 Hi,H,, 6 (Vertical)  0.025, 0.05, 0.25

c¢. Time-averaged Diagnostics and Budget Closure

To mimic the way GCM budget diagnostics are archived, we compute time-averaged fields yave

over intervals of Az = 0.01 using analytical antiderivative functions 7, = / xd:

Ly (t+An) -1, (1)

Xave = > , x€{0,u0,0,0}. (B8)
The numerical budget is then evaluated as:
A® 00 .
— =—|u—| +Ou,. B9
v =), o ®

In this notation, the subscript “avg” explicitly denotes a time-averaged quantity; unless other-
wise specified, all variables without this subscript are understood to be instantaneous snapshots.
As shown in Fig. Blc, the budget achieves perfect closure at machine precision, validating the

consistency of the framework before proceeding to anomaly decompositions.

d. Two Anomalous Temperature Budget Formulations

As introduced in Section 2, we evaluate the performance of the proposed framework using two
distinct anomaly definitions. Specifically, we consider temperature anomalies defined relative to
the climatological annual cycle, as well as those further detrended to isolate transient variability
from long-term warming.

In this analytical configuration, the climatological mean of any physical quantity or flux term ¢

(representing either a snapshot field such as © or a time-averaged field such as ©,,) is calculated
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by averaging the signal across N years for each specific seasonal phase 7 € [0, 1):

N-1
5(x,z,r) :%;}¢(x,z,7+nT), (B10)

where T = 1 is the annual period and N = 40. The corresponding anomaly is subsequently defined
as ¢ = ¢ —¢. This operator is applied consistently to all budget components to decompose the

total variability into its seasonal cycle and anomalous perturbations.

1) THE ANoMALY BUDGET

In the first formulation, we consider the anomaly ®’ defined relative to the climatological annual
cycle. To ensure numerical consistency within the discrete sampling framework, the tendency term
is computed from instantaneous snapshots, while the forcing terms are derived from time-averaged

diagnostics:

,00

0o’ .,
ua u o +0 (B11)

avg>

A0 _AWGH [ 90)
At At 0% ) 1ue

avg avg

where the right-hand side components represent the impact of the long-term mean tendency, and
the theoretical decomposition of the anomalous advective and diabatic forcing, respectively.
However, in practical oceanographic applications—particularly when analyzing standard GCM
outputs—high-frequency correlation terms (i.e., the time-average of instantaneous products of
anomalies) are typically unavailable, because the instantaneous anomalies are unknowable at run
time. To address this data constraint, we approximate the budget using resolved time-averaged

fields:

avg
0x ave

At At Ox ~ Have ox

avg

’ A 00 1) ! ’ 2
A® _ (1) B avg(5®) ’ (66) _,_ugwg(a_@) +®’. +Res. (B12)
avg

Specifically, the climatological eddy flux term is estimated from the resolved time-averaged vari-

ables through Reynolds decomposition:

90\’ 90 __ {00
ugwg (E) = Uavg (a) _uavg(a) . (B13)
Vg avg avg

a
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This formulation mimics the typical archival strategy of ocean models, which prioritize time-
mean velocity and tracer fields. Consequently, evaluating the budget in this manner provides a
robust assessment of the framework’s applicability to realistic GCM datasets where instantaneous

cross-product terms are inaccessible.

2) THE DETRENDED ANOMALY BUDGET

The second formulation of ®’ is implemented by removing the locally defined long-term mean
tendency from the total temperature. Applying the generalized anomaly operator to the detrended

equations leads to a different partitioning:

AGY 0((2@y)\ 6\ T
© = —lgyg (M) — Uavg (@) —u;wg(a@) + Upyg (6—6) +0®/ . +Res. (B14)
avg avg

At ox 0x Ox ox ave

avg avg

The first term on the right-hand side represents the advection of the long-term mean tendency
anomaly. This term is vital for maintaining budget closure in regimes characterized by spatially
varying warming rates. By contrasting Eqs. (B12) and (B14), we can discern how the explicit
treatment of the long-term mean tendency modulates the interpretation of advective heat transport

across different anomaly definitions.

e. Comparison of Budget Results

Figures B2a and B2b display the temporal evolution of the tendency terms for the anomaly and
the detrended anomaly, respectively. Two primary findings emerge from this comparison. First, the
anomaly tendency exhibits prominent “stair-step” discontinuities at the transition between annual
cycles. This non-physical jump is explicitly contributed by the anomaly of the reconstructed
long-term mean tendency [see the first term on the RHS of Eq. (15)] as shown in Figures B2c.
Because the climatological baseline is re-centered annually, this tendency-related term manifests as
a discrete impulse at each year-end boundary while remaining zero throughout the year. In contrast,
the detrended anomaly @ is inherently free of such discontinuities; however, it remains influenced
by the spatial heterogeneity of the long-term mean tendency [the first term on the RHS of Eq. (16)].
Unlike the localized annual jumps, this tendency-advection term exerts a persistent dynamical

forcing on the detrended tendency that is active at every time step as shown in Figures B2d.
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The second key result concerns the budget closure under the constraint of time-averaged outputs.
As shown in Figs. B2o and B2p, both anomaly formulations achieve a near-zero residual (Res
~ 0), validating the theoretical integrity of the proposed framework. This closure is particularly
noteworthy because the right-hand side terms were calculated using time-averaged fields to derive
the cross-product (eddy) terms, a process that typically neglects high-frequency correlations.

While these results confirm the mathematical consistency of our framework, we note that the
high precision achieved here stems partly from the absence of high-frequency fluctuations in the
analytical model. In realistic GCM diagnostics, even daily-averaged outputs may lead to non-
negligible residuals due to the omission of sub-daily nonlinear interactions (e.g., diurnal cycles or
high-frequency waves).! Nevertheless, the successful closure in this analytical testbed provides
a robust benchmark, demonstrating that the framework itself does not introduce systemic errors

when tendency anomalies and spatial heterogeneities are properly accounted for.

f. Discretization of Anomalous Water Mass Budgets

Here we detail the numerical implementation of the anomalous water mass framework within
this analytical testbed. Following the theoretical derivation in Section 2, the anomalous water mass
volume, M, is defined by the domain where the temperature anomaly exceeds a specified threshold
(ie., ® > @;hreshol 4 or e > (:);hreshOl »)- To maintain dynamical consistency, the volume tendency
on the left-hand side (LHS) of the budget equation is calculated using snapshot temperature fields.
Specifically, snapshot anomaly fields are projected onto the temperature coordinates to determine
the instantaneous volume change.

On the RHS, the budgetary components are derived from time-averaged outputs. In this analytical
setup, since explicit mass sources such as precipitation or evaporation are absent, the transformation
is governed primarily by the transformation terms (G)s) and the lateral volume flux terms (V).
These terms are computed by first using the time-averaged temperature anomaly field to identify
the spatial domains (masks) where the anomaly exceeds the given threshold. Subsequently, the

corresponding time-averaged physical fluxes within these identified domains are integrated. For

the transformation terms involving derivatives with respect to the anomaly threshold (e.g., the

'For GCM simulations that are bit-wise reproducible, one could address this by running the model once to generate the climatological mean
cycle and then re-run the model again a second time, using the now known climatological means for online diagnosis of instantaneous anomalies
and the time-average of their products.
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diabatic transformation Gg, ), we employ a second-order centered difference scheme:

¢(®;+1)_¢(®;—1) N X
-y . where F(@)= ) @AV, (B15)

n+1 n—1 xeQs (0'>0},)

Ge (0)) =—

where Q> (® > @))) denotes the spatial domain where the temperature anomaly exceeds the thresh-

old ®/

n» and AV is the grid cell volume. This formulation represents the temperature anomaly

flux across the 0, isosurface, effectively capturing the diabatic forcing acting upon the anomalous

water mass isosurface.

APPENDIX C

Anomalous Water Mass Budget in ECCO

ECCOv4r4 employs a rescaled height coordinate system (z* = %H), which allows the cell
thickness & = Azs* to evolve according to the time-varying barotropic scale factor s* = 1+n/H,
where 7 is the sea surface height anomaly and H is the resting ocean depth. The potential
temperature budget in ECCOv4 is diagnosed from available output in the extensive (cell-integrated)

form:

9(s"0) *yTres d(w"* @)
///[ G Ve U ) s = ]‘lAdz:///V'(Fng%c)dAdz, ()

where the dimensionless scaling factor s* is separated from the fixed depth-coordinate cell volume

dVixed = dA dz, following the conventions of Forget et al. (2015). Note that the diffusive flux Fg)iff
in the ECCO diagnostic output already incorporates the s* scaling and that the velocity advecting
tracers in ECCO should be interpreted as a residual-mean velocity,U = U" + U*, in which U” denotes
the velocity resolved by ECCO’s coarse grid and U* denotes the eddy-induced bolus velocity arising

from the Gent and Mcwilliams (1990)-type parameterization.
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Water mass transformation analysis requires a conservation equation in terms of the material

derivative of the temperature ®, expressed in the intensive form:

”// —dV /[/(—+U V@)s dzdA
00
:f[/(S*E+S*Uh~vh®+wa—z*)d‘/ﬁxed. (C2)

Converting the temperature budget from its extensive form to its intensive form requires accounting

for mass conservation. The local continuity equation takes the form

os* wery . OW'
o1 +Vh'(SUh)+6—Z*:F, (C3)

In the ECCO diagnostics, the freshwater source term F is absorbed into the surface vertical mass

flux w, so that the local continuity equation reduces to:

os*
ot

+V-(sU") =0. (C4)

Since the eddy-induced bolus transport is non-divergent by construction, the continuity equation

can also be expressed in terms of the residual velocity:

k

) T
oV (s0) =0, (C5)

To isolate the material derivative of ® (scaled by s*) from the ECCO budget, the integrand in

Eq. (C1) is decomposed using the product rule as

00 os*
* * . r — _@
ot 0z* ot

) +V- (B +Fie) . (CO)

Substituting the continuity equation (C5) and dividing by s* yields the compact form

%—(?+U VO =0, (C7
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where we introduce the material warming rate

1

S*

O=—V - (F;+F ). (C8)
To identify the processes that transform anomalous water masses in ECCO, we need to re-express
these budgets in terms of the material derivative of the temperature anomaly ®’. Following
the decomposition procedure described in section 2, the temperature anomaly ®’ is obtained by
subtracting the climatological annual cycle. Taking the climatological mean of Eq. (C7):
L
—t:—U-VG—U’-V®’+®. (C9)

Subtracting Eq. (C9) from Eq. (C7) yields the anomaly tendency equation:

00’ _9((3,0)1)’

Y Y -U-VO'-U-VO+U -VO' +(0) . (C10)

Multiplying through by s*, the s*-weighted material derivative of ®” becomes

ot ot

s* ~U-VO+U VO +(0)]. (C11)

The advective terms on the RHS of Eq. (C11) are written in advective form. However, since
ECCO diagnostic output provides advective fluxes—and since V- U # 0 in the z* coordinate (unlike
the Boussinesq case in section 2)—these terms must be converted to flux form by combining with
the continuity equation (C5). We proceed term by term below.

(i) First advective term. The mean-gradient advection by the anomalous velocity is rewritten as

sU-VO=V-(s*U'®) -0 V- (sU). (C12)
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s (1) Second advective term. Substituting Eq. (C9), the subseasonal covariance term becomes

sU VO = s* (—%—?—ﬁ-vé+6

00 = —= = — _—
:—S*E+s*®—s*U-V®—s*'U~V®. (C13)
e 10 convert the last two terms into flux form in the Eq. (C13), we invoke the mean and anomalous

s continuity equations (C14) and (C15):

oy e

;t +V-(U0)+V-(s7U) =0, (C14)
5" . o
4V (') + V- (s"0) - V- (570 = 0, (C15)

689 yleldlng

sU-VO=V.-(sUBO)-0V-(sU)
P —

V- (s7U) ], C16
5 TV G )) (C16)

:v-(?ﬁ@)@(

s*U-VO =V (s7UB)-0V-(s*U)

*/

(8
:V-(s*’U®)+®(6S

— 4V (s'0) -V (s*’U’)) . (C17)

e  An additional relation is obtained from the climatological mean of Eq. (C1):

IO _ ¢ . U0y +5°0
ot
00 os*
— ¢ — 4+ 0
s ot ot
— 00 90\ —3ds* _ds”
=s E-” (E) +0 Y +0 o (C13)
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o1 Combining Egs. (C13)—(C18), the subseasonal covariance term is expressed as

L ’ — * e */ 00 , /as*/ */a® —ds"
sU-VO' =V - (s*UB) —s*O +s ((9t)+® 3 B o ® o

+5°0-V.(sTO)-0V-(sU). (C19)

s (iii) Sum of the two advective terms. Adding the negated first advective term [Eq. (C12)] and the

s second advective term [Eq. (C19)]:

—s'U-VO+s'U - VO
=-V-(s'U'®)+V-(sUB) - V- (sUB)

My oy " 00 ’ /aS*’ *,66 —Js"
+5 Q-5 +s (at) +0 Y s 5 o (C20)
604 The anomalous diabatic term is
5'(6) =5"(6-6). (C21)
es  Summing the last three RHS terms of Eq. (C11)—i.e., Egs. (C20) and (C21)—yields
~s'U-VO+s5U - VO +5*(0)
=-V-(s’U'O)+V-(ssUB) - V- (sUB) + (s*O)’
00\ os* 00 —0s"
wr| ’ oM . 22
+S(a:)+® o o % (22)
e Lhe last four terms in Eq. (C22), denoted F,qq, can be simplified as follows:
00\ os* 00 —0s"
F. = ¢¥| ’ oM
add S(at)+® o S e %
00 9((0,0)1) .\ ®,as*' ,00  _8((6,0)1) @Os*’
e ot or  C or ° ot ot
(s  I(s¥O®) ,,0((8,0)1)
= - - ) C23
a1 or 0 o (€23)
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o7 Substituting into Eq. (C11), the anomaly budget becomes

S*aa(? +5'0- VO = Fﬁ((a(;—(;))t) ~V-(s’U'©)+V-(s'UO) -V (s'UO)
+(5°©) + Fy, €24

A(s70)  4(s7O)
ot ot
0 between s™ and ©'.

e Where Fy = collects the residual terms arising from temporal correlations

w  Because the ECCO velocity output UVELMASS and VVELMASS already accounts for partial cells
© and time-varying grid-cell thickness, this diagnostic directly represents s*Uj. We therefore exploit

72 the identity

-V -[(s*U)B] + V- [(s*U)®] = -V-(s*U'O®) - V- [(s*U)B] + V- [(s*U") O]
+V-(sUB)-V-(s*UB) -V [(s*U") O]
=-V.-(sU'0)+V-(sU0O)-V-(sUO), (C25)

ns  where the anomalous volume flux (s*U)” is computed directly from the ECCO output as
s UVELMASS—UVELMASS. Substituting Eq. (C25) into Eq. (C24), the anomaly budget can be rewritten
ns entirely in terms of ECCO diagnostics.

e Accordingly, the ECCOv4r4-specific full-anomaly ®’-water mass transformation, Gy, incorpo-
n7 rates additional terms F- relative to the standard formulation in Eq. (17):

—_0((8,0)1) o
Gum = —po Oy /Q - (s* % =V -[(s"U)'0] +V-[(s*U) O]

+V- (F9s) + V- (F5

forc

)"+ Fy+ | dViixed. (C26)

s For clarity, we decompose the integrand into individual physical contributions and define the

ne corresponding components of the ®’-water mass transformation Gy, as:

Gu(®) = G + G0 +Gyg+Gye + GF,.
= Gnmix +Go + Gy,0) + Gyt Gpe + GF,

(C27)
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Each term is defined as follows:

— 0((8,0)1)
G5,0) = —P0Oer / §* %] dViixeds
Q.nRL t
Gyg=-poder [ [-716"0)B]| dViea
Q.nR!L
G = —Po der / VG001 dViea,

Q-NR* (C28)
Gmix = —P0 8@’/ V- (F((;)iﬂr),dvﬁxed’

Go = —pode / V- (F..) dVixed,
Q.NR

GF,. = —po 0o / Fy+ dViixed-

Collecting all contributions, the ® -water mass budget in ECCOv4r4 can be written as:

9 M. (0) = 5.(01) + ¥o(©1) + Gy (©)

=8> +Y¥:> +Gnix + Go + Gs,0) + Gy + G + GF,. - (C29)

Equation (C29) generalizes the water mass budget to the full-anomaly framework and provides
a dynamically consistent decomposition of surface forcing, lateral boundary transport, long-term
mean trends, transient flux covariances, and diabatic processes.

The physical interpretation of each term is as follows. The first term on the RHS of Eq. (C29),
S, represents the change in water mass volume due to surface mass flux; in ECCOv4r4 this
contribution arises solely from freshwater exchange across the air—sea interface. The second term,
Y., denotes the advective transport of water mass across the fixed lateral boundaries of the control
volume; for a global water mass analysis in which isothermal surfaces form closed interfaces, this
boundary term vanishes identically. The third through fifth terms correspond to transformation
processes analogous to those in the generalized ®’-anomaly framework of Eq. (18): G(4,e) captures
the contribution associated with the long-term linear temperature tendency; G, arises from
anomalous velocity advecting the climatological temperature field; and Gyg; represents the water
mass transformation driven by the climatological-mean transient advective heat flux, arising from

the covariance between subseasonal velocity and temperature anomalies. The terms Gpix and Gp
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account for interior diffusive mixing and surface heat flux anomalies, respectively, both of which
contribute to diabatic water mass transformation Gg,. Finally, Gy . represents the transformation
induced by Fj+, which arises from grid-cell volume fluctuations in the ECCOv4r4 framework.

In the numerical implication of Eq. (C29), The tendency of M, is calculated by projecting
on the daily snapshot temperature anomaly Og,,,. Because heat tendencies are not binned into
temperature anomaly coordinates online, however, we project all of the daily-averaged RHS terms

/

on the daily average @avg

at the middle time of the two days.
Following an analogous decomposition, the ECCOv4r4-specific detrended anomaly ©’ budget

is as follows:

o

‘9? +s"U-VO' = -V [s"U(3,0)1)'| -V [(s"V)'®] + V- [(s*U) @]

*
N

+V-(FO) + V- (FD ) + Fy +F 5,0 (C30)

forc

where F 5,0y = 5%0,({0,9)1) — 0, [5*({8,©)1)’], which can be equal to the first term in the RHS of
the Eq. (C24) only when the s* is time independent. Correspondingly, the ECCOv4r4-specific

detrended anomaly ©’—water mass transformation, GM, 1s obtained by:

Gum = —pode /g ) (—V‘ [sU((6:0)1)] -V [(s*U)O] + V- [(s*U) @]
>N
+V-(FO) +V- (FO )’+Fs*+F<at®>)dVﬁxed. (C31)

forc

Analogous to the ® formulation in Eq. (C27), the total transformation rate is decomposed into

distinct physical contributions:

G () = Guix + Go + Gua,00) +Gyig + G + GF,. + GF 0, (C32)

All terms in Eq. (C32) share identical definitions with their counterparts in the ® budget

[Eq. (C27)], with the exception of Gy ((y,e)y and Gr e, Which are specific to the detrended
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anomaly framework. These two terms are defined as:

Gu((5,0)1) = —Po 0@,/9 OR(_V. [s*U ((@@)t)']) dViixed,

§F<a,@> = —po Oy / F(5,0) dVfixed- (C33)

Here, Gy ((s,0)1) > analogous to its counterpart in Eq. (21), represents the water mass transformation
arising from the spatial inhomogeneity of the linearly detrended temperature tendency. The term
GF ;0 SCIVES as a correction term attributable to the temporal variability of s*, and vanishes
identically in the rigid-lid limit where grid-cell volumes are time-independent.

Collecting all contributions, the ® water mass budget in ECCOv4r4 is written as:

6 o
EMZ(G ) = SZ +\PZ +gmix +QQ +QU(<6,®>Z‘)/ +QUI§+QW+QFS* +QF<()[@>' (C34)

Compared with the standard anomalous water mass budget derived in Section2 under a fixed-volume
framework, the ECCOv4r4 formulation is complicated by the temporal variability of the rescaled
height coordinate s*. Since s* encodes the local volume expansion and contraction associated with
sea surface height fluctuations in the z* coordinate system, its variability modifies both the effective
tracer tendency and the advective flux divergence within each grid cell. As a result, the ECCOv4r4
anomalous water mass transformation incorporates supplementary contributions — namely Gr .
in the full-anomaly budget [Eq. (C29)], and additionally QF< 26) in the detrended anomaly budget
[Eq. (C34)] — arising from volume-modulation effects that are absent in the standard Boussinesq
formulation with a rigid lid. In essence, while the dynamical structure of the anomaly budget
remains consistent with the conventional framework, the temporal variability of s* gives rise to a
formally extended water mass transformation budget that is specific to the ECCOv4r4 z*-coordinate

system.
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