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15 ABSTRACT

16 A theoretical and numerical analysis is presented on the squeezed film of an incompressible fluid between two parallel 

17 fracture walls induced by seismic waves at normal incidence. In the frame of small oscillations, a closed form of the fluid 

18 pressure changes along with the fracture, and the fluid velocity field distribution is proposed. The developed analytical solutions 

19 are valid for any relative amplitude and phase of the vibrations within the assumed small oscillations and can help in 

20 understanding the induced fluid flow in fractures near zero-offset seismic wave propagation in a fluid-saturated fractured 

21 reservoir with nearly parallel fracture walls. It is found that the fluid flow is governed by the squeezing motion due solely to 

22 the difference of the vertical fluid velocities. In the absence of experimental data, the analytical solutions are validated with 

23 numerical solutions of the full Navier-Stokes equations. The comparison confirms the accuracy of the analytical solutions, 

24 showing that average fracture pressure rises with frequency, fracture length squared, and decreasing wall separation. It is also 

25 found that the presence of a pressure gradient does not hinder the overall flow during an oscillation cycle. The high induced 

26 horizontal acceleration of the fluid can reduce surface tension and improve oil to dissolve in any injected solvents. This may 

27 help mobilize fluids in fractured reservoirs, potentially explaining the improved oil recovery observed with surface seismic 

28 wave stimulation near production wells. Optimizing flow parameters through accurate fracture characterization can further 

29 enhance oil recovery.
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34

35 I. INTRODUCTION

36 The Improved Oil Recovery (IOR) of hydrocarbons via seismic wave stimulation has been discussed since the 1950’s but is 

37 still not extensively covered in the literature. Comprehensive reviews of this topic are given by (1), Irfan, Lenn (2), and Sun, 

38 Retnanto (3). Positive results have been reported regarding enhanced oil production through reservoir stimulation by seismic 

39 waves at the surface near an oil production well. Seismic wave stimulation can play an important role in enhanced oil recovery 

40 and can be achieved using a single tool at a lower cost and with minimal environmental impact (4). Pride, Flekkøy (5) reported 

41 that seismic stimulation affects fluids at the pore-scale level by sending waves across a reservoir to mobilize patches of oil 

42 leading to an increase in production level. They modeled this effect numerically and gave an analytical expression for a well-

43 defined seismic amplitude above which the perturbation created by the waves can mobilize trapped oil. Allahverdiyev (6) 

44 showed a potential production mechanism improving sweep efficiency and estimating increased production. The improvement 

45 is due to fluid pressure oscillations as explained by a viscous crossflow between different permeable layers. Kouznetsov, 

46 Simkin (7) reported results of laboratory experiments and tests on natural core samples extracted from Russian oilfields and 

47 on synthetic sand packs. They noticed that the displacement of oil is due to an increase of water in the presence of vibro-

48 energy. Seismic stimulation is also used in boreholes. Westermark, Brett (8) presented a promising field pilot test to 

49 demonstrate the potential of downhole vibration stimulation in a water flooded shallow reservoir in Osage County, Oklahoma. 

50 In this contribution we adapted the mechanical engineering ‘squeeze-flow’ problem of oscillating two fracture walls that was 

51 developed to understand problems in lubrication to seismic vibrations near normal incidence. As such, the analytical solutions 

52 given thereafter are not developed to study quantitative reflectivity and transmissivity of seismic waves through fractures, but 

53 rather to explain one possible mechanism that could lead to improved oil recovery under certain conditions.

54

55 Improved oil recovery is not yet a mature subject. Despite numerous secondary oil recovery methods, modern recovery rates 

56 still do not exceed 50%, making research to improve oil recovery highly welcomed by the industry. IOR and EOR 

57 (improved/enhanced oil recovery) methods are directly related to fluid flow and its distribution in the reservoir. Both 

58 characteristics are controlled by fracture networks in the reservoir. Therefore, obtaining comprehensive information about 

59 fractures is crucial for IOR and EOR studies. Fractures’ orientations, locations, densities, apertures and infilling materials are 

60 the most desired information for IOR and EOR studies. Fractures are more compliant than the rock matrix. Consequently, the 

61 mechanical response of a fractured medium can be dominated by the mechanical behavior of the fractures within it (9). The 

62 weak stiffness (high compliance) of fractures causes a reduction and azimuthal dependence in seismic amplitude and velocity 
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63 of seismic waves travelling within a fractured medium(e.g. 10, 11). The presence of fractures also leads to a frequency 

64 dependence of rock stiffness, which is commonly known as the dispersion phenomenon (12). Pyrak‐Nolte, Myer (13) attributed 

65 the frequency dependence of fracture stiffness to a simple consequence of the subset of apertures sampled by a given frequency. 

66 Therefore, a multi-scale frequency study of seismic wave propagation can enhance our knowledge of fracture systems on a 

67 scale ranging from microns to the order of meters. However, the success of these studies requires a good signal to noise ratio 

68 (S/N) of seismic data. Such data sets can be provided by three component (3C) zero offset vertical seismic profiling (3C-ZVSP, 

69 5-130 Hz) or full waveform sonic logs (in the order of kHz) data.

70

71 Fluid dynamics and properties play an important role (14) in addition to fracture lengths and apertures. To further understand 

72 fluid flow in fractures we present a possible mechanism that can contribute to improved oil recovery. This will be derived 

73 through Navier-Stokes equations by adapting the squeeze fluid flow problem, well-known in mechanical engineering 

74 applications, to seismic vibrations. In this development, the fractures are assumed to be horizontal with parallel walls (Fig. 1). 

75 The squeeze flow problem involves the study of induced pressures and the resulting fluid flows between two parallel plates 

76 moving relative to each other in the direction normal to the plates (Fig. 1). This problem has been the subject of interest of 

77 several studies and is relevant in a wide range of industrial applications that include aerospace, naval, medical, and nuclear(see 

78 e.g., 15, 16-21). The squeeze flow effects have been studied thoroughly under various conditions and assumptions and are 

79 traditionally relevant to lubrication applications as well as to subdue instability and vibration issues(see e.g., 15, 17, 18, 21, 

80 22). These effects have been studied in dynamic Micro Electro-Mechanical Systems (MEMS) devices (see e.g., 23, 24, 25) 

81 and in medical applications(see e.g., 16, 19, 20, 26). (27) has studied radial fluid flow between two parallel plates to estimate 

82 inertial effects. He assumed that the flow is purely radial, i.e., the fluid flow velocities are identically zero in both the parallel 

83 z and azimuthal  directions of the plates. In this case, the flow is governed solely by the Navier-Stokes equations in the radial 

84 direction and by the continuity equation. Under the assumption of fluid incompressibility, the continuity equation enables the 

85 Navier-Stokes equations to be simplified (see (4) in Livesey (27)). He gave an approximate solution as a parabolic velocity 

86 distribution that satisfies the continuity equation and has shown that the inertia effects are large enough to change the sign of 

87 the radial fluid pressure gradient at low Reynolds numbers. 

88

89 Later, Thorpe (28) has derived an ordinary differential equation (ODE) from the Navier-Stokes and the continuity equations. 

90 He argued that a two-parameter similarity solution always exists for fluid velocity because the ODE could be derived. The 

91 resulting ODE is non-linear and has no known general solution but can be solved numerically. However, Gupta and Gupta (29) 
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92 have shown that not all velocity profiles lead to a similarity solution and argued that Thorpe (28) failed to recognize that the 

93 transverse Reynolds number 𝑅 is time dependent in the derived ODE (see (13) in Thorpe (28)) and gave a counter example for 

94 constant plate velocity, for which no similarity solution exists. In his theoretical development, Thorpe (28)solved the ODE for 

95 fluid velocity in the case of constant plate velocity using a perturbation approach that led to a solution valid for small Reynolds 

96 numbers and for plates moving either away from or towards each other with the same velocity and amplitude. He further 

97 presented a theoretical and experimental investigation of air loads effects on a rigid plate oscillating in the direction normal to 

98 a fixed surface. The approach considers air compressibility under the presumption that it is an ideal gas. The pressure solution 

99 to the problem was given for a narrow gap between the plates, filled with an ideal gas, compared to its other dimensions, by 

100 neglecting the normal velocity of the fluid. These assumptions have allowed a significant simplification of the Navier-Stokes 

101 and continuity equations. This approach led to a solution as a power series for the pressure distribution in the fluid. 

102

103 Several other approximations modeling the dynamic behavior of fluids between parallel plates of various shapes and structures 

104 can be found in the literature(23, 24, 30). Under the same assumptions as those used by Livesey (27), Jackson (31) presented 

105 an iterative scheme to find both the horizontal pressure gradient and velocity to the squeeze flow problem for an unsteady 

106 motion of a rigid disc relative to a fixed plane. He compared the relative inertial and viscous effects. Starting with a uniform 

107 velocity profile and the overall continuity integral, he has estimated both horizontal fluid pressure gradient and velocity and 

108 has shown that the process is rapidly converging after two iterations. The literature on the squeeze flow problem is dominated 

109 either by solving the case of i) one disc/plate moving with respect to a fixed plane or ii) two discs/plates moving, either away 

110 from or towards each other, with velocities of the same magnitudes. Consequently, all these squeeze flow models cannot 

111 describe seismic wave vibrations of the fracture walls which do not necessarily always move towards or away from each other 

112 with the same amplitude and phase. 

113

114 In this contribution, the squeeze-flow problem is modified and adapted to seismic vibrations. To achieve this goal the plates 

115 must mimic the two walls of a fracture but, these are now allowed to vibrate independently with no restrictions on their 

116 respective relative amplitudes and phases. However, the displacements accompanying seismic waves are small and the walls 

117 do not make contact at any time. This assumption allows the Navier-Stokes equations to be linearized by dropping the 

118 convection terms. This will be compared later through numerical simulations that include all terms of the Navier-Stokes 

119 equations due to the lack of relevant experimental data. The problem is solved separately for each plate for the velocity and 

120 pressure profiles and then the overall solution is obtained using the principle of superposition, a well-known and accepted 
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121 principle in seismic wave propagation assuming the flow is laminar. This can be a step further in understanding the mechanisms 

122 in reservoir production stimulation through seismic vibrations at the surface near an oil well. This may also provide insight 

123 into the transient pressure disturbances that might be encountered on faults contributing to the dynamic triggering of seismicity, 

124 which have largely ignored the role of induced fluid pressure (32, 33). 

125

126

127

128

129

130

131

132

133 Figure 1. Reference frame and thin fluid film between two rigid and vertically vibrating parallel fracture walls. The walls are 
134 assumed to extend laterally to infinity on both sides. The parabolic velocity profile is shown for a compressional phase.

135

136 II. METHODOLOGY

137 A suitable complex formulation will be employed to derive analytical solutions in the complex plane. The real parts are the 

138 actual physical solutions of the problem. Consider two-dimensional fluid flow between two parallel fracture walls (a) and (b) as 

139 shown in Fig. 1. The two walls have a length of 2L and are separated by a distance ℎ0 which is much smaller than 2𝐿 (ℎ0 ≪ 𝐿) 

140 to neglect the edge effects. Let 𝜇 and 𝜌 denote the dynamic viscosity and density of a saturating incompressible fluid, respectively. 

141 To find the solution when both fracture walls oscillate with amplitudes and phases that are not necessarily equal or opposite 

142 to each other, we solve the problem by finding solutions for the case when only one wall oscillates. Here, we adopt a complex 

143 form for the displacements 𝑢𝑎 and 𝑢𝑏 and let the upper and bottom walls (a) and (b) oscillate vertically with amplitudes 𝜀𝑎 and 𝜀𝑏 

144 and phases 𝜑𝑎 and 𝜑𝑏, according to 

145
146 𝑢𝑎 = 𝜀𝑎𝑒𝑖(𝜔𝑡+𝜑𝑎) (1)
147 and 
148
149 𝑢𝑏 = 𝜀𝑏𝑒𝑖(𝜔𝑡+𝜑𝑏)     (2)
150
151
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152
153 respectively. The vertical velocities of the walls are the time derivatives of (1) and (2). It is worth mentioning that the physical 

154 displacements are given by the real parts of 𝑢𝑎 and 𝑢𝑏. 

155

156 To solve the problem, the principle of superposition for small oscillations is used. As such, the problem when the bottom wall is 

157 assumed at rest and when the upper wall is at rest will be solved separately. The two solutions are then combined through the 

158 superposition principle to achieve the solution of both walls oscillating without any restrictions on the phases and amplitudes. 

159 First, assume that the bottom wall is at rest in the reference frame given in Fig. 1, at any time 𝑡, the distance between the two walls 

160 is 

161 ℎ(𝑡) = ℎ0 + 𝑢𝑎+𝑢∗
𝑎

2
(3)

162
163  where the symbol * denotes the complex conjugate. Following Thorpe (28), Gupta and Gupta (29) but using complex valued 

164 quantities, let 𝜉 = 2𝑧
ℎ  be a dimensionless space variable where the time dependence is dropped for clarity and let the kinematic 

165 viscosity be 𝜂 = 𝜇/𝜌. Replacing 𝑧 with 𝜉, the Navier-Stokes and continuity equations for two-dimensional flow in the absence of 

166 body forces are 

167

168   ∂𝑣𝑥

∂𝑡
+ 𝑣𝑥

∂𝑣𝑥

∂𝑥
+ 𝑣𝜉

2
ℎ

∂𝑣𝑥

∂𝜉 = ―
1
𝜌

∂𝑝
∂𝑥

+𝜂 ∂2𝑣𝑥
∂𝑥2

+ 4
ℎ2

∂2𝑣𝑥
∂𝜉2

     (4)

169

170                                                   ∂𝑣𝜉

∂𝑡
+ 𝑣𝜉

2
ℎ

∂𝑣𝜉

∂𝜉 + 𝑣𝑥
∂𝑣𝜉

∂𝑥
= ―

1
𝜌

2
ℎ

∂𝑝
∂𝜉 + 𝜂 ∂2𝑣𝜉

∂𝑥2
+ 4

ℎ2

∂2𝑣𝜉

∂𝜉2
 (5)

171 ∂𝑣𝑥

∂𝑥
+ 2

ℎ
∂𝑣𝜉

∂𝜉 = 0 (6)
172
173 Another interesting case is when a constant pressure gradient exists between the inlet and outlet of a fracture of length 2L with a 

174 pressure difference of 𝑝―𝐿 ― 𝑝𝐿 > 0. Assume a steady Newtonian viscous fluid flow in a fracture with parallel walls, a narrow 

175 gap of depth ℎ0, and a large width. Neglecting the edge effects at the inlet and the outlet, i.e. the flow is fully developed, only one 

176 non-zero velocity component exists in the 𝑥 direction (no variation of the velocity in the 𝑦 direction perpendicular to the upward 

177 z-direction. Neglecting gravity effects, the velocity profile, given in details in Wikes(34), can be adapted to the reference frame 

178 used here. The pressure is represented by a linear function 𝑝0 = 𝑎 + 𝑏𝑥, where a and b can be found by the inlet and exit 

179 conditions. 

180
181 𝑝 = ― 𝑝―𝐿―𝑝𝐿

2𝐿 𝑥 + 𝑝𝐿+𝑝―𝐿

2 (7)
182
183 Using Wikes (34) the fluid velocity, independent of 𝑥 is given by 
184
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185 𝑣𝑥 =
1

2𝜂𝜌
∂𝑝
∂𝑥

𝑧2 + 𝑐1𝑧 + 𝑐2 (8)
186
187 where 𝑐1 and 𝑐2 can be found using the boundary conditions at the two walls where the velocity field vanishes, assuming that the 
188 vertical gap change is small. We have
189

190 𝑣𝑥 = ―
1

2𝜂𝜌
∂𝑝
∂𝑥

(ℎ𝑧 ―𝑧2) (9)
191
192 Letting 𝑧 = ℎ

2
𝜉 leads to

193 𝑣𝑥 = ― ℎ2
0

8𝜂𝜌
∂𝑝
∂𝑥

2𝜉 ― 𝜉2  (10)
194
195

196 Assuming a constant pressure gradient 𝛾 =  ∂𝑝
∂𝑥 and seeking solutions for the problem of vibrating fracture walls where the vertical 

197 fluid velocity is cast in separated variables form, space and time, by introducing a function 𝑓𝑎(𝜉), independent of time, that 

198 describes solely the vertical spatial variation at any instant 𝑡 and is modulated by the velocity 𝑢𝑎 (see e.g.Thorpe (28);Gupta and 

199 Gupta (29)). Explicitly, 

200
201 𝑣𝜉(𝜉,𝑡) = 𝑓𝑎(𝜉)𝑢𝑎  (11)
202
203 Note that the subscript 𝑎 refers to the moving upper wall (a).

204  Using (11) and integrating with respect to 𝑥, the continuity (6) leads to

205
206 𝑣𝑥(𝑥,𝜉,𝑡) = ― 𝑥2

ℎ𝑓′𝑎𝑢𝑎 + 𝑞(𝜉,𝑡)  (12)
207
208 Using the velocity at 𝑥 = 0, we obtain 𝑞(𝜉,𝑡) leading to
209
210 𝑣𝑥(𝑥,𝜉,𝑡) = ― 𝑥2

ℎ𝑓′𝑎𝑢𝑎 ―
𝛾

8𝜂𝜌ℎ2
0 2𝜉 ― 𝜉2 (13)

211
212 where 𝑓′𝑎 represents the first derivative of 𝑓𝑎(𝜉) with respect to 𝜉. The dot on the displacement refers to the first derivative with 

213 respect to time (velocity). For clarity, the variable 𝜉 is dropped from 𝑓 hereafter. 

214

215 For small oscillations (acoustic approximation), only first order terms are retained, the convection terms can be dropped, using 

216 the fact that the vertical fluid velocity is independent of 𝑥, and ℎ(𝑡) approximated by ℎ0, (4) and (5) are reduced to

217 ∂𝑣𝜉

∂𝑡
= ―

1
𝜌

2
ℎ0

∂𝑝
∂𝜉 + 𝜂

4
ℎ2

0

∂2𝑣𝜉

∂𝜉2  (14)

218 ∂𝑣𝑥

∂𝑡
= ―

1
𝜌

∂𝑝
∂𝑥

+ 𝜂
4

ℎ2
0

∂2𝑣𝑥
∂𝜉2  (15)

219 II.1 Boundary Conditions
220
221 To solve (14) and (15) we apply the natural boundary conditions of the problem, which are, on one hand, the horizontal fluid 
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222 velocity vanishes (i.e., the no slip assumption) at both walls’ surfaces. Explicitly we have

223 𝑣𝑥(𝑥,0, 𝑡) = 0, 𝑣𝑥(𝑥,2, 𝑡) = 0 (16a)
224
225 or equivalently
226
227  𝑓𝑎(0) = 0 and 𝑓𝑎(2) = 1  (16b)
228  
229 On the other hand, the vertical fluid velocity is nil at 𝜉 = 0 but equal to that of the moving wall at 𝜉 = 2. Explicitly we have
230
231 𝑣𝜉(𝑥,0, 𝑡) = 0, 𝑣𝜉(𝑥, 2, 𝑡) = 𝑢𝑎  (17a)
232
233 or equivalently
234
235  𝑓′𝑎(0) = 0 and 𝑓′𝑎(2) = 0  (17b)
236
237 Using the proposed solutions (11) and (13) in (14) and (15) and then taking the derivative with respect to 𝑥 and 𝜉, respectively, 
238 we get 
239

240 𝜔ℎ2
0

𝜂 𝑓′′𝑎 +4𝑖𝑓′′′′𝑎 = 0   (18) 
241
242 Here 𝑓′′𝑎 and 𝑓′′′′𝑎 are the second and fourth derivative of 𝑓𝑎 with respect to 𝜉. The coefficient of the first term of (18) is known as 

243 the modified Reynolds number (𝑅𝑒 = 𝜔ℎ2
0

𝜂 ). Another quantity that is commonly known in the literature as the shear wave number, 

244 sometimes referred to as Stokes number, is 𝑠 = 𝑅𝑒. Using the boundary conditions at 𝜉 = 0 and 𝜉 = 2, then translating the 𝜉 axis 

245 to the middle of the gap (now 𝜉 varies in [ ―1, 1]), the solution to (18) is

246
247                                     𝑓𝑎 = 𝑐 𝑒

𝑠
2

𝑖(𝜉+1) ― 𝑒―𝑠
2

𝑖(𝜉―1) ― 𝑠
2

𝑖 𝑒𝑠 𝑖 + 1 𝜉 + 𝑐 𝑒𝑠 𝑖 ― 𝑠
2

𝑖 𝑒𝑠 𝑖 + 1 ― 1  (19)
248
249 Here, 𝑐 is given by:
250

251 𝑐 =
1

2(𝑒𝑠 𝑖―1)― 𝑖𝑠(𝑒𝑠 𝑖+1)  (20)
252
253

254 It is important to note that (18) does not depend on the second term of (13). Second, the solution when the upper wall is assumed 

255 fixed, using the proper boundary conditions, frame of reference, and translation of the 𝜉 axis, is found as

256
257                     𝑓𝑏 = ― 𝑐 𝑒

𝑠
2

𝑖(𝜉+1) ― 𝑒―𝑠
2

𝑖(𝜉―1) ― 𝑠
2

𝑖 𝑒𝑠 𝑖 + 1 𝜉 + 𝑐 𝑒𝑠 𝑖 ― 𝑠
2

𝑖 𝑒𝑠 𝑖 + 1 ― 1   (21)
258
259
260 It is readily noticeable that the solution 𝑓𝑏 is a mirrored function of 𝑓𝑎 around 𝜉 = 0 and that both functions have two terms, the 

261 first is 𝜉 dependent and the second is 𝜉 independent.

262
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263 II.2 Fluid Velocities and Pressure

264 Using the principle of superposition of the two solutions developed for one wall fixed, the general solution for the vertical fluid 

265 velocity is

266
267  𝑣𝜉(𝜉,𝑡) = 𝑐 𝑒

𝑠
2

𝑖(𝜉+1) ― 𝑒―𝑠
2

𝑖(𝜉―1) ― 𝑠
2

𝑖 𝑒𝑠 𝑖 + 1 𝜉 (𝑢𝑎 ― 𝑢𝑏) + 𝑐 𝑒𝑠 𝑖 ― 𝑠
2

𝑖 𝑒𝑠 𝑖 + 1 ― 1 (𝑢𝑎 + 𝑢𝑏) (22) 
268
269
270 The vertical velocity has two terms. A first term that is 𝜉 dependent and a second term that is 𝜉 independent which are proportional 

271 to the difference and the sum of the velocities of the walls, respectively. According to the relative phase of the velocities of the walls, 

272 a vertical translation of the fluid can occur when the displacements of the walls are synchronised. First, assume that the amplitudes 

273 𝜀𝑎 and 𝜀𝑏 in (1) and (2) are equal. On one hand, when the phases of the velocities  𝜑𝑎 and 𝜑𝑏 are equal (equivalently 𝑢𝑎 =  𝑢𝑏) only 

274 a vertical translation of the fluid, independent of 𝜉, occurs. On the other hand, when the velocities are out of phase by 180𝑜 

275 (equivalently 𝑢𝑎 = ― 𝑢𝑏) only a compression (or expansion) of the fluid, occurs. In all other combinations of amplitudes and phases 

276 of the velocities of the fracture walls, both terms of (22) contribute to the translation and compression (or expansion) of the fluid 

277 between the walls.  Identically to the vertical velocity, the general solution for the horizontal fluid velocity is obtained by combining 

278 the two separate solutions when the upper or the bottom wall is fixed. Moving the 𝜉 axis origin to the center of the gap (𝜉 varies 

279 between -1 and 1) lead to

280

281                               𝑣𝑥(𝑥,𝜉,𝑡) = ― 𝑥
𝑠

ℎ0
𝑐 𝑖 𝑒

𝑠
2

𝑖(𝜉+1) + 𝑒―𝑠
2

𝑖(𝜉―1) ― 𝑒𝑠 𝑖 ― 1 (𝑢𝑎 ― 𝑢𝑏) 𝛾ℎ2
0

8𝜂𝜌 1 ― 𝜉2 (23)
282
283 It is also noticeable that when 𝑢𝑏 = 𝑢𝑎 no squeeze occurs. Consequently, no fluid flow is generated by the oscillation in both the 

284 vertical and horizontal directions as discussed above. It is worth highlighting that the ansatz or the predefined function given by (11) 

285 for the vertical velocity component leads to a horizontal velocity profile that does not follow the Nusselt’s parabolic shape, but a 

286 profile based on 𝑠 = 𝑅𝑒 where (𝑅𝑒 = 𝜔ℎ2
0

𝜂 ). The fluid flow acceleration in the horizontal direction is 

287
288                                                  𝑎𝑥(𝑥,𝜉,𝑡) = ― 𝑖 𝑖𝜔

𝑠
ℎ0

𝑐 𝑒
𝑠
2

𝑖(𝜉+1) + 𝑒―𝑠
2

𝑖(𝜉―1) ― 𝑒𝑠 𝑖 ― 1 (𝑢𝑎 ― 𝑢𝑏)𝑥 (24)
289
290 Using the same reasoning, the pressure-variation laterally along the fracture is found as
291
292                                            𝑝 = ―𝑖2 𝑖

3
𝜔𝑠𝐿2𝑐

𝜌
ℎ0

𝑒𝑠 𝑖 + 1 [𝑥2 ― 𝐿2](𝑢𝑎 ―  𝑢𝑏) 𝑝―𝐿―𝑝𝐿

2𝐿 𝑥 + 𝑝―𝐿+𝑝𝐿

2  (25)
293
294 In this case the pressure gradient is time and 𝑥 dependant and is given by 
295
296                                                                ∂𝑝

∂𝑥
= ― 𝑖4 𝑖

3
𝜔𝑠𝐿2𝑐

𝜌
ℎ0

𝑒𝑠 𝑖 + 1 𝑥(𝑢𝑎 ― 𝑢𝑏) ― 𝑝―𝐿―𝑝𝐿

2𝐿  (26)
297
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298 As (25) depicts, the pressure distribution laterally in the fracture is independent of the dimensionless variable 𝜉. The actual physical 

299 pressure is the real part of (25). The average pressure laterally along the fracture is found by integrating (25) along the walls’ length. 

300 Explicitly we have

301
302 𝑝 = ―𝑖2 𝑖

3
𝜔𝑠𝐿2𝑐

𝜌
ℎ0

𝑒𝑠 𝑖 + 1 (𝑢𝑎 ― 𝑢𝑏) + 𝑝―𝐿+𝑝𝐿

2    (27)
303
304 This result can be regarded as the resistance of the fluid to the motion of the walls. The result for the pressure obtained here can be 

305 compared to that derived by Thorpe (28) (see his (38)) by taking only the first order terms. Indeed, Thorpe (28) has given an 

306 approximate fluid pressure for a sinusoidal wall motion with velocities of same magnitude but out of phase by 1800. Explicitly he 

307 assumed that the vertical variation of pressure (or velocities) is negligible and only (14) subsists and reduces to

308

309  ∂𝑣𝑥

∂𝑡
+ 𝑣𝑥

∂𝑣𝑥

∂𝑥
= ―

1
𝜌

∂𝑝
∂𝑥

+𝜂 4
ℎ2

∂2𝑣𝑥
∂𝜉2     (28)

310
311 He obtained the solution numerically following the iterative scheme given by Jackson (31). However, Thorpe did not provide the 

312 actual solution for the function 𝑓(𝜉) but rather gave an approximate solution for the pressure for a sinusoidal wall motion obtained 

313 numerically as described byJackson (31). Moreover, the solutions developed by Jackson (31) and that of Thorpe (28) are only valid 

314 for walls moving towards or away from each other with velocities of same magnitudes. In contrast, the result developed here is an 

315 exact analytical solution of (4), (5), and (6) using a solution of the form given by (11), under the assumption of small oscillations and 

316 long wavelength plane waves normally incident onto the upper wall (Fig. 1). Furthermore, in contrast with the solution given by 

317 Thorpe (28), the solutions given here are generalized for any relative oscillations of the walls which can differ both in amplitude and 

318 phase. For the specific case where the two walls vibrate with the same amplitude but are 180o out phase, for example, the pressure 

319 across the fracture given by (24) reduces to 

320 𝑝 = ―𝑖4 𝑖
3

𝜔𝑠𝐿2𝑐
𝜌

ℎ0
𝑒𝑠 𝑖 + 1 [𝑥2 ― 𝐿2]𝑢𝑎 ― 𝑝―𝐿―𝑝𝐿

2𝐿 𝑥 + 𝑝―𝐿+𝑝𝐿

2   (29)                                 

321 Again here, this result is simply obtained as a particular case described by (24) by setting 𝜑𝑏 = 𝜑𝑎 + 𝜋 and 𝜀𝑎 = 𝜀𝑏, or equivalently 

322 𝑢𝑎 = ― 𝑢𝑏. 

323

324 It is important to note that the fluid flow is characterized by two Reynolds numbers when the second order terms are included (28). 

325 One term, 𝑅1 = 𝜔ℎ2
0

𝜂 , is linked to the first order inertia term. For example, for a ratio of 0.05, the second order term contributes about

326  6%. Another term, 𝑅2 = 𝜔ℎ0𝜀
𝜂  where 𝜀 is the amplitude of the oscillation which is linked to the second order term. The ratio 

𝑅2

𝑅1
=

𝜀
ℎ0

 

327 measures the contribution of the second order term to the overall fluid flow. Therefore, the second order term is small when,
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328 𝜀 ≪ ℎ0                                        (30)

329

330 which is the case for seismic vibrations. In other words, 𝑅2 must be much smaller than 𝑅1. However, there is no restriction on the 

331 value of 𝑅1but must be within the limit of laminar flow. In the absence of a steady flow due to a pressure gradient only the first term 

332 survives in (24)-(26) and (28).

333

334 III. NUMERICAL VALIDATION WITH COMPUTATIONAL FLUID DYNAMICS

335 Experiments are very difficult to conduct for validation purposes. Instead, the proposed analytical solutions will be compared 

336 to numerical solutions obtained using the finite volume technique using the full Navier-Stokes equations to assess their domain 

337 of validity. To ensure that the developed analytical solutions are accurate, the calculated pressure drop across the fracture and 

338 velocity fields were compared to a full numerical solution of the Navier-Stokes equations (4), (5), and (6) using Computational 

339 Fluid Dynamics (CFD) scheme. The numerical results are then compared to the theoretical field variables of velocity and 

340 pressure, which are calculated via the analytical solutions for validation purposes. Two models I and II, both employing the 

341 same conditions of Table I but with two different geometries (and necessary meshes) described in Table II, were considered. 

342
343 Table I
344 WAVE AND FLUID (WATER) PROPERTIES USED FOR NUMERICAL MODELLING

Frequency
(Hz)

Amplitu
de (µm)

Dynamic Viscosity
(Pa.s)

Density
(kg/m3)

10 1 0.001 1000

345
346 Table II
347 CHARACTERISTICS OF THE COMPUTATIONAL DOMAIN USED FOR CFD CALCULATIONS

Model Separation 
(mm)

Reynold number Mesh Sizes

3600 x 60
1600 x 80

I 0.1 62.83

2000 x 100
1500 x 150
1750 x 175

II 1 0.793

2000 x 200
348

349 These two models correspond to two Reynolds numbers that differ in magnitude by a factor of approximately 79 (Table II), 

350 are used to verify that the solutions developed here are good approximations to the full Navier-Stokes equations. The 

351 computational domains are 50 𝑚𝑚 and 30 𝑚𝑚 for model I and II respectively. The numerical approach method is first 

352 described and then followed by a comparison to the analytical solution for different models with a focus on the horizontal and 

353 vertical components of the velocity field and pressure drop along the fracture. The approach assumes that the flow is laminar 
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354 and incompressible. Therefore, the flow due to compressibility is very small compared to the overall flow created by the 

355 squeezing of the parallel walls. This assumption is not valid for highly compressible fluids. In a 2D rectangular geometry, the 

356 unsteady Navier-Stokes equations are solved in the finite-volume solver of ANSYS FLUENT 16.2. The model is made long 

357 enough along the 𝑥 direction to minimize edge effects. The geometry consists of two parallel walls; the bottom wall is fixed 

358 and the upper is moving to generate an oscillatory displacement causing the contraction and expansion of the distance 

359 (thickness) separating the two walls (Fig. 1). The velocity of the upper wall is prescribed as a sinusoidal function of time with 

360 amplitude 𝜀 and an angular frequency 𝜔 implemented in the dynamic mesh tool of the software as a User Defined Function 

361 (UDF), which can be written as,

362 𝑢𝑧 =  ― 𝜀𝑎𝜔 sin (𝜔𝑡 +
𝜋
2) (31)

363
364 The phase 

𝜋
2 is chosen to have an initial velocity, at 𝑡 = 0, set to maximum negative amplitude when the separation of the walls 

365 is ℎ0 while the upper wall is moving downwards. The minus sign is chosen such that the displacement function of the upper 

366 wall is given as

367 𝑢𝑧(𝑡) =  𝜀𝑎𝑐𝑜𝑠(𝜔𝑡 +
𝜋
2) (32)

368
369 A pressure outlet boundary condition was imposed at the two lateral ends of the fracture to allow the fluid to leave and enter 

370 the computational domain as a response to the oscillating upper wall. Explicitly, an atmospheric boundary condition was 

371 prescribed at the two pressure outlet boundaries. Different structured rectangular grids were tested to generate a grid-

372 independent solution. For the two considered models the corresponding grids are summarized in Table II. It is worth mentioning 

373 that the CFD results considered in the comparison to the analytical solutions represent a smaller region of the computational 

374 domains that are 45 𝑚𝑚 and 25 𝑚𝑚 for model I and II, respectively. The remaining regions containing the pressure boundaries 

375 are stripped off to minimize border numerical artefacts. The unsteady simulations were run with an integration time step of 

376 0.5 𝑚𝑠 and a second-order implicit scheme was used for time advancement. The convective terms in the solved equations were 

377 discretized using a second-order upwind scheme (sometimes advection scheme) which typically refers to a class of numerical 

378 discretization methods for solving hyperbolic partial differential equations(35). 
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379 III.1 Comparison with Model I

380 Consider model I with the fluid properties of Table I and the geometry of Table II. In this case the Reynolds number is 62.8, 

381 which corresponds to a Stokes number of 7.9. The fluid velocity for the case when only the upper wall (a) is moving upwards and 

382 is at a separation of exactly 1 𝑚𝑚 and at time 𝑡 = 0.05 𝑠 (half period) is shown in Fig. 2. The analytical and CFD solutions are 

383 shown in Figs. 2(a) and (b) respectively. The  analytical and numerical solutions for the velocity field are in excellent agreement 

384 with a discrepancy of 0.14%. At this instant, the fluid enters the fracture with a velocity of 1.84 𝑚𝑚/𝑠 through both outlets. A 

385 good agreement is found for the vertical fluid velocity that reaches a peak of 63.8 𝜇𝑚/𝑠 near the moving wall with a discrepancy 

386 of 0.02%. The same observation can be made for the pressure at 𝑥 = 0 and is ―0. 25 𝑃𝑎 with a discrepancy of 0.05% between 

387 the two solutions. The horizontal fluid velocity when only the upper wall (a) is moving downwards and is at a separation of exactly 

388 1.000988 𝑚𝑚 and at time 𝑡 = 0.0775 𝑠 is shown in Fig. 3.  The analytical and CFD solutions are shown in Figs. 3(a) and (b) 

389 respectively. The fluid exits the fracture with a maximum velocity of 0.44 𝑚𝑚/𝑠 through both outlets with a discrepancy of 

390 2.18%. The vertical fluid velocity reaches a negative peak of ―9.83 𝜇𝑚/𝑠 near the moving wall with a discrepancy of 3.11%. 

391 The pressure at 𝑥 = 0 is 1.18 𝑃𝑎 with a discrepancy of 0.02%. It is readily noticeable that the fluid starts to flow horizontally 

392 near the walls while it has not yet reversed course at the middle of the gap. All solutions in this case are also in good agreement.

393 Analytical and CFD pressure distribution and horizontal fluid velocity profiles at the position pointed at by the black arrow in a) 

394 and b). The maximum fluid velocity and pressure are 1.84 mm/s and 0.25 Pa, respectively.

395

396 The fluid velocity when only the upper wall (a) is moving downwards and is at a separation of exactly 1.000707 𝑚𝑚, 

397 corresponding to time 𝑡 = 0.0875 𝑠, is shown in Fig. 4. The analytical and CFD solutions are shown in Figs. 4(a) and (b) 

398 respectively. The fluid exits the fracture with a maximum velocity of 1.18 𝑚𝑚/𝑠 through both outlets. The two solutions are in 

399 good agreement with a discrepancy of 0.54%. The vertical fluid velocity reaches a negative peak of ―44.43 𝜇𝑚/𝑠 near the 

400 moving wall with a discrepancy of 0.41%. The pressure at 𝑥 = 0 is 1.00 𝑃𝑎 with a discrepancy of 0.03%. Again, all solutions 

401 are in good agreement. It is important to point out that there is a vertical exaggeration of ~14.8 for all displayed results in Figs. 2, 

402 3, and 4. It is also important to mention that the fluid velocity is dominated largely by the horizontal fluid velocity.

403
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436
437 Figure 2. a) and b): Fluid velocity simulations using model I (Tables 1 and 2) at time t=0.0500 s (half period) when the fracture 
438 upper wall (a) is moving upwards, and bottom wall (b) is fixed, and the separation between the walls is 1 mm a) shows the 
439 analytical and b) the CFD results. There is a vertical exaggeration of ~14.8. c) Analytical and CFD vertical fluid velocity. d) 
440
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460
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471
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473
474
475
476
477
478
479
480
481
482
483
484
485
486
487
488 Figure 3. a) and b): Fluid velocity simulations using model I (Tables 1 and 2) at time t=0.077500s s (half period) when the fracture 
489 upper wall (a) is moving upwards, and bottom wall (b) is fixed, and the separation between the walls at rest is 1.000988 mm a) 
490 shows the analytical and b) the CFD results. There is a vertical exaggeration of ~14.5:1. c) Analytical and CFD vertical fluid 
491 velocity. d) Analytical and CFD pressure distribution and horizontal fluid velocity profiles at the position pointed at by the black 
492 arrow. The maximum fluid velocity and pressure are 0.47 mm/s and 1.18 Pa, respectively.
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526
527 Figure 4. a) and b): Fluid velocity simulations using model I (Tables I and II) at time t = 0.087500 s when the upper wall (a) is 
528 moving downwards, and bottom wall (b) is fixed, and the separation between the two fracture walls at rest is 1.000707 mm a) 
529 shows the analytical and b) the CFD results. There is a vertical exaggeration of ~14.5:1. The small circles show a nil velocity 
530 field. c) Analytical and CFD vertical fluid velocity. d) Analytical and CFD pressure distribution and horizontal fluid velocity 
531 profiles at the position pointed at by the black arrow. The maximum fluid velocity and pressure are 1.20 mm/s and 1.00 Pa, 
532 respectively.
533
534
535 III.2 Comparison with Model II

536 Consider model II with the geometry and fluid properties are given in Tables I and II. In this case the Reynolds number is 0.6 

537 which corresponds to a Stokes number of 0.8. The horizontal fluid velocity when only the upper wall (a) is moving upwards 

538 and is at a separation of exactly 0.1 𝑚𝑚 and at time 𝑡 = 0.05 𝑠 (half period) is shown in Fig. 5. The analytical and CFD 

539 solutions are shown in Figs. 5(a) and (b) respectively. The fluid enters the fracture with a maximum velocity of 11.73 𝑚𝑚/𝑠 

540 through both outlets. The results are in good agreement with a discrepancy of 0.27%. The vertical fluid velocity reaches a peak 

541 of ―62.8 𝜇𝑚/𝑠 near the moving wall with a discrepancy of 0.13%. The pressure-drop at 𝑥 = 0 is ―58.9 𝑃𝑎 is relatively to 
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542 the extremities of the fracture. These are also in good agreement with 0.25% discrepancy. 

543
544
545
546
547
548
549
550
551
552
553
554
555
556
557
558
559
560
561
562
563
564
565
566
567
568
569
570
571
572
573
574 Figure 5. a) and b): Fluid velocity simulations using model II (Tables I and II) at time 𝑡 = 0.0500 𝑠 when the upper wall (a) is 
575 moving upwards, and bottom wall (b) is fixed, and the separation between the two fracture walls is 0.1 𝑚𝑚 a) shows the 
576 analytical and b) the CFD results. There is a vertical exaggeration of ~76.4. c) Analytical and CFD vertical fluid velocity. d) 
577 Analytical and CFD pressure distribution and fluid velocity profiles at the position pointed at by the black arrow. The maximum 
578 fluid velocity and pressure are 11.73 mm/s and -58.91 Pa respectively.
579
580 The fluid velocity when only the upper wall (a) is moving downwards and is at a separation of exactly 0.100707 𝑚𝑚 and at 

581 time 𝑡 = 0.0875 𝑠 is shown in Fig. 6. The analytical and CFD solutions are shown in Figs. 6(a) and (b) respectively. The fluid 

582 exits the fracture with a maximum velocity of 8.27 𝑚𝑚/𝑠 through both outlets. The two solutions are in good agreement with 

583 a discrepancy of 4.27%. The vertical fluid velocity reaches a negative peak of -44.43 μm/s near the moving wall with a 

584 discrepancy of 2.42%. The pressure at x=0 is 44.27 Pa with a discrepancy of 0.11%. It is also important to point out that, in 

585 this case, there is a vertical exaggeration of ~75.8 for all displayed results in Figs. 5-6 (a) and (b). The fluid velocity is   

586 dominated largely by the horizontal fluid velocity. Considering the results presented here, the small oscillations approximation 

587 led to analytical solutions based on similarity arguments, which agree with the numerical solutions obtained with the full set 

588 of the Navier-Stokes equations in a two-dimensional situation giving more confidence in the validity of our results within small 
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589 acoustic oscillations. The analytical solutions are advantageous because they are extremely fast to compute compared to the 

590 numerical solutions. Furthermore, these solutions can be used directly in other applications where analytical solutions and 

591 speed are essential. However, these solutions are for incompressible fluids, and further developments are needed to extend the 

592 analysis to non-Newtonian fluids as well as quantifying transmissivity and reflectivity of seismic waves at planar saturated 

593 fractures where fluid-compressibility must be accounted for.
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623
624
625
626
627 Figure 6. a) and b): Fluid velocity simulations using model II (Tables I and II) at time 𝑡 = 0.0875 𝑠 when the upper wall (a) is 
628 moving downwards, and bottom wall (b) is fixed, and the separation between the plates is 0.100707 𝑚𝑚. a) shows the 
629 analytical and b) the CFD results. There is a vertical exaggeration of ~75.8. c) Analytical and CFD vertical fluid velocity. d) 
630 Analytical and CFD pressure distribution and horizontal fluid velocity profiles at the position pointed at by the black arrow. 
631 The maximum fluid velocity and pressure are 8.27 mm/s and 44.27 Pa, respectively. The maximum fluid velocity and pressure 
632 are 8.27 mm/s and 44.27 Pa, respectively.

633 IV. MODELING EXPERIMENTS: EFFECT OF FACTURE AND WAVE PROPERTIES 

634 IV.1 Impact of fracture length and opening on fluid-flow

635 For modeling simulations, consider a fracture with two parallel walls with a gap filled with a fluid (water, viscosity of 1 mPa.s.) 

636 (Fig. 1). Let the vibration be a harmonic oscillation with a frequency of 20 Hz and an amplitude of 1 μm. The real and imaginary 
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637 parts of the function f(ξ) and its first derivative are shown in Figs. 7(a) and (b) when the walls vibrate out of phase by 180°. The 

638 solutions exhibit symmetries as illustrated in Figs. 7(a) and (b) for models with a varying gap between 0.1 mm and 2 mm 

639 corresponding to Stokes number between 1.1 and 22.4. Both the real and imaginary parts of f(ξ) are symmetrical, about the origin 

640 for all models. However, both the real and imaginary parts of f'(ξ) are symmetrical about ξ=0. It is worth mentioning that the 

641 Stokes number s increases with increasing frequency as well as with an increasing gap between the fracture walls. Fig. 7c) and d) 

642 show the maximum pressure change along the fracture for various fracture lengths as a function of fracture aperture (Fig. 7c). The 

643 pressure change, for various fracture apertures, as a function of fracture length is shown in Fig. 7d. Evidently the pressure variation 

644 increases with increasing fracture length as well as with decreasing fracture opening. Since the horizontal velocity of the fluid 

645 flow is dependent on the first derivative of f (f^') we also investigate the variation of this velocity with varying Stokes number. 

646 The real and imaginary parts of the first derivative f^' and the horizontal fluid velocity are displayed in Figs.8 a-b and 8 d-e with 

647 varying Stokes number. Again here, the frequency of the oscillation is 20 Hz, and the Stokes number varies with the varying 

648 separation of the walls of the fracture model. The horizontal velocity vertical profile is given at the extremity of the fracture (Figs. 

649 8 c) and 8 f). We can see that for small Stokes numbers the front of the fluid flow is parabolic (Fig. 8c) whereas it becomes nearly 

650 flat for large Stokes numbers (Fig. 8f). The horizontal fluid velocity is highly dependent on the function   𝑓′(𝜉) which is modulated 

651 by the velocity difference of the fracture walls.

652

653
654
655
656
657
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659
660
661
662
663
664
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666
667
668
669
670
671 Figure 7. a) and b) show the real and imaginary parts, of 𝑓 and 𝑓′ respectively, for various fracture openings ℎ0 between 0.1 mm 
672 and 2 mm corresponding to a range of Stokes number of 1.1-22.4. The frequency of the oscillations is 20 𝐻𝑧 and the fluid is 
673 water. The amplitude of the oscillation is 1 µm. c) Maximum pressure-drop for various fracture lengths (see legend) as a function 
674 of fracture opening. d) Pressure-drop for various fracture openings (see legend) as a function of fracture length. The frequency of 
675 the oscillations is 20 𝐻𝑧 and the fluid is water.
676
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677
678
679
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686
687
688
689
690
691
692
693
694
695 Figure 8. a) and b) are the real and imaginary parts of 𝑓′ respectively for small Stokes numbers. c) is the horizontal fluid velocity 
696 at small Stokes numbers. d) and e) are the real and imaginary parts of 𝑓′ respectively for relatively larger Stokes numbers than 
697 those of a) and b). f) is the corresponding horizontal fluid velocity. The frequency and amplitude of the wave are 20 Hz and 1µm 
698 respectively.
699
700
701 IV.2 Waves on fluid-flow in the presence of a pressure gradient 

702 In this section we investigate the fluid flow when a pressure gradient is present between the inlet and outlet of a fracture with 

703 parallel walls under typical reservoir pressure. The pressure at the fracture inlet (left side of Fig. 1) is higher than that of the outlet 

704 (right side of Fig. 1) with a pressure gradient of 0.45 psi/ft with a reservoir average pressure of 2000 psi. In the absence of 

705 vibrations, the velocity and pressure are shown in Figs. 9a) and b) for water. We will consider three fracture models saturated with 

706 water, oil, and toluene. The wave and fracture properties are given in Table III whereas the reservoir and fluid properties are given 

707 in Table IV.  For the case where the fracture is saturated with water, the simulations are shown in Figs. 10 and 11. When vibration 

708 occurs, the velocity varies with time as shown in Fig. 10. We notice that there is no more symmetry, a consequence of the presence 

709 of the pressure gradient. It is also found that fluid accelerates back and forth with a high acceleration (Fig. 11). This suggests that 

710 when solvents are injected in an oil reservoir along seismic vibration near the well-bore, the induced shaking of the fluid can 

711 improve the dissolution of oil in solvents and consequently, can increase oil production. The vibration not only creates a vertical 

712 flow but also creates a more significant flow laterally with high acceleration and deceleration along the fracture length.

713 Table III
714 WAVE AND FRACTURE PROPERTIES USED FOR NUMERICAL EXPERIMENTS

Frequency 
(Hz)

Wave Amplitude 
walls (a) and (b) 
(µm)

Fracture length 
(cm)

Fracture 
gap 
(mm)

 20 20 and 10 20 0.8

715
716
717
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718
719
720 Table IV
721 RESERVOIR AND FLUID PROPERTIES USED FOR NUMERICAL EXPERIMENTS

Fluid Reservoir 
pressure 
(psi)

Pressure 
gradient 
(psi/ft)

Viscosity (cP) Density 
(kg/m3)

Water 1.0 1000

Crude oil 6.6 953

Toluene

2000 -0.45

0.560 853
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724

725

726

727

728

729

730

731

732

733

734

735

736

737 Figure 9. a) Velocity field created by the pressure gradient in the fracture. b) Pressure variation along with the fracture. The 
738 frequency of oscillations is 20 Hz and the fluid is water. The vertical exaggeration is 93.7.

739

740 The fluid velocity and acceleration at the right outlet of the fracture variation with time is shown in Fig. 12 a) and b) respectively 

741 during one time-period of the oscillation (.05 s). We notice fluid pressure variations along the fracture midway between the 

742 fracture walls within one time-period of the oscillation (Fig. 12c). This is a significant pressure change compared to the lone 

743 pressure gradient result shown in Fig. 9a. The pressure variation due to the vibration alone (see Figs. 2-6) exhibits a symmetry 

744 about the center of the fracture. This shows that there is no increase or decrease of flow at the outlet of the fracture during a 

745 time-period. Indeed, calculating the fluid volume exiting the fracture for the lone presence of the pressure gradient and that 

746 with the presence of both vibration and pressure gradient it is found that these are identical and is ~434.02 cm3/s for a fracture 

747 with an aperture of 0.8 mm and a length of 20 cm. The conservation of mass is verified by   calculating the volume entering 

748 and exiting the fracture within a time-period which is found to be the same.

749

750
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766

767 Figure 10. Three snapshots of water velocity simulations along the fracture during one time-period (0.05s). The vertical 
768 exaggeration is 91.7.

769

770

771

772

773

774

775

776

777

778

779

780

781

782

783

784

785

786

787 Figure 11. Three snapshots (same times as Fig.10 of water acceleration simulations along the fracture during one time-period 
788 (0.05s). The vertical exaggeration is 91.7.
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791

792
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794

795

796
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798

799

800

801
802
803
804
805
806
807
808 Figure 12. a), d) Velocity simulations at the right outlet of the fracture during one time-period (0.05s) using the model of Tables 
809 III and IV for water and oil. b), e) Fluid acceleration. c), f) Pressure variation along the fracture length. The left, middle and right 
810 columns display simulation results of water, crude oil and toluene, respectively.

811 In the case where the fracture is saturated with oil, we obtain the same relative results (Fig. 13). However, the fluid velocity 

812 and pressure variations, are relatively smaller than those when the fluid is water. The crude oil output at the outlet and input at 

813 the inlet in one period is 65.76 cm3/s. The volume in this case is much smaller than that of the case of water. Obviously, the 

814 viscosity plays a major role in the velocity field. In the case of a toluene–saturated fracture, we also obtain the same relative 

815 results (Fig. 14). However, the fluid velocity and pressure variations, are relatively higher and more significant than those 

816 when the fluid is water. The fluid output at the outlet and input at the inlet in one period is 775.04 cm3/s. The volume in this 

817 case is much larger than that of the case of water. Obviously, the viscosity plays a major role in the velocity field and 

818 acceleration. The fluid velocity and acceleration decrease with increasing viscosity in the case of the presence of the pressure 

819 gradient alone (Solid lines in Fig. 15). These tend to converge to a small value at higher viscosity. However, the induced 

820 velocity by the seismic vibrations (Dashed lines Fig. 15) tend to a constant that increases with decreasing fracture wall 

821 separation. These results can influence oil production and will be discussed below.

822
823
824
825
826
827
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828
829
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831
832
833
834
835
836
837
838
839
840
841
842
843
844
845
846
847
848
849 Figure 13. Maximum horizontal velocity for various fracture openings (𝒉𝟎) versus fluid viscosity. The solid lines are velocities 
850 for the lone pressure gradient and the dashed lines are the induced velocities by the lone seismic vibration. The vertical dotted line 
851 highlights the velocities for various fracture openings when the saturating fluid is water, toluene, and crude oil.
852
853
854 V. DISCUSSION

855 The proposed fluid-saturated fracture model, with horizontal and parallel walls, is based on a narrow gap assumptions and 

856 small oscillations. The approach used here led to a new closed form for the fluid pressure distribution and can be regarded as 

857 a model between lubrication, where the viscous flow dominates inertial terms, to the full Navier-Stokes equations as proposed 

858 by Ishizawa (36). Therefore, the flow is assumed to be laminar. 

859

860 Besides the academic interest of the approach, the developed analytical solutions can be useful in practical applications ranging 

861 from ultrasonic probing for cracks in materials through to seismic characterizations of geological formation where fluids play 

862 an important role, such as oil reservoirs. As mentioned earlier, the goal of this contribution is to apply this model to oil 

863 reservoirs through the study of the behavior of fluids as seismic waves impinge onto both natural and induced fractures in oil 

864 reservoirs. This can be particularly of interest in enhanced oil recovery where the technique can be used to stimulate oil flow 

865 to a producing well of a fractured reservoir. It has been found that the induced fluid pressure in cracks and fractures depends 

866 on the separation between the walls of the fracture, the type of fluid in the fracture, and the amplitude and frequency of the 

867 seismic oscillations. The induced horizontal flow is cyclical and oscillates according to the seismic wave frequency. This 

868 oscillatory flow is embedded on the top of the background flow and can be more prominent under certain conditions. Enhanced 
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869 oil recovery can be achieved by injection under high pressure of various fluids such as solvents. Seismic waves can create a 

870 local flow in horizontal fractures that oscillates along the fracture length. This shaking of the fluid is shown to not hinder the 

871 flow due to pressure gradient. Therefore, it does not increase production by flow but instead by helping to improve the mixing 

872 of the fluids in the fracture such as solvents and crude oil. This will lead to an improved oil recovery. However, this can only 

873 be efficient under certain conditions. A parameter to consider is the amplitude of the wave. Assuming a small ratio of 0.05 

874 between the two Reynolds numbers 𝑅1 and 𝑅2 as described above, the amplitude of the wave should not exceed 0.05 × ℎ0, in 

875 other words the amplitude of the wave should not exceed 5% of the gap between the fracture walls. Typically, fractures are of 

876 submillimeter in thickness and seismic amplitudes impinging onto oil reservoirs have amplitudes that are, generally, of few 

877 micrometers in displacement which correspond to the models presented in this contribution.

878

879 Fractures play a very important role in oil reservoirs as they directly impact production. A good characterization of an oil 

880 reservoir to extract fracture networks information such as density, orientation, fluid content, thickness, and length of fractures 

881 are crucial for reservoir development and production optimization. It is well known that fractures scatter seismic energy at the 

882 top and bottom walls of a fracture as reflected P and transmitted P, respectively at normal incidence. These make the walls 

883 vibrate, generally, with different amplitudes which are dependent of the properties of materials involved. Therefore, the 

884 proposed fracture model can be used for seismic waves as the developed solutions do not impose equal amplitudes nor the 180𝑜

885 phase difference of vibrating walls in contrast with the model proposed by Thorpe (28) and others. Moreover, at seismic 

886 amplitudes, which are generally very small at the reservoir level, we can neglect all second order terms in the Navier-Stokes 

887 equations as proposed here which allows to employ the principle of superposition, a concept accepted and used in seismic data 

888 processing. 

889

890 We have shown that the fluid flow velocity field has two components (see (22)) and is highlighted by the numerical simulations. 

891 On one hand, a vertical component is induced by the vibration that is maximum at the wall and decays away from it. On another 

892 hand, a horizontal component that is nil at the center and increases away from the center in both lateral directions (see (23)). 

893 Its absolute maximum is reached at the left and right borders of the fracture with opposite signs. The horizontal component is 

894 quite significant and dominates the overall flow. Therefore, the fluid is shaking in both the vertical and horizontal directions 

895 but prominently in the horizontal direction. It is also found that the induced fluid flow does not alter the background fluid flow 

896 induced by the presence of a pressure gradient. We have also seen through the numerical experiments given above that the 

897 type of fluid influences the overall flow. 
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898 To optimize production, a testing of parameters should be considered through a feasibility study. At an onshore site for 

899 example, an array of vibrators above the reservoir can be operated simultaneously to create a pseudo-plane wave (i.e., a large 

900 beam) with varying the controlling factors that are amplitudes and frequencies to find optimal values through real-time 

901 monitoring of production. A good characterization of the fractures at the reservoir level could be conducted to extract 

902 information on the fractures to aim at the correct range of amplitudes of the seismic waves, the radial extent of the reservoir, 

903 and fracture orientation.

904 VI. CONCLUSIONS

905 In the frame of seismic oscillations, an approximation to the Navier-Stokes equations for a steady squeeze flow between two 

906 parallel walls of a fluid-saturated fracture is solved analytically to obtain the fluid pressure variation along the fracture as well 

907 as the fluid velocity by assuming that the fluid is incompressible. The analytical solutions for the horizontal and vertical fluid 

908 flow velocities and the pressure variation along the fracture were developed without restrictions on the relative phases and 

909 amplitudes of a fracture’s vibrating walls through the principle of superposition. This is particularly true for seismic waves 

910 traveling through interfaces between geological formations and fractures where waves are reflected and transmitted with 

911 differing amplitudes and phases in general. These analytical solutions were compared with the numerical solutions obtained 

912 via a computational fluid dynamics scheme based on finite volume using the full form of the Navier-Stokes equations 

913 containing the non-linear inertia terms. These are found to be in good agreement with each other which gives more confidence 

914 to the accuracy of the proposed approximation. The solutions indicate that the pure squeezing motion governs the pressure 

915 generated by the force acting on the walls. This can be regarded as a possible mechanism that can stimulate oil recovery. It is 

916 found that the squeezing motion induces an oscillatory flow along the fracture length, between the horizontal fracture walls 

917 and can be very large for certain sets of parameters and reservoir conditions. The amplitude of the oscillatory flow increases 

918 with frequency, fracture length, and decreasing separation of the walls. This mechanism can mobilize fluids and stimulate the 

919 mixing of injected fluids with crude oil in a reservoir. Therefore, it can explain the improved oil recovery reported in some 

920 literature through seismic stimulation near a producing well. The stimulation can be achieved through an array of synchronized 

921 vibrators above a fractured reservoir to create a pseudo-plane wave (large beam). Conducting tests by varying amplitude and 

922 frequency of the vibrations and characterizing the fractures can help in optimizing these parameters to achieve an improved 

923 oil recovery at an oil producing well. This process can work better for near-horizontal fractures where the gap is small with 

924 respect to the length of the fracture. The longer the fracture is, the more prominent the induced oscillatory flow within the 

925 fracture. This induced flow will not increase the background flow average but rather improve the mixing of fluids within the 
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926 fracture, particularly during an enhanced oil recovery process through injection of solvents. The vibration creates a high 

927 acceleration that can detach oil and increase the mixture’s crude oil/solvent ratio

928
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