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Abstract. Oscillatory seismic signals arising from resonant vibrations of4

hydraulic fractures are observed in many geologic systems, including volca-5

noes, glaciers and ice sheets, and hydrocarbon and geothermal reservoirs. To6

better quantify the physical dimensions of fluid-filled cracks and properties7

of the fluids within them, we study wave motion along a thin hydraulic frac-8

ture waveguide. We present a linearized analysis, valid at wavelengths greater9

than the fracture aperture, that accounts for quasi-static elastic deformation10

of the fracture walls, as well as fluid viscosity, inertia, and compressibility.11

In the long-wavelength limit, anomalously dispersed guided waves known as12

crack or Krauklis waves propagate with restoring force from fracture wall elas-13

ticity. At shorter wavelengths, the waves become sound waves within the fluid14

channel. Wave attenuation in our model is due to fluid viscosity, rather than15

seismic radiation from crack tips or fracture wall roughness. We character-16

ize viscous damping at both low frequencies, where the flow is always fully17

developed, and at high frequencies, where the flow has a nearly constant ve-18

locity profile away from viscous boundary layers near the fracture walls. Most19

observable seismic signals from resonating fractures likely arise in the bound-20

ary layer crack wave limit, where fluid-solid coupling is pronounced and at-21

tenuation is minimal. We present a method to estimate the aperture and length22

of a resonating hydraulic fracture using both the seismically observed qual-23

ity factor and characteristic frequency. Finally, we develop scaling relations24

between seismic moment and characteristic frequency that might be useful25

when interpreting the statistics of hydraulic fracture events.26
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1. Introduction

Fluids in Earth’s subsurface are of great societal interest. Petroleum, fracturing, and27

geothermal fluids are basic components of the energy system; magmatic fluids in volcanoes28

are associated with natural hazards; the fossilized remains of ancient volcanic intrusions29

provide insights into past tectonic environments; and liquid water in ice plays a critical30

role in the response of the cryosphere to a changing climate. Such fluids are commonly31

contained in fractures. Fractures are pervasive in geologic media and fluid-filled frac-32

tures are the dominant fluid pathway in media with low intrinsic permeability. In the33

cryosphere, fluid-filled fractures occur as glacial crevasses as well as thin sheets of water34

at the bed of glaciers [Creyts and Schoof , 2009]. In volcanoes, such fractures occur as35

magma-filled dikes and sills [Rubin, 1995], while in geothermal and hydrocarbon reservoirs36

they provide either pre-existing or stimulation-induced fracture space [Gale et al., 2007].37

Because of the expense and sometimes impossibility of in situ measurements, the ability38

to characterize fluid properties and fracture geometry using the seismic wave field is thus39

highly desirable.40

Seismic waves originating from fluid-filled fractures offer a window into these difficult41

to observe systems. Swarms of shallow (< 5 km) volcanic long-period (LP; 0.2-2 s) events42

represent a forecasting tool of the climactic stage of volcanic eruptions [Chouet et al., 1994;43

Chouet , 1996; Sparks et al., 2012]. Seismic signals in ice sheets have been used to infer44

the timing and propagation of a subglacial outburst flood beneath the West Antarctic45

Ice Sheet [Winberry et al., 2009]. Tary et al. [2014] relate seismograms recorded during46

reservoir stimulation to the geometry of induced hydraulic fractures in an unconventional47
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hydrocarbon reservoir. Although these geologic settings are diverse, observed seismic48

waveforms in each case share many common features.49

The most notable attribute of seismic signals emanating from fluid-filled fractures is50

the presence of one or more characteristic frequencies. The Fourier spectra of such signals51

are therefore strongly peaked or band-limited. The characteristic frequencies sometimes,52

but not always, have a harmonic relationship. The presence of harmonic spectral peaks53

suggests resonance phenomena [Aki et al., 1977]. Observations typically have the lowest54

characteristic frequency f1 in the range of 1 to 1000 Hz (Table 1). When interpreted as55

a fundamental resonant frequency, f1 is expected to be related to a wave speed c and56

fracture length L by f1 ∼ c/L. This relationship suggests a method for estimating the57

subsurface crack length L using the seismically observable frequency f1. The crux of such58

an analysis is the choice of the proper wave speed. Fluid-filled fractures act as dispersive59

wave guides, where waves experience dispersion due to the elasticity of the hydraulic60

fracture walls [Krauklis , 1962; Paillet and White, 1982; Chouet , 1986; Ferrazzini and Aki ,61

1987]. The frequency dependence of the wave speed must therefore be taken into account62

in order to correctly interpret observed resonant frequencies.63

The speed of wave propagation is determined by the restoring forces acting along the64

fracture. There are two important end-member restoring force regimes (Figure 1a). In the65

limit that the fracture walls are rigid compared to a highly compressible fluid, disturbances66

are accommodated as sound waves with sound wave speed c0 ≡
√
Kf/ρ0 for fluid bulk67

modulus Kf and nominal fluid density ρ0. In the opposite limit, the crack walls are highly68

deformable and the fluid is nearly incompressible. Waves in this setting will propagate as69
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crack (or Krauklis) waves with the dispersive crack wave speed [Krauklis , 1962],70

cw ≡
(
G∗

ρ0
w0ω

)1/3

. (1)71

Here G∗ = G/(1−νs) for solid shear modulus G and Poisson ratio νs, w0 is the unperturbed72

conduit half-width, and ω is angular frequency. Note that (1) provides sensitivity of f173

to the aperture. However, even when fluid and solid material properties are known,74

observation of f1 alone is insufficient to uniquely constrain both L and w0.75

Seismic events due to fluid-filled fractures may have either an impulsive or a contin-76

uous nature. In volcano seismology, impulsive, monochromatic seismograms are termed77

long period or LP events; continuous, monochromatic seismograms are termed volcanic78

tremor. The latter may have a duration from minutes to days and sometimes months or79

longer [Chouet and Matoza, 2013]. Similar long duration, monochromatic seismic signals80

have been observed in Antarctic ice streams [Winberry et al., 2009] and during hydraulic81

fracturing of geothermal [Bame and Fehler , 1986; Ferrazzini et al., 1990] and tight gas82

reservoirs [Tary et al., 2014]. Events with an impulsive nature often show a gradual83

amplitude decay in the latter part of their wave train or coda.84

Amplitude decay is described by a quality factor Q. The quality factor describes the85

damping of a resonating fracture and corresponds to the number of oscillations that an86

impulsive signal undergoes before decay to e−π ≈ 4% of its original amplitude. Alterna-87

tively, sustained excitation in the source region may result in sustained oscillations. Such88

oscillations may not have a discernible decay time, and for such signals the quality factor89

may be measured from the width of a spectral peak. Observations generally constrain90

Q in the range of 1 to 1000 (Table 1). The physical origin of amplitude decay lies in91
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two mechanisms of attenuation: fluid viscosity and emitted seismic radiation [Aki , 1984;92

Chouet , 1992].93

The purpose of this work is to study the role of viscous damping of hydraulic fracture94

guided waves. Two end-member fluid flow states are delimited by the timescale of viscous95

momentum diffusion across the width of the crack:96

α−1 ≡ w2
0/ν, (2)97

where ν is the kinematic viscosity. At timescales shorter than α−1, the fluid velocity98

is nearly constant across the conduit and the effects of viscosity are confined to narrow99

boundary layers along the fracture walls. In the opposite limit, at timescales greater than100

α−1, the fluid velocity field has a parabolic, or fully developed, profile. As examples,101

basaltic magma in a 1 m wide fracture has α−1 ≈ 10 s and water in a 1 mm wide fracture102

has α−1 ≈ 1 s. Because seismic frequencies of interest for hydraulic fracturing events are103

commonly in the range of 1-1000 Hz, a proper description of the hydraulic fracture seismic104

source must account for boundary layer formation. We restrict attention to low Reynolds105

number, laminar flows and we assume that the background flow speed in the conduit is106

negligibly small; all fluid flow in our analysis arises from perturbations to the conduit.107

The effects of viscosity have received varying degrees of analysis in previous studies.108

Many studies have taken the fluid to be inviscid [Aki et al., 1977; Ferrazzini and Aki , 1987;109

Kumagai and Chouet , 1999, 2000, 2001; Kumagai et al., 2002; Yamamoto and Kawakatsu,110

2008]. Chouet [1986, 1988, 1992] and Dunham and Ogden [2012] study the motion of a111

viscous fluid but assume fully developed flow. Deviations from full flow development have112

been explored in several recent analytical [Korneev , 2008, 2010; Nakagawa and Korneev ,113

2014] and numerical [Frehner and Schmalholz , 2010; Frehner , 2014] studies. Several stud-114
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ies have also considered turbulent [Hellweg , 2000; Dunham and Ogden, 2012; Tary et al.,115

2014] and even multiphase flows [Kumagai and Chouet , 2000; Morrissey and Chouet ,116

2001; Jousset et al., 2004].117

Our analysis is most similar to that of Korneev [2008, 2010], but he derives a more118

general dispersion relation from the linearized Navier-Stokes equation for the fluid and119

elastic wave equation for the solid. Furthermore, Nakagawa and Korneev [2014], extending120

the work of Nakagawa and Schoenberg [2007] consider fractures filled with a poroelastic121

material. That material provides additional stiffness and increases crack wave speeds,122

particularly at low frequencies. Their framework for analysis also permits consideration123

of more general relations between pressure gradients along the fracture and the resulting124

fluid flow. From these various formulations, Korneev [2008, 2010] and Nakagawa and Ko-125

rneev [2014] take certain limits to examine interesting parts of parameter space, such as126

when wavelengths are much larger than the crack width. In contrast, we employ various127

approximations from the outset to arrive at a simplified, approximate set of governing128

equations. We anticipate that this formulation will be useful for efficient numerical sim-129

ulation of wave interactions with hydraulic fractures. Solutions to the dispersion relation130

resulting from our approximate equations reproduce known asymptotic results derived by131

various authors in relevant limits.132

In many cases, we expect that viscous dissipation will control the overall damping of133

resonant modes. In this limit, we show that observation of the quality factor Q1 at the134

frequency f1 provides a second constraint on fracture length and aperture. This constraint135

complements the relation provided by observations of fundamental resonant frequency f1.136

Together, these two observables provide a means to uniquely constrain fracture geometry137
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when the fluid and solid mechanical properties are known. Using closed-form expressions138

for f1 and Q1 in the boundary layer crack wave limit, we can write expressions for fracture139

length L and width 2w0 in terms of these seismically observable quantities:140

L =
1

2

[
πν

(
G∗

ρ0

)2
Q2

1

f 5
1

]1/6
, (3)141

2w0 = Q1

√
ν

πf1
. (4)142

143

These relations arise from the condition that, at resonance for the fundamental mode,144

wavelengths will be twice the crack length, as discussed in Section 7. In addition, Fig-145

ures 6-8 present a graphical method for estimating L and w0 using f1 and Q1, based146

on numerical solution of the dispersion relation. This graphical method provides a more147

complete solution than (3) and (4) that includes the fully developed and boundary layer148

flow regimes as well as the rigid- and deformable-wall limits.149

2. Governing equations

We consider an infinitely long, fluid-filled fracture or conduit that is bounded by two150

elastic half-spaces (Figure 1). The conduit and all perturbations are taken to be symmetric151

about the midplane y = 0. The walls of the conduit are located at y = −w(x, t) and152

y = w(x, t). The conduit walls are initially planar and parallel, with w(x, 0) = w0.153

Symmetry allows us to restrict attention to y ≥ 0; we consider the two-dimensional154

problem with invariance in the z-direction.155

Direct observations indicate that hydraulic fractures in geologic media are thin in the156

sense that their lateral extent is often two to four orders of magnitude greater than their157

cross-sectional opening. This thinness is apparent in aerial images of glacial crevasse158

fields [Cuffey and Patterson, 2000], outcrops of ancient volcanic dikes [Gudmundsson,159
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1983; Walker , 1987; Kavanagh and Sparks , 2011], observations of modern dike extension160

[Segall et al., 2001; Calais et al., 2008; Biggs et al., 2009], as well as images and cores161

containing fractures taken from within boreholes [Barton et al., 1995; Gale et al., 2007].162

We therefore take the conduit half-width w0 to be very narrow in comparison to the163

fracture-parallel lengthscale λ (the crack length or wavelength of guided waves), so that164

ε ≡ w0/λ � 1. We refer to this condition as the thin-fracture approximation. The165

condition that ε� 1 places an upper wavenumber bound on the domain of validity of our166

analysis. One consequence of this approximation is that in the short-wavelength limit,167

phase velocities of waves in our model approach the sound speed rather than the slightly168

slower Scholte wave speed describing propagation along a fluid-solid interface [Stoneley ,169

1924; Scholte, 1942, 1947].170

2.1. Fluid flow

We examine small amplitude, symmetric perturbations to a compressible, linear viscous171

(i.e., Newtonian) fluid that is initially at rest. The fluid has background or unperturbed172

density ρ0 and pressure p0 that are both spatially uniform. Neglecting background ve-173

locity precludes flow stability analysis as described in several previous studies [Julian,174

1994; Balmforth et al., 2005; Rust et al., 2008; Dunham and Ogden, 2012; Sakuraba and175

Yamauchi , 2014].176
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The fluid is governed by the linearized equations of mass and momentum balance. As177

shown in Appendix A, neglecting small terms of O(ε) results in the equations178

1

ρ0

∂ρ

∂t
+
∂vx
∂x

+
∂vy
∂y

= 0, (5)179

ρ0
∂vx
∂t
− µ∂

2vx
∂y2

= −∂p
∂x
, (6)180

∂p

∂y
= 0. (7)181

182

These governing equations introduce the dynamic viscosity µ and the fluid velocity com-183

ponents vx and vy, as well as the density ρ and pressure p. The vertical momentum184

balance (7) shows that the fluid pressure is constant across the conduit.185

An equation of state completes the system of governing equations for the fluid. The186

linearized fluid equation of state is187

1

ρ0

∂ρ

∂t
=

1

Kf

∂p

∂t
, (8)188

189

where Kf is the fluid bulk modulus. No advective terms arise because the background190

state has no gradients in fluid density or pressure. As a result of (7) and (8), we conclude191

that density ρ is also uniform across the width of the conduit.192

2.2. Fluid-solid interface conditions

Fluid-solid coupling is achieved through interface conditions on the moving wall, y =193

w(x, t). In this linearized analysis of distubances about a fluid at rest, however, it suffices194

to enforce approximate interface conditions at the location of the unperturbed conduit195

wall, y = w0.196

Force balance at the fluid-solid interface requires that the traction exerted by the elastic197

solid on the viscous fluid is equal and opposite to that exerted by the fluid on the solid:198

p = −σyy on y = w0 (9)199
200
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and201

τ ≡ −µ∂vx
∂y

∣∣∣∣
w0

= −σxy on y = w0, (10)202

203

where τ is the fluid shear stress on the wall, σij are the components of the stress tensor204

in the solid, and O(ε) terms are neglected within the linearization. This definition of the205

wall shear stress τ is consistent with positive τ acting to decelerate a flow in the positive206

x direction.207

The continuity or no-slip condition states that a particle of fluid that is in contact with208

the wall remains in contact with the same particle of solid wall material:209

vx =
∂ux
∂t

on y = w0, (11)210

211

and212

vy =
∂uy
∂t

on y = w0, (12)213

214

where ui are the components of displacement in the solid. The wall-normal velocity con-215

dition (12) forbids interpenetration or separation and holds for both viscous and inviscid216

fluids. Equations (11) and (12) are correct to first order and there is no need to account217

for deformation-induced rotation of the interface in this linearized analysis.218

Finally, the linearized kinematic interface condition relates the motion of the interface219

to the velocity at the interface:220

∂w

∂t
= vy on y = w0. (13)221

2.3. Width-averaged description

The thin fracture approximation motivates a width-averaged treatment of the fluid.222

The width-averaged mass balance equation is found by integrating the mass balance (5)223
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between y = 0 and y = w0 and substituting the kinematic wall condition (13). The result224

is225

1

ρ0

∂ρ

∂t
+
∂u

∂x
= − 1

w0

∂w

∂t
, (14)226

227

where the width-averaged velocity is228

u(x, t) =
1

w0

∫ w0

0

vx(x, y, t)dy. (15)229

We have used the linearized width-averaging operator w−10

∫ w0

0
dy. Symmetry permits230

integrating over the conduit half-width. Nakagawa and Korneev [2014] motivate a similar231

averaging operation by examining jump conditions across the fracture walls.232

The linearized and width-averaged mass balance (14) describes two ways in which the233

fluid-filled crack accommodates a mass increase −∂u/∂x. The fluid can either be com-234

pressed, as reflected in the (∂ρ/∂t)/ρ0 term, or the conduit walls can deform, as reflected235

in the (∂w/∂t)/w0 term. The relative importance of these effects, which are illustrated236

in Figure 1, requires consideration of the fluid equation of state and elasticity of the wall237

material; we return to this subsequently.238

The linearized and width-averaged momentum balance is239

ρ0
∂u

∂t
= −∂p

∂x
− τ

w0

. (16)240

The flow is accelerated by negative pressure gradients and decelerated by positive shear241

stresses.242

2.4. Wall elasticity

We consider linear elastic deformation of the conduit walls and limit attention to per-243

turbations having phase velocities much less than the elastic wave speeds. Dunham and244

Ogden [2012] showed that this phase velocity regime covers most geologic systems of in-245
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terest. As a result the elastic response is essentially quasi-static. We introduce the double246

Fourier transform of an arbitrary function F (x, t) as247

F̂ (k, ω) =

∫ ∞
−∞

∫ ∞
−∞

F (x, t)e−i(kx−ωt)dtdx. (17)248

In the transform domain, the relationship between the stresses and displacements on the249

upper wall of the crack is250 (
ûx
ûy

)
=

(
−1−νs

G|k|
1−2νs
2iGk

−1−2νs
2iGk

−1−νs
G|k|

)(
σ̂xy
σ̂yy

)
on y = w0. (18)251

The solid shear modulus is G and νs is Poisson’s ratio. When k is complex, |k| should be252

interpreted as sign(Re k)k. We have derived this relationship by taking the quasi-static253

limit of equation (17) of Ranjith and Rice [2001]. The general inverse dependence on254

wavenumber indicates that the conduit is more deformable at longer wavelengths. The255

use of quasi-static elasticity limits us to the regime where the fluid sound speed c0 is less256

than the wall elastic wave speed. More exact theories, such as those developed by Krauklis257

[1962]; Paillet and White [1982]; Ferrazzini and Aki [1987]; Korneev [2008], and Korneev258

[2010], account for inertia of the solid and make no assumptions about wavelengths being259

larger than the crack width, at the expense of a more complex dispersion relation. While260

those analyses capture the short wavelength behavior more precisely, our approximate261

treatment is in complete agreement at the longer wavelengths that are the focus of this262

work.263

3. Viscous compressible flow in a deformable conduit

In this section we describe the motion of the fluid. There are two limiting behaviors. At264

low frequencies the fluid velocity profile is parabolic and the flow is fastest in the center of265

the conduit; the flow is said to be fully developed. At higher frequencies the velocity profile266
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is uniform across most of the conduit, except in narrow boundary layers immediately267

adjacent to the walls. To describe these phenomena, we first solve for the velocity profile268

in the cross-conduit or y-direction. Using this solution we derive expressions for the width-269

averaged velocity u that enters the width-averaged mass balance equation (14) and the270

wall shear stress τ that enters the width-averaged momentum balance (16).271

We solve the x-momentum balance equation with integral transforms. Applying the272

transform (17) to the momentum balance (6) yields273

iωv̂x + ν
d2v̂x
dy2

= ik
p̂

ρ0
, (19)274

where ν ≡ µ/ρ0 is the kinematic viscosity. Scaling analysis of (19) suggests that the275

character of the flow will depend on the frequency ω relative to the viscous timescale α−1,276

as defined in (2). The viscous time α−1 is the timescale required for momentum to diffuse277

across the conduit; α can also be viewed as a viscous damping rate in the fully developed278

flow limit. The damping ratio ζ is the ratio of the damping rate α to the angular frequency279

ω:280

ζ ≡ α

ω
. (20)281

The parameter
√
ζ is the Womersley number, a quantity encountered in cardiovascular282

mechanics [Womersley , 1955; Barnard et al., 1966].283

3.1. Fluid velocity profile

The symmetric solution of equation (19) that satisfies the no-slip condition (11) is284

v̂x = â(y, ω)

(
−ik p̂

ρ0

)
+ b̂(y, ω) (−iωûx) , (21)285

286

in which287

â(y, ω) =
1

−iω

[
1− cosh(ξy/w0)

cosh ξ

]
(22)288
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and289

b̂(y, ω) =
cosh(ξy/w0)

cosh ξ
. (23)290

In this solution we have introduced291

ξ ≡
√
−iw

2
0ω

ν
, (24)292

with branch cut defined so that Re ξ ≥ 0 when ω is complex. Because ξ2 = −i/ζ, it is293

clear that these two parameters represent two ways to express the same information. We294

retain the use of ξ for notational convenience. The solution for the fluid velocity profile295

(21) shows that changes in fluid velocity arise from both the fluid pressure and the wall-296

parallel wall motion. The solution (21) matches that of Biot [1956] and Mavko and Nur297

[1979] in the rigid-wall limit.298

In the time domain, the fluid velocity profile is given by a convolution integral of the299

form300

vx(x, y, t) =

∫ t

−∞

{
a(y, t− t′)

[
− 1

ρ0

∂p(x, t′)

∂x

]
301

+ b(y, t− t′)
[
∂ux(x, t

′)

∂t′

]}
dt′. (25)302

303

The kernels a(y, t) and b(y, t) may be found by inverting the transform of (22) and (23).304

For our purposes, however, it is more useful to consider the following asymptotic analyses.305

The fluid velocity profile (21) has two end-member behaviors: fully developed flow (ζ � 1)306

and boundary layer flow (ζ � 1).307

We begin by describing the velocity for an inviscid fluid (ζ = 0). In this case ξ → ∞,308

a→ 1/(−iω), and b→ 0. In the time domain,309

vx(x, t) = − 1

ρ0

∫ t

−∞

∂p(x, t′)

∂x
dt′. (26)310
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The fluid velocity profile is constant across the conduit and horizontal wall motion plays311

no role in the fluid motion. The fluid is uniformly accelerated by the pressure gradient.312

The high frequency limit for a viscous fluid (ζ � 1) is characterized by the formation313

of narrow boundary layers near the wall. The width of the boundary layer is ∼
√
ν/ω.314

Outside of the boundary layers the velocity profile is nearly constant and matches the315

inviscid solution (26). The transfer functions take the asymptotic forms316

â(y, ω) =
1

−iω

{
1− exp

[
−ξ
(

1− y

w0

)]}
, (27)317

b̂(y, ω) = exp

[
−ξ
(

1− y

w0

)]
. (28)318

319

The fluid velocity profile is320

vx(x, y, t) =

∫ t

−∞
erf

(
1− y/w0√
4α(t− t′)

)(
− 1

ρ0

∂p(x, t′)

∂x

)
dt′ (29)321

+

∫ t

−∞
erfc

(
1− y/w0√
4α(t− t′)

)(
∂2ux(x, t

′)

∂t′2

)
dt′. (30)322

323

In the low frequency, fully developed flow limit (ζ � 1)324

â(y, ω) =
w2

0

2ν

(
1− y2

w2
0

)
, (31)325

b̂(y, ω) = 1. (32)326
327

Inverting these transfer functions shows that the velocity field has a parabolic profile:328

vx(x, y, t) =
w2

0

2µ

(
1− y2

w2
0

)(
−∂p
∂x

)
+
∂ux
∂t

, (33)329

and we see that the velocity only depends on the instantaneous pressure gradient and330

wall-parallel wall velocity.331
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3.2. Width-averaged fluid velocity and wall shear stress

We now calculate the width-averaged fluid velocity for use in the width-averaged mass332

balance (14). The width-averaged velocity, using equations (15) and (21), is333

û =
1− T
−iω

(
−ikp̂
ρ0

)
+ T (−iωûx) , (34)334

335

where336

T ≡ tanh ξ

ξ
. (35)337

In the boundary layer limit, ζ � 1 and to leading order in ξ−1,338

T ≈ 1

ξ
=
√
iζ. (36)339

In the fully developed limit, ζ � 1 and340

T = 1− 1

3
ξ2 + · · · ≈ 1− 1

3iζ
. (37)341

The wall shear stress τ defined by equation (10) is found by differentiating the velocity342

field (21) and evaluating the result at y = w0. The result is343

τ̂ = w0ρ0T

(
−ikp̂
ρ0

)
+ iωw0ρ0T (−iωûx) . (38)344

345

We combine (34) and (38) to eliminate pressure p from the expression for wall shear346

stress τ :347

τ̂ = −iωw0ρ0
T

1− T
(û+ iωûx) . (39)348

In the fully developed flow limit (39) takes the time domain limit349

τ = 3
µ

w0

(
u− ∂ux

∂t

)
, (40)350

which shows that the wall shear stress only depends on the difference between the average351

fluid velocity and the horizontal wall velocity. We have used the limit that T/(1−T ) ≈ 3iζ352
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from (37). Neglecting horizontal wall motion, as we later find is justified, results in the353

same drag law, τ = 3µu/w0, that was used by Dunham and Ogden [2012]. Dunham and354

Ogden [2012], however, used this drag law for all ζ, including in the ζ � 1 limit where it355

is not appropriate.356

In the boundary layer limit, the wall shear stress is history dependent. We eliminate357

pressure in (34) and (39), and with the help of (36), we find the convolution integral358

τ(x, t) =
µ√
4π

∫ t

−∞

∂u(x, t′)/∂t′ − ∂2ux(x, t′)/∂t′2√
ν(t− t′)

dt′. (41)359

We note that shear stress does not depend on the fracture width in the boundary layer360

limit. This is expected because the fluid shear is confined to a narrow region near the361

wall.362

3.3. Scaling Relations

Several scaling relationships arise between τ , u, and p that may be useful in calculating363

the magnitudes of these fields. In Appendix B we show that the horizontal motion of the364

wall has a negligible role in wave motion. For this reason we neglect its contribution in365

this section.366

The fully developed flow and boundary layer limits each have characteristic average367

velocities. In the fully developed flow limit this characteristic velocity is368

uFD ≡
w2

0

3µ

∣∣∣∣−∂p∂x
∣∣∣∣ , (42)369

which reflects the dominant balance in (6) between the pressure gradient driving the flow370

and viscous resistance. In this limit, inertial effects are negligible and the average velocity371

is out of phase with pressure (Figure 2).372
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In contrast, the characteristic average velocity in the boundary layer limit is373

uBL ≡
1

ωρ0

∣∣∣∣−∂p∂x
∣∣∣∣ , (43)374

now reflecting the dominant balance between the pressure gradient and fluid inertia. The375

presence of boundary layers confines the effects of viscosity to a thin region near the con-376

duit wall and, for time-harmonic motions, allows the central part of the flow to maintain a377

velocity that is in phase with the pressure perturbation, as for an inviscid fluid (Figure 2).378

In the boundary layer limit the average velocity is independent of viscosity and conduit379

width.380

In the fully developed flow limit, the wall shear stress scales as381

τFD ≡ w0

∣∣∣∣−∂p∂x
∣∣∣∣ , (44)382

and in the boundary layer limit as383

τBL ≡
√
ν

ω

∣∣∣∣−∂p∂x
∣∣∣∣ . (45)384

As before in (41), it is useful to eliminate pressure p to state the scaling relationship385

between τ and u; for fully developed flow,386

τFD =
3µ

w0

uFD. (46)387

In the boundary layer limit the corresponding relationship is388

τBL = µ
uBL√
ν/ω

. (47)389

For a linear viscous fluid, the shear stress in a viscous fluid is the product of the shear390

strain rate and the dynamic viscosity. In the fully developed flow limit, momentum has391

diffused across the entire width of the conduit, and the shear strain rate is ∼ uFD/w0.392
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In the boundary layer limit, the shear strain rate is ∼ uBL/
√
ν/ω, where

√
ν/ω is the393

momentum diffusion length.394

We emphasize that the scaling relationships (42)-(47) are not exact expressions for the395

evolution of velocities and shear stresses. Rather, they are estimates of the amplitude396

response to a harmonic perturbation.397

4. Wave dispersion relation

Our goal is to describe the motions that arise from the coupled fluid-elastic system.398

Seeking solutions with ei(kx−ωt) dependence to the homogeneous equations results in a399

dispersion relation D(k, ω) = 0 that relates k and ω.400

The governing equations are the width-averaged conservation of mass (14) and x-401

momentum (16), the equations of elasticity (18), and the fluid drag law (39). Together,402

these relations form a homogeneous system of equations:403 
ω
Kf

0 −k ω
w0

0

0 1 ikw0T 0 ω2w0ρ0T
−ik −1/w0 iωρ0 0 0
−1−νs

G|k| −
1−2νs
2iGk

0 1 0

−1−2νs
2iGk

1−νs
G|k| 0 0 1



p̂
τ̂
û
ŵ
ûx

 = 0. (48)404

In this matrix equation, the equation of state (8) was used to eliminate density ρ and405

the kinematic boundary condition (13) was used to eliminate vy. The system (48) has406

nontrivial solutions only when the determinant of the coefficient matrix, the characteristic407

equation, vanishes. Without approximation, the characteristic equation is408

(T − 1)
k2c20
ω2

+
Kf

G∗w0|k|
+ 1409

+T

[
Kfω

2ρ0
4(G′)2k2

− Kfω
2ρ0

(G∗)2|k|2
410

+(1− 2T )
k2Kfw0

G∗|k|
− ω2ρ0w0

G∗|k|

]
= 0, (49)411

412
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in which T = tanh(ξ)/ξ, G∗ = G/(1 − νs) and G′ = G/(1 − 2νs). Ignoring O(ε2) terms,413

as discussed in Appendix B, yields the simplified dispersion relation414

D(k, ω) ≡
(

tanh ξ

ξ
− 1

)(
c0
ω/k

)2

+ 1 +
Kf

G∗|k|w0

415

= 0. (50)416
417

Several nondimensional parameters appear in the dispersion relation (50). We have418

already discussed the nondimensional viscous damping parameter ζ in equation (20),419

which enters (50) through ξ. The ratio of the restoring forces from fluid compressibility420

and elastic wall deformation is [Dunham and Ogden, 2012]421

Λ ≡ Kf

G∗|k|w0

. (51)422

423

Understood as a ratio of wavelengths (or wavenumbers), the parameter Λ = λ/λel defines424

a characteristic elastic coupling length scale425

λel ≡ 2π
G∗w0

Kf

(52)426

and associated wavenumber kel ≡ 2π/λel. When Λ � 1, waves have restoring force from427

the elasticity of the conduit walls. When Λ � 1, waves have restoring force from fluid428

compressibility. It will sometimes be useful to characterize the restoring force regime by429

frequency rather than by wavenumber. For this purpose, we define the corresponding430

elastic coupling frequency,431

ωel ≡ kelc0 ≡
Kfc0
G∗w0

. (53)432

This characteristic elastic coupling frequency gives rise to the nondimensional frequency,433

Ω ≡ ω

ωel
. (54)434
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We use Ω when studying waves with real-valued frequency ω and Λ when studying waves435

with real-valued wavenumber k.436

We nondimensionalize the wavenumber by the wavenumber of a sound wave with angular437

frequency ω:438

K ≡ k

ω/c0
. (55)439

We note that440

Λ =
1

Ω|K|
. (56)441

The dispersion relation (50) may be written using these nondimensional parameters:442

D(k, ω) ≡ (T − 1)K2 + 1 + (Ω|K|)−1 = 0; (57)443
444

its solutions depend only on the dimensionless wavenumber K, and the two parameters445

Ω, and ζ, the latter by way of the dependence T (ζ). In the rest of this work we describe446

the wave motion that arises from this relation.447

5. Wave behavior with real frequency

We consider two types of excitation of hydraulic fracture guided waves. In the first448

scenario waves have a real-valued frequency ω. This real-frequency model of wave prop-449

agation results in a spatial quality factor and is well suited to describe the spatial decay450

of perturbations that propagate along a fracture, away from a constant-frequency source451

[e.g., Montagna and Gonnermann, 2013]. In Section 6 we consider the contrasting case452

of a wave propagating with real-valued wavenumber k. Such a real-wavenumber model of453

wave propagation results in a temporal quality factor and is well suited to describe the454

temporal decay of resonant modes of a finite-length hydraulic fracture.455
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Due to the symmetry of the problem, propagating wave solutions always come in pairs,456

corresponding to waves traveling in the +x and −x directions. Without any loss of457

generality, we restrict attention to waves propagating in the +x direction. For the real-458

valued k problem, we also find, in certain parts of parameter space, nonpropagating modes459

that rapidly decay. These modes are unlikely to play an important role in problems of460

interest, so we focus solely on the propagating waves.461

Guided waves along hydraulic fractures experience a decay in amplitude as they travel462

in space at a given real-valued frequency. Waves that experience a decay in amplitude of463

e−2π over Q wavelengths are said to have a spatial quality factor Q, defined by464

1

2Q
≡ ImK

ReK
. (58)465

Because such waves travel in a quasi-one-dimensional wave guide there is no decrease466

in amplitude due to geometrical spreading. Instead, hydraulic fracture guided waves467

experience amplitude decay through viscous dissipation in the fluid. We also neglect468

damping from seismic radiation.469

The normalized wave phase velocity is470

c

c0
≡ 1

Re K
. (59)471

Phase velocity and attenuation, obtained by numerical solution of the dispersion rela-472

tion (57), are plotted in Figure 3. Waves are anomalously dispersed in the sense that473

phase velocity is an increasing function of frequency. Attenuation, in contrast, is a de-474

creasing function of frequency. Diminished attenuation at high frequencies is due to the475

confinement of viscous dissipation to narrow boundary layers.476
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Two important transitions occur as ω is varied: the transition from sound waves to477

crack waves and the transition from fully developed flow to boundary layer flow. The first478

is associated with the frequency ωel and the second with α. Upon choosing one of these479

to nondimensionalize ω, the only remaining parameter governing wave behavior is ωel/α.480

These two transitions divide the parameter space into four quadrants. In the remainder481

of this section we present closed-form analytic solutions for each of these end-member482

wave behaviors. We first describe waves in a rigid-walled conduit (Ω−1 = 0). We then483

describe waves in a highly deformable conduit (Ω � 1). For each of these two scenarios484

we discuss boundary layer (ζ � 1) and fully developed (ζ � 1) flow. We begin with the485

simpler case where viscosity is neglected and ζ = 0.486

Seismic observations of resonating, fluid-filled cracks in geologic media often exist in487

a part of parameter space where perturbations propagate as crack waves with boundary488

layer flow. These waves have low attenuation because they are in the boundary layer limit;489

they have high fluid-solid coupling in the sense that a pressure perturbation results in a490

greater wall deformation in the crack wave limit than in the sound wave limit. Boundary491

layer crack waves exist in the frequency range α < ω < ωel. Asymptotic limits of the phase492

velocity and attenuation in this range are given in Section 5.2.2. For a 1 m dike filled493

with basaltic melt in crustal rock, this range is approximately 6× 10−3 Hz < f < 10 Hz494

(Table 4), where f ≡ ω/(2π). For a 1 mm water-filled fracture in ice this range is495

approximately 0.2 Hz < ω < 2× 105 Hz.496

Most geologic systems have ωel/α� 1, but our results do not depend on this condition.497

Whenever ωel > α waves can occur as fully developed crack waves, boundary layer crack498

waves, and boundary layer sound waves. When ωel > α, fully developed sound waves499
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cannot occur because it is not possible to reach the sound wave limit (ω > ωel) while500

ω < α. The same reasoning shows that if α > ωel, possible wave types are boundary layer501

sound waves, fully developed sound waves, and fully developed crack waves.502

5.1. Sound waves and the rigid wall limit

Perturbations take the form of sound waves when Ω−1 � 1. In this limit, the dominant503

mass balance (14) is between changes in density and the velocity gradient. In Appendix B504

we note a condition for the existence of sound waves within the thin fracture approxima-505

tion. More exact treatments that do not make this approximation find that at wavelengths506

much shorter than the crack width, there exist multiple waves modes; the fundamental507

mode velocity approaches the Scholte wave speed at a fluid-solid interface and the higher508

modes approach the sound speed. Our analysis precludes study of waves in this very509

short-wavelength or high-frequency limit.510

There are two limiting sound wave behaviors that depend on the fluid flow regime.511

The fluid may either have ω � α (i.e., ζ � 1) or ω � α (i.e., ζ � 1). In the ζ � 1512

limit the flow is in the boundary layer limit. Waves in this higher frequency regime have513

low attenuation and phase velocity nearly equal to the fluid sound wave speed. In the514

ζ � 1 limit the flow is fully developed. Waves in this lower frequency regime have high515

attenuation due to viscous dissipation and have a reduced, dispersive phase velocity.516

The sound wave dispersion relation is the limit of equation (57) for Ω−1 = 0:517

K = (1− T )−1/2. (60)518

Upon recalling that T = tanh(ξ)/ξ, where ξ2 = −i/ζ, we note that the only nondimen-519

sional parameter in equation (60) is ζ.520
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5.1.1. Inviscid case521

In the simplest scenario a rigid-walled conduit contains an inviscid fluid (ζ = 0). Because522

T = 0, the dispersion relation equation (57) reduces to523

K = 1 (61)524

or k = ω/c0. These are unattenuated sound waves that propagate with the nondispersive525

phase velocity equal to the fluid sound speed c0.526

5.1.2. Boundary layer limit527

We now consider effects of viscosity. In the high frequency, ζ � 1 limit, we approximate528

T as in (36). The approximate dispersion relation is529

K =

(
1 + i

√
ζ

8

)
. (62)530

The phase velocity is again c = c0, as in the inviscid case. Attenuation is531

1

2Q
=

√
ζ

8
=

1

2w0

√
ν

2ω
. (63)532

5.1.3. Fully developed flow limit533

At lower frequencies, ζ � 1 and the dispersion relation is534

K = (1 + i)

√
3

2
ζ, (64)535

where we have used (37). In this limit, damped sound waves have a dispersive phase536

velocity537

c

c0
=

√
2

3ζ
= w0

√
2

3

ω

ν
. (65)538

Attenuation is constant, with539

1

2Q
= 1. (66)540
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This attenuation result is not plotted in Figure 3 because, as discussed previously, fully541

developed sound waves do not occur when α < ωel.542

5.2. Crack waves and the deformable conduit limit

Perturbations to the fracture result in crack waves when Ω−1 � 1. As before, we543

consider two limits of the fluid flow: boundary layer (ζ � 1) and fully developed (ζ � 1).544

5.2.1. Inviscid case545

We initially neglect viscosity by taking ζ = 0. The dispersion relation is546

K = Ω−1/3. (67)547
548

The phase velocity is549

c =

(
ω
G∗w0

Kfc0

)1/3

, (68)550

as stated in equation (1). Because Kf = ρ0c
2
0, c depends only on fluid density ρ0 and551

not on the compressibility Kf . Following Chouet [1986] we refer to such waves as crack552

waves. Several recent studies refer to such waves as either Krauklis or Stoneley guided553

waves [Korneev , 2008, 2010; Frehner and Schmalholz , 2010; Frehner , 2014], although other554

names have also been used [Korneev et al., 2012].555

5.2.2. Boundary layer limit556

When ζ � 1, the dispersion relation is557

K = Ω−1/3

(
1 +

√
ζ

9

)
. (69)558

Boundary layer crack waves have the same phase velocity as undamped crack waves (68);559

their attenuation remains independent of the elastic coupling parameter Ω,560

1

2Q
=

1

3w0

√
ν

2ω
, (70)561
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The attenuation (70) differs only from the boundary layer sound wave attenuation (63)562

by a small constant factor that amounts to ≈ 6% difference in 1/2Q.563

5.2.3. Fully developed flow limit564

The dispersion relation for ζ � 1 is565

K = i1/3
(

3ζ

Ω

)1/3

=

√
3 + i

2

(
3ζ

Ω

)1/3

. (71)566

567

The phase velocity,568

c =
2√
3

(
Ωc30
3ζ

)1/3

=
2w0√

3

(
1

3

ω2G∗

η

)1/3

, (72)569

is less than the undamped crack wave velocity (68). This expression matches that given in570

Korneev [2008] in his (37). The phase velocity (72) applies regardless of whether α > ωel571

or ωel > α. Attenuation is given by572

1

2Q
=

1√
3
. (73)573

The dispersion relation (71) is cubic and therefore has three roots. The first two roots574

have the same properties but propagate in opposite directions. The third root does not575

correspond to a wave-like solution because it has zero phase velocity. When this mode is576

excited by a perturbation, it will decay rapidly with distance and will not cause distur-577

bances to propagate or travel away from the perturbation.578

6. Wave behavior with real wavenumber

In Section 5 we considered waves with real-valued frequency ω. This wave model results579

in a complex-valued wavenumber. In this section we consider the complementary case of580

waves with real-valued wavenumber k and complex-valued frequency, ω = ωR + iωI . This581

model is well suited to describe the temporal decay of the resonance of a finite-length582

fracture in terms of both its frequency and decay rate or temporal quality factor. We583

D R A F T May 27, 2018, 6:13pm D R A F T



LIPOVSKY AND DUNHAM: RESONANCE OF HYDRAULIC FRACTURES X - 29

refer to ωR as the oscillation frequency and −ωI as the decay rate. Again, we restrict584

attention to waves propagating in the +x direction, and do not discuss highly damped,585

nonpropagating solutions for which ωR = 0. Wave behavior is similar between the real-586

wavenumber and real-frequency models at high wavenumber and at high frequency. The587

long period and long wavelength limits, however, differ in several important ways.588

The most important difference is the existence of a cutoff wavenumber. Propagating589

waves (i.e., waves with nonzero phase velocity) exist at all frequencies in the real-frequency590

description but not below a critical wavenumber, kc, in the real-wavenumber description.591

We analyze several aspects of real-wavenumber wave propagation to set the stage for a592

discussion of the cutoff wavenumber in Section 6.3.593

In the real-wavenumber representation, the temporal quality factor and phase velocity594

are595

1

2Q
≡ −Im ω

Re ω
, (74)596

and597

c

c0
≡ Re ω

kc0
. (75)598

The general dispersion relation is599 (
1− tanh ξ

ξ

)(
c0
ω/k

)2

= 1 + Λ, (76)600

601

which is the same as equation (57) except that k is now considered to be a real-valued602

parameter. We recall that ξ =
√
−iω/α, with branch cut defined so that Re ξ ≥ 0.603

Solutions to the dispersion relation, which are plotted in Figures 4-5, are characterized604

by two nondimensional parameters. The restoring force parameter Λ distinguishes be-605

tween sound waves (Λ � 1) and crack waves (Λ � 1). We note that equation (57) used606

the restoring force parameter Ω because for real-valued ω, Ω is also real-valued. In this607
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section we use Λ ≡ kel/k (51) to express the restoring force ratio. Additionally, damping608

of real-wavenumber waves is characterized by the parameter α/(kc0). This parameter is609

qualitatively similar to ζ as defined in (20).610

6.1. Inviscid case

In the special case of an inviscid fluid, tanh ξ/ξ → 0, and the dispersion relation (76) is611

ω

kc0
=

√
1

1 + Λ
. (77)612

613

This solution to the dispersion relation is always real-valued and so its solutions are614

undamped. When Λ � 1, (77) describes sound waves; when Λ � 1, waves have phase615

velocity616

c = c0/
√

Λ =

√
G∗|k|w0

ρ0
(78)617

The real-k sound wave and crack wave solutions of (77) and (78) are the same as the618

real-ω sound wave and crack wave solutions of (61) and (67). The sound wave and crack619

wave phase velocities are plotted as a function of wavenumber in Figure 4.620

6.2. Boundary layer limit

To account for a small amount of viscous damping, we carry out an asymptotic analysis621

by considering a correction to the inviscid solution (77). We write the complex frequency622

ω = ω0 +ω1. We take ω0 = kc0(1 + Λ)−1/2 and substitute ω = ω0 +ω1 into (76). We then623

treat α(1 + Λ)1/2/(kc0) as a small parameter and solve for ω1. The result is the boundary624

layer limit dispersion relation:625

ω

kc0
=

√
1

1 + Λ

[
1− (i+ 1)

√
α

8kc0

√
1 + Λ

]
. (79)626

627
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The general phase velocity and temporal attenuation that result from this dispersion628

relation are629

c = c0

√
1

1 + Λ

(
1−

√
α

8kc0

√
1 + Λ

)
, (80)630

and631

1

2Q
=

√
α

8kc0

√
1 + Λ. (81)632

Equations (80) and (81) are used to derive (3) and (4).633

6.3. Fully developed flow and the cutoff wavenumber

The dispersion relationship in the fully developed flow limit is found by taking the limit634

of (76) when ω/α� 1. We use the Taylor series635

1

1− T
≈ 3

ξ2
1

1− 2
5
ξ2 + · · ·

≈ 3

ξ2
+

6

5
, (82)636

637

consistent with (37), and arrive at the dispersion relation638

6

5

(
ω

kc0

)2

+ 3i
α

kc0

(
ω

kc0

)
− 1

1 + Λ
= 0. (83)639

This dispersion relation is the same as that considered by Dunham and Ogden [2012]640

except for the appearance of the prefactor of 6/5. The difference results from the uneven641

use of fluid inertia by Dunham and Ogden [2012], who retained fluid inertia in their width-642

averaged momentum balance equation (our equation 16) but not in solving for the fluid643

drag relationship (i.e., our equation 19). Equation (83) is quadratic in ω/(kc0) and so has644

the simple solution645

ω

kc0
=

5

4

−i α
kc0
±

√
8

15

1

1 + Λ
−
(
α

kc0

)2
 . (84)646

6.3.1. Long wavelength limit647
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At long wavelengths there exists a cutoff wavenumber below which perturbations have648

zero phase velocity. The cutoff wavelength occurs when the radical in (84) vanishes.649

Setting the radical equal to zero and isolating the wavenumber results in650

kc ≡
(

15

8

kelα
2

c20

)1/3

=

(
15

8

µ2

G∗ρ0w5
0

)1/3

, (85)651

for the most relevant, Λ� 1, limit.652

The dispersion relation (83) may then be rewritten, in this limit, using the cutoff653

wavenumber,654

ω

α
=

5

4

−i±
√(

k

kc

)3

− 1

 . (86)655

At wavenumbers near but greater than the cutoff wavenumber, the phase velocity and656

attenuation are657

c =
5

4

α

k

√
k

kc
− 1 (87)658

and659

1

2Q
=

(
k

kc
− 1

)−1/2
. (88)660

The phase velocity vanishes at k = kc. This attenuation expression shows that 1/2Q661

diverges as k → kc, which is a consequence of the oscillation frequency Re ω → 0 as the662

decay rate Im ω remains finite.663

6.3.2. Low frequency limit664

Waves with real wavenumber exist at arbitrarily low frequencies but the wavelength665

approaches a finite value (the cut-off wavelength) as frequency approaches zero. To quan-666

tify the seismic frequencies associated with hydraulic fracture resonance at some real667

wavenumber (which would be related to the fracture length) we examine the frequency668

dependence of waves with real wavenumbers. This is done by stating the phase veloc-669
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ity and temporal attenuation of such waves with explicit reference to the frequency of670

oscillation ωR.671

Near the cutoff wavenumber the phase velocity is672

c =
ωR
kc
, (89)673

where we have used k = kc in (75). Note that as k → kc, ωR → 0 and hence c → 0. We674

refer to this type of wave motion as real-wavenumber damped crack waves. These waves675

occur at frequencies ωR < α and they propagate more slowly than their counterpart with676

real frequency (72). The phase velocity is plotted in Figure 3 as a function of ωR.677

The temporal attenuation is678

1

2Q
=

5

4

α

ωR
, (90)679

where we have used (86) in (74). We note that spatial and temporal attenuation do not680

coincide in the low frequency, fully developed flow limit. This is in contrast to the high681

frequency, boundary layer limit, where spatial attenuation as a function of real ω and682

temporal attenuation as a function of ωR coincide. Figure 5 shows temporal attenuation683

as a function of frequency ωR and Figure 3b shows temporal attenuation as a function of684

frequency ω.685

6.4. Attenuation in the boundary layer and fully developed flow limits

Several previous analyses have analyzed attenuation in the fully developed flow limit686

[Chouet , 1986; Balmforth et al., 2005; Dunham and Ogden, 2012]. In this limit and for687

real wavenumbers, the attenuation relation is (90) [Dunham and Ogden, 2012]. This688

attenuation relation, however, has been used at frequencies ω > α where it is not strictly689

valid. In this limit, the correct attenuation is described by the boundary-layer relations690
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(81) and (70). Near the frequency ω = α, these two relations give the same value for 1/2Q.691

At higher frequencies, the difference between these two relations grows. For ωel/α ∼ 104,692

as in the example of a 1 m wide dike filled with basalt shown in Figure 3b, the fully693

developed flow attenuation relation underestimates the actual attenuation by about two694

orders of magnitude.695

7. Inferring hydraulic fracture geometry using resonant modes

While our theory has been developed for infinitely long conduits, we can apply it in696

an approximate manner to study the resonant vibrations of a finite length crack that are697

thought to explain many long period seismic events. This is done for the two-dimensional698

problem involving a hydraulic fracture with length L, but the general relations should699

apply also to the more realistic three-dimensional problem, provided that the crack is700

approximately equidimensional.701

7.1. Resonance condition

Resonance occurs when pairs of counter-propagating waves along the waveguide con-702

structively interfere at certain wavelengths related to the crack length and boundary703

conditions at the crack tips. We restrict attention to a crack with closed tips, for which704

u = 0 at both ends, though our theory could be generalized to cracks connected to some705

form of reservoir at one or both ends.706

For a closed fracture, a solution to the governing equations and boundary conditions707

(u = 0 at x = 0 and x = L) is u ∝ sin(nπx/L) and p− p0 ∝ cos(nπx/L) for n = 1, 2, . . ..708

The corresponding wavelengths are thus λn = 2L/n and resonant frequencies are709

fn = c(λn)/λn. (91)710
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Resonances from nondispersive waves have fn/f1 = n, implying that overtones appear

at integer multiples of the fundamental (n = 1) mode. In contrast, dispersion results in

noninteger spacing between resonant frequencies. Specifically, for waves in the crack wave

regime, combining the crack wave phase velocity (78) with (91) gives

fn
f1

= n3/2. (92)

The frequency spacing between successive peaks therefore increases. This could serve as711

a useful diagnostic for deciding if some observed resonances are indeed associated with712

fluid-filled cracks.713

7.2. Geometry estimation

Each resonant frequency fn has an associated temporal quality factor, Qn. Together, the714

resonance frequency and the quality factor constitute two seismically observable attributes715

of a long period seismic event. The resonance frequencies and quality factors, for specified716

material properties, may be thought of as functions of the fracture length and aperture.717

Using the resonance condition (91) we write the temporal attenuation and characteristic718

frequency of the nth mode as719

Qn = Qn(w0, L), (93)720

fn = fn(w0, L). (94)721
722

We obtain these functions numerically by solving the dispersion relation (76) with723

wavenumber kn = nπ/L. The inverse problem is then to estimate w0 and L from a724

data set of Qn and fn.725

Here we limit attention to the lowest frequency (n = 1) mode; although this mode726

has lower Q than higher modes, its decay time will be the longest, making it the most727
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likely observed mode. We plot contour lines of resonant frequency and quality factor, (94)728

and (93), over a range of w0 and L in Figures 6-8. In the sound wave limit the lines of729

resonant frequency (94) are vertical because the phase velocity and thus frequency do not730

depend on fracture width in this limit. In the boundary layer crack wave limit, asymptotic731

expressions for the characteristic frequency and quality factor are given by equations (3)732

and (4).733

7.3. Analysis of data

We analyze published data from several studies (Table 1); the results are plotted in Fig-734

ures 6-8. Our analysis of these data is in reasonable agreement with previous estimates of735

fracture length L. Most previous studies, however, have not attempted to simultaneously736

constrain fracture length and width. Instead, previous work has simply assumed some737

width thought to be reasonable for the system under study. In some of the data, multiple738

spectral peaks are observed. In this study we analyze only the fundamental mode. How-739

ever, we note that if multiple spectral peaks are observed, an optimization problem could740

be carried out to find the best geometry or geometries of one or several fractures.741

When analyzing data, we estimate the quality factor in one of two ways. When analyzing742

spectral peaks, by assuming decay according to e−f1t/(2Q1), the quality factor may be743

calculated as Q1 = f1/∆f , where ∆f is the width, in frequency units, of the spectral744

peak at the level of 1/
√

2 of the maximum amplitude. Alternatively, when seismograms745

are available, we may count the number of oscillations that occur before an amplitude746

decay to 4% of the signal’s initial value. There is some uncertainty in using previously747

published spectra because published spectrograms may not state a color scale or whether748

seismic amplitude or seismic power is plotted.749
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We interpret the seismic signal of Anandakrishnan and Alley [1997] near the grounding750

line of the Kamb Ice Stream, Antarctica as due to a fracture with an aperture ∼ 1 cm.751

This estimate is consistent with other observations of basal water layer thickness[Kamb,752

2001; Schroeder et al., 2014]. All of the other glacier data that we analyze suggest fracture753

apertures on the order of 1 to 3 mm. This is notable because our estimates of fracture754

lengths show much greater variability: from about 1 m at Bakaninbreen to 12 m at Co-755

topaxi Glacier. Assuming the cracks open when pressure p0 exceeds a remote compressive756

stress σ with linear elastic response of the solid, as opposed to melting, we can estimate757

the excess pressure as p0 − σ ∼ G∗w0/L. Except for Bakaninbreen, estimated p0 − σ are758

a few MPa. In contrast, the elastic-opening estimate for Bakaninbreen is ∼50 MPa. This759

unreasonably large value likely suggests that the fracture opened by melting instead of760

elastic deformation.761

Many volcano LP events are striking because of their quality factors as large as762

Q1 ∼ 1000. Large Q requires low damping and therefore small α ≡ ν/w2
0 relative to763

the wave frequency ω. We find that in some cases, even for the relatively low viscosity764

of basaltic melts, our model requires wide conduits to explain volcanic LP events as due765

to the resonance of fractures filled with magma. The waveform of Kumagai and Chouet766

[1999] from Galeras Volcano, for example, requires a conduit on the order of 60 m in767

width for a fracture filled with a basaltic magma (µ ∼100 Pa s). Galeras Volcano has a768

dominantly andesitic composition and we expect the viscosity of melt to be much higher769

than that of basalt. Fractures filled with high viscosity andesitic melts (µ ∼ 105 Pa s),770

however, produce the observed quality factors only for conduits that are so wide as to771
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be geologically unrealistic. It may be the case that basaltic intrusions are present in this772

generally andesitic volcano [Eichelberger and Izbekov , 2000].773

Hydrothermal fluid-filled fractures are another possible source of volcanic LP events. We774

carry out calculations to estimate fracture length and width assuming this composition,775

and generally find that smaller fractures satisfy the data (Figure 6). At Galeras Volcano,776

for example, the fracture width and length are estimated to be 40 cm and 80 m. The777

general interpretation of volcanic LP events originating from the volcano-hydrothermal778

system is consistent with a large literature on this topic [Kumagai et al., 2005; Waite779

et al., 2008; Matoza and Chouet , 2010; Arciniega-Ceballos et al., 2012].780

In the reservoir setting, Tary et al. [2014] interpret a seismic event to be due to a source781

fracture with L = 15− 30 m; our estimate is L = 7 m and 2w0 = 8 mm. The discrepancy782

in fracture length is due to a mistake in equation (A1) of Tary et al. [2014], where a factor783

of 2π is necessary in the denominator of the radical because f = ω/2π.784

In the Fenton Hill geothermal site Ferrazzini et al. [1990] estimate a fracture to have785

in-plane dimensions of 3 m and 1 m and width of 3 mm, respectively. Our estimated786

length is 1 m and width is 1 mm. Ferrazzini et al. [1990] neglected the viscosity of water787

in their analysis; instead all attenuation is from seismic radiation.788

We also point out that contrary to our prediction of nonequally spaced resonant fre-789

quencies, the overtones in the Tary et al. [2014] and Anandakrishnan and Alley [1997]790

data sets are at integer multiples of the fundamental frequency. It is therefore possible791

that these seismograms are not caused by hydraulic fracture resonances as idealized in792

our work.793
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7.4. Uncertainties and limitations

Our fracture geometry estimation method has several uncertainties and limitations aris-794

ing from various approximations. While for certain approximations the estimates is length795

and width can be viewed as either upper or lower bounds, taken together, it is not possible796

to classify our estimates as strict upper or lower bounds.797

Our use of a two-dimensional model probably results in a reasonable description of798

roughly equidimensional fractures. But for fractures with large aspect ratio, such as799

dikes extending laterally for many kilometers, the elastic response will be determined800

by the shorter height dimension rather than the length and crack wave propagation will801

become nondispersive at long wavelengths. Our description requires modification for such802

problems.803

In addition, we calculate phase velocity and attenuation for sinusoidal waves propa-804

gating along an infinitely long channel. A finite length crack will have increased elastic805

stiffness, which will alter the shape of the eigenfunctions and shift resonant frequencies806

(especially of the lowest modes) to higher values. With correcting for this additional807

stiffness, we will underestimate length.808

Similarly, we neglect variations in width, such as roughness of fracture walls and the809

tapering of width to zero at the crack tips. The latter has been considered, in an approx-810

imate way, by Tary et al. [2014], who suggest that it will decrease resonant frequencies.811

The decrease in width will also alter flow and will eventually lead to fully developed flow812

and increased attenuation in some region near the crack tips. We estimate that many frac-813

tures have mm-scale aperture, which suggests that the realistically rough fracture walls814

may be in contact at points of geometric irregularity; this might increase the stiffness of815
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the fracture in the wall-normal direction and increase the crack wave phase velocities, as816

shown by Nakagawa and Korneev [2014].817

We do not include all possible sources of attenuation, such as damping from seismic818

radiation, multiphase fluid interactions, poroelastic effects, and other sources described819

by various authors [Kumagai and Chouet , 2000; Morrissey and Chouet , 2001; Jousset820

et al., 2004; Nakagawa and Korneev , 2014]. Since both w0 and L decrease with increasing821

Q1, this approximation results makes our estimates upper bounds on both w0 and L.822

The existence of the cutoff wavelength poses an additional limitation to this method. It823

is possible that the first observable resonant mode might not correspond to the λ1 = 2L824

mode, but instead to the first higher mode having wavelength shorter than the cutoff825

wavelength. When a higher mode is incorrectly interpreted as the fundamental mode,826

length will be underestimated.827

We have also assumed that fractures are open and that velocity vanishes at the two828

crack tips. But if a fracture connects to some fluid reservoir or the atmosphere at one829

end, then its resonant frequencies will be altered.830

Lastly, we note that data window length might prevent adequate measurement of the831

quality factor. In order to observe a quality factor Q, a data window of duration ∼ Q/f1 is832

required. Of the data we have analyzed here, only the data of Anandakrishnan and Alley833

[1997] are potentially affected by this limitation. The data windows of Anandakrishnan834

and Alley [1997] have a fixed duration of 12 s, which for 75 Hz oscillations results in a835

lower-bound estimate of Q1 ∼ 500.836
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8. Moment-characteristic frequency scaling

Long period seismic events due to hydraulic fracture resonant modes have unique scaling837

relations that might be useful when interpreting statistics of catalogs of such events. Such838

catalogs have been collected, for example, by Anandakrishnan and Alley [1997], Aki and839

Ferrazzini [2000], Kumagai et al. [2002], Okubo and Wolfe [2008], West et al. [2010], and840

Power et al. [2013]. Such analysis may also be relevant to glacial crevassing events [Neave841

and Savage, 1970; Walter et al., 2008; Walter et al., 2010; Walter et al., 2013; Röösli842

et al., 2014].843

The source process of an LP event is the oscillation of the walls of a hydraulic fracture.844

The characteristic amplitude of oscillatory width changes is ∆w ≡ w − w0, and for a845

roughly equidimensional fracture of dimension L this gives rise to the seismic moment846

M0 ∼ G∗L2∆w. (95)847

Whereas seismic sources with a static offset have seismic moment proportional to the low848

frequency asymptote of the displacement spectra, we note that oscillatory seismic sources849

have seismic moment related to the maximum amplitude of the fundamental spectral850

peak.851

These oscillations in width are caused by pressure changes ∆p ≡ p − p0 in the crack,852

which are related by linear elasticity (18):853

∆p ∼ G∗∆w/L. (96)854

We can envision no physical process that would introduce any systematic dependence855

of ∆p on crack length L. We henceforth take ∆p to be constant. This assumption is856

analogous to the constant stress drop assumption for earthquakes.857
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For resonant cracks, the dominant frequency is related to the crack length by way of the858

phase velocity: f1 ∼ c/L. Combining (91), (95), and (96) results in a scaling law relating859

seismic moment and oscillation frequency:860

M0 ∼
(
c

f1

)3

∆p (97)861

In the nondispersive sound wave limit, (97) gives M0 ∝ f−31 . However, in the crack wave862

limit, where c is given by (1), this relationship becomes863

M0 ∼
(
G∗w0∆p

ρ0

)
f−21 . (98)864

The scaling law (98) contrasts with the well-known scaling for earthquakes, M0 ∝ f−31 ,865

due to the dispersive nature of crack waves.866

Alternatively, (97) may be written to express the pressure change ∆p as a function of867

moment and characteristic frequency:868

∆p ∼ M0ρ0
G∗w0

f 2
1 . (99)869

This relationship (97) is depicted for two systems in Figure 9, where the phase velocity c870

is found numerically by solving (76). The different scaling between M0 and f1 for shear871

fractures versus resonating hydraulic fractures may be useful in differentiating between872

these two processes in situations where both may plausibly occur.873

9. Conclusions

We have described wave motion along a thin hydraulic fracture wave guide with an874

emphasis on viscous attenuation. A central result of this analysis is a method to estimate875

hydraulic fracture width and length from seismic observations (Figure 6). We conclude876

by highlighting several assumptions made in this work and by suggesting how future work877

may lift several of these assumptions to better represent seismic observations.878
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We have focused exclusively on the symmetric mode of conduit deformation. Ferrazzini879

and Aki [1987] demonstrated the existence of antisymmetric modes of conduit deforma-880

tion. It remains for future work to investigate the effects of viscous boundary layers on881

the behavior of such modes. Future work may also choose to examine three dimensional882

effects.883

Attenuation due to seismic radiation is not included in our model. Any geometrical884

heterogeneity will convert guided waves into seismic waves, including wave reflection and885

diffraction at the crack tip [Freund , 1971; Frehner and Schmalholz , 2010]. Diffraction also886

plays an important role in wave transmission by converting evanescent guided waves to887

seismic body waves that travel to seismometers [Ferrazzini and Aki , 1987; Groenenboom888

and Falk , 2000]. Our current model thus underestimates wave attenuation. The attenu-889

ation that we estimate from viscosity is of similar magnitude or greater than published890

values for the attenuation due to seismic radiation [e.g., Aki et al., 1977; Ferrazzini et al.,891

1990; Kumagai and Chouet , 1999, 2000, 2001; Morrissey and Chouet , 2001; Kumagai892

et al., 2002]. Further work on the topic of simultaneous seismic and viscous attenuation893

is warranted.894
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Appendix A: Derivation of the governing equations

The goal of this appendix is to simplify the mass and momentum balance equations903

using scaling arguments. In two spatial dimensions, the linearized equations are904

∂ρ

∂t
+ ρ0

∂vx
∂x

+ ρ0
∂vy
∂y

= 0, (A1)905

ρ0
∂vx
∂t

+
∂p

∂x
= µ

(
2
∂2vx
∂x2

+
∂2vx
∂y2

+
∂2vy
∂x∂y

)
, (A2)906

ρ0
∂vy
∂t

+
∂p

∂y
= µ

(
∂2vy
∂x2

+ 2
∂2vy
∂y2

+
∂2vx
∂x∂y

)
, (A3)907

1

ρ0

∂ρ

∂t
=

1

Kf

∂p

∂t
. (A4)908

909

We have included the fluid equation of state (A4) for completeness.910

We nondimensionalize these governing equations by introducing the following dimen-911

sionless quantities:912

v′x = vx/cx, (A5)913

v′y = vy/cy, (A6)914

x′ = x/λ, (A7)915

y′ = y/w0, (A8)916

t′ = t/(λ/c), (A9)917
918
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where cx and cy are characteristic particle velocities, λ is the wavelength, and pressure919

and density fluctuations are made nondimensional with the wave impedance ρ0c,920

(p− p0)′ =
p− p0
ρ0ccx

, (A10)921

(ρ− ρ0)′ =
ρ− ρ0
ρ0cx/c

. (A11)922

923

The governing equations have eight dimensional quantities (cx, cy, c, c0, λ, w0, ρ0, and µ)924

to represent three dimensions (length, time, and mass). The system is therefore described925

by five nondimensional parameters. Since the system is linear and homogeneous, one926

of these parameters is a nondimensional perturbation amplitude. We choose the four927

remaining parameters to be928

c/c0, (A12)929

γ ≡ cy
cx
, (A13)930

ε ≡ w0

λ
, (A14)931

ζ∗ ≡
α

c/λ
. (A15)932

933

The damping parameter ζ∗ is qualitatively similar to ζ ≡ α/ω defined in the main text934

(20) in that ζ∗ and ζ both reflect the amount of viscous damping during one wave period.935

The linearized Navier-Stokes equations may be written using these nondimensional fields936

as937

ε

(
c

c0

)2
∂p′

∂t′
+ ε

∂v′x
∂x′

+ γ
∂v′y
∂y′

= 0, (A16)938

∂v′x
∂t′

+
∂p′

∂x′
= ζ∗

(
2ε2

∂2v′x
∂x′2

+
∂2v′x
∂y′2

+ εγ
∂2v′y
∂x′∂y′

)
, (A17)939

εγ
∂v′y
∂t′

+
∂p′

∂y′
= ζ∗

(
γε3

∂2v′y
∂x′2

+ 2γε
∂2v′y
∂y′2

+ ε2
∂2v′x
∂x′∂y′

)
. (A18)940

941

We have used the fluid equation of state (8) to eliminate ρ in the mass balance (A16).942
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We take our fundamental scaling assumptions to be943

ε� 1 and γ � 1, (A19)944
945

but we make no assumption about the relative sizes of ε and γ. The choice of ε� 1 is the946

thin fracture assumption, as discussed in the main text. The choice of γ � 1 is due to our947

focus on long wavelength, symmetric perturbations. For crack waves involving negligible948

changes in density, the mass balance (A16) implies that γ ∼ ε. The choice of γ � 1 also949

precludes the antisymmetric mode of Ferrazzini and Aki [1987]. With this scaling there950

are no generally negligible terms in the mass balance equation. In the momentum balance951

equations we neglect the O(ε2) and O(εγ) terms. Reverting to dimensional form yields952

the approximate linearized Navier-Stokes equations,953

∂ρ

∂t
+ ρ0

∂vx
∂x

+ ρ0
∂vy
∂y

= 0, (A20)954

ρ0
∂vx
∂t
− µ∂

2vx
∂y2

+
∂p

∂x
= 0, (A21)955

∂p

∂y
= 0. (A22)956

957

Appendix B: Approximating the dispersion relation

In this appendix we demonstrate that the dispersion relation (49), which we restate958

here as959

(T − 1)
k2c20
ω2

+
Kf

G∗w0|k|
+ 1960

+T

[
Kfω

2ρ0
4(G′)2k2

− Kfω
2ρ0

(G∗)2|k|2
+ (1− 2T )

k2Kfw0

G∗|k|
− ω2ρ0w0

G∗|k|

]
961

= 0, (B1)962
963

may be approximated by the first three terms, as stated in (50). The first three terms are964

order unity or larger, so it will suffice to show that the remaining terms in brackets are965
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much smaller than unity in order to neglect them. There are three types of terms in the966

bracketed expression. The first scales as967

Kfω
2ρ0

G2k2
∼
(
Kf

G

)2(
c

c0

)2

. (B2)968

969

We have assumed that G ∼ G∗ ∼ G′ and |k| ∼ k. The second scales as970

Kf

G
kw0 ∼

(
Kf

G

)
ε, (B3)971

972

and the third scales as973

ω2ρ0w0

Gk
∼
(
c

c0

)2(
Kf

G

)
ε. (B4)974

975

First we show these terms are negligible in the sound wave limit. We assume that phase976

velocities in the fluid-elastic system are bounded by the sound wave speed, ω/k ≤ c0,977

which can be verified a posteriori. Wavenumbers are thus bounded by978

k ≥ ω

c0
>
ωel
c0

=
Kf

w0G∗
(B5)979

because sound waves occur only when ω > ωel. Rearranging (B5) gives980

Kf/G
∗ . ε, (B6)981

which means that thin fractures (ε� 1) host sound waves only when Kf/G� 1. Using982

(B6) and c ∼ c0 we find that983 (
Kf

G

)2(
c

c0

)2

∼ ε2, (B7)984 (
Kf

G

)
ε ∼ ε2, (B8)985 (

c

c0

)2(
Kf

G

)
ε ∼ ε2. (B9)986

987

Each term is O(ε2) and thus may be neglected.988
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We next show that these terms are negligible in the crack wave limit. In this case,989

Λ� 1 and990 (
c

c0

)2

∼ 1

Λ
. (B10)991

992

The terms (B2)-(B4) become993 (
Kf

G

)2(
c

c0

)2

∼
(
Kf

G

)
ε ∼ ε2Λ, (B11)994 (

Kf

G

)
ε ∼ ε2Λ, (B12)995 (

c

c0

)2(
Kf

G

)
ε ∼ ε2. (B13)996

997

These terms are therefore negligible relative to terms of O(1) and of O(Λ).998

The simplified dispersion relation is therefore999

D(k, ω) ≡ (T − 1)
k2c20
ω2

+
Kf

G∗w0|k|
+ 1 = 0, (B14)1000

as claimed in (50).1001
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Table 1. Seismic Observations and Inferred Geometries
Observation Modela

Study Location f1 (Hz) Q1 L (m) 2w0 (m)
1. Anandakrishnan

and Alley [1997]b
Kamb Ice Stream 75 500 2 0.04

2. Winberry et al.
[2009]c

MacAyeal Ice
Stream

3 3 7 0.002

3. Métaxian et al.
[2003]d

Cotopaxi Glacier 1 1 12 0.002

4. Stuart et al. [2005]e Bakaninbreen 75 30 0.9 0.003
5. West et al. [2010]f Bering Glacier 6 3 4 0.001
6. Kumagai and

Chouet [1999]g
Kusatsu-Shirane
Volcano

8 400 30-60 0.1-20

7. Kumagai and
Chouet [1999]g

Galeras Volcano 3 1000 80-200 0.4-60

8. Kumagai and
Chouet [1999]g

Kilauea Volcano 1.5 40 50-200 0.02-4

9. Kumagai and
Chouet [1999]g

Redoubt Volcano 6 40 20-50 0.01-2

10. Ferrazzini et al.
[1990]h

Fenton Hill
Geothermal Site

112 20 1 0.001

11. Tary et al. [2014]i Cardium
Formation

17 40 7 0.008

a The range of values presented for volcanic LP events indicates estimates based on a water-

filled fracture (smaller value) and a fracture filled with basaltic magma (larger value). Length

and width estimates for cryospheric systems are calculated for a water-filled fracture in ice and

estimates for reservoirs are calculated for water-filled fractures in rock.
b Seismogram from this study downloaded from iris.edu. A representative event is used from

data recorded at station XF.DN3S on Day 335 of 1995 at 03:05:45.9120 local time. The quality

factor was computed from the spectrum of the entire 12 second trigger window.
c Data from their Figure 2c. Quality factor reported by Winberry et al. [2009].

d Data from their Figure 4. Quality factor reported by Métaxian et al. [2003].

e Data from their Figure 5a. Quality factor measured from spectrum.

f Data from their Figure 2a, “Low Frequency” trace. Quality factor measured from seismo-

gram.
g Data from their Figure 2.

h Data from their Figure 3a, “Event 2”. Quality factor reported by Ferrazzini et al. [1990].

i Data from their Figure 9b. Quality factor reported by J. Tary, Personal Communication.
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Restoring Force

Viscous Damping

Sound WavesCrack Waves
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solid
fluid

solid

a.

b.

vx

Boundary Layer

vx

fluid

Figure 1. (a.) Two limits of the compressibility ratio Ω for an inviscid fluid. In the sound

wave limit (Ω � 1), the walls are effectively rigid and a convergent velocity field compresses

the fluid and increases its density. In the crack wave limit (Ω � 1), the fluid is effectively

incompressible and a convergent velocity field pushes the conduit walls apart. Shading indicates

the fluid density. (b.) Velocity profiles in the fluid are drawn for a rigid-walled conduit. The left

figure shows plug flow with boundary layers. The right plot shows the fully developed, parabolic

flow profile.

Table 2. Properties of Solids

Material Poisson’s Ratio, νs P-wave Speed, (m/s) Density, ρ0 (kg/m3)
Rock 0.25 5000 2700
Ice 0.35 3600 920
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Table 3. Properties of Fluids

Material Viscosity, µ (Pa·s) Sound speed, c0 (m/s) Density, ρ0 (kg/m3)
Basalt Melt 102 1000 2500
Andesite Melt 105 1000 2500
Water 10−3 1400 1000

Table 4. Characteristic Parameters
System Fracture Half-Width

(w0)
Damping Rate (α) Elastic Coupling Fre-

quency (ωel)
Basalt Melt in Crustal
Rock

1 m 0.04 s−1 83 s−1

Andesite Melt in
Crustal Rock

1 m 40 s−1 83 s−1

Water in Ice 1 mm 1.0 s−1 6.4× 105 s−1

Water in Rock 1 mm 1.8 s−1 9.2× 104 s−1

Table 5. Table of symbols

Symbol Name
a Pressure-fluid velocity transfer function
b Wall velocity-fluid velocity transfer function
c Phase velocity
c0 Fluid sound wave phase velocity
cw Crack wave phase velocity
D Dispersion relation
f Frequency
G∗ Elastic plane strain modulus
k Wavenumber
kc Cutoff wavenumber
K Nondimensional wavenumber
Kf Fluid bulk modulus
L Fracture length
M0 Seismic moment
p0 Unperturbed fluid pressure
Q Quality factor
t Time
T Damping function
u Width-averaged velocity
ux Wall displacement, x-direction
uy Wall displacement, y-direction
vx Fluid velocity, x-direction
vy Fluid velocity, y-direction
w Fracture half-width
w0 Unperturbed fracture half-width
x Along-conduit coordinate
y Cross-conduit coordinate
z Out-of-plane coordinate
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Table 6. Table of symbols (continued)

Symbol Name
α Viscous damping rate
γ Velocity ratio
∆(·) Difference from unperturbed state
ε Conduit aspect ratio
λ Wavelength
λel Elastic coupling length
Λ Restoring force ratio
µ Dynamic viscosity
ν Kinematic viscosity
νs Poisson’s ratio
ρ Fluid density
ρ0 Unperturbed fluid density
ω Angular frequency
ωel Elastic coupling frequency
Ω Nondimensional frequency, relative to ωel
σij Solid stress tensor
τ Wall shear stress
ξ Complex damping parameter
ζ Damping ratio
ζ∗ Damping ratio scale
(·)′ Nondimensional quantity
(·)BL Characteristic amplitude, boundary layer limit
(·)FD Characteristic amplitude, fully developed flow

limit
(·)R Real part
(·)I Imaginary part
(·)n Pertaining to nth harmonic
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Figure 2. The phase relationships between pressure, velocity, and shear stress for a time

harmonic wave having angular frequency ω and pressure amplitude A. In the fully developed

flow limit (ζ � 1), velocity and shear stress lead the pressure perturbation. In the boundary

layer limit (ζ � 1), pressure and velocity are in phase. The fully developed and boundary

layer characteristic velocities and shear stresses (42)-(45) are used to normalize wave amplitudes.

The motions arise from the dispersion relation (57) with complex wavenumber. The phase

relationships to not depend on Ω.
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Figure 3. Phase velocity (a.) and spatial attenuation (b.) plotted against frequency. The

figure is drawn for a 1 m wide basaltic melt-filled conduit in rock (Tables 2 and 3). Several

asymptotic limits are plotted. Not shown is the sound wave, boundary layer limit (63) because

spatial attenuation in this limit closely follows the crack wave, boundary layer limit (70).
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Figure 4. Phase velocity (a) and temporal attenuation (b) of waves with real wavenumber

plotted against wavenumber. The vertical lines show the cutoff wavenumber (left, Equation 85)

and k = kel (right). The figure is drawn for a 1 m wide basaltic melt-filled conduit in rock (Tables

2 and 3).

D R A F T May 27, 2018, 6:13pm D R A F T



LIPOVSKY AND DUNHAM: RESONANCE OF HYDRAULIC FRACTURES X - 65

10
−2

10
0

10
2

10
4

10
6

10
−2

10
−1

10
0

Frequency, Re 

 

 

General solution (76)

Fully developed (90)

Boundary layer (81)

T
e

m
p

o
ra

l A
tt

e
n

u
a

ti
o

n
, 

Figure 5. Temporal attenuation plotted against frequency of oscillation ωR for waves with

real-valued wavenumber k. Attenuation is calculated as a function of a real wavenumber using

(76). The boundary layer limit spatial attenuation is the same as the boundary layer limit tem-

poral attenuation (blue dashed line, Equation 63). The fully developed flow limit has temporal

attenuation shown with a red dashed line (90). The figure is drawn for a 1 m wide basaltic

melt-filled conduit in rock (Tables 2 and 3).
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Figure 6. Plot to infer fracture half-width and length of magmatic hydraulic fractures from

observed characteristic seismic frequency f1 and quality factor Q1. Observations and inferred

parameters are listed in Table 1. We carry out calculations for two different fluids: a. basalt

melt and b. water.
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Figure 7. Plot to infer fracture half-width and length of glacial hydraulic fractures from

observed characteristic seismic frequency f1 and quality factor Q. Observations and inferred

parameters are listed in Table 1. Data points with red outlines have evenly spaced spectral

peaks and therefore may not correspond to hydraulic fracture resonance.
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Figure 8. Plot to infer fracture half-width and length in several reservoirs from observed

characteristic seismic frequency f1 and quality factor Q, assuming water-filled fractures in rock.

Observations and inferred parameters are listed in Table 1. Data points with red outlines have

evenly spaced spectral peaks and therefore may not correspond to hydraulic fracture resonance.
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Figure 9. Plot to infer fracture pressure changes ∆p from seismically observed characteristic

frequency f1 and moment M0. Curves of constant pressure perturbation are drawn from (97).

D R A F T May 27, 2018, 6:13pm D R A F T


