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» We predict and quantify a break in self similarity and decrease in stress drops close to

the nucleation dimension
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Abstract

Small repeating earthquakes are thought to represent rupture of isolated asperities loaded by
surrounding creep. The observed scaling between recurrence interval and seismic moment, 7). ~
M1/6 contrasts with expectation assuming constant stress drop and no aseismic slip (7). ~
M?'/3). Here we demonstrate that simple crack models of velocity-weakening asperities em-
bedded in a velocity-strengthening fault predict the M1/¢ scaling; however, the mechanism
depends on asperity radius, R. For small asperities (Roc < R < 2R, where R is the
nucleation radius) numerical simulations with rate-state friction show interseismic creep pen-
etrating inwards from the edge, with earthquakes nucleating in the center and rupturing the

entire asperity. Creep penetration accounts for ~ 25% of the slip budget, the nucleation phase

takes up a larger fraction of slip. Stress drop increases with increasing R; the lack of self-similarity

due to the finite nucleation dimension.

For 2R, < R < 4.3R simulations exhibit simple cycles with ruptures nucleating
from the edge. Asperities with R 2 4.3R, exhibit complex cycles of partial and full rup-
tures. Here aseismic slip is less significant, and 7;. is explained by an energy criterion: full
rupture requires that the energy release rate everywhere on the asperity at least equals the frac-
ture energy. This leads to the scaling T}, ~ M'/6. Our results explain the occurrence of re-
peaters over a wide magnitude range, and the observation of events of different magnitude with
overlapping rupture areas. We discuss observational constrains in each regime, in particular

close to R, and challenges with commonly used source models.

1 Introduction

Unlike large earthquakes, small quakes can be very predictable; periodic sequences of
events with very similar waveforms have been detected in multiple locations worldwide. They
are typically understood as the rupture of locked patches surrounded by aseismic creep load-
ing them at a constant rate. An interesting observation is the scaling between their recurrence
interval and seismic moment. Nadeau and Johnson [1998] observed that the recurrence in-
terval T;. and seismic moment M scale as T' ~ Mé /% for small repeaters on the San An-
dreas fault, and subsequent studies confirmed this scaling in other areas [Chen et al., 2007].

As outlined by Nadeau and Johnson [1998], standard scaling arguments predict that 7. ~ MO1 /3,
Assuming constant stress drop constrains seismic slip to be linear with rupture dimension (S ~

R); further assuming that the coseismic slip is equal to the slip deficit accumulated since the

previous event (S = vy T, where vy is fault slip rate) results in a linear scaling between
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recurrence interval 7, and R. Since My ~ Ao R® with constant stress drop Ao, T, ~ MO1 / 3
Nadeau and Johnson [1998] explained the observed scaling by abandoning the constant stress
drop assumption, inferring Ao ~ M, /4 To fit observations, very high stress drops (of the
order of 10® — 10* MPa) are required for the smallest events. Alternatively, the scaling can

be explained by assuming constant Ao but relaxing the assumption that .S = v,,; T}, that is,

by not assuming that the fault is entirely locked interseismically so that the coseismic slip is
less than vy, T;.. This was suggested by Beeler et al. [2001], who adopted a strain-hardening
rheology on a circular patch experiencing spatially uniform interseismic creep. According to
their model, smaller asperities release a large fraction of slip aseismically, which can result

in the observed scaling. Similar conclusions were reached by Chen and Lapusta [2009], who
presented numerical simulations of seismic cycles on circular, velocity-weakening asperities
surrounded by a velocity strengthening exterior. They found that smaller asperities experience
a larger fraction of aseismic slip, as suggested by Beeler et al. [2001]. Alternatively, Sammis
and Rice [2001] proposed a geometrical explanation: asperities at the transition between locked
and creeping regions experience a stress field decaying with distance from the transition, which
under certain assumptions results in 7;. ~ MO1 /6 Because of the particular geometry, this may

be less generally applicable than the aseismic slip interpretation.

Here we seek a deeper understanding of the factors that control the recurrence interval
of earthquakes on circular asperities using fracture mechanics concepts, guided by numerical
simulations of faults obeying rate-state friction, following Chen and Lapusta [2009]. The seis-

mic moment of a circular crack of radius R with uniform stress drop Ao is [Eshelby, 1957]
16 .
My = 7AaRd (1)

For constant stress drop, the scaling 7). ~ M& /6 implies that T, ~ R'/2. Interestingly, this

is analogous to the scaling derived by Werner and Rubin [2013] for antiplane faults loaded by
downdip creep, by considering the balance between the energy release rate for a crack loaded
by downdip creep and the fracture energy absorbed to propagate the crack through the full ve-
locity weakening region. Here we demonstrate that, under certain assumptions, this energy ar-
gument applied to circular asperities leads to the analogous scaling for circular cracks. How-
ever, numerical simulations only exhibit this scaling above a critical radius (twice the nucle-
ation radius R, defined below), and that stress drop is not constant for asperities smaller than
this dimension. We develop crack models to answer the following questions: (1) how long does
it take for creep loading to nucleate a dynamic rupture? (2) once an event nucleates, under what

conditions will it rupture the entire asperity? (3) how does stress drop vary with asperity di-
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mension? We find that the answers to these questions depend on the asperity dimension R rel-
ative to Ro.. This is perhaps not surprising, since this dimension controls the transition be-
tween aseismic and seismic slip; the occurrence of creep affects the strength of the asperity
and hence rupture propagation. Furthermore, as R approaches R, the assumptions behind
classical seismological models of circular ruptures break down: the rupture cannot be assumed
to start at a point expanding subsequently to seismic rupture velocities. In this limit, the rup-
ture is not self similar and the stress drop increases slightly with R. Combining these results,
we obtain analytical estimates for the recurrence interval as a function of asperity radius R,
which predict a scaling close to that observed in nature. In summary, we show that 7). scales
approximately with Mé /% over a range of asperity radii, however the underlying physics dif-

fers depending on asperity size.

2 Numerical simulations

In order to test the analytical results derived in the next section, we ran a set of simu-
lations analogous to those presented by Chen and Lapusta [2009]: a circular velocity-weakening
asperity on an otherwise velocity-strengthening planar fault. Here we use the pseudo-dynamic

rupture code FDRA [Segall and Bradley, 2012; Mavrommatis et al., 2017]

The frictional resistance on the fault 77 is controlled by rate-state friction [Dieterich, 1978]:

0
Tr(v,0) =0 f0+alog%+blog% , 2)

c

where o is effective the normal stress; a, b and are constitutive parameters; d. is the charac-
teristic slip-weakening distance. v and v, are the slip velocity and a reference slip velocity;
fo is the steady-state friction coefficient at v = vg, and 6 is a state-variable which here evolves

according to the ageing law [Ruina, 1983]:
S=1- 3)
so that the steady-state strength at constant slip velocity v is given by
Tss(v) =0 | fo+ (a —b)log % . 4)

Slip on the fault is controlled by the following equation of motion:

!/

0
2¢s

v(x), 5)

Ter(x) = 77(x) =

where 1 is the shear modulus for antiplane shear and the shear modulus divided by 1 — v
(v = Poisson’s ratio) for plane strain deformation. 7; is the elastostatic shear stress due to load-

ing from the boundary and static elastic interactions between fault elements computed through
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a Boundary Element Method (BEM) approach. The right hand side represents radiation damp-
ing, which accounts for the stress change due to radiation of plane S-waves [Rice, 1993].

Rate-state friction combined with elasticity leads to characteristic dimensions which con-
trol earthquake nucleation, and the transition between seismic and aseismic behaviour. One
such dimension is

pde

Ly, = )
b ob

(6)

This length scale was first identified by Dieterich [1992] as the minimum nucleation length,
although subsequent studies obtained different estimates [Rubin and Ampuero, 2005, and ref-
erences therein]. We set 1 = 30 GPa, v = 0.25,d, = 0.1 mm, b = 0.02anda — b =
£0.005 for the velocity strengthening and weakening region respectively, resulting in L, =

4 m (antiplane shear). We tested asperity radii R such that R/L; is between 6 and 100. The
system is driven by boundary velocity conditions v = vy, (1079 m/s), and the domain size

is 6 R in each direction. As long as the domain boundaries are sufficiently far, the domain size
has little influence of the simulation results: we tested sizes between 6 R and 100R and found
a variation of less than 1% in recurrence interval. We define earthquakes as the period dur-
ing which the slip velocity at any point exceeds the threshold velocity vg,» = 2ac /1 ¢, (here
0.14 m/s) at which point the inertial term in Eq. 5 becomes significant [Rubin and Ampuero,

2005].

The rupture behaviour as a function or R is described in detail in Chen and Lapusta [2009];

here we sumarize the main results. The smallest faults (R < 12.5L;) are entirely aseismic.
However, they also exhibit cycles: most slip takes place during short episodes of slip at a rate
higher than loading rate (e.g. v ~ 10% v, for the smallest fault, R = 6L;), and are nearly
locked between such events. Intermediate size asperities (15.7L;, < R < 20.5L;) exhibit
cycles of seismic ruptures nucleating at the center of the asperity (Fig. 1). After each rupture,
a creep front propagates inwards from the edge, and the next rupture occurs when the front
reaches the center. There are no transient accelerations in slip velocity other than those lead-
ing to seismic rupture. For larger asperities (R > 25L;) ruptures nucleate from the side, when
the creep front has only partially penetrated the asperity. There are always one or more tran-
sient aseismic slip events in each cycle before reaching seismic velocities (Fig. 2). For R ~
22Ly, central and lateral ruptures alternate. Finally, we note that on the largest asperity tested
(R = 100Ly) some seismic ruptures arrest before covering the entire asperity; we denote these
as partial ruptures. As expected, our simulations result in the 7). ~ M& /6 scaling observed

by Chen and Lapusta [2009] (Fig. 3), across all the regimes of seismic ruptures described above.
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However, Fig. 4 shows that the scaling between 7). and R varies with asperity radius. For seis-
mic ruptures nucleating at the center, T}, ~ R; on asperities with lateral ruptures T} ~ R'/?

(consistent with T}, ~ Mé /6

scaling and constant stress drop). Aseismic events have shorter
T, compared to seismic central ruptures. In the following sections, we develop crack models
to understand the scaling of 7, with R (section 4) and the variation of stress drop with asper-

ity dimension (section 5).

3 Estimating 7,.(R) from crack models

We estimate the recurrence interval by treating aseismic and seismic slip on the asper-
ity as cracks, and determine their propagation or arrest based on energy balance concepts [e.g.
Griffith, 1921; Freund, 1990]. This approach is analogous to the estimation of the critical nu-
cleation length by Rubin and Ampuero [2005] and to the estimation or recurrence interval on
vertical antiplane faults by Werner and Rubin [2013]. As shown by Irwin [1957], these energy
criteria can be expressed in terms of stress intensity factors (SIF). We consider the following
contributions to the SIF, K: (1) K, the stress intensity factor of a stress-free crack subject to
external loading (creeping surrounding the asperity); (2) Ka, the stress intensity factor due
to changes in stress within the crack due to the variation in strength with slip velocity. A crack

can grow if the total stress intensity factor is at least equal to the toughness K:
Ki+ Kar 2 K, )

where K. is related to the fracture energy G. by

K. =2/ G, (8)

following the convention of Tada et al. [2000]. We use this framework to model two phases
of slip on the fault: the interseismic inward propagation of the creep front, and the propaga-
tion or arrest of a seismic rupture. Eq. 7 takes on two limiting cases: considering inward growth
of the creeping zone, the slip speed immediately behind the crack tip is small (e.g. close to
plate rate), thus the fracture energy, and hence K, is small, and K; ~ —Ka,. On the other
hand, considering seismic rupture into a region already at low stress, KA, is small and Eq. 7
becomes K; ~ K, (the argument introduced by Werner and Rubin [2013] to estimate 7. for
vertical antiplane faults). As shown below, these processes define two timescales: the time re-
quired for nucleation (7},,.;), and the time when a rupture can propagate over the full asper-

ity (Trun)-
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4 Creep front propagation
4.1 Small asperities (central ruptures)

First we consider asperities small enough that the creep front reaches the center. Fig. 5(a,b)
shows the propagation of the creep front for asperities of different sizes: Fig. 5 shows that the
lines collapse to the same curve when both position and distance are normalized by a factor
proportional to R. In appendix A , we estimate the equation of motion for the creep front by
numerically solving Eq. 7 for an annular crack, with stress change given by the increase from
a residual steady-state stress at coseismic slip speed 7,5(ve,) to steady-state friction at the fault
slip-rate 75 (vpy), that is AT = 745(vp1) —Tss(Veo) (see Fig. 5(c)). The black and dotted lines
in Fig. 5(b) are the expected position of the front, with and without the contribution from frac-
ture energy. Overall this model explains the creeping front propagation reasonably well, with
a few differences: (1) early in the cycle, the creeping front propagates faster than expected,
due to afterslip in the velocity strengthening region loading the fault faster than plate veloc-
ity; (2) towards the end of the cycle, the crack propagates faster than expected, due to stress-
ing from the opposing creep front, while our model assumes creep at v = v,,;. In appendix A we
find that, neglecting fracture energy, the time required for creep to reach the center and nu-

cleate a rupture is

Thuct(R) = = R/7e. 9

where we introduced the characteristic speed for the creep front propagation . = mwu'vy; /4AT.

The numerical solution is close to the following expression (derived in appendix A ):

a(t) = R\/1—tr./R (10)

where a is the distance of the crack from the center; eq. 10 is shown by the solid red line in
Fig. 5. As the crack approaches the center, its propagation speed and slip velocity increase and
eventually reaches vg,,,. It then expands outwards into the creeping region, where the stress

is nearly uniform and equal to the steady state strength at vy, i.e., T5s(vp). The stress inten-
sity factor of an elliptical crack in a uniform stress field is an increasing function of its size [e.g.
Madariaga, 1977]. Therefore, once nucleated the rupture accelerates and expands until it reaches
the edge of the asperity: as seen in the simulations, all accelerating events on faults nucleat-

ing from the center result in full ruptures, so that in this regime the recurrence interval is de-
termined by T),,.;. The linear trend in 7} vs. R (Figures 4 and 6) is in agreement with eq. 9.
For even smaller (aseismic) asperities, we expect a similar behaviour, with v, replaced by the

slip speed during slow events. This speed, and hence A7, decreases for smaller asperities, which
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explains why aseismic faults (R/L;, < 12.5) have shorter 7). than expected from eq. 9 cal-

culated with AT = 75 (vp1) — Tss(Veo) for seismic slip speeds (Fig. 4).

4.2 Onset of lateral ruptures

As predicted by a linear stability analysis [Ruina, 1983], a creeping crack with velocity-
weakening friction becomes unstable above a critical dimension (nucleation size), so that lat-
eral ruptures occur on asperities with a radius exceeding some size. Rubin and Ampuero [2005]
estimated a critical dimension for 1D cracks by treating the rupture as a constant stress drop
crack with a stress intensity factor equal to the toughness determined from rate-state friction.
Assuming steady state friction at seismic slip speeds immediately behind the crack tip, they

estimate the maximum half-length for stable propagation to be:

2
Loo:1< b ) Ly 11
T \b—a

For a 2-D crack, we can assume that the rupture starts as a circular, penny-shaped crack within
the creeping region of the asperity. For this geometry, we have Ka- ), = (2/7) Ka-1p, Where
the subscripts p (penny) and 1D refer to the crack shape shape. The critical radius in 3 di-

mensions is thus:

T b 2
Roo i Lb (12)
4 a

As in the analysis of [Rubin and Ampuero, 2005], this is an upper limit for the nucle-
ation dimension, valid at large slip velocities (e.g. v > vp;). Since instabilities start within
the creeping annulus in the velocity weakening region (Fig. 2), instabilities can occur when
the creep front has penetrated a distance L.,, = 2R,. With the parameters used in our nu-
merical simulations, Lyc, ~ 25L;, = 100 m. If R = 2R, seismic rupture is expected to
start at the center of the asperity, such that this length marks the transition between central and
lateral ruptures, which in our simulations occurs at R ~ 221, = 88 m, close to the 251,
estimated. Furthermore, aseismic behaviour is expected for R < R, = 12.5Ly. In our sim-
ulations, we find that the transition between aseismic and seismic slip occurs slightly above
this value (between R = 12.6 L, and 15.7 Ly; Fig. 6).

To estimate the time to nucleation since the last rupture, we make use of the equation

of motion of the creep front derived in appendix A . Setting a(t) = R—2R, in eq. 10, and
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combining this result with eq. 9, we obtain the nucleation time:

R/ R < 2R..
Thuet = (13)

4R+ (1 — Rx/R) /T R > 2Rw
This is shown by the blue line in Fig. 6, which provides a close fit to the simulated re-
currence times. For R > Roo, Thuel = 4Roo/7.: the time to nucleation becomes indepen-
dent of R. This is not surprising since this is approaching the 2D limit, when the creep front
propagation is independent of R. However, it would be unphysical for the recurrence inter-
val for events that rupture the entire asperity to be a constant above a certain source radius.
To understand earthquake cycles for R > 2R, we need to consider the conditions that de-

termine rupture evolution and arrest, discussed in the following section.

4.3 Rupture propagation and arrest for R > 2R,

Ruptures nucleating laterally have to propagate through the locked part of the asperity
(r < R—2R.). As they propagate towards the center, they encounter lower stresses (since
the stress imparted by creep decreases with distance from the asperity edge: eq. A.5, fig. B.2).
Therefore, ruptures may arrest within the locked region and not evolve into full ruptures; the
recurrence interval, taken as the time between full ruptures, will be longer than 7,,,.;. We es-
timate the time between full ruptures by requiring that the minimum value of the SIF during
rupture propagation balances K. (the toughness associated with a crack slipping at coseismic
speeds; e.g. Werner and Rubin [2013]). In appendix B we show that in this case Eq. 7 reduces
to

K =K. (14)

where K is minimum value of the SIF associated with creep loading since the previous rup-
ture. While an exact calculation of K| requires knowing the shape of the crack as it evolves,

dimensional arguments in appendix B lead to:

"o t
K; = M\/% ¢, (15)

where ¢ is a non-dimensional factor related to the shape of the rupture. The minimum time

when full rupture is possible is therefore given by:

K. VR
Trun = —

¢ ,U/Upl ’

(16)

Assuming that the recurrence interval is close to T',,;;, we expect the scaling T ~ v/ R. This

estimate of 7', ignores the influence of stress perturbations due to prior partial ruptures, and
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is therefore approximate. In order to estimate plausible values of T't,;, in Appendix B we cal-
culate ¢ numerically for a simplified rupture history, which gives ¢ = 0.76. We point out
that this value, and hence the minimum radius at which partial ruptures occur, is an order of
magnitue estimate, since it greatly simplifies the shape and evolution of seismic ruptures.

We calculate K. in eq. A.14 following Rubin and Ampuero [2005]. Due to healing, the
fracture energy has a weak dependence on the time since the previous rupture. For the range
of recurrence intervals considered, this has an effect of less then 10% on K., and for simplic-
ity we set § = 1 year.

In appendix B.1 , we estimate that partial ruptures are energetically possible for R >
4.3Roo: thus Eq. 16 applies above this value. In summary, we expect the recurrence interval
to scale as 7, = Tpue ~ R on small asperities (R < 2R,), and approximately as T, =
Trun ~ V'R on larger asperities (R > 4.3R,), and with an intermediate exponent between
the two (when T, ~ T}, but T, scales sublinearly with R). This is broad agreement

with numerical simulations (Fig. 6).

5 Stress drops and scaling between 7. and M

Crack models allow us to derive scaling relations between recurrence interval and source
dimension. To understand the scaling with seismic moment (Mg ~ pATR3), we need to con-
sider how stress drops scale with source radius. Fig. 7b shows how the seismic moment scales
with R in the simulations. For the 5 smallest faults, an increase in stress drop with fault di-
mension is visible: this is due to a fraction of the seismic moment being released during the
nucleation phase. Slip profiles during the seismic phase are well approximated by an ellipti-
cal crack with constant stress drop until the crack reaches the edge of the asperity, and by a
circular, penny-shaped crack at the end of the earthquake. This predicts a constant stress drop
during rupture growth, and also a constant stress drop for earthquakes of different size. How-
ever, fig. 7a shows that some of the slip is accumulates aseismically and thus does not con-

tribute to the coseismic moment, defined as the moment released when > vgyy,.

As the crack expands, the slip velocity increases. The crack starts slipping at seismic
velocities once it reaches a finite size (R.,). We can then calculate the moment released dur-
ing the nucleation phase from the moment of a penny-shaped crack of radius R.,. The co-

seismic moment is then given by

16
MO = MOtot - Maseis = 7AT (R3 - Rgc) (17)

—10-
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where the first term is the total moment released from the beginning of nucleation phase to
the end of the earthquake. The ratio between seismic and total moment is 1—(Ro,/R)* and

it quickly approaches 1 (for example, almost 90% of the moment is released coseismically for
R = 2R, which corresponds to the transition between central and lateral ruptures). This
indicates that the variation in stress drops is only expected to occur over a limited range of
fault dimensions.

From the simulations, we find that crack reaches v = vg4y, when the semi-major and
minor axes reach 55 m, 42 m respectively, in the inplane and antiplane directions, close to our
estimate of R, (50 m). As expected, this dimension is approximately constant with asper-
ity dimension R (Fig. 7a). We estimate the total moment My, directly from the slip profile:
Motor = umSR?/2, where S is the slip at the center of the asperity. We find that the scal-
ing of My, from the simulations is consistent with self-similarity, as expected from the fact
that the slip profiles in Fig. 7(a) have roughly the same shape. Furthermore, the scaling of M,
with R is in agreement with eq. 17. For the smallest fault (R ~ 1.3R,), the stress drop es-
timated from M is about 50% smaller than the stress drop estimated from M;;.

Finally, we are in a position to combine the scaling of seismic moment with R and the
dependence of T, and T}, (eq. 16 and 13). This is shown in Fig. 8. While some slighty
variations in the exponent are seen, we find that in the range R, < R < 4.33R,, the pre-
dicted trend is close to T} ~ Mé/(j. For R > 4.33R..,, we expect T} ~ M&/6 scaling from

constant stress drop and Ty, ~ V/R. This is the central result of the paper.

5.1 Coseismic and interseismic slip budget

Figs. 9, 10 show the contribution of seismic and aseismic slip on asperities with dif-
ferent R/Ro.. Aseismic stress release occurs in various phases of the seismic cycle: (1) dur-
ing the interseismic period, as a creeping front propagates inwards and part of the asperity slips
at a speed of the order of v,;; (2) during aseismic slip episodes such as those shown in Fig. 2;
(3) during the acceleration and deceleration phase of an earthquake. The fraction of aseismic
slip in phase (3) depends on the definition of “coseismic” slip velocity. The condition that the

long-term slip rate on the asperity matches the loading rate can be expressed as follows:
Stot = UplTT = Sseis + Screep + Snucl + Spost (18)

In Appendix C we derive analytical expressions for S¢peep and Spycr as a function of R/R.
Simulations do not exhibit significant postseismic slip within the velocity weakening asper-

ity (Figs. 9, 10), consistent with results from spring slider simulations [Rubin and Ampuero,

—11-
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2005; Segall, 2010] . We therefore neglect this process as well as the contribution of transient
aseismic slip episodes and partial ruptures for R > 4.3R... Because of the latter assump-
tion, these results are strictly valid only for R < 4.3R,. Fig. 11a shows the values of Sy,
Sereep and Syqq as a function of R/R... As expected, Sio; has the same trend as T). (Fig. 6).
The slip from interseismic creep is also proportional to 7T}, for R < R (asperities on which
the creep front reaches the center); in Appendix C we show that S¢;cep/Stor = 0.25. For larger
values of R, interseismic creep is confined to part of the asperity » > R—2R,, and its con-
tribution decreases with R. Finally, the fraction of slip during the nucleation phase decreases
monotonically with R. Combining these results we estimate the ratio of seismic to total slip
as

Sseis _ Sas Sereep + Snuct

=1 =1
Stot Stot Stot

19)

shown in Fig. 11b. The ratio of seismic to aseismic slip derived from simple crack models pro-

vides a good fit to the trend the simulations.

6 Discussion

Based on energy balance arguments, and the scaling of stress intensity factors with as-

perity dimension, we identified the following regimes:

* R < R: asperities are aseismic.

* R < R < 2 R, creep completely erodes the asperity and seismic rupture nucle-
ate from the center. The recurrence interval scales as 7T;. ~ R. Stress drops increase
weakly with R.

* 2 R < R < 4.3 Roo: creep partially erodes the asperity before ruptures nucleate.
When this occurs, the elastic energy accumulated from creep is sufficient for the rup-
ture to propagate across the entire locked region, so that every nucleation results in a
full rupture. The recurrence interval scales with 7. ~ \/T%

* R 2 4.3 R.: the energy required for a rupture to propagate through the locked re-
gion exceeds the energy required for nucleation, and partial ruptures occur. The recur-

rence interval of full ruptures is expected to scale as T}, ~ v/R.

Interestingly, we find that the scaling between seismic moment and recurrence interval
is due to different physical reasons depending on R. For small asperities, the recurrence in-
terval scales linearly with dimension; in this range of R, it is the increase of Ao with R that

gives rise to T} ~ M& /6 scaling. The non-constant stress drop as R approaches the nucle-
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ation length is not surprising: crack models which predict constant A7 assume a point source
at t = 0, while the existence of a finite nucleation dimension breaks self-similarity as R ap-
proaches R.,. For asperities with R > 2 R, on the other hand, the relatinship between T,
and M, is dominated by the 7, ~ v/R scaling, which originates from the dependence of the
stress intensity factor on asperity dimension. In other words, we recover the observed scal-
ing by considering seismic ruptures as releasing accumulated elastic energy rather than stress.
A simplification in our crack models is the neglect of inertia when balancing the stress
intensity factor and fracture toughness. While this assumption is valid for modeling creep prop-
agation (and hence T),,.;), when applied to seismic ruptures it may lead to an underestima-
tion of T'r,;;. However, since inertial effects can be included by multiplying the SIF by a con-
stant factor determined by the rupture velocity [Freund, 1990], we expect the T,y ~ RY/2
scaling derived here to remain valid. Secondly, we note that a model of circular asperities with
uniform frictional properties is extremely simplified: in nature, we expect some degree of stress
heterogeneity due to fault roughness or variations in frictional and elastic properties, which
would lead to more scatter in source properties and scaling. With this caveat in mind, below

we discuss possible seismological observations predicted by our models.

6.1 Observations near the nucleation dimension

The existence of a finite nucleation dimension (R..) introduces a break in self similar-
ity. While the value of R, estimated here is specific to rate-state friction with certain param-
eters, we expect this result to be general: since the stiffness of a constant stress drop crack is
inversely proportional to its size, slip on cracks below a critical dimension is aseismic [Ru-
ina, 1983].

Could this variation in stress drop be observed in nature? The main difference between
a numerical simulation and real earthquakes is that with simulations we know the asperity di-
mension. Therefore, when estimating stress drops, the larger fraction of slip released aseis-
mically on smaller asperities leads to lower stress drops. However, the existence of a finite nu-
cleation dimension also shortens the distance a rupture propagates before reaching the edge
of the asperity. Asperity dimension is commonly estimated from the rupture duration, inferred
from the corner frequency and assuming an expanding circular crack with constant rupture ve-
locity [Madariaga, 1977; Sato and Hirasawa, 1973; Kaneko and Shearer, 2015]. For a rup-
ture starting at r = R, the rupture duration will be shorter: in our simulations, it is pro-

portional to R—R_oo. This may lead to underestimation of the asperity dimension as R —
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R, and overestimation of the stress drops. To further complicate matters, the rupture veloc-
ity is not constant during this phase (since the crack is still accelerating). Therefore, smaller
asperities have lower average rupture velocity, which may partially counteract the previous ef-
fect. These results indicate that assuming a circular source expanding at constant velocity may
lead to large biases in the estimation of source properties at dimensions near R,. Finally, we
point out that the definition of “earthquake” used here (based on a velocity threshold) prob-
ably does not accurately reflect the way seismic ruptures are recorded, making it difficult to

directly translate our results into observable variations in source properties.

6.2 Transition between central and lateral ruptures

Circular sources propagating radially from the center are often used to infer source prop-
erties for small to moderate earthquakes. However, our results suggest that central ruptures only
take place on asperities within a narrow range of dimensions (R, < R < 2), and should

therefore be quite rare for repeating earthquakes in nature.

Studies of rupture directivity for moderate to small events (down to about M 3.0) indi-
cate a prevalence of unilateral ruptures, and no variation with magnitude [Boatwright, 2007,
Abercrombie et al., 2017; Calderoni et al., 2015]. A transition to central ruptures may occur
at smaller magnitudes, for which estimating rupture directivity (or lack thereof) is particularly

challenging.

6.3 Observations of partial ruptures

Finally, we estimated the minimum asperity radius that can host partial ruptures. While
the exact dimension of the transition depends on the details of the asperity shape and assump-
tions in the derivation, the existence of such transition can be understood intuitively. Load-
ing from the boundary of an asperity creates stress gradients within it, with lower stresses fur-
ther away from the loading point. Stress increases everywhere with time, until an event can
nucleate at the edge. If the asperity is large, the rupture will have to penetrate through a more
extended region of lower stress, where it is more likely to arrest. This can also apply to other
fault geometries: for example, Werner and Rubin [2013] and Herrendorfer et al. [2015] found
a similar transition in 2-D models of subduction zones loaded by creep below the seismogenic
zone. We demonstrated that the recurrence interval of full ruptures is expected to scale as T} ~

VR, leading to the scaling observed in nature for repeating events: it is likely that most of the
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observed repeaters are in this regime. An interesting question is how the occurrence of par-
tial ruptures may affect the degree of periodicity of the system. Partial ruptures introduce vari-
ability in the stress field, not considered in our derivation: for example, a rupture may arrest
in the low stress region caused by a previous rupture [Lapusta, 2003], or be promoted by the
stress concentrations outside its perimeter. These factors may affect not only the recurrence
interval of full ruptures, but also their slip evolution and observed waveforms, practically de-
termining an upper bound to the characteristic behaviour that defines a repeater. We note that
the simulation with partial ruptures presents more variability in recurrence interval than those
without (Fig. 4); however, due to computational costs this simulation only produces a small
number of full ruptures (3), and we cannot draw strong conclusions. Further studies are needed
to verify whether asperities above a certain dimension loose the periodicity and characteris-
tic behaviour. Some indications of periodicity at large R/ R+, can be inferred from the observed
magnitude of repeaters, that can be as large as M4.9—5.0 [Chen et al., 2009; Uchida et al.,
2012]. Combined with the observation that most events above M 3.0 are unilateral, and there-
fore in the regime where R > 2R, this implies that asperities as large as 20R, can have
characteristic, quasiperiodic behaviour. An alternative plausible explanation for this magnitude
range may be regional variation in R.,. However, more direct evidence comes from the ob-
servation of multiple families of repeaters with overlapping rupture areas [Uchida et al., 2007]:
the M4.9 Kamaishi (Japan) repeater experiences interseismic partial ruptures, mostly located
near its edge (as expected from the crack models presented here). Given that most of these
partial ruptures are between 2 < M < 3, the Kamaishi repeater appears to be an example

of a periodic earthquake many times larger than R.

6.4 Slip budget

Chen and Lapusta [2009] explained the scaling of 7;. by the increase of seismic to aseis-
mic slip ratio with R, as seen in Fig. 11; however, direct measurements of the slip partition-
ing at such small magnitudes have proven challenging. Using borehole strainmeter records of
small events on the San Andreas fault, Hawthorne et al. [2016] observed that the fraction of
postseismic slip doesn’t vary significantly as a function of magnitude. Based on our models,
we expect aseismic slip on the asperity to be taken up mainly during the interseismic and the
nucleation phase. The propagation of the creep front on a circular fault is such that the creep-
ing area grows approximately linearly with time (it would be exactly linear for the approx-

imated equation of motion given by eq. 10); for a constant slip velocity behind the creep front,
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we thus expect a constant acceleration in moment. The total moment released by this process
is not more than about a quarter of the total moment. The fractional contribution from the nu-

cleation phase, on the other hand, can be arbitrarily large (Fig. 11).

7 Conclusions

We developed crack models of circular asperities embedded in a creeping fault, and found
that they successfully reproduce the observed scaling between the recurrence interval and seis-
mic moment: T, ~ M& /% The temporal evolution of the creep front eroding an asperity is
well fit by crack models, allowing us to quantify the contribution from aseismic slip during
different phases of the seismic cycle.

Our models make specific prediction on the seismic behaviour of asperities as a func-
tion of the their dimension with respect to the nucleation radius R.,. We identify a range of
asperities over which ruptures nucleate from the center (R, < R < 2R.,). Even though
source models for events below M5 often assume central ruptures [e.g. Boatwright, 2007], we
expect this behaviour to be relatively rare due to the narrow range of k. We also note that the
existence of a finite nucleation size introduces a break in self-similarity, which results in a de-
crease of stress drop with R. This effect leads to the T, ~ MO1 /6 scaling for small asperi-
ties.

For larger asperities, the same scaling is not due to variations in stress drop but to the
relationship between stress intensity factors and radius. In particular, we find that an energy
balance argument predicts that full ruptures are possible at T, ~ V'R, and hence T, ~
MS /8, According to our analysis, this criterion explains the recurrence interval for asperities
above ~ 4.3R.,. We discuss observational evidence suggesting that the largest observed re-

peater (the /4.9 Kamaishi, Japan repeater) falls into this regime.
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464 Figure 3. Scaling of 7} with seismic moment from numerical simulations. The y-axes is the time since the
465 last rupture; we define 7. as the time between consecutive full ruptures. Error bars indicate range of observed

466 T’; the large variation for the fifth data point is due to the alternation of central and lateral ruptures.
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Figure 5. Top left: Interseismic propagation of creeping front from the edge of the asperity (indicated by

the circle) to the center, estimated from peak stresses. The vertical lines are seismic ruptures. Top right: Same
plot, with the y-axis normalized by asperity radius and the x-axis normalized Eq. 9. The black lines are the
expected propagation of the front (see text). Bottom: stress profiles as the creep front propagates inwards.

ATy is the difference between residual stress after an earthquake (7ss (veo) and (7ss (vpi)), shown by the
dotted lines. As the creep front approaches r = 0, the slip velocity exceeds vp,; and the stress difference

decreases (ATs).
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Truer and T'pyyy are calculated from eq. 13 and 16.
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Figure 11. Left: slip budget estimated from eq. C.1, C.3 and C.4, normalized by the slip deficit on an

asperity with R = R. Right: Fraction of seismic to total slip. Circles indicate the ratios observed in simula-
tions; the black line is eq. 19, assuming that A7 in eq. C.4 is the same as in eq. C.1, C.3. The grey area shows
the range obtained allowing the stress drop during nucleation to differ from the stress increase during creep

propagation (A7 = [0.7 — 1.3]ATereep)-
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A: Creep front propagation

In order to slip at the loading velocity, the stress behind the crack tip must increase from
the residual stress after an earthquake 745(v.,) to the steady-state value at the creep rate 74s(ve).
In the simulations, we note that this is close to the loading rate v,;, and for simplicity here
we assume v, = vp. The crack can therefore be approximated by superimposing a stress-
free end-driven crack and a crack with a spatially uniform negative stress drop A7 = 7'53(11171)*
Tss(Veo)- Neglecting the contribution from fracture energy, the length of the crack a(t) is de-

termined by the condition that the total stress intensity factor vanishes, or
Ki(t,a) = Kar(a) (A.1)

where K is the SIF due to displacement at a > R, which we assume to grow linearly in time
(S = vpt). The propagating creep front can be treated as an annular crack driven by edge
displacement, which grows in response to a increase in the displacement boundary condition
(analogous to the 2-D case analyzed by Mavrommatis et al. [2017]). We consider an annular

crack with outer radius R and inner radius a(t).

A.1 Annular Crack

For simplicity, throughout this work we employ results for stress intensity factors for Mode-
I cracks; for Mode-II or Mode-III cracks, the stress intensity factors vary by a factor of or-
der 1. Closed form solutions for the stress intensity factors for an annular crack with fixed slip
at r = R are, to our knowledge, not available. Therefore we estimate them numerically, and
validate these solutions by comparing them to analytical results in the limits: ¢ < R and a —
R. Consider an annular crack with inner and outer radii @ and R, subject to an axisymmet-

ric stress 7(r). The SIF can be expressed as
R
K(t,a) :/ 7(t,r)k(r)dr (A2)

where k(r) is the SIF for a unit ring force at radius r. We evaluate k(r) numerically, using
the method introduced by Clements and Ang [1988]. The stress distribution relevant for edge
loading K is

7(r,t) = Tra(r) vpit (A.3)
where 7,4 is the stress due to a unit ring dislocation at » = R (Fig. B.2), with slip §(r, t):

vpit T >R
o(r,t) = (A4)
0 r<R
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where t is the time since the last event and vy, the plate velocity. The stress field inside a dis-

clocation ring is given by [Kroupa, 1960]:

"yt B
Tralr) = 1_(’; ) (A5)

where p = r/R, and E(k) is the complete elliptic integral of the second kind, which varies
from 1 to 7/2. It can be verified that this form gives the 1/ singularity in stress as 7 — R
and reduces to 7,4 = pvpt/2R at 7 = 0. We checked that the numerical solution of K;(a),
approaches known solutions for the two limiting cases: the result from Selvadurai and Singh
[1986] for a < R, and the 2-D solution for a — R.

For KA., we assume a uniform (and negative) stress drop (Fig. 5), associated with in-
crease in stress from that after dynamic rupture to steady state friction for creep at v = vy,
ie. AT = T55(vp1)—Tss(Veo). We neglect the acceleration in slip speed (and hence decrease
in Ka,) as the slip front approaches the center (seen in the last snapshot in Fig. 5). We use

the approximate solution from Tada et al. [2000]:

Ka-(l) = AT %l - F () : (A.6)

with

_ _ 2
. (1) _ 1-0361/R—0.067(1/R) A7)

R 1-1/R
and [ = R — a. Using our numerical solution for K;(¢,a) (obtained through Eq. A.2 and

A.5) and eq. A.6 into eq. A.1, we obtain the equation of motion for the creep front a(t) shown

in Fig. 5.

A.1.1 Calculating T,

To get an analytical approximation for the time required for the creep front to reach the
center of the asperity, we consider the limit a/R < 1. This is an estimate for the nucleation
time on asperities with central ruptures. For K;, we note that the stress intensity factor due
to a displacement § = S forr > Rand § = 0 for r < a and zero stress in between is
equivalent to that imposed by the boundary conditions 6 = 0 for r > R and § = —S for
r < a, since the second state can be obtained from the first by subtracting a rigid body dis-
placement, which generates no stresses. The stress field outside a dislocation ring of radius

a and strength —S = —vp T yq i [Kroupa, 1960]

'S K (1 E(1
ralr) = A;Ta (p/p) B pp2 (_/1p) (AS8)
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where p = r/a and K (k) is the complete elliptic integral of the first kind. As 1/p — 0,

this becomes:

a\ 3
Trd = — (;) Tnucl (A9)

for r > a. Since we are estimating the time for the creep front to reach the center of the as-
perity, a(Tpuet) = 0, we have a/R < 1 and can approximate the problem as an infinite
external crack of radius a. Since the displacements at r — oo for an external crack subject

to a decaying field must be null, the boundary condition 6(R) = 0 is automatically satisfied

in this limit. The SIF for an external crack subject to a stress field of the form 7(r) = 7o(r/a) ™™

(as in eq. A.9) is given by[Sih, 1973], and for n = 3 reduces to

2 Vo L4
Ki= —=mova = —%Tm (A.10)

The stress intensity factor for a constant stress drop (eq. A.6) in the limit a/R — 0 is given

AATR [1—a/R  4ATR
Kar =S\ — ~ e (A.11)

Neglecting fracture energy, we set K; = KA, and obtain

by [Tada et al., 2000]

to(R) = ifi; (A.12)
P

In the simulations, there is a delay between the arrival of the creep front and the onset
of an earthquake; depending on R, this is of the order of seconds-hours (Fig. 1), and thus neg-
ligible compared to the cycle duration. Therefore we take the nucleation time 7;,,; equal to
to. We can gain some insight into how the asperity dimension affects creep front propagation
by considering the scaling of K; and Ka,. Rewriting eq. A.10 in terms of the non-dimensional
length @ = a/R, we see that K; ~ t/ \/R a result which, as we demonstrate in Appendix B is
valid for a crack of any shape within the asperity. Similarly, eq. A.6 shows that Ka, ~ v/R.
Therefore, neglecting fracture energy and solving K; = K, for a given value of a results
in t ~ R, so that when both distance and time are normalized by a factor proportional to R,
the creep evolution curves collapes as in fig. 5. Fig. 5 also shows that the normalized equa-

tion of motion is in agreement with the equation of motion calculated numerically.

A.1.2 Effect of fracture energy

We include the effect of fracture energy by finding numerical solutions of

Ki+ Kar = K. (A.13)
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where K. is the fracture toughness, which is related to the fracture energy by eq. 8. We em-
ploy the fracture energy for the aging law, in the no-healing approximation and constant slip

velocity v;,, as given by [Rubin and Ampuero, 2005]:

d.bo Vinfi \ 17
6= 4 g (22 i

Since the crack is propagating into the locked region, we take 0; = t 4+ d./v., (from eq. 3,

with 6 ~ 1 and 0(t = 0) = d../veo).

A.2 An approximate solution

Here we derive an analytical form for the equation of motion of the creep front by treat-
ing the annular crack as an external circular crack and approximating the stress field imposed
by the ring dislocation at » = R. The SIF for an external crack of radius a subject to uni-

form stress between » = a and r = R is [Sih, 1973]:

_2VR [1-a?
==V

with @ = a/R. Note that this differs from Eq. A.11 due to the use of an external crack, as

Ka, AT (A.15)

opposed to an annular crack. Next we approximate K as due to a concentrated ring force at
r = R, ie. 7(r) = P§(R), where P is a constant; §(x) is the Dirac delta function, so that
the ring force has the same form as the gradient of the imposed displacement (Eq. A.4). This
approximation assumes that the SIF is dominated by the singularity in the stress field; we note
that for 2 dimensional cracks, these two loading configurations produce exactly the same SIF
(K; ~ /1, where [ is the distance between the loading point and the crack tip). The SIF in

this case is Sih [1973]
2P 1

T VAR il - @)

Setting P = awpt (so that K is proportional to load point displacement), K, = K; gives

a(t) = Ry/1— m}’é’lt (A17)

Further choosing o = 7 /v, with 7. = mp/vy, /4AT matches the condition given by eq. A.12.

K, (A.16)

This solution, although not rigorous, is close to the numerical result (Fig. 5).

B: Estimating T, (R)

Eq. 7 considers the contribution of energy from elastic loading (/) as well as stress vari-

ations within the crack (K a,). In appendix A , we saw that the propagation of the creep front

20—



592

593

594

595

596

597

598

599

600

601

602

603

604

605

606

607

608

609

610

611

612

613

614

615

616

617

618

is controlled by both terms. For a seismic rupture, the problem can be simplified by noting
that we are considering a full seismic cycle, so that the net stress change is null. At¢ = 0
(just after a full rupture) the stress in the asperity is low: 7 = 745(v,,). Interseimically, creep
outside the asperity raises the applied stress, while frictional strength changes as a result of
healing as well as creeping on part of the asperity. These interseismic stress changes are re-
versed during seismic rupture, since the stress behind the seismic crack tip is 7 = 745(Vco)-
Therefore we can set Kar = 0. For this argument to be strictly valid, we should define the
crack as not only the seismic rupture, but the total slip accumulated interseismically. However,
for simplicity, here we neglect the contribution from interseismic slip and assume that the as-
perity is entirely locked (a good approximation for R > R..).

We estimate the stress intensity factor for a rupture nucleating at the edge of an asper-
ity and propagating into the locked region. For a rupture in 2 dimensions, the stress intensity
factor is a function of position along the front and it changes as the rupture grows. We con-
sider the problem of a crack of an arbitrary shape growing within an asperity.

Rice [1989] developed a theory for calculating stress intensity factors for 2-dimensional
cracks in a 3-D medium. For a crack subject to a stress field o(x), the stress intensity factor

at position s along the rupture front is given by

Kl(s):/ kk‘(x;s)a(x)dA (B.1)

with
L V2p(x)W (x;s)
k(x;s) = —?3D2(x; " (B.2)

where p is the minimum distance between x and the edge of the crack, D the distance between
x and point s along the crack, and W (p, D) a non-dimensional factor which takes into account
the crack shape (see Fig. B.1). The terms k(x;s) are weight functions: they depend on the

crack geometry and not on the applied stress. Note that they are a function of position along

the front, and they vary as the rupture grows and potentially changes shape. The applied stress
field o(x) is determined by the loading conditions on the asperity (i.e. interseismic loading),

and is given by eq. A.5. We can now write the stress intensity factor in terms of non-dimensional
variables £ = /R, p = p/R and D = D/R:

Ki(s) = ’“’?’;f (s) (B.3)

with

V2p(x)W (x; 8) ~
/ \ﬁst2 1—52dA B4
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Where the integration is over the rescaled crack. Note that this term only depends on normal-
ized lengths. As the crack grows and changes shape, the quantities and p, D and W vary. A
rupture stops when K;(s) < K, for all points s which are still within the velocity weaken-

ing region (or after penetrating a short distance into the VS region). For easier notation, we
drop the dependence on s and we simply write K; < K. when referring to this condition.

A first order scaling between the stress intensity factor and the asperity size can be derived

by assuming that ¢ does not depend on R. This implies that rupture evolution is independent
of asperity dimension, i.e. the rupture history on an asperity is simply a rescaled version of

the rupture history on an asperity of a different size. This can be considered an acceptable first-
order approximation given that 5, D must always be in the range [0,2]. By setting Eq. B.3

equal to K. we obtain an estimate of the minimum recurrence interval:

K. VR
Trun = —

o Upl

(B.5)

and with constant ¢ we find a square-root scaling between recurrence interval and source di-
mension.

To estimate realistic values of Ty, (R), we compute ¢ numerically for the rupture his-
tory shown in Fig. B.2, using the values of W (x; s) for an elliptical crack [Wang et al., 1998].
In this case K varies along the rupture front. For the innermost point along the rupture front
(P), we note that the ¢ has a non-monotonic behavior as the rupture dimension grows: as P
moves towards the center of the asperity, the stress field near P decreases and so does ¢(P).
Note that the minimum of K occurs before P reaches the center of the asperity, since ¢(P)
does not depend only on the stress at P but also on the crack size (it increases with crack di-

mension). The minimum value of ¢ is 0.76.

The behavior of stress intensity factor at one point is not enough to determine whether
the rupture stops. However, this simple model shows that ruptures starting at the edge of an
asperity and propagating down a stress gradient may encounter a minimum SIF as they grow.
This may lead to either partial seismic ruptures, or slow slip episodes, depending on whether

the minimum is encountered before or after reaching the critical nucleation dimension.

B.1 Transition to partial ruptures

Numerical simulations indicate that partial ruptures only occur for asperities above a cer-
tain size. The occurrence of partial ruptures can be understood in terms of the criteria described

above: if the time of the first nucleation (Eq. 13) is smaller than T, partial ruptures will

31—



645

646

647

648

649

650

651

Figure B.1. Example of a rupture propagating within the asperity, as presented in Rice [1989]. The dimen-

sions relevant to the calculation of stress intensity factors (Eq. B.2) are marked.

Normalized position within crack

Figure B.2. Stress intensity factor for a rupture nucleating on the side. Left: sequence of elliptical cracks
representing an idealized rupture history. Each ellipse is obtained by shifting the center along the vertical and
matching the asperity curvature at the point of contact. Right: Stress intensity factor and stress field within the
asperity. The stress intensity factor is calculated at point P (left panel). The minimum in ¢ (0.76) is marked

with a circle, and it corresponds to the dotted ellipse in the left panel.
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occur. While we could obtain the transition directly comparing these values, here we present
a more general approach that can in principle be extended to different loading geometries. The
main result is that the occurrence of partial ruptures is controlled primarily by the asperity ge-
ometry (shape and size); and to a smaller degree, by the value of the state variable in creep-
ing vs. locked parts of the asperity. Notably, none of the frictional parameters, except d., ap-

pear in the final expression.

We estimate the value of R corresponding to a transition to partial ruptures by compar-
ing the energy available at the time of nucleation with the energy required for a rupture to prop-
agate across the entire asperity; fig. B.3(a) summarizes the criteria for creep propagation, rup-
ture initiation and rupture propagation. The criteria for rupture nucleation and rupture prop-
agation can both be expressed in the form K; = K.(0;), where K] is the SIF associated with
loading from creep in the VS region, and K.(6;) is the toughness. Note that K. depends on
the value of the state variable in front of the crack tip #;, which is different depending on whether
the rupture propagates through the creeping or locked part of the asperity. The terms K; also
differ between nucleation and rupture propagation, due to different crack geometry. The crit-

ical condition for full rupture is
K7
K c(elo>

=1 (B.6)

Here K} denotes the minimum value during rupture propagation (see previous section), and
K.(0,) is the fracture energy as the crack propagates through the locked region. The nucle-
ation length derived in section 4.2 for dynamic ruptures within an annular region can be de-

rived from the criterion that the stress intensity equal the local fracture toughness:

KAT,p = Kc(acr)a (B7)

where K.(0.,.) is the fracture energy for a crack in the creeping region. The subscript p (penny)
refers to the shape of the nucleating patch. We estimate values for the rock toughness in the
two cases by taking 6 = d./v,; in the creeping region and ¢ = ¢ in the locked region. From

eq. A.14 we see that their ratio is

K.(0cr) _ log (UCO/U;DZ)
K.(01,)  log (veot/de)

(B.8)

As discussed, K.(6;,) depends weakly on time, and we assume ¢ = 1 year as a represen-
tative value for the recurrence interval, which yields K.(6..)/K.(0;,) = 0.8. For a recur-

rence interval of 1 day and 100 years, the ratio is between 1.0 and 0.7.
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683 We can relate the nucleation condition to the loading from creeping in the VS region

684 by noting that the condition controlling creep front propagation (section 4) is
Kl,a = KAT,a (B9)
685 where the subscript a (annulus) refer to the creep front geometries (see Fig. B.3). Now we can
686 write
Ka
Ko = 250 Kol0er) (B.10)
AT,p

687 The stress drops in eq. B.7 and B.9 have the same absolute value: for Kar p, the stress is low-
688 ered from steady-state strength at plate rate to steady state strength at seismic velocities; for
689 K~ the change in stress is equal and opposite. Therefore, eq. B.10 expresses the nucleation
690 condition in terms of loading and the geometrical factor K'a; o/ K- p depending only on R/R,

691 (black line in Fig. B.3(b)). Similarly, the SIFs due to loading (K;* and K ,) are both propor-

692 tional to the slip outside the asperity, and their ratio is determined by geometry alone; Fig. B.3(c)
693 shows how this ratio varies with R/R, with K estimated setting ¢ = 0.76 in eq. 15. In-

694 tuitively, when a rupture nucleates on a small asperity, it can easily evolve into a full rupture:

695 by the time K, is large enough for rupture nucleation, K} is also sufficient for the rupture

696 to propagate through the asperity. On the other hand, for larger R/R., a rupture may stop

697 as it propagates within the locked region (r < R — 2R.), since in this case the criterion
698 for full rupture is more stringent than the criterion for nucleation.
699 More quantitatively, we combine B.6 and B.10 to give
Kl* o Kl* KAT,a Kc(acr) (Bll)

Kc(elo) B Kl,a KAT,p Kc(elo)

700 Since the first two fractions in eq. B.11 are controlled by geometry alone, this notation
701 allows to check whether the criterion for full rupture is satisfied at the time of the first nucle-
702 ation, only based on the value of R/R, and the ratio %. From Eq. A.14 we note that,
703 for a fixed slip velocity inside the crack, this term depends only on 6 and d., while all other

704 rate-state parameters cancel out. Fig. B.3(d) shows the ratio K/ K (6,): for R 2 4.3R,
705 we find that K} /K.(6,) < 1, so that partial ruptures can occur. In our simulations, we see

706 partial ruptures starting slightly above this value (Fig. 6). From Fig. B.3(d), we see that K}/ K.(6;,) <

707 1 also occurs for R < 0.8 2R.,. However, in this case we do not see partial ruptures; this
708 is most likely because most of the asperity is creeping, while K| was estimated assuming prop-
709 agation in a locked asperity.
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Figure B.3. (a) Summary of the energy balance criteria governing creep propagation (green), rupture nucle-
ation (red, left) and rupture propagation (red, right). (b) Normalized stress intensity factors for constant stress
drop crack with an annular and circular shape (shown in the inset), representing the SIF of the creep front and
a penny-shaped seismic rupture as it nucleates within the creeping region of the asperity, and their ratio. As
expected, the limiting value as R > 2R is the ratio of SIF for a 2-D and a penny shaped crack (7/2); (c)
normalized SIFs related to slipat~ > R, for an annular crack (green), and minimum value during rupture
growth, for the rupture history in Fig. B.2 (red). (d) The ratio K|/ K., from eq. B.11. To the left of the dotted

line (large R) partial ruptures are possible.
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718 C: Slip budget

719 The slip deficit at the time of the first nucleation is given by vpTyyc, and from eq. 13
720 we have
fi,TR R < 2R.
Stot = (C.1)
176;37300 (1 - Rg’) R>2R..
721 In order to calculate the average slip from the propagation of the creep front, we need
722 to know the slip profile for an annular crack analyzed in section A . While there are simple
723 expressions for this problem for 1D cracks, there are no closed form solutions for the annu-
724 lar crack. Therefore we use the following approximation: points ahead of the creep front don’t
725 slip, and points behind it accumulate slip at a constant rate v, (which, as discussed earlier,
726 is of the order of v,;). At the time of nucleation, the total slip at a point of radius r is ve, (Thyer — (7)),
727 where ¢(r) is the time when the front reached r. Approximating this time by the inverse of

728 eq. A.17, we obtain

‘ﬁf Z—pl % R < 2R
Screep(r) = (C2)
729 We integrate this expression to obtain the average slip on the asperity at the time of nucleation:
2737 Z—pl R R < 2R,
Screep = (C3)
32AT v R? R\’
— vT; ;(1—;) R>2R.
730 To constrain v,/ vp1, wWe consider the initial phase of the creep front propagation, when the
731 annulus can be treated as a 1D crack. As shown in Fig. C.1, the average slip within a stress
732 free crack driven by a slip boundary condition is the same as that of a linear slip profile given
733 by constant slip rate v, = vp. However, the (negative) stress drop crack that cancels the
734 stress intensity factor contributes negative slip, equal to half of the average slip for the stress
735 free crack. Therefore we match the correct average slip in the annulus by setting v, = vp/2;
736 ver should be thought of as an average slip velocity.
737 Finally, we consider the slip accumulated during the nucleation phase by treating the nu-
738 cleating patch as constant stress drop crack of radius R, (cf. section 5). The average slip due
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Figure C.1. Slip profile for a stress free crack with a displacement boundary condition; the constant stress
drop crack which negates the SIF from the displacement driven crack; and their combination. The dotted
lines are the slip profiles assuming v = 0 ahead of the crack tip, and v = v, behind, with v, = v, and

Ver = Up1/2.

to this crack embedded within an asperity of radius R is given by

16AT Rzo

i C4
T R2 €4

Snucl =
Assuming, as done before, that the stress drops during nucleation and creep propaga-
tion have the same absolute value, A7 is the same in eq. C.1, C.3, C.4, and these values dif-

fer only by factors containing R and R..
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