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SUMMARY9

Observations of SKS splitting and surface-wave azimuthal anisotropy are two of the pri-10

mary geophysical constraints on crust and upper-mantle anisotropy, yet the two meth-11

ods often yield apparently inconsistent inferences about the strength and vertical ex-12

tent of anisotropy. Here we show that neglecting anisotropy parameters associated with13

Rayleigh-Love coupling is an important and largely overlooked contributor to this dis-14

crepancy. We present a unified treatment of SKS splitting and surface-wave anisotropy.15

Specifically, we derive a new asymptotic expression for SKS splitting in weakly anisotropic16

media with arbitrary symmetry, validate it against numerical simulations, and compare it17

directly with quasi-degenerate surface-wave anisotropy theory. We demonstrate that the18

same anisotropy parameters associated with Rayleigh-Love coupling also enter SKS split-19

ting predictions, linking the two observables within a common formalism. Because these20

parameters influence both observables, neglecting Rayleigh-Love coupling in surface-21

wave inversions can bias estimates of mantle anisotropy and lead to under-prediction22

of SKS splitting. Example observations from Alaska show that surface-wave inversions23

that account for Rayleigh-Love coupling produce stronger inferred mantle anisotropy and24

substantially reduce the depth extent required to explain SKS splitting, thereby helping to25

resolve an apparent inconsistency between surface-wave and SKS observations.26



2 Xiongwei Liu and Michael H. Ritzwoller,Department of Physics, University of Colorado Boulder, Boulder, CO 80309, USA.E-mail:xiongwei.liu@colorado.edu

1 INTRODUCTION27

SKS splitting and surface-wave azimuthal anisotropy are the two principal observational methods used28

to constrain mantle anisotropy, and although other approaches (e.g., Pn travel-times, shear-wave to-29

mography, receiver-functions) also contribute, SKS and surface-waves remain the most widely used30

and most directly comparable indicators of anisotropy in the crust and upper mantle. Fast-axis ori-31

entations determined from the two methods are often in agreement (e.g., Feng et al., 2020; Zhu et32

al., 2020). Yet, despite nearly five decades of application (surface-wave azimuthal anisotropy since33

Forsyth (1975); shear-wave splitting since at least Crampin (1978)), the inferred magnitudes and depth34

distributions of anisotropy often differ markedly between the two methods. This discrepancy raises35

the question whether the theoretical frameworks (e.g., Montagner & Nataf, 1986; Montagner et al.,36

2000) commonly used to interpret SKS splitting and surface-wave anisotropy through the parameter37

pair Gc,s are sufficiently complete to capture all components of the elastic tensor that influence these38

observables, particularly those responsible for Rayleigh-Love coupling. We show here that incorpo-39

rating these additional anisotropy parameters (Mc,s, Dc,s,Kc,s) leads to substantially stronger inferred40

upper-mantle anisotropy and largely resolves the long-standing discrepancy between surface-wave and41

SKS estimates of anisotropy.42

Surface-wave studies of anisotropy have advanced substantially in recent years, both in the diver-43

sity and precision of the observations and in the sophistication of the theoretical frameworks used to44

interpret them. Although traditionally many studies have assumed transverse isotropy with either a45

vertical (VTI) or horizontal (HTI) symmetry axis, recent work has included a tilt to the symmetry axis46

(TTI media) (e.g., Xie et al., 2015, 2017; C. Liu et al., 2024). These studies have shown that ignoring47

tilt can bias both the magnitude and the inferred depth distribution of anisotropy.48

Historically, observational analyses of azimuthal anisotropy have focused principally on Rayleigh49

waves – especially the 2ψ component, where ψ is azimuth – with anisotropy models generally con-50

structed using theory derived from Rayleigh’s principle or non-degenerate perturbation theory (e.g.,51

Smith & Dahlen, 1973; Montagner & Nataf, 1986). In contrast, new observations of both Rayleigh-52

and Love-wave 2ψ and 4ψ anisotropy (X. Liu et al., 2025) have been interpreted using a quasi-53

degenerate theory that incorporates Rayleigh-Love coupling (X. Liu & Ritzwoller, 2025), which af-54

fects the azimuthal distributions of both Rayleigh- and Love-wave phase speeds. These studies demon-55

strate that neglecting Love-wave azimuthal anisotropy and Rayleigh-Love coupling can significantly56

bias inferred anisotropy models in both amplitude and depth distribution. A principal motivation for57

this paper is that, as shown below, the anisotropy parameters responsible for Rayleigh-Love coupling58

also significantly influence SKS splitting and its interpretation.59

SKS splitting measurements also provide important constraints on mantle anisotropy (e.g., Long60
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& Silver, 2009). Two principal measurement approaches are commonly employed: methods based61

on transverse-component minimization (e.g., Silver & Chan, 1991) and the splitting-intensity method62

(Chevrot, 2000). We focus on splitting intensity because it is robust to observational uncertainty and63

is directly compatible with the theoretical framework developed below.64

Montagner et al. (2000) demonstrated that SKS splitting and Rayleigh-wave anisotropy are not65

independent observables but are principally sensitive to the same anisotropy parameters (Gc,s) under66

the assumptions adopted in that study. This result implies that SKS splitting can, in principle, be pre-67

dicted directly from anisotropy models derived from surface-wave observations. In practice, although68

there is generally good agreement between the fast-axis orientations inferred from SKS splitting and69

Rayleigh-wave anisotropy (e.g., Lin et al., 2011; Becker et al., 2012; Feng et al., 2020; Zhu et al.,70

2020), significant discrepancies remain in both the magnitude (e.g., Feng et al., 2020; Zhu et al., 2020)71

and inferred depth distribution (e.g., Lin et al., 2011) of anisotropy. In particular, SKS splitting times72

predicted from surface-wave models are typically smaller – often by roughly a factor of two – than73

those observed. This mismatch has commonly been interpreted as evidence that a substantial fraction74

of SKS splitting originates from anisotropy deeper than the depth range sampled by surface-waves75

(e.g., Lin et al., 2011). We argue here that an important part of the discrepancy may arise because76

previous comparisons have focused exclusively on only one of the anisotropy parameters, Gc,s, while77

neglecting those associated with Rayleigh-Love coupling (Mc,s, Dc,s,Kc,s), which can significantly78

influence both surface-wave anisotropy and SKS splitting.79

Existing comparisons between surface-wave anisotropy and SKS splitting (e.g., Montagner et al.,80

2000; Lin et al., 2011; Becker et al., 2012) generally neglect the effects of Rayleigh-Love coupling,81

which may be strong in anisotropic media that depart from VTI or HTI symmetry, including TTI82

and tilted orthorhombic media. Consequently, the anisotropy parameters responsible for Rayleigh-83

Love coupling have played only a limited role in both the surface-wave and SKS interpretations used84

in these comparisons. Here we extend this framework by deriving asymptotic expressions for SKS85

splitting in weakly anisotropic media of arbitrary symmetry and comparing them directly with the86

quasi-degenerate surface-wave theory of Liu & Ritzwoller (2025). We show that the same anisotropy87

parameters that govern Rayleigh-Love coupling in surface-waves, particularlyMc,s andDc,s, also con-88

tribute significantly to SKS splitting. This establishes a more complete framework for the joint inter-89

pretation of the two observables. We validate these theoretical predictions with numerical benchmarks90

and present observational examples from Alaska that illustrate their implications for the interpretation91

of seismic anisotropy.92
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Figure 1. (a) Coordinate axes (north N̂ , east Ê, vertical Ẑ), radial (R̂) and transverse (T̂ ) axes, and azimuthal

angle (ψ), measured positive clockwise from North. (b) An SKS wave propagating in an isotropic medium is

polarized in the SV direction with an incidence angle I . The SV and SH (T̂ ) directions are both perpendicular

to the ray. In the anisotropic medium, the ray’s polarization rotates by an angle Φ and there are both quasi-S1

and quasi-S2 components.

2 THEORY OF SKS SPLITTING-INTENSITY IN A GENERAL ANISOTROPIC MEDIUM93

2.1 Vertically homogeneous anisotropic medium94

As a start, we consider an SKS wave incident on and then modified by propagation through a sin-95

gle homogeneous anisotropic medium – a single layer. The discussion that follows is subsequently96

generalized to a heterogeneous anisotropic medium (multilayers) in section 2.2.97

Consider an SKS wave propagating upward in an isotropic medium in direction n⃗ = (sin I cosψ, sin I sinψ, cos I)98

(Fig. 1), where I is the incidence angle and ψ is the azimuth. Because the initial polarization of the99

SKS wave lies in the SV wave direction, the vector displacement is in the plane perpendicular to n⃗:100

uiso
V H =

uisoSV

uisoSH

 =

uisoSV

0

 (1)

where uisoSV is the initial SKS scalar displacement in the isotropic medium. We refer to these as the101

V −H coordinates, which lie in the transverse plane in ray-centered coordinates. TheH-axis coincides102

with the SH direction and the V -axis with the SV direction. Following the notation of Montagner103

(2000), the displacement vector of the SKS wave that propagates in the isotropic medium in the V −H104
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coordinates is given by105

uisoSV = a0e
iω(t− z−z0

Viso
) (2)

where ω is angular frequency, z is the vertical coordinate measured positive upward from the surface106

(and therefore negative below the surface), and z0 is the vertical coordinate at the base of the isotropic107

medium. Assuming that z lies above z0, z − z0 is positive and is the propagation distance in that108

isotropic medium.109

Either by degenerate perturbation theory (e.g. Jech & Psencik 1989; Chen & Tromp 2007) or a110

variational method (Liu & Ritzwoller, 2025), when the SKS wave enters a general anisotropic medium111

it is split into two quasi-shear waves with polarizations rotated by angle Φ, as shown in Figure 1b, such112

that V1 = Viso + δc1 and V2 = Viso + δc2. V1 and V2 depend on the incidence angle I , the azimuth ψ,113

and the elastic tensor may have arbitrary elastic symmetry. The perturbations to the two quasi-shear114

wave speeds and the polarization angle Φ are determined by115

δc1,2 =
B11 +B22 ±B

4Viso
(3)

tan 2Φ =
2B12

B11 −B22
(4)

where B =
√

(B11 −B22)2 + 4B2
12 and B11, B22, and B12 are given by equations (36)-(38) of Chen116

& Tromp (2007), and are functions of incidence angle I and azimuth ψ. δc1 is the faster shear wave117

computed with the plus sign in front of B in equation (3) and δc2 is the slower shear wave computed118

with the negative sign. There is a π
2 ambiguity of Φ in equation (4) because tan 2Φ = tan 2(Φ + π

2 ),119

so we define 2Φ ≡ arg[(B11 −B22) + i 2B12] = atan2(2B12, B11 −B22).120

To simplify the calculation, we define a new reference shear wave speed, V0, as121

V0(ψ, I) ≡ Viso +
δc1 + δc2

2
= Viso +

B11 +B22

4Viso
(5)

which is a function of both azimuth and incidence angle. In general, V0 ̸= Viso. This choice removes122

the mean anisotropic velocity perturbation and isolates the splitting associated with the velocity dif-123

ference between the quasi-shear modes. Thus, the speeds of the quasi-S1 and quasi-S2 waves are124

V1 = V0 +
1
2δV and V2 = V0 − 1

2δV , respectively, where δV is the speed difference between the two125

quasi-shear waves126

δV = δc1 − δc2 =
B

2Viso
. (6)

We also define a reference displacement field around which we perturb, which is polarized in the127

SV-direction and propagates with average phase speed V0 in the anisotropic medium:128

u0SV ≡ a0e
iω(t− z−z0

V0
) (7)
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Employing these definitions, the phase part of quasi-shear waves in the anisotropic medium can be129

approximated as130

ei± = e
iω(t− z−z0

V0±
1
2 δV

)
≈ e

iω(t− z−z0
V0

)
e±

1
2
iωδt (8)

where δt is given by131

δt ≡ (z − z0)δV

V 2
0

. (9)

In equation (8), we have applied the weak anisotropy approximation, which is accurate to first-order132

in δV/V0. The expansion of phase speed assumes δV/V0 ≪ 1, while the subsequent splitting intensity133

approximation assumes ωδt/2 ≪ 1. The condition ωδt/2 ≪ 1 is generally more restrictive than134

δV/V0 ≪ 1, because splitting accumulates with propagation distance.135

Based on equations (6) and (9), we could derive a fully general expression for SKS splitting time in136

a general one layer anisotropic medium given the definitions of B11, B22, and B12 by Chen & Tromp137

(2007). However, the complexity of the result would obscure both the direct theoretical comparison138

between SKS and surface-waves and its physical meaning. For clarity, we instead continue to apply139

the weak-anisotropy approximation in deriving a simpler expression for splitting intensity.140

Because the two quasi-shear waves have different speeds in a general anisotropic medium, the141

displacement vector in V −H coordinates is142

uV H = R(Φ)

ei+ 0

0 ei−

R(−Φ)a0 =

[cos(12ωδt) + i sin(12ωδt) cos 2Φ]u
0
SV

[i sin(12ωδt) sin 2Φ]u
0
SV

 (10)

where a0 =

a0
0

 is the initial polarization of the wave as it emerges from the isotropic medium143

and R(Φ) =

cosΦ − sinΦ

sinΦ cosΦ

 is the 2-D rotation that defines the polarization in the anisotropic144

medium.145

Imposing the second approximation, which is first-order in ωδt/2, equation (10) becomes146

uV H ≈

u0SV + 1
2δt cos 2Φu̇

0
SV

1
2δt sin 2Φu̇

0
SV

 (11)

where u̇0SV is the time derivative of u0SV . Using Φ from equation (4), δV from equation (6), and δt147

from equation (9), gives148

δt cos 2Φ =
(z − z0)

V 2
0

· B

2Viso
· B11 −B22

B
=

(z − z0)(B11 −B22)

2V 2
0 Viso

(12)

δt sin 2Φ =
(z − z0)

V 2
0

· B

2Viso
· 2B12

B
=

(z − z0)B12

V 2
0 Viso

(13)



A Unified Treatment of SKS Splitting and Surface-Wave Anisotropy for Media with Arbitrary Elastic Symmetry 7

Therefore, equation (11) can be rewritten as149

uV H ≈

u0SV + (z−z0)(B11−B22)
4V 2

0 Viso
u̇0SV

(z−z0)B12

2V 2
0 Viso

u̇0SV

 ≈

u0SV + (z−z0)(B11−B22)
4V 3

iso
u̇0SV

(z−z0)B12

2V 3
iso

u̇0SV

 (14)

where we have invoked the weak anisotropy approximation in setting V 3
iso ≈ V 2

0 Viso. Finally, we apply150

the third approximation. Because the perturbation to the SV component enters as a correction to an151

existing O(1) displacement, whereas the SH component is itself O(ϵ) where ϵ is the characteristic152

fractional anisotropy, we retain only the leading-order contribution to uSV :153

uV H ≈

 u0SV
(z−z0)B12

2V 3
iso

u̇0SV

 (15)

Rotating the displacement vector uV H from the V −H back to the R−T −Z (radial-transverse-154

vertical) coordinates (Fig. 1a), we obtain155

uRTZ =


uR

uT

uZ

 =


cos I 0 sin I

0 1 0

− sin I 0 cos I




u0SV
(z−z0)B12

2V 3
iso

u̇0SV

0

 =


u0SV cos I

(z−z0)B12

2V 3
iso

u̇0SV

−u0SV sin I

 (16)

For a general anisotropic medium with an arbitrary incidence angle I and azimuth ψ, the expres-156

sion for B12 (Chen & Tromp, 2007) is:157

ρB12(ψ, I) =
1

2
(sin I + sin 3I)(Kc sinψ −Ks cosψ)− sin I(Mc sinψ +Ms cosψ)

+
1

2
(cos I + cos 3I)(Gc sin 2ψ +Gs cos 2ψ) +

1

8
(cos I − cos 3I)(Bc sin 2ψ +Bs cos 2ψ)

− 1

4
(cos I − cos 3I)(Hc sin 2ψ +Hs cos 2ψ)−

1

4
(sin I − 3 sin 3I)(Dc sin 3ψ −Ds cos 3ψ)

+
1

4
(cos I − cos 3I)(Ec sin 4ψ + Es cos 4ψ)

(17)

where expressions for the anisotropy parameters (Kc,s,Mc,s, etc) are presented in Appendix B here.158

For a nearly vertically propagating SKS wave (I ≪ 1 rad), we obtain the following approximation159

to equation (17):160

ρB12(ψ, I) ≈ 2I(Kc sinψ −Ks cosψ)− I(Mc sinψ +Ms cosψ)

+(Gc sin 2ψ +Gs cos 2ψ) + 2I(Dc sin 3ψ −Ds cos 3ψ) (18)

In the limit as I → 0, only the Gc,s contribution remains in equation (18). The Gc,s term varies with161

azimuth as 2ψ. The remaining sensitivity to anisotropy is through theKc,s,Mc,s, andDc,s parameters.162

These parameters are particularly important because they also play a central role in the description of163

Rayleigh-Love coupling in surface-wave theory, as discussed below. These terms are all proportional164
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to the incidence angle I , which is small for SKS waves. Thus, their effect on B12 is expected to be165

smaller than theGc,s term, but may be significant, depending on the structure of the elastic tensor. Each166

of these terms has an odd-order dependence on ψ. The sensitivity to the four parameters Kc,s, Mc,s,167

Gc,s, andDc,s was previously shown by Sieminski et al. (2008) based on the Born approximation. The168

significance of these parameters for reconciling SKS splitting and surface-wave anisotropy, however,169

has not previously been recognized.170

Following Chevrot (2000), we define splitting intensity as SI ≡ −2uT /u̇R where uT and uR171

are the transverse and radial components of displacement. Therefore, using equation (16) splitting172

intensity is173

SI(ψ) = −(z − z0)B12

V 3
iso cos I

≈ −δt sin 2Φ (19)

where again we have invoked the weak anisotropy approximation when setting V 3
iso ≈ V 2

0 Viso in174

equation (13) and near vertical incidence in setting cos I ≈ 1.175

Equations (18) and (19) describe the behavior of splitting intensity in a homogeneous anisotropic176

layer with arbitrary elastic symmetry for a nearly vertically propagating SKS wave and provide the177

foundation for the multilayer generalization developed below. They show that splitting intensity de-178

pends not only on the classical Gc,s parameters but also on Kc,s, Mc,s, and Dc,s. In earlier studies,179

such as Montagner et al. (2000), expressions presented for δt and Φ depended only onGc,s parameters180

and not the others that appear in equation (18). Equations (18) and (19) show that the same anisotropy181

parameters that influence Rayleigh-Love coupling in surface-wave theory also contribute to SKS split-182

ting. This common dependence provides the foundation for the unified treatment of SKS splitting and183

surface-wave anisotropy developed in the remainder of the paper.184

2.2 Vertically heterogeneous anisotropic medium185

To generalize the single-layer results to a vertically heterogeneous anisotropic medium, we divide the186

medium into n homogeneous anisotropic layers and then take the continuum limit. We follow the187

approach of Montagner et al. (2000), from which we obtain188

uV H = RnHnR
−1
n · · · · · ·R2H2R

−1
2 R1H1R

−1
1 a0 (20)

where Rn = R(Φn), R−1
n = R(−Φn), and Hn =

ei+n 0

0 ei−n

.189

Expanding the matrix product in equation (20) to second order in ωδt and collecting terms, we190
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obtain the following:191

uV H ≈

u0SV +
∑i=n

i=1
iωδti
2 cos 2Φiu

0
SV − ω2

∑i=n
i=1

∑j=n
j=i

δti
2

δtj
2 cos 2(Φj − Φi)u

0
SV∑i=n

i=1
iωδti
2 sin 2Φiu

0
SV − ω2

∑i=n
i=1

∑j=n
j=i+1

δti
2

δtj
2 sin 2(Φj − Φi)u

0
SV

 (21)

Retaining terms only to first order in ωδt and using iωu0SV = u̇0SV , equation (21) reduces to192

uV H ≈

u0SV +
∑i=n

i=1
1
2δti cos 2Φiu̇

0
SV∑i=n

i=1
1
2δti sin 2Φiu̇

0
SV

 (22)

where δti cos 2Φi and δti sin 2Φi are defined by equations (12) and (13), respectively.193

Using the same definition of splitting intensity introduced in the single-layer case (equation (18)194

combined with (19)) and taking the continuum limit by replacing the summation over layers by a depth195

integral, we obtain splitting intensity for a multilayer model:196

SI ≈ −
∫

(δt sin 2Φ)dz

= −
∫

dz

ρV 3
iso

[2I(Kc sinψ −Ks cosψ)− I(Mc sinψ +Ms cosψ)+

+(Gc sin 2ψ +Gs cos 2ψ) + 2I(Dc sin 3ψ −Ds cos 3ψ)]

(23)

Here, I is generally a function of depth, I(z). To apply equation (23) most accurately, bending of the197

ray should be tracked at each interface. Equation (23) shows that, to first order in the amplitude of198

anisotropy and accumulated splitting, the contributions of individual layers to splitting intensity add199

linearly along the ray path. This linear superposition is the basis for the comparison between multilayer200

SKS splitting and surface-wave anisotropy models presented below.201

The derivation of equation (23) from equation (22) assumes that the contributions of different lay-202

ers to splitting intensity add linearly. This is only true because we discarded second-order cross terms203

in equation (21). Thus, equation (23) is not only first-order in anisotropy, it is first-order in accumu-204

lated splitting. This linear superposition provides the framework for predicting SKS splitting intensity205

directly from depth-dependent anisotropy models derived from surface-wave observations. To the best206

of our knowledge, the implications of this first-order linear superposition were first emphasized by207

Romanowicz & Yuan (2012), who argued, for example, that the order of the layering is unimportant208

at first order.209

The assumptions made in our approach include the following. (1) We have assumed that anisotropy210

is weak so that δV/V0 ≪ 1, which is well established in earth materials. (2) We have also assumed211

that ωδt/2 → 0, which requires that the differential phase accumulated between the two quasi-shear212

waves generated as SKS propagates in an anisotropic medium is small. With a typical splitting time213

δt ≈ 1 s and a period of 10 s, ωδt/2 ≈ 0.3. Although this quantity is not negligibly small, it remains214

sufficiently less than unity that the first-order approximation captures the leading-order dependence215
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of splitting intensity on anisotropy. The numerical benchmarks presented below demonstrate that this216

approximation remains accurate under realistic conditions. (3) The analysis is based on ray theory,217

which neglects scattering effects, such as those caused by heterogeneity in the medium. (4) Interfaces218

between the layers are horizontal. (5) We ignore the coupling between shear waves and P-waves, as219

well as P-SV conversions across horizontal interfaces. These assumptions can be relaxed by applying220

the first Born approximation (e.g. Chevrot 2006; Sieminski et al., 2008) and including coupling to the221

P-wave.222

Montagner et al. (2000) and Romanowicz & Yuan (2012) also presented results for SKS split-223

ting intensity in anisotropic media, but under more restrictive assumptions than we consider here. In224

Appendix D, we show their results can be derived from ours when we apply their assumptions.225

2.3 Numerical benchmarks226

To assess the accuracy of the asymptotic theory, we compare predictions from equations (18) and227

(23) with numerical simulations for both single-layer and multilayer anisotropic models. The single-228

layer benchmark isolates the contributions of the individual anisotropy parameters, whereas the multi-229

layer benchmark evaluates the theory in a model representative of anisotropy structures inferred from230

surface-wave observations.231

To verify the dependence of equation (18) on the individual anisotropy parameters, we consider232

four homogeneous single-layer anisotropy models in which only one of the parametersKc,Mc,Gc, or233

Dc is non-zero. These four models isolate the anisotropy parameters that play central roles in the SKS234

and surface-wave formalisms. Numerical splitting intensities are measured on waveforms computed235

using the SEM-FK hybrid method of Tong et al. (2014) and are then compared with predictions from236

equation (18).237

The isotropic reference model consists of a single 200 km thick layer with density ρ = 2720 kg238

m−3, Vp = 5.80 km/s, and Vs = 3.46 km/s. Four anisotropic perturbations to this reference model239

are considered, each independent of depth: Model 1, Kc/A = 3%; Model 2, Mc/A = 3%; Model 3,240

Gc/L = 3%; and Model 4, Dc/A = 3%, with all remaining anisotropy parameters set to zero in each241

case. Here, A = ρV 2
p and L = ρV 2

s . For all simulations the incidence angle is fixed at I = 10◦.242

Comparisons between numerical and theoretical splitting intensities are shown in Figure 2, which243

demonstrates that equation (18) reproduces the numerical splitting intensities with high accuracy for244

all four single-layer benchmarks. Agreement is particularly good for the Mc, Gc, and Dc models.245

A small discrepancy is observed only for Model 1, the Kc simulation. This discrepancy is likely246

caused by coupling between shear and compressional waves in the numerical simulations, an effect247

that is neglected in the asymptotic theory presented here. Although the relative amplitude of anisotropy248



A Unified Treatment of SKS Splitting and Surface-Wave Anisotropy for Media with Arbitrary Elastic Symmetry 11

Azimuth (°)
2

1

0

1

2
SI

 (s
)

(a) SKS: Kc/A = 3%

Azimuth (°)
2

1

0

1

2

SI
 (s

)

(b) SKS: Mc/A = 3%

0 100 200 300
Azimuth (°)

2

1

0

1

2

SI
 (s

)

(c) SKS: Gc/L = 3%

0 100 200 300
Azimuth (°)

2

1

0

1

2

SI
 (s

)

(d) SKS: Dc/A = 3%

Figure 2. Single-layer numerical benchmark. Comparison is based on single-layer Models 1-4, described in the

text. The blue solid line is the theoretical prediction of splitting intensity using equations 16 and (18). The red

dots are numerical results from the SEM-FK hybrid method (Tong et al., 2014). (a) Model 1, (b) Model 2, (c)

Model 3, and (d) Model 4. Incidence angle I = 10◦.

is 3% in all four simulations, Gc is smallest because it is normalized by L = ρV 2
s in Figure 2,249

whereas Kc and Mc are normalized by A = ρV 2
p > L. For the reference model considered here, A is250

approximately 2.8 times larger than L.251

For the multilayer benchmark, we test the asymptotic theory using a simplified but representative252

model of anisotropy based on models inferred from Rayleigh- and Love-wave azimuthal anisotropy253

across western Alaska (X. Liu and Ritzwoller, 2025, their Fig. 13; X. Liu and Ritzwoller, 2026). Those254

models incorporate observations of both Rayleigh- and Love-wave 2ψ and 4ψ azimuthal anisotropy255

and explicitly account for Rayleigh-Love coupling. The benchmark therefore provides a test of the256

theory closer to actual applications than the single-layer examples.257

The multilayer benchmark model is TTI, with properties summarized in Figure 3. S-wave anisotropy,258

γ, is set to 6% in the crust and 12% in the mantle, while the dip angle is 30◦ in the crust and 40◦ in259

the mantle. We further assume elliptical anisotropy (ηX = 4L/(A + C − 4F ) = 1, or equivalently260

E = A+ C − 2F − 4L = 0), which implies Kc,s = Dc,s = 0 (Appendix C). Consequently, only the261

anisotropy parameters Gc,s and Mc,s are non-zero, and their depth dependence is shown in Figure 3d.262

The model extends to 200 km depth and is represented by 100 layers that are thinner in the crust than263

in the mantle.264

Equation (23) reproduces both the azimuthal dependence and amplitude of splitting intensity in the265
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Figure 3. Aspects of the multi-layer TTI model for the numerical benchmark. Shown are (a)
√
L/ρ, (b) dip

angle θ, (c) S-wave anisotropy γ = N−L
2L here, and (d) G =

√
G2

c +G2
s (blue) and M =

√
M2

c +M2
s (red),

normalized by the Love moduli L and A, respectively. This model is very similar to those presented by X. Liu

and Ritzwoller (2026) for western Alaska, but is somewhat simplified and anisotropy is elliptical which implies

Kc,s = Dc,s = 0.

multilayer model with high accuracy (Figure 4a,b). Agreement between the theoretical and numerical266

results is excellent over most azimuths, although the theory slightly underpredicts the peak splitting267

intensity. This underprediction is expected because equation (23) is accurate only to first order in268

anisotropy amplitude, whereas higher-order terms become increasingly important near the extrema of269

the splitting-intensity curve.270

For vertical incidence, SKS splitting exhibits a purely 2ψ azimuthal variation. In contrast, for non-271

vertical incidence (I = 10◦), an additional 1ψ contribution becomes apparent. The benchmark there-272

fore demonstrates that the asymptotic theory accurately captures both the amplitude and azimuthal273

dependence of SKS splitting in realistic anisotropic models, while also illustrating the importance of274

non-vertical-incidence terms that are absent from simpler descriptions.275

3 DISCUSSION OF SURFACE-WAVE THEORY AND THE SKS FORMALISM276

A principal thesis of this study is that the anisotropy parameters governing the coupling between277

Rayleigh and Love waves also control SKS splitting. This connection provides the basis for the uni-278

fied treatment of SKS splitting and surface-wave anisotropy presented here and implies that the two279

observables should be interpreted jointly when constraining the elastic tensor. To clarify this connec-280
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Figure 4. Multiple-layer numerical benchmark. Comparison is based on the multiple-layer model described in

the text and shown in Figure 3. (a)-(b) Comparison is for splitting intensity. The blue solid line is the theoretical

prediction of SKS splitting intensity using equation 23. Red dots are numerical results from the SEM-FK hybrid

method (Tong et al., 2014) Non-vertical incidence is for I = 10◦. (c)-(d) Theoretical versus numerical azimuthal

variations of quasi-Rayleigh and quasi-Love phase speed at 50 s period. The blue line is the theoretical prediction

using the theory of X. Liu and Ritzwoller (2025) (Appendix A here) and the red dots are from SPECFEM

(Komatitsch & Tromp, 1999).

tion, we briefly review the quasi-degenerate surface-wave theory of X. Liu & Ritzwoller (2025) and281

compare it with the SKS formalism developed here.282

A quasi-degenerate theory for the effect of anisotropy with arbitrary symmetry on surface-wave283

phase speeds and polarizations was presented by X. Liu & Ritzwoller (2025) and is summarized284

briefly in Appendix A. In a laterally homogeneous isotropic reference model, Rayleigh and Love285

waves propagate independently and are polarized in the vertical plane and transverse directions, re-286

spectively. Introducing anisotropy with sufficient strength and low symmetry couples Rayleigh and287

Love waves, producing quasi-Rayleigh and quasi-Love waves whose polarizations are rotated rela-288

tive to those in the reference medium. Transversely isotropic media with either a vertical (VTI) or289

horizontal (HTI) symmetry axis do not couple Rayleigh and Love waves or alter their polarizations290

strongly. HTI media do produce azimuthal anisotropy, however, with Rayleigh-wave phase speeds dis-291

playing predominantly a 2ψ pattern and Love waves a 4ψ pattern (Montagner and Nataf, 1986). For292

tilted transverse isotropy (TTI) or lower-symmetry anisotropy, Rayleigh-Love coupling modifies these293

patterns, introducing a 2ψ component in Love waves and a 4ψ component in Rayleigh waves.294

We use the same multilayer anisotropic model as in the numerical benchmark, aspects of which295

are shown in Figure 3, to compute the azimuthal variation of quasi-Rayleigh and quasi-Love waves,296
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shown in Figure 4c,d. Predictions from the theory of X. Liu and Ritzwoller (2025) are compared with297

numerical calculations from SPECFEM3D at a period of 50 s. As expected, the quasi-Rayleigh wave298

exhibits a dominant 2ψ azimuthal pattern. The quasi-Love wave, however, also displays a strong 2ψ299

variation, which is not expected in the absence of significant Rayleigh-Love coupling. The observation300

of a strong 2ψ component in Love-wave azimuthal anisotropy therefore provides compelling evidence301

for strong Rayleigh-Love coupling.302

The connection between surface-wave anisotropy and SKS splitting arises in part because the303

Rayleigh-Love coupling integral X depends primarily on the anisotropy parameters Dc,s, Mc,s, and304

Kc,s, three of the four parameter pairs that control splitting intensity for nearly vertically propagating305

SKS waves (eq. (18)); the fourth isGc,s. The coupling integralX also depends on Jc,s, which does not306

appear in the SKS formalism because coupling between S and P waves is neglected. The parameters307

Dc,s andMc,s are particularly important for Rayleigh-Love coupling, whereasKc,s is more significant308

for coupling to higher modes. The parameter pair Gc,s does not enter the X-integral, but plays an309

important role in surface-wave anisotropy through the A-, B-, and E-integrals, particularly through310

the B-integral. In the absence of Rayleigh-Love coupling (integrals E = X = 0), the B-integral311

governs the azimuthal dependence of Rayleigh-wave phase speeds.312

Although the same anisotropy parameters enter both formalisms, their effect on the azimuthal313

variation of the two observables differs. Some parameters generate 1ψ and 3ψ variations in SKS split-314

ting intensity while contributing primarily to 2ψ and 4ψ azimuthal variations in surface-wave phase315

speeds (X. Liu & Ritzwoller, 2025). Strong Rayleigh-Love coupling therefore implies that anisotropy316

parameters beyond Gc,s are important. This conclusion is consistent with the presence of azimuthal317

variations in SKS splitting beyond the familiar 2ψ component.318

The fast directions inferred from SKS splitting and quasi-Rayleigh waves are expected to align319

closely when Rayleigh-Love coupling is weak; that is, when theDc,s andMc,s parameters are small. In320

this limit, both observables are controlled primarily by the Gc,s parameters. Equation (18) shows that321

the SKS fast direction depends principally on Gc,s, while equation (A.3) indicates that the B-integral,322

which governs Rayleigh-wave anisotropy in the absence of coupling, is also controlled byGc,s. As the323

magnitudes ofDc,s andMc,s increase, however, SKS splitting develops significant odd-harmonic (1ψ,324

3ψ) contributions and quasi-Rayleigh-wave anisotropy may rotate away from the direction determined325

solely by Gc and Gs.326

When SKS waves depart from purely vertical incidence, both the amplitude and azimuthal varia-327

tion of splitting become strongly dependent on theDc,s andMc,s parameters that also control Rayleigh-328

Love coupling. Observations of SKS splitting therefore constrain Rayleigh-Love coupling, and obser-329

vations of Rayleigh-Love coupling constrain SKS splitting. The two observables are consequently330
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strongly linked and, when interpreted jointly, provide stronger constraints on the elastic tensor than331

either data set alone.332

Another consequence of this dependence on multiple anisotropy parameters is that SKS splitting333

and surface-wave azimuthal anisotropy do not necessarily need to coexist. For example, when Gc,s =334

0 but Mc,s ̸= 0, strong surface-wave azimuthal anisotropy may be present even when SKS splitting335

is weak. Conversely, when both Gc,s and Mc,s are nonzero, Rayleigh-wave 2ψ azimuthal anisotropy336

may be effectively canceled by Rayleigh-Love coupling. In this case, SKS splitting may be present337

even when Rayleigh-wave azimuthal anisotropy is weak or absent. Both scenarios contradict previous338

theoretical analyses suggesting that SKS splitting and surface-wave azimuthal anisotropy must coexist339

because they are both controlled by the Gc,s parameters, and therefore provide a possible explanation340

for their non-coexistence in real seismic observations (e.g. Zhu et al. 2020; Tao and Li 2025). We341

also note that neglecting Rayleigh-Love coupling can bias SKS fast-axis predictions or lead to an342

overestimation of SKS splitting, as in the example shown in Figure 8 of X. Liu and Ritzwoller (2025).343

However, this behavior is not what is commonly observed.344

In summary, the anisotropy parameters that produce strong Rayleigh-Love coupling, as observed345

across Alaska (e.g., X. Liu & Ritzwoller, 2025; X. Liu et al., 2025), also exert an important influence on346

SKS splitting. The widespread occurrence of strong 2ψ Love-wave anisotropy across Alaska indicates347

that the parameters Dc,s, Mc,s, and to a lesser extent Kc,s cannot be neglected when interpreting SKS348

observations. These parameters, together with Gc,s, should therefore be included in calculations of349

SKS splitting intensity whenever evidence for significant Rayleigh-Love coupling exists. The theory350

presented here provides the framework for such joint interpretation.351

4 OBSERVATIONAL EXAMPLES352

We first examine how including Rayleigh-Love coupling in surface-wave inversions alters the inferred353

crustal and mantle anisotropy and the resulting predictions for SKS splitting. We begin with Point A in354

Figure 8a as a representative example and then extend the analysis to five locations distributed across355

Alaska.356

X. Liu et al. (2025) present observations of the azimuthal anisotropy of Rayleigh and Love waves357

across Alaska, including Rayleigh- and Love-wave 2ψ and 4ψ observations. A strong Love-wave 2ψ358

component to anisotropy indicates significant Rayleigh-Love coupling. An example of observations359

of surface-wave azimuthal anisotropy is shown in Figure 5 for point A, which is identified in Figure360

8a. Based on these data, X. Liu and Ritzwoller (2026) present a model of anisotropy in the crust and361

uppermost mantle to a depth of 200 km across Alaska, which is TTI in the crust and tilted orthorhombic362

(TO) in the mantle. Their inversion includes Rayleigh-Love coupling. They adopt an orthorhombic363
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mantle because it fits the data better, particularly Rayleigh wave 4ψ, and requires a smaller amplitude364

of anisotropy than a TTI model.365

Examples of four of the anisotropy parameters from the model of X. Liu and Ritzwoller (2026)366

at point A are shown in Figure 6 with blue lines. At this point, the strike angle ϕ of anisotropy is367

non-zero, so both parameters of each pair may be non-zero; e.g., both Gc and Gs. Figure 6 presents368

the square root of the sum of the squares of each pair; e.g., G =
√
G2

c +G2
s.369

The largest parameters in this model in the mantle are G and M . K and D are usually smaller370

because the ellipticity parameter E is typically small. As shown in Appendix C, as E diminishes, the371

K and D parameters approach zero whereas M/L and G/L become proportional to the strength of372

S-wave anisotropy, γ. Formally, we define γ as373

γ =
maxCij −minCij

maxCij +minCij
(24)

where maxCij is equal to the maximum of the unrotated elastic tensor components C44, C55, and C66374

and minCij is the minimum of those components. For example, for a TTI medium, the maximum and375

minimum of those components typically are N and L, respectively, so γ = (N − L)/(N + L) ≈376

(N − L)/2L, which is one of the Thomsen parameters (Thomsen, 1986).377

For comparison, Figure 6 also presents the four anisotropy parameters at point A in the anisotropy378

model of C. Liu and Ritzwoller (2024). This model is based on observations of Rayleigh-wave 2ψ379

anisotropy and isotropic Love-wave phase speed, with both the crust and mantle modeled as TTI. Ob-380

servations of Love-wave 2ψ and 4ψ anisotropy and Rayleigh-wave 4ψ anisotropy were not included in381

their inversion, and Rayleigh-Love coupling was not modeled. The amplitudes of all four anisotropy382

parameters are smaller in the mantle than those in the model of X. Liu and Ritzwoller (2026), par-383

ticularly G and M . As seen in Figure 5, the Rayleigh-wave 2ψ observations can be fit by the model384

of C. Liu and Ritzwoller (2024), but the remaining observations of anisotropy cannot. Those obser-385

vations cannot be explained by this model and are indicative of significant Rayleigh-Love coupling.386

In contrast, both the Rayleigh-wave and Love-wave 2ψ and 4ψ components of azimuthal anisotropy387

are fit by the model of X. Liu and Ritzwoller (2026), which includes Rayleigh-Love coupling. Table388

1 illustrates that including Rayleigh-Love coupling increases inferred mantle anisotropy substantially,389

from an average of 3.9% to 10.2% at the five locations considered.390

Including Rayleigh-Love coupling, therefore, allows the azimuthal variations of both Rayleigh and391

Love waves to be interpreted accurately. We now examine how these differences in inferred anisotropy392

affect predictions of SKS splitting intensity. The azimuthal variation of SKS splitting intensity com-393

puted at point A using the model of X. Liu and Ritzwoller (2026) is shown with the blue line in Figure394

7. Computations based on the model of C. Liu and Ritzwoller (2024) are shown with the red line. The395



A Unified Treatment of SKS Splitting and Surface-Wave Anisotropy for Media with Arbitrary Elastic Symmetry 17

Table 1. Amplitude of S-wave anisotropy γ at 100 km depth at selected points.

Point Coordinates (X,Y ) X. Liu and Ritzwoller (2026) (%) C. Liu and Ritzwoller (2024) (%)

A (147◦, 64.0◦) 8.8 5.3

B (155◦, 62.0◦) 8.6 3.8

C (142◦, 65.5◦) 11.5 3.2

D (141◦, 62.0◦) 11.7 2.6

E (155◦, 66.5) 10.5 4.6

Average – 10.2 3.9

model produced with Rayleigh-Love coupling predicts nearly twice the SKS splitting intensity as the396

model produced without coupling, consistent with its larger inferred mantle anisotropy (Table 1).397

To assess whether the conclusions drawn at point A are representative, we examine five locations398

distributed across Alaska where both SKS observations and strong Love-wave 2ψ anisotropy are ob-399

served. Because strong Love-wave 2ψ anisotropy is observed widely across Alaska at mantle-sensitive400

periods, we expect the conclusions drawn at point A to apply broadly across Alaska. The SKS obser-401

vations are from Venereau et al. (2019), but we average all measurements within a 200 km radius of402
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Figure 5. surface-wave observations (error bars) of Rayleigh and Love wave 2ψ and 4ψ azimuthal anisotropy at

point A identified in Figure 8a. Blue line: prediction from the anisotropy model of X. Liu and Ritzwoller (2026),

in which Rayleigh-Love coupling is considered in its construction. Red line: prediction from the anisotropy

model of C. Liu and Ritzwoller (2024), which is constructed without considering Rayleigh-Love coupling.
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Figure 6. Examples of anisotropy parameters computed from the models of (blue lines) X. Liu and Ritzwoller

(2026) and (red lines) C. Liu and Ritzwoller (2024). Each parameter-pair (Gc,s,Kc,s,Mc,s, Dc,s) is combined

and normalized by a Love parameter (L or A); e.g., G =
√
G2

c +G2
s.

each location. This approach ensures that approximately 10 observations contribute to the final esti-403

mate at each location and allows us to estimate error bars, whose half-width is equal to the standard404

deviation of the observations.405

A comparison of the predictions from the two models reveals that the critical distinction between406

them lies not in their predictions of SKS fast-axis orientation but in their predictions of splitting in-407

tensity. As shown in Figure 8b, the models of C. Liu and Ritzwoller (2024) and X. Liu and Ritzwoller408

(2026) both fairly well reproduce the observed SKS fast-axis orientations. Rayleigh-Love coupling409

often does not need to be included for surface-wave models to predict SKS fast-axis orientations410

accurately. However, Rayleigh-Love coupling substantially affects the inferred strength of mantle411

anisotropy and, consequently, the predicted splitting intensity, as shown in Figure 8c. These results are412

summarized in Table 2. The model of C. Liu and Ritzwoller (2024), which neglects Rayleigh-Love413

coupling, systematically under-predicts SKS splitting intensity, whereas the model of X. Liu and Ritz-414

woller (2026), which includes Rayleigh-Love coupling, reproduces the observed splitting intensities.415

Both models possess anisotropy that extends to 200 km depth. The under-prediction of splitting inten-416

sity by the model that neglects Rayleigh-Love coupling reflects its weaker inferred mantle anisotropy417

and not an incorrect fast-axis orientation.418

These examples from Alaska demonstrate that incorporating Rayleigh-Love coupling into the in-419

terpretation of surface-wave anisotropy increases the inferred strength of upper-mantle anisotropy and420

yields SKS splitting predictions that agree with observations. They indicate that the apparent discrep-421

ancy between surface-wave and SKS estimates of anisotropy can be largely resolved without requiring422

anisotropy to extend substantially below 200 km depth, at least beneath Alaska. Other continents may423
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Figure 7. Examples of the azimuthal variation of the splitting intensity computed from the models of (blue

lines) X. Liu and Ritzwoller (2026) and (red lines) C. Liu and Ritzwoller (2024) using the theory presented

here. (a) Inclination angle I = 10◦. (b) Inclination angle I = 0◦.

be different, although numerous studies at both global and regional scales have reported that anisotropy424

inferred from surface-waves is too weak to explain observed SKS splitting (e.g., Becker et al., 2012;425

Feng et al., 2020; Zhu et al., 2020), leading to the inference that significant anisotropy resides in the426

deeper mantle (e.g., Yuan et al., 2011; Lin et al., 2011). The results presented here suggest that at427

least part of this discrepancy may instead arise from neglecting Rayleigh-Love coupling in surface-428

wave inversions. More generally, wherever a strong Love-wave 2ψ component of azimuthal anisotropy429

indicates significant Rayleigh-Love coupling, SKS splitting and surface-wave anisotropy should be in-430

terpreted jointly rather than used separately to constrain mantle structure. The results presented here431

provide a framework for such a unified interpretation.432

Figure 8. (a) The location of the five example locations A-E. (b) Comparison of observed SKS (b) fast-axis

orientation and (c) splitting time at the five locations with predictions from the crustal and uppermost man-

tle anisotropy models of X. Liu & Ritzwoller (2026) and C. Liu & Ritzwoller (2024), constructed with and

without considering Rayleigh-Love coupling, respectively. Both models fit SKS fast-axis orientation. Including

Rayleigh-Love coupling in the inversion allows the SKS split time to be fit. (Data are summarized in Table 2.)
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Table 2. SKS splitting observations and predictions from models derived from surface-wave observations.

Pt A (9) Pt B (10) Pt C (11) Pt D (21) Pt E (8)

δtobs (s) 1.21± 0.15 1.14± 0.40 0.95± 0.38 1.19± 0.06 1.06± 0.08

δt† (s) 0.62 0.26 0.63 0.52 0.79

δt†† (s) 1.10 0.83 0.82 1.24 1.18

ψobs (◦) 83.5± 26.5 39.6± 40 90± 21 132± 31 48.6± 12.9

ψ† (◦) 87 30 87 81 49.5

ψ†† (◦) 82 70 94 89.3 65.7

† – SI and fast-azimuths from model of C. Liu and Ritzwoller (2024), without Rayleigh-Love coupling .

†† – SI and fast-azimuths from model of X. Liu and Ritzwoller (2026), with Rayleigh-Love coupling.

5 CONCLUSION433

SKS splitting and surface-wave anisotropy are two of the principal observational constraints on seis-434

mic anisotropy in the crust and upper mantle. For decades, however, comparisons between these ob-435

servables have revealed an apparent inconsistency. Although fast-axis orientations inferred from SKS436

splitting and surface-waves are often observed to be similar, anisotropy models derived from surface-437

wave observations have typically predicted SKS splitting intensities that are substantially smaller than438

those observed. This discrepancy has commonly been interpreted as evidence that a significant frac-439

tion of SKS splitting originates from anisotropy at depths greater than those sampled by surface-waves,440

providing one of the principal arguments for the existence of anisotropy below the uppermost mantle.441

In this study, we present a unified treatment of SKS splitting and surface-wave anisotropy for442

media with arbitrary elastic symmetry. We derive a new asymptotic theory for SKS splitting in weakly443

anisotropic media and compare it directly with the quasi-degenerate theory of surface-wave anisotropy444

that includes Rayleigh-Love coupling. This comparison reveals that the two observables are linked445

through a common set of anisotropy parameters. Our results lead to two principal conclusions.446

First, SKS splitting and surface-wave anisotropy depend on a common set of anisotropy param-447

eters. In particular, the parameters Mc,s and Dc,s, which govern Rayleigh-Love coupling in surface-448

wave theory, also contribute significantly to SKS splitting intensity. Because these parameters generate449

Love-wave 2ψ and Rayleigh-wave 4ψ anisotropy, observations of these signals provide evidence that450

they may also contribute significantly to SKS splitting. Because both data sets constrain overlapping451

but distinct combinations of anisotropy parameters, their joint interpretation provides stronger con-452

straints on the strength, geometry, and depth distribution of anisotropy than either observable alone.453

Second, Rayleigh-Love coupling of surface-waves plays a central role in the comparison be-454

tween SKS splitting and surface-wave anisotropy. Surface-wave inversions that incorporate Rayleigh-455
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Love coupling produce substantially stronger anisotropy in the uppermost mantle than inversions456

that neglect coupling. In the Alaska examples presented here, the resulting increase in anisotropy457

strength brings predicted SKS splitting intensities into agreement with observations without requiring458

anisotropy to extend below the uppermost mantle (200 km depth). These results indicate that ne-459

glecting Rayleigh-Love coupling in surface-wave inversions can contribute significantly to the long-460

standing discrepancy between SKS splitting and surface-wave anisotropy.461

The results we present for Alaska may turn out not to represent continental structure in general.462

However, observations of Love-wave 2ψ and Rayleigh-wave 4ψ azimuthal anisotropy have been re-463

ported in other regions, both at global (e.g., Montagner & Tanimoto, 1990; Trampert & Woodhouse,464

2003; Ekström, 2011) and regional scales (e.g., Weeraratne et al., 2007; Polat et al., 2012; Zigone465

et al., 2015; Russell et al., 2019). Thus, in regions where strong Love-wave 2ψ or Rayleigh-wave 4ψ466

anisotropy is observed, previous inferences of deep-mantle anisotropy based on discrepancies between467

surface-wave and SKS observations may warrant reexamination.468

More broadly, the framework developed here provides a basis for the joint interpretation and even-469

tual joint inversion of SKS splitting together with Rayleigh- and Love-wave azimuthal anisotropy.470

Because these observables depend on overlapping but distinct combinations of anisotropy parame-471

ters, their combined analysis offers the prospect of substantially improved constraints on the strength,472

geometry, and depth distribution of seismic anisotropy in the crust and upper mantle.473
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ObsPy (Beyreuther et al. 2010) is used in data processing.488
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APPENDIX A: SURFACE-WAVE THEORY IN A GENERAL ANISOTROPIC MEDIUM572

Finding the phase speeds and polarizations of coupled quasi-Rayleigh and quasi-Love waves in a573

general anisotropic medium can be approximated as an eigenvalue problem (X. Liu & Ritzwoller,574

2025):575  A E + iX

E − iX B

a∗L
a∗R

 = ω2

a∗L
a∗R

 (A.1)

where A,B,E, and X are576

A(ψ) = k2
∫ ∞

0
dz[(N − Ec cos 4ψ + Es sin 4ψ)W

2 + (L −Gc cos 2ψ +Gs sin 2ψ)W
′2/k2]

(A.2)

577

B(ψ) =k2
∫ ∞

0
dz[(A+Bc cos 2ψ −Bs sin 2ψ + Ec cos 4ψ − Es sin 4ψ)V

2

+ (L+Gc cos 2ψ −Gs sin 2ψ)(U − V ′

k
)2

+ 2(F +Hc cos 2ψ −Hs sin 2ψ)V U
′/k + CU ′2/k2]

(A.3)

578

E(ψ) =k2
∫ ∞

0
dz[(−1

2
Bc sin 2ψ − 1

2
Bs cos 2ψ − Ec sin 4ψ − Es cos 4ψ)WV

+ (Gc sin 2ψ +Gs cos 2ψ)(U − V ′

k
)W ′/k + (−Hc sin 2ψ −Hs cos 2ψ)WU ′/k]

(A.4)

579

X(ψ) =k2
∫ ∞

0
dz{[2(Jc −Mc) sinψ − 2(Js +Ms) cosψ +Dc sin 3ψ −Ds cos 3ψ]VW

′/k

+ (Mc sinψ +Ms cosψ +Dc sin 3ψ −Ds cos 3ψ)W (U − V ′

k
)

+ 2[(Jc −Kc) sinψ − (Js −Ks) cosψ]W
′U ′/k2}

(A.5)

and where ψ is the wave propagation direction, k is the wavenumber, W,U and V are the surface-580

wave eigenfunctions, and A, C,N ,L, F , and so forth are anisotropy parameters defined in Appendix581

B. The solution to this eigenvalue problem gives the coupled quasi-Love and quasi-Rayleigh wave582

eigenfrequencies583

ω2 =
A+B ±

√
(A−B)2 + 4(E2 +X2)

2
≡ 1

2
[A+B ±D] (A.6)

or phase speed sgiven by584

V 2
qL =

1

2k2
[A+B +D] (A.7)

V 2
qR =

1

2k2
[A+B −D] (A.8)
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where585

D ≡ ((A−B)2 + 4(E2 +X2))1/2. (A.9)

In addition to ignoring finite frequency effects, eq.(A.1) only considers the coupling between586

one Rayleigh wave mode and one Love wave mode from a reference medium, and assumes that the587

surface-wave mode in the anisotropic medium can be expressed as a superposition of these two modes,588

ignoring the coupling to all other modes. Based on these assumptions, equation (A.1) is a first-order589

approximation of the exact solution, which is appropriate for many applications.590

APPENDIX B: THE 21 ANISOTROPY PARAMETERS591

Montagner & Nataf (1986) introduced linear recombinations of the elastic tensor components to define592

certain anisotropic parameters needed to analyze surface-wave azimuthal anisotropy. Chen & Tromp593

(2007) introduced others that also are needed for body waves. We follow Chen & Tromp (2007) by594
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including the negative sign in the definition of Gs, Bs, Hs and Es as follows:595

A =
1

8
(3C11 + 3C22 + 2C12 + 4C66) (B.1)

C = C33 (B.2)

N =
1

8
(C11 + C22 − 2C12 + 4C66) (B.3)

L =
1

2
(C44 + C55) (B.4)

F =
1

2
(C13 + C23) (B.5)

Jc =
1

8
(3C15 + C25 + 2C46) (B.6)

Js =
1

8
(C14 + 3C24 + 2C56) (B.7)

Kc =
1

8
(3C15 + C25 + 2C46 − 4C35) (B.8)

Ks =
1

8
(C14 + 3C24 + 2C56 − 4C34) (B.9)

Mc =
1

4
(C15 − C25 + 2C46) (B.10)

Ms =
1

4
(C14 − C24 − 2C56) (B.11)

Gc =
1

2
(C55 − C44) (B.12)

Gs = −C45 (B.13)

Bc =
1

2
(C11 − C22) (B.14)

Bs = −(C16 + C26) (B.15)

Hc =
1

2
(C13 − C23) (B.16)

Hs = −C36 (B.17)

Dc =
1

4
(C15 − C25 − 2C46) (B.18)

Ds =
1

4
(C14 − C24 + 2C56) (B.19)

Ec =
1

8
(C11 + C22 − 2C12 − 4C66) (B.20)

Es = −1

2
(C16 − C26) (B.21)

We use the script notation for A, C,N ,L and F (using these five parameters to construct an effective596

VTII or transversely isotropic medium) to distinguish them from the Love moduli A,C,N,L and597

F that define the reference VTI medium that is the basis for the elastic tensor for a TTI medium in598

Appendix A.599

Jc (Js), Kc (Ks) and Mc (Ms) are body wave 1ψ azimuthal anisotropy parameters and Dc (Ds)600

is the body wave 3ψ azimuthal anisotropy parameter, which were not included by Montagner &601
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Nataf (1986). Gc (Gs), Bc (Bs) and Hc (Hs) are 2ψ azimuthal anisotropic parameters for both body602

waves and surface-waves. Ec (Es) is the 4ψ azimuthal anisotropic parameter for both body waves and603

surface-waves.604

For a TTI medium in which the strike of anisotropy lies along the x1-axis, all parameters with605

the “s” subscript are zero, so 13 of the anisotropic parameters are non-zero, forming a medium with606

effective monoclinic symmetry.607

APPENDIX C: THE ANISOTROPY PARAMETERS IN A TTI MEDIUM608

The elastic tensor for a TTI medium (with no rotation around the vertical axis so that the strike of609

anisotropy lies along the x1 axis) is presented in Appendix A of X. Liu & Ritzwoller (2025). Using610

these equations, the anisotropy parameters for a general TTI medium (with the dip angle θ is the611

rotation around y-axis and the strike angle ϕ is the rotation around z-axis) are:612

Jc = [
1

8
E sin θ cos θ(3 sin2 θ − 2) +

1

4
(C −A) sin θ cos θ] cosϕ (C.1)

Js = [
1

8
E sin θ cos θ(3 sin2 θ − 2) +

1

4
(C −A) sin θ cos θ] sinϕ (C.2)

Kc = [
1

8
E sin θ cos θ(7 sin2 θ − 4)] cosϕ (C.3)

Ks = [
1

8
E sin θ cos θ(7 sin2 θ − 4)] sinϕ (C.4)

Mc = [
1

4
E sin3 θ cos θ + (L−N) sin θ cos θ] cosϕ (C.5)

Ms = −[
1

4
E sin3 θ cos θ + (L−N) sin θ cos θ] sinϕ (C.6)

Gc = [
1

2
E sin2 θ cos2 θ +

1

2
(L−N) sin2 θ] cos 2ϕ (C.7)

Gs = −[
1

2
E sin2 θ cos2 θ +

1

2
(L−N) sin2 θ] sin 2ϕ (C.8)

Bc = [−1

2
E sin2 θ cos2 θ +

1

2
(C −A) sin2 θ] cos 2ϕ (C.9)

Bs = −[−1

2
E sin2 θ cos2 θ +

1

2
(C −A) sin2 θ] sin 2ϕ (C.10)

Hc = [
1

2
E sin2 θ cos2 θ − 1

2
(A− F − 2N) sin2 θ] cos 2ϕ (C.11)

Hs = −[
1

2
E sin2 θ cos2 θ − 1

2
(A− F − 2N) sin2 θ] sin 2ϕ (C.12)

Dc = [
1

4
E sin3 θ cos θ] cos 3ϕ (C.13)

Ds = [
1

4
E sin3 θ cos θ] sin 3ϕ (C.14)

Ec = [
1

8
E sin4 θ] cos 4ϕ (C.15)

Es = −[
1

8
E sin4 θ] sin 4ϕ (C.16)
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where A,C,N,L, and F are the Love moduli for the reference VTI medium which is tilted by angle613

θ relative to the vertical axis to produce the TTI medium and E = A+ C − 2F − 4L.614

APPENDIX D: COMPARISON WITH PREVIOUS THEORETICAL STUDIES615

The theory of Montagner et al. (2000) is for an HTI medium (θ = 90◦) with vertical propagation (I =616

0◦). In this case, let ρV 2
iso ≈ L,ψ = Ψ, G =

√
G2

c +G2
s, Gc = G cos 2ΨG, and Gs = −G sin 2ΨG,617

as the Gs in Chen & Tromp (2007) which we follow is the opposite of the Gs in Montagner et al.618

(2000), from equation (23) we obtain619

SI ≈ − sin 2Ψ

∫ √
ρ

L

Gc

L
dz − cos 2Ψ

∫ √
ρ

L

Gs

L
dz = δt̄ sin 2(Ψ̄−Ψ) (D.1)

δt̄ =

√(∫ √
ρ

L

Gc

L
dz

)2

+

(∫ √
ρ

L

Gs

L
dz

)2

(D.2)

tan2Ψ̄ = −

∫ √
ρ
L

Gs
L dz∫ √

ρ
L

Gc
L dz

(D.3)

Equations (D.1 - D.3) are the equations (20) - (22) in Montagner et al. (2000) with a sign difference in620

the definition of Ψ̄ because the Gs in Chen & Tromp (2007) is the opposite of the Gs in Montagner et621

al. (2000).622

The theory Romanowicz & Yuan (2012) is for a TTI medium with elliptical anisotropy. We present623

in Appendix C the anisotropy parameters for a TTI medium, which together with the assumption of624

elliptical anisotropy (E = A+C − 2F − 4L = 0) greatly simplify the anisotropy parameters. In this625

case, Kc = Ks = Dc = Ds = Ec = Es = 0 and we have from equation (23):626

SI = −
∫

dz

ρV 3
iso

[−I(Mc sinψ +Ms cosψ) + (Gc sin 2ψ +Gs cos 2ψ)] (D.4)

Applying equations (C.5) - (C.8) to an elliptical TTI medium with dip angle θ and strike angle ϕ627

(defined in the Appendix C):628

SI =

∫
(L−N)dz

2ρV 3
iso

[
− sin2 θ sin 2(ψ − ϕ) + I sin 2θ sin(ψ − ϕ)

]
(D.5)

We define the tilt angle θ positive clockwise from the vertical, whereas Romanowicz & Yuan (2012)629

defines it (Θ) clockwise from the horizontal. Details of the relation between θ and Θ depend on the630

azimuth at which Θ is defined, but for comparison here we take θ = π/2 + Θ. Using sin 2θ =631

− sin 2Θ, sin2 θ = cos2Θ, and (L−N)dz
2ρV 3

iso
≈ dz

Viso

G
L = dz

Viso

L−N
2L = δtj , equation (D.5) can be rewritten632
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in terms of Θ as633

SI = −
∫

(L−N)dz

2ρV 3
iso

[
cos2Θsin 2(ψ − ϕ) + I sin 2θ sin(ψ − ϕ)

]
≈

n∑
j=0

δtj
[
cos2Θj sin 2(ϕj − ψ) + sin 2Θj sin(ϕj − ψ) tan I

] (D.6)

This is the same as equation (31) of Romanowicz & Yuan (2012), with a factor of −2 due to our634

definition of the splitting-intensity as SI = −2uT /u̇R.635

We do not understand one aspect of the results obtained by Romanowicz & Yuan (2012). For636

vertical incidence (I = 0◦) in a TTI medium, our theory (eq. (16)) has no vertical component of637

displacement. Romanowicz & Yuan (2012) do obtain a vertical component even for vertical incidence638

as shown in the their equation (24). A vertical component can only be generated if there is a P-SV639

conversion across interfaces or P and S wave are coupled, which are not included in their theory or640

ours.641

Chevrot & van der Hilst (2003) present expressions for splitting time for a general TTI medium.642

Because their results are not for splitting intensity we do not derive their results from ours.643
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