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Abstract

We present a fully data-driven framework for transforming residual K-band range-rate (KBRR) data from
GRACE into 5-day mass change models expressed in Equivalent Water Height (EWH). The approach
first derives residual range and Line-of-Sight Gravity Differences (LGDs) from monthly post-fit residual
range-rates and combines them with 5-day post-fit residuals. A hybrid formulation, merging LGD- and
range-based terms, is then applied to minimise regression errors associated with LGD side-lobe patterns. The
resulting hybrid grids are empirically linked to EWH through a spatially resolved linear regression, yielding
5-day estimates. The method relies solely on standard monthly GRACE processing products, requiring no
additional dynamic modelling, Kalman filtering, or regularisation. Relative to the gridded monthly Level-2
EWH uncertainties, the 5-day solutions exhibit a moderate uncertainty increase of typically 13–20% over
land and only 8–12% over the oceans, substantially smaller than expected from a direct unconstrained
inversion at equivalent temporal resolution. The physical relevance of the recovered sub-monthly signals
is demonstrated through two independent case studies, capturing (i) the 2007 monsoon flooding event in
Bangladesh and (ii) the January 2013 Cyclone Oswald event. The accompanying uncertainty framework
provides spatially and temporally resolved error estimates, enabling quantitative interpretation of the 5-day
fields and facilitating their use in downstream geophysical and data-assimilation applications.

Keywords: GRACE KBR, Post-fit residuals, Line-of-Sight Gravity Differences (LGD), Empirical model,
Equivalent Water Height (EWH), Sub-monthly mass variations
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1 Introduction

The Gravity Recovery and Climate Experiment (GRACE) and its successor GRACE Follow-On (GRACE-FO)
have provided an unprecedented record of Earth’s time-variable gravity field, allowing mass redistribution to be
monitored at monthly to decadal scales (Wahr 2015; Frappart et al. 2016; Ramillien et al. 2016). Traditionally,
GRACE gravity field models are released as Level-2 products, expressed either in spherical harmonic (SH)
coefficients (e.g., Lemoine et al. 2007; Jäggi et al. 2022; Ince et al. 2019) or in “mascon” representations (Wiese
et al. 2016; Save et al. 2016). These monthly solutions have become the standard for studying long-term
changes in terrestrial water storage, ice mass, and ocean dynamics (Schmidt et al. 2008; Wouters et al. 2019;
Schindelegger et al. 2021; Xiong et al. 2024).

While monthly gravity field solutions provide robust estimates of large-scale mass variability, their temporal
resolution is fundamentally limited by the GRACE(-FO) orbital geometry and standard processing strategy.
To overcome this limitation, several studies have developed higher temporal resolution products—most notably
the ITSG-Grace2018 daily solutions from TU Graz (Mayer-Gürr et al. 2018), as well as other high-frequency
releases (Lemoine and Bourgogne 2020; Ramillien et al. 2020; Rateb et al. 2024). The ITSG-Grace2018 daily
solutions are typically truncated to spherical harmonic degree 40 (�500 km half wavelength), reflecting the
limited spatial sampling imposed by the GRACE orbit geometry and the need to stabilise the inversion. Such
short-interval gravity fields generally rely on temporal regularisation or filtering, such as autoregressive (AR)
schemes, to mitigate the ill-posed nature of the inversion (e.g., Kurtenbach et al. 2012; Kvas et al. 2019).
Consequently, their nominal sampling interval (e.g., one day) does not reflect true temporal independence:
the effective temporal decorrelation often spans two or more days, depending on the strength of the applied
regularisation and the noise characteristics. Moreover, high-frequency GRACE solutions often incorporate
additional spatial constraints derived from hydrological model statistics (Kvas et al. 2019), which are applied
to stabilise the inversion and mitigate the limited information content due to orbital coverage. Recent studies
have also explored retrieving high-frequency mass variations, at regional scales, from GRACE and GRACE-FO
along-track observations without Kalman-type smoothing (e.g., Li et al. 2024, 2025b,c). In such approaches, the
gravity field is typically represented using a combination of spatio-temporal basis functions: Slepian functions
in space (regionally restricted) and B-splines in time, with Tikhonov regularisation applied to ensure stable
recovery. Nevertheless, reconstructing sub-monthly variability remains challenging due to the inherent trade-off
between spatial and temporal resolution, which continues to constrain high-frequency gravity field modelling.

Furthermore, uncertainty quantification remains a major challenge, particularly in data assimilation frame-
works of GRACE(-FO) data for hydrological applications, where quantifying errors is a key aspect (Yang et al.
2025; Wu et al. 2022; Retegui-Schiettekatte et al. 2025). Recent GRACE(-FO) data assimilation efforts, such
as those implemented over the Ganges–Brahmaputra basin using ITSG daily gravity fields (Gouweleeuw et al.
2018; Wu et al. 2022; Retegui-Schiettekatte et al. 2025), have highlighted the potential of high-frequency mass
change models for improving short-term water storage estimates. Ideally, data assimilation systems would make
use of the full error covariance structure of the GRACE(-FO) gravity field solutions (Yang et al. 2025). How-
ever, such covariance information is typically not distributed with the products, is difficult to independently
reconstruct (Zhang et al. 2024), and often lacks transparency regarding the underlying assumptions. Addition-
ally, application-ready uncertainty grids for end-users are generally not provided, especially at sub-monthly
resolution, adding further challenges in the direct usability of high-frequency gravity solutions for hydrological
or regional studies. Consequently, practical uncertainty estimations typically rely on empirical or analytical
approximation methods (Boergens 2021; Boergens et al. 2022). For example, the Global Gravity-based Ground-
water Product (G3P) project (Güntner et al. 2024) employs empirically modelled uncertainty estimates for
monthly GRACE grids (Boergens et al. 2022), which, when compared with uncertainties propagated from
full covariance matrices, tend to be conservative in magnitude and exhibit only moderate spatial correlations,
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typically below 0.75 when aggregated over major hydrological river basins (Boergens et al. 2022). This high-
lights the challenge of providing accurate, user-friendly uncertainty information for (sub-)monthly geophysical
applications.

An alternative strategy is to bypass the (sub-)monthly (constrained) inversion processes entirely and work
directly with Level-1B (Case et al. 2010) residual observations. In this context, pre-�t residuals are de�ned as
the di�erences between the observed K-band range-rate measurements and their a priori simulated counterparts
derived from background models, while post-�t residuals correspond to the pre-�t residuals after subtraction of
the best-�tting monthly spherical harmonic gravity �eld solution. Recent studies have demonstrated that both
pre-�t and post-�t residuals retain geophysical information that is otherwise �ltered out during conventional
monthly gravity �eld processing (Han et al. 2010, 2021b,a; Peidou et al. 2022; Ghobadi-Far et al. 2022).
Exploratory analyses of residual Line-of-Sight Gravity Di�erences (LGDs) have shown that these quantities
capture coherent sub-monthly signals, enabling the detection of rapid mass variations associated with transient
phenomena (Cuadrat-Grzybowski et al. 2025) such as tropical cyclones and oceanic redistributions (Ghobadi-
Far et al. 2022), 
oods (Han et al. 2021b,a), and even tsunamis induced by major earthquakes (Ghobadi-Far
et al. 2020). These along-track LGD analyses demonstrate remarkable potential for detecting \instantaneous"
mass anomalies directly from GRACE measurements. However, their sensitivity remains constrained by the
satellite ground-track geometry, which governs whether a given event is observed. Furthermore, these residuals
are expressed in nm/s2, which complicates direct interpretation in terms of geophysically meaningful units such
as Equivalent Water Height, EWH (cm) or mass (Gt). Only a few studies have attempted simple transformations
from residual range accelerations to mass anomalies, either using point-mass peak sensitivity (Spero 2021)
or aggregated basin-level analyses (Zhu et al. 2025). However, these approaches are limited, as they typically
assume analytical relations, a linear dependency, neglect side-lobe e�ects, and treat residual range accelerations
as a direct proxy for LGDs without accounting for the residual centrifugal acceleration term (Ghobadi-Far
et al. 2018).

Collectively, limited temporal independence, reliance on regularisation or external constraints, restricted
ground-track coverage, and di�culties in translating orbital residuals to meaningful mass anomalies, highlight
the challenges in accurately reconstructing sub-monthly gravity variations. To address these limitations, we
propose a fully data-driven and GRACE-only framework that directly links GRACE K-band range (KBR)-
based observations to gridded Level-2 gravity �eld quantities, expressed in terms of EWH. The method exploits
the information contained in the residual range-rate (post-�t) time series together with the corresponding
monthly gridded EWH products. In contrast to existing high-frequency gravity �eld approaches that rely on
temporal regularisation or external geophysical constraints (Kurtenbach et al. 2012; Kvas et al. 2019; Li et al.
2025b), the proposed framework introduces no additional priors, or regularisation assumptions. Instead, it
leverages existing GRACE data products and processing pipelines, since post-�t residuals are routinely derived
within monthly gravity �eld recovery. This involves spatially interpolating sub-weekly sets of these post-�t
residuals and superimposing them onto the corresponding monthly spherical harmonic post-�ts, which are
referred to here as geo-�ts. This approach not only enables empirical reconstruction of sub-monthly gravity �eld
variability at a high spatio-temporal resolution but also allows for the direct estimation of gridded uncertainty
grids suitable for end-user applications.

The paper is organised as follows: Sect. 2 describes the GRACE residual Level-1B and Level-2 datasets
utilised in the study, including the preparation of post-�t residuals and monthly geo-�ts used to derive sub-
monthly gravity �eld estimates. Sect. 3 details the empirical transformation framework linking range-rate
residuals to LGDs, as well as the development of a hybrid formulation combining both LGDs and range residuals
to better capture high-frequency gravity signals. This is followed by Sect. 4, which portrays the uncertainties
related to the methodology. Sect. 5 assesses the methodological framework and provides a characterisation
of the resulting uncertainty estimates, followed by an independent validation in Sect. 6. Sect. 7 subsequently
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demonstrates the added value of the derived 5-day EWH solutions through two geophysical application case
studies, before Sect. 8 summarises the main �ndings and outlines directions for future work.

2 Data

2.1 Residual Level-1B post-�t data

In this study, we utilise the CSR RL06 residual Level-1B (L1B) product (Bettadpur et al. 2025), an intermediate
dataset linking the standard GRACE L1B observations and the monthly Level-2 (L2) gravity �eld solutions.
The product contains both the pre-�t observables, obtained after reduction of the nominal L1B measurements
by the background force and measurement models used in the L2 processing chain (Bettadpur 2018b), and the
corresponding monthly post-�t residuals. Unlike conventional L2 products, the residual L1B dataset preserves
the original high temporal resolution of the K-band ranging observations while maintaining consistency with
the monthly gravity �eld solutions from which the residuals were estimated. This combination provides direct
access to sub-monthly information contained in the KBR measurements and forms the basis of the methodology
developed in this study.

We de�ne the following two essential variables inherited from CSR's range-rate processing strategy (Pini
2012; Bettadpur et al. 2025):

ˆ Geo-�t: The component of the �tted range-rate signal that is reconstructed exclusively from the estimated
monthly SH gravity �eld coe�cients. In practice, it may be written as A SH x̂SH , where ASH denotes the
observation sensitivity matrix derived from the GRACE inter-satellite geometry and x̂SH the estimated SH
coe�cient vector.

ˆ Post-�t Residuals: The di�erence between the pre-�t observations and the complete least-squares �t,
containing sub-monthly variability, modelling errors, and measurement noise.

2.2 GRACE Level-2 solutions

2.2.1 Monthly solutions

We primarily use the CSR RL06 monthly SH gravity �eld solutions (up to degree and order 60), available via
ICGEM (Ince et al. 2019), to derive the empirical transformation between KBR observables and equivalent
water height. These solutions span the full GRACE mission period from April 2002 to June 2017. In this
framework, CSR's SH coe�cients serve as the direct model representation of the updated residual Level-1B
geo-�t (see Sect. 2.1). The static �eld GGM05C (Ries et al. 2016) provided by CSR is used to remove the
long-term mean gravity �eld from the monthly SH solutions.

The uncertainty of the Level-2 products is provided as part of the TUD-L3-EWH UNC-GRACE data
product (Cuadrat-Grzybowski et al. 2026b), where it is derived from an ensemble of independently processed
monthly gravity �eld solutions. The ensemble includes CSR RL06 (Bettadpur 2018a), JPL RL06 (Yuan 2018),
GFZ RL06 (Dahle et al. 2019), ITSG-Grace2018 (Mayer-G•urr et al. 2018), HUST-Grace2024 (Zhou et al. 2024),
APM-SYSU (J•aggi et al. 2022; Ince et al. 2019), Tongji-Grace2022 (Chen et al. 2023), and COST-G RL02.1
(J•aggi et al. 2022). All solutions are available via ICGEM (Ince et al. 2019).

2.2.2 Daily Kalman-�ltered solutions

For validation purposes, we use the ITSG-Grace2018 Kalman-�ltered gravity �eld solutions from TU Graz
(Kvas et al. 2019), provided at a daily rate as SH coe�cients up to degree and order 40. Given their state-
of-the-art temporal resolution, they are well-suited for assessing the sub-monthly mass change signals of the
5-day solutions derived in this study.
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3 Novel Empirical Framework

3.1 Residual Level-1B data processing

We start from the residual (denoted with �) and relative GRACE equation of motion in the Line-of-Sight (LoS)
direction (Weigelt 2017; Ghobadi-Far et al. 2018):

�g LoS
AB = � •� � �

�
1
�

�
k _xAB k2 � _� 2�

�
; (1)

where �gLoS
AB denotes the residual LGD between satellites A and B, � is the inter-satellite separation, _� and

•� are the range rate and range acceleration, respectively, and_xAB is the relative velocity vector between
satellites A and B. The �rst term on the right-hand side, � •�, represents the residual range acceleration after
background model removal, while the second term corresponds to the residual centrifugal contribution caused
by the curvature of the orbital motion and the nominally horizontal orientation of the inter-satellite vector. For
the sake of brevity, we will hereafter refer to �gLoS

AB simply as �gjj and to the residual centrifugal term as �gcf .
The processing of residual range rates (�_�) to residual LGDs can then be summarised by

�g jj (t) = F �1 fZ(f )G BP (f )FfDf� _�(t)ggg + � TF ; (2)

where f denotes the frequency, Ff�g represents the Fourier transform, GBP (f ) is the gain of the fourth-order
Butterworth band-pass �lter with a frequency range of 0.9{11 mHz (Ghobadi-Far et al. 2018; Peidou et al.
2022), Df�g denotes the numerical time derivative (approximated by a fourth-order central �nite di�erence),
Z(f ) is the transfer function approximating the e�ects of the residual centrifugal acceleration term, and � TF is
the error associated to the use of Z(f ). For further details regarding this pre-processing step and the residuals
used (Bettadpur et al. 2025), we refer the reader to (Cuadrat-Grzybowski et al. 2025).

3.2 Residual LGD and range gridding

The empirical framework relies directly on the GRACE post-�t residuals and their corresponding geo-�ts, which
are the estimated monthly SH coe�cients in the post-�t domain (see Sect. 2). These geo-�ts represent the
monthly gravity �eld expressed as LGDs or range-equivalent KBR quantities (see Sect. 3.3) at the observation
times and positions of the GRACE satellites. An overview of the processing procedure from residual post-�t
time series to grids can be found in Fig. 1, which is explained in the following sections.

3.2.1 Geo-�t gridding

We �rst de�ne the 5-second geo-�t (Sect. 2.1) time series as K(t), obtained from the monthly SH solutions in
the observation domain as residual LGD or range-equivalent quantities along the GRACE orbit. To obtain a
monthly reference grid, the geo-�t time series are mapped to a spatial grid through a gridding operator Ggeo,

K̂(�; �) = G geofK(t)g; (3)

which consists of a monthly median aggregation on a coarse grid followed by spatial interpolation,

Ggeo = I 0:5 � � M 2� ; (4)

where M 2� denotes the median of all samples falling within each 2� � 2 � grid cell over one month, and I0:5 �

denotes the interpolation of this coarse grid onto a 0:5� � 0:5 � regular mesh.
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In practice, the operator M 2� is applied by aggregating the 5-second geo-�t time series over each month
onto a coarse 2� � 2 � grid (Fig. 1a, middle panel). Within each grid cell, the median of all available samples
is taken, consistent with the assumption that monthly geo-�ts contain no sub-monthly geophysical variability.
This aggregation provides a spatial representation of the monthly grid while mitigating along-track artefacts
originating from residual accelerometer biases and imperfections in the estimated initial state vector. These
e�ects are inherent to the inversion process and, although largely minimised through CSR's robust parametrisa-
tion strategy (Pini 2012), can locally persist in the post-�t domain (see along-orbit artefact east of the Amazon
river basin in Fig. 1a, left panel).

Subsequently, the operator I0:5 � interpolates the coarse grid onto a �ner 0:5� � 0:5 � mesh (Fig. 1a, right
panel). This target resolution is motivated by the along-track sampling of the GRACE satellites: with a mean
orbital velocity of � 7:7 km/s and a 5 s sampling interval, the minimum spatial separation between consecutive
measurements is approximately 38.5 km, corresponding to � 0:35� at the equator. A slightly coarser 0:5� grid is
therefore adopted. This re�nement (regridding) was tested through forward simulations using monthly L2 SH
solutions, con�rming that the associated power loss remains below the instrument noise level for most months
and that the essential spatial characteristics of the gravity �eld are preserved (not shown).

3.2.2 Spatial interpolation and combination of post-�t residuals

The post-�t residuals, denoted as �K(t), represent sub-monthly variations with respect to the monthly geo-�t
baseline. These are provided as along-track range and LGD time series.

To obtain residual grids, a gridding operator Gres is de�ned for consecutive 5-day intervals tk ,

� K̂ 5d (t k ; �; �) = G resf�K(t)g t k ; (5)

with
Gres = I 0:5 � � T 5d ; (6)

where T5d partitions the time series into 5-day subsets, and I0:5 � denotes spatial interpolation onto the 0:5� �0:5 �

grid.
This 5-day interval is chosen following Rateb et al. (2024); Sun et al. (2024), who demonstrated that 5-day

GRACE solutions (CSR) provide sub-monthly hydrological information while maintaining su�cient ground-
track coverage of approximately 250 km (except for orbit repeat patterns). Each subset is then mapped onto the
regular grid via I 0:5 � using a 2D Delaunay triangulation implemented through scipy.interpolate.griddata.
This ensures spatial consistency with the geo-�t grids while preserving the sub-monthly variability captured
by the residuals.

To mitigate artefacts arising from gaps in ground-track coverage, manifesting as sharp edge struc-
tures or discontinuities in the interpolated grids (Fig. 1b), a spatial Gaussian smoothing (using
scipy.ndimage.gaussian filter) is subsequently applied to the residual grids. The smoothing employs
a Gaussian kernel width of 8:75� and primarily suppresses edge artefacts without removing geophysically
meaningful signals (internal sensitivity not shown here).

Finally, the 5-day residual grids are combined with the monthly geo-�t grid to form the high-frequency
geo-�t product,

K̂ 5d (t k ; �; �) = K̂(t k ; �; �) + � K̂ 5d (t k ; �; �); (7)

yielding temporally enhanced 5-day LGD and range grids. These grids form the input for the subsequent hybrid
transformation to EWH described in Sect. 3.3.
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Fig. 1 Schematic overview of the GRACE residual gridding procedure for LGDs. (a) Monthly geo-�t residuals are aggregated
onto a 2 � � 2 � grid and then re�ned to a 0:5 � � 0:5 � target grid. (b) Post-�t residuals are grouped into 5-day subsets and
interpolated onto the 0:5 � � 0:5 � grid with Gaussian smoothing for the removal of sharp discontinuities. (c) The 5-day residual
grids are combined with the monthly geo-�t grid, yielding 5-day high-frequency geo-�t grids.
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3.3 Hybridisation of KBR residual observables

The hybrid formulation is introduced to mitigate spatial artefacts and enhance the robustness of the empirical
regression between GRACE residual observables and mass anomalies in cm EWH. Initial experiments using
only residual LGDs revealed sharp localised regression errors over regions of strong mass variability, such as the
Amazon basin, southern Greenland, and coastal Antarctica (see Sect. 5.2). These artefacts are attributed to
the pronounced side lobes of the LGD sensitivity pattern, which can lead to the mis-localisation of non-existent
mass anomalies near large ones.

In contrast, the residual range (��) signal is smoother, with highly reduced side lobes, but provides weaker
spatial localisation (see Fig. 2). To leverage the complementary characteristics of both observables, a hybrid
gridded KBR-based residual observable is de�ned as

K̂ obs = � (�g jj )
tn + (1 � �) (���) tn ; (8)

where � 2 [0; 1] is the weighting factor between the residual LGD and range components. The superscript "tn"
indicates temporal normalisation:

(u) tn =
u
su

; su = temporal standard deviation of u(t; �; �) for each grid cell: (9)

The negative sign applied to the range term accounts for the opposite phase response between range and
LGD: a positive mass anomaly with respect to the mean induces a negative LGD peak and a positive range
perturbation (Ghobadi-Far et al. 2018).

A one-dimensional example of Kobs for a synthetic along-track mass anomaly sequence is shown in Fig. 2,
with � varied between 0 and 1. The signs, magnitudes, and positions of the anomalies are arbitrarily chosen
to illustrate the e�ect of � on the observable shape. The �gure highlights the complementary characteristics
of the two residual observables: the LGD component provides excellent spatial localisation, clearly resolving
small or closely spaced anomalies (e.g., anomalies #2 and #6 from left to right), while the residual range
component reduces the oscillatory side lobes, particularly those associated with large positive (red) mass
anomalies. Intermediate values of � in the hybrid observable suppress these side lobes while retaining sensitivity
to localised features. In practice, �opt (�; �) is determined empirically over the full latitude-longitude domain
to minimise regression error (see Sect. 4.5) when relating Kobs to mass anomalies (Sect. 3.6).

8



Fig. 2 Visualisation of the normalised hybrid observable K obs as a function of along-orbit distance (in km) for di�erent weighting
factors �, ranging from 0 (pure residual range) to 1 (pure residual LGD). The side lobes highlighted in red illustrate the high-
frequency content characteristic of LGDs. A schematic representation of the mass anomalies is shown at the bottom, where red
half-ellipses denote positive density perturbations and blue ones denote negative ones. The six simulated disk anomalies have
density anomalies {1500, {100, +1000, {300, +500, and {100 kg/m 2 and radii 50, 150, 100, 150, 150, and 150 km.

3.4 Spherical harmonic synthesis of Level-2 products to Equivalent Water Height

Level-2 CSR RL06 monthly gravity �eld solutions are �rst converted to equivalent water height grids via
spherical harmonic synthesis. Prior to this step, the static background grid GGM05C (Ries et al. 2016) is
removed to isolate the time-variable gravity signal.

The resulting residual spherical harmonic coe�cients are �ltered using decorrelation �lters of the DDK
family (e.g., DDK1{DDK5) (Kusche et al. 2009), which are designed to suppress correlated north{south stripes
while preserving the large-scale geophysical signal. The choice of a DDK-type �lter, particularly DDK3, is
motivated by hydrological applications: it minimises amplitude damping and phase distortion of the signal,
thereby conserving the spatial distribution of the original mass variations. This ensures that the �ltered grids
retain spatial patterns closely resembling the un�ltered trend estimates of EWH Level-2 solutions, and aligns
with established practices validated against global hydrological models (e.g., Werth et al. 2009; Qian et al.
2022; Li et al. 2025a).

To reduce the dominance of long-wavelength (low-degree) signals which the residual LGD and range observ-
ables are less sensitive to, a gentle truncation is applied. The �lter follows the smooth polynomial form of the
low-pass function proposed by Barthelmes (n.d.) (accessed on 17 December 2025), but is inverted to obtain a
high-pass equivalent that mimics the e�ective high-pass behaviour (approximately below 0.9 mHz) of the LGD
time-series �ltering. Each spherical harmonic degree l is thus down-weighted according to

wHP (l) = 1 � w LP (l); (10)
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where wLP (l) are the low-pass �lter coe�cients de�ned as (Barthelmes n.d.)

wLP (l) =

8
>>>><

>>>>:

1; l � l a ;
�

l � l a

lb � l a

� 4

� 2
�

l � l a

lb � l a

� 2

+ 1; l a < l < l b;

0; l � l b;

(11)

where la = 2, and l b controls the smoothness of the transition between retained and attenuated degrees.
We performed a brief analysis (as described in App. A), and given input from literature (e.g., Werth et al.

2009; Qian et al. 2022; Li et al. 2025a), the combination of DDK3 and a gentle truncation with lb = 7 was
found to be most optimal.

3.5 Altitude and inter-satellite range correction

In order to mitigate orbital geometry e�ects present in the KBR observables, we introduce an empirical cor-
rection that accounts for variations in inter-satellite range � and mean satellite altitude �h (or orbital radius �r).
We begin with a general separable power-law formulation relating the observable to a reference con�guration:

K ref (t)
K(t)

�
�

�r(t)
�r ref (t)

� n r
�

�(t)
� ref (t)

� n L

; (12)

where K(t) denotes the considered KBR observable (LGD or residual range) time-series, and the subscript
\ref" refers to a reference orbital con�guration. The exponents nr and nL describe the sensitivity to orbital
altitude and inter-satellite range, respectively.

The separable form of Eq. 12 is supported by a �rst-order approximation of the LGD between the two
satellites. Let rrr A and rrr B denote the position vectors of satellites A and B, respectively, with corresponding
altitudes hA and hB . For the GRACE-type con�guration, the satellites follow nearly identical orbits, such that
hA � h B and therefore krrr A k � kr rr B k � �r. As a result, the gravity di�erence g(rrr B ) � g(r rr A ) is dominated by the
along-track separation rather than radial variations.

Denoting the LoS (inter-satellite) direction by x, the gravity di�erence can be linearised as

gAB = g(rrr B ) � g(r rr A ) �
�

@g
@x

�
�; (13)

where � = krrr B � r rr A k is the inter-satellite range. This approximation re
ects that, to �rst order, the variation
in gravity is primarily driven by displacement along the LoS direction, while contributions from radial and
cross-track directions are of higher order and are neglected.

The sensitivity term is assumed to follow a power-law dependence on orbital radius,

�
@g
@x

�
/

�
R
�r

� n r

; (14)

with R the Earth's mean radius. This scaling re
ects the decay of gravity gradients with altitude. Combining
Eqs. 13 and 14 implies that the observable scales linearly with � and with a power of�r, consistent with the
separable structure assumed in Eq. 12.
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The exponent associated with the range dependence, nL , can be assessed both analytically and empirically.
From Eq. 13, a linear dependence on � is expected, implying nL = �1 when expressed in the form of Eq. 12.
This behaviour is con�rmed by empirical estimation (not shown here) using both LGD and residual range
observables, for which nL � �1 with a standard deviation of approximately 0.003. Given the consistency across
observables and the limited variability, we �x n L = �1 in the following. This allows the range dependence to
be removed explicitly by normalising the observable with �, leading to

K ref =� ref

K=�
�

�
�r

�r ref

� n r

: (15)

In this form, the correction depends only on the orbital radius through the single parameter nr .
For parameter estimation, Eq. 15 is linearised by taking the natural logarithm:

ln
�

K ref =� ref

K=�

�
= n r ln

�
�r

�r ref

�
: (16)

This leads to a one-parameter linear regression problem of the form

y = n r xh : (17)

The aforementioned standard least-squares solution was found to be sensitive to outliers arising from the
wide range of orbital con�gurations. Therefore, a robust weighted least-squares approach is adopted using
Tukey's bisquare weighting function:

wr;i =

8
><

>:

�
1 �

�
r i

c � r

� 2
� 2

; jr i j � c � r ;

0; jr i j > c � r ;
(18)

where ri are the residuals, �r is a robust estimate of the residual scale (taken as the median absolute deviation),
and c is a tuning constant.

The parameter nr is estimated from a combination of simulated orbital con�gurations and real GRACE
data. A suite of simulations is generated around a nominal reference orbit (Case 0), de�ned by�h0 = 450 km
and � 0 = 220 km. Perturbations in initial mean altitude and inter-satellite range (� �h0; �� 0) are introduced as
listed in Table 1. The simulations are performed using the open-source Tudatpy software (Dirkx et al. 2022),
employing a Cowell formulation with a Runge{Kutta{Fehlberg 7(8) integrator and a �xed step size of 5 s.

Table 1 Simulation initial conditions for the GRACE satellite pair.

Case 0 1 2 3 4 5 6 7 8 9 10
� �h0 [km] 0 +250 -250 0 0 -250 +250 -125 +125 0 0
�� 0 [km] 0 0 0 +120 -120 -120 +120 0 0 -60 +60

To account for variability in the gravity �eld, a set of monthly CSR RL06 solutions spanning the GRACE
mission lifetime is additionally considered (Table 2). These epochs sample di�erent geophysical conditions and
introduce realistic variability in the estimation.
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Table 2 Selected CSR RL06
monthly GRACE solutions used to
sample mission variability.

Epoch (YYYY/MM)
1 2003/07
2 2004/10
3 2005/12
4 2006/09
5 2007/02
6 2008/08
7 2009/07
8 2010/01
9 2011/04
10 2012/09
11 2013/04
12 2014/06
13 2015/02
14 2016/11

The estimation is performed for all combinations of simulation case pairs (i; j) and selected monthly
solutions. The �nal parameter value is de�ned as the median of the ensemble:

nr = median
�

n(i;j;t)
r

�
; (19)

with (i; j; t) denoting dependence on simulation pair and epoch. The associated uncertainty is quanti�ed using
a robust standard deviation based on the median absolute deviation (MAD). Under a Gaussian assumption,
the MAD is converted to an equivalent standard deviation using a scaling factor of 1.4826:

� n r = 1:4826 median
� �

�
�n(i;j;t)

r � median(n (i;j;t)
r )

�
�
�
�

: (20)

The derived correction is validated in three independent steps. First, it is applied within the simulation
environment to assess residual errors in the KBR observables under the aforementioned controlled orbital
con�gurations. Second, the correction is evaluated using real GRACE data by propagating the correction
through the full processing chain and analysing its impact on EWH estimates (see Eq. 21) derived from Kobs.
Third, the scaling behaviour is independently assessed from a theoretical perspective using approximate degree
variance spectra (App. C). This analysis provides an analytical estimate of the altitude dependence and supports
the adopted power-law formulation, thereby o�ering an additional consistency check on the empirically derived
exponent nr .

3.6 KBR-to-EWH transformation

In this study, any KBR-derived observable (K̂ obs) (see Sect. 3.3) is related to mass anomalies expressed as
EWH or h [cm] through the following empirical relation:

h = S K̂ obs + B + �; (21)
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where S and B denote the regression parameters, hereafter referred to as the scale parameter, and bias terms,
respectively. The term � represents the error related to regression, and L2-associated uncertainties. The regres-
sion is carried out in the time domain independently for each grid cell using the monthly Level-2 solutions
hL2 and the corresponding monthly gridded geo-�t observablesK̂ obs. This approach extends the framework
of Spero (2021); Zhu et al. (2025) by introducing a spatially distributed formulation, in which S and B are
de�ned as spatially varying grids rather than aggregate (domain-averaged) quantities.

To obtain sub-monthly (5-day) mass change estimates, the �tted parameters S and B are subsequently
applied to the high-frequency geo-�t grids K 5d

obs (see Eq. 7), yielding

h5d = S K̂ 5d
obs + B: (22)

4 Uncertainty Estimation

The uncertainty of the estimated equivalent water height is computed by combining contributions from the
observational, regression and L2 components:

� 2
h =

�
@h

@̂K obs

� 2

� 2
K̂ obs

+ � 2
h;reg + � 2

h;L2 ; (23)

where K̂ obs denotes the hybrid observable (Sect. 3.3), �2K obs
is its variance. The �rst term in Eq. 23 represents

the contribution from the observation uncertainty (measurement noise and interpolation error), the second
term accounts for the uncertainty in the regression model (Eq. 21), and lastly, the third term relates to the
uncertainties related to the monthly gridded L2 EWH (Cuadrat-Grzybowski et al. 2026a). These components
are assumed to be independent of each other.

The variance of the hybrid observable K̂ obs is expressed as a function of the hybridisation weight �
(Sect. 3.3):

� 2
K obs

= � 2
� 2

�g jj

s2
�g jj

+ (1 � �) 2 � 2
��

s2
��

+ 2�(1 � �)r c
� �g jj

s�g jj

� ��

s��
; (24)

where rc is the Pearson correlation coe�cient between �gjj (LGD) and �� (residual range). The sign convention
for �� is opposite to that of the LGD residuals, which is accounted for in the correlation term.

The total variance of the residual LGD signal is given by

� 2
�g jj

= � 2
�g jj ;inst + � 2

�g jj ;int + � 2
TF ; (25)

where � 2
�g jj ;inst and � 2

�g jj ;int are the instrument and spatial interpolation uncertainties, respectively, and � TF �
RMSf� TF g denotes the transfer-function uncertainty (Eq. 2). Their estimation is detailed in the following
sections, covering instrument noise (Sect. 4.1 and Sect. 4.2), spatial interpolation e�ects (Sect. 4.3), and transfer-
function uncertainty (Sect. 4.4).

Similarly, the residual range variance is decomposed as

� 2
�� = � 2

��;inst + � 2
��;int : (26)

where � 2
��;inst (see Sect. 4.1) and �2��;int (see Sect. 4.3) denote instrumental and interpolation errors associated

with residual range, respectively.
It is important to note that some uncertainty components (i.e., interpolation and transfer function errors)

were estimated through dedicated numerical simulations performed with the open-source Tudatpy software
(Dirkx et al. 2022) with the same setup as described in Sect. 3.5.
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4.1 Instrument uncertainties

The instrumental noise components (��g jj ;inst and � ��;inst ) contributing to Eq. 25 and Eq. 26 are quanti�ed by
integrating the corresponding noise spectra over the band-pass �ltering range. For clarity, we �rst consider the
residual range noise component, expressed as

� 2
��;inst =

Z f max

f min

A2
inst (f ) df; (27)

where fmin and f max denote the lower and upper limits of the band-pass �lter applied to the residual range-
rate time series (0.9{11 mHz). The total amplitude spectral density (ASD), denoted as A(f ), of the instrument
noise is the sum of the K-band ranging (KBR) and accelerometer (ACC) contributions,

A2
inst (f ) = A 2

KBR (f ) + A 2
ACC (f ); (28)

where each term follows the analytical noise models of M•uller (2017), assuming an inter-satellite separation of
L = 220 km.

The LGD noise level is derived analogously from the range-acceleration, by applying the 2nd -order
di�erentiator (2�f ) 2 to the range noise in the frequency domain and the transfer function Z(f ):

A �g jj ;inst (f ) = Z(f ) A � •�;inst (f ) = Z(f ) (2�f ) 2 A inst (f ): (29)

Fig. 3 illustrates the analytical amplitude spectra for both observables. The accelerometer noise dominates
the residual range (see orange curve in Fig. 3a), while KBR noise becomes more signi�cant for the range
acceleration in the high-frequency domain (see blue curve in Fig. 3b) due to the ampli�cation of high-frequency
noise (above approx. 10 mHz) by the di�erentiation operator.
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