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Near inertial internal waves (NIWs) play a key role in transferring energy
from extratropical storms into the ocean interior, where they drive turbulence
that influences large scale circulation and climate. Efficient downward propaga-
tion of NIW energy requires horizontal wavelengths of order 100 km, yet NIWs are
conventionally assumed to be generated with much longer scales near 1000 km,
requiring subsequent modification by ocean vorticity gradients. Here, we refor-
mulate the equations in terms of vorticity and divergence and show that mesoscale
convective systems within storms naturally imprint scales ~100 km onto the NIW
field, enabling efficient downward energy propagation. Storm morphology may be
an important control on the transfer of energy from the atmosphere to the ocean

interior; its multi-decadal changes may lead to similar changes in mixing at depth.

When a storm moves over the ocean its winds generate near-inertial oscillations within the
ocean’s surface mixed layer (ML). The storm’s effects can eventually reach all depths, as near-
inertial internal waves (NIWs) propagate down from the ML and transfer energy from the episodic

winds of weather to currents in the ocean interior (/, 2). NIWs thereby enhance turbulent mixing



of the upper ocean and permanent thermocline, thus helping sustain large scale patterns of ocean
heat storage that shape background climate (3-5).

How fast the NIWs can propagate downward shortly after storm passage depends on the
wavelength (L) of ML currents induced by a storm’s winds (2, 6). As ML currents rotate clockwise
in time under the influence of Earth’s rotation, they induce cycles of divergence that pump the
ML base up and down and enable downward energy transfer (7). Oscillating vertical velocities
associated with this inertial pumping scale as 1/L, while the downward group velocity of NIWs
follows 1/L? (8). As a result, NIW energy from a storm that imprints scales L ~ 100 km onto
the ML will propagate 100 times faster than the energy from a storm that generates currents with
wavelengths L ~ 1000 km (7).

Extratropical storms (ETs) that move eastward across the midlatitudes are the primary source
of NIW energy (9-11). Theoretical works of NIW generation typically assume that ETs drive ML
motions with scales L ~ 1000 km and thus induce negligible inertial pumping. The scaling L ~ 1000
kmis set by the distance L ~ 27U,/ f traveled in an inertial period 27/ f by a storm that translates
at speed Ugorm (12). Downward propagation of storm-driven energy under these conditions happens
only after weeks or months, but countless observations show NIWs propagating down promptly
after the passage of ETs. To reconcile theoretical numerics and empirical evidence, oceanographers
have sought to quantify NIW refraction by background and planetary vorticity gradients that would
shorten L, enhance inertial pumping, and accelerate the downward propagation of NIW energy in
the wake of ETs (6, 13—-15).

Theoretical and modeling studies on the refraction and propagation of NIWs often model ETs
as a spatially-constant wind stress such that L — oo and shorter scales must emerge from oceanic
rather than atmospheric processes (/6—20). Ample evidence certainly shows that ocean eddies can
steer and energize NIWs (75, 21-24). Still, the assumption in theoretical studies that ETs force
NIWs with L — oo erases any possibility that the complex morphology of ETs actively shapes
NIW propagation. To understand NIW-eddy interactions in realistic settings, we must first clarify
the true scales and features that NIWs inherit directly from ETs.

Realistic simulations exist where the ocean is forced by reanalysis or simulated winds that
reflect the true shape of ETs and mesoscale features embedded in them (3, 11, 25, 26). A recent

study applied sophisticated spatial filters to one of such simulations and found NIWs with short



L being forced directly under ETs (27). However, it remains unclear whether direct forcing of
small-scale NIWs results from atmospheric, oceanic, or coupled mechanisms.

The assumption that ETs lack the length scales necessary to induce inertial pumping contradicts
our most basic knowledge about the storms’ dynamics and morphology. It ignores the fact that
ETs are powered by baroclinic energy conversion within narrow (L ~ 100 km) atmospheric fronts
where warm and cold air masses meet and convection occurs (28, 29). Low-level winds associated
with these fronts have a geostrophic vortical component and strong ageostrophic convergence that
allows for convective cloud formation and storm intensification (30). Therefore, weather fronts and
other mesoscale convective systems ensure that wind fields under ETs include features with a wide
range of spatial scales.

Fully coupled models with storm-resolving atmospheric components are becoming increasingly
popular for use in multidecadal climate projections (37,32). As global warming brings about changes
in the characteristics of ETs (33-35), spatiotemporal patterns of NIW generation, propagation,
and subsequent turbulent mixing are likely to change in both models and reality. Probing and
understanding these changes requires new frameworks that acknowledge mesoscale convective
features within ETs and help relate their properties to patterns in NIW activity.

Here, we show that the morphology of ETs and associated weather fronts enables the immediate
generation of inertial pumping under ETs and thus accelerates downward propagation of NIWs.
Successive forcing by convergent and vortical winds that surround convective regions in ETs is
very similar to the conditions under tropical cyclones, whose ability to generate inertial pumping
and propagating NIWs has long been recognized (12, 36, 37). We estimate that the shape of storms
1s ~100 times more important in generating inertial pumping under ETs than refraction by the
planetary vorticity gradient (8). This result implies that subsequent eddy-NIW interactions are
actively shaped by mesoscale features in weather and that global patterns of NIW propagation and

mixing may respond to long-term changes in storm morphology.

Vorticity-divergence view of NIW generation

It is well established that ETs are powered by atmospheric fronts and convective features with

L ~ 100 km. But snapshots of the horizontal wind stress 7 = (7, 7y) acting on the ocean surface



are dominated by larger features spanning thousands of kilometers (Fig. 1a). To highlight the smaller
fronts and lows embedded in weather, we plot both 7 and its divergence (V - T) and curl (k-Vx7)
(Fig. 1b). Visual comparison between these two versions of weather makes clear that 1) every storm
is associated with small scale gradients, and ii) these smaller features cannot be easily identified
using 7 alone.

In what follows, we revisit NIW generation under ETs using a linear model forced by both V - 7
and k- V7. This change in variables is convenient because it yields equations that explicitly include
inertial pumping (7, 38). A full derivation of the equations used is presented in the Supplementary
Material.

Let us consider the rigid lid, linear dynamics of a ML driven by 7 and damped by a friction
parameter r (39). In such a scenario, winds give rise to currents i = iig + ii that include a slowly-
varying Ekman component iig = (ug, vg) and inertially-rotating perturbations i; = (uy, v;). One
may assume that du/dt ~ du;/0t and thus solve separately for iig and u; (see Supplementary

Material). Rewriting i; in complex form Z; = u; + iv;, leads to the condition
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where w =if+rand f = fy+ By is the Coriolis parameter on a 8 plane. Momentum forcing is given
by F = (1, + ity)/(poho), such that momentum fluxes are spread evenly across a ML of constant
density po and thickness kg (40, 41). All simulation output showed here is based on representative
values po = 1024 kg m~> and /g = 50 m.

At the same time, we solve for the divergence u; = V - ii; and vorticity & = k-Vxi ; of
ML motions. The time evolution of their complex sum X; = u; + ié; is given by the curl and
divergence of Eq. (1) or can be derived independently from the full conservation laws for u; and &;
in a multilayer flow (see Supplementary Material). Either way, after we assume linearity, impose a

rigid lid, and subtract Ekman solutions, we get
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Notice that the first and second terms in Eq. (2) have the same form as the oscillator in Eq. (1).
The term —wZ; induces inertial rotations in the (u;, v;) plane, and these translate onto oscillations

in (uy,&y) space and are captured by the identical term —wX; (38). Meanwhile, atmospheric



o
o

|T] [Pa]

o
V-1 [10°® Pam™!]

Figure 1: Wind stress vectors and gradients reveal contrasting scales under ETs. Wintertime
snapshots of a) the wind stress 7 and b) its horizontal divergence V - T show ETs moving across all

ocean basins.

momentum forcing enters Eq. (2) via G = (V- T + ik - V x T)/(poho), which replaces F and thus
allows wind gradients to imprint themselves onto inertial oscillations.

Accelerations in (u;,vy) will initially follow the direction of winds and later deviate under
the effects of w. Similarly, the evolution of (u;,&;) will initially mirror the spatial structure of
atmospheric forcing but later fall into oscillations where momentum is transferred between vortical
and divergent modes of motion (38). As u; oscillates, the ML thickness will follow dh/dt ~ —hou;,

such that oscillations in X; imply the occurrence of inertial pumping. Notice that the oscillator in



Eq. (2) is forced by both V - T or k - V X 7, so inertial pumping can arise from either a vortical or a
divergent wind stress pattern.

The third term in Eq. (2) accounts for the effects of vorticity transport by horizontal currents,
whose curl and divergence help drive divergence and vorticity, respectively (42). Contributions
from this linear term capture the planetary vorticity gradient S and can lead to inertial pumping
even under spatially-homogeneous atmospheric forcing (/4). However, we’ll show that the evolution
of X; is overwhelmingly dictated by the direct forcing term —w™> G/t and the shape of storms
exerts a greater influence on pumping than .

Sample solutions of Z; and X; were forced using wind stress data from the ERAS reanalysis (43).
A detailed view of solutions under a North Pacific ET show the impulsive generation of inertial
pumping by a weather front (Fig. 2). The ET’s wind field spans many hundreds of kilometers (Fig.
2A), but temporal variations dG /8t have much smaller length scales and peak along a frontal region
that runs from north to south (Fig. 2B). Gradients under these narrow fronts act as the dominant
forcing in Eq. (2) and thus excite inertial pumping immediately upon their passage, as evidenced
by deviations & — hg in the western half of Fig. 2C. The rich spatial structure of & — ho shows
that inertial pumping and scales L ~ 100 km can arise directly below an ET without the slow and
gradual action of $ or nonlinear interactions with background mesoscale currents.

Oscillations in Z; and X; are excited at the same time and are both driven by the same
atmospheric feature (Figs. 2D-G). The front forces Z; viarapid changes in the wind stress magnitude
and direction (Fig. 2D), while X; is excited by variations in the curl and divergence of 7 (Fig. 2E).
Complex spatial patterns in & — hq point to the diversity of wave phases across the region in Fig. 2C,
which allows pressure gradient forces to act on stratified ocean layers below. This ultimately means
that ET winds alone can drive wind-driven momentum to propagate into the ocean interior (7).

Below, we show that the impulsive generation of inertial pumping by translating weather fronts
can happen across the extratropical ocean, and not only under the ET pictured in Fig. 2. To do so,
we compare the contributions of terms including 8 and of the wind stress gradients G in driving

the variance |X;|?.
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Figure 2: Inertial pumping in the wake of an ET. Snapshots of A) T (vectors), its magnitude |7|
(color shading), and B) divergence AV - 7/t show the structure of an ET and its fronts. The storm’s
imprint on the ML is evidenced by C) deviations & — h( obtained via Eq. (2) and linear continuity.
Time series at 180°E, 43°N (yelow cross in panels A-C) show the D,E) atmospheric forcing and
F,G) simulated ocean response according to Eqgs. (1) and (2). Solutions highlight how both F)
Z; = u;+ivy and G) X; = V - u; + iV X u; are simultaneously forced by the translating front

highlighted in B).

Resonant shapes in oceanic and atmospheric weather

Given the expression for kinetic energy E; =~ % poholZ;|? (40,41), one can use Eq. (1) to write the

rate of kinetic energy input from winds onto oscillations in Z; as
[ 5)
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Iz, peaks when temporal rotation in F becomes resonant with Z; (40, 44). ETs that move
eastward along the midlatitudes often drive such resonant forcing, as the wind direction rotates
clockwise under translating fronts and low pressure systems (40). Therefore, I, is greatest along
the midlatitude storm tracks (Fig. 3a) (9, 10, 45, 46). However, the power transfer captured by Ilg,
may or may not translate onto patterns of downward energy propagation by NIWs (8, 11, 47-50).

Oscillatory solutions X; may be used to derive an expression for the rate of change in the

available potential energy (E,, see Materials and Methods) of NIWs, which is

2
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Here, the relation between E, and |X; |2 exists because cycles in X; imply oscillations in y; that
can be integrated in time to obtain 4 — h. This integration is achieved by a factor (4/2w)?, and is
therefore only valid for periods when X; oscillates freely. dp represents a density shift across the
ML base, and A is the ML depth. Both of these values are expected to vary significantly across the
ocean, but here we use p = 1 kg m™3 and %o = 50 m for demonstration purposes. Multiplying Eq.
191,

(2) by X; yields an equation for 5 =5

that we substitute into Eq. (4) to obtain the contributions to

E, from wind stress gradients
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Note that the ratio of these two quantities does not depend on the values chosen for 6p and hy.
Eq. (5) accounts for resonance between G and X, such that |X;|? and E, grow when G rotates
clockwise in the (V - 7,k - V x 7) plane, thus following the same progression that the term —wX;
imposes on Eq. (2). This way, resonant forcing of inertial pumping requires that a convergent wind
stress be followed by one with positive vorticity, then by a divergent one, and so on (38).

In contrast, resonance in Eq. (6) relies on alignment between the phases of X; and the advection
of background vorticity gradients by Z;. For example, ML currents Z; = u; + iv; advect the
background vorticity gradient 8, and a value v; < 0 induces convergence that raises ;. Similarly,
u; < 0 induces a curl in the vorticity transport that acts to increase u; (42). This way, interactions

between Z; and S can act to amplify X;, but also suppress existing gradients in the ML flow.
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Time-averaged values of Hga and H/Ij“a for the winter of 2022 (DJF, year randomly chosen)
exemplify how temporal variations in G make greater contributions to inertial pumping than S
(Figs. 3B,C). Spatial patterns differ between both quantities, but widespread values Hga > 2x107°
W m~2 over much of the northwestern and central Pacific, are at least one order of magnitude greater
than values of Hga. This generalizes the impression from Fig. 2 that inertial pumping will typically
arise immediately in the wakes of weather fronts and not only gradually upon wave refraction.
Furthermore, negative values of H’ga over much of the central North Pacific indicate that inertial
pumping driven by dG/dt was often attenuated, rather than amplified, by S-refraction.

Overall contributions to £, may be calculated as the time- and space- integrals of Hga and Hga,
which yield roughly 5 and 620 x 10'2J within the area and 3-month period represented in Figs.
3B,C. Therefore, NIWs in our solutions obtained ~120 times more E, from 6@/ Ot than they did
from S-refraction. This ratio is roughly 5 times lower when we consider only latitudes between
25°N and 37°N, as this precludes most areas where Hga < 0 (Fig. 4A). Our result thus indicates
that convergent and divergent features in weather are first-order drivers of extratropical patterns of
inertial pumping and NIW propagation.

Regional peaks in I1g, and Hga are both aligned with the midlatitude storm tracks (Figs. 3A,B).
This happens because the conditions for resonant forcing of Z; under a translating storm are often
met at the same time as the conditions for resonant forcing of X; (e.g. Fig. 2). Nonetheless, local
maxima in [1g, are spatially broad while features in Hga follow much finer scales, with some peaks
resembling the width and alignment of individual weather fronts as if they were frozen in time.
Therefore an ET may efficiently power Z; throughout its lifespan, but the degree of resonance
between X; and mesoscale convective systems appears to be more dynamic and variable.

As is expected for NIWs, whose near-f frequency tethers their velocity vectors close to the
horizontal plane, the total energy Ey + E, in our simulations is dominated by Ej. Accordingly, the
wind work Ilg, is three orders of magnitude greater than ng (Fig. 3). Still, the fact that NIWs here
have any E, means that they are super-inertial and able to propagate vertically. The broad presence
of inertial pumping across the North Pacific (Figs. 2C, 3B) therefore points to the widespread
generation of superinertial, multiscale NIWs that can promptly propagate into the ocean interior.

Under the traditional representation of ETs as a spatially-constant wind stress, Fig. 3B would be

zero everywhere and Fig. 3C would be positive everywhere, with S acting only to enhance inertial
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Figure 3: Kinetic and potential energy input from winds into the NIW field. Rates of A) kinetic
and B-C) potential energy transfer are estimated using Egs. (3)-(6). Solutions to the slab models in
Egs. (1) and (2) were forced using reanalysis data of fau between December of 2020 and February
of 2021. B) Quantifies the effects of spatial gradients in the surface wind stress, while C) accounts

for the S effect. Estimates in B) and C) assume A9 = 50 m ans 6p = 1 kg m™3.

pumping (/4, 51). However, long-term averages of zonally-integrated, wintertime Hga and Hga
across the North Pacific reaffirm a more nuanced reality (Fig. 4A). Our results confirm that oG /Ot
is the primary driver of X;, and further show that g persistently acts to dampen inertial pumping
poleward of 40°N (albeit with minimal impacts). This stands against the assumption that 8 will

always enhance pumping and results from systematic phase relations between Z;, 0F/dt, and the
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wind-driven X; (Eq. 6). Understanding the latitudinal sign-change of 5 will require a more thorough

analysis of ET morphology and spatial patterns in near-inertial oscillations that arise from it.

Implications for weather-climate interactions

NIWs impact climate by transferring energy from weather onto currents in the stratified ocean.
This ultimately leads to turbulence that enables diffusive heat fluxes between the surface ocean
and the stratified interior (3, 5). If ML oscillations driven by ETs only had scales L ~ 1000 km,
patterns of downward NIW propagation and subsequent diffusive heating would likely follow the
latitudinal dependence of S and the spatial distribution of mesoscale eddies that shorten L via
refraction (19, 20, 52). However, persistent generation of inertial pumping by ET winds reveal the
morphology of mesoscale convective systems as a first-order factor setting spatial patterns of energy
transfer from weather to the ocean interior (Fig. 4A).

Early analyses of wind-driven NIW generation revealed multidecadal trends in |Z;| (46) but
could not infer whether enhanced Z; would alter the energetics of the ocean interior. However,
solutions to Egs. (1) and (2) reveal striking similarities in the spatial patterns of Hga and Ilg, (Fig.
4A), suggesting that long-term changes in Z; will be mirrored by X;.

In fact, we find significant multidecadal trends in North Pacific wintertime values of both |Z;|
and |X;| (Fig. 4B,C). Trends exhibit nearly identical spatial patterns, which point to a northward
migration of NIW activity. This is consistent with the well-documented poleward shift of the storm
tracks (33, 54, 55), as trends are generally positive north of 40°N and negative to the south of that
latitude, and this change in sign is roughly aligned with climatological peaks in |Z;| and |X;|/ f
(black contours in Figs. 4B,C).

As changes in ET activity reshape the oceanic NIW field, thermocline mixing and subsequent
downward heat fluxes will also be modified. As such, the role of NIWs in climate may evolve as a
function of the intensity, translation, and shape of ETs. Climate simulations with storm-resolving
horizontal resolutions (31, 56) are becoming increasingly common and may allow us to view NIW
energy propagation as a mediator of ocean-atmosphere coupling, rather than as a static consequence
of atmospheric chaos.

Known trends in mesoscale eddy activity (57) are likely to further influence long-term changes

11
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Figure 4: Long-term energetics and trends in wintertime North Pacific NIWs between 1983 and
2022. A) shows zonally-integrated values of (black) Hga, (blue) 10 x 1§ [ X and (green) I1g, /1000,
with the two latter scaled for comparison purposes. Trends in simulated wintertime B) |Z;| and
C) |X;|/f reveal multidecadal changes in NIW activity. Trends were computed using a regional
Mann-Kendall test (53) and black dots indicate regions were trends are statistically significant.
Black contours outline areas where climatological wintertime values exceed threshold values B)

|Z;] >0.045 m/s and C) ||/ f > 4.5 x 1073,

in NIW propagation and mixing. Gradients in geostrophic vorticity are known to refract NIWs
and modify the conditions for resonant wave generation (/8, 49). While our analyses have focused
on the isolated effects of wind stress gradients, future studies ought to explore the joint effects of
realistic storm morphology and a complex oceanic background. Grasping the full scope of these
interactions will require accounting for air-sea interactions that systematically distort near-surface

winds over mesoscale ocean eddies (58).
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Conclusion

We have shown that weather fronts embedded in ETs can directly drive inertial pumping and thus
efficiently transfer energy to the ocean interior. This contradicts the typical assumption that ETs
only generate NIWs with L ~ 1000 km and thus depend entirely on refraction to induce substantial
inertial pumping. Our insight is enabled by Eq. (2), which reformulates the well-known NIW slab
model in terms of spatial gradients rather than horizontal currents (38). Furthermore, our results
rely on the inclusion of hourly reanalysis data with 1/4° horizontal resolution (43) that resolves
fronts at the leading edge of ETs (Fig. 1).

Previous analyses had argued that translating storms generate NIWs with length scales L =
21 Ugtorm/ f (12). This yields L ~ 800 km for a typical value for the translation speed Uy, = 12 m
s~ at 40 °N and describes NIWs whose phase is steady in a storm-following frame of reference (59).
Inertial pumping at such length scales appears immediately in the wake of ETs and serves as the
background for a more complex broadband response to impulsive forcing by weather fronts (Fig.
2C).

Research in the last decades has been guided by the assumption that extratropical NIWs rely
entirely on refraction and other oceanic processes to acquire short lengthscales and impact the
thermocline force balance. Our results deny this assumption and further suggest that the changing
dynamics of mesoscale convective systems will help regulate the multidecadal evolution of patterns
in NIW propagation and mixing in the ocean interior (Fig. 4). To form a holistic view of NIWs and
their role in climate, future research will have to recognize how NIW properties arise from complex

interactions between ETs, their morphology, and the underlying oceanic eddy field.
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Materials and Methods
Full derivation of inertial oscillators

The nonlinear dynamics of a multi-layer Boussinesq fluid can be expressed in terms of the two-

dimensional velocity vector uj = (u;, v;) and layer thicknesses /; as

6llj ~ 1
W+uj-Vuj+fk><uj:—p—ij_,-+Fj, (S1)
and
Oh;
W+uj-th+th-uj:0, (S2)
where the subscript j = 1,2,...,n labels overlying layers of fluid with densities p;. Layers

are counted from the bottom up, such that the surface mixed layer (ML) is noted by j = n.
F;, = (F ]’.‘, F ]y ) defines the vector of external forces acting on each layer and f is the Coriolis
frequency. p; = g 2/ i+l hyp; is the hydrostatic pressure at the top of each layer and 7 ji= Zf‘zl hy
the height of layer tops above the seafloor.

The same dynamics can be restated in terms of the vorticity (£; := k-Vxu ;) and divergence
(uj ==V -u;) of each layer (42). Under this view, the equations of motion become

d%;

5 :—V-[(§j+f)llj:|+]€'VXFj, (S3)

and
L kI [(&+ f)u] - VAW +V - F,. (S4)

Under this view, the inertial effects of Coriolis and momentum advection are replaced by the
divergence and curl of total vorticity transport. Similarly, pressure forces acting on each layer are

represented by the scalar Bernoulli function
‘P~—_1 2 h; En 2 (S5)
i = 7Y% +g|hj+ — |-

Let us first expand Egs. (S3)-(S4) and convert vectors into complex variables. To do this, we
introduce the variables

Zj = Ltj+iV]' (S6)
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and

Fj=F+ iF} (S7)

to represent the flow and the forcing of each fluid layer. Given the differential operator D =

(ai +1i ai)’ we may also express the dynamics and forcing in terms of complex variables
x y

Zj = ,uj+i§j:Z)*Zj (S8)
and
G, :=V-F;+ik-VxF; = D'F;. (S9)

Ultimately, the equations of motion are rewritten as

2 _ Nppzy+z:0@2)|-ifz, - LD F S10
7——5[ iD(Zj)+Z; (j)]_lfj_p_j (pj) +F; (510)

and
W:—{ﬁ+lz) [Im(Z) | }Z; —i [f+ Im(Z) | Z;, - D[D*(¥)] +G;. (S11)

Ordered as they appear on the right hand side of Eq. (S10), individual terms represent (i)
nonlinear advection, (ii) inertial rotation, (iii) pressure forces, and (iv) external body forcing. Terms
in Eq. (S11) may be interpreted in the same way, with the caveat that non-linear advection is now
modifying terms for (ii) inertial rotation in the X; plane and (iii) the Bernoulli function.

To describe the linear dynamics of a ML with a rigid lid, we set j = n, Vp,, =0, and ¥,, = 0.

This leaves us with the (much) simpler expressions

0Z,
ot

=—(if +r)Z, +F, (S12)

and
ox,

ot

where we’ve introduced the Rayleigh damping parameter r into both equations. Eq. (S12) is the

=—BZ,—(if +1)Z, +G,, (S13)

well-known slab model of (39) and it yields exactly Eq. (S13) when we compute its curl and
divergence (or multiply it by D*, given 8 = d f/dy). Meanwhile, Eq. (S13) is the slab model used
in (38) with the sole addition that the S-effect is present and regulates X,,. Even though Eqgs. (S12)

and (S13) are mathematically equivalent and express the same physics (Fig. S1), they help account
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for different physical properties of the ML response to wind forcing. Eq. (S12) can capture a storm’s
intensity, while Eq. (S13) is driven by the storm’s shape. Despite having the exact same physics
embedded in them, both equations account for different information because the forcing G,, cannot
be recovered from knowledge of F,, at single point in space and viceversa.

We now proceed to isolate the near-inertial component of solutions to the double-decker slab
model, and drop the subscript n as we refer only to solutions of the ML flow. Following D’Asaro
(1985) (40), we separate timescales and obtain the balanced and time-varying linear solutions such

that Z = Z; + Zg and X = X; + X where slowly-varying solutions are the Ekman balance

Zp = LF (S14)
w
1~ -
rr=1G-LF (S15)
w w

where w = if + r. Decomposing Eqs. (S12) and (S13) into prognostic equations for inertial and
steady state components, we can substitute expressions for the temporal derivatives of Ekman

solutions and obtain differential equations for the inertial components. This is

0Z; 07 0Zg . 10F
o R w(Zp+Z) +F - == 1
Frainly iy R A 2Vl bt » (516)

and

0%, 0X 0%g

ot ar ot
~ 160G p oF
:_w(EE+EI)+G_ﬁ(ZE+Z1)_ZE-FEE'

(S17)

In both cases, we can use the Ekman balances from Egs. (S14) and (S15) to cancel terms from

Egs. (S16) and (S17). This leaves us with the linear, near-inertial oscillators

0Z; _ 1 OF
o T S (18

and

b)) 106G 1 OF
L Q) +,3( Z,). (S19)

wr o
Eq. (S19) is identical to the oscillators in (40), and Eq. (S18) is its equivalent analogue, where X;

has substituted Z; and additional terms were added to account for the S-effect on inertial pumping.
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Conditions for resonant forcing

As laid out by D’Asaro (1985), one can write a conservation equation for %lle2 that includes the
rate of kinetic energy transfer from winds into NIWs. This is

10|Z;)? L0Z; 5 Z; oF
=Re(Zi—=L| = —r|Z;]* —Re | L= 2
2 o 17g; | = Tl = Re| g (520)

whose second term is the wind work that’s been used extensively in the literature (9, 40).
We follow a similar procedure to derive an expression for the transfer of potential energy E,

from winds into the NIW field. Given the expression

1
Eq = 586p(h - ho)?, (S21)

where 6p = p,—1 — p,. Taking the linear continuity relation

oh
yri —Re(Z) ho (S22)

and assuming a wave solution with frequency w, we can write
h=ho[l+Im(X))/w]. (S23)
As a result, the mean deviation /& — hg over an inertial period will be given by hg|X;/(2w)|. Further

assuming w = f, E, will be approximately

gh?
8 12

The relation between E, and || is only approximate because it assumes free oscillations

E,~=—8p %% (S24)

and can therefore underestimate the true value of |k — hy| during the forced stage of a storm. Still,

having related these two quantities we can now write an equation for the evolution of |X;|?. This is

1 2
0|%,| ~Re(x; L0X;
2 ot I ot ($25)
;7 0G r oF
:—r|21|2+Re( w’ 8t)+,6’Re(—28——)2 Z,)

This way, one can take the time derivative of Eq. (S24) and substitute terms in the full expression

for 9|X;|?/0t. This explains how to obtain the contributions Hg and Hg in the main text.
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Implementation with ERAS data

Hourly data of wind stress from the ERAS reanalysis (43) were used as forcing to drive solutions
of Egs. (1) and (2). The data variables chosen have units of Pa and are listed in the Copernicus Cli-
mate Data Store (cds.climate.copernicus.eu/datasets/reanalysis-era5-single-levels) under the names
"aiews’ and "ainss’ for the zonal and meridional directions. The vector field () made up by these two
variables is hourly and has 1/4° of horizontal resolution. Horizontal gradients were then computed
by central differences to obtain V - 7 and k - V x 7, which make up G in Eq. (2).

Data from the North Pacific Ocean between December of 2021 and February of 2022 were used
to generate Figs. 2 and 3 in the main text. The snapshot in Figs. 2A-C is from February 1 at 15:00
GMT time, while timeseries in Figs. 2D-G were taken from 180°E, 43°N.

Solutions to Egs. (1) and (2) were computed in a pointwise fashion, such that solutions at any
given point are computed independently of conditions elsewhere. Therefore, gradients y; = V - it
and &; = k - V x ii; are not computed by taking numerical gradients of a solution to ii;. Rather, the
gradients are used as the prognostic variables and are directly forced by G and by terms including
B.

To verify that Egs. (1) and (2) are equivalent statements of ML dynamics, Fig. SS1 compares
snapshots of divergence (top row) and vorticity (bottom row) as obtained from both equations.
The operator D is applied to solutions Z; to compute gradients, such that Figs. S1A,C show
Re(D*Zy) = 0uy/dx +dvy/dy and Im(D*Zy) = dvy/0x — duy/dy. Solutions in the left and right
columns of Fig. S1 are identical to visual inspection regardless of the time chosen for comparison.

This confirms that Egs. (1) and (2) and their solutions are indeed physically equivalent.
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Figure S1: Eqgs. (1) and (2) yield equivalent descriptions of mixed layer motions. Snapshots from
the North Pacific show values of divergence (top row) and vorticity (bottom row) as computed
indirectly from solutions Z; of Eq. (1), and as output directly in solutions X; of Eq. (2). A) and C)

are computed as the central-difference divergence and curl of Z;, respectively.
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