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ABSTRACT: This paper presents a state-dependent error covariance model of surface atmospheric

forcings over Arctic sea ice for constraining atmospheric influences on short-range sea ice forecast

errors. Atmospheric influences are argued to be a dominant source of sea ice forecast errors at

shorter lead times and thus need to be properly accounted for in generating ensemble sea ice forecasts

relevant for operational assimilation systems. The proposed covariance model is built on ensemble

perturbations from 10 years of an 80-member atmospheric reanalysis using methods adapted from

background error covariance modeling. Specifically, the covariance model consists of a set of

matrix operators that each encodes the inter-variable relationships (i.e., balance operators) and the

spatiotemporal correlation structures. Comparison of statistics of perturbations from the covariance

model with statistics of ensemble perturbations from an atmospheric reanalysis over the validation

period reveal good agreement. In particular, balance relationships that are highly state-dependent,

such as temperature-humidity balance, are well captured within the error covariance model. Perfect

model experiments using the Los Alamos sea ice model (CICE5) show that an atmospheric forcing

ensemble generated from the error covariance model can replicate the atmospheric influences on

sea ice ensemble forecasts observed when using a reanalysis atmospheric forcing ensemble. These

experiments also demonstrate the ability of the covariance model for introducing controllable

amounts of forcing error within the sea ice forecast while properly quantifying the error in the

ensemble statistics, which can be useful for generating Observing System Simulation Experiments

(OSSEs) targeting short-range forecasts.
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1. Introduction37

Global weather prediction systems are increasingly incorporating a dynamic sea ice model due38

to its advantages over persistent sea ice in enhancing short-range (i.e., couple of hours to days)39

forecast skill (Keeley and Mogensen 2018; Barton et al. 2021; Peterson et al. 2022). These40

forecast enhancements include improvements in near-surface temperature and humidity, especially41

in regions of high sea ice variability, such as the marginal ice zone, Arctic cyclone tracks, and42

summer Arctic sea ice (Parkinson and Comiso 2013; Day et al. 2022; Wang et al. 2020; Cavallo43

et al. 2025; Croad et al. 2025).44

To maintain realistic sea ice and associated atmosphere/ocean states throughout the model fore-45

cast, sea ice data assimilation (DA) has become an increasing focus. Various aspects of sea ice46

DA have been explored in recent years to better understand the impact and methods for reliably47

assimilating sea ice observations (Zhang et al. 2018, 2021; Fiedler et al. 2022; Mignac et al. 2022;48

Lee and Ham 2022; Williams et al. 2023; Riedel and Anderson 2024; Wieringa et al. 2024; Riedel49

et al. 2025). These DA experiments have been performed both in real-world and perfect model50

settings. The latter, which is constructed by assuming a reference model simulation is the truth (i.e.,51

nature run), is a popular experimental framework due to the benefits in interpretation of imposing a52

known truth. There is also the flexibility to simulate various types of observations, which is useful53

for testing capabilities of hypothetical/future observations in constraining the sea ice model state54

(i.e., Observing System Simulation Experiment; OSSE).55

An important prerequisite for any DA experiment is a precise estimate of forecast uncertainty.56

In particular, Kalman filter-based DA methods rely on these uncertainty estimates, in the form57

of error covariance, to form the best linear unbiased estimate (BLUE) of the model state given58

observations, typically referred to as an analysis. For this purpose, the forecast uncertainty helps59

assess the relative contribution of observations to the analysis, thus directly factoring into the60

quality of the subsequent forecasts (Mathiot et al. 2012; Blayo et al. 2014; Guemas et al. 2016;61

Tian et al. 2021).62

A common approach for estimating forecast uncertainty is to use statistics derived from an en-63

semble of model forecasts, which provides a Monte-Carlo estimate of the forecast error distribution64

(Leutbecher and Palmer 2008). However, for sea ice models, obtaining an ensemble that faith-65

fully represents all sources of forecast error is difficult because errors in sea ice forecasts are not66
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self-contained, but are influenced by errors from other components of the Earth system, primarily67

the atmosphere and ocean. For short-range forecasts in particular (i.e., on time scales of hours to68

days), the atmospheric influence is argued to be one of the dominant drivers of forecast errors in69

sea ice (Evensen 2003; Yang et al. 2015; Mohammadi-Aragh et al. 2018).70

Coupled Earth System Models (ESMs) provide a means of accounting for atmospheric/oceanic71

influences on sea ice forecast errors, which can be achieved by running an ensemble of forecasts72

for the entire set of model components (Kay et al. 2015; Simpson et al. 2023). However, running73

an ensemble forecast using a fully coupled ESM is not always possible due to limitations in74

computational power and storage. Additional challenges arise when the focus shifts to errors75

associated with shorter forecast lead times. When using an ensemble to quantify such errors, there76

is a need to constrain the ensemble to remain representative of the shorter time scale. This can be77

achieved by periodically re-initializing the model with initial conditions that have been improved78

by DA, from which an ensemble of hindcasts can be run for the lead time of interest to quantify79

the forecast errors (Parrish and Derber 1992; Fisher 2003). Although advances have been made in80

performing DA with a coupled ESM, technical and scientific challenges remain, such as accounting81

for model errors associated with the coupling process and using interface observations that depend82

on multiple components of the ESM (Penny et al. 2019; Tang et al. 2021; de Rosnay et al. 2022;83

Valmassoi et al. 2023; Schüller et al. 2025; Kousal et al. 2025).84

For sea ice, the compromise often made to reduce computational effort is to run only the sea85

ice model in a forced/standalone configuration. The remaining ESM components, mostly the86

atmosphere and/or ocean, then act as a forcing. In the standalone configuration, forcing errors87

are typically represented by using an ensemble of atmosphere/ocean reanalysis data as forcings88

(Zhang et al. 2018; Riedel and Anderson 2024). However, using a reanalysis has limitations in89

that the forcing errors and its ensemble representation within the sea ice forecasts become tailored90

to that of the reanalysis product. In the context of DA, this lack of control over the forcing91

uncertainty means that an incorrect representation of forecast uncertainty from the ensembles (i.e.,92

over/under-disperse ensemble) cannot be readily corrected, which can limit the performance of93

the DA system and consequently degrade the forecast quality (Palmer et al. 2006; Harlim and94

Majda 2010; Rodwell et al. 2016). Additional inconveniences exist, such as the experiments being95
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confined to the reanalysis period, fixed DA schedules from the reanalysis, and the often limited96

ensemble size provided in reanalysis outputs.97

To address the above limitations, past studies have explored strategies that induce a controllable98

amount of uncertainty in forcings (Evensen 2003; Cheng et al. 2023; Williams et al. 2023; Xie99

et al. 2026). In this approach, an ensemble of forcings is created by perturbing a deterministic100

forcing. This ensemble can then be easily adjusted to accommodate the needs of the DA system101

by changing the distribution from which the perturbations are sampled, providing more flexibility102

in tuning the resultant sea ice ensemble. There is also no constraint on the experimental period or103

the ensemble size since the forcing ensemble is now generated from a perturbation model.104

However, obtaining a realistic distribution of forcing errors is not a trivial task, since the forcings105

are typically of high dimension with complex correlation structures. The distribution of forcing106

errors is also known to be highly state-dependent and vary with both the diurnal and seasonal107

cycles. These complexities, which are automatically encoded within a reanalysis ensemble via a108

dynamical model, need to be manually prescribed within the perturbation model to produce an109

accurate analog of the actual forcing errors. Existing atmospheric forcing error models typically110

simplify the underlying error distribution by neglecting some combination of spatial, temporal,111

cross-variable dependencies (Brusdal et al. 2003; Turner et al. 2008; Mirouze and Storto 2019).112

While recent multivariate EOF-based approaches have successfully represented multivariate and113

spatiotemporal correlations, they assume a stationary error distribution that does not vary with114

season or time of day (TOD) (Zheng and Zhu 2008; Luo et al. 2023).115

In this study, we aim to extend on the idea of using a perturbation model to represent atmospheric116

forcing errors in sea ice forecasting. We relax some simplifying assumptions made in previous117

efforts, by adopting classical methods of background error covariance modeling that have emerged118

from the variational DA community for representing state, diurnal, and seasonal error dependence.119

The atmospheric forcing errors that we target are those associated with short-range atmosphere/sea120

ice forecasts. This is for two main reasons: First, as mentioned previously, the relevance of121

short-range sea ice forecast errors is a primary concern with operational centers incorporating122

dynamical sea ice components, and the impacts extend to the entire global weather prediction123

system. Therefore, it is desirable to have control over the dominant driver of such errors, which124

is the atmospheric forcing error. Second, although not in this paper, we intend to create OSSEs125
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to inform the various challenges of operational sea ice DA associated with short-range forecast126

skill. Since the characteristic of atmospheric forcing errors can vary with the timescale of interest,127

a perturbation model trained specifically for timescales associated with short-range forecasts is128

needed for creating realistic OSSEs.129

The manuscript is organized as follows: Section 2 presents the data used to train/validate our130

error covariance model. Section 3 presents the methods used to encode the correlation structures in131

our error covariance model. Section 4 illustrates key properties of our error covariance model from132

the sample statistics. Section 5 shows the application of our error covariance model to prescribe133

forcing errors in a sea ice ensemble forecast. Section 6 presents the conclusion.134

2. Training and validation data135

In this study, we use atmospheric reanalysis data produced by Raeder et al. (2021) to train136

and validate the error covariance model. The reanalysis are from a 6-hourly cycling DA system,137

with analyses produced at 0, 6, 12, and 18 UTC each day. The reanalysis uses the Community138

Atmospheric Model version 6 (CAM6) coupled with the Data Assimilation Research Testbed139

(DART) within the Community Earth System Model version 2 (CESM2) framework (Danabasoglu140

et al. 2020; Gharamti et al. 2025). Forcing data are provided as 80-member forecasts from the141

reanalysis ensemble, averaged over the first 3-h of integration, that span 10 years (2011–2020) with142

a spatial resolution of approximately 1◦ latitude/longitude. In this study, we focus on an Arctic143

domain; i.e., all regions above 40◦𝑁 . To account for seasonal and diurnal cycles in the atmospheric144

forcing errors, the reanalysis dataset is stratified according to the month and the TOD. Thus, a total145

of 96 error covariance models (i.e., 12 months × 8 TODs) are trained, which are expressed as:146

𝑃̂ = {P̂month,time | month = 1,2, ...,12; time = (0,3), (3,6), ..., (21,0) UTC}, (1)147

where the hat sign denotes modeled error covariance. By allowing the covariance model to vary148

periodically in time, we relax the assumption of a stationary process implied in many previ-149

ous covariance modeling studies and attempt to resolve seasonal and diurnal dependence of the150

atmospheric forcing error distribution.151

In this study, data from years 2011 to 2018 are used to train the covariance model, while years152

2019 and 2020 are reserved for validation. In the following section, the training process for each153
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element of 𝑃̂ is illustrated, so unless explicitly noted, the subscripts for the month and the TOD154

are dropped. It is worth noting that due to 3-hourly averaging of the training data, the error155

covariance will learn forecast errors averaged over select time windows. Using 3-hourly averaged156

fields instead of instantaneous fields has benefits for assessing multivariate relationships, such as157

those between wind and mass fields, since it acts to low-pass filter the data, allowing for the analysis158

of perturbations that have had time to reach a balanced state (Honda et al. 2006).159

3. Error covariance model160

a. Notations161

We define the atmospheric forcing as an 𝑁-dimensional vector that contains 13 atmospheric162

variables (see Table A1) at 𝐾 grid points within the study domain shown by:163

ψ =



ψ1

ψ2

...

ψ13


∈ R𝑁=13×𝐾 , (2)164

where ψ𝑖 ∈ R𝐾 refers to the 𝑖𝑡ℎ variable. Variables associated with precipitation are not included165

in ψ due to their highly non-Gaussian nature. The drawbacks of not perturbing precipitation are166

discussed in Section 5. The training dataset for a covariance model for a given month and TOD is167

a subset of the full training dataset shown by:168

{ψ} = {ψ𝑡,𝑚 | 𝑡 = 1,2, ...,𝑇 ;𝑚 = 1,2, ..., 𝑀}, (3)169

where 𝑇 and 𝑀 are the number of available time steps and the number of ensemble members,170

respectively. The ensemble means and error covariances of ψ are computed as:171

{ψ̄} = {ψ̄𝑡 =
1
𝑀

𝑀∑︁
𝑚=1
ψ𝑡,𝑚 | 𝑡 = 1,2, ..,𝑇}, (4)172
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173

{p̂} = {p̂𝑡 =
1

𝑀 −1

𝑀∑︁
𝑚=1

(ψ𝑡,𝑚 − ψ̄𝑡) (ψ𝑡,𝑚 − ψ̄𝑡)𝑇 | 𝑡 = 1,2, ...,𝑇}. (5)174

Here, the departure of individual members from the ensemble mean (ψ′
𝑡,𝑚 =ψ𝑡,𝑚 − ψ̄𝑡) have been175

used as proxies of the atmospheric forcing error in estimating the error covariance (Fisher 2003;176

Caya et al. 2010). It is noted that model errors are not accounted for in ψ′ as all members use the177

same atmospheric model. The climatological value of the error covariance can be estimated by178

taking the average of p̂𝑡 within the subset, which is shown by:179

P̂ =
1
𝑇

𝑇∑︁
𝑡=1
p̂𝑡 . (6)180

The large dimension ofψ (on the order of 105) prohibits direct use of P̂ for sampling errors, which181

requires diagonalizing P̂, computationally unfeasible. Methods to approximate the diagonalization182

of a large matrix have been developed to model the background error covariance in variational183

DA (i.e., control variable transform; Parrish and Derber 1992; Derber and Bouttier 1999; Lorenc184

et al. 2000; Wu et al. 2002; Bannister 2008). Control variable transform can be divided into the185

following two steps: (1) modeling inter-variable correlation and (2) modeling spatial correlation.186

In this study, these steps, along with an additional step to prescribe temporal correlations, are187

applied to model P̂.188

b. Balance operator189

P̂ can be expressed block-wise as:190

P̂ =



p1,1 p1,2 ... p1,13

p2,1 p2,2 ... p2,13

...

p13,1 p13,2 ... p13,13


. (7)191

Here, each sub-matrix p𝑖, 𝑗 ∈ R𝐾×𝐾 is the covariance between the 𝑖𝑡ℎ and the 𝑗 𝑡ℎ variable. Thus,192

modeling inter-variable correlation is equivalent to finding a transformation that makes P̂ block-193

diagonal.194
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We do this by defining a matrix K, often referred to as the balance operator, that partitions the195

error into a sum of balanced (i.e., the portion of perturbation that is correlated with perturbations196

of other variables) and unbalanced components as the following:197

ψ′ =ψ′𝑏 +ψ′𝑢𝑏 = Kψ′𝑢𝑏, (8)198

where ψ′𝑏 and ψ′𝑢𝑏 denote the balanced and unbalanced components of ψ′, respectively (Derber199

and Bouttier 1999; Weaver et al. 2006). The balance operator we propose is a lower triangular200

matrix shown by:201



p′

θ′

ln (q)′

u′

v′

F′
𝑙𝑤

F′
𝑛𝑟

F′
𝑣𝑟

F′
𝑛 𝑓

F′
𝑣 𝑓



=



I 0 0 0 0 0 0 0 0 0

0 I 0 0 0 0 0 0 0 0

k𝑞,𝑝 k𝑞,𝜃 I 0 0 0 0 0 0 0

k𝑢,𝑝 k𝑢,𝑧k𝑧,𝜃 k𝑢,𝑧k𝑧,𝑞 I 0 0 0 0 0 0

k𝑣,𝑝 k𝑣,𝑧k𝑧,𝜃 k𝑣,𝑧k𝑧,𝑞 0 I 0 0 0 0 0

0 0 0 0 0 k𝑙𝑤 0 0 0 0

0 0 0 0 0 k𝑛𝑟,𝑙𝑤 k𝑛𝑟 0 0 0

0 0 0 0 0 k𝑣𝑟,𝑙𝑤 k𝑣𝑟,𝑛𝑟 k𝑣𝑟 0 0

0 0 0 0 0 k𝑛 𝑓 ,𝑙𝑤 k𝑛 𝑓 ,𝑛𝑟 k𝑛 𝑓 ,𝑣𝑟 k𝑛 𝑓 0

0 0 0 0 0 k𝑣 𝑓 ,𝑙𝑤 k𝑣 𝑓 ,𝑛𝑟 k𝑣 𝑓 ,𝑣𝑟 k𝑣 𝑓 ,𝑛 𝑓 k𝑣 𝑓





p′𝑢𝑏

θ′𝑢𝑏

ln (q)′𝑢𝑏

u′𝑢𝑏

v′𝑢𝑏

F′𝑢𝑏
𝑙𝑤

F′𝑢𝑏
𝑛𝑟

F′𝑢𝑏
𝑣𝑟

F′𝑢𝑏
𝑛 𝑓

F′𝑢𝑏
𝑣 𝑓



.

(9)202

Here, sub-matrices k ∈R𝐾×𝐾 are diagonal matrices with elements containing the balance coefficient203

evaluated at the model grid-points. The balance coefficients in Eq. 9 are estimated using a204

combination of analytical and statistical methods, which are further described in the subsequent205

sections.206

1) Diagnostic variables207

CAM6, along with many global atmospheric models, uses a hybrid-sigma vertical coordinate208

system (Phillips 1957; Kasahara 1974). In particular, the atmospheric forcings in CAM6 are209
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provided at the lowest model level at which the vertical coordinate is:210

𝜎0 =
𝑝

𝑝𝑠
, (10)211

where 𝑝𝑠 is the surface pressure and 𝜎0 is a constant value representing the vertical coordinate.212

Due to this characteristic, perturbations in 𝑇 , 𝑧, and 𝜌 can be diagnosed from other thermodynamic213

variables. First, the definition of potential temperature can be used to diagnose temperature214

perturbations:215

𝑇 ′𝑏 =

(
𝑝

𝑝𝑠

) 𝜅
𝜃′ = 𝜎𝜅0 𝜃

′ = Π𝜃′, (11)216

where the Exner function Π = 𝜎𝜅0 becomes a constant since 𝜎0 is a fixed at the lowest model level217

and 𝜅 = 𝑅𝑑

𝐶𝑝
. Next, the hypsometric equation relates 𝑧′ to 𝜃′ according to:218

𝑧′𝑏 ≈
[
−𝑅𝑑
𝑔

ln(𝜎𝑜)Π
(
1+ 1− 𝜖

𝜖
𝑞

)]
𝜃′+

[
−𝑅𝑑
𝑔

ln(𝜎𝑜)Π
(
1− 𝜖
𝜖

)
𝜃

]
𝑞′ = 𝑘𝑧,𝜃𝜃

′+ 𝑘𝑧,𝑞𝑞′, (12)219

where 𝜖 = 𝑅𝑑

𝑅𝑣
and 𝑘𝑧,𝜃 and 𝑘𝑧,𝑞 constitute the diagonals of k𝑧,𝜃 and k𝑧,𝑞 in Eq. 9. The approxi-220

mation denotes that we have assumed constant temperature/humidity profiles when integrating the221

hydrostatic equation to obtain Eq. 12 (see Appendix B for details). Similarly, the ideal gas law can222

be linearized to relate 𝜌′ to 𝑝′, 𝜃′, and 𝑞′ according to:223

𝜌′𝑏 =


1

𝑅𝑑

(
1+ 1−𝜖

𝜖
𝑞

)
Π𝜃

 𝑃
′+

−
𝑝

𝑅𝑑

(
1+ 1−𝜖

𝜖
𝑞

)
Π𝜃2

 𝜃
′+

−
1−𝜖
𝜖
𝑝

𝑅𝑑

(
1+ 1−𝜖

𝜖
𝑞

)2
Π𝜃

 𝑞
′. (13)224

Linear correlations between the balanced and full components of 𝑇 ′, 𝑧′, and 𝜌′ all exceed 0.99 (not225

shown), supporting the decision to make the three variables fully diagnostic.226

2) Specific humidity balance227

Specific humidity balance is modeled as the sum of a local thermodynamic component and a228

non-local component. The local thermodynamic component is derived by linearizing the following229

equation:230

𝑞 ≈ 𝜖𝑒

𝑝
, (14)231
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where, 𝑒 is the vapor pressure and we have approximated 𝑝+ 𝑒 ≈ 𝑝 in the denominator (Holm et al.232

2002; Ingleby et al. 2013). Taking the logarithm of Eq. 14, linearization is performed conditionally233

on the mean state’s closeness to saturation, which is shown as:234

(ln𝑞)′𝑙𝑜𝑐𝑎𝑙 ≈

[
− 1
𝑝

]
𝑝′+

[
Π
𝑑 ln𝑒𝑠
𝑑𝑇

���
𝑇

]
𝜃′ (Close to saturation)[

− 1
𝑝

]
𝑝′ (Far from saturation)

. (15)235

Here, 𝑑 ln𝑒𝑠
𝑑𝑇

is evaluated from the Goff-Gratch formula for saturation vapor pressure over liquid for236

𝑇 > 273.16𝐾 and over solid for 𝑇 ≤ 273.16𝐾 (Goff and Gratch 1946; Ingleby et al. 2013). In this237

study, the mean state is considered close to saturation if a temperature perturbation of one standard238

deviation obtained from the training data subset leads to saturation.239

Removing the local thermodynamic component, i.e., (ln𝑞)′𝑙𝑜𝑐𝑎𝑙 , reveals systematic correlations240

between 𝜃′ and the residual specific humidity, (ln𝑞)′ − (ln𝑞)′𝑙𝑜𝑐𝑎𝑙 , indicating the presence of241

non-local coupling mechanisms. Figure 1 illustrates these relationships through grid-point-wise242

correlation maps. In saturated regions (green contours in Fig. 1a), strong positive correlations243

between 𝜃′ and (ln𝑞)′ are consistent with the local thermodynamic balance described by Eq. 15.244

Correlations between 𝜃′ and (ln𝑞)′ weaken in sub-saturated regions (blue contours in Fig. 1a),245

however, do not tend towards zero, confirming that local thermodynamics does not explain the full246

balance.247

The existence of non-local balance is evident in Fig. 1b, which shows the correlation map between248

𝜃′ and (ln𝑞)′− (ln𝑞)′𝑙𝑜𝑐𝑎𝑙 . The correlations show clear spatial patterns: negative correlations over249

land/ice surfaces and positive correlations over sub-saturated ocean surfaces. One contributing250

mechanism arises from the use of sigma coordinates in the CAM6 forcing fields. A positive251

temperature perturbation raises the geometric height of a constant-sigma surface, sampling air with252

lower background humidity and producing a negative 𝑞′–𝜃′ correlation (Li et al. 2023). A second253

mechanism involves surface moisture fluxes: near the surface, warming increases atmospheric254

moisture demand, enhancing evaporation and generating a positive 𝑞′–𝜃′ correlation even under255

unsaturated conditions. These competing effects likely explain the contrasting land and ocean256

patterns, with limited evaporation over land and ice allowing the vertical-coordinate effect to257

dominate, while stronger ocean evaporation offsets or exceeds it. Additional contributions from258
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moisture advection and turbulent mixing may also influence the residual humidity field (Raymond259

2000; McColl and Tang 2024; Shakespeare and Roderick 2024).260

In this study, we refer to the combined effects of the processes mentioned above as non-local261

balance and model it by grid-point-wise linear regression with (ln𝑞)′− (ln𝑞)′𝑙𝑜𝑐𝑎𝑙 as the response262

variable and 𝜃′ as the predictor shown as:263

(ln𝑞)′𝑛𝑜𝑛−𝑙𝑜𝑐𝑎𝑙 = �(ln𝑞)′− (ln𝑞)′𝑙𝑜𝑐𝑎𝑙 = 𝛽𝜃′, (16)264

where, 𝛽 is the regression coefficient. 𝛽 is estimated conditionally on the mean state’s closeness to265

saturation and on the surface type; i.e., open ocean, land, or sea ice. This is achieved by stratifying266

the samples into a total of 6 (2 saturation criterion × 3 surface type criterion) bins and estimating267

𝛽’s from the stratified samples. 𝛽 is only estimated when at a given grid-point and bin there are268

more than 80 samples available. If there are not enough samples to give an estimate of 𝛽, the269

average value of 𝛽s collected about a ±5◦ latitude band from the current grid-point corresponding270

to the same bin is used to fill in the missing values. We find that interpolated values of 𝛽 are rarely271

used when tested over the validation data.272

The final form of specific humidity balance is expressed as:273

(ln𝑞)′𝑏 =



[
− 1
𝑝

]
𝑝′+

[
Π
𝑑 ln𝑒𝑠
𝑑𝑇

���
𝑇
+ 𝛽𝑠𝑎𝑡,𝑜𝑐𝑒𝑎𝑛

]
𝜃′ (Close to saturation, over open ocean)[

− 1
𝑝

]
𝑝′+

[
Π
𝑑 ln𝑒𝑠
𝑑𝑇

���
𝑇
+ 𝛽𝑠𝑎𝑡,𝑙𝑎𝑛𝑑

]
𝜃′ (Close to saturation, over land)[

− 1
𝑝

]
𝑝′+

[
Π
𝑑 ln𝑒𝑠
𝑑𝑇

���
𝑇
+ 𝛽𝑠𝑎𝑡,𝑖𝑐𝑒

]
𝜃′ (Close to saturation, over sea ice)[

− 1
𝑝

]
𝑝′+

[
𝛽𝑠𝑢𝑏𝑠𝑎𝑡,𝑜𝑐𝑒𝑎𝑛

]
𝜃′ (Far from saturation, over open ocean)[

− 1
𝑝

]
𝑝′+

[
𝛽𝑠𝑢𝑏𝑠𝑎𝑡,𝑙𝑎𝑛𝑑

]
𝜃′ (Far from saturation, over land)[

− 1
𝑝

]
𝑝′+

[
𝛽𝑠𝑢𝑏𝑠𝑎𝑡,𝑖𝑐𝑒

]
𝜃′ (Far from saturation, over sea ice)

, (17)274

where the coefficients multiplying 𝑝′ and 𝜃′ constitute the diagonals of k𝑞,𝑝 and k𝑞,𝜃 in Eq. 9,275

respectively. We find that this relatively simple conditional regression model properly captures the276

specific humidity balance by assessing this model over the validation period. This is illustrated277

in Fig. 1c, which shows the grid-point-wise correlation map between 𝜃′ and (ln𝑞)′𝑢𝑏 = (ln𝑞)′−278
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Fig. 1. Geographic distribution of grid-point-wise correlations between potential temperature errors (𝜃′) and

(a) specific humidity errors ((ln𝑞)′), (b) specific humidity errors after removing local thermodynamic balance

(ln𝑞)′− (ln𝑞)′𝑙𝑜𝑐𝑎𝑙 , and (c) unbalanced specific humidity errors ((ln𝑞)′𝑢𝑛𝑏). The map is shown for July, 3-6 UTC

computed using the validation set that were left out during the covariance training. The blue (0.3) and green (0.7)

contours show the fraction of samples that were considered close to saturation within the validation set. The

black contour shows the mean sea ice extent (areas with sea ice fraction greater than 0.15) over the validation

period. The numerical values on the top left of the plots are mean correlation magnitudes over the domain.

281

282

283

284

285

286

287

(ln𝑞)′𝑏. The correlations between (ln𝑞)′𝑢𝑏 and 𝜃′ are very low, with a domain-average of 0.11,279

indicating that the dependence of (ln𝑞)′ on 𝜃′ has been modeled well enough to be removed.280

3) Wind balance288

Wind balance is modeled using the linearized Ekman layer equations:289

𝑢′ = − 1
𝑓

(
1
𝜌̄

𝜕𝑝′

𝜕𝑦
+𝑔𝜕𝑧

′

𝜕𝑦

)
−
𝐶𝑑

��V̄��
𝑓 𝑧

𝑣′, (18)290

291

𝑣′ =
1
𝑓

(
1
𝜌̄

𝜕𝑝′

𝜕𝑥
+𝑔𝜕𝑧

′

𝜕𝑥

)
+
𝐶𝑑

��V̄��
𝑓 𝑧

𝑢′, (19)292

where
��V̄�� = √

𝑢̄2 + 𝑣̄2 and 𝐶𝑑 is the non-dimensional drag coefficient; see Appendix B for details293

on the linearization. Equations 18 and 19 can be combined to yield an explicit form for 𝑢′ and 𝑣′294
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shown by:295

𝑢′ = 𝑢′𝑚𝑎𝑠𝑠 +𝑢′𝑓 𝑟𝑖𝑐𝑡𝑖𝑜𝑛296

= 𝐾𝑢,𝑚𝑎𝑠𝑠

[
− 1
𝑓

(
1
𝜌̄

𝜕𝑝′

𝜕𝑦
+𝑔𝜕𝑧

′

𝜕𝑦

)]
+𝐾𝑢, 𝑓 𝑟𝑖𝑐𝑡𝑖𝑜𝑛

[
−
��V̄��
𝑓 2𝑧

(
1
𝜌̄

𝜕𝑝′

𝜕𝑥
+𝑔𝜕𝑧

′

𝜕𝑥

)]
, (20)297

298

𝑣′ = 𝑣′𝑚𝑎𝑠𝑠 + 𝑣′𝑓 𝑟𝑖𝑐𝑡𝑖𝑜𝑛299

= 𝐾𝑣,𝑚𝑎𝑠𝑠

[
1
𝑓

(
1
𝜌̄

𝜕𝑝′

𝜕𝑥
+𝑔𝜕𝑧

′

𝜕𝑥

)]
+𝐾𝑣, 𝑓 𝑟𝑖𝑐𝑡𝑖𝑜𝑛

[
−
��V̄��
𝑓 2𝑧

(
1
𝜌̄

𝜕𝑝′

𝜕𝑦
+𝑔𝜕𝑧

′

𝜕𝑦

)]
, (21)300

where 𝐾𝑢,𝑚𝑎𝑠𝑠 and 𝐾𝑣,𝑚𝑎𝑠𝑠 are coefficients that define the strength of mass-wind coupling, and301

𝐾𝑢, 𝑓 𝑟𝑖𝑐𝑡𝑖𝑜𝑛 and𝐾𝑣, 𝑓 𝑟𝑖𝑐𝑡𝑖𝑜𝑛 are coefficients that define the influence of turbulent friction on wind fields.302

The four coefficients are obtained by regressing the bracketed forcing terms on the right-hand side303

of Eqs. 20 and 21 onto the wind perturbations. It is worth noting that the regression coefficients304

are non-dimensional, and any dependence of the balance on the mean state is incorporated into305

the forcing terms. The balance operators for 𝑢′ and 𝑣′ in Eq. 9 can be expressed using the four306

regression coefficients as:307

𝑘𝑢,𝑝 = −𝐾𝑢,𝑚𝑎𝑠𝑠
𝑓 𝜌̄

𝜕

𝜕𝑦
−
𝐾𝑢, 𝑓 𝑟𝑖𝑐𝑡𝑖𝑜𝑛

��V̄��
𝑓 2 𝜌̄𝑧

𝜕

𝜕𝑥
, (22)308

309

𝑘𝑢,𝑧 = −𝐾𝑢,𝑚𝑎𝑠𝑠𝑔
𝑓

𝜕

𝜕𝑦
−
𝐾𝑢, 𝑓 𝑟𝑖𝑐𝑡𝑖𝑜𝑛

��V̄��𝑔
𝑓 2𝑧

𝜕

𝜕𝑥
, (23)310

311

𝑘𝑣,𝑝 =
𝐾𝑣,𝑚𝑎𝑠𝑠

𝑓 𝜌̄

𝜕

𝜕𝑥
−
𝐾𝑣, 𝑓 𝑟𝑖𝑐𝑡𝑖𝑜𝑛

��V̄��
𝑓 2 𝜌̄𝑧

𝜕

𝜕𝑦
, (24)312

313

𝑘𝑣,𝑧 =
𝐾𝑣,𝑚𝑎𝑠𝑠𝑔

𝑓

𝜕

𝜕𝑥
−
𝐾𝑣, 𝑓 𝑟𝑖𝑐𝑡𝑖𝑜𝑛

��V̄𝑔��
𝑓 2𝑧

𝜕

𝜕𝑦
, (25)314

where 𝑘𝑢,𝑝, 𝑘𝑢,𝑧, 𝑘𝑣,𝑝, and 𝑘𝑣,𝑧 constitute the diagonals of k𝑢,𝑝, k𝑢,𝑧, k𝑣,𝑝, and k𝑣,𝑧, respectively.315

The horizontal gradient operators in Eqs. 20 – 25 are approximated using a 2nd-order centered316

difference scheme.317

An example of how wind perturbations are partitioned into balanced and unbalanced components318

is illustrated in Fig. 2, which shows a map of pressure perturbations (𝑝′; colormaps in Fig. 2)319
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Fig. 2. Map of pressure perturbations (𝑝′) and horizontal wind perturbations (V′ = (𝑢′, 𝑣′)) shown by the

colormaps and vectors, respectively. The wind perturbations are partitioned into (a) component induced by the

mass perturbation (V′
𝑚𝑎𝑠𝑠), (b) component induced by turbulent friction (V′

𝑓 𝑟𝑖𝑐𝑡𝑖𝑜𝑛
), (c) balanced wind (i.e., sum

of wind induced by the mass perturbation and turbulent friction; V′𝑏), and (d) unbalanced wind (V′𝑢𝑏). The case

being shown is a single sample from the validation set obtained on July 1st, 2019 at 6 UTC.

331

332

333

334

335

and the corresponding horizontal wind perturbations (V′ = (𝑢′, 𝑣′); vectors in Fig. 2) for a single320

sample from the validation set. The panels in Fig. 2 show wind perturbations induced by mass321

perturbation (V′
𝑚𝑎𝑠𝑠 = (𝑢′𝑚𝑎𝑠𝑠, 𝑣′𝑚𝑎𝑠𝑠)); Fig. 2a), wind perturbations induced by turbulent friction322

(V′
𝑓 𝑟𝑖𝑐𝑡𝑖𝑜𝑛

= (𝑢′
𝑓 𝑟𝑖𝑐𝑡𝑖𝑜𝑛

, 𝑣′
𝑓 𝑟𝑖𝑐𝑡𝑖𝑜𝑛

)); Fig. 2b), balanced wind perturbations (V′𝑏 = V′
𝑚𝑎𝑠𝑠 +V′

𝑓 𝑟𝑖𝑐𝑡𝑖𝑜𝑛
;323

Fig. 2c), and unbalanced wind perturbations (V′𝑢𝑏 = V′ −V′𝑏; Fig. 2d), respectively. V′
𝑚𝑎𝑠𝑠324

show geostrophic-like patterns with cyclonic and anticyclonic wind perturbations corresponding325

to negative and positive pressure perturbations, respectively (Fig. 2a). V′
𝑓 𝑟𝑖𝑐𝑡𝑖𝑜𝑛

creates cross-326

isobaric wind components (Fig. 2b), the magnitudes of which are proportional to the wind speed.327

Although V′
𝑓 𝑟𝑖𝑐𝑡𝑖𝑜𝑛

is relatively small in magnitude, its influence on V′𝑏 is visible through cross-328

isobaric flows present in Fig. 2c. The residual wind perturbations (V′𝑢𝑏), shown in Fig. 2d, are329

generally uncorrelated with the background mass perturbations and are treated as such in this study.330
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4) Radiation balance336

The radiation field in CAM6 forcings consists of 5 variables which are one broadband longwave337

flux (𝐹𝑙𝑤) and the direct and diffuse components of shortwave fluxes in the near-infrared and338

visible channels (𝐹𝑛𝑟 , 𝐹𝑣𝑟 , 𝐹𝑛 𝑓 , and 𝐹𝑣 𝑓 ). While most previous forcing perturbation methods have339

worked with net shortwave flux, the partitioning of shortwave fluxes into 4 components allows for340

more sophisticated radiative transfer schemes in contemporary ice models, such as the Los Alamos341

sea ice model (CICE), to be utilized meaningfully (Hunke et al. 2015). Therefore, we retain the342

4-component representation of the shortwave fluxes in our error covariance model.343

The balance operator for radiation perturbations corresponds to the lower right block of Eq.344

9. The diagonals of each sub-matrix are estimated from linear regression that is performed345

conditionally on the fraction of diffuse shortwave radiation to net shortwave radiation of the mean346

state shown by:347

𝑟𝑑𝑓 =
𝐹̄𝑛 𝑓 + 𝐹̄𝑣 𝑓

𝐹̄𝑛𝑟 + 𝐹̄𝑣𝑟 + 𝐹̄𝑛 𝑓 + 𝐹̄𝑣 𝑓
. (26)348

The values of 𝑟𝑑𝑓 have a physical interpretation, in that samples with higher values of 𝑟𝑑𝑓 would349

correspond to those with an optically thick atmosphere, either due to larger extinction coefficients350

or a longer optical path (Petty 2006). We find that the relationship between radiation perturbations351

varies strongly as a function of 𝑟𝑑𝑓 . This is illustrated in Fig. 3, which shows maps of grid-point-352

wise covariance between 𝐹′
𝑛𝑟 and 𝐹′

𝑛 𝑓
that have been stratified according to the values of 𝑟𝑑𝑓 . From353

the upper left to lower right panel in Fig. 3 are covariances that have been estimated using samples354

with 𝑟𝑑𝑓 , ranging from [0, 0.1), [0.1, 0.2), ..., [0.8, 0.9), and [0.9, 1]. For 𝑟𝑑𝑓 < 0.5, 𝐹′
𝑛𝑟 and 𝐹′

𝑛 𝑓
355

have a negative covariance (top row of Fig. 3). For 𝑟𝑑𝑓 ≥ 0.5, the negative covariance between 𝐹′
𝑛𝑟356

and 𝐹′
𝑛 𝑓

begins to weaken to the point at which for 0.9 ≤ 𝑟𝑑𝑓 ≤ 1 the dominant covariance becomes357

positive (lower right panel of Fig. 3). Therefore, linear regression is performed conditionally by358

stratifying the training dataset into 5 ranges of 𝑟𝑑𝑓 values ([0, 0.5), [0.5, 0.7), [0.7, 0.8), [0.8, 0.9),359
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[0.9, 1]). For a given 𝑟𝑑𝑓 bin, the formula used for linear regression is given by:360



F̃′
𝑙𝑤

F̃′
𝑛𝑟

F̃′
𝑣𝑟

F̃′
𝑛 𝑓

F̃′
𝑣 𝑓


=



σ†
𝑙𝑤

F′
𝑙𝑤

σ†
𝑛𝑟F′

𝑛𝑟

σ†
𝑣𝑟F′

𝑣𝑟

σ†
𝑛 𝑓

F′
𝑛 𝑓

σ†
𝑣 𝑓

F′
𝑣 𝑓


=



I 0 0 0 0

β𝑛𝑟,𝑙𝑤 I 0 0 0

β𝑣𝑟,𝑙𝑤 β𝑣𝑟,𝑛𝑟 I 0 0

β𝑛 𝑓 ,𝑙𝑤 β𝑛 𝑓 ,𝑛𝑟 β𝑛 𝑓 ,𝑣𝑟 I 0

β𝑣 𝑓 ,𝑙𝑤 β𝑣 𝑓 ,𝑛𝑟 β𝑣 𝑓 ,𝑣𝑟 β𝑣 𝑓 ,𝑣𝑟 I





F′𝑢𝑏
𝑙𝑤

F′𝑢𝑏
𝑛𝑟

F′𝑢𝑏
𝑣𝑟

F′𝑢𝑏
𝑛 𝑓

F′𝑢𝑏
𝑣 𝑓


. (27)361

Here, σ and β are diagonal matrices with grid-point-wise standard deviations of the radiation362

perturbations and regression coefficients along the diagonals. Notably, the normalization (i.e.,363

F̃′ = σ†F′) is done prior to computing the regression coefficients, thus the unbalanced components364

of radiation perturbations are non-dimensional. Similar to that of specific humidity balance, both365

σ and β are only estimated when there are more than 80 samples available. If not enough samples366

occur at a given grid point and 𝑟𝑑𝑓 bin, the average values of 𝜎’s and 𝛽’s collected within ±0.05 of367

the current cosine solar zenith angle within the current 𝑟𝑑𝑓 bin are used to fill in the missing values.368

Interpolated values of σ and β are rarely required when tested over the validation data. Equation369

27 can be rewritten in the same form as Eq. 9 as:370



F′
𝑙𝑤

F′
𝑛𝑟

F′
𝑣𝑟

F′
𝑛 𝑓

F′
𝑣 𝑓


=



σ𝑙𝑤 0 0 0 0

0 σ𝑛𝑟 0 0 0

0 0 σ𝑣𝑟 0 0

0 0 0 σ𝑛 𝑓 0

0 0 0 0 σ𝑣 𝑓





F̃′
𝑙𝑤

F̃′
𝑛𝑟

F̃′
𝑣𝑟

F̃′
𝑛 𝑓

F̃′
𝑣 𝑓


371

=



σ𝑙𝑤 0 0 0 0

σ𝑛𝑟β𝑛𝑟,𝑙𝑤 σ𝑛𝑟 0 0 0

σ𝑣𝑟β𝑣𝑟,𝑙𝑤 σ𝑣𝑟β𝑣𝑟,𝑛𝑟 σ𝑣𝑟 0 0

σ𝑛 𝑓β𝑛 𝑓 ,𝑙𝑤 σ𝑛 𝑓β𝑛 𝑓 ,𝑛𝑟 σ𝑛 𝑓β𝑛 𝑓 ,𝑣𝑟 σ𝑛 𝑓 0

σ𝑣 𝑓β𝑣 𝑓 ,𝑙𝑤 σ𝑣 𝑓β𝑣 𝑓 ,𝑛𝑟 σ𝑣 𝑓β𝑣 𝑓 ,𝑣𝑟 σ𝑣 𝑓β𝑣 𝑓 ,𝑣𝑟 σ𝑣 𝑓





F′𝑢𝑏
𝑙𝑤

F′𝑢𝑏
𝑛𝑟

F′𝑢𝑏
𝑣𝑟

F′𝑢𝑏
𝑛 𝑓

F′𝑢𝑏
𝑣 𝑓


, (28)372

where we have multiplied Eq. 27 on both sides by a matrix consisted of σs in its diagonal blocks.373
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Fig. 3. Map of grid-point-wise covariance between the errors in direct (𝐹′
𝑛𝑟 ) and diffuse (𝐹′

𝑛 𝑓
) components

of near-infrared shortwave radiation stratified according to the fraction of diffuse shortwave radiation to net

shortwave radiation (𝑟𝑑 𝑓 ). From the upper left to the lower right panel are stratified covariances for 𝑟𝑑 𝑓 ranged

from [0, 0.1), [0.1, 0.2), ..., [0.8, 0.9), [0.9, 1]. The colormaps are shown in base-10 log-scale except for the

range in (-1, 1), which is shown in a linear scale. The dotted contours denote the cosine of the solar zenith angle.

The covariances shown are computed using the training data subset for July 3-6 UTC.

381

382

383

384

385

386

In this study, radiation perturbations are treated independently of state perturbations (𝑝′, 𝜃′, 𝑞′,374

𝑢′, and 𝑣′), as shown by the zero matrices in the lower left blocks of Eq. 9. This is done for two375

reasons: (1) The radiation variables provided in the CAM6 forcing fields are radiative fluxes that376

are received by the surface and not those absorbed by the lowest model layer. Thus, it is difficult377

to formulate an analytical argument to identify potential correlations between the two fields. (2)378

When cross-correlations are computed between the radiation and state perturbations, they remain379

relatively small (not shown).380

c. Spatial operator387

K approximates the block-diagonalization of P̂ as follows:388

P̂ ≈ KP̂𝑢𝑏K𝑇 = K



P̂𝑢𝑏1 0 ... 0

0 P̂𝑢𝑏2 ... 0

...

0 0 ... P̂𝑢𝑏10


K𝑇 . (29)389
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Since P̂𝑢𝑏 is assumed to be block-diagonal, each sub-matrix P̂𝑢𝑏
𝑖

is treated independently. To390

complete the diagonalization, we perform singular value decomposition to each of the normalized391

P̂𝑢𝑏
𝑖

s shown by:392

d†
𝑖
P̂𝑢𝑏𝑖 d†

𝑖
= u𝑖s𝑖u𝑇𝑖 . (30)393

Here, d𝑖 ∈ R𝐾×𝐾 is a diagonal matrix with the grid-point standard deviation of the unbalanced394

component on its diagonal, s𝑖 ∈ R𝑆×𝑆 is a diagonal matrix with the largest 𝑆 singular values on395

its diagonal, and u𝑖 ∈ R𝐾×𝑆 is a rectangular matrix with the corresponding singular vectors in its396

columns (Purser et al. 2003a,b). For each P̂𝑢𝑏
𝑖

, 𝑆 is chosen such that the explained variance is at397

least over 99% for all months and TOD (Fig. 4). The operators d𝑖, s𝑖, and u𝑖 are used to compute398

the matrix square root of P̂𝑢𝑏
𝑖

as:399

g𝑖 = d𝑖u𝑖s𝑖
1
2 . (31)400

g𝑖’s constitute the diagonal blocks of the spatial operator G, which diagonalizes P̂𝑢𝑏 as follows:401

P̂𝑢𝑏 = GIG𝑇 =



g1 0 ... 0

0 g2 ... 0

...

0 0 ... g10





g𝑇1 0 ... 0

0 g𝑇2 ... 0

...

0 0 ... g𝑇10


(32)402

d. Temporal operator405

The modeled atmospheric forcing perturbation can be derived by sequentially applying the406

operators G and K to a sampled univariate perturbation shown by:407

ê𝑡 = K𝑡G𝑡z𝑡 , z𝑡 ∼ N(0, I). (33)408

The subscript 𝑡 for operators G𝑡 and K𝑡 indicates the selection of an error covariance model within409

the set defined in Eq. 1 that has the month and the TOD corresponding to time 𝑡.410

Temporal correlations are modeled using a 1𝑠𝑡-order Markov chain:411

z𝑡+1 = M𝑡:𝑡+1z𝑡 +η𝑡+1, η𝑡+1 ∼ N(0,A𝑡+1). (34)412
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Fig. 4. The number of singular vectors used to represent spatial correlation structure for each variable of the

unbalanced component.

403

404

Here, the first and second terms on the right-hand side correspond to the time-deterministic and413

time-stochastic parts, respectively. M𝑡:𝑡+1 is defined by414

M𝑡:𝑡+1 = E[z𝑡+1z𝑡𝑇 ], (35)415

which is analogous to the one-lag autocorrelation in the scalar case. The expectation in Eq. 35416

is estimated from the sample mean of the training data. η𝑡+1 is a random vector drawn from a417

zero-mean normal distribution with covariance A𝑡+1. A𝑡+1 is defined as:418

A𝑡+1 = E[η𝑡+1η𝑡+1
𝑇 ],419

= E[(z𝑡+1 −M𝑡:𝑡+1z𝑡) (z𝑡+1 −M𝑡:𝑡+1z𝑡)𝑇 ],420

= I−M𝑡:𝑡+1M𝑡:𝑡+1
𝑇 , (36)421
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which ensures that at any time 𝑡, z𝑡 is a random sample from N(0, I). In this study, M𝑡:𝑡+1 is422

assumed block-diagonal shown by:423

M𝑡:𝑡+1 =



m𝑡:𝑡+1,1 0 ... 0

0 m𝑡:𝑡+1,2 ... 0

...

0 0 ... m𝑡:𝑡+1,10


, (37)424

where m𝑡:𝑡+1,𝑖 denotes the matrix corresponding to the 𝑖𝑡ℎ variable. This means inter-variable425

correlations within the unbalanced components are assumed to remain negligible at lag-one,426

which we find to be a good assumption after examining lag-one cross correlations (not shown).427

Consequently, according to Eq. 36, A𝑡+1 is also block-diagonal.428

e. Using the covariance model429

The atmospheric forcing ensemble can be generated by adding perturbations sampled from Eqs.430

33 and 34 to any given atmospheric forcing vector as:431

ψ̂𝑖𝑡 =ψ
∗
𝑡 +w𝑡 ê𝑖𝑡 (𝑖 = 1, ..., 𝑁𝑒), (38)432

where ψ̂𝑡 and ψ∗
𝑡 are the perturbed and given atmospheric forcing vectors, respectively. w𝑡 is a433

postprocessing mask applied to variables bounded below zero (𝑞, 𝐹𝑙𝑤, 𝐹𝑛𝑟 , 𝐹𝑣𝑟 , 𝐹𝑛 𝑓 , and 𝐹𝑣 𝑓 ) at434

each model grid shown by:435

𝑤𝑡 =


1, min

𝑖=1:𝑁𝑒𝑛𝑠

(𝜓𝑡 + 𝑒𝑖𝑡) ≥ 0

𝜓𝑡

𝜓𝑡 − min
𝑖=1:𝑁𝑒𝑛𝑠

(𝜓𝑡 + 𝑒𝑖𝑡)
, min

𝑖=1:𝑁𝑒𝑛𝑠

(𝜓𝑡 + 𝑒𝑖𝑡) < 0
. (39)436

This mask ensures that no negative values occur in the sampled ensemble for such variables.437

As mentioned in the introduction, the advantage of a forcing perturbation model is that the438

distribution can be modified to generate forcing ensembles that contain the desired amount of error439

variance. This can be achieved with our perturbation model by applying a scale factor, 𝛼, to the440

distribution of z ∼ 𝛼N(0, I). Equation 33 can then be applied to the scaled z to obtain an inflated441

22



(𝛼 > 1) or deflated (𝛼 < 1) ensemble that respects the correlation structures encoded in K and G.442

We presume that a forcing ensemble sampled from our covariance models with no scaling applied443

will likely be under-dispersed relative to real-world atmospheric forcing errors. This is because, as444

mentioned in Section 3a, model errors are not taken into account in the error covariance models.445

Furthermore, since the training data are time averages, error variances in the covariance models446

are likely to be underestimated.447

4. Sample statistics of the error covariance model448

Here, we illustrate key properties of our error covariance models by comparing statistics of449

perturbations sampled from our error covariance models with statistics of ensemble perturbations450

from the validation data, namely, atmospheric model states from 2019 and 2020 that were left out451

during training. The sample statistics are computed from an 80-member ensemble generated from452

our covariance model centered about the mean state of the reanalysis forcing over the validation453

period, which we refer to in this section as sample data.454

a. Seasonal/Diurnal cycle455

Figure 5 shows a map of ensemble standard deviations of 𝐹′
𝑛 𝑓

during January (top row of Fig.456

5) and July (bottom row of Fig. 5). The ensemble standard deviations are shown over the course457

of 24 hours at 6-hour intervals starting from 3-6 UTC (left column of Fig. 5) to 21-24 UTC (right458

column of Fig. 5). The spatial distribution of the magnitude of ensemble standard deviations459

shows good agreement between the sample (colors in Fig. 5) and validation data (white contours460

in Fig. 5). Namely, the dependence of the ensemble variance of 𝐹′
𝑛 𝑓

on the solar zenith angle (red461

contours in Fig. 5) is captured well within our covariance models with the magnitudes decaying462

with larger zenith angles and going to zero where the zenith angle exceeds 90◦. More localized463

features are also captured well by our covariance models with larger ensemble variances from the464

sample data corresponding to locations where the ensemble variances are high in the validation465

data. Furthermore, the change in spatial distribution of forcing errors associated with the diurnal466

(columns of Fig. 5) and seasonal (rows of Fig. 5) cycles is captured in our error covariance models.467

It is noted that diurnal changes are most significant in variables associated with shortwave forcings,468
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Fig. 5. Geographic distribution of ensemble standard deviation of diffuse near-infrared solar radiation for

(top row) January and (bottom row) July over the course of 24 hours. The maps shown represent perturbation

magnitudes at (a, e) 3-6 UTC, (b, f) 9-12 UTC, (c, g) 15-18 UTC, and (d, h) 21-24 UTC. The colormap and

white contours denote standard deviations computed from the sample and validation data, respectively. The red

contours show cosine of the solar zenith angle.

471

472

473

474

475

as shown by the distinct spatial patterns in each column of Fig. 5, while seasonal changes are469

relevant for more variables, including temperature and specific humidity (not shown).470

b. Multivariate balance476

The modeled specific humidity balance is illustrated in Fig. 6, which shows contours of ensemble477

estimated correlation coefficients between 𝑞′ and 𝜃′ binned as a function of the mean state𝑇 (x-axis478

in Fig. 6) and 𝑒 (y-axis in Fig. 6). From left to right, columns of Fig. 6 are contours obtained479

over the ocean, land, and sea ice during July 2019-2020. The correlation patterns between 𝑞′480

and 𝜃′ in the 𝑇 − 𝑒 space are similar for the sample (color contours in Fig. 6) and validation data481

(line contours in Fig. 6) with strong positive correlations corresponding to mean states close to482

saturation (points close to the blue plots in Fig. 6) and weaker correlations corresponding to mean483

states far from saturation (points far from the blue plots in Fig. 6). This dependence of correlations484

on the mean state is very well replicated in the sample data for ocean/ice surfaces (Fig. 6 a and c).485
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Fig. 6. Contours of ensemble estimated correlation coefficients between specific humidity and potential

temperature perturbations binned as a function of the mean state temperature (x-axis) and vapor pressure (y-

axis). The colors and lines denote contours from the sample and validation data, respectively. From left to right

columns are contours obtained from data over the ocean, land, and sea ice during July 2019-2020 over the Arctic

domain (regions north of 40◦𝑁). The thick blue plot is the saturation vapor pressure curve from the Goff-Gratch

formula.

493

494

495

496

497

498

Over land surfaces, the correlation patterns from the sample and validation data, although similar,486

agree less well for points far from the saturation curve (Fig. 6b). This is likely limitations of using487

a simplistic regression model for non-local specific humidity balance, which we suspect is less488

ideal for land surfaces that are more heterogeneous and complex relative to the ocean or sea ice.489

Nevertheless, for the purpose of our perturbation model, which is to use it with a sea ice model, the490

performance of the balance operator over land surfaces is expected to have a negligible influence491

on the sea ice model forecasts.492

An example of the modeled wind balance is illustrated in Fig. 7a, which shows the map of 𝑝′499

(colormap in Fig. 7a) and the associated wind perturbations from the sample (V′𝑏; red vectors500

in Fig. 7a) and validation data (V′; black vectors in Fig. 7a) for a single ensemble member on501

July 1st, 2019. In general, there is strong agreement with V′ and V′b with both wind perturbations502

following geostrophic-like patterns. Cross-isobaric components of V′ caused by the influence of503

turbulent friction are also present in V′𝑏, showing the effects of modeled turbulent friction in the504

balance operator. To demonstrate more robustly the level of agreement between V′ and V′𝑏, we505

compute the component-wise correlations between V′ and V′𝑏 at each model grid-point using all506

80-members over the period of July 2019-2020 (Fig. 7b and c). Overall, the correlations remain507
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Fig. 7. (a) Map of pressure perturbations (𝑝′) and corresponding wind perturbations from a single ensemble

member on July 1st, 2019. The black vectors are wind perturbations from the validation data (V′). The red vectors

show wind perturbations induced by the underlying mass perturbations as computed by the balance operator

(V′b). Map of grid-point correlations between V′ and V′b for the (b) zonal and (b) meridional components. The

correlations are evaluated over the period of July 2019-2020.

516

517

518

519

520

high with most locations having a correlation above 0.6. Correlations decline in locations with508

steep topography, which is likely caused by more complex boundary layer processes that are not509

well explained by the simple bulk parameterization of turbulent friction in our balance operator.510

Nevertheless, over the ocean/ice surface, correlations between V′ and V′𝑏 are close to 0.9. The511

good agreement between wind perturbations computed from a full atmospheric model (V′) and512

wind perturbations estimated by our balance operator (V′𝑏) indicates that our balance operator is513

capable of inducing wind perturbations that are realistically correlated with the mass field while514

accounting for the effects of turbulent friction.515

The modeled radiation balance is illustrated through an example of the relationship between 𝐹′
𝑛𝑟521

and 𝐹′
𝑛 𝑓

. This is shown in Fig. 8, which are two dimensional histograms between 𝐹′
𝑛𝑟 (x-axis)522

and 𝐹′
𝑛 𝑓

(y-axis) obtained over the period of July 2019-2020. As mentioned in Section 3b4, the523

relationship between 𝐹′
𝑛𝑟 and 𝐹′

𝑛 𝑓
vary strongly as a function of 𝑟𝑑𝑓 , with predominant negative524

correlation for 𝑟𝑑𝑓 < 0.8 and a shift to a more positive correlation for 𝑟𝑑𝑓 ≥ 0.8. Both the sample525

(color contours in Fig. 8) and validation data (line contours in Fig. 8) follow this dependence on526

𝑟𝑑𝑓 values as shown by the changing distribution from left to right columns of Fig. 8. However, as527

seen from the line contours in Fig. 8, the joint distribution of 𝐹′
𝑛𝑟 and 𝐹′

𝑛 𝑓
in the validation data528

appears far from a multivariate Gaussian, particularly for bins with 0.5 ≤ 𝑟𝑑𝑓 ≤ 0.9. In such bins,529

the distribution looks closer to a mixture of two Gaussians—one with a positive and the other with530
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Fig. 8. Two-dimensional histograms between direct near-infrared (x-axis) and diffuse near-infrared (y-axis)

solar radiation perturbations showing the number density of data points over the period of July 2019-2020.

From left to right panels are histograms that have been stratified according to the percentage of diffuse to net

solar radiation of the mean state (𝑟𝑑 𝑓 ). The colormaps and contours denote the sample and validation data,

respectively.

540

541

542

543

544

a negative correlation. This is caused by cases where the ensemble has a range of 𝑟𝑑𝑓 values that531

are highly non-Gaussian. For example, a sample with half of its ensemble members with 𝑟𝑑𝑓 = 0.1532

and the other half with 𝑟𝑑𝑓 = 0.9 will have a mean 𝑟𝑑𝑓 = 0.5, which can occur for situations where533

over a given grid point, half of the ensembles have clouds while the other half does not. Because534

we choose to model the radiation balance solely as a function of the ensemble mean 𝑟𝑑𝑓 , such535

mixed-pixel effects are not allowed to occur in the sample data as seen from the color contours in536

Fig. 8. Despite the inability of our covariance model to replicate such non-Gaussian distributions,537

it is still capable of backing out the dominant modes of state-dependent uncertainty in the radiation538

perturbations.539

c. Spatiotemporal covariance545

The action of operators G and M, is illustrated in Fig. 9, which shows a map of spatial correlations546

centered about (180◦, 75◦N) for perturbations in downward longwave heat flux (𝐹′
𝑙𝑤

; Fig. 9a, b,547

c), zonal wind (𝑢′; Fig. 9d, e, f), and pressure (𝑝′; Fig. 9g, h, i). The correlations are evaluated at548

time lags of 0 h (left column of Fig. 9), 6 h (middle column of Fig. 9), and 12 h (right column of549

Fig. 9), for comparison. At a time lag of 0 h (left columns of Fig. 9), the spatial structures of error550

correlation observed from the sampled data (colormaps in Fig. 9) closely resemble those from551

the validation data (contours in Fig. 9) for a variety of variables ranging from those with short552

(Fig. 9a), moderate (Fig. 9d), and long (right column of Fig. 9g) correlation length scales. This553

demonstrates that the operator G effectively models the spatial error correlation structures present554
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in real-world atmospheric DA systems (in this case, CAM6 DA system). At non-zero time lags of 6555

h (middle column of Fig. 9) and 12 h (right column of Fig. 9), weakening correlation magnitudes556

are observed from both the sampled and validation data. In addition, for pressure (bottom row of557

Fig. 9), changes in the spatial pattern of error correlation with increasing time lags seen in the558

validation data are also observed in samples from our error covariance model. This shows that the559

operator M in conjunction with G can propagate the statistics of errors through time in a manner560

consistent with real-world atmospheric DA systems.561

5. Application to a forced sea ice ensemble forecast system566

We illustrate the application of our covariance model for generating an ensemble of sea ice model567

forecasts by performing a set of perfect model experiments. The experiments aim to evaluate two568

aspects of our covariance model in the context of sea ice forecasting: The ability of the covariance569

model (1) to replace an ensemble of reanalysis forcings, and (2) to introduce controllable amounts570

of atmospheric forcing error in the sea ice forecasts through the use of the scale factor discussed in571

Section 3e while accurately quantifying this error in the ensemble statistics. The experiments are572

run using version 5.1.2 of CICE (CICE5) within the CESM2 coupling framework (Danabasoglu573

et al. 2020). CICE5 is a state-of-the-art sea ice model that simulates the evolution of the sea ice574

thickness distribution and the overlying snow by solving a set of governing equations for dynamical575

and thermodynamical processes (Hunke et al. 2015). The nature run (i.e., the reference model576

simulation to be considered as the ”truth”) for the perfect model experiments is generated by577

assuming that a single member from the 80-member CAM6/DART atmospheric reanalysis is the578

true atmospheric forcing. The ocean forcings for all experiments are provided via a slab ocean579

model (SOM), which approximates the well-mixed ocean layer and provides bottom boundary580

forcings for the ice model. In this study, the ocean-related parameters that are provided to SOM are581

the same for all ensemble members and thus do not contribute to the ensemble generation process.582

We perform a total of three experiments, each using a different atmospheric forcing ensemble.583

The first experiment (hereafter EXP1) uses the 80-member reanalysis ensemble and acts as the584

benchmark for all other experiments. The second experiment (hereafter EXP2) uses an 80-member585

atmospheric forcing ensemble that is sampled from our covariance model. The forcing ensemble586

for EXP2 is generated according to the following process: The atmospheric forcing ensemble is first587
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Fig. 9. Map of spatial correlation structures centered about (180◦, 75◦N) for perturbations in (a, b, c)

downward longwave heat flux, (d, e, f) zonal wind, and (g, h, i) pressure. The columns show the change in spatial

correlation structures with respect to time lags of (left columns) 0h, (middle column) 6h, and (right column) 12h.

The colormap and contours show correlations computed from the sampled and validation data, respectively.

562

563

564

565

created by perturbing about the nature run’s atmospheric forcing, thus the mean of this ensemble588

initially corresponds to the true forcing. Then a single member of this ensemble is randomly589

chosen to be the new ensemble mean and perturbations are added to this new mean, which590
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now contains non-zero error in the ensemble mean (i.e., forcing error). This two-step process591

results in an atmospheric forcing ensemble with forcing error and ensemble perturbations that are592

sampled from the same zero-mean Gaussian distribution, with covariance determined by our error593

covariance model. The third experiment (hereafter EXP3) also uses a sampled atmospheric forcing594

ensemble, but the forcing error and ensemble perturbations are sampled from a distribution that has595

been inflated to twice the original standard deviation. All experiments are re-initialized from the596

nature run at the beginning of each month to better isolate the influences of the forcing errors from597

accumulated initial condition errors and potential feedback processes. The experiments are carried598

out for a single year, starting from March 1st, 2019, which corresponds to part of the validation599

period set aside during the covariance training.600

As verification metrics, we use the root mean squared error (RMSE) and the ensemble standard601

deviation (SD), which are computed as:602

RMSE =

√√√
1
𝑁

𝑁∑︁
𝑖=1

(
𝑥𝑖 − 𝑥𝑡𝑖

)
, (40)603

and604

SD =

√√√√√ 1
𝑁

𝑁∑︁
𝑖=1


1

𝑁𝑒𝑛𝑠 −1

𝑁𝑒𝑛𝑠∑︁
𝑗=1

(
𝑥
𝑗

𝑖
− 𝑥𝑖

)2
 , (41)605

where 𝑥 and 𝑥𝑡 are the ensemble mean and the nature run, respectively. 𝑁 is the dimension of the606

state vector, and 𝑁𝑒𝑛𝑠 is the number of ensemble members. The RMSE and SD each correspond607

to the actual and the ensemble estimate of error, thus an ensemble with a perfect spread-skill score608

should have RMSE and SD that are equal.609

Figure 10 shows the daily averaged RMSE (solid lines in Fig. 10) and SD (dashed lines in Fig.610

10) over the Arctic for sea ice concentration (SIC; Fig. 10a), sea ice thickness (SIT; Fig. 10b), and611

snow depth (SND; Fig. 10c) for EXP1 (black plots in Fig. 10) and EXP2 (red plots in Fig. 10). In612

terms of spread-skill score, both EXP1 and EXP2 show good agreement between RMSE and SD.613

Notably, the spread-skill score shows that the ensemble is well-calibrated the first few days after614

initialization, but deteriorates with longer forecast lead times. The initially satisfactory spread-skill615

score is not surprising, given that by design the forcing errors and ensemble perturbations in EXP1616

and EXP2 came from the same distribution. Further evidence is provided by spatial distributions of617
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marginal statistics, illustrated in Figs. 11 and 12, which show maps of 3-day average RMSE (first618

row of Figs. 11 and 12) and SD (second row of Figs. 11 and 12) for EXP1 (left column of Figs.619

11 and 12), EXP2 (middle column of Figs. 11 and 12), and EXP3 (right column of Figs. 11 and620

12) for SND forecasts initialized on March 1st, 2019 and September 1st, 2019, respectively. For621

the individual experiments, the patterns of RMSE appear as random draws from the distribution622

characterized by SD, which complies with the results shown in Fig. 10. Similar conclusions can623

be drawn for SIC and SIT; see figures in the appendix.624

When examining how well EXP2 replicates atmospheric forcing uncertainty depicted by EXP1,625

we find that it provides an accurate representation of seasonally varying uncertainty with faster626

(slower) growing RMSE and SD for forecasts initialized during the Arctic summer (winter) for SIC627

and SIT. For SND, however, EXP2 tends to produce smaller RMSE/SD during the polar nights628

(Fig. 10c). This can also be seen in the spatial distribution of RMSE/SD, where EXP2 (middle629

column of Fig. 11) has smaller magnitudes of RMSE/SD relative to EXP1 (left column of Fig.630

11) within the central Arctic. The difference is likely due to the missing precipitation variability631

within EXP2 since our covariance model does not perturb precipitation. The missing precipitation632

perturbation appears more impactful during the Arctic winter due to the polar night, whereas during633

the Arctic summer, the impacts are barely noticeable in the snow forecasts due to the shortwave634

perturbations manifesting over the entire Arctic basin. This is a limitation in our covariance model635

that we acknowledge and hope to explore in future work. Fortunately, the seasonal timing at which636

this limitation is most influential corresponds to the timing at which the SND error growths are637

small. Thus, the magnitude of the disagreement in RMSE/SD between EXP1 and EXP2 remains638

small. It is noted that EXP2 is able to replicate the behavior of EXP1 very well during the melting639

season, where RMSE/SD growth is largest for SND.640

EXP3 demonstrates a desirable feature of the covariance model in that it can be used to adjust654

the sea ice ensemble by controlling the amount of forcing errors/ensemble perturbations that are655

introduced to the sea ice forecasts. This is illustrated in Fig. 13, which is the same plot as Fig.656

10 but shows results from EXP2 (red plots in Fig. 13) and EXP3 (blue plots in Fig. 13). In657

EXP3, both RMSE/SD become about twice as large as those of EXP2, as intended by the design658

of the atmospheric forcing ensemble. Like EXP2, the spread-skill score in EXP3 deteriorates with659

longer forecast lead times. This indicates that the spread-skill relation in the atmospheric forcing660
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Fig. 10. Timeseries of daily averaged root mean squared error (solid lines) and ensemble spread (dashed lines)

for Arctic (a) sea ice concentration, (b) sea ice thickness, and (c) snow depth. The forecasts are initialized from

the nature run at the beginning of each month as indicated by the black dots. The black lines denote ensemble

forecasts generated from the 80-member reanalysis (EXP1). The red (EXP2) lines denote ensemble forecasts

generated using atmospheric forcing ensemble sampled from the perturbation model with a scale factor of 1.

The statistics shown are averaged values over grid-cells where the nature run’s sea ice concentration is over 0.15.

641

642

643

644

645

646

ensemble maps to those of the sea ice ensemble approximately linearly for shorter-range forecasts,661

where, for longer forecasts, non-linear effects such as accumulated initial condition errors and662

feedback processes become more influential. Another point worth noting is that by inflating the663

atmospheric forcing error/ensemble, the impacts of missing precipitation variability on the SND664

forecasts in EXP2 (middle column of Fig. 11) are compensated for in EXP3 (right column of Fig.665

11). This leads to EXP3 agreeing better with EXP1 in terms of the magnitudes of RMSE/SD for666

SND forecasts during the Arctic winter relative to EXP2. The ability to adjust the sea ice ensemble667

in a predictable way has multiple benefits. For instance, in the design of an OSSE, which is an668
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Fig. 11. Maps of (first row) root mean squared error and (second row) ensemble spread of Arctic snow

depth averaged over the first 3 days of the forecast initialized on March 1st, 2019. From left to right columns

show statistics computed from ensemble forecasts generated from the 80-member reanalysis (EXP1), ensemble

forecasts generated using atmospheric forcing ensemble sampled from the perturbation model with a scale

factor of 1 (EXP2), and ensemble forecasts generated using atmospheric forcing ensemble sampled from the

perturbation model with a scale factor of 2 (EXP3). The white contours shows the 3-day mean mean sea ice

extent (areas with sea ice concentration greater than 0.15).
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653

application of the perfect model framework intended to assess the influence of observations on the669

DA systems. For this purpose, both the error and spread of the ensemble can be tuned to resemble670

those observed from real-world modeling systems. In real-world applications, where the truth (i.e.,671

nature run) is never known, and thus the error also never known, having means to tune the ensemble672

spread on the-fly offers much more flexibility on the representation of the background error. As673

demonstrated in EXP3, the forcing ensemble can be modified to account for sources of background674

error that were originally omitted, which can be useful for situations where the unaccounted-for675

sources of background error are difficult to represent in an ensemble forecast, such as model error.676
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Fig. 12. As in Fig. 11 but for forecasts initialized on September 1st, 2019.

6. Conclusion677

This paper introduces an error covariance model for the purpose of simulating realistic error678

growth in short-term atmospheric forcings over Arctic sea ice relevant to operational sea ice data679

assimilation experiments. The model generates perturbations that simulate random atmospheric680

forcing errors associated with short-range (6-h) forecasts. The model accounts for seasonal and681

diurnal changes in uncertainty, trained from 10 years of 6-h ensemble statistics. Operators that682

approximate the diagonalization of the error covariances are developed for efficient perturbation683

sampling. The sample statistics of the error covariance model show good agreement with those684

of ensemble perturbations from an 80-member atmospheric reanalysis, properly capturing the685

seasonal/diurnal dependence, the state-dependent multivariate balance, and the spatiotemporal686

correlation structures.687

A set of perfect model experiments using CICE5 demonstrates that our error covariance model688

is capable of representing the influence of atmospheric forcing errors on short-range sea ice689

forecasts. In particular, seasonally-varying atmospheric influences on sea ice forecast errors are690
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Fig. 13. As in Fig. 10 but for EXP2 (red lines) and EXP3 (blue lines).

well simulated in experiments using our covariance model with faster (slower) growing errors for691

forecasts initialized during the Arctic summer (winter). At the same time, the sea ice ensembles692

in the perfect model experiments are shown to provide good estimates of the time-varying sea693

ice forecast errors. The error covariance model is also capable of controlling for the magnitudes694

of error and ensemble spread in sea ice forecasts, allowing for generation of sea ice prediction695

systems with a desired amount of error while preserving good spread-skill score. This flexibility696

in error/ensemble spread can be beneficial for calibrating both real-world and perfect model sea697

ice DA systems.698

Limitations exist in that the error covariance model is not capable of simulating mixed-pixel699

effects for radiation perturbation (e.g., cases where ensemble members do not agree on the presence700

of cloud within a model grid). The model also does not perturb precipitation, which, although701

relatively minor, has downstream impacts on the Arctic winter snow depth forecasts. Future work702

will focus on applying this new atmospheric error covariance model to spin up a stand-alone703
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sea ice OSSE system for exploring the benefits of observations on constraining short-term sea704

ice/atmosphere forecasts.705

36



Acknowledgments. This work was supported by NOAA grant NA19NES4320002 (Cooperative706

Institute for Satellite Earth System Studies – CISESS) at the University of Maryland/ESSIC.707

Data availability statement. The 80-member CAM6-DART reanalysis are available through708

https://doi.org/10.5065/JG1E-8525 (Data Assimilation Research Section Computational & Infor-709

mation Systems National Center for Atmospheric Research University Corporation for Atmo-710

spheric Research 2020; Raeder et al. 2021). The CESM model codes are available through711

https://github.com/ESCOMP/CESM/archive/refs/tags/release-cesm2.1.5.zip (Danabasoglu et al.712

2020). Python codes used to compute matrix operators of the error covariance model and to713

sample from the operators are available through https://doi.org/10.5281/zenodo.21014570 (Jung714

2026).715

APPENDIX A716

Variables in the atmospheric forcing state vector717

Table A1. Name and description of the variables in the atmospheric forcing state vector corresponding to

each index.

718

719

Index Sign Name Description

1 p pbot Pressure at lowest model level

2 𝜃 ptem Potential temperature at lowest model level

3 q shum Specific humidity at lowest model level

4 u u Zonal wind at lowest model level

5 v v Meridional wind at lowest model level

6 𝐹𝑙𝑤 lwdn Downward longwave heat flux

7 𝐹𝑛𝑟 swndr Direct near-infrared incident solar radiation

8 𝐹𝑣𝑟 swvdr Direct visible incident solar radiation

9 𝐹𝑛 𝑓 swndf Diffuse near-infrared incident solar radiation

10 𝐹𝑣 𝑓 swvdf Diffuse visible incident solar radiation

11 T tbot Temperature at lowest model level

12 z z Height at lowest model level as measured from surface topography

13 𝜌 dens Density at lowest model level

APPENDIX B720

Derivation of the analytical linearization721
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a. Model level height722

Starting from the hydrostatic equation:723

𝜕𝑝

𝜕𝑧
= − 𝑝𝑔

𝑅𝑇
(B1)724

= − 𝑝𝑔

𝑅𝑑

(
1+ 1−𝜖

𝜖
𝑞

)
Π𝜃

. (B2)725

(B3)726

Integrating both sides from the surface to the lowest model level:727

∫ 𝑧𝜎0

𝑧𝑠 𝑓 𝑐

𝑑𝑧 = −
∫ 𝑝

𝑝𝑠 𝑓 𝑐

𝑅𝑑

(
1+ 1−𝜖

𝜖
𝑞

)
Π𝜃

𝑔
𝑑 ln 𝑝 (B4)728

𝑧𝜎0 − 𝑧𝑠 𝑓 𝑐 ≈ −
𝑅𝑑

(
1+ 1−𝜖

𝜖
𝑞

)
Π𝜃

𝑔

∫ 𝑝

𝑝𝑠 𝑓 𝑐

𝑑 ln 𝑝 (B5)729

𝑧 ≈ −
𝑅𝑑

(
1+ 1−𝜖

𝜖
𝑞

)
Π𝜃

𝑔
ln𝜎0 (B6)730

, where, 𝑧 = 𝑧𝜎0 −𝑧𝑠 𝑓 𝑐 by definition,𝜎0 =
𝑝

𝑝𝑠 𝑓 𝑐
is a constant, and the approximation denotes assuming731

constant profiles of 𝑞 and 𝜃 over the integration. This equation can be linearized about a small732

perturbation about the mean state to give Eq. 12, which is shown by:733

𝑧′ =
𝜕𝑧

𝜕𝜃

���
𝑞
𝜃′+ 𝜕𝑧

𝜕𝑞

���
𝜃
𝑞′. (B7)734

b. Wind balance735

The horizontal momentum equations under a balanced state can be written as:736

− 𝑓 𝑣 = −1
𝜌

𝜕𝑝

𝜕𝑥
−𝑔 𝜕𝑧

𝜕𝑥
− 𝐶𝑑 |V|

𝑧
𝑢, (B8)737

738

𝑓 𝑢 = −1
𝜌

𝜕𝑝

𝜕𝑦
−𝑔 𝜕𝑧

𝜕𝑦
− 𝐶𝑑 |V|

𝑧
𝑣, (B9)739
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where we have used the bulk approximation to parameterize the effects of turbulent friction (Stull740

1988). Equation B8 is linearized with respect to small perturbation about the mean state according741

to:742

− 𝑓 (𝑣̄+ 𝑣′) ≈ − 1
𝜌̄+ 𝜌′

𝜕 (𝑝+ 𝑝′)
𝜕𝑥

−𝑔𝜕 (𝑧+ 𝑧
′)

𝜕𝑥
−
𝐶𝑑

��V̄��
𝑧

(𝑢̄+𝑢′) (B10)743

≈ −1
𝜌̄

(
1− 𝜌

′

𝜌̄

)
𝜕 (𝑝+ 𝑝′)

𝜕𝑥
−𝑔𝜕 (𝑧+ 𝑧

′)
𝜕𝑥

−
𝐶𝑑

��V̄��
𝑧

(𝑢̄+𝑢′) (B11)744

=

[
−1
𝜌̄

𝜕𝑝

𝜕𝑥
−𝑔 𝜕𝑧

𝜕𝑥
−
𝐶𝑑

��V̄��
𝑧

𝑢̄

]
+745 [

−1
𝜌̄

𝜕𝑝′

𝜕𝑥
−𝑔𝜕𝑧

′

𝜕𝑥
−
𝐶𝑑

��V̄��
𝑧

𝑢′
]
+ (B12)746 [

− 𝜌
′

𝜌̄2
𝜕 (𝑝+ 𝑝′)

𝜕𝑥

]
.747

Here, the approximation in Eq. B10 denotes 𝐶𝑑 |V|
𝑧

≈ 𝐶𝑑 |V̄|
𝑧

, and the approximation in Eq. B11 is748

1
𝜌̄+𝜌′ ≈

1
𝜌̄

(
1− 𝜌′

𝜌̄

)
. The first term in Eq. B12 cancels with − 𝑓 𝑣̄ on the left-hand side and the last749

term in Eq. B12 is found to be small relative to the other terms. Therefore, Eq. B12 simplifies to:750

− 𝑓 𝑣′ ≈ −1
𝜌̄

𝜕𝑝′

𝜕𝑥
−𝑔𝜕𝑧

′

𝜕𝑥
−
𝐶𝑑

��V̄��
𝑧

𝑢′. (B13)751

Equation. B9 is linearized following a similar process, which gives:752

𝑓 𝑢′ ≈ −1
𝜌̄

𝜕𝑝′

𝜕𝑦
−𝑔𝜕𝑧

′

𝜕𝑦
−
𝐶𝑑

��V̄��
𝑧

𝑣′. (B14)753

APPENDIX C754

Maps of Spread-Skill for sea ice concentration and thickness755
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Fig. C1. As in Fig. 11 but for forecasts initialized on March 1st, 2019 for sea ice concentration.

Fig. C2. As in Fig. 11 but for forecasts initialized on September 1st, 2019 for sea ice concentration.
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Fig. C3. As in Fig. 11 but for forecasts initialized on March 1st, 2019 for sea ice thickness.

Fig. C4. As in Fig. 11 but for forecasts initialized on September 1st, 2019 for sea ice thickness.

41



References756

Bannister, R. N., 2008: A review of forecast error covariance statistics in atmospheric vari-757

ational data assimilation. I: Characteristics and measurements of forecast error covariances.758

https://doi.org/10.1002/qj.339.759

Barton, N., and Coauthors, 2021: The Navy’s Earth System Prediction Capability: A New Global760

Coupled Atmosphere-Ocean-Sea Ice Prediction System Designed for Daily to Subseasonal761

Forecasting. Earth and Space Science, 8 (4), https://doi.org/10.1029/2020EA001199.762

Blayo, , M. Bocquet, E. Cosme, and L. F. Cugliandolo, 2014: Advanced data assimilation for763

geosciences: Lecture notes of the LES Houches School of Physics: Special issue, June 2012.764

OUP Oxford.765

Brusdal, K., J. M. Brankart, G. Halberstadt, G. Evensen, P. Brasseur, P. J. Van Leeuwen, E. Dom-766

browsky, and J. Verron, 2003: A demonstration of ensemble-based assimilation methods with a767

layered OGCM from the perspective of operational ocean forecasting systems. Journal of Marine768

Systems, Vol. 40-41, https://doi.org/10.1016/S0924-7963(03)00021-6.769

Cavallo, S. M., M. C. Frank, and C. M. Bitz, 2025: Sea ice loss in association with Arctic cyclones.770

Communications Earth & Environment, 6 (1), 44, https://doi.org/10.1038/s43247-025-02022-9.771

Caya, A., M. Buehner, and T. Carrieres, 2010: Analysis and forecasting of sea ice conditions772

with three-dimensional variational data assimilation and a coupled ice-ocean model. Journal of773

Atmospheric and Oceanic Technology, 27 (2), https://doi.org/10.1175/2009JTECHO701.1.774

Cheng, S., Y. Chen, A. Aydogdu, L. Bertino, A. Carrassi, P. Rampal, and C. K. Jones, 2023: Arctic775

sea ice data assimilation combining an ensemble Kalman filter with a novel Lagrangian sea ice776

model for the winter 2019-2020. Cryosphere, 17 (4), https://doi.org/10.5194/tc-17-1735-2023.777

Croad, H. L., S. P. E. Keeley, J. Methven, B. Harvey, and A. Volonté, 2025: Examining the778
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