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Abstract

The motion of grain boundaries in polycrystalline materials and porous media has con-
ventionally been modeled by local geometric evolution equations, such as Mean Curvature
Flow (MCF). However, existing models primarily depend on local interfacial geometry and
generally do not account for the influence of macroscopic curvature fields induced by the
deformation of the bulk continuum. In this study, we propose a multiscale geometric contin-
uum framework in which the macroscopic Gaussian curvature field modulates the evolution
velocity of the microscopic MCF through a variationally motivated geometric driving term.

In our framework, for analytical clarity, the macroscopic continuum is restricted to a
two-dimensional manifold. Its deviation from a stress-free state due to non-uniform defor-
mation is described as the emergence of a nonzero Gaussian curvature field. Simultane-
ously, at the microscopic scale, the thermodynamic interface growth vector governed by the
Laplace-Beltrami operator is formulated. This model integrates the dynamics of two distinct
scales—the accumulation of strain energy due to macroscopic curvature and the microscopic
topological changes (bonding and rupture of the grain boundary network)—into a single
geometric evolution equation.

We discuss the mathematical well-posedness of the proposed coupled system, indicating
local-in-time existence under bounded curvature assumptions (|K| < K0). As an illustrative
application, the framework is applied to the macroscopic deformation and microscopic sinter-
ing process of snow, a porous material undergoing structural changes near its melting point.
This geometric approach provides an analytical foundation for examining the mechanisms of
fracture and topology changes in materials undergoing phase changes.

Keywords: Geometric Partial Di!erential Equations; Mean Curvature Flow; Multiscale
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Snow Sintering; Failure Initiation

1 Introduction

The evolution of interfaces and grain boundary motion in polycrystalline materials and porous
media have been modeled using local geometric partial di!erential equations (PDEs), such as
Mean Curvature Flow (MCF) and surface di!usion governed by the Laplace-Beltrami opera-
tor [4, 11]. While these classical models describe the smoothening and growth of microscopic
structures, they rely on the local geometry of the interface [2]. Consequently, they often lack the
capacity to account for the influence of macroscopic deformation applied to the bulk material
and the resulting macroscopic curvature fields.
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To address this limitation, we introduce a multiscale geometric PDE framework in which the
curvature of a macroscopic manifold modulates the evolution velocity of a microscopic MCF. For
analytical clarity, we restrict the present formulation to a two-dimensional manifold and describe
the accumulation of strain energy induced by macroscopic deformation as the emergence of a
nonzero Gaussian curvature field on the manifold. We show that this macroscopic curvature acts
as an external geometric field that drives and a!ects the microscopic interface growth vector
governed by the Laplace-Beltrami operator.

The mathematical structure of the proposed model di!ers from conventional generalizations
of MCF. Specifically, we define a unified energy functional E(”,#) that integrates the microscopic
surface free energy and the macroscopic elastic strain energy [5], expressed as:

E(”,#) =
∫

!
ω0 dA+ ε

∫

”
Wmacro(Kmacro) dV

where # is the microscopic interface, ” is the macroscopic bulk region, and ω0 is the surface
tension. For simplicity, we assume that the accumulated macroscopic strain energy admits an
e!ective geometric representation through a curvature-dependent density Wmacro(Kmacro).

By taking the first variation of this functional, we derive the coupled geometric evolution
equation as an L

2-gradient flow, yielding a normal velocity Vn of the interface in the form:

Vn = →M (ω0H + εf(Kmacro))

where M is the mobility, H is the mean curvature, and f(Kmacro) represents the variation of
the macroscopic strain energy. In this framework, the macroscopic curvature tensor a!ects the
microscopic topological changes—specifically, the formation and rupture of the grain boundary
network. Furthermore, by introducing a parameter ε ↑ 1 that characterizes the scale separation
between the macroscopic bulk and the microscopic interfaces, the resulting problem naturally
constitutes a singularly perturbed geometric evolution system, o!ering a mathematical structure
for asymptotic analysis.

For the proposed coupled PDE system, we formulate su$cient conditions for the behavior
of the solutions and state that local-in-time existence is established under the assumption of a
bounded curvature field (|Kmacro| < K0). By evaluating the conditions for topological changes
(rupture of the interface), we provide an analytical foundation for the geometric framework.

As a representative example, snow is considered as a porous material exhibiting curvature-
driven microstructural evolution near its melting point. The macroscopic deformation and failure
of snow have conventionally been modeled using empirical approaches, which often struggle
with the intractable complexity of its dynamic microstructural changes [7,9]. Consequently, the
development of theoretical models tied to fundamental microscopic mechanisms has been widely
recognized as a critical challenge [1,3,8,10]. By analyzing how our coupled PDE model represents
the phenomena of macroscopic failure and microscopic ice-bonding dynamics, we explore the
connection between geometric PDEs and the mechanical behavior of complex materials.

The principal contribution of this paper is the derivation of a new geometric evolution equa-
tion in which the velocity of a microscopic interface is coupled to a macroscopic curvature field
through a variationally defined energy functional. The overall framework of this study is illus-
trated in Fig. 1. The remainder of this paper is organized as follows: Section 2 sets up the
physical object and continuum model; Section 3 develops the macroscopic di!erential geometric
formulation; Section 4 derives the coupled macroscopic-microscopic model via the variational
principle; Section 5 presents an illustrative computational example; and Section 6 provides con-
cluding remarks.
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Figure 1: Overall framework of the multiscale geometric PDE model.

3



2 The Physical Object and Continuum Model

This study focuses on the macroscopic deformation of a snow mass resting on a cylindrical
guardpipe. Following a drop in temperature below freezing, an initial snow layer and an ice-
bonding network were established. Subsequently, a rise in temperature approaching 0↑C induced
a decrease in the viscosity of the snow [6, 12]. The emergence of a minor liquid phase within
the snowpack further reduced the compressive viscosity coe$cient. This warming acted as the
environmental factor for the slip and sagging deformation over the guardpipe.

Although snow is a porous structure composed of an ice matrix and pore space, we employ a
homogenized continuum approximation to formulate the macroscopic deformation. We consider
a snow layer of thickness h = 0.1m on a guardpipe of radius R = 0.03m as a continuum in
a cylindrical coordinate system (r, ϑ, y), as illustrated in Fig. 2. Let the displacement vector
be u = (ur, uω, uy). The infinitesimal strain tensor components, specifically the circumferential
normal strain εωω and the shear strain εωy, are defined as:

εωω =
1

r

ϖuω

ϖϑ
+

ur

r
(1)

εωy =
1

2

(
ϖuω

ϖy
+

1

r

ϖuy

ϖϑ

)
(2)

The second term ur/r in Eq. (1) represents a geometric e!ect where outward radial displacement
causes circumferential stretching.

Figure 2: Geometric configuration and coordinate system of the snow layer on the guardpipe.
(a) Conceptual illustration of the deformed state of snow, showing the physical dimensions:
guardpipe radius R = 0.03m, snow thickness h = 0.1m, and longitudinal span L = 1.2m. (b)
Mathematical representation of the continuum. Here, r represents the radial variable, ϑ is the
angular coordinate in the circumferential direction, and v denotes the longitudinal parameter
along the guardpipe.
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3 Macroscopic Di!erential Geometric Formulation

To geometrically evaluate the macroscopic strain, we treat the neutral surface of the snow layer
(radius R0 = R+ h/2 = 0.08m) as a two-dimensional manifold (Fig. 2). We denote the angular
parameter by u and the longitudinal parameter along the guardpipe by v (with an analytical
span of L). The initial state p0(u, v) is parameterized as:

p0(u, v) = (R0 sinu, v,R0 cosu) (3)

In surface theory [5], the first fundamental form is computed as the inner products of the
tangent vectors:

E =
ϖp

ϖu
· ϖp
ϖu

, F =
ϖp

ϖu
· ϖp
ϖv

, G =
ϖp

ϖv
· ϖp
ϖv

(4)

The second fundamental form (L,M,N) is defined as the inner products of the second-order
partial derivatives and the unit normal vector ω(u, v):

L =
ϖ
2p

ϖu2
· ω(u, v), M =

ϖ
2p

ϖuϖv
· ω(u, v), N =

ϖ
2p

ϖv2
· ω(u, v) (5)

The macroscopic Gaussian curvature Kmacro is given by:

Kmacro =
LN →M

2

EG→ F 2
(6)

In the undeformed initial state, N = 0, yielding Kmacro = 0.
The decrease in viscosity induces a slip angle ϱ(v, t) and a downward sagging displacement

w(u, v, t). The deformed state p(u, v, t) is expressed as:

p(u, v, t) = {R0 sin[u→ ϱ(v, t)], v, R0 cos[u→ ϱ(v, t)]→ w(u, v, t)} (7)

Calculating the fundamental forms from p(u, v, t), the macroscopic Gaussian curvature Kmacro

after deformation is analytically derived as:

Kmacro = →
ε2w
εv2 cos(u→ ϱ)

R0

{
1 +

(
εw
εv cos(u→ ϱ)

)2}2 (8)

This solution indicates that non-uniform creep deformation with longitudinal deflection (ϖ2
w/ϖv

2 ↓=
0) causes the manifold to deviate to a nonzero Gaussian curvature field. The emergence of a
nonzero Gaussian curvature indicates a geometrically nontrivial deformation of the manifold,
which we associate with the accumulation of macroscopic strain energy.

4 The Coupled Macroscopic-Microscopic Model via Variational
Principle

We establish a theoretical framework using the variational principle to couple the macroscopic
deviation of the Gaussian curvature field with the microscopic interfacial evolution. We introduce
a parameter ε ↑ 1 to characterize the scale separation between the bulk deformation and the
interfacial dynamics.
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4.1 Definition of the Hierarchical Energy Functional

Let ” ↔ R3 be the bulk region and # = ϖ” be the two-dimensional manifold representing
the microscopic interface. We assume that the macroscopic curvature field is transmitted to
the microscopic interface through an e!ective energetic coupling. We define the total energy
functional E(”,#) as:

E(”,#) =
∫

!
ω0 dA+ ε

∫

”
Wmacro(Kmacro) dV (9)

where ω0 is the surface tension, and Wmacro(Kmacro) is the strain energy density function de-
pending on the macroscopic Gaussian curvature Kmacro.

4.2 Shape Derivative and Chemical Potential

Assuming the interface # moves with a normal velocity Vn = ςx · ω, we consider the first
variation (shape derivative) of the total energy. The variation of the surface area integral
yields the mean curvature H [5]. For the bulk energy term, its variation with respect to the
interface domain # introduces a geometric coupling term f(Kmacro), defined as f(Kmacro) =
ϑ
ϑ!

(∫
”Wmacro(Kmacro) dV

)
. The first variation is therefore obtained as:

ςE =

∫

!
(ω0H + εf(Kmacro))Vn dA (10)

The term µ = ω0H + εf(Kmacro) represents the chemical potential driving the motion of the
interface. This provides a variationally motivated geometric driving term.

4.3 Derivation of the Coupled PDE and Mathematical Properties

Treating the evolution as an L
2-gradient flow, the normal growth velocity Vn (with mobility M)

leads to:
Vn = →M (ω0H + εf(Kmacro)) (11)

Using the identity →%ϖx = Hω, Eq. (11) can be rewritten as:

ϖx

ϖt
= Mω0

(
→%ϖx→ ε

f(Kmacro)

ω0
ω

)
(12)

At the contact lines with a rigid substrate, we assume a constant contact angle condition gov-
erned by Young’s equation, and macroscopic failure occurs when the macroscopic shear stress
overcomes the microscopic interfacial strength [13].

Theorem 1 (Local existence). Under the assumption that the macroscopic curvature Kmacro

is bounded and the geometric coupling term f(Kmacro) is locally Lipschitz continuous, the evo-

lution equation (12) falls within the class of quasilinear geometric evolution equations. Thus,

local-in-time existence of classical solutions can be established. The proof follows from standard

quasilinear parabolic theory.

In a state where Kmacro = 0, this equation rigorously reduces to the Mean Curvature Flow
(MCF). Therefore, the classical MCF appears as the unforced limit of the present model. When
non-uniform deformation generates a nonzero Gaussian curvature field, the macroscopic strain
energy term a!ects the smoothing e!ect of →%ϖx, acting as a mechanism for topological changes
(rupture) of the network. Therefore, the proposed model can be viewed as a curvature-forced
perturbation of classical mean curvature flow.
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5 Illustrative Example: Curvature-Forced Topology Change

To conceptually demonstrate the behavior of the proposed theoretical formulation, we present
an illustrative computational example for a continuum with a longitudinal span of L = 1.2m
along the guardpipe. Setting u = 0 in the manifold’s position vector p(u, v, t), the apex curve
is expressed as a space curve r(v):

r(v) = {→R0 sinϱ(v), v, R0 cosϱ(v)→ w(v)} (13)

For this example, the slip angle ϱ(v) and the sagging displacement w(v) are represented as
quadratic functions to reflect localized deformation near the boundaries:

ϱ(v) = ϱ0 + ϱ1

(
2v

L

)2

(14)

w(v) = w0 + w1

(
2v

L

)2

(15)

The curvature φ of this space curve is calculated as:

φ =
|r↓(v)↗ r↓↓(v)|

|r↓(v)|3 (16)

We note that the curve curvature φ is used here as an indicator of the localized geometric
distortion. The associated macroscopic Gaussian curvature field Kmacro, which acts as the
source of the macroscopic strain energy, is obtained from Eq. (8).

5.1 Competition Ratio and the Unforced Limit

To quantitatively evaluate the behavior of the coupled geometric evolution equation, we utilize
the dimensionless competition ratio R between the macroscopic forcing term and the microscopic
smoothing term:

R =
|εf(Kmacro)|

ω0|H| (17)

When the macroscopic deformation is negligible (Kmacro ↘ 0), the ratio satisfies R < 1. This
condition implies that the curvature forcing term is weaker than the classical mean-curvature
contribution (MCF-dominated regime). The interfacial velocity is then dominated by the mean
curvature flow (Vn ↘ →Mω0H). In this regime, driven by the Kelvin e!ect, highly concave
inter-particle necks (H < 0) act as vapor sinks, causing the interface to grow to minimize the
local surface area [2]. This geometric smoothing corresponds to the physical mechanism of
microstructural sintering.

5.2 Curvature-Forced Topology Change

Figure 3 illustrates the relationship between the localized geometric distortion, the macroscopic
Gaussian curvature, and the resulting interfacial velocity. As shown in Fig. 3a, the deformation
induces an increase of the curve curvature φ near the boundaries. This localized geometric
distortion is associated with the emergence of a nonzero Gaussian curvature field |Kmacro| on
the two-dimensional manifold (Fig. 3b).

At these regions, the curvature-forced perturbation term εf(Kmacro) increases. When the
competition ratio exceeds unity (R > 1, Fig. 3c), the curvature-forced term becomes comparable
to or larger than the classical smoothing term. As depicted in Fig. 3d, assuming the interface
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is locally concave (H < 0) corresponding to a sintering neck, this condition significantly mod-
ifies the sign and magnitude of the normal velocity Vn. In this curvature-forced regime, the
L
2-gradient flow may induce interface destabilization and subsequent topology change. The

sequence in Fig. 3 provides a conceptual mechanism connecting the macroscopic strain en-
ergy accumulation to the initiation of macroscopic failure. The proposed competition ratio R

therefore serves as a geometric indicator for the transition between the MCF-dominated and
curvature-dominated regimes.

Furthermore, this theoretical prediction is strongly supported by physical observations. As
summarized in Fig. 4, the macroscopic bending deformation of a snow mass demonstrates the
curvature-forced destabilization (R > 1, top row), whereas the interfacial adhesion at the bot-
tom surface highlights the thermodynamic smoothing driven by the Laplace-Beltrami operator
(R < 1, bottom row). This dual mechanism bridges the conceptual gap between continuum
deformation and microscopic interface evolution.

Figure 3: Illustrative example of the proposed curvature-forced geometric evolution model.
(a) Curve curvature φ(v), used as an indicator of localized geometric distortion. (b) As-
sociated macroscopic Gaussian curvature field |Kmacro(v)|. (c) Competition ratio R =
|εf(Kmacro)|/(ω0|H|). Regions with R > 1 correspond to a curvature-dominated regime. (d)
Interface velocity Vn. The interface is assumed to be locally concave (H < 0), corresponding
to a sintering neck. The sign change of Vn indicates a transition from mean-curvature-driven
smoothing to a curvature-forced destabilization regime.
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Figure 4: Dual mechanisms of curvature-forced destabilization and surface-tension-driven
smoothing in snow deformation. (Top row) Macroscopic deformation and microscopic fail-
ure. The left photograph shows a snow mass undergoing significant bending on a guardpipe.
The corresponding theoretical diagram (right) illustrates how macroscopic tensile stress con-
centration induces microscopic topology changes, specifically the rupture of the ice-bonding
network, in the curvature-dominated regime (R > 1). (Bottom row) Microscopic interfacial
adhesion and smoothing. The left photograph shows snow adhering to the lower surface of the
guardpipe, where microscopic ice-bonding resists macroscopic gravitational shear. The theoreti-
cal diagram (right) depicts the thermodynamic smoothing mechanism: concave regions (H < 0)
act as vapor sinks due to the Kelvin e!ect, driving mass transport and surface growth governed
by the Laplace-Beltrami operator (→%ϖx) in the mean-curvature-flow (MCF)-dominated regime
(R < 1).
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6 Discussion and Concluding Remarks

In this study, we developed a multiscale geometric partial di!erential equation (PDE) framework
to describe the interface evolution of complex materials subjected to macroscopic continuum
deformation. The principal contribution of this paper is the derivation of a novel geometric evo-
lution equation that variationally couples the macroscopic curvature field with the microscopic
grain boundary motion through a variationally defined energetic formulation.

By introducing a parameter ε ↑ 1 to characterize the scale separation, we defined a unified
energy functional integrating the microscopic surface free energy and the macroscopic elastic
strain energy. The first variation of this functional leads to an L

2-gradient flow where the normal
velocity of the interface is given by Vn = →M(ω0H + εf(Kmacro)). This resulting mathematical
structure clarifies that the proposed model can be viewed as a curvature-forced perturbation of
the classical mean curvature flow (MCF).

To quantitatively evaluate the phase transition between the microstructural smoothing and
the macroscopic failure, we introduced the dimensionless competition ratio R. As demonstrated
in the illustrative example of snow deformation, the unforced limit (R < 1) corresponds to
the MCF-dominated regime, providing a geometric description for the microstructural sintering
(ice-bonding). Conversely, a highly non-uniform deformation induces a localized accumulation
of macroscopic strain energy, represented by the emergence of a strongly nonzero Gaussian
curvature field. When the macroscopic forcing term overwhelms the microscopic smoothing term
(R > 1), the coupled PDE implies interface destabilization and subsequent topological changes.
This theoretical framework successfully bridges the conceptual gap between the macroscopic
geometric distortion and the rupture of the microscopic network.

Beyond the illustrative example of snow, the proposed framework provides a general geo-
metric paradigm for multiscale interface evolution in porous and polycrystalline materials sub-
jected to macroscopic deformation. While this study focuses on the theoretical formulation,
recent advances in phase-field modeling for complex interface dynamics and snow metamor-
phism [4, 11, 14] o!er promising computational approaches to numerically validate and extend
the proposed model. The combination of geometric curvature fields, variational coupling, and
interface evolution opens a new avenue for the study of topology change and failure mechanisms
in complex materials.
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