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Abstract: 8 

The propagation time of pressure waves in porous media carries critical information about the constitutive 9 

parameters of the medium. This study rigorously derives the mechanical relationship between the lag 10 

time of pressure wave and the hydraulic parameters of porous media based on the diffusion wave 11 

equation. The lag time is shown to be a direct functional of the hydraulic conductivity and specific yield, 12 

with sensitivity analysis demonstrating that internal erosion—through simultaneous increase of hydraulic 13 

conductivity and decrease of specific yield—causes an accelerated shortening of the lag time. Based on 14 

the Kozeny-Carman equation, connecting fine particle loss to changes in porosity and specific surface area, 15 

and subsequently to changes in hydraulic conductivity and lag time, A mechanical transfer function is 16 

established. Parametric sensitivity analysis on typical earth dam materials reveals shows that a five-17 

percentage-point reduction in fine content can increase hydraulic conductivity by fifty to four hundred 18 

percent, and reduce the lag time by fifteen to fifty percent. To remove the interference of geometric 19 

boundary effects caused by reservoir water level fluctuations, a medium baseline function method is 20 

proposed. By constructing a geometric effect response function using lag time versus reservoir water level 21 

data from a stable baseline period, enabling the rigorous separation of the net medium effect from 22 
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geometric effects. The theoretical framework built in this study, provides a mechanical foundation for 23 

characterizing constitutive parameter damage in porous media through pressure wave propagation time, 24 

and puts forward five quantitative predictions for subsequent experimental verification. 25 

 26 

Author Keywords: Pressure wave propagation time; Kozeny-Carman equation; Constitutive relationship; 27 

Fine particle loss; Internal erosion; Porous media mechanics; Mechanical transfer function. 28 

 29 

Introduction 30 

Research Background and Engineering Demand 31 

Porous media are widely encountered in geotechnical engineering, hydrogeology, and energy extraction. 32 

During long-term service, earth-rock dams, levees, slopes, and aquifers undergo internal erosion—the 33 

migration and loss of fine particles under seepage action, representing one of the most common 34 

progressive damage forms in porous media. Statistics indicate that nearly half of earth dam failures are 35 

caused by seepage-induced internal erosion (Foster et al. 2000), and the time window from the first 36 

detection of increased seepage to dam breach may be only a few hours (Fell et al. 2003). Therefore, 37 

developing theories and methods capable of early detection of internal erosion holds significant 38 

engineering safety value. 39 

Existing diagnostic methods for internal erosion primarily rely on seepage discharge monitoring, 40 

piezometric head analysis, or geophysical exploration. However, the core criterion of these methods is 41 

mostly "whether the water level or discharge exceeds a design threshold," belonging to steady-state 42 

analysis in the spatial domain. Their fundamental limitation lies in the fact that when internal erosion 43 
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develops slowly, macroscopic water levels and discharges may not yet exhibit significant changes, while 44 

the hydraulic constitutive parameters of the medium have already undergone irreversible alteration. 45 

Mechanical Essence of the Problem 46 

From a mechanical perspective, this problem can be formulated as: How do the constitutive parameters 47 

(permeability K and specific yield S) of porous media evolve during the damage process? Can this evolution 48 

be sensitively captured through the characteristic time of pressure waves propagating in the medium—49 

the lag time τ? 50 

This problem involves two mechanical levels: at the constitutive relationship level, it is necessary to 51 

establish the quantitative relationship between fine particle loss Δf and the changes in permeability K and 52 

specific yield S; at the wave propagation level, it is necessary to establish the quantitative relationship 53 

between the medium's constitutive parameters and the pressure wave propagation characteristic time τ. 54 

Linking these two levels constitutes a complete mechanical chain: "constitutive parameter damage → 55 

pressure wave propagation time evolution.” 56 

Review of Existing Research 57 

The Richards equation (Richards 1931) described unsaturated seepage in porous media. Van 58 

Genuchten(1980) derived a closed-form equation for describing the soil-water characteristic curve and 59 

the unsaturated hydraulic conductivity function, It has become a standard model for unsaturated seepage 60 

analysis. The propagation of the pressure head simplifies to a diffusion equation under a linearized 61 

approximation, the diffusion coefficient (D=K/S) is directly determined by the constitutive parameters of 62 

the medium.  Ferris(1952) first utilized periodic fluctuations of groundwater levels to invert the hydraulic 63 

diffusivity of aquifers, and established a quantitative relationship between τ and D. This work laid the 64 

foundation for using natural periodic signals as a diagnostic tool. Carslaw and Jaeger(1959) further 65 
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explored analytical solution methods about the heat conduction and diffusion equations. Under various 66 

boundary conditions, He provided a classical mathematical foundation for solving the diffusion wave 67 

equation. It remains the authoritative source for the mathematical techniques used in derivation. Townley 68 

(1995, 2023) unified the distinction between steady-state and dynamic behavior with the mathematical 69 

description of periodic behavior. and developed the theoretical framework for aquifer response under 70 

periodic forcing. It is essential for understanding how external hydraulic excitations translate into pressure 71 

wave responses. Depner and Rasmussen (2017) completed a monograph introducing the diffusion wave 72 

theory of groundwater under periodic forcing, covering attenuation, delay, and wave propagation 73 

characteristics in one, two, and three-dimensional flows. All the above studies have jointly established a 74 

theoretical foundation for using periodic water level fluctuations to invert the hydraulic parameters of 75 

media. However, these works treat τ as a tool for one-time parameter inversion. 76 

The theoretical description of the permeability of porous media is given by the Kozeny-Carman(KC) 77 

equation (Kozeny 1927; Carman 1937), which expresses hydraulic conductivity K as a function of porosity 78 

n and specific surface area Ss of particles. In essence, It is a constitutive model linking microstructural 79 

properties to macroscopic hydraulic behavior. Chapuis and Aubertin(2003) verified the applicability of the 80 

KC equation in sandy and coarse-grained soils through extensive experimentation. Rehman et al. (Rehman 81 

et al. 2024), published an authoritative review in 2024, which organized the wide-ranging applications of 82 

the KC model in mining, petroleum, and geotechnical engineering. It is the most comprehensive literature 83 

survey to date for engineering applications of the model. It also confirms the KC equation's status as a 84 

standard model for permeability prediction.Carrier(2003) further demonstrated the engineering value of 85 

the KC equation in predicting the permeability of geological materials. In the aforementioned studies, the 86 

KC equation has primarily been used as a static tool to predict the current value of K. 87 
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In the field of complex systems science,Kantelhardt et al.(2002) systematically developed the detrended 88 

fluctuation analysis(DFA),in which a scaling exponent α>0.5 characterizes the presence of long-range 89 

memory in non-stationary time series. Schreiber(2000) proposed transfer entropy as a non-parametric 90 

method to quantify the strength and direction of information transfer between two time series, without 91 

assuming any underlying model. Scheffer et al.(2009) published their seminal work on early-warning 92 

signals for critical transitions in Nature,confirming the universal principle that"a change in the response 93 

time scale of a system is a sensitive messenger of an alteration in its internal state". 94 

In the field of internal erosion research,Skempton and Brogan(1994) revealed the controlling role of fine 95 

particle content on stress state and erosion susceptibility through classic piping effect experiments.Foster 96 

et al.(2000) systematically assessed the internal erosion resistance of dam construction materials. Fell et 97 

al.(2003) proposed a method for assessing the time progression of internal erosion development. In 98 

recent years, X-ray and CT technology have been used to track the microstructural evolution of soils during 99 

erosion processes(Cong et al. 2019), and Thepjunthra et al.(2025) observed that the lag time continuously 100 

shortened with the extension of the operation period in dam monitoring. 101 

However, existing research has the following deficiencies: (1) the quantitative relationship between τ and 102 

the constitutive parameters of the medium is mostly implicitly embedded in numerical models, lacking 103 

rigorous analytical derivation; (2) the influence of fine particle loss on τ lacks a complete transfer function 104 

derived from the Kozeny-Carman equation; (3) geometric boundary effects and constitutive damage 105 

effects are often confused, lacking a mechanically rigorous decoupling method. 106 

Objectives and Contributions of This Study  107 

This study aims to establish the mechanical association between the pressure wave propagation time and 108 

constitutive parameter damage in porous media. The main contributions include: 109 
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(1) Rigorous derivation of the analytical expression of the τ-K-S constitutive relationship based on the 110 

diffusion wave equation, with sensitivity analysis; 111 

(2) Establishment of a complete mechanical transfer function Δf → K → τ based on the Kozeny-Carman 112 

equation, with quantitative predictions through parametric sensitivity analysis for typical parameters; 113 

(3) Proposal of a medium baseline function method to achieve mechanical decoupling of geometric 114 

boundary effects from constitutive damage effects. 115 

This paper is a fundamental mechanical theoretical study. The theoretical predictions established provide 116 

directly testable quantitative hypotheses for subsequent experimental verification and engineering 117 

validation. 118 

Theoretical Basis and Fundamental Assumptions  119 

Diffusion Wave Equation in Porous Media 120 

Unsaturated seepage in porous media is described by the Richards equation(Richards 1931): 121 

∂θ

∂t
=

∂

∂x
[K(h)

∂h

∂x
] （1） 122 

where θ is the volumetric water content, h is the pressure head, K(h) is the unsaturated permeability 123 

function, and x is the spatial coordinate. 124 

In the saturated zone or under the small-perturbation linearization approximation, the above equation 125 

simplifies to a diffusion equation: 126 

∂h

∂t
= D

∂2h

∂x2
（2） 127 

where the hydraulic diffusivity D is defined as: 128 
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D =
K

S
（3） 129 

K is the saturated hydraulic conductivity (m/s), and S is the specific yield (dimensionless), representing the 130 

volume of water that a unit volume of the medium can release or store under a unit change in head. This 131 

equation shares the same mathematical form as the heat conduction equation; its analytical solution 132 

methods can be found in the classic monograph by Carslaw and Jaeger (1959). 133 

Fundamental Assumptions 134 

This study adopts the following fundamental assumptions: 135 

(1) Homogeneous medium assumption: At the analysis scale, the hydraulic parameters K and S of the 136 

medium are constant or slowly varying functions. For parameter changes caused by internal erosion, the 137 

change on an annual scale is much slower than the pressure wave propagation process, allowing a quasi-138 

static approximation. 139 

(2) One-dimensional propagation assumption: Pressure waves propagate primarily in the horizontal 140 

direction, and the vertical component can be neglected. This assumption is applicable to regions within 141 

the dam body at a certain distance from the upstream boundary. Depner and Rasmussen(2017) pointed 142 

out that when the horizontal propagation distance is much larger than the vertical propagation distance, 143 

the one-dimensional approximation provides a solution of sufficient accuracy. 144 

(3) Applicability of linearization: The amplitude of reservoir water level fluctuations is small relative to the 145 

dimensions of the dam body, and the linearized diffusion equation is applicable. For large-amplitude 146 

fluctuations, they can be decomposed into the superposition of multiple small-amplitude sinusoidal waves. 147 

Townley(1995, 2023) systematically demonstrated the applicability conditions of linearization in the 148 

response of aquifers under periodic forcing. 149 
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(4) Quasi-steady-state fluctuation: The period of water level fluctuation (for instance, annual scale) is 150 

much larger than the medium response time, and the system is in a quasi-steady state at each moment. 151 

(5) Stability of the coarse particle skeleton: During the internal erosion process, the skeleton structure 152 

formed by coarse particles remains stable, and only fine particles (with particle sizes smaller than the 153 

throat size of the skeleton pores) are carried away by seepage from the skeleton pores. This assumption 154 

is supported by the experimental results of Skempton and Brogan(1994). 155 

Theoretical Derivation of the τ-K-S Constitutive Relationship 156 

Analytical Solution of the Diffusion Wave Equation 157 

Consider a one-dimensional semi-infinite domain x ≥0, with the upstream boundary subjected to a 158 

sinusoidal water level fluctuation: 159 

h(0, t) = h0 sin( ωt) （4） 160 

where h0 is the fluctuation amplitude, ω is the angular frequency. The far-field boundary condition is h(∞,t) 161 

= 0. The diffusion equation is: 162 

∂h

∂t
= D

∂2h

∂x2
， x ≥ 0, t ≥ 0  （5） 163 

The complex function method is used for solving. Let h(x, t) = Im[H(x)eiωt], substituting into the diffusion 164 

equation: 165 

iωH(x) = D
d2H

dx2
（6） 166 

The characteristic root is k = √iω/D = √ω/(2D)(1 + i). From the far-field condition, the solution is: 167 

H(x) = −ih0e−(1+i)x√ω/(2D) （7） 168 



9 

 

Taking the imaginary part yields, the physical solution: 169 

h(x, t) = h0e−x√ω/(2D) sin (ωt − x√
ω

2D
) （8） 170 

This solution shares the same mathematical form as the classical solution of the heat conduction equation 171 

under periodic boundary conditions in Carslaw and Jaeger(1959), was first introduced into the field of 172 

groundwater dynamics by Ferris(1952), and was further developed and systematized by Townley (1995, 173 

2023) and Depner and Rasmussen(2017). The physical model of diffusion wave propagation is illustrated 174 

in Fig.1. 175 

 176 

Analytical Expression for the Lag Time 177 

From the above solution, the phase information is extracted. The phase at x is Δφ = x√ω/(2D), and the 178 

phase difference with respect to the boundary(x = 0) is Δφ = x√ω/(2D). The corresponding lag time is: 179 

τ =
Δφ

ω
= x√

1

2Dω
（9） 180 



10 

 

Substituting D = K/S and letting L = x be the effective propagation distance, the τ-K-S constitutive 181 
relationship is obtained: 182 

τ = L√
S

2ωK
（10） 183 

This formula indicates that τ is determined by three factors: the constitutive parameters of the medium, 184 

K and S (of which K has a greater influence , τ ∝ 1/√K); the geometric parameter L; and the external 185 
excitation parameter ω. The variation of τ with K and S is illustrated in Fig. 2.  186 

 187 

Sensitivity Analysis 188 

Taking partial derivatives with respect to K and S respectively: 189 

(1) Sensitivity of τ to K 190 

∂τ

∂K
= L√

S

2ω
⋅ (−

1

2
) K−3/2 = −

τ

2K
（11） 191 

Relative sensitivity: 192 

SK =
∂τ/τ

∂K/K
= −

1

2
（12） 193 
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1% increase in K leads to approximately a 0.5% shortening of τ. 194 

(2) Sensitivity of τ to S 195 

∂τ

∂S
=

L

√2ωK
⋅

1

2
S−1/2 =

τ

2S
（13） 196 

Relative sensitivity: 197 

SS =
∂τ/τ

∂S/S
=

1

2
（14） 198 

1% decrease in S leads to approximately a 0.5% shortening of τ. 199 

(3) Combined Sensitivity 200 

When K and S change simultaneously: 201 

dτ

τ
= −

1

2

dK

K
+

1

2

dS

S
（15） 202 

Internal erosion simultaneously causes an increase in K (dK > 0) and a decrease in S (dS < 0). Both terms 203 

contribute negatively, and the magnitude of τ shortening is greater than that caused by any single factor. 204 

The comparison of the sensitivity of τ and h to K is illustrated in Fig. 3. 205 

 206 
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Discussion of Corrections under Non-Ideal Conditions 207 

(1) Non-Sinusoidal Fluctuations 208 

Actual water level fluctuations are non-sinusoidal and can be decomposed into multiple frequency 209 

components via Fourier decomposition: 210 

h(0, t) = ∑ hn
n

sin( ωnt + ϕn) （16） 211 

The τn corresponding to each frequency differs as τ𝑛 ∝ 1/√ω𝑛). The τ obtained from cross-correlation 212 

analysis is the weighted average of the dominant frequency. As long as the annual cycle is the dominant 213 

frequency and remains stable, τ is relatively stable. Townley(1995, 2023) discussed in detail the method 214 

for determining the characteristic time of the periodic response under the superposition of multiple 215 

frequency components. 216 

(2) Heterogeneous Media 217 

For layered heterogeneous media, the effective diffusion coefficient is the harmonic mean of the diffusion 218 

coefficients of each layer: 219 

1

Deff
= ∑

di

Dii
（17） 220 

where di is the thickness proportion of each layer. When damage occurs only in local layers, the change 221 

in Deff is smaller than the change in Di of the damaged layer. 222 

(3) Finite Boundary Effects 223 

The dam body is a finite domain, and reflections from the downstream boundary can affect the fluctuation. 224 

However, when the propagation distance L is much smaller than the dam width, the semi-infinite domain 225 

solution is a good approximation. Depner and Rasmussen(2017) discussed the influence of boundary 226 
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reflections on diffusion wave propagation in finite domains, which can serve as a theoretical reference for 227 

further corrections. 228 

Mechanical Transfer Function from Fine Particle Loss to Constitutive Parameters to τ 229 

Geometric Description of Fine Particle Loss 230 

Let the total volume of the soil be V, the volume of solid particles be Vs, and the volume of voids be Vv. 231 

The porosity n=Vv/V. The solid consists of coarse particles (volume Vc) and fine particles (volume Vf), then 232 

Vs=Vc+Vf. 233 

The mass content of fine particles f is defined as: 234 

f =
mf

ms
=

ρfVf

ρcVc + ρfVf
（18） 235 

When the densities of coarse and fine particles are similar (ρs≈ρc≈ρf), f≈Vf/Vs. 236 

Let the proportion of fine particle loss be α(0≤α≤1), meaning the lost volume is αVf. After loss: the volume 237 

of fine particles Vf'=(1-α)Vf, the total volume of solids Vs'=Vs-αVf, and the volume of voids Vv'=Vv+αVf. 238 

The porosity after loss: 239 

n′ = n0 +
αVf

V
= n0 + αf(1 − n0) （19） 240 

The fine particle content after loss: 241 

f′ =
(1 − α)f

1 − αf
（20） 242 

The change in pore structure before and after fine particle loss is illustrated in Fig. 4. 243 
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 244 

Kozeny-Carman Equation and Permeability Change 245 

The Kozeny-Carman equation(Kozeny 1927; Carman 1937) expresses the permeability as a function of 246 

porosity and specific surface area of particles: 247 

K =
γ

μ
⋅

1

C
⋅

1

Ss
2 ⋅

n3

(1 − n)2
（21） 248 

where γ ≈ 9.81KN/m3 is the unit weight of water, μ ≈ 1.0 × 10⁻³ Pa·s (at 20°C), and C ≈ 4.5–5.5 is the KC 249 

constant. Chapuis and Aubertin(2003) verified the applicability of this equation in sandy and coarse-250 

grained soils through extensive experimentation. The review by Rehman et al.(2024) further confirmed 251 

the status of the KC equation as the standard model for permeability prediction in geotechnical 252 

engineering. 253 

For a polydisperse system, the specific surface area Ss is related to the particle size distribution. The 254 

specific surface area of spherical particles is Ss  = 6/d, and the weighted average is: 255 

Ss ∝
1 − f

dc
+

f

df
（22） 256 
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where dc is the characteristic particle size of coarse particles and df is the characteristic particle size of fine 257 

particles. 258 

Fine particle loss affects K through two independent mechanisms: 259 

(1) Increase in porosity. n3/(1-n)2 increases monotonically with n, and an increase in n leads to an increase 260 

in K. 261 

(2) Decrease in specific surface area. The specific surface area of fine particles is much larger than that of 262 

coarse particles (dc/df ≈ 100–1000), and the loss of fine particles significantly reducesss. Since K∝1/ss
2, 263 

the decrease in ss leads to a significant increase in K. 264 

The coupling effect of the two mechanisms: 265 

K′

K
= (

Ss

Ss′
)

2

⋅
n′3/(1 − n′)2

n3/(1 − n)2
（23） 266 

Treatment of the Change in Specific Yield 267 

Fine particle loss has two opposing effects on the specific yield S: the increased proportion of large pores 268 

increases the proportion of gravitational water, tending to increase S; the decrease in adsorbed water on 269 

the surface of fine particles tends to decrease S. Conservatively, the magnitude of change in S is much 270 

smaller than that in K. In the analysis of τ change, S can be approximately taken as constant, or a 271 

fluctuation range of ±10% can be introduced. 272 

The Δf → K → τ Transfer Function 273 

Linking the KC equation with the constitutive relationship of τ yields the complete transfer function: 274 

τ′

τ
= √

S′/S

K′/K
≈ √

1

K′/K
(S approximately constant) （24） 275 
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where K'/K is given by the equation above, and its independent variables are the initial fine particle 276 

content f, the loss proportion α, the particle size ratio dc/df, and the initial porosity n0 277 

Sensitivity Analysis with Typical Parameters 278 

A sensitivity analysis was conducted by selecting the parameter range of typical earth dam construction 279 

materials. The baseline parameters were: n0= 0.35, f = 15%, dc = 1.0 mm, df = 0.01 mm. The results are 280 

summarized in Table 1. 281 

Table 1. Results of parametric sensitivity analysis under various fine particle loss conditions. 282 

Case f0 α Δf K'/K τ'/τ Δτ/τ0 

Baseline 15% 0 0 1 1 0% 

Mild loss 15% 20% -3% 1.54 0.81 -19% 

Moderate loss 15% 33% -5% 2.18 0.68 -32% 

Severe loss 15% 50% -7.50% 3.71 0.52 -48% 

Extreme loss 15% 67% -10% 6.85 0.38 -62% 

High initial fines 25% 20% -5% 2.85 0.59 -41% 

Low initial fines 10% 50% -5% 1.89 0.73 -27% 

Fine particle size* 15% 33% -5% 4.52 0.47 -53% 

* Note: For the fine particle size case, df=0.005mm, dc=1 mm, particle size ratio 200. 283 

Main findings: (1) A five-percentage-point reduction in fine content can increase K by 50%–400% and 284 

shorten τ by 15%–50%; (2) the higher the initial fine content, the greater the change in τ for the same loss 285 

proportion; (3) the finer the fine particles (the larger the particle size ratio), the more significant the 286 

specific surface area effect, and the greater the magnitude of τ shortening; (4) the "K increase of 50%–287 

200%" adopted in this paper corresponds to a moderately conservative estimate. 288 

The transfer function curves from Δf to K’ and from Δf to τ are illustrated in Figs. 5, and the multi-289 

parameter joint sensitivity is illustrated in Fig. 6. 290 



17 

 

 291 

 292 



18 

 

The above sensitivity analysis results are consistent with the parameter ranges of the KC equation in 293 

various geological materials summarized in the review by Rehman et al.(2024), confirming the 294 

reasonableness of the parameter settings in this paper. 295 

Mechanical Decoupling of Geometric Boundary Effects 296 

Physical Description of the Geometric Effect 297 

For a porous medium body with an upstream boundary of slope 1:m, a change Δh in the reservoir water 298 

level causes the intersection point of the water surface with the boundary to move along the slope by 299 

m·Δh, thereby changing the effective propagation distance L of the pressure wave: 300 

Leff = L0 − m ⋅ Δh （25） 301 

When Δh > 0 (water level rise), the intersection point moves in the downstream direction, and Leff shortens. 302 

Based on τ ∝ L, the relative change in τ caused by the geometric effect is: 303 

Δτgeo

τ0
= −

m ⋅ Δh

L0
（26） 304 

The physical mechanism of the geometric boundary effect is illustrated in Fig. 7. 305 

Fig.7 shows that a water level rise (Δh > 0) shifts the water–dam intersection downstream by m·Δh, while 306 

the reduction in effective pressure wave propagation distance ΔL at each barometer station remains 307 

constant. Because the initial upstream distances L0 differ, the relative shortening ΔL/L0 varies markedly: 308 

for the far-field piezometer C (large L0
C) the relative change is small, so the geometric contribution to τ is 309 

minor and τ mainly reflects constitutive changes; for the near-field piezometer A (small L0
A) the same ΔL 310 

produces a relative change several times larger, making the geometric effect the dominant driver of τ 311 

fluctuations. 312 
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 313 

Magnitude Assessment 314 

Taking a typical earth dam with a slope of 1:2.5 and an annual reservoir water level fluctuation of 315 

approximately 8m as an example, the magnitude assessment is summarized in Table 2. 316 

Table 2. Magnitude assessment of geometric effect on τ for typical dam parameters. 317 

L0 (m) m⋅Δhmax (m) |Δτgeo/τ₀|max 

5 20 ±400% 

10 20 ±200% 

15 20 ±133% 

20 20 ±100% 

30 20 ±67% 

40 20 ±50% 

Near the boundary (L0 ≤ 10 m), the geometric effect is extremely significant, and the τ change may be 318 

dominated primarily by the geometric effect, making it unsuitable for direct diagnosis of constitutive 319 

parameter damage.  320 
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Medium Baseline Function Method 321 

To rigorously separate the geometric effect from the constitutive damage effect from a mechanical 322 

perspective, this paper proposes the medium baseline function method. 323 

Basic Principle: Select a baseline period during which the constitutive state of the medium is known to be 324 

stable. During this period, the variation of τ is primarily dominated by geometric effects. Using the τ-h 325 

scatter data from the baseline period, establish the response function f0(h) of τ to the reservoir water level 326 

through non-parametric regression: 327 

f0(h) = Spline[BinMedian{τi, hi}i∈Baseline] （27） 328 

This function, without relying on simplified geometric assumptions, completely captures the nonlinear 329 

pattern of the geometric effect under given constitutive parameters. For any later time, the residual of 330 

the observed τ with respect to f0 (h) is defined as the net medium effect: 331 

Δτmedium(t) = τobs(t) − f0(h(t)) （28） 332 

Since f0(h) has absorbed all the geometric effect information, Δτmedium reflects only the changes in the 333 

constitutive parameters of the medium. The principle of the medium baseline function method is 334 

illustrated in Fig.8. 335 

Scientific justification of the method: (1) It does not rely on simplified geometric assumptions; f0(h) learns 336 

the actual pattern of the geometric effect directly from measured data. (2) The net medium effect has a 337 

clear physical meaning—a positive value indicates that τ is longer relative to the same water level baseline 338 

(K decreased), and a negative value indicates that τ is shorter (K increased). (3) The sensitivity is 339 

quantifiable—the standard deviation of the baseline residuals, σres, provides an objective judgment 340 

threshold. A comparison of this method with existing methods is shown in Table 3. 341 

 342 
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 343 

Table 3. Comparison of geometric effect decoupling methods. 344 

Method Basic Idea Advantages Limitations 

Mathematical 
correction 

Directly subtract geometric 
effect using linear relationship 

ΔL vs. Δh 
Simple calculation 

Relies on simplified geometric 
assumptions; does not consider 
heterogeneity 

Stratified 
comparison 

Compare τ in fixed 

reservoir level intervals across 
different periods 

Intuitive 
Information loss from 

discretization; sparse samples at 
extreme water levels 

Medium baseline 
function (this study) 

Learn f₀(h) from baseline 
data; calculate later residuals 

Independent of 
geometric assumptions; 
nonlinear; sensitivity 
quantifiable 

Requires sufficient baseline data 

Discussion 345 

Mechanical Connotation of τ as an Indicator of Constitutive Parameter Damage 346 
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The rigorously derived τ-K-S constitutive relationship in this paper establishes. At a mechanical level, the 347 

theoretical qualification of τ as an indicator of the constitutive parameters of the medium. τ is analogous 348 

to the "stiffness" in the stress-strain curve of solid mechanics—a decrease in stiffness indicates material 349 

damage, while a shortening of τ indicates an enhancement of the hydraulic diffusion capacity of the 350 

porous medium. Both reflect the damage state of the constitutive parameters of the medium through 351 

wave propagation characteristics (elastic wave velocity or pressure wave lag). 352 

Boundaries of the Applicability Conditions of the Theory 353 

The derivation in this paper is based on several simplifying assumptions. For media with extremely high 354 

fine particle content, such as cohesive soils, the applicability of the KC equation requires modification (e.g., 355 

introducing the concept of effective porosity or adopting the Hazen formula as an alternative). Rehman 356 

et al.(2024) pointed out that the applicability of the KC equation in fine-grained media such as clays and 357 

silts is limited, requiring the introduction of microstructural parameters for correction. For highly 358 

heterogeneous fractured media, the diffusion wave model needs to be adjusted to a dual-porosity model. 359 

Furthermore, assumption 5 (stability of the coarse particle skeleton) may fail under extreme erosion 360 

conditions—when the coarse particle skeleton also collapses, the changes in porosity and permeability 361 

will deviate from the predictions of the KC equation, which itself signifies that the damage has entered a 362 

new stage. 363 

Quantitative Predictions for Subsequent Verification 364 

The theoretical framework of this paper provides five quantitative predictions amenable to experimental 365 

verification: 366 

(1) A five-percentage-point reduction in fine content increases the hydraulic conductivity K by 50%–400% 367 

(depending on the particle size ratio and initial porosity). 368 
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(2) When K increases by 200%, τ shortens by approximately 42% (under the assumption of constant S). 369 

(3) The geometric effect function f0(h) should remain stable when the constitutive parameters of the 370 

medium are undamaged; i.e., τ at the same water level in different periods should fall within the baseline 371 

confidence band. 372 

(4) An irreversible shortening of τ (after deducting the geometric effect) is an indicator of internal erosion; 373 

if τ fluctuates only within the range of the geometric effect, there is no constitutive parameter damage. 374 

(5) The τ fluctuation of near-boundary measurement points (L0 ≤ 10m) is dominated primarily by the 375 

geometric effect; damage diagnosis should rely mainly on measurement points with L0≥ 15m. 376 

Engineering Application Prospects and Directions for Subsequent Verification 377 

The theoretical framework established in this paper is applicable to the following scenarios: (1) By 378 

monitoring the long-term trends of τ, we can detect changes in permeability to provide early warnings 379 

for internal erosion in dams and levees; (2) Using natural or artificial water level fluctuations, we can 380 

estimate the spatial distribution of K and S to invert aquifer parameters; (3) We can assess the seepage 381 

conditions of slopes and foundations. Future studies need to verify the reliability of these theoretical 382 

predictions both in controlled lab experiments and real-world projects. The diffusion wave theoretical 383 

framework of Depner and Rasmussen(2017) can provide a methodological reference for the extension 384 

from the laboratory scale to the field scale. In addition, the macroscopic analytical model for pressure 385 

wave propagation in variably saturated porous media proposed by Kalisman et al.(2019) provides a direct 386 

mathematical interface for the extension of this theory from the saturated zone to the unsaturated zone. 387 

Conclusions 388 
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(1) Based on the diffusion wave equation, the constitutive relationship between the pressure wave 389 

propagation time τ and the hydraulic parameters of the medium, τ = L√S/(2ωK), was rigorously derived. 390 

Sensitivity analysis showed that the relative sensitivities of τ to K and S are -1/2 and +1/2, respectively. 391 

When internal erosion simultaneously increases K and decreases S, the two effects superimpose to 392 

accelerate the shortening of τ. 393 

(2) Based on the Kozeny-Carman equation, a complete mechanical transfer function linking fine particle 394 

loss Δf → porosity n and specific surface area Ss → hydraulic conductivity K → propagation time τ was 395 

established. Fine particle loss increases K through the dual mechanisms of increasing effective porosity 396 

and decreasing specific surface area of particles, thereby shortening τ. 397 

(3) Typical Parametric sensitivity analysis showed that a five-percentage-point reduction in fine content 398 

can increase K by 50%–400% and shorten τ by 15%–50%. The higher the initial fine content and the larger 399 

the particle size ratio, the more sensitive τ is to fine particle loss. 400 

(4) A medium baseline function method was proposed. By establishing the baseline period τ-h response 401 

function f0(h), a rigorous mechanical decoupling of geometric boundary effects from constitutive damage 402 

effects was achieved. This method does not rely on simplified geometric assumptions, and the net 403 

medium effect has a clear physical meaning. 404 

(5) Five quantitative predictions amenable to subsequent experimental verification were provided, 405 

offering clear directions for the experimental validation of the theoretical framework.  406 
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 416 

Notation 417 

The following symbols are used in this paper: 418 

C = Kozeny-Carman constant; 419 

D = hydraulic diffusivity(L2/T); 420 

dc = characteristic particle diameter of coarse fraction(L); 421 

df = characteristic particle diameter of fine fraction(L); 422 

f = fine particle mass content; 423 

f' = fine particle mass content after loss; 424 

h = pressure head(L); 425 

h0 = amplitude of water level fluctuation(L); 426 

K = saturated hydraulic conductivity(L/T); 427 

K' = saturated hydraulic conductivity after fine particle loss(L/T); 428 

L = effective propagation distance of pressure wave(L); 429 

L0 = baseline effective propagation distance(L); 430 

Leff = effective propagation distance after water level change(L); 431 

m = upstream slope ratio (1:m); 432 

n = porosity; 433 
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n0 = initial porosity; 434 

n' = porosity after fine particle loss; 435 

S = specific yield (storage coefficient); 436 

Ss = specific surface area of solid particles; 437 

Ss' = specific surface area after fine particle loss; 438 

t = time; 439 

V = total volume; 440 

Vc = volume of coarse particles; 441 

Vf = volume of fine particles; 442 

Vs = total solid volume; 443 

Vv = void volume; 444 

x = spatial coordinate; 445 

α = fine particle loss ratio (0 ≤ α ≤ 1); 446 

γ = unit weight of water; 447 

Δf = change in fine particle content; 448 

Δh = change in reservoir water level; 449 

Δτgeometry = geometric effect component of lag time change; 450 

Δτmedium = net medium effect; 451 

μ = dynamic viscosity of water; 452 

τ = pressure wave propagation time (lag time); 453 

τ0 = baseline memory length; 454 

φ = phase; 455 

ω = angular frequency of water level fluctuation. 456 

 457 
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