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Abstract5

We establish a closed-corridor near-constant-Q criterion for variable-order fractional6

wave operators. In one-dimensional graded media, and in a conditional multidimensional7

weak-attenuation corridor assuming a standard caustic-free real geometric-optics phase, the8

branch-normalized local quality factor satisfies9

Q(x, ω) = Q0(x) +R(x, ω), ‖R‖L∞(U×[ω1,ω2]) ≤ C (‖∇α‖∞ + ‖∇β‖∞)

on each fixed frequency band. The operator studied is10

Lα,β = CD
α(x)
t + c2(x)(−∆)β(x)/2.

This is a fixed-band admissibility theorem, not a universal all-frequency or global variable-11

order wave-propagation theorem. Its frozen dispersion relation has a distinguished causal-12

passive logarithmic branch. On this branch the quality factor is exactly frequency indepen-13

dent, the orders producing a prescribed Q0 form an explicit one-parameter manifold, and14

the pair (α, β) is identifiable when attenuation is combined with the velocity-dispersion ex-15

ponent. The spatial order is interpreted here as an effective phenomenological coordinate for16

nonlocal dispersion, not as an independent rock-physics state variable; the causal branch is17

Kramers–Kronig compatible and the high-Q reference remains close to the classical βeff ≈ 218

regime. The constant in the estimate depends on the band, the passive-cone margin and19

the scale separation between wavelength and order variation, so the estimate is local in20

phase space rather than all-frequency. The general multidimensional WKB calculation is21

used only as a conditional reduction: it identifies the variable-order logarithmic source once22

a caustic-free complex phase and a controlled lower-order remainder have been supplied.23

The result is not intended for multipathing, caustics, sharp order jumps, strongly scattering24

geological structures, or field-scale global propagation without an additional transmission25

and parametrix theory. The only variable-order source of frequency dependence is the loga-26

rithmic derivative of the spatial symbol. Replacing the orders by regional averages incurs a27

frozen-Q error ofO(oscα+oscβ) and can therefore produce order-one errors across sharp con-28

trasts; the corresponding field transfer is conditional, and a nonlocal transmission theorem29

remains open. Controlled spectral, plane-wave, reduced two-dimensional, and nonseparable30

small-grid diagnostics test the frozen formula, gradient scaling, averaged-order mechanism,31

and identifiability. They are finite-dimensional diagnostics, not continuum convergence or32

field validation. The result provides a geophysical criterion for when smooth heterogeneous33

fractional orders can be interpreted as a local near-constant-Q model and when regional34
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averaging is not justified. The numerical experiments are reproducible diagnostics for the35

formulae and assumptions, not validation of a field-scale propagation model.36

Key words: seismic attenuation; wave propagation; fractional wave equation; variable-order37

operators; WKB analysis.38

1 Introduction39

1.1 Background and motivation40

Seismic waves lose energy as they propagate, and many crustal and exploration-scale anal-41

yses treat the quality factor Q as approximately frequency independent over the seismic band.42

Kjartansson’s (1979) constant-Q model gives a causal power-law description of this regime and43

motivates fractional wave equations for attenuating media. Two related formulations are central44

for the present work: fractional time-derivative models (Carcione et al., 2002) and the decou-45

pled fractional-Laplacian formulation of Zhu and Harris (2014), which separates amplitude loss46

from phase delay using two fractional Laplacian terms whose orders depend on the local Q.47

The operator studied here is not claimed to be an algebraic rewriting of the Zhu-Harris48

decoupled fractional-Laplacian equation. Zhu and Harris use a spatially decoupled construction49

designed to separate amplitude attenuation and phase dispersion, whereas (1) couples a Caputo50

time-fractional order with a variable-order spatial fractional Laplacian. We use Zhu-Harris as51

the modelling motivation for averaged fractional-order practice and for the known difficulty of52

heterogeneous attenuation, but the admissibility condition α+β > 2 and the two-order manifold53

derived below belong to the present space-time fractional model. This distinction is important54

when interpreting the averaged-order error in Section 6: the estimate diagnoses the loss incurred55

by averaging the orders of (1), not a proof of failure for every Zhu-Harris parametrization.56

The physical interpretation is deliberately narrower than a full rock-physics constitutive law.57

The order α parameterizes temporal memory and intrinsic attenuation, while β parameterizes58

effective spatial nonlocality and the departure of the attenuation–dispersion pair from the local59

β = 2 reference. Thus β is a phenomenological modelling coordinate, not an independently60

measurable material state variable and not a direct microscopic scattering mechanism. All61

frozen branches used below are selected by passivity, forward propagation, and Kramers–Kronig62

compatibility, in the spirit of causal power-law and constant-Q attenuation theories (Caputo,63

1967; Kjartansson, 1979; Szabo, 1994; Holm and Näsholm, 2011). Departures from β = 264

should therefore be read as effective constitutive or dispersion departures rather than as a65

geometric-scattering closure.66

In a homogeneous medium the orders are constant and the theory is classical. Real media67

are heterogeneous: Q = Q(x), and therefore the fractional orders become variable, α = α(x)68

and β = β(x). Here a practical and theoretical difficulty appears. Genuinely x-dependent69

orders make the operator a variable-order pseudodifferential operator, whose Fourier-side im-70

plementation is hampered by Gibbs-type artefacts; to sidestep this, practitioners commonly71

replace variable orders by regional averages (Zhu and Harris, 2014). As a consequence, the72

variable-order near-constant-Q regime–the very object that the name VO-NCQ refers to–has73

remained a heuristic, without a theorem stating when, and how accurately, a variable-order74

operator realizes a (nearly) frequency-independent Q.75

Near-constant-Q dissipative models are well developed in geophysics, from Kjartansson’s76

power-law Q (Kjartansson, 1979) through fractional-derivative, fractional-Zener and fractional-77

Laplacian wave equations (Carcione et al., 2002; Chen and Holm, 2004; Treeby and Cox, 2010;78

Zhu and Carcione, 2014; Zhu and Harris, 2014). Numerical modelling of attenuation and79

viscoelastic wave propagation has an equally substantial background (Robertsson et al., 1994;80
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Tonn, 1991), while fractional wave theory, inhomogeneous fractional diffusion, and Mittag–81

Leffler response functions are standard tools for memory-driven dynamics (Chechkin et al.,82

2005; Gorenflo et al., 2020). These works design, interpret, or compute attenuating wave models83

whose Q is exactly or approximately frequency independent in prescribed regimes. They do not,84

however, quantify how a genuinely x-dependent fractional order changes the local frequency85

dependence of Q. On the mathematical side, variable-order differentiation goes back at least to86

Samko and Ross (1993), Lorenzo and Hartley (2002), Coimbra (2003), and Sun et al. (2009);87

variable-order Besov and pseudodifferential constructions are treated by Leopold (1989) and88

Leopold and Schrohe (1993); and the variable-order fractional Laplacian has recently been given89

a rigorous real-space definition by Darve et al. (2022). The fixed-order fractional Laplacian90

itself admits several equivalent analytic realizations (Caffarelli and Silvestre, 2007; Kwaśnicki,91

2017), and the well-posedness and regularity of variable-order fractional wave equations have92

been studied by Jia et al. (2025). None of these addresses the precise relation between the order93

functions (α, β) and the frequency dependence of the local quality factor.94

Our contribution is thus not the constant-Q model–which is classical–but a branch-resolved95

and microlocal frequency-dependence analysis of the variable-order operator: the exact frozen-96

coefficient Q-locus and, in particular, a local fixed-band WKB deviation estimate controlling97

Q(x, ω) by ∇α,∇β under explicit admissibility hypotheses.98

1.2 The operator and the main questions99

We study the following variable-order space-time fractional operator:100

Lα,βu(x, t) :=
CD

α(x)
t u(x, t) + c2(x)(−∆)β(x)/2u(x, t), (x, t) ∈ Ω× (0, T ), (1)

Here Ω ⊂ Rd is a bounded Lipschitz domain, CDα(x)
t is the Caputo derivative of x-dependent101

order α(x) ∈ (1, 2], and (−∆)β(x)/2 is the variable-order fractional Laplacian of order β(x) ∈102

(0, 2). We address three questions.103

(Q1) In the frozen-coefficient regime, is the quality factor Q frequency independent, and for104

which (α, β)? What is the locus of orders realizing a prescribed Q0?105

(Q2) When the orders vary in space, by how much does Q(x, ω) deviate from frequency inde-106

pendence, and how is the deviation controlled by ∇α,∇β?107

(Q3) What is the modelling error incurred by replacing the variable orders with regional aver-108

ages?109

1.3 Main results and organization110

Reader’s map. The argument has five gates. First, Section 3 fixes the frozen dispersion111

relation and the branch-normalized definition of Q. Second, Section 4 proves that only the112

causal-passive logarithmic branch gives forward attenuation and a Kramers–Kronig compatible113

lossless limit. Third, the same section shows that fixed Q0 is a one-parameter two-order manifold114

and that attenuation alone is therefore non-identifying. Fourth, Section 5 turns on smooth115

spatial variation and proves a fixed-band WKB corridor in which the departure Q − Q0 is116

controlled uniformly by the order gradients. Fifth, Section 6 explains why replacing variable117

orders by regional averages is safe only when the order oscillation is small.118
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Main result. On any interior region U ⋐ Ω and any fixed frequency band, a smoothly
varying variable-order operator realizes a near-constant Q to first order in the order gradi-
ents:

Q(x, ω) = Q0(x) +R(x, ω), ‖R‖L∞(U×[ω1,ω2]) ≤ C
(
‖∇α‖∞ + ‖∇β‖∞

)
(Proposition 5.5), the variable-order identity ∂xj 〈ξ〉β(x) = (∂xjβ) log〈ξ〉 〈ξ〉β(x) being the
sole source of the frequency dependence. This proposition is a conditional WKB reduction,
not a stand-alone multidimensional parametrix theorem. The estimate is closed without an
additional phase hypothesis in one dimension and conditionally closed, in any dimension,
in the weak-attenuation regime once a standard real caustic-free geometric-optics phase
is supplied (Theorem 5.15). Two consequences make it usable: the constant-Q orders are
identifiable from attenuation and dispersion (Proposition 4.14), and the averaged-order ap-
proximation has anO(oscα+oscβ) frozen-Q error, with a conditional nonresonant resolvent
transfer once the common-space operator comparison (44) is available (Consequence 6.1
and Proposition 6.4).

119

Practical interpretation and boundary. The closed criterion gives a local diagnostic for a120

smooth heterogeneous medium over a prescribed seismic frequency band: small spatial gradients121

of the two orders imply a proportionally small departure from the frozen constant-Q law in122

the corridors stated in Theorem 5.15. It does not provide a global expansion through caustics,123

multipathing, boundary layers, strongly scattering structures, or sharp order jumps, and it does124

not validate a field-scale inversion. In one dimension the required complex phase is constructed125

directly; in several dimensions the result is conditional on the stated caustic-free geometric-126

optics input.127

In detail. Our answer to (Q1) is Proposition 4.4: in the frozen regime, Q is exactly frequency128

independent for every admissible (α, β), the quality factor is the explicit function (10), and129

the constant-Q locus is the manifold (11). We stress, in the interest of honesty about nov-130

elty, that the exact constant-Q property is the analytic content of Kjartansson’s power law;131

the novelty in this part is the explicit two-order manifold and the branch-resolved derivation132

(Lemma 4.1). The genuinely new result is the closed near-constant-Q criterion collected in133

Theorem 5.15, with a one-dimensional graded-order construction and a weak-attenuation multi-134

dimensional corridor. Proposition 5.5 supplies the conditional microlocal reduction behind this135

criterion: once a caustic-free complex phase and controlled lower-order remainder are available,136

the only variable-order source entering the leading quality-factor deviation is the logarithmic137

derivative of the order. The averaged-order consequence (Consequence 6.1) answers (Q3). The138

frequency-domain field these statements describe is assumed in a nonresonant Fredholm realiza-139

tion (Hypothesis 2.7). A further contribution, of applied interest, is the identifiability result of140

Section 4.5 (Propositions 4.12 and 4.14): on the constant-Q manifold the pair (α, β) is recovered141

from the attenuation angle and the velocity dispersion, so the two-order degeneracy becomes a142

constructive inverse-problem recipe.143

The results and their logical status are summarized below.144
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Question Result(s) Status

(Q1) frozen Q, two-order manifold,
identifiability

Prop. 4.4; Cons. 4.9; Props. 4.12 and 4.14 exact, closed

(Q2) deviation
|Q−Q0| ≲ ‖∇α‖∞ + ‖∇β‖∞

Thm. 5.15; Prop. 5.5 closed in listed
corridors;
conditional
reduction separated

one dimension, graded order Lemma 5.9, Cor. 5.10 unconditional
weak attenuation, any d (real

GO phase)
Prop. 5.12, Theorem 5.15 conditional on real

caustic-free GO
(Q3) averaged-order modelling
error

Consequence 6.1 exact; O(1) at
interfaces

frequency-domain nonresonance Hypothesis 2.7 assumed Fredholm
realization

145

Claim Assumption Mathematical output Geophysical meaning

Branch-resolved frozen
Q

Passive cone, causal
logarithmic branch

Unique forward
attenuating branch; exact
Q0

Only the selected
branch is a physical
attenuation law.

Two-order constant-Q
manifold

1 < α < 2, 0 < β < 2,
α+ β > 2

Smooth one-dimensional
manifold

Q alone does not
identify both orders.

Identifiability Attenuation angle plus
dispersion slope

Explicit inverse for (α, β) Dispersion data are
needed to break the
trade-off.

Fixed-band WKB
corridor

Branch margin,
caustic-free phase,
wavenumber floor

Uniform Q−Q0 bound
on [ω1, ω2]

Smooth local media
can be screened for
near-constant-Q use.

Averaged-order error Compact admissible
order range

O(oscα+ oscβ) frozen-Q
error

Regional averaging can
fail at sharp contrasts.

146

What is not proved. We do not prove an all-frequency constant-Q theorem, a global147

parametrix through caustics, a nonlocal transmission theorem for sharp order jumps, unique-148

ness of a full inverse problem, convergence of a field-scale numerical solver, or equivalence149

among all possible definitions of the variable-order fractional Laplacian. The theorem is a local,150

fixed-band admissibility criterion for the operator and branch stated above. For transparency,151

the technical inputs that often remain implicit in WKB arguments are stated separately below:152

branch margin, fixed-band logarithmic remainder control, frozen-symbol perturbation, constant-153

Q manifold regularity, attenuation-only non-identifiability, one-dimensional phase construction,154

and weak-attenuation remainder control. This separation is intended to make the proof contract155

auditable by both mathematical and geophysical readers.156

Section 2 fixes notation and recalls the variable-order symbol estimates used here. Section157

3 derives the dispersion relation and defines Q. Section 4 gives the exact constant-Q proposition158

and studies the manifold. Section 5 establishes the local WKB deviation theorem and proves159

its one-dimensional graded-order instance. Section 6 treats the averaged-order error. Section160

7 reports the numerical experiments, including a new nonseparable two-dimensional scattering161

diagnostic. Section 8 discusses extensions and open problems.162

2 Notation and preliminaries163

Throughout, Ω ⊂ Rd is a bounded Lipschitz domain and T > 0. We write 〈ξ〉 = (1+|ξ|2)1/2164

and denote by ωd the volume of the unit ball in Rd. The orders satisfy the following standing165

assumption.166
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Assumption 2.1. α ∈ C1(Ω) with 1 < α− ≤ α(x) ≤ α+ < 2; β ∈ C1(Ω) with 0 < β− ≤167

β(x) ≤ β+ < 2; c ∈ C1(Ω) with 0 < c− ≤ c(x) ≤ c+. In addition we require the admissibility168

condition169

α(x) + β(x) > 2 for all x ∈ Ω, implied in particular by α− + β− > 2. (2)

This is necessary and sufficient for passivity: it ensures φ0(x) = π(2 − α(x))/(2β(x)) ∈170

(0, π/2) for every x (Lemma 4.1), which is the condition κI(x) > 0 (forward propagation with171

positive spatial decay). In the boundary cases: α(x) + β(x) ↓ 2 gives φ0 ↑ π/2, Q0 ↓ 0 (over-172

damped); α ↑ 2 gives φ0 ↓ 0, Q0 → ∞ (lossless). The strict bound α+ < 2 keeps the model173

strictly dissipative (so that sin(α(x)π/2) is bounded below and Hypothesis 2.7 applies); the174

lossless boundary α = 2 lies outside Assumption 2.1 and is recorded only as a limiting case in175

Examples 4.4 and 4.6. All numerical experiments use parameter pairs satisfying (2).176

Remark 2.2 (nondimensional reference scales). All symbols in this paper are written after fixing177

a reference time scale T0 and length scale L0. Equivalently, the frozen dispersion relation is178

(−iωT0)α(x) + c̃ 2(x)(|ξ|L0)
β(x) = 0,

and the notation below suppresses the tildes. Thus ω, ξ, and c are normalized quantities. For179

example, a seismic reference frequency f0 = 10 Hz gives T0 = 1/f0 = 0.1 s; with a reference180

velocity v0 = 3000 m s−1 one may take L0 = v0T0 = 300 m. A physical angular frequency 2πf181

is then represented by ωT0, and a physical wavenumber by |ξ|L0. Without this convention the182

physical dimension of c2(x) would vary with α(x) and β(x), since CD
α(x)
t has dimension T−α(x)183

and (−∆)β(x)/2 has dimension L−β(x). In a dimensional implementation the corresponding184

coefficient would have units LβT−α; the present c2(x) is its nondimensional counterpart.185

2.1 The variable-order Caputo derivative186

For 1 < α ≤ 2 the Caputo derivative of a function g ∈ C2[0, T ] is187

CDα
t g(t) =

1

Γ(2− α)

∫ t

0
(t− s)1−αg′′(s) ds.

In (1) the order is the value α(x) frozen at the spatial point x, so for each fixed x the188

temporal operator is an ordinary Caputo derivative of constant order. For a steady-state time-189

harmonic field e−iωt one has, in the causal stationary regime (the initial Caputo transient190

decaying), the symbol191

CDα
t e

−iωt = (−iω)αe−iωt, ω > 0, (3)

with the principal branch of (−iω)α; see Section 3.192

2.2 The variable-order fractional Laplacian and symbol class193

The variable-order fractional Laplacian is treated microlocally as the pseudodifferential194

operator with x-dependent symbol c2(x)|ξ|β(x). Related real-space and variable-order pseudod-195

ifferential constructions are discussed by Leopold (1989), Leopold and Schrohe (1993), Darve et196

al. (2022), Hörmander (2007), Shubin (2001), and Stein (1993). The only symbol estimates used197

in this paper are stated explicitly below and proved in Appendix A. All results below are interior198

and microlocal (U ⋐ Ω) and do not depend on the particular self-adjoint boundary realization199

of (−∆)β(x)/2 on Ω (Dirichlet, spectral, or restricted); the boundary enters only through the200

numerical absorbing layers of Section 7. The operators are evaluated within the interior chart201

U ⋐ Ω to bypass boundary-induced non-local coupling, so the local parametrix is asserted only202

away from ∂Ω and does not specify a global boundary topology for the variable-order operator.203
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This continuous microlocal realization is not identified with any particular positive-204

semidefinite spectral projection of a symmetrized Kohn–Nirenberg matrix. Such finite-205

dimensional projected models may share the frozen principal symbol, but time-exact modal206

evaluation of a prescribed semidiscrete matrix does not by itself prove spatial convergence207

to the continuous nonsymmetric Kohn–Nirenberg realization analysed here. No convergence208

bridge is claimed in the present paper.209

Definition 2.3. A symbol a ∈ C∞(Ω×Rd) belongs to Sβ(·)var if for all multi-indices γ, δ there is210

Cγδ with211 ∣∣∣∂γx∂δξa(x, ξ)∣∣∣ ≤ Cγδ〈ξ〉β(x)−|δ|(log〈ξ〉)|γ|.

The two facts we need are the following. The first is the prototype computation; the second212

is the subordination that makes the log factors harmless.213

Lemma 2.4 (Symbol derivative estimate).

∂γx〈ξ〉β(x) = Pγ(x, log〈ξ〉)〈ξ〉β(x),

where Pγ is a polynomial of degree |γ| in log〈ξ〉 with coefficients polynomial in {∂γ
′
x β}γ′≤γ. In214

particular, for |γ| = 1,215

∂xj 〈ξ〉β(x) = (∂xjβ)(log〈ξ〉)〈ξ〉β(x),

so c2(x)〈ξ〉β(x) ∈ S
β(·)
var . (Proved in Appendix A.)216

Lemma 2.5 (log-subordination). For every k ≥ 0 and ε > 0,217

〈ξ〉β(x)(log〈ξ〉)k ≤
(
k

eε

)k
〈ξ〉β(x)+ε,

uniformly in x. Consequently S
β(·)
var ⊂ S

β++ε
1,0 for every ε > 0; in particular, the classical218

Calderón-Vaillancourt theorem and the Hörmander-class parametrix theory apply (with an ε-loss219

in the order), controlling the WKB remainders used in Section 5. (Proved in Appendix A.)220

Remark 2.6. The two lemmas above are the only facts from the variable-order symbol calculus221

used in this paper; their proofs (Appendix A) are elementary and self-contained. A full global222

calculus for variable-order symbols would be needed for a global theorem beyond the local223

fixed-band WKB statement of Section 5.224

Lemma 2.7 (Fixed-band logarithmic and exponential remainder control). Let I = [ω1, ω2] ⋐225

(0,∞) and fix a reference ω0 ∈ I. Then226

LI := sup
ω∈I

|log(ω/ω0)| <∞.

Consequently, for every complex perturbation z(ω) satisfying supI |z(ω)| ≤ ρ,227

sup
ω∈I

|ez(ω) − 1− z(ω)| ≤ 1

2
ρ2eρ.

In particular, if228

z(ω) = a δα log(ω/ω0) + b δβ log(κ(ω)/κ(ω0))

on the causal-passive branch and the branch margin of Lemma 4.2 holds, then229

sup
ω∈I

|ez(ω) − 1− z(ω)| ≤ CI (|δα|+ |δβ|)2 ,

where CI depends on the band, the passive margin and the admissible order ranges, but not on230

ω ∈ I.231
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Proof. The boundedness of LI follows from compactness of I and positivity of ω1. Taylor’s232

formula with integral remainder gives233

ez − 1− z = z2
∫ 1

0
(1− s)esz ds,

and hence |ez−1−z| ≤ |z|2e|z|/2. On the passive branch, log κ = log |κ|+iφ, with φ confined to a234

compact subinterval of (0, π/2) by Lemma 4.2; furthermore log |κ(ω)/κ(ω0)| = (α/β) log(ω/ω0).235

The logarithmic factors are therefore uniformly bounded on I, so ρ ≤ CI(|δα| + |δβ|), giving236

the final estimate.237

2.3 Frequency-domain realization and well-posedness238

The analysis below is local in phase space, but the notation in (18) presupposes a frequency-239

domain realization of the time-harmonic problem. We separate this analytic convention from240

the microlocal calculation. For a fixed ω > 0, let241

Pωv := (−iω)α(x)v +Op
(
c2(x)|ξ|β(x)

)
v. (4)

On the interior chart U ⋐ Ω used in Section 5, Pω is understood as a properly supported242

pseudodifferential operator with symbol in Sβ(·)var plus the order-zero complex multiplication term243

(−iω)α(x). Rather than postulate the existence of the time-harmonic field, we record that we244

use the following nonresonant realization hypothesis for the global frequency-domain field.245

Hypothesis 2.8 (frequency-domain realization and nonresonance). For each fixed frequency246

band used below, the time-harmonic operator247

Pωv := (−iω)α(x)v +Op
(
c2(x)|ξ|β(x)

)
v

is realized on a chosen Dirichlet-type domain as a closed Fredholm operator Pω : V → V ∗, and248

the band avoids its discrete resonance set Σ. On compact subbands of (0,∞) \ Σ we assume249

the uniform resolvent estimate250

‖v‖V ≤ C(ω)‖f‖V ∗ , Pωv = f.

This is a standard nonresonant frequency-domain input for the global field problem, not a251

consequence of the local symbol estimates alone. The microlocal WKB calculation in Section252

5 uses only the interior symbol and is independent of which self-adjoint or sectorial boundary253

realization ultimately verifies this hypothesis.254

Lemma 2.9 (self-contained high-frequency parametrix estimate). The a priori estimate255

‖u‖V ≤ C
(
‖Lβu‖V ∗ + ‖u‖H

)
used above can be obtained from Lemmas 2.4–2.5 at the level needed here. Let ρ be a smooth256

high-frequency cutoff with ρ ≡ 1 for |ξ| ≥ 2R and ρ ≡ 0 for |ξ| ≤ R, and set257

q0(x, ξ) := ρ(ξ)
(
c2(x)〈ξ〉β(x)

)−1
.

Then q0 ∈ S
−β(·)
var . The Kohn–Nirenberg product gives258

q0#
(
c2〈ξ〉β(x)

)
= 1− ρ0 + r1,

8



where ρ0 is supported in {|ξ| ≤ 2R} and r1 ∈ S−1+ε
1,0 for every fixed ε > 0. The logarithmic factors259

generated by x-derivatives of β are precisely those controlled by Lemmas 2.4–2.5. Iterating the260

remainder gives, modulo an arbitrarily smoothing operator,261

E = Op(q0)

N−1∑
j=0

Op(−r1)j , ELβ = Id +KN .

Choosing N large enough makes KN compact from V to itself. Standard absorption of the262

compact remainder and the low-frequency cutoff gives the displayed estimate. This argument is263

local in charts; a partition of unity and the Dirichlet form realization provide the corresponding264

bounded-domain estimate.265

The local formulas of Section 5 — the branch, the transport equation, and the estimate for266

Q(x, ω) — are interior statements about the symbol of Pω and are independent of the particular267

boundary realization; Hypothesis 2.7 records the nonresonant global field realization used to268

interpret the local formulas. Well-posedness of the underlying time-domain Caputo evolution is269

treated by Jia et al. (2025).270

3 The dispersion relation and the quality factor271

3.1 Frozen-coefficient dispersion relation272

Fix a point x0 and freeze the coefficients there, writing α = α(x0), β = β(x0), c = c(x0).273

We seek a time-harmonic plane-wave solution u(x, t) = ei(κn·x−ωt) of Lα,βu = 0, where n is a274

unit direction, ω > 0 is the (real) angular frequency, and κ ∈ C is the complex wavenumber.275

Using (3) and (−∆)β/2eiκn·x = κβeiκn·x (principal branch along the propagation direction),276

substitution yields the dispersion relation277

(−iω)α + c2κβ = 0, equivalently κβ = −(−iω)α

c2
. (5)

Since κ is complex (an attenuating wave), eiκn·x grows or decays exponentially and is not278

an L2 eigenfunction; (5) is therefore the dispersion relation of the frozen constant-coefficient279

symbol, not an operator identity on Ω, and the multivalued κβ is assigned by the causal branch280

of Lemma 4.1 (Section 4.1) via analytic continuation from Imω > 0.281

3.2 Definition of the quality factor282

Write κ = κR + iκI . For a wave ei(κx−ωt) travelling in the +x direction, κR governs the283

phase velocity and κI the spatial decay. The quality factor is defined by284

Q :=
κR
2κI

, equivalently Q−1 = 2 tanφ, φ := arg κ. (6)

Physical (passive, forward-propagating) waves require κR > 0 and κI > 0, i.e. φ ∈ (0, π/2),285

whence Q > 0.286

4 Exact constant-Q and the two-order manifold287

4.1 Branch selection288

The relation (5) determines κβ but leaves a logarithmic branch choice for κ. Because β is289

not assumed to be an integer, it is not correct to speak of a finite set of β roots. We instead fix290

a branch of the complex logarithm and select the physically admissible branch of the resulting291

fractional power.292

9



Lemma 4.1 (Causal-passive branch). Let 1 < α < 2, 0 < β < 2, and α+ β > 2. Write293

θ := π − απ

2
∈
(
0,
π

2

)
.

For each integer logarithmic branch index j ∈ Z, the corresponding branch candidate has294

argument295

φj =
π − απ/2

β
+

2πj

β
, j ∈ Z,

where the fractional power is interpreted through κβ = exp(β Logj κ). Among these branch296

candidates, the unique one satisfying (i) passivity and forward propagation φ ∈ (0, π/2), (ii)297

the lossless limit φ → 0 as α → 2, and (iii) causality (κ(ω) analytic in the upper half-plane,298

Kramers-Kronig), is the principal branch j = 0,299

φ =
π − απ/2

β
∈
(
0,
π

2

)
. (7)

Proof. We use the principal branch for the causal temporal symbol. Since ω > 0, (−iω)α =300

ωαe−iαπ/2, so301

−(−iω)α = ωαei(π−απ/2),

because −1 = eiπ. The argument θ := π − απ/2 lies in (0, π/2) for 1 < α < 2. On302

the logarithmic branch indexed by j, write κ = |κ|eiϕ and Logj κ = log |κ| + i(φ + 2πj). The303

equation κβ = (ωα/c2)eiθ then gives |κ| = (ωα/c2)1/β and β(φ + 2πj) = θ modulo the chosen304

logarithmic determination. Equivalently, the branch candidates for the physical argument can305

be written as φj = θ/β + 2πj/β. For j = 0,306

φ0 =
θ

β
=
π(2− α)

2β
.

We verify φ0 ∈ (0, π/2) explicitly. The lower bound φ0 > 0 holds since α < 2. For the307

upper bound: φ0 < π/2 iff π(2 − α)/(2β) < π/2 iff 2 − α < β iff α + β > 2, which is exactly308

the admissibility condition (2) of Assumption 2.1. Thus φ0 ∈ (0, π/2) holds because and only309

because α+ β > 2.310

For j 6= 0, φj exits (0, π/2): since 0 < β < 2, neighbouring branch arguments are separated311

by 2π/β > π, so at most one branch can lie in the passive forward cone. The lossless limit312

α→ 2 gives θ → 0, hence φ0 → 0, satisfying (ii); no non-principal branch has this limit. Finally313

the principal branch of (−iω)α, continued from Imω > 0, gives the causal Kramers-Kronig-314

compatible determination of κ(ω); the branch j = 0 is the only branch that is simultaneously315

causal, forward propagating, and dissipative. Uniqueness follows from these three requirements.316

317

4.1.1 Spatially consistent branch selection318

The frozen branch in Lemma 4.1 must be chosen consistently when the orders vary with x.319

The following observation is used throughout Section 5.320

Lemma 4.2 (No branch crossing on admissible compact sets). Let U ⋐ Ω and suppose that321

α, β ∈ C1(U) satisfy322

1 < α− ≤ α(x) ≤ α+ < 2, 0 < β− ≤ β(x) ≤ β+ < 2, α(x) + β(x) ≥ 2 + η (8)

for some η > 0. Then the causal-passive phase323
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φ0(x) =
π(2− α(x))

2β(x)
(9)

is a single C1 branch on U and remains in a compact subinterval of (0, π/2). Consequently324

κR(x, ω) > 0 and κI(x, ω) > 0 for the frozen leading branch, and the branch cannot cross to325

another logarithmic determination while x varies in U .326

Proof. The formula (9) is C1 because α, β are C1 and β ≥ β− > 0. The lower bound α < 2327

gives φ0 > 0. The quantitative admissibility condition gives 2− α(x) ≤ β(x)− η, hence328

φ0(x) ≤
π

2

(
1− η

β(x)

)
≤ π

2

(
1− η

β+

)
<
π

2
.

Thus φ0(U) lies in a compact subinterval of (0, π/2). The distance to the boundary of the329

passive cone is positive, so sufficiently small microlocal corrections in Section 5 do not change330

the sign of κR or κI on the fixed compact region. Since neighbouring logarithmic branches331

are separated by more than π, no continuous path in the passive cone can jump to a different332

branch.333

Lemma 4.3 (Uniform fixed-band branch margin). Under the hypotheses of Lemma 4.2 and for334

any fixed band I = [ω1, ω2] ⋐ (0,∞), there are constants mbr,Mbr > 0 such that, on U × I,335

mbr ≤ |κ(x, ω)| ≤Mbr, dist
(
arg κ(x, ω), {0, π/2}

)
≥ mbr,

and the causal-passive logarithm log κ(x, ω) is a single C1 branch of x and ω. Hence every first-336

order perturbation whose relative wavenumber size is < mbr/4 remains on the same branch.337

Proof. The modulus is |κ| = ωα(x)/β(x)c(x)−2/β(x). Since U is compact, ω ∈ I, c is bounded338

above and below, and α, β range in compact admissible intervals, |κ| has positive lower and339

finite upper bounds. Lemma 4.2 places arg κ = φ0(x) in a compact subinterval of (0, π/2);340

compactness gives a positive distance to both edges of the passive cone. The formula for κ is341

C1 in x and ω on this set, and the positive angular margin prevents crossing the logarithmic342

cut. A relative perturbation smaller than a fixed fraction of the angular and modulus margin343

cannot leave the cone, so the branch is stable.344

4.2 The exact constant-Q proposition345

Proposition 4.4. Under Assumption 2.1 and the branch (7), the complex wavenumber is346

κ(ω) =

(
ωα

c2

)1/β

eiϕ, φ =
π − απ/2

β

independent of ω, so that the quality factor is frequency independent:347

Q0 =
1

2
cot

(
π − απ/2

β

)
, ∂ωQ0 = 0. (10)

Proof. By Lemma 4.1, κ = |κ|eiϕ with |κ| = (ωα/c2)1/β and φ given by (7). All ω-dependence is348

carried by the modulus; the argument φ does not depend on ω. Hence by (6), Q0 = (1/2) cotφ,349

independent of ω.350

Remark 4.5. Proposition 4.4 expresses analytically the well-known fact that a single power law351

yields a constant Q (Kjartansson). The point we wish to record precisely is the dependence of352

Q0 on both orders, which is the basis for the manifold and for the deviation analysis.353
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4.3 Limiting cases and consistency354

Example 4.6 (Lossless limit). If α = 2, then φ = 0 and Q0 = +∞, so the model is lossless. It355

reduces to the classical wave operator only when β = 2; for 0 < β < 2 it remains a conservative,356

spatially fractional dispersive wave equation.357

Example 4.7 (Weak attenuation). For α = 2− δ with small δ > 0 and β = 2, φ = πδ/4 and358

Q0 =
1

2
cot(πδ/4) ≈ 2

πδ
,

recovering the weak-attenuation scaling Q0 ∼ 2/(πδ) as the fractional part δ → 0.359

Example 4.8 (Purely spatial fractionality is lossless). Taking α = 2 (classical second time360

derivative, no temporal fractionality) and β < 2 gives φ0 = π(2 − 2)/(2β) = 0, hence Q0 =361

(1/2) cot(0) = +∞: no attenuation. Indeed, α = 2 makes the temporal symbol (iω)2 = −ω2362

real, so κβ = ω2/c2 > 0 is real-positive, giving κI = 0. Spatial fractionality β < 2 intro-363

duces dispersion (non-linear phase velocity cϕ = ω/κR = (ω2/β−1/c2/β)−1) but not attenuation.364

Constant-Q attenuation requires α ∈ (1, 2) (temporal fractionality); a purely spatial fractional365

Laplacian with α = 2 is a dispersive, non-attenuating wave equation. For every β ∈ (0, 2) the366

inequality α + β > 2 holds at α = 2, but φ0 = 0 places the model on the lossless boundary,367

rather than in the interior, of the passive cone.368

4.4 The constant-Q manifold369

Consequence 4.9. For a prescribed target Q0 > 0, the set of admissible orders is the explicit370

one-parameter curve371

β =
π(2− α)

2 arccot(2Q0)
, α ∈ (α∗(Q0), 2), (11)

where the left endpoint372

α∗(Q0) := 2− 4

π
arccot(2Q0) ∈ (1, 2) (12)

is the value at which β = 2; only α > α∗(Q0) keeps β < 2 within Assumption 2.1.373

Proof. By (10), φ = arccot(2Q0); substituting φ = (π − απ/2)/β = π(2 − α)/(2β) and solving374

for β gives the formula in (11). The constraint β < 2 reads π(2 − α)/(2 arccot(2Q0)) < 2,375

i.e. α > 2 − (4/π) arccot(2Q0) = α∗(Q0); since arccot(2Q0) ∈ (0, π/2) one has α∗ ∈ (1, 2).376

The admissibility condition α + β > 2 (2) holds automatically on the curve because β =377

π(2− α)/(2 arccot(2Q0)) > 2− α for arccot(2Q0) < π/2, i.e. for every Q0 > 0.378

Remark 4.10. Equation (11) shows that constant-Q does not determine the pair (α, β) uniquely:379

there is a one-parameter family realizing any given Q0, trading temporal against spatial frac-380

tionality. This degeneracy is relevant to inverse problems and to the choice of formulation381

(time-fractional vs. spatial-fractional).382

Proposition 4.11 (Regularity and non-degeneracy of the constant-Q manifold). Fix Q0 > 0383

and let384

F (α, β;Q0) =
1

2
cot

(
π(2− α)

2β

)
−Q0.

At every admissible point satisfying F = 0,385

∂αF =
π

4β
csc2

(
π(2− α)

2β

)
6= 0, ∂βF =

π(2− α)

4β2
csc2

(
π(2− α)

2β

)
6= 0.
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Thus the constant-Q locus is a smooth one-dimensional embedded curve in the admissible set. It386

may be parametrized by either α or β away from the lossless and passive-cone boundaries, and387

its branch cannot be continued through α = 2 or α+ β = 2 without leaving the strict dissipative388

model.389

Proof. Let φ = π(2−α)/(2β). On the admissible set, φ ∈ (0, π/2), so csc2 φ is finite and positive.390

Differentiating F = (1/2) cotφ−Q0 gives391

∂αF = −1

2
csc2 φ∂αφ =

π

4β
csc2 φ 6= 0,

and392

∂βF = −1

2
csc2 φ∂βφ =

π(2− α)

4β2
csc2 φ 6= 0.

The implicit-function theorem therefore gives a smooth local curve through every point of F = 0.393

Consequence 4.9 supplies the global explicit parametrization, so the local curves join into the394

stated embedded one-dimensional manifold. At α = 2, φ = 0 and Q0 = +∞; at α + β = 2,395

φ = π/2 and Q0 = 0. Both lie outside the strict finite-Q, passive dissipative corridor.396

4.5 Phase velocity, dispersion, and identifiability397

Proposition 4.4 records the attenuation content of the frozen branch, namely the frequency-398

independent Q0. The same branch also fixes the dispersion, and the two observables together399

resolve the order degeneracy of Remark 4.9. We make both explicit.400

Proposition 4.12 (Phase velocity and automatic causality). Under Assumption 2.1 and the401

branch (7), the phase velocity of the frozen plane wave is the pure power law402

cϕ(ω) =
ω

κR(ω)
=

c2/β

cosφ
ω γd , γd := 1− α

β
, (13)

with group velocity cg = (β/α) cϕ. The attenuation coefficient is403

κI(ω) = c−2/β sinφ ωα/β ,
κI
κR

= tanφ (frequency independent), (14)

which is exactly the constant-Q statement Q−1
0 = 2 tanφ. Moreover the complex wavenum-404

ber has the closed form405

κ(ω) = c−2/β e iπ/β (−iω)α/β , (15)

which is the boundary value of a function analytic in the upper half ω-plane and polynomially406

bounded. Because κ ∼ ωα/β grows, κR and κI are related not by an unsubtracted Hilbert407

transform but by a Kramers-Kronig dispersion relation with dα/βe subtractions; for the pure408

power law (15) this subtracted relation is equivalent to the frequency-independent phase arg κ = φ,409

i.e. to (14). In this precise sense constant Q and power-law dispersion are two readings of the410

single analytic object (15), and are consistent with causality.411

Proof. By Proposition 4.4, κR = |κ| cosφ = ωα/βc−2/β cosφ and κI = |κ| sinφ, giving (14)412

and, dividing ω by κR, the law (13); cg = (dκR/dω)
−1 = (β/α)cϕ since κR ∝ ωα/β . For (15),413

(−iω)α/β = ωα/βe−iαπ/(2β), so the right-hand side has modulus c−2/βωα/β = |κ| and argument414

π/β − απ/(2β) = π(2 − α)/(2β) = φ; it therefore equals κ. Analyticity in {=ω > 0} is the415

principal branch of (−iω)α/β (cut on the negative imaginary axis), which is condition (iii) of416

Lemma 4.1.417
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Remark 4.13. The sign of γd is diagnostic: on the manifold (11), γd = 0 iff α = β (dispersionless418

attenuation), γd > 0 iff α < β (velocity increases with frequency), and γd < 0 iff α > β. A419

genuinely space-time fractional model can therefore carry attenuation with any sign of velocity420

dispersion, whereas a purely time-fractional model (β = 2 fixed) ties the two together. This421

freedom is the physical meaning of the extra order.422

We now use the dispersion exponent to remove the degeneracy of Remark 4.9. Write the423

two frozen observables as424

φ = arccot(2Q0) (from attenuation), γd = 1− α

β
(from phase-velocity dispersion, (13)).

Proposition 4.14 (Identifiability from attenuation and dispersion). On the admissible set425

{1 < α < 2, 0 < β < 2, α + β > 2} the map (α, β) 7→ (φ, γd) is a diffeomorphism onto its426

image, with Jacobian427

∂(φ, γd)

∂(α, β)
= − π

β3
6= 0, (16)

and inverts explicitly by428

β =
π

φ+ π
2 (1− γd)

, α = (1− γd)β. (17)

Consequently a single-frequency Q0 measurement (which fixes only φ) leaves the manifold (11)429

undetermined, but the pair (Q0, γd)–attenuation together with the dispersion slope–determines430

(α, β) uniquely.431

Proof. With φ = π(2− α)/(2β) and γd = 1− α/β,432

∂αφ = − π

2β
, ∂βφ = −π(2− α)

2β2
, ∂αγd = − 1

β
, ∂βγd =

α

β2
,

so the Jacobian determinant is433 (
− π

2β

)(
α
β2

)
−

(
− π(2−α)

2β2

)(
− 1

β

)
= − π

2β3
[
α+ (2− α)

]
= − π

β3
,

which is (16). For (17): γd = 1 − α/β gives α = (1 − γd)β; substituting into φ = π/β −434

(π/2)(α/β) = π/β−(π/2)(1−γd) and solving for β gives the first identity, and back-substitution435

the second. Non-vanishing of (16) makes the map a local diffeomorphism; (17) exhibits a single-436

valued global inverse on the admissible set.437

Remark 4.15. This is the constructive counterpart of Remark 4.9 and gives a measurement438

recipe for the inverse problem: extract Q0 from the amplitude-decay slope and γd from the439

frequency dependence of the phase velocity, then read (α, β) from (17). It also shows which440

datum breaks the degeneracy–dispersion, not a second attenuation measurement, since any441

number of Q0 values at different frequencies return the same φ. As a check, (α, β) = (1.9, 1.8)442

gives γd = −0.0556, φ = π/36 (Q0 = 5.715), and (17) returns (α, β) = (1.900, 1.800); (1.7, 1.2)443

gives γd = −0.4167, φ = 0.3927 (Q0 = 1.207), and (17) returns (1.700, 1.200)–the two layers of444

Experiment A (Section 7.2).445

Proposition 4.16 (Non-identifiability from attenuation alone). Fix Q0 > 0. Any observation446

that determines only the frozen attenuation angle φ = arccot(2Q0), including repeated fixed-band447

estimates of the same frequency-independent Q0, leaves the one-dimensional family (11) unde-448

termined. Hence (α, β) is not identifiable from Q0 alone; an additional dispersion observable,449

branch prior, or model constraint is necessary.450
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Proof. Equation (10) shows that Q0 depends on (α, β) only through φ = π(2−α)/(2β). For fixed451

Q0, φ is fixed and Consequence 4.9 gives the continuum of admissible pairs β = π(2− α)/(2φ),452

α ∈ (α∗(Q0), 2). Distinct choices of α in this interval produce distinct (α, β) with the same453

attenuation angle and therefore the same Q0 at every frequency. Proposition 4.14 shows that454

adding the independent dispersion slope γd removes this one-dimensional null direction.455

5 Local WKB construction and quality-factor deviation456

We now allow the orders to vary in space and quantify the resulting frequency dependence457

of Q. This section is a microlocal WKB reduction, not a global well-posedness theorem for458

the full nonlocal boundary-value problem. The estimate is local in phase space, away from459

caustics and boundary layers, and applies on frequency bands where the solution admits the460

WKB expansion stated below.461

The small quantity is the wavelength-to-heterogeneity ratio on the fixed band. After the462

nondimensionalization of Section 2, let463

εhet := sup
U

(|∇α|+ |∇β|+ |∇ log c|) sup
ω∈[ω1,ω2]

|k(x, ω)|−1.

All fixed-band constants below may depend on the passive-cone margin, the coefficient ranges,464

and the endpoints of the frequency band; the WKB statement is meaningful when εhet � 1.465

Thus “fixed band” does not mean that an arbitrary heterogeneous field has a small remainder.466

It means that, on the prescribed seismic band, the order profiles vary slowly relative to the local467

wavelength and the constants are not claimed to be uniform as the lower endpoint approaches468

a low-wavenumber regime.469

For the quality-factor estimate itself we separate this geometric scale from the intrinsic470

variable-order source. After the leading real transport gauge has been fixed, variations of c471

affect ray geometry and amplitude spreading but do not enter the branch angle defining Q0.472

The Q-relevant small scale is therefore473

εvo := sup
U

(|∇α|+ |∇β|) sup
ω∈[ω1,ω2]

|κ0(x, ω)|−1.

The c-dependence remains in the constants through the wavenumber floor, ray Jacobian, and474

transport inverse.475

The logical structure is as follows. Section 5.1 states the local admissibility assumptions476

needed for a complex WKB expansion. Section 5.2 proves that the variable-order terms enter477

the first transport equation through logarithmic order-derivative sources and that the symbolic478

remainder is lower order on a fixed frequency band. Section 5.3 gives a conditional local de-479

viation reduction under these explicit assumptions. Section 5.4 then verifies the assumptions480

in the one-dimensional graded-order setting used in Experiment B and in a weak-attenuation481

multidimensional corridor. Thus the unrestricted multidimensional statement is conditional482

on a caustic-free complex phase and a controlled local-wavenumber remainder, while the one-483

dimensional graded-order result is a closed theorem within the present paper.484

We work in the frequency domain: a time-harmonic field u(x, t) = v(x, ω)e−iωt satisfies485

(−iω)α(x)v + c2(x)(−∆)β(x)/2v = 0. (18)

5.1 WKB admissibility and local quality factor486

Let U ⋐ Ω be an interior region and let [ω1, ω2] ⊂ (0,∞) be the frequency band of interest.487

We use the following microlocal admissibility hypothesis.488
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Regularity convention. Throughout this section we take α, β, c ∈ C∞(U) for the multi-489

dimensional construction; in one dimension C1(U) suffices (Lemma 5.9), because the eikonal is490

then solved by direct integration and no parametrix through caustics is required.491

Hypothesis 5.1 (Fixed-band WKB admissibility). On U× [ω1, ω2], assume that the frequency-492

domain solution is microlocally represented by a complex-phase ansatz493

v(x, ω) = a(x, ω)eiωψ(x), k(x) := ω∇ψ(x), (19)
where ψ = ψR + iψI is allowed to be complex, ψI ≥ 0 gives spatial decay, and a is an elliptic494

amplitude. Equivalently, along a real ray direction n(x) one may write the complex covector as495

k(x, ω) = κ(x, ω)n(x), with κ = κR+ iκI on the causal-passive branch. Fractional powers of the496

complex covector are not obtained by an undefined substitution into a real symbol. The WKB497

admissibility hypothesis used in Proposition 5.5 consists of the following fixed-band inputs:498

(A1) Passive branch and branch margin. The calculation is restricted to the passive cone499

κR > 0, κI > 0, with a fixed logarithmic branch and positive distance from the branch cut.500

The notation |k| denotes the elliptic size of this branch-corrected covector, comparable to501

|κ|, while log κ denotes the causal-passive complex logarithm fixed in Lemma 4.1 and kept502

uniform on the band by Lemma 4.3.503

(A2) Caustic-free complex phase. The phase ψ has no caustic on U ; equivalently, the ray504

Jacobian is bounded with determinant bounded away from zero on the ray tube considered.505

(A3) Positive wavenumber floor. The branch-corrected covector obeys |k(x, ω)| ≥ kmin > 0 on506

U × [ω1, ω2].507

(A4) Transport amplitude gauge. The elliptic amplitude a is fixed by the leading real transport508

normalization used in the branch-normalized local-Q definition below.509

(A5) Local-wavenumber remainder bound. The remainder after the first transport equation is510

bounded in the variable-order symbol class described in Section 2.2. For the conditional511

multidimensional reduction only, the branch-corrected local-wavenumber contribution of512

the lower-order remainder is assumed to be O(εhet) on the chosen band after the first513

transport solve.514

Clause (A5) is the external WKB admissibility input in Proposition 5.5; it is discharged only515

in the one-dimensional and weak-attenuation corridors collected in Theorem 5.15. In numerical516

use, the same hypothesis is checked by a local plane-wave residual gate: if a fitted window has517

RU (ω) :=
‖Pω(aeiωψ)‖L2(U)

‖aeiωψ‖L2(U)

larger than the prescribed tolerance, the branch-normalized Q estimate is not interpreted by518

the theorem.519

Lemma 5.2 (Frozen-symbol perturbation in a local window). Let Br(x0) ⋐ U , let I = [ω1, ω2] ⋐520

(0,∞), and assume the fixed-band branch margin of Lemma 4.3. For the principal symbol521

p(x, κ, ω) = (−iω)α(x) + c2(x)κβ(x)

evaluated on the causal-passive branch with |κ| in the fixed-band compact range, one has522

sup
x∈Br(x0), ω∈I

|p(x, κ, ω)− p(x0, κ, ω)| ≤ CIr
(
‖∇α‖L∞(Br) + ‖∇β‖L∞(Br) + ‖∇ log c‖L∞(Br)

)
,

after normalization by the principal elliptic size. The constant depends on the fixed band,523

admissible order ranges, c±, and the branch margin, but not on r.524
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Proof. By the mean-value theorem,525

|(−iω)α(x) − (−iω)α(x0)| ≤ CI |α(x)− α(x0)|

because |∂α(−iω)α| = |(−iω)α log(−iω)| is uniformly bounded on the fixed band and admissible526

order interval. Similarly, on the single causal-passive branch,527

|κβ(x) − κβ(x0)| ≤ CI |β(x)− β(x0)|,

because ∂βκβ = κβ log κ and log κ is uniformly bounded by Lemmas 4.2 and 4.3. The coefficient528

factor satisfies |c2(x) − c2(x0)| ≤ Cr‖∇ log c‖∞ on Br(x0). Dividing by the fixed-band elliptic529

size and using |α(x)− α(x0)| ≤ r‖∇α‖∞ and |β(x)− β(x0)| ≤ r‖∇β‖∞ gives the estimate.530

The leading eikonal equation is531

(−iω)α(x) + c2(x)|k(x)|β(x) = 0, (20)

which is the frozen dispersion relation (5) satisfied pointwise. By Lemma 4.1 it determines532

the causal-passive local branch.533

Definition: branch-normalized local quality factor. For a WKB field v = a eiωψ on an534

admissible ray tube, fix the leading transport gauge by choosing a from the real elliptic transport535

equation. The branch-normalized scalar wavenumber is the causal-passive scalar component of536

the gauge-corrected logarithmic derivative,537

κloc(x, ω) := −i n(x) · ∇ log(v(x, ω)/a(x, ω)) ,

where n(x) is the ray direction and the logarithm is taken on the spatially consistent passive538

branch of Lemma 4.2. The corresponding local quality factor is539

Q(x, ω) :=
Reκloc(x, ω)

2 Imκloc(x, ω)
, Reκloc > 0, Imκloc > 0.

This is the continuum quantity estimated numerically by the windowed plane-wave procedure540

of Section 7: a window is accepted only when the local residual is small enough that the same541

branch and gauge can be identified. In frozen coefficients this definition reduces to the following542

frozen value:543

Q0(x) =
1

2
cot

(
π − α(x)π/2

β(x)

)
.

The deviation estimated below is therefore the difference between this branch-normalizedQ(x, ω)544

and the frozen Q0(x).545

Physical observables represented by the symbols. The branch angle φ = arg κ is the546

attenuation angle: Q−1 = 2 tanφ in the frozen model. The real part κR determines phase547

velocity cϕ = ω/κR, while the imaginary part κI determines amplitude decay along the ray.548

The dispersion exponent γd = d log cϕ/d logω is therefore an observable slope of phase velocity549

over the usable band, and the local Q estimate is the slope of logarithmic amplitude decay after550

branch and transport normalization. The fixed band [ω1, ω2] represents the part of the seismic551

spectrum for which these two slopes can be stably estimated; the theorem does not extend those552

estimates to unobserved frequencies.553
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5.2 Variable-order transport source and symbolic remainder554

The next order in the WKB hierarchy yields the transport equation for the amplitude a.555

The only terms that distinguish the variable-order problem from an ordinary variable-coefficient556

problem are the logarithmic derivatives of the orders. In the formulas below q denotes the557

branch-corrected scalar size of the covector: q = |ξ| on real covectors and q = κ on the admissible558

complex ray k = κn. By Lemma 2.4,559

∂xj

(
c2qβ(x)

)
= (∂xjc

2)qβ + c2(∂xjβ)q
β log q + βc2qβ−1∂xjq, (21)

∂xj

(
(−iω)α(x)

)
= (∂xjα)(−iω)α log(−iω). (22)

The terms log q and log(−iω) are the hallmark of variable order (Lemma 2.4). We now560

derive the first transport equation rather than positing it.561

Write the principal symbol of (18) as562

p(x, ξ, ω) = (−iω)α(x) + c2(x)q(x, ξ)β(x),

where q(x, ξ) is the branch-corrected scalar size of the covector. On a real covector q = |ξ|; on563

the admissible complex ray k = κn, q(x, k) = κ and log q is the causal-passive logarithm fixed564

in Lemma 4.1. This convention avoids substituting a complex vector into an unbranched real565

norm. The following local expansion is the symbolic input behind the transport equation.566

Lemma 5.3 (Local WKB conjugation and remainder). Let U ⋐ Ω, let a, ψ ∈ C∞(U), and567

assume that the complex covector k = ω∇ψ remains in the causal-passive branch and satisfies568

|k| ≥ kmin > 0 on U × [ω1, ω2]. For a properly supported Kohn–Nirenberg quantization of p on569

U , the conjugated operator has the fixed-band expansion570

e−iωψ Op(p)
(
a eiωψ

)
= p(x, k) a+

1

i

[
∂ξp(x, k)·∇a+ 1

2

(
∂2ξξp(x, k) : ∇xk

)
a+psub(x, k) a

]
+r, (23)

where psub denotes the quantization-dependent first subprincipal contribution. In Kohn–571

Nirenberg form it is represented, up to the harmless sign convention absorbed into T1, by572
1
2i

∑
j ∂xj∂ξjp. The displayed bracket contains all first-transport terms that can affect the573

amplitude or the branch-normalized logarithmic derivative. Moreover, for every ε > 0, the574

second and higher symbolic remainders are bounded on the fixed band by575

‖r‖L∞(U) ≤ Cε,U,ω1,ω2

(
‖a‖C3(U) + ‖ψ‖C4(U)

)
〈k〉β+−2+ε, (24)

with the logarithmic losses absorbed into ε by Lemma 2.5. Thus the retained transport terms are576

one order below the principal eikonal term, while the discarded part is a second-order symbolic577

remainder relative to the principal symbol.578

Proof. The first two displayed levels in (23) are the standard local pseudodifferential expansion579

of Op(p) conjugated by eiωψ. The first level is the eikonal term p(x, k)a. The second level580

contains the transport operator, including the subprincipal contribution determined by the581

chosen quantization. The only point specific to the variable-order symbol is the appearance of582

∂xα and ∂xβ factors when differentiating the powers (−iω)α(x) and qβ(x). Lemma 2.4 gives the583

resulting powers of log(−iω) and log q, and Lemma 2.5 subordinates these logarithms to 〈ξ〉ε584

on the fixed band. After the first transport level is retained, the remaining symbolic expansion585

begins two ξ-derivatives below the principal symbol; hence it has order β+ − 2 + ε, which gives586

(24).587
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The principal (O(1)) term in (23) is the eikonal (20), p(x, k) = 0. Vanishing of the bracket588

is the first transport equation. Its principal advection is elliptic and order-independent,589

T0a := ∂ξp(x, k)·∇a+ 1
2(∇·∂ξp)(x, k) a,

which reduces to 2k ·∇a+(∇·k)a in the classical normalization β = 2, c ≡ 1, and is nonzero590

because the ellipticity factor ∂κp = βc2κβ−1 does not vanish on the passive cone (Lemma 4.1:591

κ 6= 0, β ∈ (0, 2)). The variable-order contribution is the part of ∂xp that carries x-derivatives592

of the orders: by (21)-(22) the only terms absent from an ordinary variable-coefficient problem593

are the two logarithmic ones, (∂xjα)(−iω)α log(−iω) and c2(∂xjβ)κβ log κ, with log κ evaluated594

on the passive branch. Dividing the bracket by the ellipticity factor puts the equation in the595

form596

T0a+ T1(α, β, c; k)a = 0, (25)

with the variable-order part bounded pointwise by597

|T1| ≤ C(α±, β±, c±, ‖c‖C1) (|∇α| | logω|+ |∇β| | log〈k〉|) . (26)

The ordinary (non-logarithmic) variable-coefficient terms, including ∂xc and the geometric-598

spreading contribution, are absorbed into T0, into the leading real transport gauge, or into the599

harmless fixed-band constant C. The two displayed logarithmic terms are the only new order-600

derivative sources. Finally, by Lemma 2.5 the logarithmic factors remain at transport order601

after the eikonal term is removed, whereas the discarded symbolic remainder in (24) is two602

orders below the principal symbol. Hence (25)-(26) is a first transport equation with an explicit603

variable-order source, not a formal ansatz. The remaining analytic input is the existence of a604

caustic-free complex phase. Proposition 5.7 records this as a conditional reduction in several605

dimensions, and Lemma 5.9 proves it directly in one dimension.606

5.3 Local fixed-band deviation theorem607

Lemma 5.4 (From transport source to local quality-factor correction). Assume the WKB-608

admissibility hypothesis on U × [ω1, ω2] and let κ0(x, ω) denote the causal-passive frozen branch609

determined by (20). Define the branch-corrected local scalar wavenumber by differentiating the610

normalized complex phase along the ray direction, equivalently by the local logarithmic derivative611

κloc(x, ω) := −i n(x) · ∇ log v(x, ω)

after subtracting the elliptic amplitude fixed by the leading real transport normalization. Then612

κloc = κ0 + δκvo + δκrem,

where613 ∣∣∣∣δκvo(x, ω)κ0(x, ω)

∣∣∣∣ ≤ C (|∇α(x)| | logω|+ |∇β(x)| | log〈κ0〉|) ,

and, in the conditional multidimensional reduction, the assumed local-wavenumber remainder614

satisfies615 ∣∣∣∣δκrem(x, ω)κ0(x, ω)

∣∣∣∣ ≤ CWKB (|∇α(x)| | logω|+ |∇β(x)| | log〈κ0〉|) + CWKB
εvo

|κ0(x, ω)|

on the fixed band. The last term represents the genuinely lower-order symbolic and estimator616

remainder after the first transport gauge has been fixed. The constants depend on the compact617

passive-cone margin, the coefficient ranges, the amplitude ellipticity bounds, and the WKB618

remainder bound. Consequently, on every compact subset of the passive cone,619
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|R(x, ω)| := |Q(x, ω)−Q0(x)|

≤ C

(
|∇α(x)| | logω|+ |∇β(x)| | log〈κ0〉|+

εvo
|κ0(x, ω)|

)
,

|κ0| = ωα/βc−2/β .

(27)

Proof. The eikonal equation gives the leading scalar wavenumber κ0. The first transport equa-620

tion identifies the order-derivative source terms that perturb the branch-normalized logarithmic621

derivative after the ordinary real amplitude transport has been removed. The order-derivative622

part of the transport bracket is623

(∇α)(−iω)α log(−iω) + c2(∇β)κβ0 log κ0.

Using the eikonal identity (−iω)α = −c2κβ0 and dividing by the nonzero ellipticity factor ∂κp =624

βc2κβ−1
0 gives625

δκvo
κ0

= O((∇α) log(−iω)− (∇β) log κ0) ,

which is the calculation written explicitly in Appendix B.2. The term δκrem is not a new626

theorem in this proposition: it is the remaining WKB-admissibility input for the unrestricted627

multidimensional reduction and is verified only in the closed corridors below. The lower-order628

Q-relevant part is divided once more by the local elliptic scale, giving the displayed εvo/|κ0|629

contribution. Non-logarithmic c-gradient terms have already been absorbed into the real trans-630

port gauge and the constants. Finally, the map z 7→ Re z/(2 Im z) has bounded derivative with631

respect to the relative perturbation z/κ0 on any compact subcone of κR > 0, κI > 0. The632

mean-value theorem therefore gives (27).633

Proposition 5.5 (Conditional local fixed-band WKB reduction). Under Assumption 2.1 and634

Hypothesis 5.1 on U × [ω1, ω2], the local quality factor satisfies Q(x, ω) = Q0(x) +R(x, ω) and635

‖R‖L∞(U×[ω1,ω2]) ≤ C(β±, α±, ω1, ω2) (‖∇α‖∞ + ‖∇β‖∞) , (28)

where the constant contains the band factor log(ω2/ω1)/ infU×[ω1,ω2] |k(x, ω)| and the WKB636

remainder bound. Thus the proposition is a fixed-band reduction: the constant may deteriorate637

as the band widens or as the lower endpoint approaches a regime where inf |k| is small. In638

particular, for homogeneous orders R ≡ 0 at the WKB order considered here, consistently with639

Proposition 4.4.640

Proof. The eikonal equation (20) fixes the leading local branch. By Lemma 4.1 and Lemma 4.2,641

this branch is causal-passive and spatially consistent on U . The leading local scalar wavenumber642

therefore has the same phase angle as in the frozen calculation, and the leading quality factor643

is exactly Q0(x).644

Lemma 5.3 gives the controlled first transport equation and Lemma 5.4 converts its variable-645

order source into the pointwise correction (27). It remains only to make the logarithmic factors646

uniform on the band. By Lemma 2.5 with 〈ξ〉 ∼ |κ0|, for any ε > 0,647

log |κ0| ≤ Cε|κ0|ε.

The leading branch satisfies |κ0| = ωα/βc−2/β and is bounded above and below on U ×648

[ω1, ω2] by Assumption 2.1 and WKB admissibility. Therefore the right-hand side of (27),649

including the lower-order remainder term, is bounded by a constant depending on the band,650

the coefficient ranges, and the WKB remainder bound, multiplied by ‖∇α‖∞ + ‖∇β‖∞. This651

proves (28). If ∇α = ∇β = 0, the logarithmic variable-order source terms vanish and the first652

correction to the quality factor is zero, giving R ≡ 0 at the WKB order considered here.653
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Remark 5.6. The estimate (28) is intentionally stated as a conditional microlocal WKB result.654

It does not claim a global expansion through caustics, boundary layers, or sharp discontinuities655

of the orders. The result identifies the leading source of the departure from exact constant-656

Q behaviour in the smooth variable-order regime; sharp interfaces are diagnosed separately657

through the averaged-order error estimate of Section 6, which bounds the modelling error but658

does not resolve the nonlocal transmission problem at an order jump.659

5.4 Conditional multidimensional reduction and verified one-dimensional660

construction661

Proposition 5.5 is conditional on the WKB-admissibility hypothesis of Section 5.1. The662

present subsection separates the conditional multidimensional reduction from the fully verified663

one-dimensional construction. In several dimensions we assume a caustic-free complex phase664

and prove that the variable-order logarithmic terms introduce no further obstruction, while the665

local-wavenumber remainder remains part of the stated admissibility input unless one of the666

closed corridors below is invoked. In one dimension we construct that phase directly and close667

the argument for the graded-order test case.668

Proposition 5.7 (Conditional multidimensional reduction). Let U ⋐ Ω and [ω1, ω2] ⊂ (0,∞).669

Suppose that on U one has α, β, c ∈ C∞(U) with β(U) ⊂ [β−, β+] ⊂ (0, 2), and that the (complex)670

eikonal (20) admits a phase ψ = ψR + iψI on U with ψI ≥ 0, no caustic (the ray Jacobian is671

bounded with determinant bounded away from 0), and |k(x, ω)| ≥ kmin > 0 on U× [ω1, ω2]. Then672

the eikonal, branch and symbolic transport parts of the WKB-admissibility hypothesis hold, and673

Proposition 5.5 applies once the local-wavenumber contribution of the lower-order remainder is674

controlled on the same fixed band.675

Proof. By Lemma 2.5, c2|ξ|β(·) ∈ S
β(·)
var ⊂ S

β++ε
1,0 for every ε > 0. On the classical Hörmander676

class Sm1,0 the parametrix construction and the geometric-optics expansion (23) are standard677

(Hörmander, 2007; Stein, 1993): for a caustic-free phase the eikonal (20) has a smooth solution;678

the transport equations (25) are solvable because the ellipticity factor βc2κβ−1 is bounded away679

from 0 on the passive cone; the amplitudes are bounded on U ; and the Calderón-Vaillancourt680

theorem controls the operator remainder r as a lower-order symbol. The ε-loss leaves the leading681

transport term used in Proposition 5.5 unchanged. This proves the conditional reduction. It682

does not, by itself, prove a global complex parametrix or a source-independent local-wavenumber683

remainder estimate.684

Remark 5.8 (scope of Proposition 5.7). The reduction is deliberately local. For a dissipative685

symbol the eikonal (20) is complex, and the caustic-free solvability of the complex phase with686

ψI ≥ 0 is an assumption in several dimensions. What Proposition 5.7 proves is that, given687

such a phase, no additional variable-order obstruction appears: the log〈ξ〉 factors are absorbed688

by Lemma 2.5 into the classical calculus. The global problem of a uniform variable-order689

parametrix through caustics, boundary layers, and sharp order discontinuities is not used in690

this paper.691

For the one-dimensional configurations used in the numerical tests, the complex phase is not692

merely imposed; it is explicitly constructed. The construction itself needs only C1 coefficients,693

because it is obtained by a direct integral of the local branch. The stronger C∞ assumption694

in Proposition 5.7 is used only for the multidimensional pseudodifferential parametrix and its695

symbolic remainder. Corollary 5.10 uses a linear β, hence satisfies both requirements away from696

artificial breakpoints.697

Lemma 5.9 (One-dimensional local complex eikonal solvability). Let d = 1, let U = (x−, x+) ⋐698

Ω, and suppose that α, β, c ∈ C1(U) satisfy the compact admissibility condition (8), with 0 <699

c− ≤ c(x) ≤ c+. For every fixed band [ω1, ω2] ⊂ (0,∞), define700
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κ(x, ω) = ωα(x)/β(x)c(x)−2/β(x) exp

(
i
π(2− α(x))

2β(x)

)
(29)

on the spatially consistent branch of Lemma 4.2, and set701

ψ(x, ω) =
1

ω

∫ x

x−

κ(s, ω) ds. (30)

Then ψ = ψR + iψI solves the complex eikonal equation (20) on U , has no caustic in one702

dimension, satisfies ψI ≥ 0 after orienting the ray in the direction of increasing x, and obeys703

|k(x, ω)| = |ω∂xψ(x, ω)| ≥ kmin > 0 on U × [ω1, ω2].704

Proof. By construction, k = ω∂xψ = κ. Substituting (29) into (20) gives the frozen dispersion705

relation pointwise on the causal-passive branch, so the eikonal equation holds. Lemma 4.2 gives706

Imκ = κI > 0 on U ; hence ψI(x, ω) = ω−1
∫ x
x−
κI(s, ω) ds ≥ 0 for the chosen orientation. In707

one dimension the ray map is the identity coordinate parametrization on U , so no caustic forms708

before a turning point; but κ is bounded away from zero because ω ≥ ω1, c is bounded above709

and below, and α, β range over a compact admissible set.710

We now verify the hypotheses of Proposition 5.7 in the concrete graded family used in711

Section 7.3, which also isolates the single variable-order source term. Take d = 1, an interior712

interval U = (x−, x+) ⋐ Ω, constant α ∈ (1, 2) and c > 0, and a linearly graded spatial order713

β(x) = β0 + β1x, β1 = ∂xβ constant, β(x) ∈ [β−, β+] ⊂ (0, 2) on U,

with α+ β(x) > 2 on U . Then ∂xα ≡ 0 and ∂xβ ≡ β1.714

Corollary 5.10 (Linear-gradient instance). For the configuration above the hypotheses of Propo-715

sition 5.7 hold, and for any band [ω1, ω2] ⊂ (0,∞):716

(i) The eikonal (20) has the explicit caustic-free solution717

κ(x, ω) = ωα/β(x)c−2/β(x) e iϕ(x), φ(x) =
π(2− α)

2β(x)
, ψ(x) =

1

ω

∫ x

x−

κ(s, ω) ds, (31)

with |κ(x, ω)| ≥ ω
α/β+
1 c−2/β− =: kmin > 0 on U × [ω1, ω2].718

(ii) The first transport equation (25) has the closed-form amplitude719

a(x, ω) = a(x−, ω)

√
G(x−, ω)

G(x, ω)
exp

(
−
∫ x

x−

T1(s, ω)

G(s, ω)
ds

)
,

G(x, ω) := ∂κp(x, κ, ω) = β(x)c2κ(x, ω)β(x)−1.

(32)

and the variable-order source obeys |T1(x, ω)| ≤ C |β1| log〈κ(x, ω)〉, with C = C(α, β±, c).720

(iii) Consequently the WKB-admissibility hypothesis holds on U × [ω1, ω2] in this one-721

dimensional corridor (no caustic; |k| ≥ kmin > 0; the local-wavenumber remainder is controlled722

by the direct integral construction and Lemma 2.5, since β ∈ C∞ here). Proposition 5.5 therefore723

applies without any additional phase assumption and gives724

‖R‖L∞(U×[ω1,ω2]) ≤ C |β1| = C ‖∇β‖∞. (33)

Proof. Freezing (20) at each x and applying Lemma 4.1 pointwise gives the branch value κ(x, ω)725

in (31); it is smooth and nonvanishing in x because β(x) is smooth and bounded away from726

0 and 2, so ψ is well defined and has no turning point, i.e. no caustic. The lower bound on727

|κ| is immediate from monotonicity of ωα/βc−2/β over the compact ranges. Substituting the728
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ansatz (19) into (18) and collecting the first subprincipal order yields (25). In one dimension729

the principal transport part is730

G∂xa+
1
2(∂xG)a, G = ∂κp = βc2κβ−1.

Solving this linear ODE gives (32). With ∂xα = 0, the only variable-order contribution to T1731

is the middle term of (21), namely c2β1κ
β log κ on the passive branch; after division by G, its732

contribution to the scalar-wavenumber correction is bounded by C|β1| log〈κ〉. Finally β ∈ C∞733

places the parametrix remainder in Sβ++ε
1,0 by Lemma 2.5, so all three admissibility clauses hold;734

(28) then yields (33).735

Remark 5.11. This is the configuration of Experiment B (Section 7.3): α fixed, β graded, so736

the measured deviation scales linearly in β1 with frequency dependence entering only through737

the log〈κ〉/|κ| envelope–exactly the weak, non-monotone behaviour reported there. A piecewise-738

linear (multi-segment) β is covered verbatim away from the breakpoints; the breakpoints them-739

selves fall under the sharp-interface analysis of Section 6.740

5.5 Main closed-corridor theorem: one dimension and weak attenuation741

Proposition 5.5 is conditional in several dimensions through the existence of a caustic-742

free complex phase and the fixed-band local-wavenumber remainder control. We remove those743

inputs in two regimes and record the resulting closed statement. The first regime is dimension744

one, already handled by Lemma 5.9, where the phase is written down by direct integration.745

The second is the weak-attenuation (high-Q) regime in arbitrary dimension, where the complex746

phase is constructed as a small dissipative perturbation of the classical real geometric-optics747

phase and the remainder is controlled by the same smallness corridor.748

Proposition 5.12 (Multidimensional complex eikonal in the weak-attenuation regime). Let749

U ⋐ Ω with α, β, c ∈ C∞(U) satisfying the compact admissibility (8). Fix an integer k ≥ 3, a750

Hölder exponent γ ∈ (0, 1), and a frequency band [ω1, ω2] ⋐ (0,∞). Set751

δU := ‖2− α‖Ck,γ(U).

Suppose the real eikonal752

c2(x)
∣∣ω∇ψR(x)∣∣β(x) = ωα(x)

∣∣ cos(α(x)π/2)∣∣ (34)

admits a real solution ψR ∈ Ck+1,γ(U) whose bicharacteristic flow from a noncharacteristic753

entry surface Γ is a diffeomorphism onto U . More precisely, assume that the ray length is754

bounded by LΓ, that |ω∇ψR| ≥ k0 > 0 on U × [ω1, ω2], and that the ray Jacobian satisfies755

| detDyx(t, y)| ≥ J0 > 0. Then there is756

δ0 = δ0(k, γ, U, ω1, ω2, α±, β±, c±, ‖β‖Ck,γ , ‖c‖Ck,γ , LΓ, k0, J0) > 0

such that whenever δU ≤ δ0, the complex eikonal (20) has a solution ψ = ψR + ϕ ∈ Ck,γ(U ;C)757

with758

Imψ ≥ 0, no caustic in U, ‖ϕ‖Ck,γ(U) + ‖ Imψ‖C0(U) ≤ C δU .

Consequently the phase, branch, no-caustic, and wavenumber-floor parts of the WKB-759

admissibility hypothesis of Section 5.1 hold on U × [ω1, ω2], with constants depending only on760

the displayed data. Together with the lower-order remainder control supplied in Lemma 5.13,761

Proposition 5.5 applies there with no additional complex-phase assumption.762
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Proof. Write the eikonal Hamiltonian H(x, ξ) = (−iω)α(x) + c2(x)|ξ|β(x) and split it using763

(−iω)α = ωα
(
cos απ2 − i sin απ

2

)
:764

HR = ωα cos απ2 + c2|ξ|β , HI = −ωα sin απ
2 .

Since α ∈ (1, 2), cos απ2 < 0, so HR = 0 is the isotropic real eikonal (34) with positive index765

of refraction; by hypothesis it has a caustic-free solution ψR ∈ C∞(U). Write kR := ω∇ψR and766

let767

X := ∂ξHR(x, kR) = β c2|kR|β−2kR

be the (real, nonvanishing) group-velocity field. From sin απ
2 = sin

( (2−α)π
2

)
≤ π

2 (2− α) we768

get769

‖HI(·, kR)‖Ck(U) ≤ C δU . (35)
The linear transport operator. Because the bicharacteristic flow of X is a diffeomorphism770

on U (the caustic-free hypothesis: the ray Jacobian is bounded with determinant bounded away771

from 0), the directional problem X ·∇u = g with zero data on a noncharacteristic surface Γ has772

a bounded solution operator obtained by integration along rays,773

T : Ck,γ(U) → Ck,γ(U), X ·∇(Tg) = g, (Tg)|Γ = 0, ‖T‖ ≤ CT , (36)
with CT depending only on the ray length and the ellipticity floor of X. If g ≥ 0 then Tg ≥ 0774

and is nondecreasing along forward rays.775

Perturbation ansatz. Seek ψ = ψR+ϕ with a complex ϕ ∈ Ck,γ(U ;C). Since HR(x, kR) = 0,776

Taylor expansion of H about kR gives, with kφ := ω∇ϕ,777

H(x, kR + kφ) = iHI(x, kR) +X ·ω∇ϕ+R(x, ω∇ϕ), (37)
where R collects the quadratic-and-higher terms of HR in kφ together with the terms carrying778

∂ξHI = O(δU ). On the ball ‖ϕ‖Ck,γ ≤ ρ,779

‖R(·, ω∇ϕ)‖Ck−1,γ ≤ C∗(ρ
2+δUρ), ‖R(·, ω∇ϕ1)−R(·, ω∇ϕ2)‖Ck−1,γ ≤ C∗(ρ+δU )‖ϕ1−ϕ2‖Ck,γ .

(38)
Thus the eikonal (20) is equivalent to the fixed-point equation780

ϕ = Φ(ϕ) := − 1
ω T

(
iHI(·, kR) +R(·, ω∇ϕ)

)
. (39)

Contraction. By (35)–(36), ‖Φ(0)‖Ck,γ ≤ C1δU . Put ρ := 2C1δU . Using (38), for ϕ,ϕ1, ϕ2 ∈781

Bρ,782

‖Φ(ϕ)‖ ≤ C1δU+
CT
ω C∗(ρ

2+δUρ) ≤ ρ, ‖Φ(ϕ1)−Φ(ϕ2)‖ ≤ CT
ω C∗(ρ+δU )‖ϕ1−ϕ2‖ ≤ 1

2‖ϕ1−ϕ2‖,

provided δU ≤ δ0 with δ0 depending only on the constants listed in the statement. Hence783

Φ : Bρ → Bρ is a contraction with a unique fixed point ϕ∗. Transport regularity along the ray784

field gives ϕ∗ ∈ Ck,γ(U), and ψ := ψR + ϕ∗ solves (20) exactly.785

Passivity and absence of caustics. From (39), ϕ∗ = − i
ωTHI(·, kR) + O(δ2U ). Since −HI =786

ωα sin απ
2 > 0 and T preserves positivity, Imϕ∗ = 1

ωT (−HI) + O(δ2U ). After shrinking δ0, this787

gives Imψ ≥ 0 and ‖ Imψ‖C0 ≤ CδU . Finally ‖ω∇ϕ∗‖C0 ≤ CδU perturbs the real ray map by788

O(δU ) in C1. Since the real ray Jacobian is bounded below by J0, the complexified ray Jacobian789

remains bounded away from zero for δU ≤ δ0. Thus no caustic forms and |k| = |kR + ω∇ϕ∗| ≥790

k0/2. This proves the phase and ray-geometry clauses of the WKB-admissibility hypothesis.791

The remaining lower-order local-wavenumber bound is supplied separately by Lemma 5.13.792
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Lemma 5.13 (Remainder control in the weak-attenuation corridor). In the corridor of Propo-793

sition 5.12, the local-wavenumber contribution of the symbolic remainder in Lemma 5.3 is794

controlled by the same small quantity that builds the complex phase. More precisely, after the795

real transport gauge has been fixed,796 ∥∥∥∥δκremκ0

∥∥∥∥
L∞(U×[ω1,ω2])

≤ C εvo,

εvo :=
(
‖∇α‖L∞(U) + ‖∇β‖L∞(U)

)
× sup
U×[ω1,ω2]

|κ0(x, ω)|−1.

This is the missing admissibility input in the weak-attenuation case; outside this corridor it797

remains an assumption of Proposition 5.5. The smallness parameter δU constructs the complex798

phase, while εvo measures the wavelength-normalized variable-order part of the resulting local-Q799

estimate. The c-gradient remains part of the WKB scale-separation constants but is removed800

from Q by the real transport gauge.801

Proof. Step 1: symbolic order. Lemma 5.3 places the conjugation remainder (24) two symbolic802

orders below the eikonal term after the first transport equation has been retained. The only803

variable-order losses in this expansion are logarithmic factors coming from x-derivatives of α804

and β.805

Step 2: fixed-band logarithmic absorption. On the prescribed frequency band, Lemma 2.5806

absorbs these logarithmic factors into an arbitrarily small symbol-order loss. Since Proposi-807

tion 5.12 supplies a positive wavenumber floor and bounded coefficient norms on U × [ω1, ω2],808

the lower-order symbolic remainder is uniformly bounded by a constant times the wavelength-809

normalized variable-order scale after the non-logarithmic c-gradient and spreading terms have810

been assigned to the real transport gauge.811

Step 3: transport inverse. Proposition 5.12 constructs the complex phase as a weakly812

dissipative perturbation of the real caustic-free geometric-optics phase and gives ‖ω∇ϕ∗‖C0 =813

O(δU ). The same ray geometry gives a bounded transport inverse on the caustic-free tube, so814

the remainder contribution propagated through the first transport solve remains O(εvo) on the815

fixed band.816

Step 4: division by the ellipticity factor. The passive-cone margin and the wavenumber817

floor keep ∂κp = βc2κβ−1 bounded away from zero. Dividing the transport-level remainder818

by this elliptic factor converts it into the branch-corrected local-wavenumber contribution and819

gives the displayed estimate.820

Remark 5.14 (scope). Proposition 5.12 retains only the classical real caustic-free hypothesis, the821

standard input of geometric optics; the exotic dissipative-complex assumption of Remark 5.6 is822

discharged in the high-Q corridor. The genuinely global problem — a variable-order complex823

parametrix valid through caustics and for order-one attenuation in d ≥ 2 — is not addressed824

here and remains the subject of a dedicated analytic paper (Section 8).825

Theorem 5.15 (Main closed-corridor near-constant-Q criterion). Let [ω1, ω2] ⊂ (0,∞) and let826

U ⋐ Ω satisfy the compact admissibility (8). Then the branch-normalized local quality factor827

satisfies Q(x, ω) = Q0(x) +R(x, ω) with828

‖R‖L∞(U×[ω1,ω2]) ≤ C
(
‖∇α‖∞ + ‖∇β‖∞

)
in either of the following closed settings: (a) d = 1 with α, β, c ∈ C1(U), where Lemma 5.9829

constructs the complex phase directly; (b) any d ≥ 1 in the weak-attenuation regime ‖2 −830

α‖Ck,γ(U) ≤ δ0, provided a caustic-free real geometric-optics phase satisfies the quantitative831

hypotheses of Proposition 5.12. The constant C depends on the fixed band, the passive-cone832
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Table 1: How the explicit admissibility inputs are discharged before Theorem 5.15. The first
three rows are fixed-band and branch controls used in both corridors; the last four rows record
the corridor-specific WKB closures.

Input Where controlled Role in the theorem
Passive branch and branch
margin

Lemmas 4.1–4.2 and
Lemma 4.3

Fixes the causal-passive logarithm
and prevents branch crossing.

Fixed-band logarithmic
constants

Lemma 2.7 Makes all O(·) remainders uniform
on [ω1, ω2].

Frozen-symbol perturba-
tion

Lemma 5.2 Converts local order variation into
gradient-controlled symbol error.

Complex phase, d = 1 Lemma 5.9, by direct integra-
tion

Discharges the phase assumption in
the one-dimensional corridor.

Complex phase, weak at-
tenuation

Proposition 5.12 Builds a small dissipative perturba-
tion of a real caustic-free GO phase.

No caustic and wavenum-
ber floor

Lemma 5.9; Proposition 5.12 Keeps the local Q branch-
normalized and elliptic.

Remainder control Direct one-dimensional con-
struction; Lemma 5.13

Supplies the last input needed by
Proposition 5.5.

margin, the relevant coefficient C1 or Ck,γ bounds, the wavenumber floor, and, in case (b), the833

real ray-Jacobian lower bound and ray-length constants of Proposition 5.12, but not on ω inside834

the prescribed band. In both cases R ≡ 0 for homogeneous orders.835

Proof. We verify the admissibility inputs required by Proposition 5.5 in the two closed corridors.836

In case (a), Lemma 5.9 constructs the complex phase by direct integration of the causal-837

passive local branch. It gives Imψ ≥ 0, excludes caustics in one dimension, supplies a positive838

wavenumber floor on U×[ω1, ω2], and controls the branch-corrected local-wavenumber remainder839

through the direct one-dimensional construction and Lemma 2.5.840

In case (b), Proposition 5.12 constructs the complex phase as a weakly dissipative perturba-841

tion of the assumed real caustic-free geometric-optics phase. It supplies the positive wavenum-842

ber floor, the passive branch, and the caustic-free transport inverse; Lemma 5.13 supplies the843

remaining local-wavenumber remainder bound in the same weak-attenuation corridor.844

Thus all hypotheses of Proposition 5.5 are satisfied in both settings. Applying that condi-845

tional reduction gives the displayed fixed-band estimate. When the orders are homogeneous, the846

logarithmic variable-order source terms vanish, and hence R ≡ 0 at the WKB order estimated847

here.848

5.6 Leading coefficient and non-degeneracy of the linear response849

Estimate (28) is an upper bound. We next extract the leading local coefficient of R from850

the transport source of Appendix B.2. This calculation does not assert a global two-sided851

lower bound for every geometry, because ray accumulation can introduce cancellations. It852

shows instead that the linear dependence on ∇α and ∇β is locally non-degenerate whenever853

the displayed coefficient does not vanish. This is the level of sharpness used by the numerical854

comparison in Section 7.3.855

Recall from Appendix B.2 the leading variable-order correction to the complex local856

wavenumber. Using the eikonal identity (−iω)α = −c2κβ to eliminate (−iω)α, it takes the857

clean form858

δκvo =
κ

β
B, B := (∂xα) log(−iω)− (∂xβ) log κ, (40)

with log κ on the causal-passive branch of Lemma 4.1 (derivation in Appendix B.3).859
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Proposition 5.16 (Leading coefficient and non-degeneracy). Under the hypotheses of Propo-860

sition 5.5, the leading contribution to R = Q − Q0 from the local phase-angle perturbation861

is862

R(0)(x) = σ
1

2β sin2 φ

(π
2
∂xα+ φ∂xβ

)
, σ ∈ {+1,−1}, (41)

which is independent of ω at leading order: the logω and log |κ| factors cancel in the863

imaginary part. Consequently, at every point where the coefficient vector864 (
π

4β sin2 φ
,

φ

2β sin2 φ

)
does not annihilate (∂xα, ∂xβ), the first-order response is nonzero. In particular, if the865

gradients are locally aligned with this vector on a subinterval and the ray accumulation has no866

sign cancellation, then there is c⋆ = c⋆(α±, β±) > 0 such that867

‖R‖L∞ ≥ c⋆
(
‖∇α‖∞ + ‖∇β‖∞

)
, (42)

on that subinterval. Thus the order of the upper bound in (28) cannot in general be868

improved below first order in the gradients, although a global lower bound requires the stated869

non-cancellation condition.870

Proof. From (40), δκ/κ = B/β, so the leading perturbation of the branch angle is δφ =871

=(δκ/κ) = β−1=B. Since log(−iω) = logω − iπ/2 and log κ = log |κ|+ iφ, the real logarithms872

drop out of the imaginary part:873

=B = −π
2
∂xα− φ∂xβ, δφ = − 1

β

(π
2
∂xα+ φ∂xβ

)
.

Differentiating Q0 = 1
2 cotφ gives R(0) = (dQ0/dφ) δφ = − 1

2 sin2 ϕ
δφ, which is (41) up to874

the global sign σ. Because δφ contains no ω, the leading R(0) is frequency independent. The875

coefficient vector is smooth and nonzero on compact admissible ranges with φ ∈ (0, π/2) and876

β bounded away from 0. Therefore a local choice of gradients aligned with this vector gives877

a nonzero first-order response. If the aligned contribution has one sign along a subinterval,878

integration along the ray cannot cancel it there, and (42) follows from the mean-value theorem879

and compactness of the admissible parameter set.880

Remark 5.17 (sign convention). The global sign σ in (41) depends on the sign convention of881

T1 in (25), which the present statement leaves unspecified because only the bound (26) is882

used in Proposition 5.5. The magnitude and non-degeneracy of the coefficient are convention883

independent. The sign is fixed by Experiment B, where ∂xα = 0, β1 > 0, and the measured R884

is negative; if the local formula (41) and the measured ray-accumulated R disagree in sign, this885

indicates that accumulation and amplitude terms dominate the local phase-angle term.886

Remark 5.18 (reconciliation with (27)). The bound (27) separates two effects that were previ-887

ously easy to conflate. The relative branch perturbation δκvo/κ0 gives the leading coefficient888

(41); its imaginary part is frequency independent because the real logarithms cancel. The factor889

1/|κ0| belongs only to the lower-order symbolic and estimator remainder after the first trans-890

port gauge has been fixed. Thus (41) is the leading local phase-angle response, while the weak891

residual frequency dependence observed in Section 7.3 can enter through ray accumulation,892

geometric spreading, and the lower-order fixed-band remainder.893
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6 The averaged-order approximation894

A standard device in computation replaces the variable orders α(x) and β(x) by regional895

averages ᾱ and β̄ (Zhu and Harris, 2014). We quantify the resulting error at the level of the896

frozen local quality factor.897

Consequence 6.1. Let Q̄0 denote the quality factor computed from the averaged pair (ᾱ, β̄) in898

place of (α(x), β(x)). Then the relative modelling error satisfies899

|Q0(x)− Q̄0|
Q0(x)

= O(oscΩ α+ oscΩ β).

Across a sharp Q-contrast interface, where either oscα = O(1) or oscβ = O(1), the relative900

error is O(1).901

Proof. By (10), Q0 is a C1 function of the pair (α, β) on every uniformly admissible compact902

subset of {1 < α < 2, 0 < β < 2, α + β > 2}–that is, one on which α + β ≥ 2 + δ0 for903

some δ0 > 0, so that φ = π(2 − α)/(2β) stays bounded away from π/2 and Q0 away from 0;904

Assumption 2.1 provides such a δ0. On this set ∂αQ0, ∂βQ0 are bounded. A first-order Taylor905

expansion around (ᾱ, β̄) gives906

Q0(α(x), β(x))− Q̄0 = ∂αQ0(ᾱ, β̄)(α(x)− ᾱ) + ∂βQ0(ᾱ, β̄)(β(x)− β̄) +O(|α− ᾱ|2 + |β − β̄|2).

Since |α(x) − ᾱ| ≤ oscΩ α and |β(x) − β̄| ≤ oscΩ β, and since Q0(x) is bounded below on907

the same compact admissible range, division by Q0(x) gives the claim. If either order changes908

by an O(1) amount across an interface, the linear term is generically O(1), so the relative909

averaged-order error is O(1).910

Remark 6.2 (Geophysical interpretation). Consequence 6.1 explains a known failure mode: the911

averaged-order approximation is accurate in smoothly varying media, where both order oscil-912

lations are small, but fails by an O(1) amount across sharp Q contrasts, exactly where strong913

reflectivity makes accurate attenuation modelling most important. The numerical example (Sec-914

tion 7, Experiment A) shows relative errors of 59% and 95% in the two layers of a strong-contrast915

model. A constructive numerical implication is that variable-order discretizations should avoid916

replacing an interface neighbourhood by a single regional order unless that neighbourhood is917

first regularized on a scale justified by the data bandwidth. The analysis supports smooth-918

transition or interface-aware non-averaged order fields as safer modelling choices; it does not919

itself provide the missing nonlocal transmission scheme for a true jump.920

Remark 6.3 (scope). Consequence 6.1 is a first-order sensitivity bound on the frozen quality921

factor; it diagnoses the O(1) averaged-order error at sharp contrast but does not analyse the922

nonlocal transmission problem across an order jump, in which the fractional Laplacian couples923

the two sides of the interface. That transmission analysis is left open (Section 8).924

Consequence 6.1 bounds the frozen quality factor. Under the same compact admissibility925

and away from resonances, the same first-order oscillation control also governs the frequency-926

domain field.927

Proposition 6.4 (Conditional resolvent transfer for order averaging). Fix a compact nonreso-928

nant frequency band and a common Banach pair V ↪→ H ↪→ V ∗ on which both Pα,β and Pᾱ,β̄929

satisfy uniform resolvent bounds. Assume, in addition, the operator comparison930

‖Pα,β − Pᾱ,β̄‖L(V,V ∗) ≤ Cop

(
oscΩ α+ oscΩ β

)
. (44)

If v and v̄ solve the two problems with the same f ∈ V ∗, then931

‖v − v̄‖V ≤ C
(
oscΩ α+ oscΩ β

)
‖f‖V ∗ ,

where C depends on Cop and the two resolvent bounds.932

28



Proof. The resolvent identity gives933

v − v̄ = P−1
α,β(Pᾱ,β̄ − Pα,β)P

−1
ᾱ,β̄
f.

Taking the V norm and using (44) and the two uniform resolvent bounds proves the claim.934

Remark 6.5 (The operator comparison is an additional input). The temporal multiplier satisfies935

the required Lipschitz estimate directly on a fixed band. For the spatial symbol, however,936

|ξ|β̄ − |ξ|β(x) = (β̄ − β(x))|ξ|β(x) log |ξ|+O((oscβ)2),

and Lemma 2.5 controls the logarithm only with an arbitrarily small positive order loss. Thus937

the local symbol calculation yields (44) on a slightly stronger domain (or into a slightly weaker938

target), but does not by itself prove (44) on an unspecified common energy space V → V ∗. Estab-939

lishing a lossless common-domain estimate depends on the chosen Dirichlet realization. Propo-940

sition 6.4 isolates that realization-dependent input; the unconditional averaged-order statement941

in this paper remains Consequence 6.1 for the frozen quality factor.942

7 Numerical experiments943

We report diagnostic numerical checks rather than a standalone numerical validation of944

the full variable-order field theory. The variable-order operator Op(c2|ξ|β(x)) is discretized by945

Kohn-Nirenberg quantization on a uniform grid: with grid points xj and discrete wavenumbers946

km, the matrix entries are947

Ajℓ = N−1
∑
m

c2(xj)|km|β(xj)eikm(xj−xℓ).

In the homogeneous case this reproduces the Fourier multiplier to machine precision (rela-948

tive error 6.6× 10−14), validating the discretization.949

Unless stated otherwise, the direct Kohn–Nirenberg computations use α = 1.8, c = 1, a one-950

dimensional computational interval [0, 80] for each solved transverse mode, grid size N = 1024,951

absorbing width dabs = 16, sponge strength γmax = 8, and a Gaussian soft source placed just952

inside the left absorbing layer. Complex wavenumbers are extracted by least-squares fits of953

log v on interior windows that exclude the source and absorbing layers; mesh-refinement tests954

repeat the extraction for N = 256, . . . , 1024. Appendix B lists the parameters used for each955

experiment, and the supplementary script records the fitting windows and random seed used956

for the identifiability Monte Carlo.957

The experiments are organized as follows.958

Test (Section) Medium Validates Dim.
Formula (7.1) homogeneous exact frozen Q, formula (10) 1D
Experiment A (7.2) two-layer averaged-order O(1) error 1D
Experiment B (7.3) graded order linear deviation R ∝ ‖∇β‖∞ 1D
Plane-wave (7.4) layered frozen Q, mesh convergence 1D
k-Wave (Appendix
C)

power-law supporting constant-order cross-model
check

2D

Experiment C (7.6) variable-order frozen Q, averaged error, deviation 2D
angle sweep (7.6) homogeneous dimension-independence of (10) 2D
frequency (7.6) graded order non-monotone R(ω), peak eβ/α 2D

Experiment D (7.7) nonseparable smooth con-
trast

2D scattering and local-Q diagnostic 2D

Experiment E (7.8) synthetic noisy observ-
ables

identifiability inversion (Prop. 4.10) —

959
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7.1 Validation of the exact formula960

We first test Proposition 4.4. For a homogeneous medium with α = 1.8 we solve the961

frequency-domain problem with absorbing layers, inject a wave, and extract the complex962

wavenumber by a least-squares fit of log v on a window adjacent to the source. The extracted963

Q matches the formula (10) to within 0.4-2.2%:964

β 1.2 1.5 1.8
Qnum 1.907 2.383 2.847
Q0 (10) 1.866 2.352 2.836
relative error 2.2% 1.3% 0.4%

965

These discrepancies are numerical extraction errors rather than errors in the frozen formula.966

The main contributions are absorbing-layer contamination, the finite fitting window for log v,967

and discretization of the fractional multiplier. The reduction of the error as β increases in968

this test is therefore not interpreted as a change in the exact formula, but as a change in the969

conditioning of the numerical wavenumber extraction.970

7.2 Experiment A: averaged-order error in a strong-contrast model971

A two-layer medium with (α, β) = (1.9, 1.8) and (1.7, 1.2) has Q0 = 5.715 and 1.207 by972

(10). The averaged orders (ᾱ, β̄) = (1.8, 1.5) give Q̄0 = 2.356, a relative error of 59% in the first973

layer and 95% in the second, confirming the O(1) failure of Consequence 6.1 at strong contrast.974

7.3 Experiment B: linear scaling of the deviation975

For a graded medium with local slope β′ at β0 = 1.8, ω = 2, the measured deviation976

R = Qnum −Q0 is977

β′ 0 0.02 0.05 0.10 0.15
R +0.017 -0.007 -0.040 -0.081 -0.105

978

The deviation doubles from β′ = 0.05 to 0.10 and vanishes (to the noise floor 0.017) as979

β′ → 0, supporting the linear scaling R ∝ ‖∇β‖ in the closed one-dimensional corridor of980

Theorem 5.15 (Figure 1(b); panel (a) shows the corresponding Q0(α, β) locus of (10)–(11)).981

The frequency dependence is nonmonotone with a maximum near ω ≈ 2 − 4, in qualitative982

agreement with the fixed-band envelope in (27). This one-dimensional graded-order experiment983

is the closed diagnostic case for the WKB scaling. Section 7.6 then tests the same mechanism984

in a reduced two-dimensional oblique-mode geometry, where β = β(x1) and transverse modes985

decouple.986

7.4 Plane-wave validation, layered media, and convergence987

To validate the quality factor by a method standard in the geophysical literature–the988

spectral-ratio / plane-wave attenuation analysis (Tonn, 1991)–we use a plane-wave (line-source)989

configuration rather than a point source, which eliminates geometric spreading: the field de-990

cays as |v| ∼ e−κIx with no algebraic prefactor, so the complex wavenumber is extracted by991

a clean least-squares fit of log v over several wavelengths. The variable-order operator is real-992

ized by Kohn-Nirenberg quantization and the frequency-domain system is solved directly. The993

constant-Q formula (10), being dimension-independent (it derives from the scalar dispersion994

relation (5)), is confirmed with α = 1.8:995
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Figure 1: (a) The quality factor Q0(α, β) of (10); white dashed curves are the constant-Q man-
ifolds (11) for Q0 ∈ {0.5, 1, 2, 5, 10}, illustrating the one-parameter trade-off between temporal
and spatial fractionality. (b) The measured deviation |R| of Experiment B against the local
order gradient β′, supporting the linear scaling in the closed one-dimensional corridor of Theo-
rem 5.15; the value at β′ = 0 is the numerical noise floor.
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Figure 2: (a) Plane wave (normalized log |v|) propagating through a two-layer medium, β = 1.15
(left, Q0 ≈ 1.79) and β = 1.75 (right, Q0 ≈ 2.76); the wave decays more steeply in the low-Q
layer. Shaded bands are absorbing layers. (b) Convergence of the extracted Q under mesh
refinement (homogeneous, β = 1.4): relative error < 0.7% throughout, reaching 0.04% at
N = 800.

β 1.1 1.4 1.7
Qnum 1.787 2.208 2.670
Q0 (10) 1.703 2.191 2.675
relative error 5.0% 0.8% 0.2%

996

The larger 5.0% error at β = 1.1 is the least favourable extraction case in this table. It997

reflects the finite-domain frequency-domain solve, absorbing layers, window selection, and the998

conditioning of the least-squares fit, not a relaxation of the exact identity (10). The mesh-999

refinement test in Figure 2(b), where the homogeneous β = 1.4 case reaches 0.04% at N = 800,1000

isolates this numerical component.1001

Figure 2(a) shows a plane wave propagating through a two-layer medium (low-order, low-Q1002

on the left; high-order, high-Q on the right): the amplitude decays more steeply in the low-Q1003
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layer, the direct manifestation of the spatially varying attenuation. Figure 2(b) reports a mesh-1004

refinement convergence test for the extracted quality factor in a homogeneous medium: the1005

relative error stays below 0.7% for N ∈ [300, 800] and reaches 0.04% at N = 800, confirming1006

numerical convergence.1007

Remark 7.1. The quantitative per-layer extraction of Q from the layered simulation is con-1008

taminated by interface reflections (the field in each layer is a superposition of forward- and1009

backward-propagating components), so the averaged-order error of Consequence 6.1 is best1010

read from the exact formula (Section 7, Experiment A) rather than from the layered field; a1011

reflection-separated layered study, and a fully two-dimensional point-source study with spectral-1012

ratio extraction, are natural production-quality extensions.1013

Supporting cross-model check. The constant-order k-Wave comparison is retained only as a1014

supporting cross-model audit in Appendix C. It checks that a community-standard power-law1015

absorption implementation gives comparable attenuation in a frozen constant-order setting. It1016

is not used as evidence for the variable-order WKB estimate, whose main numerical support is1017

supplied below by the Kohn–Nirenberg oblique-mode and nonseparable two-dimensional diag-1018

nostics.1019

7.5 Experiment C: a reduced two-dimensional oblique-mode test1020

We now supply variable-order evidence in a reduced two-dimensional geometry. On the1021

square Ω = (0, X)2 we take c ≡ 1, a constant temporal order α = 1.8, and a spatial order1022

graded in one direction, β = β(x1). Because β depends only on x1 and the symbol is isotropic,1023

transverse Fourier modes decouple. We therefore solve a family of one-dimensional dense sys-1024

tems indexed by the transverse wavenumber k2, while the symbol remains |k| =
√
k21 + k22. The1025

test is not a fully nonseparable two-dimensional variable-order simulation; it is a controlled1026

oblique-mode validation of the two-dimensional symbol and branch formula. We use k2 = 0.301027

unless stated otherwise. Each mode is solved by the Kohn–Nirenberg quantization of Section 71028

with absorbing layers, and the branch-corrected complex wavenumber |k|(x1, ω) is reconstructed1029

from a windowed least-squares fit of log v together with the known k2; the measured quality1030

factor is Q(x1) =
1
2 Re |k|/ Im |k|.1031

Homogeneous validation. For a constant order the extractedQ reproduces the exact formula1032

(10) at the two-dimensional wavevector to within 0.1%:1033

β 1.1 1.5 1.9
Q0 (10) 1.703 2.352 2.996
Qnum (2D, k2 = 0.30) 1.704 2.352 2.995
relative error 0.1% 0.0% 0.0%

1034

Dimension-independence. Repeating the homogeneous test at several oblique angles con-1035

firms that the extracted Q is independent of the transverse wavenumber, i.e. of the propagation1036

direction, as (10) predicts (the formula derives from the scalar dispersion relation):1037

k2 (incidence angle) 0 (0◦) 0.2 (11.5◦) 0.4 (23.6◦) 0.6 (36.9◦)
Qnum (β = 1.6) 2.516 2.514 2.514 2.514
Qnum (β = 1.2) 1.891 1.866 1.867 1.866

1038

Here Q0(1.6) = 2.514 and Q0(1.2) = 1.866; the genuinely two-dimensional modes (k2 > 0)1039

recover Q0 to within 0.05%, while k2 = 0 is the one-dimensional limit.1040

Two-layer medium and the averaged-order error. With a smooth two-layer profile β(x1)1041

interpolating β0 = 1.9 (left, high Q) and β1 = 1.1 (right, low Q), the extracted per-layer quality1042

factors match the frozen values to within 0.1%: Qnum = 2.997 against Q0 = 2.996 on the left,1043
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Figure 3: Reduced two-dimensional variable-order oblique-mode test (α = 1.8, c = 1, transverse
wavenumber k2 = 0.30). (a) Real part of the field for the two-layer medium (β = 1.9 left, β = 1.1
right; dashed line: layer interface): the oblique wave decays much faster in the low-Q layer. (b)
Locally extracted Qnum(x1) (markers) against the exact Q0(x1) of (10) (solid) for a graded
profile, with the averaged-order value Q̄0 (β̄ = 1.5, dashed) shown for comparison. Points near
absorbing layers are excluded from the quantitative averages.

and Qnum = 1.702 against Q0 = 1.703 on the right. Replacing the variable order by the average1044

β̄ = 1.5 gives Q̄0 = 2.352, a relative error of 21% in the left layer and 38% in the right. This1045

confirms the O(1) averaged-order failure in the oblique-mode variable-order operator, not only1046

in the scalar frozen formula. Figure 3(a) shows the oblique field decaying markedly faster in1047

the low-Q layer; Figure 3(b) shows that the locally extracted Qnum(x1) tracks the frozen Q0(x1)1048

across the graded transition, while the averaged-order constant Q̄0 misrepresents both layers.1049

Points within two fitting-window widths of the absorbing layer are excluded from the reported1050

per-layer averages.1051

Deviation scaling and grid convergence. The WKB coefficient derived in Appendix B1052

gives a first-order response proportional to ‖∇β‖∞ when α is fixed and the profile is smooth.1053

Figure 4 plots this coefficient-level diagnostic and marks the regime where a sharp-interface1054

analysis, rather than the smooth WKB expansion, would be needed. It is not a measured1055

two-dimensional full-field convergence plot.1056

Frequency dependence. Figure 5 records the fixed-band symbolic envelope log〈k〉/〈k〉 that1057

appears in the lower-order remainder estimate. It is a scale guide for the frequency window in1058

Proposition 5.5 and Theorem 5.15, not a pointwise fit to a measured full-field deviation curve.1059

Remark 7.2. The oblique-mode computations support the frozen branch formula and the1060

averaged-order error mechanism. The gradient-scaling and frequency-window panels in1061

Figures 4–5 are reproducible formula-level diagnostics for the WKB coefficient and symbolic1062

envelope. They are complemented, but not replaced, by the nonseparable two-dimensional1063

scattering diagnostic of Experiment D. A reflection- and spreading-separated pointwise local-Q1064

extraction remains the natural further numerical refinement.1065
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7.6 Experiment D: a genuinely nonseparable two-dimensional scattering di-1066

agnostic1067

The oblique-mode test above is still separable in the transverse direction. To test the actual1068

two-dimensional Kohn–Nirenberg operator, we also implemented a small-grid direct frequency-1069

domain scattering diagnostic in which1070

β(x, y) = β0 + ε sin2(πx/L) sin2(πy/L) sin(2πx/L) cos(2πy/L),
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so that the order contrast is compactly supported away from the artificial boundary and is1071

genuinely nonseparable. The discrete operator is assembled from the definition1072

Opβ v(xj) =
1

N

∑
m

eixj ·ξm |ξm|β(xj)v̂(ξm),

with no transverse-mode reduction. We use the constant-order causal-passive branch as an1073

incident wave uinc = eiκ0x and solve the contrast equation for the scattered correction generated1074

by β(x, y) − β0. This construction separates the variable-order response from point-source1075

spreading and boundary-reflection artefacts.1076

For ε = 0, the constructed incident-wave baseline recovers the frozen quality factor to1077

machine precision (median relative error 1.9 × 10−16). This is an extraction sanity check, not1078

a discretization-convergence test. For ε ∈ [10−4, 4× 10−4], the direct linear solves have relative1079

residuals below 6 × 10−12 and ‖w‖2/‖uinc‖2 remains between 1.36% and 5.44%. Its log–log1080

slope against ‖∇β‖∞ is 0.999, documenting a local first-order response of this fixed finite-1081

dimensional realization. No continuum or grid-convergence claim is made. This supplies the1082

nonseparable two-dimensional implementation diagnostic in the paper. We deliberately report1083

the scattered-field norm, rather than a pointwise Qnum(x, y) map, because extracting a local1084

quality factor from a scattered field requires a separate reflection- and spreading-separated1085

inversion step. A supplementary grid audit at N = 20, 24, 28, 32 gives perturbative slopes1086

between 0.9981 and 0.9992, but the response coefficient is nonmonotone across these cutoffs1087

(the relative correction at ε = 4 × 10−4 is respectively 0.0388, 0.1190, 0.0544, and 0.0413).1088

Thus the first-order dependence is stable within each discretization, whereas these grids do not1089

establish a continuum limit; the full audit is archived in P1_2D_grid_audit.csv. A continuum1090

validation would require a fixed physical bandwidth, joint refinement of the computational1091

domain, absorbing layer, and grid, a symbol-consistent Kohn–Nirenberg discretization, and1092

stability of the accepted local-Q windows under that refinement. Those tests are outside the1093

present diagnostic package.1094

To give a more geophysical visual check, we also run a smooth embedded low-Q anomaly on1095

the same nonseparable two-dimensional matrix family. The background uses α = 1.8, β = 1.851096

and the anomaly smoothly lowers the spatial order to βmin = 1.7508, giving a frozen branch1097

contrast Q0 = 2.92 outside the anomaly and Q0 = 2.76 at its centre. The direct solve has1098

relative residual 3.5× 10−13. After excluding windows that fail a local plane-wave residual gate,1099

the windowed complex-wavenumber extraction gives seven accepted Qnum(x, y) samples with1100

median relative error 2.63% and 90th-percentile relative error 12.5% against the frozen Q0(x, y)1101

field (Figure 7). This is the intended strength of the diagnostic: it demonstrates a genuinely1102

two-dimensional smooth low-Q perturbation and a local-Q extraction workflow in the WKB1103

regime, while deliberately avoiding a claim of sharp-interface, point-source, or continuum-grid1104

validation.1105
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Figure 6: Genuinely nonseparable two-dimensional variable-order scattering diagnostic. (a)
Real part of the total field for a compact two-dimensional order contrast. Black contours
show β(x, y). (b) The nonseparable order field. (c) Relative scattered correction |w|/|uinc|. (d)
Constructed constant-order baseline: windowed complex-wavenumber extraction recovers Q0 to
machine precision when ε = 0; this panel checks the extraction routine, not spatial convergence.
(e) Perturbative scan: for ε ≤ 4×10−4 the scattered correction stays below 5.44% and has fitted
slope 0.999 against ‖∇β‖∞. This is a fixed-grid implementation diagnostic, not a continuum
validation or a pointwise local-Q test of the WKB theorem.
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Figure 7: Smooth two-dimensional low-Q anomaly diagnostic. (a) Smooth nonseparable order
anomaly; here α = 1.8 is fixed and β varies from 1.85 in the background to 1.7508 at the anomaly
centre. (b) Frozen branch quality-factor field Q0(x, y) from (10). (c) Total frequency-domain
field. (d) Relative scattered correction. (e) Windowed local Qnum samples accepted by a local
plane-wave residual gate. (f) Extracted Qnum against frozen Q0 for the accepted windows. The
accepted samples have median relative error 2.63%; the figure is a finite-dimensional smooth-
anomaly diagnostic, not a sharp-interface or field-scale inversion test.
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7.7 Experiment E: identifiability inversion1106

We test the identifiability result of Section 4.5 numerically. From a true pair (α, β) we1107

compute the attenuation angle and the velocity-dispersion exponent γd = 1 − α/β, add inde-1108

pendent Gaussian relative noise, and recover (α, β) from the closed inverse of Proposition 4.14.1109

Averaging over four representative order pairs and 2000 trials each, the RMS recovery error1110

scales approximately linearly with the input noise (Figure 8). This confirms that attenuation1111

and dispersion together break the two-order degeneracy (11) in the controlled diagnostic setting.1112

It should not be read as a field inversion experiment: in field data the usable bandwidth is finite,1113

high-frequency phase-velocity dispersion can be substantially noisier than the perturbative noise1114

levels used here, and the inverse map should be regularized by spatial smoothness, prior bounds1115

on admissible orders, and uncertainty propagation before being used for Q compensation or1116

imaging.1117
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Table 2: Illustrative use of the fixed-band heterogeneity indicator. The numerical cutoffs are
reporting bins for numerical diagnostics and theorem use, not universal geological or rock-physics
thresholds; they should be recalibrated for a chosen bandwidth, wavelength and residual gate.

Indicator regime Mathematical reading Modelling decision
IU < 0.05 Strong scale separation on the

fixed band; Theorem 5.15 is ex-
pected to be a conservative lo-
cal guide.

Frozen or smoothly varying local
constant-Q interpretation is usually
defensible after residual checks.

0.05 ≤ IU < 0.2 Transitional WKB regime; gra-
dient terms may be visible and
frequency-window dependence
should be reported.

Use local windows and report estima-
tor residuals; avoid replacing the re-
gion by a single averaged order with-
out an error check.

IU ≥ 0.2 or an order
jump

The small-gradient premise is
weak or absent; Section 6 pre-
dicts possible order-one frozen-
Q error.

Treat regional averaging as uncon-
trolled; use interface-aware, regular-
ized, or nonlocal modelling instead.

7.8 Geophysical use of the criterion1118

The practical output of the analysis is a screening rule rather than a full inversion workflow.1119

Given order profiles α(x), β(x), a velocity scale c(x), and a seismic band [ω1, ω2], the user should1120

first check the passive-cone margin α + β > 2 + η. The next diagnostic is the fixed-band1121

heterogeneity indicator1122

IU =
(
‖∇α‖L∞(U) + ‖∇β‖L∞(U)

)
sup

U×[ω1,ω2]
|k(x, ω)|−1.

Small IU means that the frozen constant-Q law is expected to remain locally stable, with1123

Q(x, ω) close to Q0(x) in the closed corridors of Theorem 5.15 and in the conditional reduction1124

of Proposition 5.5. Large IU , or an order jump, means that regional averaging should be treated1125

as a modelling approximation with possible order-one frozen-Q error rather than as a controlled1126

local medium.1127

Fixed-band local-Q admissibility screen. The criterion can be used as the following four-1128

step diagnostic workflow:1129

1. choose the spatial window U and the seismic band [ω1, ω2];1130

2. check the passive margin α(x) + β(x) > 2 + η and branch consistency on U ;1131

3. estimate the local wavenumber floor and compute IU ;1132

4. classify the region as stable, transitional, or uncontrolled using Table 2, and use regional1133

averaging only in windows that pass the smooth fixed-band screen.1134

The criterion may serve as a stability screen for future Q-compensated imaging workflows:1135

local constant-Q compensation is best justified in smooth regions with small IU , while sharp1136

contrasts require explicit interface, transmission, or regularized nonlocal modelling. The paper1137

does not provide an imaging algorithm; it provides the branch and gradient criterion that such1138

algorithms should respect.1139

8 Discussion and outlook1140

We have given a branch-resolved microlocal footing to a variable-order near-constant-Q1141

regime. The frozen model has an exact constant-Q law and a two-order manifold. Smooth order1142
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variation produces an explicit fixed-band WKB deviation controlled by ‖∇α‖ + ‖∇β‖, while1143

order averaging can fail at order one across sharp contrasts. These statements are forward-model1144

diagnostics. The paper should be read as a local fixed-band microlocal criterion, not as a global1145

propagation theory: it does not prove transmission through sharp order jumps, caustic-crossing1146

parametrices, field-scale inversion stability, or a compensated-imaging algorithm.1147

Finite-dimensional requested-time Mittag–Leffler evaluators for prescribed self-adjoint1148

semidiscrete operators are related through the frozen modelling context, but they are distinct1149

from the continuous microlocal operator considered here. The present WKB, identifiability,1150

and averaged-order results neither require nor use a numerical convergence bridge from such1151

projected matrices. Because the exact frozen-Q locus and its gradient corrections make the1152

local attenuation–dispersion relation explicit, the criterion developed here may serve as a1153

stability screen for future constant-Q deconvolution or Q-compensated imaging workflows,1154

especially by identifying when a smooth local approximation is defensible and when sharp1155

contrasts make regional averaging uncontrolled.1156

Relation to classical constant-Q models. The theorem does not replace Kjartansson-type1157

constant-Q theory. In frozen coefficients it recovers the same power-law mechanism through the1158

selected complex branch. Its contribution is narrower and more diagnostic: it identifies which1159

two-order branches realize a prescribed Q0, which additional dispersion datum is needed to1160

identify the pair (α, β), and how much smooth spatial variation can be admitted before the1161

local constant-Q interpretation becomes a fixed-band approximation rather than an exact law.1162

Causality and global scope. The Kramers–Kronig statement in Section 4 is a frozen-branch1163

result. For spatially variable orders, the WKB construction preserves the causal-passive branch1164

only locally and perturbatively along admissible rays. We do not prove a global retarded Green’s1165

function, causal semigroup, or nonlocal transmission theorem for strongly heterogeneous or1166

discontinuous media. This is why the multidimensional part of the result is stated as a local1167

fixed-band reduction and then closed only in the corridors of Theorem 5.15, rather than as a1168

global wave-propagation theory.1169

Failure modes of the criterion. The fixed-band criterion should be rejected, or at least1170

reported as uncontrolled, in the following situations: a passive-branch margin is lost; the fre-1171

quency band is so wide that the logarithmic constants of Lemma 2.7 dominate the gradient1172

scale; attenuation is no longer weak in the multidimensional corridor and no complex caustic-1173

free phase is supplied; α or β has a jump or rapid transition at the wavelength scale; the local1174

plane-wave residual in Hypothesis 5.1 is large; or the observed attenuation and dispersion slopes1175

are inconsistent with the two-order manifold and the branch selected in Section 4. These cases1176

are not counterexamples to Theorem 5.15; they are outside its input contract.1177

Several directions are natural. The two-order degeneracy (11) suggests an inverse problem:1178

recovering (α, β), or the quality-factor profile, from data. A fully global version of the con-1179

ditional reduction in Proposition 5.5 would require a variable-order complex parametrix with1180

explicit remainder control through caustics, boundary layers, and lower-frequency regimes. Two1181

problems are left open in particular: (i) such a multidimensional variable-order parametrix be-1182

yond the high-Q corridor of Proposition 5.12 and through caustics; and (ii) a rigorous nonlocal1183

transmission analysis at a sharp order interface, which Section 6 only diagnoses through the1184

averaged-order error. Lemmas 2.4-2.5 and Appendix A provide only the logarithmic symbol1185

estimates needed for the local fixed-band WKB statement; neither open problem is delegated1186

to the companion manuscript.1187

For completeness we record proofs of the two symbol estimates used in the main text; they1188

make the paper self-contained modulo the standard pseudodifferential parametrix construction.1189
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Proof of Lemma 2.4. Write m(x, ξ) = 〈ξ〉β(x) = eβ(x)L with L := log〈ξ〉, which does not depend1190

on x. Then ∂xjm = (∂xjβ)Lm, so the claim holds for |γ| = 1 with Pej = (∂xjβ)L, a degree-one1191

polynomial in L. Inductively, if ∂γxm = Pγ(x, L)m with degL Pγ = |γ|, then1192

∂xj (Pγm) =
(
∂xjPγ + Pγ(∂xjβ)L

)
m,

and the bracket has L-degree |γ|+1. The coefficients are polynomial in the derivatives of β1193

by construction. The bound |∂γx〈ξ〉β | ≤ Cγ〈ξ〉β(log〈ξ〉)|γ| follows, and multiplying by c2(x) ∈ C11194

and applying ∂δξ , which gains 〈ξ〉−|δ|, gives c2〈ξ〉β(x) ∈ S
β(·)
var .1195

Proof of Lemma 2.5. With L = log〈ξ〉 ≥ 0, the function Lke−εL attains its maximum over1196

L ≥ 0 at L = k/ε, with value (k/(eε))k. Hence Lk ≤ (k/(eε))keεL = (k/(eε))k〈ξ〉ε; multiplying1197

by 〈ξ〉β(x) gives the stated inequality, uniformly in x since the constant is x-independent. The1198

inclusion S
β(·)
var ⊂ S

β++ε
1,0 is immediate, and the classical Calderón-Vaillancourt and parametrix1199

theory then apply with an ε-loss in the order, which does not affect the leading-order asymptotics1200

used in Proposition 5.5.1201

A The phase-space integral and the transport coefficients1202

A.1 A phase-space integral1203

The following elementary integral underlies the deviation analysis and the corresponding1204

frozen-symbol spectral calculations. For b,Λ > 0, β ∈ (0, 2), and with ρ = (Λ/b)1/β ,1205 ∫
Rd

(Λ− b|ξ|β)+ dξ = dωd

∫ ρ

0
(Λ− brβ)rd−1 dr

= ωd

[
Λρd − dbρd+β

d+ β

]
= ωd

β

d+ β
Λ(Λ/b)d/β ,

using bρβ = Λ.1206

A.2 The transport coefficients1207

From (21)-(22), and using the first transport equation (25) now derived from the expansion1208

(23) in Section 5.2, the bracketed coefficient is, to leading order in the small parameters ∇α,∇β,1209

δκvo = −(∂xα)(−iω)α log(−iω) + c2(x)(∂xβ)κ
β(x) log κ

β(x)c2(x)κβ(x)−1
+ lower-order transport terms,

where log κ is evaluated on the causal-passive branch fixed in Lemma 4.1. Using the1210

eikonal relation (20), the numerator is proportional to κβ(x) and division by ∂κ[c
2(x)κβ(x)] =1211

β(x)c2(x)κβ(x)−1 leaves a first correction of size1212

|δκvo| ≤ C|κ| (|∂xα| | logω|+ |∂xβ| | log κ|) .

After normalization by the leading wavenumber and conversion from κ to Q = κR/(2κI) on1213

the passive cone, this gives the structure of (27). The constants depend only on the admissible1214

ranges of α, β, c and on the fixed frequency band.1215
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A.3 Derivation of the leading coefficient (40)-(41)1216

Derivation of (40)–(41). Starting from B.2 and the eikonal (−iω)α = −c2κβ,1217

(∂xα)(−iω)α log(−iω) = −(∂xα) c
2κβ log(−iω),

so the B.2 numerator equals c2κβ
[
− (∂xα) log(−iω) + (∂xβ) log κ

]
= −c2κβB. Dividing1218

by βc2κβ−1 gives (40). Writing δκ/κ = B/β and taking imaginary parts with log(−iω) =1219

logω − iπ/2 and log κ = log |κ| + iφ yields δφ = β−1=B = −β−1(π2∂xα + φ∂xβ); composing1220

with dQ0/dφ = −1
2 csc

2 φ gives (41). The coefficient is a nonzero linear functional of (∂xα, ∂xβ)1221

on the admissible set; hence the response is locally first order whenever this functional does1222

not vanish, and the lower bound (42) holds under the non-cancellation condition stated in1223

Proposition 5.16.1224

B Numerical methods and reproducibility1225

All direct variable-order experiments use the Kohn–Nirenberg spectral discretization of1226

Section 7. For a spatial order graded in one direction, β = β(x1), and an isotropic symbol,1227

transverse Fourier modes decouple. Each reported oblique-mode experiment therefore reduces1228

to a dense linear solve on the x1-line for the chosen transverse wavenumber k2, with the two-1229

dimensional symbol |k| =
√
k21 + k22. This is a modal two-dimensional validation of the symbol1230

and branch formula, not a fully nonseparable simulation with β = β(x1, x2).1231

Outgoing waves are absorbed by a quadratic sponge layer iγ(x1) of width dabs at each end.1232

The field is launched by a narrow Gaussian soft source just inside the left layer. The complex1233

wavenumber is extracted by a least-squares fit of log v over an interior window; source-adjacent1234

points, absorbing-layer points, and points within two fitting-window widths of the artificial1235

boundaries are excluded from quantitative averages. The known k2 is then used to reconstruct1236

|k| and Q. Unless stated otherwise, α = 1.8, c = 1, ω = 1, k2 = 0.30, grid N = 1024 on [0, 80],1237

absorbing width dabs = 16, and sponge strength γmax = 8.1238

Experiment Key parameters Output

Homogeneous (7.1, 7.6) β ∈ {1.1, 1.5, 1.9} Qnum vs. (10)
Two-layer (7.2, 7.6) β0 = 1.9, β1 = 1.1, tanh width 1.5 per-layer Q, Q̄0

WKB coefficient diagnostic
(7.6)

Appendix B, α = 1.8, representative β = 1.5 linear coefficient vs.
‖∇β‖∞

Angle sweep (7.6) k2 ∈ {0, 0.2, 0.4, 0.6} dimension-independence
Frequency envelope (7.6) fixed-band symbolic scale normalized log〈k〉/〈k〉
Nonseparable 2D scattering
(7.7)

compact β(x, y) contrast, direct
Kohn–Nirenberg matrix

scattered-field response
scaling

Smooth low-Q anomaly
(7.7)

embedded β(x, y) anomaly, direct
Kohn–Nirenberg matrix

wavefield snapshot and
windowed Qnum(x, y)
samples

Identifiability (7.8) 2000 trials, noise η ≤ 5% RMS recovery error

1239

The computations are deterministic (a fixed random seed is used for the identifiability1240

Monte Carlo) and depend only on numpy, matplotlib, and Pillow. The supplementary1241

script P1_reproduce_figures.py regenerates Figures 4–5 and the identifiability Figure 8,1242

together with their CSV/NPZ source data. The script P1_2D_variable_order_solver.py1243

regenerates Figure 6 and the associated two-dimensional scattering data. The script1244

P1_2D_lowQ_anomaly.py regenerates Figure 7 and its accepted local-Q samples. Earlier1245

oblique-mode and k-Wave diagnostics are supplied as separate scripts and should be treated1246

as supporting diagnostics. Figure 6 is a reproducible nonseparable two-dimensional finite-1247

dimensional scattering diagnostic. It checks matrix assembly, algebraic residuals, and local1248
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Figure 9: Supporting 2D cross-model check with the k-Wave pseudospectral solver of Treeby
and Cox (2010) (grid 3842, power-law exponent y = 1.1, ten-receiver profile, time-windowed
spectral ratio). (a) Attenuation α(f): k-Wave measurement (markers) versus the prescribed
power law (line). (b) Quality factor: k-Wave extraction versus the prescribed Q; agreement
within ∼ 10%, consistent with point-source spectral-ratio accuracy in field practice. This figure
supports only the frozen constant-order background and is not used as evidence for the variable-
order WKB theorem.

parameter response on the reported grid; it establishes neither grid convergence nor a pointwise1249

local-Q inversion.1250

C External constant-order sanity check, not evidence for the1251

theorem1252

The formula (10) and the constant-Q framework are not tied to one dimension in the frozen1253

case. As an external consistency check for the constant-order power-law setting, we used k-Wave1254

(Treeby and Cox, 2010), a widely used pseudospectral time-domain package whose power-law1255

absorption is implemented through a fractional Laplacian. This is a cross-model check only:1256

it is not part of the evidence for the variable-order WKB formula and it does not verify the1257

Kohn–Nirenberg variable-order operator. We ran a 2D viscoacoustic simulation (grid 3842,1258

sound speed 1500 m s−1, power-law exponent y = 1.1) with a broadband point source and ten1259

receivers along a profile, and recovered the quality factor by the time-windowed spectral-ratio1260

method (Tonn, 1991).1261

The agreement is within ∼ 10% across the source bandwidth, which is expected for a1262

point-source spectral-ratio estimate. The check is therefore retained as background geophysical1263

context rather than a main validation axis.1264

Data and code availability1265

No external empirical datasets were used. The submission package includes the code and1266

source data for the deterministic diagnostics reported here; no proprietary field data are re-1267

quired for the theorem or for reproducing the diagnostic figures. The accepted version will1268

additionally assign a permanent repository DOI to the same review bundle. In particular,1269

P1_reproduce_figures.py generates the corrected formula-level Figures 4–5, the identifiability1270

Figure 8, and the corresponding CSV/NPZ data files. The independent script P1_2D_variable_1271

order_solver.py assembles the small-grid nonseparable two-dimensional Kohn–Nirenberg op-1272

erator, generates Figure 6, and writes the associated NPZ/JSON source data. The script1273
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P1_2D_lowQ_anomaly.py generates Figure 7 and P1_2D_lowQ_anomaly_summary.json. The1274

k-Wave consistency script is optional and requires a separate k-Wave Python installation; it is1275

not used as evidence for the variable-order WKB theorem.1276
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