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Abstract

Numerical ocean models rely on the discretization of primitive equations to simulate ocean
dynamics, but their computational cost increases drastically with resolution. As an al-
ternative, recent advances in neural networks (NN) have demonstrated promising appli-
cations in climate science, offering orders-of-magnitude faster simulations than traditional
models through data-driven algorithms that can be continuously improved with obser-
vational data training. However, NN-based approaches for ocean modeling face critical
challenges, including stability, physical consistency, and generalizability. This study presents
a novel approach to embedding the barotropic dynamics of the Coastal and Regional Ocean
COmmunity (CROCO) model, namely the AB3-AM4 algorithm, into a physics-informed
NN. By leveraging a Lie auto-encoder, we transform the nonlinear barotropic dynam-

ics into a latent space where they can be evolved using a linear operator. The network

is tested on a linear idealized barotropic tsunami, as well as nonlinear geostrophic equi-
librium and perturbation test cases. The results demonstrate stable evolution of surface
height and barotropic velocities, conserving physical quantities, the expected energy spec-
tra of the simulation and key eddy structures in turbulent flows. Furthermore, although

it does not yet exhibit computational efficiency gains, the model is fully generalizable

to any domain grid size and demonstrates comparable performance when applied to res-
olutions equal to or lower than those seen during training. This approach bridges the

gap between traditional numerical models and NN algorithms, paving the way for hy-

brid modeling techniques that enhance ocean simulation beyond computational limita-
tions.

Plain Language Summary

Recent advances in neural networks (NN) have demonstrated promising applica-
tions in climate science. In this work, we solve the shallow-water equations by introduc-
ing a novel model based on an NN autoencoder architecture. We evaluate our model us-
ing a benchmark suite of initial-value problems to assess its accuracy in preserving sta-
bility, turbulence, mass, and energy. Our results demonstrate that this architecture is
highly promising for a wide range of fluid dynamics applications, effectively bridging the
gap between neural networks and traditional numerical models.

1 Introduction

Fluid mechanics is the realm of physics equations that govern the dynamical evo-
lution of any liquid or gas substance at any scale where Newton’s laws are applicable.
The ocean can be described as a fluid, which can be approximated by a set of primitive
equations (Euler, 1752; Arakawa & Lamb, 1977; Randall, 2011). Numerical modeling dis-
cretizes these differential equations into a specific grid and uses them to evolve the ocean
system in time (D&os et al., 2022). The discretizations are crafted to a set of possible
parameters that assures the stability of the simulation, and to the desired approxima-
tion of the spatial and temporal derivative errors. Physical processes operating below
the grid resolution are parameterized to ensure a closed system description. Low-resolution
simulations underestimate the turbulence of real ocean dynamics. Creating realistic sim-
ulations requires high-resolution, state-of-the-art numerical models, demanding even larger
and more efficient computers and data storage.

Neural networks programming takes a distinct approach to numerically simulat-
ing dynamical systems. In its simplest form, a neural network (NN) organizes part of
the computer’s memory into a set of layers. Starting from an input vector, each layer
computes a linear combination of the values from the previous layer, followed by the ap-
plication of a nonlinear activation function. This process is repeated through successive
layers, ultimately producing an output. With a careful choice of training dataset, archi-
tecture, and loss function, any nonlinear problem can be approximated by an NN in a



66

67

68

69

70

71

72

73

74

75

76

7

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

data-driven approach (Haykin, 2009). In the last couple of years, breakthroughs in NN’s
architecture for climate data have been responsible for data-driven weather forecasting
becoming a viable source of weather prediction (Pathak et al., 2022; Ben Bouallégue et
al., 2024; Bi et al., 2023; Wang et al., 2024), while being orders of magnitude faster and
more energy-efficient than traditional weather prediction models (Russkova, 2017). Sim-
ulating ocean dynamics is the next challenge of NN-powered climate models. However,
filled with discontinuities, turbulent structures, and longer time steps, modeling the ocean
can be more complicated than the atmosphere (Randall, 2011). Furthermore, the state-
of-the-art NN models require extensive GPU resources, are physics-uninformed, and are
unable to generalize outside their training domain. The latter two points raise a ques-
tion that has been resonating inside the scientific community: “How can we trust the
predictions of a data-driven climate model unable to generate long-term, realistic, and
stable climate simulations?”

This study’s objective is to develop an NN-powered ocean model informed by the
Coastal and Regional Ocean COmmunity Model (CROCO - Auclair et al., 2024) and Koop-
man Theory (Azencot et al., 2020; Brunton et al., 2021), running on one GPU and trained
to solve the nonlinear barotropic discrete equations of the AB3-AM4 algorithm (CROCO’s
barotropic algorithm). Generating stable simulations at any ocean domain, our model’s
applicability is the same as the traditional shallow-water model. This novel technique
points to a direction where traditional numerical models and NN algorithms can be used
together to create data-driven physics-informed models and study ocean circulation with
a new perspective.

2 Data and Methods
2.1 Data

The training and test datasets used in this study were generated using the AB3-
AM4 algorithm solver for the shallow water approximation (the barotropic mode of the
CROCO model). Its code is available at the GitHub repository:
https://github.com/TuriGorenstein/ShallowWaterEmulator (Gorenstein & Peixoto, 2026),
togheter with all the code needed to train and apply the models in this study.

Two sets of problems were chosen to train and test the models (depicted in Table
1) representing the barotropic dinamics in two different regimes. This was necessary due
to the lack of uniformity between the scales of the ocean circulation variables (sea sur-
face height and horizontal velocities). The first training set is the Barotropic-Tsunami
simulation on an abstract setting, used to see if the different models are able to repro-
duce the linear behaviours of the barotropic dynamics. An initial condition composed
of a sea surface peack of 0.05 meter and nule horizontal velocities (First row in Table 2).
This simulation has a total of 1400 time steps at a 100x100 pixel grid, with no Corio-
lis or advection forces, and with fixed spatial and temporal resolutions (Az of 0.5 me-
ter and At of 0.1 second), periodic borders, and gravity equals 1 m/s.

Following the test example from (Peixoto & Schreiber, 2019), the second training
set is the geostrophic equilibrium and perturbation simulations. Composed by a 4800
time steps at a 200x200 pixel grid, with an homogenous Coriolis forces (2€2), advection
term, fixed spatial and temporal resolutions (Ax of 32 kilometer and At of 360 second),
periodic borders, and gravity equals 9.81 m/s. This test example is ideal for testing our
circulation models with a static initial condition of geostrific equilibrium and nonlinear
dynamics. We validate our emulator in this turbulent flow simulation using Fourier spec-
trum analysis.
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2.2 Methods
2.2.1 The primitive equations under barotropic approximation

In fluid mechanics, the barotropic approximation assumes that density depends only
on pressure. Since pressure depends only on the vertical coordinate, horizontal pressure
gradients arise solely from variations in the surface height. Consequently, at all depths,
the pressure gradient force is uniform, causing the entire water column to move nearly
in unison. This approximation is commonly used in shallow water equations and as a
fast computational step in split-mode ocean circulation models, where it accounts for the
influence of water column pressure on the mean flow. In ocean modeling, the thin shell
approximation refers to the shallow water equations combined with geometric assump-
tions about the Earth’s curvature, which simplifies large-scale ocean dynamics (Randall,
2011).

Let @; = (u,v) denote the horizontal velocity field, g the gravitational accelera-
tion, and f the Coriolis parameter, p the pressure and V; = (9;,0,). The vertical co-
ordinate z is oriented upward, with the ocean bottom at zpottom = —H(z,y), the free
surface at Zsurface = ((x,y,t) and column thickness is defined as D(z,y,t) = H(z,y)+
¢(z,y,t). Under the hydrostatic approximation (9,p = —pg), integrating the continu-
ity equation (9yu + 9yv + 0,w = 0) and the Navier—Stokes equation (9;u; + V;(4; ®
;) + flg X Uy = —%Vﬂ% discarding the stress, viscosity, and other external forces) in
the water column under the incompressible fluid approximation (p = py = constant)
yields a set of three primitive equations (here neglecting temperature, and salinity vari-
ations). These equations describe the large—scale dynamics of the barotropic ocean sys-
tem (Lionst et al., 1992).

0:¢ + 0z(Du) + 0y(Dv) =0, (1)
3tu + Uag;u + vayu - f’U = 7ga”1'§7 (2)
O + u0yv + voyv + fu = —g9,(. (3)

2.2.2 Dynamical system modeling

¢(t)
u(t)
v(t)
¢ (the ocean surface height), u and v (the barotropic velocities) are two-dimensional scalar
fields depending on the continuous time ¢. Its dynamics are described by % = f(z,1).

The function f : IR™ x IR — IR", where n is the total number of spatial degrees of

freedom, consists of the nonlinear partial differential equations described in the previ-
ous section.

The barotropic ocean system can be represented as a vector x = , where

Dividing time into segments of equal length (At) and fixing 7, an integer number
of these segments, our system’s trajectory is well defined by a set of initial conditions

(z(to)):

to+T1
2t +7) = F(2(to)) = a(to) +/ P t)dt (1)

to

To create a simulation, we have access to measurement data of our modeled sys-
tem, discretely sampled in time, on a specific grid. We use a finite difference scheme to
approximate the differential equations and evolve the dynamical system.



149 2.2.3 The Regional Ocean Modeling System (ROMS) barotropic mode
150 (AB3-AM/ algorithm)

151 The CROCO model with the Boussinesq approximation is a split-explicit regional
152 ocean model that solves the primitive equations of fluid mechanics in a two-step finite-
153 difference integration on a discrete C-grid with the same Fortran base code as the Re-

154 gional Ocean Modeling System (ROMS) (Auclair et al., 2024). By default, for each baro-
155 clinic step, the model integrates about 60 barotropic steps to advance the ocean surface
156 height and barotropic momentum.

157 The barotropic algorithm used by CROCO is the third-order Adams-Bashforth,

158 fourth-order Adams—Moulton algorithm (AB3-AM4), a modified forward-backward al-
150 gorithm with higher stability than other numerical models (Shchepetkin & McWilliams,
160 2009; Soufflet et al., 2016). The AB3 algorithm evolves the surface height ({) using the

161 barotropic variables from times m, m —1, m—2 in a three-step algorithm to compute
162 the future time m + 1. The discretization of the AB3-AM4 integration steps follows.

C m+3 5 C m C m—1 C m—2

1
U :<2+ﬂ> U —(2+26> U +8lu . (5)
v v v v
(M= (7 AL (DR ™ E) - At), (DR 0™ E) (6)
163 To not overwhelm the reader with notation, the partial derivative is maintained
164 in its continuous form; however, to define its discrete meaning, its implementation on
165 a quantity ¢ at grid point 4, j using a forward scheme is: 9,q;; = #4444 and dyq; ; =
166 % Equation (6) contains an explicit linear dependency where (™! = (™ +
167 Increment, leaving all the nonlinearity of the surface height integration in the increment
168 part. B is a constant defining the temporal balance of the integration step, and D™ =
169 h 4 (™ is the discrete column thickness.
170 After the AB3, the AM4 updates the barotropic velocities (u and v). The AM4 al-
1 gorithm is modular to allow parallel computing and improved efficiency. The flux com-
172 putation, here represented with the pressure gradient (9;D’), the Coriolis contribution
1

173 to the momentum term (Cor, = Dm+%fk><uzn+2 ), and the advection scheme (Adv,,/, =

174 u§”+%aiu§”+% + u;”%@ju;wr%, with {4,7} = {,y} or {y,z}) (Holland & Lin, 1975;
175 Arakawa & Lamb, 1977; Shchepetkin & McWilliams, 2009). This integration step can
176 also contain other parameterizations such as the stress or viscosity schemes (Auclair et
177 al., 2024)

178 Using the cited modules, the AM4 integration step becomes:
D™ Hy™ L = Dmy™ — At[gd, (D) — Cor,, + Adv,] (7)
D™yt = pmy™ — At[gd, (D) — Cor, + Adv,] (8)
179 Where D' = H+(" and ¢’ = 6¢™ M 4+(1—5—y—€)(m+y(™ 1 +e(™~2 is a tempo-
180 ral mean of the surface height using the newly computed values from the AB3 step; and
181 the constants S,e,v, and § are used to adjust the order of the time integration in the fi-
182 nite differences scheme, usually set to produce maximum stability of the model (Shchepetkin
183 & McWilliams, 2009).
184 The linear relation in equations (7) and (8) is not explicit in w as the algorithm is
185 designed to conserve the mass and momentum of the system. However, in the viewpoint
186 of moment fluxes U™ = D™}, we can rewrite equations (7) and (8) as:
187 U;”‘H = U]™ + Increment. Defining our system’s evolution in time once again as the
188 previous state plus a nonlinear increment.
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These equations are discrete approximations from the continuous barotropic equa-
tions (1) to (3), extracted from the explicit AB3-AM4 implementation on the discrete
C-grid in CROCO’s Fortran code (Jullien et al., 2025). To improve this study’s repro-
ducibility and facilitate the NN coupling with the traditional shallow water model, we
have translated this algorithm to Python (Gorenstein & Peixoto, 2026) using the exact
same spatial discretization and time integration as the regional model.

If we choose the spatial derivatives in eqs. (6),(7) and (8) carefully, total energy
is conserved to machine precision, making this a Hamiltonian system (Morrison, 1998;
Bertalan et al., 2019). In this framework, we will recreate the AB3-AM4 algorithm dy-
namics generator as a linear operator (a.k.a Lie Operator) using neural networks and Koop-
man theory to produce a shallow water emulator (Olver, 1993).

2.2.4 Koopman theory

As mentioned before, the classic theory of dynamical systems usually involves solv-
dz

ing PDEs in the form &f = f(x,t), where f is a nonlinear function. In Koopman the-
ory, however, a transformation function g : IR"™ — IR™ (with m > n), called the set

of all possible observations of system x € IR", is used to bypass the nonlinearities of

the original PDEs, creating a new higher-dimensional space where the system can evolve
linearly. From equation (4), the dynamical system evolves in its original space with x4, =
F7(zp). While in Koopman space, the same system evolves as g(zt,+r) = g(F"(x0)) =

K7 g(xg), with linear K (Koopman operator). Furthermore, we can explicitly find the

time derivative of our system in Koopman space:

Lole) = dg(ze) _ . 9@err) —glze) _ . KTg(ze) —g(ae) )
dt T—0 T 70 T
This derivative operator L is the generator of the system’s dynamics in the Koop-
man space, the Lie Operator. In this space, we can construct a linear base () of inde-
pendent eigenvectors (¢,,) of K with eigenvalues \,,. For each ¢,,, we have that K¢, =
A¢p. From equation (9), we show that £ and K share the same eigenvectors:

T n - ¥n . )\T - 1
Lo, = lim 7K 14 LA lim 7( )gon,
7—0 T T7—0 T

Lpn =log(N)pn.

The Koopman operator is guaranteed to exist for any dynamical system (Koopman,
1931; Koopman & Neumann, 1932; Brunton et al., 2021). Exchanging higher dimension-
ality to utilize linear algebra tools for nonlinear problems is the primary motivation be-
hind the practical applications of Koopman theory. However, the Koopman space is, a
priori, of infinite dimension, and the transformation g of all possible observations is usu-
ally very difficult to find explicitly (Brunton et al., 2021). Therefore, the key is to search
for a finite-dimensional hyperplane in Koopman Space where we can approximate the
Koopman operator K : R™ — IR™, with oo > m > n. This approach has yielded nu-
merous results in dynamical systems modeling across various fields, including fluid me-
chanics (Schmid, 2010; Bagheri, 2013; Sharma et al., 2016; Herrmann et al., 2021).

2.2.5 Dynamical Mode Decomposition (DMD)

The Dynamical Mode Decomposition (DMD) is a machine-learning technique used
to retrieve the finite-dimensional Koopman Operator (Brunton et al., 2021). Consider-
ing X¢ = [#¢,Zt41, .-, Tt4n], @ Matrix containing multiple time steps of our system, and
Xt41 = [Tt41, Try2, ooy Te4nt1), & matrix containing our system one step forward in time,



229

230

231

232

233

234

235

236

237

238

239

240

241

242

243

244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259

260

261

262

we define K (the finite dimensional Koopman Operator) a linear term which controls
the dependence of X1 on the previous state X;. Our simplified problem can be described
as:

Xt+1 = K*Xt

Where,

K =ming{Xis1 — KX;} = X, 1 X[

Different variations of DMD can be used to perceive the operators that better rep-
resent the dynamical operator of the system. For example, DMD with Control (DMDc)
separates the linear and nonlinear terms of the system’s dynamics. Furthermore, Extended
DMD (e-DMD) describes the system using a matrix with additional nonlinear measure-
ments. Once again, we want to find the correct measurements that increase our system’s
dimensionality enough, permitting us to evolve its dynamics using a linear operator. Con-
sidering G(X¢) = [[z, 1(21), 92(@0)], [T+1, 91(T41), G2(Te11)]s oo [Th4ns 91(Tt4n), 92(Tetn)]]
where the functions g represents the additional measurments of my system in time (anal-
ogous to the g(x) from Section 2.2.4). The problem can be described in terms of a lin-
ear operator K that approximates the Koopman Operator in this high dimensional fi-
nite space:

G(Xip1) = K G(Xy)

Rewriting the Koopman operator as K = L+ I, we can redefine our problem as
follows:

G(Xi11) = K+ G(X)) = (L+ 1) * G(X,) (10)
L+G(Xy) = K + G(X,) — G(Xy) (11)

Assuming the Koopman operator I from the system approximates the finite-time
evolution operator K over one time step, then . = K — [ is a first-order discrete ap-
proximation of the continuous Lie operator as defined by eq. (9).

2.2.6 Lie Auto-Encoder (LieAE)

An autoencoder (AE) is a neural network architecture that transforms the state
space from an input vector into another (i.e., a latent space) via an encoder and back
to the initial space via a decoder. In Azencot et al. ((2020)), a consistent Koopman AE
with a simple architecture was applied to a set of nonlinear physical problems, includ-
ing fluid advection. Here, we will do a similar application, computing the Lie Operator
in a more generalizable local setup than Azencot.

Figure 1 illustrates the straightforward information flow designed for computing
the increments of the AB3-AM4 algorithm with the LieAE. Each pixel of our system,
xy = x((t, ug, vp), is individually encoded at time ¢ using g. (a shallow forward network
with ReLU6 function). In the network’s latent space, a linear operator £ is applied to
compute the increment of that time step forward in time. After this, we decode the dy-
namical increment back to the initial space using g4 and then advance the system for-
ward. In practice, we seek encoders g. and g4 and operator £ such that:



gdoﬁoge{wt} = Ti41 — T, (12)

/(o000 ee )
AN \

Figure 1. Lie AE illustration. Data representing a 2D barotropic ocean system with color
representing sea surface height (¢) and barotropic velocity (u, v). From left to right: the input
data is encoded to the Koopman space (g.). The Lie operator (£), representing the dynamics of
the system in the latent high-dimensional Koopman space, is used to compute the increment of
the system. The decoder (gq) takes the system back to the input space, recovering the system’s
increment (A(,Au, and Av). Adapted from Azencot et al. (2020)

263 By training £ to recover the system increment via nonlinear encoding and decod-
264 ing, we aim to create a discrete generator of the AB3-AM4 dynamics in latent space. As-
265 suming the Koopman operator K from the system approximates the finite-time evolu-

266 tion operator X! over one time step 7 = 1, then, the increment in the network’s latent

267 space can be written as: £ o go{z;} ~ K! o ge{xt} — ge{x}. Where the learned £ ~

268 K — I is the first-order discrete approximation of the continuous Lie operator we de-

260 fined before, analogous to the L operator from e-DMD.

270 2.2.7 Loss functions
o The loss functions used in the LieAE’s training guarantee that the individual pieces
272 of the network are consistent with the previous description. Following Azencot et al. ((2020)),
73 we use the identity loss (g;4): the difference between encoding and deconding our sys-
274 tem trought the network and the original system (with no linear operator being used in
275 the latent space); The forward loss (€ fwq): the difference between the truth and the net-
276 work’s prevision of the system evolved forward in time (calculating the system increment
o7 with the £ operator in the latent space).
LS o= (13
Eid = — Ty — Te||%,
id m t t
t=1
LS e = g (14
€ = — Tip1 — T ,
fwd = 5o 2. t+1 t+1
278 In equations (13) and (14), x; refers to the true system at time t and & refers to
279 the network’s prediction.
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2.2.8 Input Vectors

The input vectors have 30 dimensions for evolving ¢ and 60 dimensions for u or v.
They consist of variables needed for the AB3-AM4 algorithm to evolve each pixel one
step in time, therefore, they are given to the models to do the same. For evolving a (; ;
pixel at any grid point, these variables are: (; j, Ci+1,5, Gi,j+1, Ui, j, Vi,j, Ui,j—1, Vi—1,5,topography, dz, dy
and dt at times t,t — 1,¢t — 2. For evolving the horizontal velocities pixels, we need in
addition to the previous variables: (i1 j+1,%i—1,j, Uit1,j—1,Vij—1,Vi—1,j+1 at times t,t—
1,t — 2 and the ( variable prediction at time t + 1.

2.2.9 Physics-Informed Pre-Encoder Architecture

To construct the input vector described above efficiently, the initial encoder lay-
ers are informed by the AB3-AM4 algorithm. These layers include an initial 2D convo-
lution with fixed weights that retrieves the required variables at neighboring grid points
(Fig. 2); a learnable parameter that combines different time levels for each variable, em-
ulating the 8 parameter in Eq. (5); and linear and bilinear layers without activation func-
tions, which compute spatial averages of the barotropic variables to shift (, u, and v be-
tween locations on the C-grid and form the corresponding spatial derivatives (0, and 0,).
This architecture provides nonlinear pathways for known combinations of the shallow-
water variables, allowing the network to construct a richer variable representation. The
pre-encoder acts as a simple attention mechanism by generating nonlinear combinations
of the inputs, thereby allowing the network to explore higher-dimensional representations
and cross-variable dependencies (Jayakumar et al., 2020). Recent studies have employed
similar neural-physics techniques to improve the computational efficiency of traditional
finite-difference algorithms on GPUs and TPUs (Zhao et al., 2020; Chen et al., 2026).
From a Koopman perspective, the pre-encoder augments the original state space with
nonlinear observables of the system variables, as described in the preceding DMD sec-
tion. It therefore provides physics-based guidance by supplying transformations anal-
ogous to those used by the AB3-AM4 algorithm. Without this physics-informed encoder,
the network failed to generalize beyond its training dataset (not shown). An analogous
pre-encoder architecture processes the input to the MLP model.



309

310

311

312

313

314

315

316

317

318

319

320

321

322

323

324

Conv Layer for sea surface height field (left) and u velocity field (right)

Bilinear Layer

% 0 U
15\ _ B ot
(hic1g hij hivng) x (4 3] x (C007) = b = hin iy = de. 2
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Figure 2. Simplified schematic of the physics-informed pre-encoder. The ¢ and u fields are
partially shown. Lined up in times t, t-1 and t-2, with a 5 X 5 convolutional kernel applied to
each field to sample the required grid points. The weights of a bilinear layer are illustrated as a

2 X 3 matrix, multiplying the convolutions’ output to produce the corresponding spatial deriva-

tive.

3 Results

First, to train and test our models in a linear setting, we use a barotropic tsunami
case test, defined by a cosine bell shaped peak (Table 2 - Initial Condition) and conti-
nuity accross the edges of a periodic domain without coriolis or advection forces in a square
domain of 100x100 pixel C-grid scheme. Standard Mean Squared Error (MSE) metrics
are used to compare the models’ acuracy in training (Table 1). Our models are pixel ori-
ented, therefore, we only use 60 time steps from 100 random pixels in our domain to train
the models. Using the full domain, 1400 time steps are used to test our model (Table
2). To analyse if the different model’s produced longterm stable simulations, we mea-
sure the conservation of physical properties (mass, momentum and energy) during the
simulations (Figure 3). Finally, we train and test our models with a geostrophic balanced
initial condition, where the coriolis, advection and pressure gradient forces even out and
we expect the system to stay constant (Figure 4). The same initial condition with a small
perturbation is used to explore the model’s hability in reproducing nonlinear dynamics
(Tabela 4). This setup causes non linearities to arise from the coriolis and advection terms,
resulting in a turbulent flow with vortices (Peixoto & Schreiber, 2019).

—10—



325

326

327

328

329

330

331

332

333

334

335

336

337

338

339

340

341

342

343

344

345

346

347

348

349

350

Linear Problem (Barotropic Tsunami)
Model Description and Training

The machine learning models used to embed the barotropic ocean dynamics of the
AB3-AM4 algorithm are displayed in Table 1. The training of the networks was made
using Adam Optimizer and the Loss functions previously described (see Methods).

Time steps 260-320 were used for training, while steps 400-460 were used for cross-
validation. Different sizes of layers were tested for each NN; here we present only the net-
works that accomplished the best results. The input vectors contain the system present,
past and paster state, the constants used in the definition of domain and forces applied,
and the respective neighbouring variables needed to integrate the Navier Stokes equa-
tions as described in the Methods section. All models used the same input vectors to evolve
the system. The training was executed for 400 epochs with an initial learning rate of 0.001
and a learning rate decay of 0.6 every 4 non-improving epochs using pytorch’s scheduler.
To avoid overfitting, dropout layers and early stopping were implemented. The evolu-
tion of the loss function during training is shown for each network in the 'Training’ col-
umn of Table 1. The network’s final cross-validation forward loss score can be viewed
in the last column of Table 1. Since this initial condition and system constants hold ab-
stract carefully choosen values, including gravity constant equals to 1, no normalization
was needed to train the networks.

Model Architecture Layers Training Validation Loss Forward

DMD

control Xi+1 = Xe +BYy arg};ninHAXt+1 — BYi||r 1.665e—18

AE: 3 dense
layers, 128
neurons each |
with R.eLUG 0k bi - 1.835e—08
function. ¢ i,
Latent space: 107 :
20 neuron dense
layer

LieAE

Epochs 100 200 300 400

3 dense layers,
MLP 100 neurons 10 9.672e—09
X each, with Wikl e

ReLUG6 function 106

Epochs 100 200 300 400

Table 1: The data-driven models used in this study. From top to bottom: The
Dynamical Mode Decomposition with control (DMDc), The Lie Auto-encoder
(LieAE), and the Multi-layer Perceptron (MLP). From left to right: The models’
architecture, with black edges symbolizing connections with non-linear activa-
tion functions (ReLU6), while blue connections symbolize a linear layer with no
activation function; The layers description (for the NN); The dynamical solver lin-
earity; The training algorithm for DMDc and loss function curve during network
training: Blue/red, magenta/black for 100/240 step mean losses of the forward
and identity functions, respectively, while yellow is for the cross-validation loss
forward.

Model Validation

The barotropic tsunami test case steps 0, 200, 600, 1000, and 1400 of the surface
height are displayed in Table 2, along with their final biases. The video of the complete
simulations is also available in the Supplementary Material.

Figure 3 contains the evolution of the model’s physical properties: Total mass (D =

g(H+¢)?
2

H + ¢, blue curve from Figure 3 - ’a’) and Potential Energy ( , bold line from
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Figure 3 - 'b’) compared to the original AB3-AM4 simulation (dashed line from Figure’s
3-D).

The behaviour of DMDc is precisely equal to the original AB3-AM4 algorithm, as
we can see by the cross-validation error below the numerical precision of double-precision
floating point (Table 1 final column), the absence of bias in Step 1400 (Table 2), and the
overlapping of potential energy with the ”truth” simulation Step 1400 (Table 2). This
result illustrates both how straightforward Koopman theory can be in such idealized set-
tings (Brunton et al., 2016, 2021) and how effectively the pre-encoder reproduces the AB3-
AM4 derivative calculations in a GPU-friendly framework (Chen et al., 2026). When the
PDEs being integrated are already discrete and known, the observables g(x) needed to
evolve the controled system (DMD control’s Architecture column in Talbe 1) using a lin-
ear operator are well defined. This makes the task of identifying the local Lie operator
relatively trivial, since it acts on a set of physically meaningful, explicitly defined vari-
ables. In these cases, the value of Koopman theory lies less in discovering the right ob-
servables and more in unravelling the AB3-AM4 algorithm code with an ML approach,
leveraging the linear structure of the dynamics for analysis and potential control.

The simulation produced by the LieAE exhibits a positive surface height bias rel-
ative to the reference ”truth” provided by the AB3-AM4 simulation, one order of mag-
nitude smaller than the main wave propagating. This anomaly appears at the center of
the domain, where the initial condition sets the surface height peak. As shown in Fig-
ure 3 ’b’, the potential energy jumps at the first 200 steps of the simulation, after which
the simulation stabilizes. This may be reflecting a difficulty of generalizing in extreme,
unseen or low sampled conditions, such as the tsunami’s initial condition.

The simulation generated by the Multi-layer Perceptron (MLP) model is shown in
the bottom row of Table 2, and the evolution from its total surface height and poten-
tial energy is depicted in Figure 3 ’c’. The network shows a positive drift concerning the
AB3-AM4 algorithm, indicating that, although its cross-validation loss was smaller than
the LieAE (9.672¢—09 against 1.835¢—08, respectively), it is not as stable as the physics-
informed network.
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380

Model Initial Condition Step 200 Step 600 Step 1000 Step 1400 Step 1400 - BIAS
ABS' 03
FNYZE I R A\ 'H - -1 - B, 371 I e —
(TRUTH) O
-03
m
03 003,
DMDc .
-03 -003
m m
03 003
LieAE .
=03 -003!
m m
03 003
MLP .
-03 -003!
m m

Table 2: Model validation on the test dataset (The barotropic tsunami test case).
From top to bottom: the AB3-AM4 simulation (Truth); the Dynamical mode de-
composition with control (DMDc); The Lie Auto-encoder (LieAE); The Multilayer
Perceptron (MLP). From left to right: the Initial Condition, followed by steps
200, 600, 1000, 1400 from each simulation. All simulation step figures use the
same colorbar, ranging from 0.03 to —0.03 meters. In the final column, the final
Bias from each model simulation is compared with the Truth using a colorbar

ranging from 0.003 to —0.003 meters.

,13,



a) DMDc b) LieAE c) MLP

-
£ 10 10 10

-

5 —— Error — Error
— Error
()] 0.0 0.0 0
10* x10%

= — sim x10° — sim — sim

£oaml Target <ee Target 41621 ... Target

£ 4.158

=

~ 4.160 4

>

4.156

[

= 4.156 4.158 4

[}

c

U_J 4154 2156 1

© 4.154

5

c 4.154

L a1

no- 4.152 4152

0 350 700 1050 1400 350 700 1050 1400 350 700 1050 1400
Time Time Time

Figure 3. Plot of physical properties during the tsunami test case simulation. (a) the Dynam-
ical Mode Decomposition with control (DMDc); (b) the Lie AutoEncoder (AE); (c) the Multi-
Layer Perceptron (MLP). At the top, the sea surface height ({) error is in blue. At the bottom,
the Potential Energy (J/ m2) in bold line for the respective model simulation, and dashed line for
the target CROCO simulation (true AB3-AM4 algorithm).
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Nonlinear Problems (Geostrophic Balance and Perturbation)

To study how the model performs in an equilibrium and perturbed nonlinear regimes,
we retrained the models with Geostrific Balance and Perturbation simulations. These
setups are described in great detail by (Peixoto & Schreiber, 2019). They consist of a
2D domain with a constant Coriolis force and periodic boundaries (2D Torus). The ini-
tial condition is in equilibrium between the pressure gradient, coriolis and advection forces.
Furthermore, if we add a small perturbation to this initial condition, we force our sys-
tem out of its equilibrium state, generating a turbulent flow.

Model Description and Training

The models’ architectures are the same shown in Table 1 and the training was made
using Adam Optimizer and the Loss functions as described in the previous sections. How-
ever, since the initial condition for the nonlinear problems have ( ranging from 0 to 1.500
meters and horizontal velocities from -40 to 40 km/h, the network is retrained for the
batch normalization layers to adjust to the new intervals, together with the output vec-
tors’ normalization using the mean and standard deviation of the new training set. This
procedure forces the training set targets to have zero mean and standard deviation equals
one. Although this is necessary to avoid saturation of the Encoder and Decoder layers,
it also signifies a high chance of low generalizability for the system’s states ranging out-
side this training dataset. Furthermore, the training consisted of time steps 3000 to 3300
of the Geostrophic Equilibrium with perturbed initial condition simulation. To speed
up the training process, a mask that selects six hundred random pixels from the 200x200
pixel domain was applied to train and cross validate the networks on small batches. The
training was implemented for 100 epochs and took around two hours (not shown).

Model Validation

The geostrophic equilibrium initial condition (Fig. 4) is evolved for the duration
of 86400 seconds (one day) using the AB3-AM4 algorithm and the Lie AE using differ-
ent spatial and temporal resolutions. Since the condition has an analytical solution of
equilibrium, we can check the error of each model by comparing the final state to the
initial condition. The final scores are shown in Table 3.
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Figure 4. The Geostrophic Equilibrium Initial Condition. Top left: the u velocity field. Top
right: the v velocity field. Bottom left ¢ field. Bottom right: vorticity field.

Model Spatial resolution grid ~ Dt (min) U error  V error  Zeta error  Integration time (s)
AB3-AM4 50x50 24.0 0.14487 0.13490 24.4954 0.104
Lie AE 50x50 24.0 0.38829  0.13914 24.2755 0.627
AB3-AM4 100x100 12.0 0.05591 0.07491 6.13998 0.225
Lie AE 100x100 12.0 0.27575  0.06052 7.41681 1.274
AB3-AM4* 200x200 6.0 0.01465  0.02782 1.58342 1.477
Lie AE* 200x200 6.0 0.18029  0.04789 6.88767 4.611
AB3-AM4 400x400 3.0 0.00379  0.00693 0.39472 16.347
Lie AE 400x400 3.0 0.25093  0.10210 5.13011 30.607

Table 3: The u, v, and ¢ errors of the Lie AE and the AB3-AM4 algorithm at
different resolutions. The domain’s lenght is maintained fixed using earths radius
(L = 40,000km) The asterisk marks the resolutions used for network training
(dz = 2—6’0 km and dt = 6 min).
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The errors in the resolutions that were not used in the LieAE’s training (without
asterisk rows in Table 3) show the network’s difficulty to fully generalize the AB3-AM4
problem outside the training parameters. Nevertheless, LieAE exhibits skills compara-
ble to the AB3-AM4 algorithm for the Geostrophic Balanced problem at resolutions equal
to or lower than the training data (2002200 grid and Dt = 6min).

The perturbed initial condition (Fig. 4 first column) is used to test the network’s
ability reproducing eddys and nonlinearity. The final frame (Fig. 4 last column) shows
the sucess of the LieAE simulating longterm turbulent flows (4800 simulation steps).

Model Initial Condition Step 2400 Step 4800
sea surface height woricty sen surtace heignt voricty sen sutace height vority
13 9.1e-5
AB3- 10 7.1e-5
71 5.1e5 o
AM4 43 -3.0e-5
14 1.0e-5
TRUTH) I3 Ey el
43 -3.0e-5
-7.1 5.1e-5
-1.0 7.1e-5
-1.3 9.1e-5
km 1/s
% w0 ot o % e e % B o W e
se0 surtace haight voricty vorticy sen surface heignt voricty
13 9.1e-5
1.0 7.1e-5
71 5.1e-5 P '&w ~ s
B 43 -3.0e-5 - . .
LieAE 14 1.0e-5
-1.4 -1.0e-5
43 -3.0e-5
-7.1 5.1e-5
10 7.1e-5 _— la -
13 * 9.1e5 ” § o =N
km  * 1/s
% me  to o % E T 200 5 e
Zeta Vorticity Zeta Vorticit 200 Zeta Vorticity
13 200 9.1e-5 200
1.0 7.1e-5
71 5.1e-5 e €3\ -
Bi 43 150 3.0e5 150 1501% )
1as 14 1.0e-5
14 -1.0e’5 100
43 100 3.0e5 100
-7.1 5.1e-5 44
10 50 7.1e5 50 50 ' RN A
-1.3 9.1e-5 b
km 1/s
50 100 150 50 100 150 50 100 150 50 100 150

50 100 150

50 100 150

Table 4: Model validation on the non-linear test dataset (The geostrofic equilib-
rium with initial perturbation). From top to bottom: the AB3-AM4 simulation
(Truth); The Lie Auto-encoder (LieAE). From left to right: the Initial Condition,
followed by steps 2400 and 4800 from each simulation. The simulation state is
depicted by the sea surface height (Zeta) and vorticity snap shots. The figures use
the same colorbar, ranging from —500 to 1300 meters (Zeta plots) and —8 % 107°
to8 x 107° s71! (vorticity plots). In the final row, the Bias between the simula-
tions using the same colorbars for vorticity and from —1300 to 1300 meters for

the Zeta variable.

The final state of each simulation is analysed through the lens of its kinetic energy
spectra (Fig. 5). The analysis of the energy spectra is related to the study of turbulence
in fluid dynamics models and is commonly used to validate simulations (Peixoto & Schreiber,
2019). While the LieAE accurately captured the overall AB3-AM4 energy spectra, it ex-

hibited an overestimation of the energy content at shorter wavelengths (2 x 10°) rela-

tive to the target simulation.
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Figure 5. Kinetic energy spectrum from step 4800 of the simulation using the AB3-AM4 algo-
rithm (bold line) and the LieAE (dashed line).

4 Discussion

Traditional numerical models offer several advantages for simulating ocean circu-
lation. They solve discrete approximations of the governing differential equations, and
benefit from well-established methods for validating their solutions against analytical bench-
marks (Pond & Bryan, 1976; Fox-Kemper et al., 2019), eliminating spurious computa-
tional modes (Bryan, 1997), conserving physical quantities (Bryan, 1997), applying nu-
merical filters for stability enhancement (Rosati & Miyakoda, 1988; Bryan, 1997), and
performing stability analyses via characteristic polynomials (Higdon, 2006; Randall, 2011).

However, replacing the traditional model with NNs, regardless of architecture, of-
fers two notable advantages: (i) A significant computational speedup when using large
integration time steps, which traditional models cannot accommodate due to stability
constraints such as the Courant—Friedrichs-Lewy (CFL) condition (D&6s et al., 2022).
Apart from the parallelization/ GPU-friendly software, this scalability advantage is a key

reason NNs can outperform conventional models in terms of computational efficiency (Russkova,

2017; Hu et al., 2022); (ii) NNs are inherently data-driven and can approximate any lin-

ear and nonlinear behaviors without explicit knowledge of the data-generating process.

This feature allows them to downscale high-resolution simulations, also speeding up the
computational process without losing the complex behaviour present in more fine struc-
tures. Furthermore, when fine-tuned with observations or non-trivially simulated data,

they can implicitly parameterize sub-grid processes not explicitly resolved in the gov-
erning equations. Therefore, NNs can capture features that traditional models might over-
look or simplify in their higher-level description of the discretized physical equations (Bucci,
2020; Hu et al., 2022).

Recent studies have explored the use of Neural Networks as pointwise shallow-water
solvers. While Li and Feng employ physics-informed networks to solve nonlinear shal-
low water equations, their domain-specific architectures restrict generalization beyond
the training set (Li et al., 2024; Feng et al., 2025). In contrast, Keppler et al. (2025) de-
velop a generalized neural operator for flood emulation. However, their baseline scenar-
ios, similar to our linear case problem, lack complex eddy dynamics, and the network
struggles to capture nonlinear interactions when external forcings are introduced (Keppler
et al., 2025). Furthermore, while broader data-driven operators have succeeded in sim-

—18—



457

458

459

460

472

473

474

475

476

477

478

479

ulating highly nonlinear dynamics, such as complex 3D baroclinic circulations (Bire et

al., 2025), they inherently lack the physical interpretability of equation solvers. More broadly,

although recent emulators have succeeded in simulating barotropic turbulence, the long-
term preservation of fine-scale turbulent structures remains a well-documented challenge
(Kontolati et al., 2024). Standard networks optimized primarily via Mean Squared Er-
ror (MSE) loss frequently suffer from spectral bias, tending to smooth out small-scale
features over extended simulations. While our proposed framework does not target the
massive computational speedups achieved by these previous data-driven models (advan-
tage 1), its lightweight architecture and pointwise equation-constrained generalizability
provide a highly accurate and robust methodology for sustaining long-term turbulent dy-
namics, preserving small-scale turbulence.

As shown in Table 3 and the bias plots from Table 4, a model trained solely on a
numerical algorithm as ground truth cannot surpass the inherent skill of that algorithm.
Nevertheless, the neural network model runs efficiently on a single GPU and has created
a data-driven parallelized longterm stable algorithm for simulating turbulent barotropic
flows at diverse domains. A natural extension of this work could be the use of a LieAE
to downscale turbulent flows; parametrizing high-resolution processes in low-resolution
grids could provide a gain in skill and efficiency using this architecture. Furthermore,
the pointwise LieAE architecture offers a key advantage. Leveraging Koopman opera-
tor theory, it provides a physics-informing latent space where the system’s dynamics evolve
linearly with simple matrix multiplication (Fig. S1 and S2 in Supplementary Material),
enabling more interpretable analysis and potentially controlling complex nonlinear be-
havior (Brunton et al., 2017).
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480 5 Conclusions

281 Building on established shallow-water algorithms and neural-physics approaches,

182 we propose the Lie Auto-Encoder (LieAE) architecture for evolving the barotropic dy-
183 namics of fluid flows. As part of this work, we translated the Regional Ocean Modeling
484 System’s (ROMS) barotropic step, implemented using the AB3-AM4 algorithm, into Python
485 and trained an autoencoder that maps the system state to a higher-dimensional latent-
486 variable space, where a linear operator advances the dynamics. To evaluate our model
ag7 in a linear setting, we use a barotropic tsunami test case defined by a cosine bell-shaped
488 peak (Table 2 - Initial Condition). We train our model using explicit AB3-AM4 barotropic
489 simulations, and compare the LieAE performance with the Dynamic Mode Decompo-

490 sition with control (DMDc) and the Multi-Layer Perceptron (MLP) models. MSE met-
201 rics are used to compare model accuracy during training (Table 1), and for testing, we
a0 use a 1400-step simulation evolving the same initial condition (Table 2). Furthermore,

403 we measure the conservation of mass and energy during the runs (Figure 3). Finally, we
a0 train and test the LieAE model using a geostrophically balanced initial condition with
495 and without perturbation (Figure 4), exploring the model’s ability to reproduce nonlin-
496 ear dynamics (Table 4).

a07 In the initial linear case, the physics-informed LieAE demonstrated greater stabil-
498 ity than the MLP throughout the simulation (Figure 3). In the geostrophic balanced ini-
499 tial condition (Figure 4), the LieAE produced a long term stable simulation when us-

500 ing the resolution from the training dataset (200x200 spatial grid with dt=360s), con-

501 serving the barotropic variables equivalently as the AB3-AM4 algorithm (errors 4 orders
502 of magnitude smaller than the initial condition). When testing the network with unseen
503 resolutions, the network presents larger errors, demonstrating the failure to generalize

504 outside its training resolution (Table 3 bottom row). Under perturbed initial conditions,

505 the LieAE successfully replicated the nonlinearities of the AB3-AM4 algorithm, gener-
506 ating the expected eddy structures of the flow (Table 4). Although comparable, the fi-

507 nal state (step 4800) of the simulation’s energy spectra showed that more energy cas-
508 caded to smaller scales when using the LieAE model than the AB3-AM4 algorithm (Fig-
509 ure 5). This capacity to preserve energy at smaller scales represents a notable advan-
510 tage over previous shallow water emulators, which frequently smooth out fine-scale struc-

511 tures during extended simulations (Li et al., 2024; Kontolati et al., 2024; Keppler et al.,
512 2025).

513 Inspired by the consistent Koopman autoencoder framework proposed by Azen-

514 cot et al. (2020), the LieAE when informed with the AB3-AM4 physics and interpretable
515 architecture (see methods), generated stable dynamics for a range of shallow water ex-

516 amples, including nonlinear turbulent flows, at resolutions not higher than its training

517 data-set. Although its integration time is not faster than the original AB3-AM4 algo-

518 rithm, its potential use for downscaling, parallelization and possible improvement via fine
519 tuning displays a number of possible next steps and applications for this new architec-

520 ture, such as:

521 (I) Replacing CROCO’s barotropic fast step with our neural network could pro-

522 vide a straightforward path to derive additional validation metrics and enable online train-
523 ing of the model. However, integrating Fortran-based numerical models with Python-

524 based machine learning frameworks remains a significant challenge, and has been a ma-
525 jor obstacle in recent efforts to combine traditional modeling with modern ML techniques

526 (Ott et al., 2020; Zhong et al., 2023).

527 (IT) Downscaling turbulent flows. If successful, this network could present a gain

528 in efficiency (simulating turbulent flows in low dimensional grids) and allow a compar-

529 ison between the different linear operators (fine-tuned and AB3-AM4-based) in its phys-
530 ically motivated latent space, creating a physics-informing tool for studying the network’s
531 parametrizations.
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(III) Eddy detection (Kolar, 2007; Gao & Liu, 2018; Amran Abolholl et al., 2024).
The LieAE can simulate stable vortices and its architecture may be modified and adapted
to finding or predicting eddy paths.

(IV) Leveraging the network as a barotropic core for building a larger, physics-informed
model could help replicate the split-explicit structure of CROCO using a fully data-driven
architecture. This approach could bridge physical modeling and machine learning, yield-
ing more realistic ocean simulations with explainable NNs (Jiang et al., 2021; Stier et
al., 2024).

Open Research Section

Code and Data availability: The current version of the models used to produce the
results in this paper, the discretized AB3-AM4 algorithm and Neural-Network’s train-
ing functions with CUDA-pytorch engine are available at:
"https://github.com/ITuriGorenstein/ShallowWaterEmulator”, as are scripts to produce
the plots for all the simulations presented in this paper (Gorenstein & Peixoto, 2026).
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