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Abstract 20 

A central-moment transport model follows a property that varies across a population, such as the 21 

age of water parcels or the decay rate of organic-matter particles. Instead of storing the whole 22 

distribution of that property, it keeps only a few summary numbers, the moments, and moves those 23 

through the model. But the distribution itself is usually what a scientist wants, so it has to be rebuilt 24 

from the moments afterward. This rebuilding is an old problem, because many different 25 

distributions share the same few moments. It is well understood in aerosol and population-balance 26 

modeling, but it has not been tested for age and reactivity distributions. Here we bring those 27 

methods to the age and reactivity setting and measure how well they work against fully resolved 28 

references. We test five ways to rebuild a distribution from its moments, the gamma, log-normal, 29 

translated Weibull, and maximum-entropy shapes and a triangle, and we score each by the area 30 

between the rebuilt curve and the true one. The result is simple. Accuracy depends on how well the 31 

assumed shape matches the true shape, not on how many moments are carried. The log-normal 32 

shape wins on a log-normal reference, with an error of 0.03 against 0.04 for the gamma; the gamma 33 

wins on a gamma reference at 0.02; and the three-moment Weibull wins on the skewed age 34 

distribution at 0.06, while the triangle cannot fit these skewed shapes at all. The error grows as 35 

pore-scale mixing increases. Storing the maximum-entropy shape in a lookup table makes it about 36 

700 times faster to use, but the gamma and Weibull shapes are already far cheaper, so the table 37 

helps only when maximum entropy is needed. 38 

Article Highlights 39 

• The accuracy of a reconstructed age or reactivity distribution is set mainly by how well the 40 

assumed shape matches the true shape, not by the number of moments carried. 41 

• The reconstruction error grows as pore-scale mixing increases, measured with a bounded, 42 

shape-based error and confirmed against a particle reference whose tail is not truncated. 43 

• Precomputing the maximum-entropy fit as a lookup table speeds it up about 700-fold, but the 44 

recommended gamma and Weibull fits are already far cheaper. 45 

Keywords  Reactive transport, Residence time distribution, Method of moments, Moment reconstruction, 46 

Maximum entropy, Reactivity continuum 47 

1. Introduction 48 

Reactive-transport models increasingly describe a chemical species not by how much of it is 49 

present, but by how a property is spread across it. Two examples are common. One is the range of 50 

travel times among the water parcels in a sample. The other is the range of decay rates among the 51 
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particles of organic matter in a sediment (Ginn 1999; Boudreau and Ruddick 1991; Arndt et al. 52 

2013). Following that full spread at every point in a model is expensive, because it takes many 53 

separate classes in every grid cell. To save that cost, central-moment models keep only the lowest 54 

few moments of the distribution, a handful of summary numbers such as the mean, the variance, 55 

and sometimes the skewness, and they move and react those numbers directly (Rooze et al. 2023). 56 

A moment-transport model is, however, only half of a workflow. The output a scientist actually 57 

wants to read is usually the distribution itself, for example the shape of the travel-time distribution 58 

or the spread of reactivities, and that shape has to be rebuilt from the few moments the model 59 

carries. Rebuilding a density from a finite number of its moments is a classical and still-active 60 

problem. It has been studied for decades in aerosol science and population-balance modeling, under 61 

names such as the quadrature method of moments and its variants (McGraw 1997; Marchisio and 62 

Fox 2005) and the extended quadrature method of moments, which assembles a density from 63 

gamma, log-normal or Weibull building blocks (Yuan et al. 2012), as well as more general moment-64 

reconstruction techniques (John et al. 2007). A related literature asks when the problem is even 65 

solvable: how hard the maximum-entropy version is to solve, and the limits on which sets of 66 

moments come from a real distribution at all, are treated by Mead and Papanicolaou (1984), 67 

Levermore (1996), Junk (1998) and Abramov (2010). 68 

Rooze et al. (2023) raised the rebuilding step specifically for age and reactivity distributions. They 69 

reported that the error is largest in the tails of the distribution, noted that a triangular shape breaks 70 

down when the distribution is strongly skewed, and suggested that precomputed lookup tables 71 

could make a flexible shape affordable. Those observations were made in passing, and were not 72 

quantified against a resolved reference.  73 

In the present study we test that rebuilding step directly. We first generate reference age and 74 

reactivity distributions in a one-dimensional column that holds two kinds of pore space, a fast-75 

flowing mobile one where the water actually moves, and a stagnant immobile one where water is 76 

trapped and exchanges solute only by slow diffusion. For reactivity, we picture the organic matter 77 

as a mix of many compounds with different decay rates, from fast to slow. As this mix moves 78 

through the column, the fast-decaying compounds are consumed first, so what reaches the outlet is 79 

weighted toward the slower rates. The relative amount of each decay rate in the material leaving 80 

the column forms a curve, the reactivity distribution, and this is one reference we try to rebuild. For 81 

age, we release tracer particles and record how long each one takes to cross the column; the spread 82 

of these travel times forms a second curve, the age distribution. A moment model does not store 83 

such a curve. It keeps only two or three numbers that summarize it, its average value, its width, and 84 

sometimes its tilt to one side, and these numbers are its moments. The hard part is going backward: 85 

from those two or three numbers alone, we try to redraw the whole curve, testing five candidate 86 

shapes such as a gamma or a log-normal, and we measure how close each redrawn curve comes to 87 

the true one. On that basis we answer three questions with quantitative evidence. First, how much 88 

does the choice of shape matter, compared with the number of moments carried? Second, how does 89 

the reconstruction error change as the transport becomes more mixing-limited? Third, can the 90 

reconstruction be precomputed cheaply, and is that worth doing? Section 2 sets out the reference 91 

distributions, the reconstruction methods, and the error measures. Section 3 reports and discusses 92 

the results. Section 4 concludes. 93 
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2. Methods 94 

The rest of this section follows the same steps as the introduction. Section 2.1 makes precise what 95 

a moment model stores and why rebuilding is hard. Section 2.2 builds the reference distributions, 96 

first the column, then the reactivity distribution and the age distribution. Section 2.3 gives the five 97 

methods we use to rebuild a distribution from its moments. Section 2.4 defines how we measure 98 

the error. Section 2.5 adds a lookup table that makes one method fast. 99 

2.1. What a moment model stores, and why rebuilding is hard 100 

The introduction gave the idea in words; here we make it precise. Write g(χ) for the distribution of 101 

the carried property χ, an age or a decay rate. This is the full curve. A moment model never carries 102 

g(χ) itself. It carries only a few numbers taken from that curve, its moments, defined as 103 

 C = ∫ g(χ) dχ , (1) 104 

 μ = (1/C) ∫ χ g(χ) dχ , (2) 105 

 φq = (1/C) ∫ (χ − μ)q g(χ) dχ ,   q ≥ 2 , (3) 106 

Here C is the total amount of the species (the zeroth moment); μ is the mean, the average value; 107 

and φq is the central moment of order q, so that φ2 is the variance, the width, and φ3 sets the 108 

skewness, the tilt to one side. These are the same average, width, and tilt described in the 109 

introduction. The model moves C, μ, and one or two φq down the column and reacts them in place. 110 

Rebuilding is the reverse step: from the short list {C, μ, φ2, up to φM}, find a curve g(χ) that matches 111 

those numbers. The trouble is that many curves share the same short list, so the numbers alone do 112 

not fix one curve; the problem is ill-posed. Each method must add something, either a fixed shape 113 

for the curve, or a rule that picks the smoothest curve still matching the numbers (the maximum-114 

entropy method, below). In Sects. 3.1 to 3.4 we hand each method the exact moments of a known 115 

reference, found by direct numerical integration, so that we test the rebuilding step on its own. 116 

Section 3.5 then puts it inside a running model, where the moments are carried down the column 117 

and are only approximate. 118 

2.2. Building the reference distributions 119 

To measure reconstruction error we need reference distributions whose true shape we already 120 

know. We build them in a one-dimensional column with two pore spaces, a fast-flowing mobile 121 

space and a stagnant immobile space that trade solute with each other, following Rooze et al. 122 

(2023). The settings are a mobile porosity θm = 0.35, an immobile porosity θim = 0.15, a pore 123 

velocity v = 1, a dispersion coefficient D = 0.01, and a column length L = 1. Together they fix a 124 

Péclet number vL/D = 100; that is, advection is a hundred times stronger than diffusion. We hold 125 

this value fixed throughout. The mixing time τm sets how fast solute passes between the two pore 126 

spaces, through a first-order exchange coefficient ω = θim / τm. 127 

2.2.1. The reactivity distribution 128 

For reactivity, the range of decay rates is split into 600 classes spanning χ ∈ [10-3, 60]. Each class 129 

i is carried to steady state through the column by a finite-volume solver on 201 cells, following 130 

 D d2Ci/dx2 − v dCi/dx − si Ci = 0 ,   Ci(0) = 1 ,   dCi/dx|x=L = 0 , (4) 131 
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where Ci(x) is the mobile concentration of class i along the column, and si is an effective loss rate 132 

that combines the decay of that class with the leakage of solute into the stagnant immobile pore, 133 

 si = χi + (ω/θm) (θim χi)/(ω + θim χi) , (5) 134 

with χi the decay rate of class i. The outlet distribution is then built from the amount of every class 135 

that reaches the outlet, 136 

 g(χi) ∝ wi (θm + θim rim) Ci(L) ,   rim = ω/(ω + θim χi) , (6) 137 

where wi is the fraction of material entering in class i, rim is the share of that class held in the mobile 138 

pore, and the whole is rescaled to unit area. To keep the test fair, we avoid a circular setup, one in 139 

which a gamma-shaped reference would be rebuilt with a gamma fit and would win automatically. 140 

So we use two different inlet shapes for the weights wi: a gamma with shape 1.3 and mean 6, and 141 

a log-normal with a coefficient of variation of 0.8 (the standard deviation divided by the mean) and 142 

mean 6. Boudreau and Ruddick (1991) showed that a gamma-shaped distribution stays gamma-143 

shaped under decay, so the gamma-seeded case already favors the gamma fit; the log-normal seed 144 

removes that built-in advantage. A check for negative, unphysical concentrations never triggered 145 

in any reactivity case. 146 

2.2.2. The age distribution 147 

For age, we follow a non-reacting tracer by tracking 12000 particles through the same two-pore 148 

column, with a time step Δt = 1.5 × 10-3. In one step, a particle in the mobile pore moves forward 149 

with the flow and takes a small random jump, 150 

 xn+1 = xn + v Δt + √(2 D Δt) ξn ,   ξn ∼ N(0,1) , (7) 151 

where xn is the particle position and ξn is a random number from a standard normal distribution. 152 

During a step, a mobile particle drops into the stagnant pore with probability (ω/θm) Δt, and a 153 

stagnant particle returns to the mobile pore with probability (ω/θim) Δt. Every particle still inside 154 

the column ages by Δt each step, and its residence time is the age at which it first reaches the outlet 155 

at x = L. We keep extending the run and the reporting grid, which has 700 points, until fewer than 156 

0.1% of the particles are still inside the column. The reference then captures the whole distribution, 157 

tail included. We turn the exit ages into a smooth curve (a kernel density estimate), and we average 158 

every age result over five random-number seeds, reporting the scatter between seeds as a standard 159 

deviation. 160 

2.3. The five ways we rebuild a distribution 161 

We compare five methods. Each one turns a set of moments into a full density, and all are drawn 162 

on the same axis so their errors can be compared. The first two use two parameters, fitted to the 163 

mean and the variance. The gamma fit is 164 

 g_Γ(χ) = χa−1 e−χ/b / (ba Γ(a)) ,   a = μ2/φ2 ,   b = φ2/μ , (8) 165 

and the log-normal fit is 166 

 gLN(χ) = 1/(χ σ √(2π)) exp(−(ln χ − m)2 / (2σ2)) ,   σ2 = ln(1 + φ2/μ2) ,   m = ln μ − σ2/2 . (9) 167 

The third method is a translated Weibull, a Weibull shifted along the axis so it can start away from 168 

zero. It has three parameters, so it can also match the skewness, 169 



6 

 gW(χ) = (k/λ) ((χ − χ0)/λ)k−1 exp(−((χ − χ0)/λ)k) ,   χ ≥ χ0 , (10) 170 

where k is the shape, λ the scale, and χ0 the shift. The skewness of a Weibull depends only on its 171 

shape, so we find the shape from the target skewness by solving one equation, γ1(k) = φ3/φ2
3/2; the 172 

scale and shift then follow directly, as λ = [φ2/(Γ(1+2/k) − Γ(1+1/k)2)]1/2 and χ0 = μ − λ Γ(1+1/k). 173 

The code checks whether that one-variable solve succeeds, and falls back to the gamma fit if it does 174 

not, which never happened for the cases here. The fourth method is the triangle used by Rooze et 175 

al. (2023). A triangle can only be so lopsided: its skewness cannot pass 2√2/5 = 0.566. The 176 

distributions here are more skewed than that, above 1.3, so no exact triangle exists. When the target 177 

skewness passes the limit, the code returns the most skewed triangle that still matches the mean 178 

and variance, which we call saturated. The fifth method assumes no particular shape at all. It is the 179 

maximum-entropy density, the smoothest curve that still matches the moments, 180 

 p(χ) = exp(−Σk=0
M λk χk) , (11) 181 

where the coefficients λk are tuned so the density reproduces the first M moments. We solve it over 182 

the whole axis [0, χmax], rather than cutting it off a fixed distance above the mean, so it is compared 183 

with the other methods on exactly the same footing. We leave out the Gram–Charlier expansion (a 184 

correction series around a Gaussian), because at these skewness levels it produces small negative 185 

probabilities, and removing them destroys the moment match it is supposed to provide. 186 

2.4. How we measure the error 187 

We measure the gap between a rebuilt density p(χ) and the true reference g(χ) in three ways. The 188 

main one is the total-variation distance, simply half the area between the two curves, 189 

 TV = ½ ∫ |p(χ) − g(χ)| dχ , (12) 190 

which is 0 for identical curves and 1 for curves that never overlap. We use it as the main measure 191 

for two reasons. It stays between 0 and 1, and it does not depend on how far the axis is extended. 192 

That makes it a fair yardstick when the distribution widens from one mixing regime to the next. 193 

The second measure is the Kolmogorov–Smirnov distance, the largest vertical gap between the two 194 

cumulative curves. To show where the gap sits, we split the axis at the 90th percentile of the 195 

reference, q90, and form a relative error over the upper tail and over the bulk, 196 

 Etail = ∫q90 |p − g| dχ / ∫q90 g dχ ,   Ebulk = ∫0
q90 |p − g| dχ / ∫0

q90 g dχ , (13) 197 

so the tail and the bulk are put on the same relative scale. Reporting both avoids a common trap: 198 

comparing an absolute error over the whole curve with a relative error in the tail, which can make 199 

any error look tail-heavy. 200 

2.5. A precomputed lookup table 201 

The step from a set of scaled moments to a scaled shape is always the same calculation, so we can 202 

work out the maximum-entropy fit once, store it, and reuse it. We tabulate it on a grid in the 203 

coefficient of variation and the skewness, and read it back by linear interpolation when the model 204 

runs. We also record which grid points fail to solve, judged by the leftover moment mismatch at 205 

the end of the solve. A failure marks the edge of the region where a valid distribution exists, a 206 

curved boundary rather than a simple rectangle in these coordinates. We store the density on the 207 

scaled axis χ/μ up to 8, so the tail is kept, and we compare the table with the live solve two ways: 208 
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in accuracy, over 300 random test cases, and in speed, against the live maximum-entropy solve and 209 

against the gamma and Weibull fits. 210 

The analysis was carried out in R. During preparation the author used a large language model to 211 

help draft text, write analysis code, and produce figures; the author checked and verified all content, 212 

results, and figures, and takes full responsibility for the work. 213 

3. Results and Discussion 214 

3.1. The matched shape wins, and it is not always the gamma 215 

Figure 1 shows the rebuilt distributions for the two reactivity references and the age distribution, 216 

and Table 2 lists the error of every fit on every reference. In every case the fit whose shape matches 217 

the true shape wins, and it is not always the gamma. On the gamma-seeded reactivity reference the 218 

gamma fit is best, at a total-variation error of 0.018, exactly as expected, since Boudreau and 219 

Ruddick (1991) showed that a gamma stays gamma under decay. On the log-normal-seeded 220 

reference the log-normal fit is best, at 0.029, and the gamma is worse, at 0.041. On the skewed age 221 

distribution the flexible Weibull is best, at 0.059, well ahead of the gamma at 0.145. In every case 222 

a matched two- or three-parameter shape reaches an accuracy that the shape-neutral maximum-223 

entropy fit reaches only near four moments, as Fig. 2 shows. Choosing the right shape is therefore 224 

worth about one to two extra moments. The triangle cannot capture the skewness of any of these 225 

references, and we show it only to make that limit clear. 226 

 227 

Figure 1. Reconstructions from the moments of the two reactivity references (gamma-seeded and log-228 

normal-seeded) and the age distribution. Open circles show the true resolved reference; the blue, green and 229 

red curves are the gamma, log-normal and translated Weibull fits, and the magenta dot-dash curve is the 230 

maximum-entropy fit. The thicker curve is the best fit in each panel, and the winner is the shape that 231 

matches the reference. 232 

Table 2. Reconstruction error at a mixing time τm = 0.3, for the full grid of fits and references. TV is the 233 

total variation, KS the Kolmogorov–Smirnov distance, and bulk and tail are the relative errors below and 234 

above the 90th percentile. Age values are the mean over five particle-tracking seeds, with the seed-to-seed 235 

standard deviation of TV; both reactivity references are complete, with the solver guard inactive for all 600 236 

classes. 237 

Reference Fit TV KS bulk tail 
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Reactivity, 

gamma 
gamma (2) 0.018 0.010 0.03 0.04 

(CV 0.71, skew 

1.56) 
log-normal (2) 0.088 0.056 0.18 0.18 

 translated 

Weibull (3) 
0.054 0.035 0.12 0.04 

 triangular 

(saturated) 
0.159 0.076 0.28 0.70 

 maximum 

entropy (2) 
0.110 0.061 0.21 0.27 

 maximum 

entropy (3) 
0.106 0.057 0.21 0.26 

 maximum 

entropy (4) 
0.058 0.022 0.11 0.15 

Reactivity, log-

normal 
log-normal (2) 0.029 0.016 0.06 0.07 

(CV 0.50, skew 

1.33) 
gamma (2) 0.041 0.021 0.08 0.10 

 translated 

Weibull (3) 
0.064 0.035 0.14 0.07 

 triangular 

(saturated) 
0.149 0.064 0.26 0.65 

 maximum 

entropy (2) 
0.149 0.067 0.29 0.35 

 maximum 

entropy (3) 
0.142 0.065 0.28 0.33 

 maximum 

entropy (4) 
0.055 0.024 0.10 0.18 

Age (5 seeds) translated 

Weibull (3) 
0.059 ± 0.002 0.025 0.12 0.06 

(CV 0.38, skew 

~1.5) 
log-normal (2) 0.103 ± 0.004 0.048 0.22 0.11 

 gamma (2) 0.145 ± 0.004 0.070 0.30 0.19 

 maximum 

entropy (3) 
0.170 ± 0.002 0.082 0.33 0.39 

 triangular 

(saturated) 
0.183 ± 0.008 0.096 0.34 0.64 

 238 

3.2. How many moments, and which shape 239 

Figure 2 shows the maximum-entropy error falling as more moments are supplied, with the two-240 

moment matched shapes drawn as flat reference lines. On the gamma-seeded case the two-moment 241 

gamma, at 0.018, is not matched by maximum entropy until four moments, at 0.058. On the log-242 
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normal-seeded case the two-moment log-normal, at 0.029, is likewise reached only near four 243 

moments, at 0.055. So a two-moment matched shape beats maximum entropy at three moments. 244 

This is a real property of the maximum-entropy form, not a trick of where the axis is cut, because 245 

it holds once every fit is on the same axis. The practical message is that a well-chosen shape is 246 

worth one to two extra moments for free. 247 

 248 

Figure 2. Total-variation error against the number of moments for the maximum-entropy fit (open circles) 249 

on the common axis, with the two-moment gamma (blue) and log-normal (green) fits drawn as horizontal 250 

reference lines, for the gamma-seeded (a) and log-normal-seeded (b) reactivity references. 251 

3.3. The error grows as mixing increases 252 

Figure 3 sweeps the pore-scale mixing time for the age distribution. We express it as a 253 

dimensionless mixing number τm / τadv, where τadv is the time water needs to cross the column, 254 

adjusted for the extra holdup caused by the stagnant pores (retardation), 255 

 τadv = (θm + θim) L / (θm v) = 1.43 . (14) 256 

We report the total-variation error here, which stays between 0 and 1 however wide the distribution 257 

becomes, so a rising error cannot simply be a distribution spreading over a wider axis. The error 258 

rises steadily with mixing. For the two-moment gamma it climbs from 0.066 to 0.412, for the three-259 

moment Weibull from 0.037 to 0.268, and for three-moment maximum entropy from 0.079 to 260 

0.443, as the mixing number goes from 0.10 to 0.70, with a seed-to-seed scatter of 0.004 to 0.010. 261 

The particle reference is complete at every point, with fewer than 0.1% of particles still in the 262 

column, so the trend belongs to the reconstruction and is not a reference losing its tail. The tail error 263 

rises in the same way. How many moments are needed for a given accuracy therefore depends on 264 

the regime, and the matched, skew-aware shape keeps its lead across the whole range. 265 
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 266 

Figure 3. Total-variation reconstruction error for the age distribution against the dimensionless mixing 267 

number τm / τadv, for the gamma, translated Weibull and maximum-entropy fits. The total variation stays 268 

between 0 and 1 and does not depend on the width of the axis. The particle reference is complete at every 269 

point, and the error bars are the seed-to-seed standard deviation over five seeds. 270 

3.4. A precomputed lookup, and when it is worth it 271 

Figure 4 reports the lookup table. Over 300 random test cases inside the tabulated region, it 272 

reproduces the live maximum-entropy density to a mean error of 0.001 and a worst case of 0.004, 273 

and no grid point in that region failed to solve. In speed, taken as a median over many repeated 274 

calls on this reference implementation, the live maximum-entropy solve takes 41 ms and the table 275 

takes 0.059 ms, about 700 times faster. The honest catch is that the fits we actually recommend are 276 

already cheap without any table: the gamma runs in 0.19 ms and the Weibull in 0.27 ms, one to 277 

two orders of magnitude faster than the live maximum-entropy solve. So the table is worth building 278 

only when the shape-neutral maximum-entropy fit is really needed; for the recommended simple 279 

fits it adds nothing. The absolute times depend on the machine and its load, so the steady number 280 

is the ratio, and a maximum-entropy solver built for speed, with a hand-coded derivative and a 281 

warm start, would shrink the gap. 282 
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 283 

Figure 4. Precomputed lookup table. (a) Accuracy relative to the live maximum-entropy solve over 300 test 284 

cases. (b) Median time per call on a logarithmic axis. The table speeds up the maximum-entropy solve, but 285 

the recommended gamma and Weibull fits are already far cheaper than that solve, with no table at all. 286 

3.5. From exact to transported moments 287 

The tests so far give each method the exact moments of a known reference, which isolates the 288 

reconstruction error on its own. A working model, though, never has exact moments; it carries 289 

approximate ones down the domain. To connect the two, we take the strong-flow limit of the 290 

reactivity distribution, where mixing is ignored and every parcel moves at the same speed (plug 291 

flow), so the outlet distribution is known exactly, 292 

 gout(χ) = g0(χ) exp(−χ L / v) , (15) 293 

where g0(χ) is the inlet distribution. Both the true outlet and its exact moments are then known, and 294 

we widen the axis to χ ∈ [10-3, 80] here to hold the longer log-normal tail. We carry the moments 295 

down the column with the moment equations, approximate the highest one with a chosen shape, 296 

and rebuild the outlet from the carried moments; the guard against a negative carried variance never 297 

triggered. For a gamma inlet, whose distribution stays gamma under decay, the gamma fit is exact, 298 

so the end-to-end error equals the reconstruction error, which is zero. For a log-normal inlet the fit 299 

is only approximate, and the error made while carrying the moments takes over. With a mismatched 300 

gamma fit the outlet mean comes out 37% too low and the end-to-end error reaches 0.37, against 301 

0.04 from exact moments. Matching the shape with a log-normal fit halves the mean error to 15% 302 

and the total variation to 0.17. Two lessons follow. First, the reconstruction error measured on its 303 

own, in Sects. 3.1 to 3.3, is a floor on the end-to-end error, which also carries the moment-transport 304 

error, and that transport error can be the larger of the two. Second, the same rule works at both 305 

stages, because matching the shape to the truth improves the moment transport as well as the 306 

reconstruction. 307 

3.6. What holds up, and the limits 308 

Two findings are solid. First, the reconstruction error is set by how well the assumed shape matches 309 

the true shape, and the winning shape follows the truth rather than always being the gamma; the 310 

log-normal-seeded case, where the log-normal beats the gamma, removes the circular reasoning a 311 
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gamma-only test would carry. Second, the error grows with mixing, and since we measure it with 312 

a bounded error and confirm it against a reference whose tail is complete, it belongs to the 313 

reconstruction and not to a shrinking tail or a widening axis. It is also worth saying where the error 314 

sits. On the same relative scale, the fitted shapes carry a bulk error as large as, or larger than, their 315 

tail error; for the age distribution the gamma bulk error of 0.30 is above its tail error of 0.19, and 316 

the same order holds for the log-normal and the Weibull. Only the hard-edged saturated triangle, 317 

and to a smaller degree the shape-neutral maximum-entropy fit, is strongly tail-heavy. The earlier 318 

idea that the error always sits in the tail came from comparing an absolute error over the whole 319 

curve with a relative error in the tail. 320 

The study has clear limits. The references are one-dimensional and use a single mixing time, 321 

whereas a spread of exchange rates would lengthen the tail. The Péclet number is held fixed at 100 322 

and is not varied, so no result here is a function of it. The maximum-entropy solve is limited to four 323 

moments, beyond which it becomes numerically fragile near the edge of the valid region. The end-324 

to-end test of Sect. 3.5 is a strong-flow plug-flow limit with a single fit per inlet; a fuller study 325 

would restore mixing, try several fits, and include the exchange between the mobile and immobile 326 

pores. Relative to Rooze et al. (2023), who first raised the reconstruction problem, its tail 327 

sensitivity, the triangular breakdown, and the lookup idea, the contribution here is a controlled, 328 

unbiased, multi-shape comparison with error bars, a corrected axis, clearer sourcing, and a 329 

quantified lookup, using the moment-reconstruction methods long established in aerosol and 330 

population-balance modeling. 331 

4. Conclusion 332 

Central-moment models are cheap because they carry only a few numbers, but those numbers are 333 

useful only if the distribution can be rebuilt from them. Across gamma-seeded and log-normal-334 

seeded reactivity references and a skewed age distribution, the reconstruction error is set by 335 

matching the assumed shape to the true shape. The gamma wins when the truth is close to gamma, 336 

the log-normal wins when it is log-normal, and the flexible Weibull wins for the skewed age 337 

distribution, while the shape-neutral maximum-entropy fit needs about four moments to match a 338 

well-chosen two- or three-parameter shape. The error grows with mixing, measured with a bounded 339 

error and confirmed against a complete reference, and the triangle cannot be used at all because its 340 

skewness is capped at 0.566. Storing the maximum-entropy fit in a lookup table makes it about 700 341 

times faster at a mean error of 0.001, but the recommended simple fits are already cheaper than the 342 

maximum-entropy solve, so the table is only for the one case where maximum entropy is needed. 343 

Finally, an end-to-end test, in which the moments are carried rather than taken as exact, shows that 344 

the reconstruction error measured here is a floor: the moment-transport error can be the larger part, 345 

and matching the shape to the truth helps at both stages. In practice, then, pick the shape from the 346 

expected shape of the distribution, use three moments and a skew-aware shape when the transport 347 

is strongly mixing-limited, and keep the maximum-entropy fit, with its lookup table, for cases 348 

where the shape is unknown in advance. 349 

This work is useful wherever a pore-scale or reactive-transport model needs a full distribution of 350 

values rather than a single average. Two such distributions run through this paper. The water 351 

leaving a sample does not all share one age; it carries a distribution of ages, its residence-time 352 

distribution. The organic matter in a sediment does not decay at a single rate; it carries a 353 
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distribution of decay rates, a reactivity continuum. Distributions of this kind are common in the 354 

field, for example the residence times of water in a streambed or an aquifer, the age of 355 

groundwater, and the range of degradation rates in buried organic matter. In each case it is the full 356 

distribution, not its mean, that controls the transport or the reaction the model must predict. A 357 

central-moment model transports only a few moments cheaply, but the quantity of interest is the 358 

distribution itself, which has to be rebuilt from those moments. Our results guide that step: choose 359 

the reconstruction shape to match the expected form of the distribution, a gamma or log-normal 360 

for a reactivity continuum and a skew-aware Weibull for a residence-time distribution, and expect 361 

the largest errors in strongly mixing-limited settings, such as dual-porosity media with large 362 

stagnant, immobile pore volumes. 363 
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