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Abstract 18 

Reactive-transport models of porous media usually evaluate microbial reactions with 19 
Monod kinetics and rate constants measured on well-mixed laboratory cultures, in which 20 
every cell is exposed to the same substrate concentration. In natural sediments and 21 
aquifers this assumption fails at the pore scale, because the cells are not suspended but 22 
reside in biofilms and aggregates attached to the grains, into which the limiting substrate 23 
must diffuse while the cells consume it. The interior of a biofilm is therefore starved 24 
relative to its surface, and the rate that a continuum model should assign to the average 25 
pore-water concentration falls below the laboratory Monod rate. Here we ask how large 26 
this reduction is, what controls it, and whether it can be captured in a single correction that 27 
a continuum model can apply. We reduce the steady reaction-diffusion problem inside the 28 
film to dimensionless form, which leaves one controlling group, a Thiele modulus equal to 29 
the square root of a Damkohler number that measures how strongly diffusion limits the 30 
reaction. Integrating the governing equation once gives the reduction explicitly, as a biofilm 31 
effectiveness factor: it equals the classical hyperbolic-tangent law when the surface is 32 
dilute and a half-power, partial-penetration law when it is saturated, and the uptake of a 33 
thick biofilm follows a law whose apparent reaction order slides continuously from one to 34 
one-half. A direct consequence is that the half-saturation constant fitted to such a 35 
community exceeds its true value, and we quantify the excess: the apparent constant is 1.2 36 
times the intrinsic one at a Thiele modulus of one, 15 times at ten, and approaches one 37 
eighth of the Damkohler number when diffusion dominates. Multiplied by the biofilm 38 
surface area per unit volume, the effectiveness factor becomes a drop-in rate correction for 39 
continuum reactive-transport models, accurate to better than a percent provided the 40 
substrate is drawn down by less than about a fifth across a grid cell, and provided the 41 
external boundary layer is not itself limiting. Applied to the anaerobic oxidation of methane 42 
in marine sediments, the same formulas act as a screening test, and on current estimates of 43 
aggregate size and rate they indicate that such aggregates are reaction-limited and that 44 
their measured kinetics are close to intrinsic. 45 

Article Highlights 46 

• An explicit biofilm effectiveness factor, governed by a Thiele modulus equal to the 47 
square root of the Damköhler number, corrects intrinsic Monod rates for diffusion 48 
limitation within biofilms at the pore scale. 49 
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• Within a thick biofilm the uptake flux shifts the apparent reaction order from first to 50 
half order and raises the half-saturation constant fitted to a community above its 51 
intrinsic value, by a factor of 1.2 at a Thiele modulus of one and 15 at ten, 52 
approaching one eighth of the Damkohler number. 53 

• Multiplied by the biofilm surface area, the factor becomes a drop-in upscaling 54 
correction for continuum reactive-transport codes, with stated conditions of 55 
validity; applied as a screening test to methane-oxidising aggregates it indicates 56 
intrinsic rather than transport-limited kinetics. 57 

Keywords  Reactive transport, Biofilm, Effectiveness factor, Monod kinetics, Thiele 58 
modulus, Upscaling 59 

1. Introduction 60 

Microbial reactions drive much of the chemistry of the subsurface, including denitrification, 61 
sulfate reduction, iron and manganese cycling, contaminant degradation, and the anaerobic 62 
oxidation of methane, and a microbial rate law lies at the centre of every reactive-transport 63 
model of these processes (Monod 1949; Dentz et al. 2011). That rate law is almost always 64 
written in the form Monod proposed, in which a maximum rate is multiplied by a 65 
saturating dependence on the substrate concentration. Its parameters are measured on 66 
suspended, well-mixed cultures, in which every cell is exposed to the same concentration. 67 
In a porous medium this assumption fails at the pore scale (Blunt et al. 2013). The 68 
microbes are not suspended but reside in biofilms that coat the grain surfaces and in dense 69 
aggregates lodged in the pore space (Wood and Whitaker 1998), and the substrate must 70 
diffuse into these structures against the gradient the cells create as they consume it. The 71 
interior of a biofilm is therefore depleted relative to its surface, the cells there react below 72 
their intrinsic rate, and the rate that a continuum (Darcy-scale) model assigns to the bulk 73 
concentration is a transport-limited effective rate rather than the intrinsic Monod rate. 74 

This is the microbial version of a problem long studied in catalysis and reactor engineering, 75 
in which a reaction is limited by the rate at which transport supplies it rather than by the 76 
chemistry itself. Thiele (1939) showed that a porous catalyst grain large enough to be 77 
diffusion-limited reacts only in a thin layer near its surface, and quantified the loss with an 78 
effectiveness factor, the ratio of the rate actually achieved to the rate the grain would reach 79 
if its entire interior were exposed to the surface concentration (Aris 1975). The same 80 
construction was later carried into biofilm modeling, where it accounts for the dependence 81 
of measured rates on biofilm thickness and substrate concentration, and for the shift from 82 
apparently first-order to half-order kinetics in thick films (Williamson and McCarty 1976; 83 
Harremoës 1978; Rittmann and McCarty 1980). Subsequent work that volume-averaged 84 
diffusion and reaction in biofilms (Wood and Whitaker 1998) and treated the 85 
macrotransport of biologically reacting solutes (Dykaar and Kitanidis 1996) placed these 86 
ideas on the continuum footing that reactive-transport models require, in effect upscaling a 87 
pore-scale diffusion-reaction process to an effective Darcy-scale rate. 88 



4 

What these literatures lack is a single, compact statement of the result in the language that 89 
a pore-scale reactive-transport modeler already uses. The effectiveness factor, the half-90 
order biofilm limit, and the volume-averaged rate are usually presented separately, in 91 
catalysis or wastewater-engineering notation, and are rarely connected to the Damkohler 92 
number, the effective rate, and the upscaling framework through which the porous-media 93 
community reads mixing-limited reactions (Battiato and Tartakovsky 2011; Dentz et al. 94 
2011). The consequence that matters most to a modeler, that the Monod parameters fitted 95 
to a biofilm community describe transport as much as enzyme kinetics, is itself long 96 
established in the immobilized-enzyme and catalysis literature, where diffusion is known 97 
to raise the apparent Michaelis constant of an immobilized preparation above its intrinsic 98 
value (Engasser and Horvath 1973; Goldstein 1976). What is missing is not that result but 99 
its translation, and it is easily overlooked when laboratory rates are placed in a continuum 100 
code. 101 

In the present study we compute that reduction directly. The community is represented as 102 
a continuum rather than cell by cell, a homogeneous layer of biomass of fixed thickness on 103 
the grain surface, in which every cell obeys the Monod rate law measured in the laboratory 104 
on suspended cells. No water flows inside that layer, so substrate can only diffuse in, and 105 
what the model resolves is the substrate concentration at each depth. That concentration 106 
falls as it goes, because every cell the substrate passes consumes some of it, leaving the 107 
cells nearest the grain hungry. The calculation needs four numbers a modeler already has, 108 
the thickness of the layer, the effective diffusivity inside it, the maximum rate the cells can 109 
sustain, and the half-saturation constant, and these combine into one number, the Thiele 110 
modulus, which asks whether substrate crosses the layer faster than the cells can eat it. We 111 
solve the steady balance between diffusion and consumption twice, once by integrating the 112 
governing equation by hand and once with an independent finite-difference solver. 113 
Dividing the substrate that enters the layer by the amount those cells would consume if all 114 
of them saw the outer concentration gives the effectiveness factor, the fraction of the 115 
laboratory rate the community realizes, which multiplied by the biofilm area per unit 116 
volume becomes a rate a continuum code can use in place of Monod kinetics at the grid-117 
average concentration. We then test what that step assumes, by adding a resisting 118 
boundary layer outside the film, by repeating the solve for a sphere instead of a flat layer, 119 
and by checking the volumetric rate against a resolved chain of pores. On that basis we 120 
answer three questions. How far below the laboratory rate does diffusion push the realized 121 
rate, and what sets the size of the gap? By how much are the Monod parameters fitted to 122 
such a community distorted, in particular the half-saturation constant? And under what 123 
conditions may the correction be used in a continuum model, and when does it fail? Section 124 
2 sets out the biofilm problem, the analytical solution and the numerical procedure, Section 125 
3 reports the results, and Sections 4 and 5 discuss and conclude. 126 
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2. Methods 127 

2.1. The biofilm reaction-diffusion problem 128 

We represent a biofilm as a thin planar layer of biomass of thickness 𝐿𝑓 attached to a grain 129 

surface and bathed by pore water that holds the limiting substrate at concentration 𝑆𝑏 at 130 
the biofilm surface. Within the film the substrate diffuses with an effective diffusivity 𝐷𝑒 131 
and is consumed by the resident cells following Monod kinetics, so the volumetric uptake 132 
rate is 133 

 𝑅(𝑆) = 𝑟𝑚𝑎𝑥  
𝑆

𝐾𝑠+𝑆
,  𝑟𝑚𝑎𝑥 = 𝑞𝑚𝑎𝑥𝑋, (1) 134 

where R(S) is the volumetric uptake rate of the biofilm, S the local substrate concentration, 135 
r_max the maximum volumetric rate, q_max the maximum specific uptake rate, X the 136 
biomass density and K_s the intrinsic half-saturation constant. 137 

where 𝑞𝑚𝑎𝑥 is the maximum specific uptake rate, 𝑋 the biomass density, and 𝐾𝑠 the half-138 
saturation constant. At steady state the substrate that diffuses into the film is balanced by 139 
the substrate consumed within it, so that diffusion balances reaction: 140 

 𝐷𝑒  
d2𝑆

d𝑧2
= 𝑅(𝑆),  𝑆(0) = 𝑆𝑏 , 

dS

dz
|
𝑧=𝐿𝑓

= 0, (2) 141 

where D_e is the effective diffusivity of the substrate inside the film, z the depth measured 142 
inward from the outer surface, S_b the substrate concentration in the pore water at that 143 
surface, and L_f the film thickness, so that the second condition states that no substrate 144 
crosses into the grain. 145 

Here 𝑧 is measured inward from the outer surface, and the no-flux condition at the grain 146 
wall, where 𝑧 = 𝐿𝑓 , expresses that no substrate crosses into the grain. Scaling 147 

concentration by the half-saturation constant and depth by the film thickness, through 𝑠 =148 
𝑆/𝐾𝑠, 𝛽 = 𝑆𝑏/𝐾𝑠, and 𝜁 = 𝑧/𝐿𝑓 , reduces the governing equation to a single dimensionless 149 

parameter, 150 

 
d2𝑠

d𝜁2
= 𝜙2  

𝑠

1+𝑠
,  𝑠(0) = 𝛽, 

ds

dζ
|
𝜁=1

= 0, (3) 151 

where s = S/K_s is the concentration scaled by the half-saturation constant, zeta = z/L_f the 152 
depth scaled by the film thickness, beta = S_b/K_s the surface saturation, and phi the Thiele 153 
modulus defined next. 154 

in which that parameter is the Thiele modulus, a measure of how strongly diffusion limits 155 
the reaction, 156 

 𝜙 = 𝐿𝑓√
𝑟𝑚𝑎𝑥

𝐾𝑠𝐷𝑒
= √Da,  𝐷𝑎 =

𝐿𝑓
2  𝑟𝑚𝑎𝑥

𝐾𝑠𝐷𝑒
. (4) 157 
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where phi is the Thiele modulus, Da the Damkohler number, L_f the film thickness, r_max 158 
the maximum volumetric rate, K_s the half-saturation constant and D_e the effective 159 
diffusivity, so that phi is the square root of Da. 160 

The Thiele modulus has a direct physical interpretation. The underlying Damköhler 161 
number compares the time for substrate to diffuse across the film with the time for the 162 
cells to consume it, and the Thiele modulus is its square root. Two regimes follow. When 163 
the Thiele modulus is small, diffusion is rapid relative to reaction and the film is supplied 164 
uniformly. When it is large, reaction outpaces diffusion and the interior of the film is 165 
starved. The scaled surface concentration sets where on the Monod curve the surface lies, 166 
from first-order behavior at low saturation to saturated, zero-order behavior at high 167 
saturation. 168 

Two qualifications belong with this definition. First, the modulus in Equation (4) is built 169 
from the low-concentration slope of the Monod law, r_max/K_s, so it is the first-order 170 
modulus. It is used in that form consistently throughout the paper and in every figure, but it 171 
is not the natural scaling for a saturated film, for which the generalized modulus of 172 
Appendix A.12 absorbs the saturation dependence and is the appropriate variable. 173 

Second, the surface condition S(0) = S_b assumes that the concentration at the biofilm 174 
surface equals the bulk pore-water concentration, that is, that the diffusive boundary layer 175 
outside the film offers no resistance. The resistance of that layer is measured by a Biot 176 
number Bi = k_L L_f / D_e, in which k_L is the external mass-transfer coefficient, and the 177 
assumption is exact only in the limit of large Bi. To quantify the error it introduces we also 178 
solved the same problem with the Robin condition that the external flux k_L(S_b - S(0)) 179 
equals the flux entering the film, and Section 3.3 reports the result. 180 

The analysis above is for a planar film, whereas aggregates are closer to spheres. To 181 
measure how far the two geometries differ we also solved the spherical problem, in which 182 
the radius R replaces the film thickness and the Laplacian carries the extra curvature term, 183 
and compared it with the slab both at the same modulus and after normalizing by the shape 184 
length, the ratio of volume to external surface, which is L_f for a slab and R/3 for a sphere. 185 
Section 3.2 reports the comparison. 186 

Table 1. Notation. Dimensionless groups are marked with a dash in the units column. The scalings s = S/K_s, 187 
beta = S_b/K_s and zeta = z/L_f are used throughout, with the surface at zeta = 0 and the grain wall at zeta = 1. 188 

Symbol Meaning Units 

S local substrate concentration inside the 

film 
mol m-3 

S_b substrate concentration in the pore 

water at the film surface 
mol m-3 

s, beta S/K_s and S_b/K_s, dimensionless 

concentration and surface saturation 
- 

s_w dimensionless concentration at the grain 

wall 
- 
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z, zeta depth measured inward from the 

surface, and z/L_f 
m, - 

L_f biofilm thickness m 

D_e effective diffusivity of the substrate 

inside the film 
m2 s-1 

q_max maximum specific uptake rate mol kg-1 s-1 

X biomass density kg m-3 

r_max maximum volumetric rate, q_max X mol m-3 s-1 

K_s intrinsic half-saturation constant mol m-3 

R(S) local volumetric uptake rate mol m-3 s-1 

phi Thiele modulus, L_f sqrt(r_max/(K_s 

D_e)) 
- 

Da Damkohler number, equal to phi 

squared 
- 

eta effectiveness factor - 

G(s) first-integral potential, s - ln(1+s) - 

J substrate flux into the film per unit 

surface area 
mol m-2 s-1 

a_v biofilm surface area per unit volume of 

porous medium 
m-1 

n_app apparent reaction order - 

Phi_g generalized (Bischoff) modulus - 

k_L external mass-transfer coefficient of the 

boundary layer 
m s-1 

Bi Biot number for external transfer, k_L 

L_f / D_e 
- 

R, Lambda aggregate radius, and shape length 

equal to volume over external surface 
m 

2.2. The effectiveness factor 189 

The quantity a continuum model requires is the effectiveness factor 𝜂, the fraction of the 190 
intrinsic rate that the film actually realizes. We define it as the uptake of the whole film 191 
divided by the uptake it would realize if every cell were exposed to the surface 192 
concentration: 193 

 𝜂 =
∫

𝑠

1+𝑠

1
0  𝑑𝜁

𝛽

1+𝛽

∈ (0,1]. (5) 194 
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where eta is the effectiveness factor, the integral in the numerator is the uptake the film 195 
actually realizes, and the denominator beta/(1+beta) is the uptake it would realize if every 196 
cell were exposed to the surface concentration. 197 

Integrating the governing equation once makes the effectiveness factor explicit. Multiplying 198 
the equation by the concentration gradient casts it as an exact derivative, which is 199 
integrated inward from the grain wall, where the concentration equals its wall value and 200 
the gradient vanishes, to give 201 

 (
ds

dζ
)
2

= 2𝜙2[ 𝐺(𝑠) − 𝐺(𝑠𝑤) ],  𝐺(𝑠) = 𝑠 − 𝑙𝑛(1 + 𝑠), (6) 202 

where G(s) = s - ln(1+s) is the potential whose derivative is the local dimensionless uptake 203 
s/(1+s), s_w is the concentration at the grain wall, and the left-hand side is the square of 204 
the dimensionless concentration gradient. 205 

so that the dimensionless flux of substrate entering the film at the surface is fixed by the 206 
surface and wall concentrations. Because this surface flux equals the total uptake of the 207 
film, the effectiveness factor follows directly, 208 

 𝜂 =
√2 [ 𝐺(𝛽)−𝐺(𝑠𝑤) ]

𝜙
⋅
1+𝛽

𝛽
, (7) 209 

where eta is again the effectiveness factor, beta the surface saturation, phi the Thiele 210 
modulus and s_w the wall concentration, which is the only quantity not yet known. 211 

where the only remaining unknown, the concentration at the grain wall, is determined by 212 
the film thickness through 213 

 ∫
ds

√2[ 𝐺(𝑠)−𝐺(𝑠𝑤) ]

𝛽

𝑠𝑤
= 𝜙. (8) 214 

where the integral runs from the wall concentration s_w up to the surface saturation beta, 215 
and setting it equal to the Thiele modulus phi expresses that the film has unit 216 
dimensionless thickness, which fixes s_w. 217 

2.3. Limiting laws 218 

Two limiting cases admit explicit expressions and bracket the behavior. 219 

First-order limit (dilute surface). When the surface concentration is well below the half-220 
saturation constant, the kinetics become linear in concentration, and the substrate profile 221 
through the film is a hyperbolic cosine centred on the grain wall. The effectiveness factor 222 
then reduces to the classical Thiele result for a flat layer (Thiele 1939; Aris 1975), 223 

 𝜂 =
𝑡𝑎𝑛ℎ𝜙

𝜙
, (9) 224 

where phi is the Thiele modulus, so that this is the classical hyperbolic-tangent result for a 225 
flat layer under first-order kinetics. 226 
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which approaches one when the Thiele modulus is small and falls in inverse proportion to 227 
the Thiele modulus when it is large. This is the grey reference curve in Figure 1. 228 

Zero-order limit with partial penetration (saturated surface). When the surface is 229 
saturated, the cells consume at a constant rate as long as substrate remains, so the 230 
substrate is exhausted at a finite penetration depth, which measures how far it reaches into 231 
the film before it is consumed. If that depth exceeds the film thickness the film is fully 232 
penetrated and the effectiveness factor is one; if it is smaller, only the outer fraction of the 233 
film is active, and 234 

 𝜂 ≃
√2𝛽

𝜙
, (10) 235 

where beta is the surface saturation and phi the Thiele modulus, and the expression holds 236 
once phi exceeds the square root of 2 beta, the point at which the substrate no longer 237 
reaches the wall. 238 

a half-power dependence on the surface saturation that signals incomplete penetration. 239 
The full Monod solution of Section 2.2 passes continuously between these two limits. 240 

2.4. Deep-biofilm flux and apparent reaction order 241 

When the film is thick compared with the penetration depth, as is common for active 242 
aggregates, the wall concentration vanishes and the flux into the film becomes independent 243 
of thickness. Setting the wall concentration to zero in the integrated equation gives an 244 
explicit deep-biofilm uptake flux, 245 

 𝐽 = √2𝐷𝑒  𝑟𝑚𝑎𝑥  [ 𝑆𝑏 − 𝐾𝑠𝑙𝑛(1 + 𝑆𝑏/𝐾𝑠) ], (11) 246 

where J is the substrate flux entering the film per unit surface area, D_e the effective 247 
diffusivity, r_max the maximum volumetric rate, S_b the bulk substrate concentration and 248 
K_s the half-saturation constant, the flux being independent of film thickness in this limit. 249 

which is the dimensional form of the result of Harremoës and of Rittmann and McCarty 250 
(Harremoës 1978; Rittmann and McCarty 1980). Its meaning is clearest in the apparent 251 
reaction order, the order one would infer by fitting measured rate against substrate 252 
concentration, defined as the slope of the logarithm of the flux against the logarithm of the 253 
bulk concentration, 254 

 𝑛𝑎𝑝𝑝 =
dlnJ

dln𝑆𝑏
=

1

2
 

𝑆𝑏

𝑆𝑏+𝐾𝑠
⋅

𝑆𝑏

𝑆𝑏−𝐾𝑠𝑙𝑛(1+𝑆𝑏/𝐾𝑠)
. (12) 255 

where n_app is the apparent reaction order that would be inferred by fitting measured rate 256 
against substrate concentration, S_b the bulk concentration and K_s the half-saturation 257 
constant. 258 
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2.5. Upscaling to the pore network 259 

For a continuum reactive-transport model the relevant quantity is the uptake per unit 260 
volume of porous medium. If the biofilm presents a surface area 𝑎𝑣 per unit volume of 261 
medium to the pore water, the macroscopic uptake rate in the deep-film regime is the 262 
surface flux multiplied by that area, 263 

 ℛ𝑚𝑎𝑐𝑟𝑜(𝑆𝑏) = 𝑎𝑣  𝐽(𝑆𝑏) = 𝑎𝑣√2𝐷𝑒  𝑟𝑚𝑎𝑥[ 𝑆𝑏 −𝐾𝑠𝑙𝑛(1 + 𝑆𝑏/𝐾𝑠) ], (13) 264 

where R_macro is the uptake per unit volume of porous medium, a_v the biofilm surface 265 
area per unit volume, and J the surface flux of Equation (11). 266 

and more generally the macroscopic rate is the effectiveness factor times the biofilm 267 
volume fraction times the intrinsic Monod rate evaluated at the bulk concentration, in 268 
which the effectiveness factor of Section 2.2 supplies the correction to the naive product of 269 
biomass and intrinsic rate. Equation (13) is a closure rather than a derived result, and it 270 
rests on four assumptions that should be stated plainly. (i) Every biofilm in the averaging 271 
volume sees the same substrate concentration, the volume-averaged pore-water value, so 272 
that no gradient between biofilms is resolved. (ii) The biofilms are independent, so that one 273 
does not deplete the supply of another. (iii) The effectiveness factor computed for a single 274 
film applies pore by pore. (iv) The area density a_v and the film thickness L_f are uniform 275 
within the averaging volume. A formal derivation would obtain Equation (13) by volume 276 
averaging with an explicit closure for the deviation concentration, in the manner of the 277 
volume-averaged biofilm equations (Wood and Whitaker 1998) and the macrotransport 278 
theory of biologically reacting solutes (Dykaar and Kitanidis 1996). We do not carry out 279 
that derivation here. 280 

2.6. Numerical solution 281 

Because the effectiveness factor is obtained by integrating the governing equation once, it 282 
is worth verifying both that step and its limiting laws against a fully independent numerical 283 
solution. We solved the steady reaction-diffusion equation with its two boundary 284 
conditions, the prescribed surface concentration and the no-flux condition at the grain wall, 285 
with a standard finite-difference scheme on a discretized biofilm, computed the 286 
effectiveness factor from the resulting profile, and compared it with the explicit formula 287 
and with the limits of Section 2.3. 288 

3. Results 289 

3.1. The effectiveness factor and the substrate profiles 290 

Equations (6) to (8) constitute the complete solution: for a given Thiele modulus and 291 
surface saturation, the thickness condition determines the wall concentration, which in 292 
turn determines the effectiveness factor. Figure 1 shows the result. When the Thiele 293 
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modulus is small the film is fully supplied, the wall concentration approaches the surface 294 
value, the effectiveness factor approaches one, and the intrinsic Monod rate is recovered. 295 
When the Thiele modulus is large the interior is exhausted, the wall concentration falls to 296 
zero, the effectiveness factor falls in inverse proportion to the Thiele modulus, and the 297 
realized rate is set by how fast substrate diffuses into the film rather than by the kinetics. 298 
The surface saturation controls the transition: a saturated film remains fully effective to 299 
larger Thiele moduli, because zero-order kinetics allow the substrate to penetrate further 300 
before it is exhausted. 301 

 302 

Figure 1. Effectiveness factor 𝜂 of a Monod biofilm as a function of the Thiele modulus 𝜙, for 303 
surface saturations 𝛽 = 𝑆𝑏/𝐾𝑠 = 0.1,1,10,100. At low Thiele modulus the film is reaction-304 
limited and the effectiveness factor approaches one, recovering the intrinsic kinetics; at high 305 
Thiele modulus it is diffusion-limited and the factor falls in inverse proportion to the modulus. 306 
The grey line is the first-order limit 𝜂 = 𝑡𝑎𝑛ℎ𝜙/𝜙, which the lowest-saturation curve follows; 307 
higher saturation keeps the film fully effective to larger Thiele moduli. 308 

The substrate profiles underlying these effectiveness factors are shown in Figure 2 for a 309 
saturated film. As the Thiele modulus increases, the substrate is drawn down increasingly 310 
steeply from the surface, and beyond a threshold it falls to zero at a finite depth, leaving the 311 
deep biomass inactive. It is this inactive interior that the effectiveness factor measures. 312 
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 313 

Figure 2. Steady substrate profiles inside the biofilm, the local concentration s against 314 
dimensionless depth (surface on the left, grain wall on the right), for a saturated film at Thiele 315 
moduli 0.5, 2, 5 and 10. The profiles are obtained by shooting on the first integral, integrating 316 
Equation (6) inward from the wall concentration fixed by Equation (8). At low Thiele modulus 317 
the film is nearly uniform; at high Thiele modulus the substrate is confined to a thin surface 318 
layer and is exhausted before the wall, leaving the deep biomass starved.𝑆(𝑧)/𝑆𝑏𝑧/𝐿𝑓𝜙 =319 

0.5,2,5,10 320 

3.2. Planar film against spherical aggregate 321 

One geometric caveat applies to everything above. The analysis is for a planar film, whereas 322 
aggregates are closer to spheres, and the two geometries do not give the same effectiveness 323 
factor at the same modulus. Solving the spherical problem, with the radius R in place of the 324 
film thickness, gives a factor well above the slab value, 0.51 against 0.21 at a modulus of 5 325 
and a dilute surface, because a sphere presents more surface per unit volume. The classical 326 
remedy is to normalize by the shape length, the ratio of volume to external surface, which 327 
is L_f for a slab and R/3 for a sphere. Doing so collapses the two geometries to within about 328 
20 % across moduli from 0.5 to 20 and surface saturations from 0.1 to 10. The worst 329 
departure, 16 % in our solve, occurs at the largest modulus and the most saturated surface 330 
tested, a modulus of 20 at a saturation of 10, and an independently written solver puts it at 331 
19 %. The shape-normalized slab formula is therefore adequate for screening, while 332 
quantitative work on aggregates should use the spherical solution, which the deposited 333 
code provides. 334 
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3.3. Effect of the external boundary layer 335 

Replacing the fixed surface concentration by the Robin condition of Section 2.1 shows how 336 
much the neglect of the external boundary layer costs. At Bi = 10 it overestimates the 337 
effectiveness factor by 0.6 % at a Thiele modulus of 0.5, by 9.8 % at 2, by 25.1 % at 5 and by 338 
59.0 % at 20, and at Bi = 100 the same errors fall to 0.1 %, 1.0 %, 3.1 % and 11.5 %, all 339 
computed at beta = 1, where the pore-water concentration equals the half-saturation 340 
constant. The error therefore grows with the Thiele modulus, and the internal-resistance-341 
only treatment is accurate to a few percent provided Bi exceeds roughly ten times the 342 
Thiele modulus. In the slow flows of fine-grained sediments that condition is not automatic, 343 
and where it fails the two resistances must be combined in series. 344 

3.4. Apparent reaction order and apparent half-saturation constant 345 

Two limits bracket Equation (12). When the surface concentration is well below the half-346 
saturation constant, the uptake flux is proportional to the concentration and the apparent 347 
order is one, that is, first-order kinetics. When it is well above, the flux is proportional to 348 
the square root of the concentration and the apparent order is one-half, that is, half-order 349 
kinetics. A transport-limited biofilm therefore exhibits an apparent reaction order that 350 
changes continuously from one to one-half as the substrate concentration increases (Figure 351 
3). 352 

 353 

Figure 3. Deep-biofilm kinetics from the explicit uptake flux. (a) Dimensionless substrate 354 
uptake flux against bulk concentration, with the first-order limit (slope one) and the half-355 
order limit (slope one-half). (b) Apparent reaction order, running continuously from one at 356 
low concentration to one-half at high concentration. 357 

This continuous change in apparent order has a practical consequence that is easily 358 
overlooked. If the bulk uptake flux of a transport-limited community is fitted to a Monod 359 
form, the half-saturation constant obtained is not the intrinsic value of the organisms but 360 
an apparent value raised by diffusion limitation. Because the interior of the film is starved, 361 
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the community reaches half of its maximum flux only at a bulk concentration above the 362 
intrinsic half-saturation constant. This is the biofilm form of an effect established for 363 
immobilized enzymes and porous catalysts, in which the apparent Michaelis constant of a 364 
diffusion-limited preparation exceeds the intrinsic one and grows with the size of the 365 
support (Engasser and Horvath 1973; Goldstein 1976). Reported half-saturation constants 366 
for biofilms and aggregates are therefore in part descriptions of transport rather than of 367 
enzyme kinetics, and they should be expected to increase with aggregate size and to 368 
depend on flow, just as effective rates in abiotic systems depend on scale and velocity 369 
(Battiato and Tartakovsky 2011). 370 

The size of that shift can be computed, and it is large. A finite film is needed to define it, 371 
because the deep-film flux of Equation (11) grows without bound and has no half-372 
maximum. For a film of thickness L_f the uptake per unit surface area is the effectiveness 373 
factor times the intrinsic rate times the thickness, and it saturates at r_max L_f as the 374 
surface becomes zero order, so the apparent half-saturation constant is the bulk 375 
concentration at which the uptake reaches half of that value. In dimensionless form 376 
K_app/K_s is the saturation beta solving eta(phi, beta) beta/(1+beta) = 1/2. Table 2 gives 377 
the result. The apparent constant equals the intrinsic one when diffusion is fast, exceeds it 378 
by 17 % at a Thiele modulus of one, by a factor of 2.5 at three, 15 at ten, 117 at thirty and 379 
1257 at one hundred. In the diffusion-limited limit the condition reduces to G(beta) = 380 
phi^2/8, and since G(beta) tends to beta for large beta the artifact has the compact 381 
asymptote 382 

K_app / K_s  ->  phi^2 / 8  =  Da / 8 , 383 

which the numerical values approach to within 4 % at a Thiele modulus of thirty and 0.6 % 384 
at one hundred. Two cautions attach to this number. It depends on the Thiele modulus and 385 
is therefore meaningless unless the modulus is quoted with it, and it depends on the range 386 
of concentrations over which the Monod form is fitted, since a fit confined to low 387 
concentrations recovers a value closer to the intrinsic one. Quoted half-saturation 388 
constants for biofilms and aggregates should therefore carry the size of the structure and 389 
the concentration range of the fit. 390 

Table 2. Apparent half-saturation constant of a finite Monod film, defined as the bulk concentration at which 391 
the uptake reaches half of its saturation value r_max L_f. The last two columns show the diffusion-limited 392 
asymptote Da/8 and its ratio to the computed value. Computed by REVISION_computations.py and deposited 393 
in apparent_half_saturation.csv. 394 

Thiele modulus phi Damkohler number 

Da 
K_app / K_s Asymptote Da/8 Ratio to asymptote 

0.1 0.01 1.002 0.00125 801 

0.3 0.09 1.015 0.011 90.2 

1 1 1.167 0.125 9.33 

3 9 2.475 1.125 2.20 

10 100 15.29 12.50 1.22 
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30 900 117.3 112.5 1.04 

100 10000 1257 1250 1.01 

3.5. Accuracy of the upscaled rate 395 

Assumption (i) is the one most easily violated, and it can be tested directly. We modeled a 396 
representative elementary volume as a chain of well-mixed pores in series, each losing 397 
substrate to its own biofilm at the deep-film flux of Equation (11), and compared the 398 
resolved uptake, which is the average of the flux over the pores, with the closure, which is 399 
the flux evaluated at the average concentration. Because the flux is concave in 400 
concentration the closure overestimates. The overestimate is 0.06 % or less while no more 401 
than 20 % of the substrate is consumed across the averaging volume, rises to about 1 % at 402 
60 % consumption and to 2.9 % at 80 %, and the insensitivity to inlet saturation holds only 403 
while the drawdown is small: at 80 % consumption the error ranges from 0.8 % at an inlet 404 
saturation of 0.3 to 2.9 % at 30. Equation (13) is therefore accurate to well under a percent 405 
provided the grid cell is small enough that the substrate is drawn down by less than about a 406 
fifth across it, which is the condition a modeler should check. The test does not probe 407 
assumptions (ii) to (iv), which remain untested here. 408 

3.6. Verification against independent numerical solutions 409 

The agreement is complete (Figure 4). On the grid used for the figure the finite-difference 410 
and explicit effectiveness factors differ by at most 1.2 x 10^-6 across three orders of 411 
magnitude in the Thiele modulus and over four decades of surface saturation. The 412 
difference falls as the square of the grid spacing, from 1.2 x 10^-4 on 300 intervals to 1.1 x 413 
10^-5 on 1000, 1.2 x 10^-6 on 3000 and 1.1 x 10^-7 on 10 000, the worst case in every case 414 
being the thin surface layer at a Thiele modulus of 100 and a dilute surface. This confirms 415 
that the explicit expression is exact and that both numerical routes are reliable. The first-416 
order and partial-penetration limits track the low- and high-saturation curves respectively 417 
in the diffusion-limited regime, each within its range of validity. The expressions presented 418 
as the working results of this study are therefore faithful to the full reaction-diffusion 419 
problem and not merely to its limiting behavior. 420 
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 421 

Figure 4. Validation of the effectiveness factor against an independent finite-difference 422 
solution of the biofilm equation. The markers are the finite-difference solution at low and high 423 
surface saturation, the solid lines are the explicit formula, and on the grid used here the two 424 
differ by at most 1.2 x 10^-6. The grey curves are the explicit limits, the first-order law 425 
(dashed) and the partial-penetration law (dotted), each tracking its regime. 426 

An internal asymptotic consistency check. The comparison above tests the explicit formula 427 
against an independent numerical solution of the same problem. A second check asks 428 
whether the formula behaves as the generalized-modulus construction requires. Bischoff 429 
(1965) showed that the effectiveness factor of a flat layer collapses onto a single curve 430 
when it is plotted against a modulus that weights the rate by its own integral, along which 431 
the product of the effectiveness factor and the generalized modulus tends to one in the 432 
diffusion-limited regime. Figure 5 plots the explicit effectiveness factor in both variables. 433 
Against the ordinary Thiele modulus the curves for surface saturations spanning four 434 
decades spread across the diagram (panel a); against the generalized modulus they 435 
collapse onto the universal curve (panel b), and the residual departure from unity is 2.8 x 436 
10^-5 once the modulus is moderately large. We state plainly what this does and does not 437 
establish. Substituting the deep-film limit of Equation (7) into the generalized modulus of 438 
Appendix A.12 gives a product identically equal to one, which we confirm to ten digits, so 439 
the collapse is an algebraic identity rather than independent evidence, no data from 440 
Bischoff (1965) are used, and only Monod kinetics are tested. The residual 2.8 x 10^-5 441 
measures the departure of the finite-thickness solution from that limit, and the check is 442 
presented in that spirit, as confirmation that the quadrature and the root find are 443 
converged. 444 
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 445 

Figure 5. Internal consistency of the explicit effectiveness factor with the generalized-modulus 446 
construction of Bischoff (1965). (a) The explicit effectiveness factor against the ordinary 447 
Thiele modulus, for surface saturations spanning four decades; the curves separate because 448 
the Thiele modulus alone does not absorb the saturation dependence. (b) The same 449 
effectiveness factors against the generalized modulus collapse onto a single curve along which 450 
the product of the effectiveness factor and the generalized modulus equals one. The collapse is 451 
an algebraic identity in the deep-film limit rather than an external benchmark, and the 452 
residual departure of 2.8 x 10^-5 measures the finite thickness of the film. 453 

4. Discussion 454 

The theory presented here is a synthesis. The effectiveness factor descends from Thiele 455 
(1939) and Aris (1975), the biofilm half-order limit from Harremoës (1978) and from 456 
Williamson and McCarty (1976) and Rittmann and McCarty (1980), and the continuum 457 
formulation from Wood and Whitaker (1998) and from Dykaar and Kitanidis (1996). Its 458 
contribution is to collect these results into explicit expressions written in a single Thiele 459 
and Damköhler variable, and to make explicit the consequence that matters most to a 460 
modeler: in a porous medium the apparent Monod parameters are modified by transport, 461 
with the half-saturation constant inflated and the apparent order pushed toward one-half 462 
wherever diffusion limits the supply of substrate. The resulting procedure is simple. From 463 
estimates of the biofilm or aggregate thickness, the effective diffusivity, the maximum rate, 464 
and the half-saturation constant, one forms the Thiele modulus. If it exceeds about one, the 465 
intrinsic Monod rate overestimates the realized rate by the inverse of the effectiveness 466 
factor, and the effectiveness-factor or deep-film expression should be used in its place. 467 

The structure of the closure mirrors the abiotic case. There, incomplete mixing of two 468 
reactants lowers a bimolecular rate (de Anna et al. 2014), whereas here, incomplete 469 
diffusion of a single substrate into a biofilm lowers a Monod rate. In both cases a single 470 
dimensionless group, a Damkohler number comparing reaction to transport, determines 471 
whether the rate a model uses represents the intrinsic chemistry or a disguised transport 472 
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rate (Battiato and Tartakovsky 2011). Where the bulk flow is slow, the external resistance 473 
quantified in Section 3.3 must be placed in series with the internal one. 474 

The most direct application of this framework is to the aggregate-hosted reactions of 475 
marine sediments, and in particular to the anaerobic oxidation of methane, in which 476 
consortia of archaea and bacteria form dense aggregates a few tens of micrometres across, 477 
into which methane and sulfate must diffuse (Boetius et al. 2000). Such aggregates are 478 
natural diffusion-reaction structures, and it is worth carrying out the estimate the theory 479 
prescribes rather than asserting that transport matters. Table 3 collects the quantities 480 
needed and shows the arithmetic, so that a reader can substitute their own values. Taking 481 
the effective diffusivity of methane inside an aggregate as half its free-solution value at 4 482 
degrees Celsius, 5 x 10^-10 m2 s-1, and building the maximum volumetric rate from a cell-483 
specific rate of 1 fmol per cell per day at a cell density of 10^17 cells m-3, which gives 1.2 x 484 
10^-3 mol m-3 s-1, the radius at which the Thiele modulus reaches one is R* = sqrt(K_s D_e 485 
/ r_max) and lies between about 66 and 660 micrometres for half-saturation constants 486 
between 0.01 and 1 mol m-3. Observed aggregate radii of 5 to 50 micrometres are 487 
therefore an order of magnitude smaller than R*, the Thiele modulus is 0.03 to 0.3, and the 488 
spherical effectiveness factor exceeds 0.998. 489 

The conclusion of that estimate is worth stating plainly, because it qualifies the application. 490 
On these numbers a methane-limited AOM aggregate is reaction-limited, not diffusion-491 
limited, and its measured kinetics are close to intrinsic. The correction derived here 492 
becomes material only if the volumetric rate is about two orders of magnitude larger than 493 
the central estimate, if the aggregate is several hundred micrometres across, or if the 494 
limiting substrate has a much smaller half-saturation constant or diffusivity than methane. 495 
At a rate a hundred times the central value the Thiele modulus of a 20 micrometre 496 
aggregate reaches 0.96 and the effectiveness factor falls to 0.985, which is still a small 497 
correction. Since published estimates of cell-specific AOM rates and of aggregate half-498 
saturation constants span more than an order of magnitude (Nauhaus et al. 2007; Orcutt 499 
and Meile 2008; Dale et al. 2008), the screening calculation of Table 3 is the appropriate 500 
way to decide the question for a particular site, and on present numbers it decides it in 501 
favour of intrinsic kinetics. 502 

Table 3. Worked estimate of the Thiele modulus for an anaerobic methane-oxidising consortium aggregate. 503 
Every input is an order of magnitude with its basis stated, and the arithmetic is shown so that a reader may 504 
substitute site-specific values. On these numbers the aggregates are reaction-limited, and the diffusion 505 
correction is negligible. 506 

Quantity Value used Basis 

Aggregate radius R 5 to 50 um observed consortium size (Boetius et al. 

2000) 

Free-solution diffusivity of CH4 at 4 C 1.0 x 10-9 m2 s-1 standard value for seawater 

Effective diffusivity D_e inside the 

aggregate 
5 x 10-10 m2 s-1 half the free-solution value 

Cell-specific AOM rate 1 fmol cell-1 d-1 order of magnitude from in vitro rates 

(Nauhaus et al. 2007) 
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Cell density inside the aggregate 1 x 10^17 cells m-3 close packing of micrometre cells 

Maximum volumetric rate r_max 1.2 x 10-3 mol m-3 s-1 product of the two lines above 

Half-saturation constant K_s for CH4 0.01 to 1 mol m-3 range spanned by published estimates 

Critical radius R* at which phi_R = 1 66 to 660 um sqrt(K_s D_e / r_max) 

Thiele modulus phi_R at R = 20 um 0.03 to 0.3 R sqrt(r_max/(K_s D_e)) 

Spherical effectiveness factor at beta = 

1 
greater than 0.998 spherical solution of Section 4 

The limitations of the analysis point directly to its extensions. The model assumes a single 507 
limiting substrate, whereas the anaerobic oxidation of methane and many other sediment 508 
processes are governed by two co-diffusing substrates and by syntrophic coupling, which 509 
would replace the single Thiele modulus with a pair and introduce counter-diffusion. The 510 
biofilm is treated as a homogeneous flat layer of fixed thickness, whereas real aggregates 511 
are curved and heterogeneous and grow in response to the very gradients computed here, 512 
which couples the effectiveness factor to a moving-boundary problem. Finally, the 513 
substrate is treated as conservative outside the film, whereas in the pore network its 514 
delivery is itself mixing-limited, so that a complete description would place the present 515 
diffusion-into-biofilm resistance in series with the pore-scale mixing resistance of the 516 
surrounding flow. Each of these extensions preserves the central result: in a porous 517 
medium, the rate that governs the system is not the intrinsic microbial rate but the rate at 518 
which substrate can be delivered to the cells. 519 

5. Conclusions 520 

We set out to determine how strongly diffusion into a biofilm reduces the microbial rate 521 
that a continuum model should use, and to put that reduction in a form a model can apply. 522 
The answer is a single effectiveness factor, controlled by one dimensionless group, that 523 
multiplies the laboratory rate. Its main lesson is interpretive: in a porous medium the 524 
Monod parameters a model carries are not pure properties of the cells. Wherever diffusion 525 
limits the supply of substrate, the apparent half-saturation constant is inflated and the 526 
apparent reaction order is pushed toward one-half, so a rate constant fitted to a biofilm or 527 
aggregate is in part a measure of its size and the flow around it. The practical takeaway is 528 
simple: form the Thiele modulus from the biofilm thickness, the diffusivity, and the 529 
laboratory constants, and when it approaches or exceeds one, replace the intrinsic Monod 530 
rate with the effectiveness-factor expression; otherwise the laboratory rate is safe to use. 531 
The treatment also has clear limits that point to the next steps. It assumes a single limiting 532 
substrate, a uniform flat layer of fixed thickness, and a substrate that is conservative 533 
outside the film, whereas many sediment processes, the anaerobic oxidation of methane 534 
among them, involve two co-diffusing substrates, curved and growing aggregates, and a 535 
supply that is itself mixing-limited; each of these turns the single factor into a richer but 536 
still tractable extension. The central message nonetheless holds: in the subsurface the rate 537 
that governs a reaction is set not by the cells alone but by how fast substrate reaches them, 538 
and that rate is now something a model can compute. 539 



20 

Code availability 540 

All computations are implemented in Python. The code that produces the results and figures 541 
of this study is available from the corresponding author and will be sent by email on request. 542 

Data availability 543 

No measured data were generated or used in this study. The data underlying the figures and 544 
tables are available from the corresponding author and will be sent by email on request. 545 

Author contributions 546 

SA designed the study, carried out the derivations and computations, produced the figures, 547 
and wrote the manuscript. 548 

Competing interests 549 

The author declares that he has no conflict of interest. 550 

Acknowledgements 551 

During the preparation of this manuscript the author used a large language model to assist 552 
with editing text. The author reviewed and verified all content, results, and figures, and takes 553 
full responsibility for the work. 554 

References 555 

Aris, R. (1975). The Mathematical Theory of Diffusion and Reaction in Permeable Catalysts. 556 
Clarendon Press, Oxford. 557 

Battiato, I., Tartakovsky, D. M. (2011). Applicability regimes for macroscopic models of 558 
reactive transport in porous media. Journal of Contaminant Hydrology 120–121, 18–26. 559 

Bischoff, K. B. (1965). Effectiveness factors for general reaction rate forms. AIChE Journal 560 
11(2), 351–355. 561 

Blunt, M. J., Bijeljic, B., Dong, H., Gharbi, O., Iglauer, S., Mostaghimi, P., Paluszny, A., Pentland, 562 
C. (2013). Pore-scale imaging and modelling. Advances in Water Resources 51, 197–216. 563 

Boetius, A., Ravenschlag, K., Schubert, C. J., Rickert, D., Widdel, F., Gieseke, A., Amann, R., 564 
Jorgensen, B. B., Witte, U., Pfannkuche, O. (2000). A marine microbial consortium 565 
apparently mediating anaerobic oxidation of methane. Nature 407, 623-626. 566 

Dale, A. W., Regnier, P., Knab, N. J., Jorgensen, B. B., Van Cappellen, P. (2008). Anaerobic 567 
oxidation of methane (AOM) in marine sediments from the Skagerrak (Denmark): II. 568 
Reaction-transport modeling. Geochimica et Cosmochimica Acta 72, 2880-2894. 569 

de Anna, P., Jiménez-Martínez, J., Tabuteau, H., Turuban, R., Le Borgne, T., Derrien, M., 570 
Méheust, Y. (2014). Mixing and reaction kinetics in porous media: an experimental pore-571 
scale quantification. Environmental Science & Technology 48(1), 508–516. 572 



21 

Dentz, M., Le Borgne, T., Englert, A., Bijeljic, B. (2011). Mixing, spreading and reaction in 573 
heterogeneous media: a brief review. Journal of Contaminant Hydrology 120–121, 1–17. 574 

Dykaar, B. B., Kitanidis, P. K. (1996). Macrotransport of a biologically reacting solute 575 
through porous media. Water Resources Research 32(2), 307–320. 576 

Engasser, J.-M., Horvath, C. (1973). Effect of internal diffusion in heterogeneous enzyme 577 
systems: evaluation of true kinetic parameters and substrate diffusivity. Journal of 578 
Theoretical Biology 42, 137-155. 579 

Goldstein, L. (1976). Kinetic behavior of immobilized enzyme systems. Methods in 580 
Enzymology 44, 397-443. 581 

Harremoës, P. (1978). Biofilm kinetics. In: Mitchell, R. (Ed.), Water Pollution Microbiology, 582 
Vol. 2. Wiley, New York, pp. 71–109. 583 

Monod, J. (1949). The growth of bacterial cultures. Annual Review of Microbiology 3, 371–584 
394. 585 

Nauhaus, K., Albrecht, M., Elvert, M., Boetius, A., Widdel, F. (2007). In vitro cell growth of 586 
marine archaeal-bacterial consortia during anaerobic oxidation of methane with sulfate. 587 
Environmental Microbiology 9, 187-196. 588 

Orcutt, B., Meile, C. (2008). Constraints on mechanisms and rates of anaerobic oxidation of 589 
methane by microbial consortia: process-based modeling of ANME-2 archaea and sulfate 590 
reducing bacteria interactions. Biogeosciences 5, 1587-1599. 591 

Rittmann, B. E., McCarty, P. L. (1980). Model of steady-state biofilm kinetics. Biotechnology 592 
and Bioengineering 22(11), 2343–2357. 593 

Thiele, E. W. (1939). Relation between catalytic activity and size of particle. Industrial & 594 
Engineering Chemistry 31(7), 916–920. 595 

Williamson, K., McCarty, P. L. (1976). A model of substrate utilization by bacterial films. 596 
Journal of the Water Pollution Control Federation 48(1), 9–24. 597 

Wood, B. D., Whitaker, S. (1998). Diffusion and reaction in biofilms. Chemical Engineering 598 
Science 53(3), 397–425. 599 

 600 



22 

Appendix A. Proof of the main-text equations 601 

This appendix proves, with full intermediate steps and in the notation of the main text, the 602 
thirteen displayed equations (1)–(13). Symbols: S(z) is the local substrate concentration at 603 
depth z; D_e the effective diffusivity; R(S) the volumetric uptake; q_max the maximum 604 
specific uptake rate and X the biomass density, so r_max = q_max X is the maximum 605 
volumetric rate; K_s the half-saturation constant; L_f the film thickness; S_b the pore-water 606 
concentration at the surface; s_w the concentration at the grain wall; a_v the biofilm surface 607 
area per unit volume. Dimensionless variables are s = S/K_s, β = S_b/K_s, ζ = z/L_f, with the 608 
surface at ζ = 0 and the wall at ζ = 1, and a prime denotes d/dζ. 609 

A.1  Monod rate and steady balance: Equations (1) and (2) 610 

Equation (1) is the Monod volumetric uptake, the maximum volumetric rate r_max = q_max 611 
X times the saturating factor S/(K_s+S): 612 

𝑅(𝑆) = 𝑟max  
𝑆

𝐾𝑠 + 𝑆
,  𝑟max = 𝑞max𝑋 613 

Equation (2) is the steady balance. The diffusive flux is −D_e dS/dz; at steady state its 614 
divergence equals the local consumption, so 615 

𝑑

𝑑𝑧
(−𝐷𝑒

𝑑𝑆

𝑑𝑧
) = −𝑅(𝑆) 616 

with the surface value S(0) = S_b and no flux at the wall, dS/dz = 0 at z = L_f. That is 617 
Equation (2): 618 

𝐷𝑒
𝑑2𝑆

𝑑𝑧2
= 𝑟max

𝑆

𝐾𝑠 + 𝑆
,  𝑆(0) = 𝑆𝑏 , 

𝑑𝑆

𝑑𝑧
|
𝑧=𝐿𝑓

= 0 619 

A.2  Dimensionless form and Thiele modulus: Equations (3) and (4) 620 

Introduce the scalings 621 

𝑠 =
𝑆

𝐾𝑠
,  𝛽 =

𝑆𝑏
𝐾𝑠

,  𝜁 =
𝑧

𝐿𝑓
 622 

so that d²S/dz² = (K_s/L_f²) s″ and R(S) = r_max s/(1+s). Substituting into Equation (2), 623 

𝐷𝑒𝐾𝑠

𝐿𝑓
2  𝑠″ = 𝑟max

𝑠

1 + 𝑠
 624 

Dividing by D_e K_s/L_f² collects every parameter into one group and gives Equation (3), 625 
with the surface and wall conditions carried over: 626 

𝑠″ = 𝜙2  
𝑠

1 + 𝑠
,  𝑠(0) = 𝛽, 𝑠′(1) = 0 627 
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The single parameter is the Thiele modulus, Equation (4), the square root of the Damköhler 628 
number Da that compares the diffusion time L_f²/D_e with the reaction time K_s/r_max: 629 

𝜙 = 𝐿𝑓√
𝑟max

𝐾𝑠𝐷𝑒
= √Da,  Da =

𝐿𝑓
2/𝐷𝑒

𝐾𝑠/𝑟max
 630 

A.3  Effectiveness factor, definition: Equation (5) 631 

Equation (5) defines η as the uptake the film realizes divided by the uptake it would realize 632 
if every cell saw the surface concentration S_b (for which s/(1+s) = β/(1+β) everywhere): 633 

𝜂 =
∫

𝑠
1 + 𝑠

1

0
 𝑑𝜁

𝛽/(1 + 𝛽)
 634 

A.4  Integrating the governing equation once: Equation (6) 635 

Because ζ is absent from Equation (3), multiply both sides by s′: Here s' denotes ds/dzeta, 636 
the dimensionless concentration gradient, and s'' its second derivative. 637 

𝑠″ 𝑠′ = 𝜙2  
𝑠

1 + 𝑠
 𝑠′ 638 

The left side is an exact derivative by the chain rule, 639 

𝑑

𝑑𝜁
(
1

2
 𝑠′2) = 𝜙2  

𝑠

1 + 𝑠
 𝑠′ 640 

and the right side becomes exact through the potential G, whose derivative is the Monod 641 
term: Here G(s) is the first-integral potential, defined so that its derivative G'(s) equals the 642 
local dimensionless uptake s/(1+s). 643 

𝐺(𝑠) = 𝑠 − ln(1 + 𝑠),  𝐺′(𝑠) =
𝑠

1 + 𝑠
 644 

𝑑

𝑑𝜁
(
1

2
 𝑠′2) = 𝜙2  

𝑑𝐺

𝑑𝜁
 645 

Equating the two and integrating inward from the wall (ζ = 1, where s = s_w and s′ = 0) 646 
gives 647 

1

2
 𝑠′2 = 𝜙2 [ 𝐺(𝑠) − 𝐺(𝑠𝑤) ] 648 

which, written for the gradient, is Equation (6): 649 

|𝑠′| = 𝜙√2 [ 𝐺(𝑠) − 𝐺(𝑠𝑤) ] 650 

A.5  Effectiveness factor, explicit form: Equation (7) 651 

Since s″ equals φ² times the Monod term, the realized uptake telescopes to the surface 652 
slope (the flux entering the film at ζ = 0): 653 
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∫
𝑠

1 + 𝑠

1

0

 𝑑𝜁 =
|𝑠′(0)|

𝜙2
=
√2 [ 𝐺(𝛽) − 𝐺(𝑠𝑤) ]

𝜙
 654 

Dividing this by the reference uptake φ²·β/(1+β) of Equation (5) gives Equation (7): 655 

𝜂 =
√2 [ 𝐺(𝛽) − 𝐺(𝑠𝑤) ] (1 + 𝛽)

𝜙 𝛽
 656 

A.6  Thickness condition for the wall concentration: Equation (8) 657 

Separating Equation (6) as dζ = −ds /(φ√(2[G(s)−G(s_w)])) and integrating across the film 658 
(ζ: 0→1 as s: β→s_w) turns the unit thickness into Equation (8), which fixes s_w: 659 

∫
𝑑𝑠

√2 [ 𝐺(𝑠) − 𝐺(𝑠𝑤) ]

𝛽

𝑠𝑤

= 𝜙 660 

that is, 661 

∫
𝑑𝑠

√2 [(𝑠 − ln(1 + 𝑠)) − (𝑠𝑤 − ln(1 + 𝑠𝑤))]

𝛽

𝑠𝑤

= 𝜙 662 

A.7  First-order limit: Equation (9) 663 

For β ≪ 1 the substrate is dilute, s/(1+s) ≈ s, and Equation (3) linearizes; the solution 664 
meeting s(0)=β and s′(1)=0 is a hyperbolic cosine centred on the wall: 665 

𝑠(𝜁) = 𝛽 
cosh[𝜙(1 − 𝜁)]

cosh𝜙
 666 

Its surface slope divided by the dilute reference uptake φ²β gives Equation (9), the classical 667 
Thiele slab result, 668 

𝜂 =
tanh𝜙

𝜙
 669 

A.8  Partial-penetration limit: Equation (10) 670 

For β ≫ 1 the kinetics are zero order, s/(1+s) ≈ 1, so s″ = φ²; with the substrate exhausted 671 
in the interior the integrated equation gives the surface slope, and dividing by the zero-672 
order reference uptake φ² gives Equation (10): 673 

𝜂 ≃
√2𝛽

𝜙
 674 

valid once φ > √(2β), the threshold at which the substrate no longer reaches the wall. 675 

A.9  Deep-biofilm flux: Equation (11) 676 

For a film much thicker than the penetration depth, s_w → 0. The dimensional surface flux 677 
follows from the integrated equation (S = K_s s, z = L_f ζ): Here J is the dimensional flux 678 
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entering the film per unit surface area, and the limit s_w to zero expresses that the 679 
substrate is exhausted before it reaches the wall. 680 

𝐽 = −𝐷𝑒
𝑑𝑆

𝑑𝑧
|
0
=
𝐷𝑒𝐾𝑠
𝐿𝑓

  |𝑠′(0)| =
𝐷𝑒𝐾𝑠
𝐿𝑓

 𝜙√2 𝐺(𝛽) 681 

Using φ/L_f = √(r_max/(K_s D_e)) to clear the thickness and K_s G(β) = S_b − K_s 682 
ln(1+S_b/K_s) gives Equation (11), the deep-film flux J: 683 

𝐽 = √2𝐷𝑒𝑟max [ 𝑆𝑏 − 𝐾𝑠ln(1 + 𝑆𝑏/𝐾𝑠) ] 684 

A.10  Apparent reaction order: Equation (12) 685 

Equation (12) is the logarithmic slope of J against S_b. Writing J = √(2 D_e r_max G̃), 686 

𝐽 = √2𝐷𝑒𝑟max 𝐺̃,  𝐺̃ = 𝑆𝑏 − 𝐾𝑠ln (1 +
𝑆𝑏
𝐾𝑠
) 687 

the derivative of the bracket is 688 

𝑑𝐺̃

𝑑𝑆𝑏
= 1 −

1

1 + 𝑆𝑏/𝐾𝑠
=

𝑆𝑏
𝐾𝑠 + 𝑆𝑏

 689 

and substituting gives Equation (12), 690 

𝑛app =
𝑑ln𝐽

𝑑ln𝑆𝑏
=
1

2
 
𝑆𝑏

𝐺̃
 

𝑆𝑏
𝐾𝑠 + 𝑆𝑏

 691 

which runs continuously between the two limits, 692 

𝑛app → 1  (𝑆𝑏 ≪ 𝐾𝑠),  𝑛app →
1

2
  (𝑆𝑏 ≫ 𝐾𝑠) 693 

A.11  Upscaling to the pore network: Equation (13) 694 

Equation (13) is the volumetric uptake a continuum model should use: the surface flux 695 
times the biofilm area density a_v, Here R_macro is the uptake per unit volume of porous 696 
medium and a_v the biofilm surface area per unit volume of that medium. 697 

𝑅macro = 𝑎𝑣  𝐽 = 𝑎𝑣√2𝐷𝑒𝑟max [ 𝑆𝑏 − 𝐾𝑠ln(1 + 𝑆𝑏/𝐾𝑠) ] 698 

A.12  Generalized modulus used in the verification (Section 3.6) 699 

The generalized modulus weights the rate by its own integral; for R̂(s) = s/(1+s) that 700 
integral is G(β), so Here Phi_g is the generalized modulus, R-hat(s) the dimensionless rate 701 
law and G(beta) its integral from zero to the surface saturation. 702 

𝛷𝑔 =
𝜙 𝑅(𝛽)

√2 ∫ 𝑅
𝛽

0
 𝑑𝑠

=
𝜙 [𝛽/(1 + 𝛽)]

√2 [ 𝛽 − ln(1 + 𝛽) ]
 703 



26 

against which the effectiveness factor collapses onto the universal curve η Φ_g → 1, which 704 
in the deep-film limit is an algebraic identity, as Section 3.6 explains. 705 

Appendix B. Numerical code 706 

The formulas above were verified against two independent numerical solutions of the same 707 
boundary-value problem: the first-integral quadrature used throughout, and a finite-708 
difference Newton solver used for the validation figure. Both are reproduced here with 709 
inline comments; they require only NumPy. The potential is written G(s) and the 710 
dimensionless variables s, β, φ match Appendix A. 711 

B.1  First-integral (semi-analytical) effectiveness factor 712 

import numpy as np 713 
  714 
# Dimensionless Monod biofilm:  s'' = phi^2 * s/(1+s),  s(0)=beta (surface),  s'(1)=0 (wall). 715 
# G(s) is the first-integral potential, with G'(s) = s/(1+s) = the local dimensionless uptake. 716 
G  = lambda s: s - np.log1p(s)        # G(s) = s - ln(1+s) 717 
Gp = lambda s: s / (1.0 + s)          # G'(s) = local uptake rate 718 
  719 
def thickness(s_w, beta, M=600): 720 
    # Left side of the closure condition  int_{s_w}^{beta} ds / sqrt(2[G(s)-G(s_w)]) = phi  [Eq. 8]. 721 
    # Quadratic node spacing concentrates points near the integrable sqrt singularity at s = s_w. 722 
    t    = np.linspace(0, 1, M) 723 
    s    = s_w + (beta - s_w) * t**2              # map t in [0,1] -> s in [s_w, beta] 724 
    dsdt = 2 * (beta - s_w) * t 725 
    den  = np.sqrt(np.maximum(2 * (G(s) - G(s_w)), 1e-300)) 726 
    integ = dsdt / den 727 
    integ[0] = np.sqrt(2 * (beta - s_w) / Gp(s_w)) if s_w > 0 else 0.0   # finite limit at s_w 728 
    return np.trapezoid(integ, t) 729 
  730 
def eta(phi, beta): 731 
    # Solve thickness(s_w) = phi for the wall concentration s_w by bisection, then evaluate eta [Eq. 7]. 732 
    lo, hi = max(1e-7, 1e-7 * beta), beta * (1 - 1e-9) 733 
    if thickness(lo, beta) < phi:                 # film deeper than full penetration -> s_w ~ 0 734 
        s_w = lo 735 
    else: 736 
        for _ in range(70):                       # bracket s_w to ~21-digit precision 737 
            mid = 0.5 * (lo + hi) 738 
            if thickness(mid, beta) > phi: lo = mid 739 
            else:                          hi = mid 740 
        s_w = 0.5 * (lo + hi) 741 
    # Effectiveness factor = realized surface flux / uptake evaluated at the surface concentration. 742 
    return min(np.sqrt(2 * (G(beta) - G(s_w))) * (1 + beta) / (phi * beta), 1.0) 743 

B.2  Independent finite-difference Newton solver (validation figure) 744 

def eta_fd(phi, beta, N=300): 745 
    # Fully independent finite-difference Newton solution of the SAME boundary-value problem [Eq. 3]. 746 
    # Node 0 is the surface (s = beta); node N is the grain wall (no-flux, s'(wall) = 0). 747 
    h  = 1.0 / N 748 
    s  = np.full(N + 1, 0.5 * beta + 1e-3); s[0] = beta 749 
    f  = lambda x: x / (1 + x)                    # Monod uptake  s/(1+s) 750 
    df = lambda x: 1.0 / (1 + x)**2               # its derivative (enters the Jacobian) 751 
    for _ in range(60):                           # Newton iterations 752 
        R = np.zeros(N) 753 
        R[:-1] = (s[0:N-1] - 2*s[1:N] + s[2:N+1]) / h**2 - phi**2 * f(s[1:N])   # interior 754 
        R[-1]  = (2*s[N-1] - 2*s[N]) / h**2       - phi**2 * f(s[N])            # no-flux wall 755 
        diag  = -2.0 / h**2 - phi**2 * df(s[1:]) 756 
        upper = np.full(N - 1, 1.0 / h**2) 757 
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        lower = np.full(N - 1, 1.0 / h**2); lower[-1] = 2.0 / h**2   # mirror node sets s'(wall)=0 758 
        J = np.diag(diag) + np.diag(upper, 1) + np.diag(lower, -1) 759 
        delta = np.linalg.solve(J, -R)            # Newton update for the interior unknowns 760 
        s[1:] = np.maximum(s[1:] + delta, 1e-12) 761 
        if np.max(np.abs(delta)) < 1e-10: break 762 
    zeta = np.linspace(0, 1, N + 1) 763 
    return np.trapezoid(f(s), zeta) / f(beta)     # eta = mean uptake / surface uptake 764 
  765 
# Agreement: max |eta_fd - eta| < 1e-3 over phi in [0.1, 100] and beta in [0.1, 100] (Figure 4). 766 
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