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Abstract

Multi-directional muography is a non-destructive technique for imaging the three-dimensional
density structure of large objects such as volcanoes. Recent developments in detector technol-
ogy—miniaturization, low-power operation, and weight reduction—are rapidly expanding the
range of feasible observation sites, and detector deployment by unmanned aerial vehicles (UAVs)
is also being studied; in the near future, the number of observation-resource allocation patterns
to be considered is expected to increase explosively. Yet for targets representable as a digital
elevation model (DEM), no existing tool estimates—rapidly, quantitatively, and independently
of detector type—how accurately the target structure can be resolved for each of these many
candidate resource allocations.

We present MUONITH (MUOgraphic Numerical Inversion & Tomography Harness), a high-
speed simulation platform that estimates the performance of diverse detector configurations
for DEM-based targets. The characteristic outputs of v1.0 are the following two: (i) a resolu-
tion metric visualizing single-direction detectability on the depth—anomaly-size plane, and (ii)
three-dimensional density reconstruction for multi-directional observations via regularized lin-
ear inversion with maximum a posteriori (MAP) estimation. Its speed comes from the default
flux model based on a continuous slowing down approximation (CSDA) incorporating the mean
radiative losses (bremsstrahlung and pair production), which reduces flux evaluation to a two-
dimensional lookup table indexed by density-length and zenith angle, together with a C++420
implementation combining Digital Differential Analyzer ray tracing, OpenMP parallelization,
and OpenBLAS-accelerated linear algebra.

The culmination of MUONITH v1.0 is that a three-dimensional reconstruction that previ-
ously required tens of hours on dedicated computers can now be performed in minutes on a
consumer laptop. It achieves a two-to-three-order-of-magnitude speed-up at one-quarter the
memory of the earlier GNU Octave implementation, enabling individual researchers without
dedicated infrastructure to evaluate observation designs. The tool is also useful for narrowing
down a few promising parameter sets before running a high-accuracy Monte Carlo simulator.

1 Introduction

1.1 Significance of Muography and Multi-Directional Observations

Muography is a measurement technique that non-destructively visualizes the internal density distri-
bution of large structures by employing the high penetrating power of secondary cosmic-ray muons
produced in the atmosphere. This approach has evolved substantially since the late 2000s[IH6]. Its
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applications have been rapidly expanding from volcanology to archaeological sites, large industri-
al facilities, and nuclear reactors, and several cross-disciplinary review articles have summarized
this progress[7H9]. The multi-directional observations addressed in this paper represent the next
paradigm common to all these applications—mnamely, the transition from one- to three-directional
projection imaging toward full three-dimensional density tomography. Single-direction measure-
ments provide only the line-integrated density (density-length) along the muon trajectory and lack
spatial resolution along the path. Consequently, they cannot independently determine the depth
or precise location of the detected density anomalies.

The principle by which multi-directional muon observations overcome the limitations of single-
direction measurements is identical to the relationship between medical X-ray CT and conventional
radiography. A single radiographic projection provides only the line-integrated X-ray attenuation
along the beam path, causing structures located at different depths to overlap within a single image.
As a result, although such images can reveal the presence of anomalous shadows in two dimensions,
they cannot determine the depth, size, or shape of the underlying structures. In contrast, CT
reconstructs three-dimensional structures by solving the inverse problem of multi-directional pro-
jections based on the same attenuation physics, thus reconstructing the superposed components as
distinct volumetric objects. Multi-directional muography follows the same framework: it reduces
the reconstruction of three-dimensional density to an inverse problem in which voxel densities are
estimated from line-integrated density measurements obtained along multiple viewing directions.
This approach enables the spatial separation of distinct structures that could produce identical
density-length values, allowing their positions, scales, shapes, and orientations to be independent-
ly quantified. By enabling this capability, the evaluation of the target object advances from the
ambiguous statement that “some anomaly exists somewhere along this direction” to a quanti-
tative description of “how much density contrast exists, at what depth and orientation, and with
what three-dimensional spatial extent.” This increased specificity provides a foundation for concrete
decision-making in applications ranging from volcanic hazard assessment and evacuation planning
to archaeological investigation and preservation, as well as nuclear-reactor decommissioning.

Multi-directional muography, however, operates under three constraints that X-ray CT does
not face. First, the probe is the natural cosmic-ray muon flux, whose intensity cannot be increased
at will; the available statistics are fixed by the exposure and the detector acceptance. Second,
detectors must be placed on natural terrain, so the dense and uniform angular coverage of a CT
gantry is unattainable. Transport and deployment by UAVs is a realistic future prospect (discussed
below), but even then the placement remains strongly constrained by the surrounding environment.
Third, observation resources—the number of detectors available and the time each of them can be
left in the field—are limited. These constraints make it essential to determine, before deployment,
what a given observation configuration can and cannot resolve. The observation-design problem
addressed in this paper is to quantitatively determine, prior to measurement, the viewing directions,
number of detectors, and observation duration required to reconstruct the target structure with
the desired three-dimensional spatial resolution using multi-directional muography.

In volcanic imaging, 1-2-direction muography has successfully achieved observations that were
previously difficult for conventional geophysical methods, such as confirming the conduit structure
at Satsuma-Iojima[l0] and detecting density changes associated with hydrothermal fluid migration
at La Soufriere[l1]. However, extending muography to multiple viewing directions had long been
limited due to constraints on detector placement ([12]; [13]). Nagahara and Miyamoto (2018) [14]
conducted a simulation study for volcanic targets to examine the applicability conditions of the
analytical inverse-projection method—filtered back projection—commonly used in X-ray CT. They
identified the conditions under which three-dimensional density reconstruction becomes feasible
when a sufficient number of projection images are combined.



A representative example of the current state of multi-directional muography achieved in real
observations is the multi-directional imaging conducted at the Omuroyama volcano in the Izu region
of Shizuoka Prefecture (580 m a.s.l., basal diameter 1 km, relative height 280 m, a scoria cone
formed 4 ka) [I5, [16]. Nuclear emulsion detectors optimized for multi-directional observations
were deployed at 11 sites, and linear inverse analysis was applied to the projection images from the
remaining 10 directions after excluding one site due to poor data quality. This enabled the direct
three-dimensional visualization of the central welded conduit corresponding to the main feeder
system, as well as three radial dikes: (i) an E-W-trending dike feeding the small lava flow on the
western flank, (ii) an SSE-NNW-trending dike associated with the small crater on the southern
slope, and (iii) a north-trending dike. An interactive three-dimensional model of this reconstruction
is publicly available [I7]. These results provide non-destructive constraints on internal volcanic
structures that cannot be obtained from surface outcrop observations alone, forming a basis for
volcanic hazard assessment, evacuation planning, and dynamical interpretations of magma supply
systems and eruption histories.

The applications of muography extend beyond volcanology and are increasingly expanding in-
to the non-destructive inspection of diverse large-scale structures. In archaeology, muography has
enabled the discovery of a large void and the measurement of corridor geometries in the Khufu pyra-
mid [I8],[19], and three-dimensional reconstruction has been demonstrated by combining multi-view
images of the underground cavities beneath Mt. Echia in Naples [20, 2I]. In industrial facilities,
muography has been applied to measure refractory thickness and reconstruct three-dimensional
density structures inside operating blast furnaces [22H25]. In nuclear-reactor decommissioning,
muographic imaging has been used to obtain transmission images of fuel debris in the damaged
reactors at Fukushima Daiichi [26] 27], and multi-view three-dimensional reconstruction has been
reported for the graphite reactor at Marcoule in France [28| [29]. Across these fields, many applica-
tions are currently in a developmental stage transitioning from single- or few-direction transmission
imaging toward multi-directional observations enabling full three-dimensional reconstruction.

All of these studies are case-specific applications in which observation designs were individually
constructed for particular targets and detector configurations, and the analyses were performed
using tools developed separately for each project. As such, they do not rely on a systematic
evaluation framework that is independent of the detector type. To address this gap, the aim of this
paper is to provide a fast simulation platform that enables quantitative assessment of observation-
design validity prior to measurement, regardless of the detector type, for any target representable
as a DEM.

1.2 Increased Deployment Flexibility Enabled by Improvements in Detector
Performance

One of the long-standing bottlenecks in the practical application of muography has been hardware
constraints on where detectors can be deployed. Conventional muographic observations have pri-
marily relied on plastic-scintillator detectors [30-32] and multi-wire gas detectors or resistive-plate
chambers [33, B4]. Each of these systems has different requirements in terms of weight, power
consumption, and environmental robustness, which tended to restrict deployments to locations
where large equipment could be transported, electrical power secured, and regular maintenance
performed. Although attempts to reconstruct three-dimensional density distributions began in the
2010s, only two or three detector sites could typically be installed, which was insufficient to achieve
spatial resolutions meaningful for volcanological interpretation.

In recent years, technological advances have continued to relax deployment constraints for muon
detectors, including lightweight and highly mobile compact scintillation arrays and gas detectors,



and power-free, high-resolution nuclear emulsion detectors [15, [35, B6]. Extending this trend of
miniaturization and power reduction leads to the next stage: if detector weight, power consumption,
and environmental robustness satisfy certain conditions, transporting and deploying detectors using
unmanned aerial vehicles (UAVs) becomes a realistic option. Indeed, in volcanic observations, UAV-
based measurements have already been demonstrated, such as gas-sensor surveys within crater
plumes [37] and helicopter-based aerial deployment of seismic and infrasound sensors [38].

For example, when volcanic activity intensifies, access within a radius of several kilometers from
the crater may be prohibited. Placing a detector far from the target volcano yields insufficient
signal because the subtended solid angle becomes small. If UAV-based transport and installation
of detectors becomes practical, detectors could be deployed close to a volcano even during periods
of temporarily elevated activity.

This development represents not only a quantitative increase in the number of feasible observa-
tion points, but also a qualitative shift in which deployability itself becomes an independent design
parameter in observation planning. By combining detector performance and specifications (weight,
power, size, and angular acceptance) with UAV transport capabilities, the potential deployment
candidates emerge as a multidimensional parameter space, shifting the focus from “selecting from
a small number of sites where access and detector installation are feasible” to “optimizing detector
placement based on scientific objectives.”

1.3 Issues surrounding observation-design software

While hardware capabilities are rapidly expanding the flexibility of detector deployment, the soft-
ware infrastructure that supports observation design has not kept pace, particularly in terms of com-
putational speed. In multi-directional observations, the combinations of deployment locations, de-
tector orientations, and observation durations form a high-dimensional parameter space—especially
when UAV-based transport is considered—leading to a substantial increase in the number of can-
didate configurations that must be evaluated. To assess numerous deployment patterns for a single
observation plan within a practical time frame, each trial must return quantitative evaluation re-
sults within a short computation time. Moreover, for observation design to become widely practical,
it is desirable that such evaluations be executable locally by individual researchers without relying
on dedicated large-scale computing environments.

However, no existing tool was designed for exhaustive observation-design evaluation, so there
is currently no systematic means to exploit the potential of multi-directional observations at the
design stage. The characteristics of the individual Monte Carlo-based and Python-based tools that
leave this gap are examined in the following subsection.

1.4 Comparison with prior work on simulation tools

Existing muography-related simulation and analysis tools can be broadly categorized into Monte
Carlo-based frameworks—such as GEANT4 [39] (with muography applications in, e.g., [40]), PUMAS
[41], PROPOSAL [42], and MUTE [43], [44]—and lighter Python-based script tools, including S-
MAUG [45] and MUYSC [46]. Monte Carlo tools provide high-fidelity descriptions of particle-
transport physics but incur substantial computational cost per run, which makes it impractical to
evaluate candidate observation patterns one after another.

Among existing tools, SMAUG and MUYSC are most closely related to the objectives of the
present study. SMAUG is a Python implementation supporting probabilistic inversion using Markov
chain Monte Carlo, designed as an educational and research-oriented tool with strong readability
and documentation. MUYSC provides an end-to-end Python pipeline—from simplified ray tracing



and flux estimation using semi-empirical Gaisser/Tang models to algebraic reconstruction—offering
a full-stack workflow for muographic analysis. However, neither tool is optimized to evaluate a single
multi-directional observation configuration fast enough that many candidate configurations can be
compared before deployment.

MUONITH, developed in this study, is designed to fill this common gap. It occupies a third po-
sition distinct from both Monte Carlo-based and script-based approaches. The positioning of these
simulation tools relative to MUONITH is illustrated in Figure[I] The intended role of MUONITH
is not to serve as a standalone final-analysis tool, but to evaluate each candidate observation de-
sign within minutes, so that a researcher can compare candidates and examine only the promising
ones in detail using Monte Carlo tools. Automatic screening over large configuration spaces is the
goal toward which MUONITH is being developed; in v1.0 the comparison across candidates is still
driven by the researcher. This staged workflow allows multi-directional observation design to be
performed systematically and efficiently.
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Figure 1: Positioning of MUONITH in the design space of simulation tools for muography. The
horizontal axis represents the physical accuracy of signal /noise prediction (left: Approximate, right:
Accurate), and the vertical axis represents the evaluation speed for observation patterns (top: faster,
bottom: slower)

1.5 Objectives of the Present Study

The central claim of this study can be summarized in a single sentence: MUONITH is a simu-
lation framework that is not tied to any particular detector technology, designed to rapidly and
quantitatively evaluate the performance of muography observation configurations—treating both
human-accessible deployment sites and potential UAV-transportable sites equivalently—prior to
actual measurements.

Three-dimensional density reconstruction is one of MUONITH’s important capabilities, but the
essential strength of the framework lies in its ability to quickly and quantitatively estimate, for
a wide range of observation designs, what results can be obtained from each potential detector
placement. Owing to its computational speed, individual observation designs can be evaluated
on the order of minutes even on standard consumer-grade laptop environments, without relying on
dedicated high-performance computing systems (see “Computational Performance” for quantitative



benchmarks).

2 Method

2.1 Concept

MUONITH is built on two core design principles. First, rather than prioritizing the strict repro-
duction of physical processes through Monte Carlo methods, the framework focuses on rapidly
and quantitatively evaluating the feasibility of diverse observation designs, emphasizing broad and
fast exploration of the design space over physical exactness. Specifically, a ground-level muon-flux
model [47, 48] is combined with a deterministic energy-attenuation table based on the continuous-
slowing-down approximation (CSDA) to pre-compute a table of penetrating-muon flux, which is
then referenced during the calculation.

Second, MUONITH adopts a geometric model that assumes arbitrary detector placement and
orientation on a digital elevation model (DEM), abstracting detector instances as combinations of
detector specifications (panel geometry, tilt, distance, and angular segmentation). This enables
systematic exploration of potential observation points at the design stage without being limited to
locations where detectors can physically be installed. The numerical computation backbone that
implements these principles consists of C++20, DDA ray tracing [49], beam-level parallelization
using OpenMP, LAPACK linear-algebra libraries based on OpenBLAS or Apple Accelerate, the
Figen sparse-matrix library, and JSON5-based structured configuration files. In addition, multi-
platform build environments are provided through Nix (primarily for macOS) and Docker (also
operable within Windows Subsystem for Linux).

2.2 Forward simulation

MUONITH takes an observation setup together with terrain and density information as input and
computes expected muon-arrival maps for each viewing direction. At the beginning of this section,
the overall data flow is presented in Figure [2] followed by three subsections—“Input Information,”
“Calculation procedure,” and “Output Information”—which describe the inputs, computational
methods, and outputs, respectively.

2.2.1 Input Information

The inputs to the simulation are divided into two groups, as shown on the left side of Figure

The first group consists of muon-physics models. In the standard distribution, the ground-
level muon-flux spectrum is based on the daemonflux model [48], and the energy-loss model in
crustal material uses the continuous-slowing-down approximation (CSDA) of Groom et al. (2001)
[50], which includes the mean of radiative losses but not their fluctuations. These models are
pre-convolved into a two-dimensional flux table indexed by density length X and zenith angle 6.
Users may replace this table with one generated from their own models (details are provided in
“Calculation procedure” of the forward simulation).

The second group consists of observation parameters specified in a JSONb configuration file.
These include the terrain (digital elevation model, DEM; in this study, the standard input is the 5
m mesh DEM (DEMbA) provided by the Geospatial Information Authority of Japan [51], with pre-
processing described in the public repository documentation), the density model (uniform density,
DEM-attached density, or composite structures such as elliptical cylinders, ellipsoids, or checker-
board patterns—*“synthetic density structures”), and the detector settings, namely the position



(z,vy, z), orientation (yaw, pitch, roll), detector size, pixel size, field-of-view segmentation, number
of units, and observation duration. The angular segmentation of the field of view is, by default,
defined as equal spacing in the tangent-coordinate system, although degree or radian specification
is also available. From these inputs, the path-length matrix L;;, whose element is the length over
which beam ¢ crosses voxel j, is constructed, and its product with the input density structure p;
yields the density length for each line of sight, X; = }_; Lijp;. Finally, combining the density
length with the penetrating-muon flux model provides the relationship between density length and
expected muon flux for each viewing direction.

Both groups of inputs are read through a single entry point, and virtual observations and
real-data analysis share the remainder of the pipeline beyond this entry.
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Figure 2: Data flow for performance evaluation in single-direction muography. The blocks on the
left represent the inputs. In the upper branch, the flux model and the dE/dx model give the table
of penetrating-muon flux, and these together with the noise model, the efficiency model, and the
detector acceptance and exposure (S, AQ, T') give its uncertainty. In the lower branch, the density
length along each line of sight is computed from the digital elevation model (DEM) and the position
and orientation of the detectors. The plot on the right shows an example of the flux table at a
zenith angle of 80°.

2.2.2 Calculation procedure

The procedure for constructing the angular-element set used in the simulation from the detector-
placement information is executed collectively as the generation of the detector-panel array. The
detector-panel array is the top-level structure that bundles multiple detector panels, and each de-
tector panel contains a two-dimensional array of angular elements defined according to the angular-
segmentation specification (an n, x n, bin configuration, field-of-view range, and angular units).
The heavy computations for the angular elements within each detector panel are executed in two
parallelized passes. The first pass is the geometric-calculation pass based on DDA ray tracing [49].
For each of the n, x n, angular elements in a detector panel, the path length A; [m] traversed by



the line of sight through the terrain-voxel space and the density length X; [kg/m?] obtained as the
inner product with the density model are computed and assigned to each angular-element instance.
Here A; = >, L;;j is the row sum of the path-length matrix. All lines of sight are assumed to
originate from a single representative position of the detector panel. The detector itself is specified
as a rectangular box of width, height, and depth, and its size enters the calculation through the
effective area S;, which is evaluated separately for each viewing direction; because of the depth,
the open aperture shrinks and S; decreases as the line of sight becomes more oblique.

The second pass uses the density length X; obtained in the first pass as input to compute, for
each angular element:

(i) the penetrating-muon flux F(X;,6;) via two-dimensional lookup in the flux table described
later;

(ii) the solid angle Af2; determined by the angular-bin geometry;

(iii) the effective area S; determined by the viewing direction together with the detector orien-
tation, physical dimensions, and number of modules; and

(iv) the expected muon counts

N; = F(X;,0;) - Si - AQ; - T, (1)

where 7T; is the observation time, which in the current design is given as a single value common
to all angular elements of a detector panel. These values are assigned to each angular-element
instance.

The ray-tracing computation and the penetrating-flux lookup are executed sequentially for each
detector panel, and the two-dimensional loop over the (n, x n,) angular elements is parallelized
using OpenMP. Because the computations for individual angular elements are independent, the
total computational cost scales approximately linearly with the number of angular bins.

MUONITH adopts the continuous-slowing-down approximation (CSDA), a deterministic energy-
loss model, as its muon-energy-loss treatment [50]. Because CSDA follows only the mean energy
loss and ignores its stochastic fluctuations, it is physically less accurate than Monte Carlo meth-
ods, but far cheaper: for each zenith angle @, the relationship between the amount of traversed
material (density length X [kg/m?] ) and the penetrating-muon flux F(X,#) can be pre-tabulated
as a two-dimensional table. This reduces step (i) above to a simple table lookup. CSDA is a fun-
damental assumption directly tied to the design philosophy of MUONITH—high-speed scanning of
observation designs—and is therefore fixed throughout this study.

The worked examples in this paper (Omuroyama and Mt. Tokachi) use a flux table built from
the Honda et al. (2007) [47] model with the Groom energy-loss model, instead of the standard
daemonflux-based table described in “Input Information”; for Omuroyama this reproduces the
conditions of Nagahara et al. (2022) [16].

To distinguish between the internal computational resolution and the resolution used for density
estimation, MUONITH adopts the policy of initially taking angular-bin widths that are sufficiently
finer than the detector’s physical resolution. For large three-dimensional structures such as volca-
noes, even a small change in viewing direction in elevation can cause a large variation in the path
length A; through the terrain. Under such conditions—where the path length A; and density length
X; vary nonlinearly within the field of view—passing coarse angular bins, matched to the detector’s
physical resolution, directly to the DDA ray-tracing stage would cause the single line of sight at
the bin center to poorly represent the true distribution within the bin, resulting in bin-dependent
systematic errors.

To avoid this, MUONITH performs the initial DDA and flux calculations uniformly on finely
segmented minimal angular elements, computing A;, X;, and the expected muon counts N; inde-
pendently for each minimal element. The detector’s effective resolution and the required minimum



statistical counts are then satisfied by grouping these minimal angular elements in a later stage (the
automatic merging described below). Because the physical calculations (fine-grained DDA) are sep-
arated from the operational resolution (bin merging), multiple operational bin configurations—with
different detector resolutions or statistical thresholds—can be evaluated without recomputing the
underlying fine-grained DDA results.

After the per-element computations are completed, MUONITH performs adaptive bin merg-
ing—either automatic or user-defined—on a per-panel basis to ensure sufficient statistical counts
for subsequent resolution evaluation and three-dimensional reconstruction. Merging is necessary
because, as the solid angle of a minimal angular element becomes small, its statistics are no longer
sufficient to determine the density: lines of sight that skim the edges of the target object have
path lengths approaching zero, whereas those traversing thick regions yield exponentially attenuat-
ed penetrating-muon fluxes. The automatic mechanism therefore combines, independently for each
detector panel, the angular elements whose total signal plus noise falls below a prescribed threshold;
implementation details and parameters are given in the documentation of the public repository. In
the user-defined mode, each panel instead reads a list of rectangular angular regions from a text
file, which is validated to tile the field of view without overlaps or gaps before the merge is applied.
Because the observation matrix Ay used in “Three-dimensional density reconstruction” is linear
with respect to bin merging, the matrix for a merged bin is simply the sum of the matrices of the
original bins, so numerical accuracy in subsequent stages is not degraded.

2.2.3 Output Information

The computational outputs consist of four categories of quantities. First, a map of the path length
A; [m] for each viewing direction, determined by the terrain and line-of-sight geometry. Second,
a map of the expected muon counts N; for each viewing direction (angular bin), expressed as
count values that reflect the observation time, effective area, and solid angle. Third, the integrated
density length X; [kg/m?] and the projected mean density pproj [kg/m?] = X;/A; (where A; [m] is
the path length for the same viewing direction); note that these belong to the input data. Fourth,
the bin-configuration information—bin centers, widths, and solid angles—before and after merging,
which serves as input for subsequent resolution evaluation and three-dimensional reconstruction.

Examples of these outputs are shown in Figure [3] assuming an effective detector area of S =
0.2m? and an observation duration equivalent to 7' = 120 days. Figure [3| presents representative
MUONITH inputs and outputs for a single viewing direction in the Omuroyama configuration
(“Simulation setup”). The top row shows the input terrain and the true density model; the middle
row shows the path length inside the mountain and the expected muon counts (for both fine bins and
after automatic merging); and the bottom row shows the projected density (true value, estimated
value, and associated error).

2.3 Evaluation of density and spatial resolution in single-direction observation

The inputs consist of the following. First, detector information: the position and angular orienta-
tion of a single detector panel, its effective area S, observation time T, and field-of-view segmen-
tation. Second, target information: the terrain (DEM) and the background uniform density pp.
Third, anomaly parameters to be evaluated: the anomaly depth D, diameter [, density contrast
Ap relative to pg, significance level «, and the observation-resource amplification factor 7. The
factor n represents the effect of increasing S x T' by a factor of n under otherwise identical obser-
vation conditions, allowing the impact of enhanced resources to be assessed without rerunning the
simulation.
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Figure 3: Example of MUONITH input and output for a single viewing direction in the Omuroyama
configuration (“Simulation setup”). (a) Elevation map (black dots indicate candidate detector
locations). (b), (c¢) Horizontal slices of the true input density model at elevations of 410 and 490 m,
respectively. (d) Path length through the mountain. (e) Expected muon counts in fine angular bins
of width 0.010 in both tangent-coordinate directions. (f) Expected muon counts after automatic
bin merging. (g) True projected mean density. (h) Estimated projected density after automatic bin
merging. (i) Projected-density error shown as +1.50. In panels (d)—(i), the horizontal and vertical
axes are tan(azimuth angle) and tan(elevation angle), respectively. These panels show the outputs
for a single viewing direction at the western observation point (det_2018_B) indicated in panel (a).
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2.3.1 Calculation method

For each angular element, the path length A;, density length X;, and penetrating muon flux
F(X;,0;) are computed as in the forward simulation.

In the depth-resolution evaluation, we determine whether an anomaly of diameter [ located at
depth D, with density contrast Ap, is detectable under a given observation resource (S x AQ; x T'),
where ASQ; is the solid-angle element. The decision is based on a two-sample z-test comparing the
expected muon counts with and without the anomaly. Let N(pp+ Ap) be the expected muon count
in the presence of the anomaly, and N(pg) the count for the background model. The test statistic
is

_ N(po+Ap) — N(po) @)
VN(po + Ap) + N(po)

From this, the minimum detectable anomaly size is determined for a given significance level «
(e.g., @ =0.05).

2.3.2 Output information

The outputs consist of maps of the expected muon counts, projected mean density, and statistical
uncertainty for each angular element, as shown in Figure[3] together with either the boundary curve
of the detectable region in the depth—anomaly-size plane or a heatmap of log;y(p). In addition,
sets of boundary curves corresponding to different values of the observation-resource amplification
factor n are produced. Representative output formats are shown in Figure {4 (see “Single-direction
resolution evaluation” for discussion of application examples).

In the performance evaluation for single-direction observations, a density anomaly of represen-
tative size [ is placed at depth D inside a uniform-density body with density pg, where the anomaly
density is p = po + Ap. Detectability is then quantified for a detector characterized by its effective
area S, solid angle AQ);, and observation time T'.

Figure (b) includes several geometric annotations: « denotes the exclusion region where the
anomaly cube would protrude above the surface (the effect becomes stronger for larger anomalies
and steeper slopes); [ indicates the elevation level of the detector; v marks the crater elevation
(1728 ma.s.l. in this example); § represents the geometric boundary preventing the anomaly cube
from lying below the detector elevation; € provides a reference scale corresponding to the anomaly
size.

This framework provides a foundation for translating the allocation of observation resources—previously
guided largely by intuition and empirical rules—into a visual and quantitative decision-making pro-
cess.

2.4 Three-dimensional density reconstruction

Three-dimensional density reconstruction is provided as a standard implementation in MUONITH,
formulated as a linear inverse problem in which the density of each voxel is inferred from the
density-length integrals along multiple viewing directions. The mathematical framework in this
section follows Nagahara et al. (2022) (see Appendix [C)); the linearized derivation of the observation
matrix Ay, the posterior distribution under a Gaussian prior in Bayesian inversion, the notation
definitions (Table[3)), and numerical constraints relevant to implementation are summarized therein.

Briefly, the density-length vector X is expressed as a linear combination of the voxel-density
vector p through the path-length matrix L. The observation matrix Ay, obtained by linearizing
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the expected muon counts around the prior density length, is linear with respect to the bin merging
described in “Calculation procedure” of the forward simulation.

2.4.1 Voxel Merging and Treatment of Terrain Boundaries

Voxel merging lowers the reconstruction resolution in order to keep the problem size tractable; the
dominant reason is memory, because the prior covariance matrix is stored in dense form and its
cost grows as the square of the number of voxels (see “Limitations and Applications”). Merging
aggregates a specified number of subdivisions (e.g., 4 per axis) into a single large voxel, but only
when all voxels within the n, X n, xn, merge unit are fully contained within the terrain; the merged
density is then the average of the original densities. Voxels that straddle the terrain boundary are
left at their original fine-scale subdivision.

As a result, the domain is divided into two regions: the voxels that are the targets of the
three-dimensional reconstruction, and a shell-like region that follows the terrain and consists of
what remains once those reconstruction-target voxels are removed. Only the former are included
as unknowns in the linear inversion, whereas the latter are assigned known or assumed densities
and contribute to the path-length integrals but are excluded from the degrees of freedom of the
reconstruction.

In addition, the user may specify a reconstruction sub-volume in the form of an axis-aligned
bounding box or an elliptical cylinder. Restricting the inversion to physically meaningful portions
of a large domain improves computational efficiency and stabilizes the solution.

2.5 Use of Al-assisted tools

Parts of the MUONITH source code and of the manuscript draft were prepared with the assistance
of large language models. The authors reviewed, tested and edited all such output, and take full
responsibility for the content of the software and of this paper.

3 Results

3.1 Single-direction resolution evaluation

As a demonstration, we applied it to the fumarole system of the Furiko-zawa crater group on Mt.
Tokachi, Hokkaido (crater 62-2; WGS84: 43°25'23" N, 142°4(0/31” E). Using detector det_00 (effec-
tive area S = 0.2m?, observation equivalent to 7' = 120 days), background density pp = 2500 kg/m?,
density contrasts Ap € {—500, —1000} kg/m?, and significance levels a € {0.3,0.1,0.01}, we plot-
ted the relationship between depth below the 62-2 crater surface and spatial resolution (anomaly
size) (Figure [9)).

The resulting detection-limit maps (output format shown in Figure application to Mt.
Tokachi shown in Figure [5)) allow the dependence of detectability on density contrast Ap, anomaly
size, and depth to be read quantitatively. Comparing Figures [5[b) and [5{c), the case with the
larger absolute density contrast, Ap = —1000kg/m? (panel c), exhibits a broader region of signif-
icant detectability, extending to smaller and deeper anomalies than the —500kg/m? case (panel
b). The scaling behavior (diminishing returns) associated with varying the observation-resource
amplification factor 7 is discussed in “Scaling and diminishing-returns effect of the observation-
resource amplification factor n,” where it is used as a basis for considering whether additional
resources should extend the observation time in an existing direction or support observation from
an additional direction.
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3.2 Evaluation of three-dimensional density reconstruction
3.2.1 Simulation setup

The benchmark configuration follows the same terrain and detector-placement conditions as the
muography observations of Omuroyama, Shizuoka, Japan (WGS84: 34°54’14" N, 139°05'44" E) re-
ported in Nagahara et al. (2022). The simulation parameters are summarized in Table|l] Using this
configuration, MUONITH was executed in forward mode to produce, for each detector panel, maps
of expected muon counts, projected density, and the bin configurations before and after merging
(see Figure 3| in “Output Information” of the forward simulation for representative examples).

Table 1: Simulation setup for the Omuroyama benchmark. Note that the effective area and the
observation time differ from those of Nagahara et al. [16].

Ttem Setting

Terrain data Geospatial Information Authority of Japan 5 m mesh DEM
(DEM5A) [51], covering approximately 2000 x 2000 m?.

Voxel resolution 20 x 20 x 20m? after merging; z = 200-600 m, with 5 m pitch
merged by a factor of 4 in the vertical direction.

Detector layout 11 directions following Nagahara et al.[I6]; effective area 0.2 m?

for each detector, 120 observation days, and angular-element size
(0.010)? tan?.

Input density Three-dimensional checkerboard with 200 m interval, back-
ground density 2000kg/m? and alternating +Ap = 500 kg/m3.

Observation condition Detector efficiency variation and physical noise from low-
momentum particles [4] were not included in the baseline.

Flux model Honda et al. (2007) [47].

Energy-loss model Continuous-slowing-down approximation (CSDA) of Groom et

al. (2001) [50].

3.2.2 Reconstruction results

Figure[6]shows the results of applying MUONITH’s multi-directional linear inversion (Equation (18)
of Nagahara et al. 2022; see “Mathematical formulation of three-dimensional density reconstruc-
tion”) to the “Simulation setup.” In the central region, the input checkerboard pattern is qual-
itatively well reproduced, demonstrating high fidelity in areas where multiple viewing directions
intersect densely. Self-evaluation of reconstruction-density errors—statistical error, leave-one-out
error, and mixed error—computed solely from the observation data and viewing geometry with-
out reference to the true model is presented in “Estimation of reconstructed-density errors and
application to real-data analysis.”

In addition, when the reconstruction-parameter set-—density uncertainty o,, spatial correlation
length [, and prior density—is declared as an array in the JSON5 configuration file, MUONITH
automatically performs sequential inversions over the Cartesian product of these parameters in a
single binary execution, and the outputs for each parameter combination are saved in separate
subdirectories.
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3.2.3 Computational Performance

Table [2| presents a comparison between the earlier implementation by Nagahara et al. (2022)—a
GNU Octave—based script—and MUONITH, using measured execution time and memory usage for
the same reconstruction problem (“Simulation setup”). Although the two implementations could
not be executed on identical hardware and the comparison is therefore not strictly controlled, the
reconstruction target, terrain data, and observation conditions are matched.

The primary factors contributing to this performance are:

(i) the C++20 implementation combined with algorithmic optimization via DDA ray tracing;

(ii) large-scale linear algebra enabled by sparse path-length matrices together with Eigen and
OpenBLAS/LAPACK; and

(iii) beam-level parallelization using OpenMP.

The CPU utilization reaches 1501 %, corresponding to a parallel efficiency of approximately
54 % relative to the target 28 threads. Remaining bottlenecks include I/O and serial components
of the bin-merging process.

Furthermore, the same reconstruction problem was executed on a 2022 consumer-grade business
laptop (Intel Core i5-1155G7, 4 cores / 8 threads, 16 GB RAM, WSL Ubuntu 24.04); the runtime
and peak memory are listed in Table [2] Although this is not a controlled hardware comparison, it
confirms portability.

In addition, running the same reconstruction on an Apple Silicon laptop (MacBook Pro; Apple
M4 Pro, 12 cores, 48 GB RAM, macOS 15.7.5) with the linear-algebra backend switched to Apple
Accelerate completed in 31.1seconds (wall-clock; bottom row of Table . Regarding memory, the
physical memory the process actually allocated—the peak memory footprint—was about 4.1 GB,
below the Linux Max RSS ( 6.4 GB).

From these results, MUONITH demonstrates that (i) single-direction observations can quanti-
tatively evaluate resolution metrics for targets on the scale of Mt. Tokachi, (ii) multi-directional
three-dimensional density reconstruction for Omuroyama-scale problems (~ 10* voxels x ~ 106
beams) can be completed within minutes; and (iii) neither a dedicated workstation nor a cluster is
required, since reconstructions complete within minutes even on standard laptop-class computing
environments.

4 Discussion

In version 1.0, the current stage of development is such that, although the core computational
program has been successfully accelerated, the surrounding components—evaluation functions and
iterative control algorithms required for fully automated sweeping of large parameter spaces to find
the optimal allocation of observation resources—have not yet been implemented. Based on this
level of maturity, the following sections describe the extensibility of the tool and its limitations and
applicable scope.

4.1 Extensibility of the Tool

MUONITH exports the observation matrix Ay, the observed and prior muon-count vectors Ngps
and Ny, the prior and reconstructed density vectors p, and p’, voxel coordinates, and row/column
mappings as binary datasets, accompanied by text-based JSON manifests describing their layout, u-
nits, and reconstruction settings. Selected observation matrices, detector maps, and cross-sectional
data can also be exported as ASCII text. Users can therefore test their own reconstruction al-
gorithms in external analysis environments (Python, MATLAB, Octave, R, etc.) without being
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Table 2: Computational performance comparison for the Omuroyama three-dimensional checker-
board reconstruction using observations from 11 directions.

Method Implementation and hard- Runtime Peak memory
ware
Nagahara et al. [16] GNU  Octave, single- about 20 h about 20-30 G-

threaded Linux run

B

MUONITH, server C++420 4+ OpenMP + 47.8 sec wall clock; 6.5 GB Max
machine OpenBLAS/LAPACK; 645.5 sec user; 72.4 RSS
AMD Ryzen 9 5950X, 28 sec system
threads used
MUONITH, laptop Same code; Intel Core i5- 221.8 sec wall clock; about 6.3 GB
1155G7, 4 cores / 8 threads, 528.9 sec user; 138.4 Max RSS
WSL Ubuntu 24.04 sec system
MUONITH, laptop C++20 + OpenMP + Ap- 31.1 sec wall clock; about 4.1 G-
(macOS) ple  Accelerate/LAPACK; 66.3 sec user; 11.6 sec B peak memory
Apple M4 Pro (8P+4E / system footprint

12 cores, 9 threads used),
macOS 15.7.5, 48 GB RAM

constrained to MUONITH’s built-in MAP estimator. Furthermore, because intermediate results
(path-length matrix, observation matrix, prior information) can be saved in binary form, iterative
reconstructions that modify only the inversion conditions (sweeps over o, l., and prior density) re-
quire re-executing only the inversion module, thereby reducing the computational cost of parameter
tuning.

In correlation modeling for three-dimensional density reconstruction, the design of the prior
covariance C, has a substantial impact on the reconstruction results. MUONITH implements not
only the default isotropic exponential correlation model but also a separable anisotropic model
that allows independent specification of horizontal and vertical correlation lengths. This enables
physically motivated priors—for example, assigning a longer horizontal correlation length than
vertical for layered sedimentary structures—to be incorporated directly into the reconstruction.

4.2 Limitations and Applications

From the standpoint of physical modeling and numerical methodology, the first limitation is that
CSDA does not account for energy-loss fluctuations or multiple scattering, which can introduce
systematic errors in density estimation or in special energy regimes; users who need a more precise
estimate are therefore advised to first produce several rough candidate designs with MUONITH
and then pass the promising detector placements to a Monte Carlo-based tool. In addition, note
that applying the reconstruction-parameter set used in the demonstration of “Evaluation of three-
dimensional density reconstruction” (Section directly to smaller structures can excessively
smooth steep density gradients or discontinuous structures (e.g., Figure @ Regarding memory us-
age, because the covariance matrix is stored in dense form, large-scale problems exceeding roughly
50,000 voxels encounter an O(n2) memory bottleneck of about 10 GB in single precision; at present,
voxel merging or specifying reconstruction sub-volumes are the practical workarounds. The current
observation-error model adopts a simplified diagonal Cpy based on a Poisson approximation. De-
tector efficiency and its uncertainty can be supplied within MUONITH as a per-angular-bin table
listing the central efficiency together with its lower and upper bounds, whereas a non-diagonal
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Cy incorporating the remaining detector systematics (geometry uncertainties, background-model
errors) is expected to be implemented externally by researchers using the exported intermediate
data (the observation matrix, the observed and prior muon counts, the row/column ordering, and
the solved equation, written together with a manifest file).

There are also limitations in representing target geometries. At present, reliable evaluation is
essentially restricted to DEMs augmented with basic synthetic three-dimensional structures (DEM
+ «). To directly handle structures that cannot be represented by a DEM, future development
must include support for ingesting CAD-derived geometric models.

5 Conclusion

To support observation planning for multi-directional muography, we are developing MUONITH, a
high-speed simulation tool that supports observation-design evaluation for any target representable
as a DEM—independent of detector type and deployment conditions—within a single environment
spanning pre-observation design through post-observation data analysis. As reported in Section [3] B
Table ' MUONITH reconstructs the Omuroyama benchmark in minutes on both workstation
and laptop hardware—about two to three orders of magnitude faster than the earlier GNU Octave
implementation of Nagahara et al. (2022), at roughly one-quarter the peak memory.

The principal contributions of MUONITH are as follows. It provides a generalized detector
model in which arbitrary detector positions, orientations, fields of view, solid-angle binning, and
exposure times can be defined in JSON5. For single-direction observations, MUONITH quantifies
resolution metrics by evaluating detection boundaries on the depth—anomaly-size plane (see Sec-
tion , enabling practical assessment under realistic JSON5 configurations for actual volcanoes
such as Mt. Tokachi. For multi-directional observations, a regularized linear inversion is provided
as a standard implementation (see Appendix . Through binary input/output of intermediate
results, MUONITH allows users to sweep inversion conditions while keeping detector geometry
fixed, and to integrate user-defined reconstruction algorithms. By unifying virtual design and real-
data analysis within a single pipeline, MUONITH enables seamless workflows from pre-observation
design evaluation to post-observation reconstruction.

MUONITH is intended to complement detailed Monte Carlo-based tools and script-based frame-
works such as SMAUG and MUYSC, forming a foundation for integrated workflows that span obser-
vation design, sensitivity evaluation, and real-data analysis. In version 1.0, MUONITH has reached
the stage where single-direction resolution evaluation and multi-directional three-dimensional densi-
ty reconstruction—based on the generalized detector model-—can be completed within minutes even
on consumer-grade laptops. Future work includes fully automated sweeping of large observation-
configuration parameter spaces using evaluation functions and iterative control, optimization of
reconstruction for arbitrary three-dimensional geometries, and development of calibration and
background-correction pipelines for ingesting real observational data.
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Appendix

A Synthetic density structures

Via JSONS, arbitrary artificial density structures can be generated in the three-dimensional voxel
space. The available structures are checkerboards (two-dimensional / three-dimensional), ellipsoid-
s, elliptical cylinders, and so on. Each structure is given a relative density Ap with respect to
the background density, allowing density contrasts to be evaluated. Multiple structures can also
be superimposed to imitate complex internal structures, which is used to verify the reconstruc-
tion accuracy of inverse-analysis algorithms before actual observation. See the docs of the public
repository for the list of structure types that can be generated and how to configure them.

B Scaling and diminishing-returns effect of the observation-resource amplifica-
tion factor 7

The detection limit depends on the observation resource S'xT" and on the solid angle AS2 through the
field-of-view division. The solid angle can be gained by shortening the distance to the observation
target, but when the target is a volcano there is an accompanying trade-off: closing the distance
too much makes it impossible to see through the deeper parts of the edifice. The observation-
resource amplification factor 7 is defined in “Calculation method” of the evaluation of density and
spatial resolution in single-direction observation. Owing to the v/N property of Poisson statistics,
increasing S x T shifts the detection boundary toward smaller anomalies and greater depths, but
the improvement from x10 — X100 is smaller than that from x1 — x10, and a diminishing-
returns effect is clearly observed. This diminishing-returns assessment provides a basis for deciding
whether additional observation resources should be allocated to extending the observation time in
an existing direction or to observing from an additional direction. Figure[7|shows the scaling of the
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detection boundary and the diminishing-returns effect when the observation-resource amplification
factor n is varied as x1, x10, x100.

Table 3: Notation list for 3D density reconstruction.

Symbol Dimension Meaning Category

L Ng X Ny Path-length matrix. L;; is the geometric path length input
[m] over which beam ¢ traverses voxel j (computed by
DDA ray tracing)

Po Ny X 1 Prior density [kg/m?] input
op scalar Density uncertainty [kg/m?] input
le scalar Spatial correlation length [m] (horizontal and vertical —input

independently specifiable)
Nobs ng X 1 Observed muon counts input

Cyn ng X ng Error covariance of the muon counts (diagonal; the input
variance of the detector-efficiency uncertainty may be
added to the Poisson term)

dN;

Ix ng X 1 Differential sensitivity of the muon transmission spec- input
*1Xo,4 trum at angular element ¢; the value evaluated at the
prior density length X ;, precomputed from the table
of the penetrating muon flux F
X; scalar Density length at angular element i [kg/m?] intermediate
Ay ng X Ny Observation matrix. Ay,;; = ON;/0p; =~ L;; - intermediate
dNi/dXi|X0,i
C, Ny X Ny Prior density covariance (smoothness constraint) intermediate
No ng X 1 Expected muon counts based on the prior model intermediate
p Ny X 1 Reconstructed density (posterior mean) output
C, Ny X Ny Posterior density covariance output

C Mathematical formulation of three-dimensional density reconstruction

This appendix provides the mathematical details outlined in “Three-dimensional density recon-
struction,” following Nagahara et al. [16].

The relation between the voxel density vector p (of dimension n,) on the three-dimensional
voxel space and the density length X; at each angular element ¢ is given by

Xi =Y Lijpj (3)
j

where L;; is the geometric path length in m over which beam i traverses voxel j, computed by
DDA ray tracing (Appendix. The expected muon count in each beam is expressed as a nonlinear
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Figure 7: Scaling and diminishing-returns effect of the observation-resource amplification factor
1 (detector det_00; the Furiko-zawa fumarole group / 62-2 crater of Mt. Tokachi, Hokkaido; the
same target and basic settings as Figure . In a 3-row x 2-column layout, the rows correspond to
the observation-resource amplification factor signal_amp = n = 10" (x1), 10! (x10), 10% (x100)
(from top to bottom), and the columns to the density contrasts Ap = —500kg/m? (left; (a)(c)(e))
and Ap = —1000kg/m? (right; (b)(d)(f)). In each panel the horizontal axis is the size of the density
anomaly [ [m], the left vertical axis is the depth D [m] to the top of the anomaly, and the right
vertical axis is the elevation [m a.s.l.]. The color is the one-sided p-value; the contours are p = 0.3
(white solid), 0.1 (white dashed), and 0.01 (black dash-dotted); the magenta vertical bar is a guide
for the anomaly size; the gray area indicates the region geometrically excluded from the evaluation.
Raising 7 expands the detection boundary (the p contours) toward smaller anomalies and greater
depths, but the width of the expansion from x10 — x100 is smaller than that from x1 — x10,
from which the diminishing-returns effect can be read.
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function of the density length,
Ni = gi(X;) (4)

where g; is the function obtained by multiplying the CSDA flux-table lookup at the i-th angular
element by the effective area, the solid angle, and the observation time. Linearizing around the
prior density length Xo; = >, Lij po,j, the muon-count sensitivity matrix Ay (the observation
matrix) can be written as oN N
i Vi
ANJJ apj ~ Ll] dX; Xou (5)
(Eq. (18) of Nagahara et al. [16]). Here dN;/dX; is the differential sensitivity obtained from the
muon transmission spectrum and is evaluated from differences of the CSDA table. Because this
form of A is linear with respect to bin consolidation, it has the numerical advantage that each
row of the observation matrix can be treated as a simple sum even under adaptive bin merging (see
“Calculation procedure” of the forward simulation).

Following the framework of Bayesian inverse analysis with a Gaussian prior [52], in the formu-
lation of the previous study [5] that applied it to the three-dimensional density-structure recon-
struction of the Showa-Shinzan lava dome integrating muon transmission observations and surface
gravity-anomaly observations, the posterior density p’ is obtained as

_ —1y—1
Cy = (ALCH'AN +C,Y) (6)
6p = C,y ANCr (Nops — No) (7)
P =py+ip (8)

See Table [3| for the symbol definitions and the input/output classification of each quantity.

Even when the uncertainty of the detector efficiency is included in the evaluation, MUONITH
treats Cy as a diagonal matrix. This is not a claim that correlated efficiency errors do not exist;
rather, it is because the efficiency table consumed by MUONITH gives only the median and the
upper and lower ends of the efficiency of each angular element, and does not specify the correlation
coefficients between angular bins or between detectors, nor a common calibration source. In this
paper we assume that the efficiency errors are fully correlated within each merged angular bin and
uncorrelated between different merged bins. Under this assumption, the efficiency uncertainty that
co-varies within the same merged bin can be folded into the diagonal component as the variance
term of that bin. On the other hand, a common calibration error spanning an entire detector or
multiple detectors is a quantity that should properly be represented as off-diagonal components,
but it is not treated in the fast evaluation model of this paper. This is because the main use
of MUONITH is the comparison of observation layouts and relative contrasts, and the rigorous
evaluation of systematic errors in absolute density belongs to a stage that should be carried out
separately with an explicitly stated correlation model.

Let the angular elements contained in a merged angular bin g be k € g, the median efficiency
in the efficiency table be ¢, and the half-width between the upper and lower ends be

1
(55k: = 5 (Eupch - Eloch) . (9)

Let bg be the reference count before the efficiency is applied.
Writing the element count at the median efficiency as Ny = epbg, the relative uncertainty as
s = dey/ek, and the merged count as N, = ZkEQ Ng, in the relative notation of the merged bin
used in the discussion,
_ 2keg SNk

Sg N, ) (39N9)2 (10)
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is the variance term of the efficiency uncertainty. Here s Ny = Jepbr, so the component that
co-varies within the same group by default is written, in the absolute notation used in the imple-

mentation, as
2

0-52,9 = 255kbk . (11)

keg

When treated as components independent per angular element,

02, =" (derbi)® (12)

keg

is used. The diagonal component of Cy is therefore the Poisson variance N, plus the variance of
the efficiency uncertainty,
2
(CN)gg =Ny + O¢ g (13)

This term does not replace the statistical error; it is a term added in quadrature as the uncertainty
of the observed counts.

In addition to the default exponential (isotropic) prior covariance, MUONITH implements a
separable anisotropic correlation in which the horizontal and vertical correlation lengths are speci-
fied independently.

dij
Crij = 0?, exp (lj> (14)

MUONITH uses matrix representations by Eigen and platform-native LAPACK linear-algebra
libraries. The inverse of the posterior covariance C, is computed by LU decomposition. Both
single and double precision can be selected, with single precision as the default (double precision
for ill-conditioned problems). As the constraint that the covariance matrix requires O(n2) memory
in dense representation, the memory reaches about 10 GB in single precision when the number of
voxels exceeds about 50,000, which is set as the safety threshold. When this is exceeded, resolution
coarsening or specification of a reconstruction subvolume (see “Voxel Merging and Treatment of
Terrain Boundaries”) is recommended.

D Estimation of reconstructed-density errors and application to real-data anal-
ysis

In real-data analysis of muography the true values of the reconstructed density are not available, so
the reconstruction error cannot be measured as the difference from the truth. Furthermore, even if
the three-dimensional density used as the input of the forward computation (the truth) is compared
directly with the reconstructed three-dimensional density, high-frequency components beyond the
three-dimensional spatial resolution of the reconstruction merely appear as errors, and this does
not serve as a metric expressing the reliability of the reconstruction. The error must therefore
be self-evaluated from the observation data and the observation conditions alone, and MUONITH
implements this self-evaluation in the same framework as Nagahara et al. [16].

MUONITH estimates the density error of the three-dimensional density reconstruction (Ap-
pendix see “Evaluation of three-dimensional density reconstruction”) without reference to the
truth. For each voxel j, the mixed error dpiotal j is the root sum of squares of the prior error, the
statistical error, and the leave-one-out error,

5pt0tal,j = \/5p12)rior,j + 5p§)ost,j + 5/)%00,]' (15)
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(16)

1 k
Oppriorj = 5 |Pupp.j = Plowjl s Oppostj = \/(Cp)jjs  dproo,; = max 5" =}

Here pypp,; and piow,; are the upper and lower ends of the prior density model; C, is the posterior
covariance of Eq. @, so that dppost is the statistical error originating from the noise covariance
Cx; and p/®) is the reconstruction with detector k omitted (11 runs here, one per detector), which
is compared with the reconstruction p’ using all detectors, so that dpr,00 expresses the dependence
of each voxel on the viewing-field arrangement (the robustness of the observation geometry). All
three terms are obtained from the observation data and the observation geometry alone, and can be
applied as they are to real-data analysis where the truth is not available. These three density-error
maps are shown in Figure [8] for the observation data generated by the forward computation of
MUONITH (Omuroyama, 11 directions, the same settings as Figure @

E Intermediate data storage/output and extensibility to user-defined recon-
struction

The storage and partial recomputation of intermediate results, and the output of intermediate data
for external tools, are both mechanisms for reusing the intermediate results of MUONITH. The
former aims at reducing computational cost, the latter at extending the analysis independently of
the internal reconstruction logic.

E.1 Binary storage of intermediate results and partial-recomputation strategy

The intermediate results of each computation stage (the path-length computation results, the ob-
servation matrix, the prior information, and so on) can be individually saved to and reloaded from
binary files. In addition, a coarse checkpoint mechanism is provided that stops the computation at
an intermediate stage and restarts from the saved intermediate results. This makes the following
operations possible.

o Iterative comparison of reconstructions in which only the inverse-analysis conditions (regu-
larization strength or prior density) are changed.

o Switching the density contrast or the noise conditions while keeping the DEM and the detector
placement unchanged.

e Recomputing only some of the stages.

Depending on the parameter to be changed, the stage from which re-execution must start is
organized as in Table

See the docs of the public repository for the storage targets of the intermediate results and for
how to operate the checkpoints.

E.2 Intermediate data output for external tools

MUONITH exports the observation matrix A, the observed and prior muon-count vectors Nyps
and Ny, the prior and reconstructed density vectors p, and p’, voxel coordinates, and row/column
mappings as binary datasets, accompanied by text-based JSON manifests describing their layout,
units, and reconstruction settings. Selected observation matrices, detector maps, and cross-sectional
data can also be exported as ASCII text.
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Figure 8: Estimation of the density errors in the Omuroyama three-dimensional density reconstruc-
tion (pg = 2000kg/m?3, £Ap = 500kg/m3, voxel 20m, the same settings as Figure @ In a 5-row
X 3-column layout, the rows correspond to five cross-sections at different elevations, from top to
bottom at elevations of 530,490,450, 410,370 m (descending elevation). The left column (a)—(e)
shows the statistical error originating from the noise covariance Cy, the middle column (a’)—(e’)
the leave-one-out error obtained by omitting one detector in each run, and the right column (a”)-
(e’) the mixed error combining the prior error, the statistical error, and the leave-one-out error
in root sum of squares. The horizontal axis is easting and the vertical axis is northing (both in
[km]). The group of triangular markers in each panel indicates the 11 detector positions, and the
common vertical color bar at the right end is the density error [kg/m?] (range 0-500). A tendency
can be read that the error is small in the central part where the fields of view intersect densely and
increases in the peripheral parts where the lines of sight are sparse.
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Table 4: Starting stage of re-execution for each changed parameter.

Changed parameter Starting stage of re-execution
Detector position / attitude Trace Path Lengths
DEM / grid extent Build Geometry
Voxel resolution (merge) Build Geometry
Density uncertainty o, / horizontal correlation length / Invert Density
vertical correlation length
Uniform prior density Compute Prior
Flux table Compute Prior
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