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KEY POINTS
® Snoke’s low-frequency spectral-level coefficient is 2, not 41/4,

® This V2 error underestimates seismic moment by v2 and M,, by ~0.1.

® Stress drop, radiated energy, apparent stress, and energy budgets change accordingly.
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ABSTRACT

Source parameters such as seismic moment, corner frequency, stress drop, radiated energy, and
apparent stress are often derived from the Brune (1970) source spectrum. Building on this,
Andrews (1986) formulated analytical relations that link those parameters to spectral integrals of
squared velocity and displacement, and Snoke (1987) introduced an approximation that enables
their practical estimation from limited-band data. However, subsequent studies have adopted
inconsistent numerical coefficients in Snoke’s expression for the low-frequency spectral level. Our
rederivation confirms that the correct coefficient is 2, rather than 41/4, and shows that the
discrepancy arises from a computational oversight in the original formulation. We further clarify
how Snoke’s integral approximation extends to radiated energy and apparent stress, highlighting
the linkage between inferred source parameters, dynamic rupture process, and energy balance.
This re-examination would support consistent use of spectral formulations in earthquake source
parameter estimation and underscore the need for caution when estimating and interpreting source

parameters, especially secondary quantities.
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INTRODUCTION

Earthquake source parameters provide critical insights into faulting and energy radiation processes.
Their estimation often relies on spectral modeling, particularly in quantifying seismic moment,
corner frequency, stress drop, radiated energy, and apparent stress. A widely used spectral model
that embodies these characteristics is the Brune (1970; 1971) model, which describes the far-field
source spectrum with two asymptotic behaviors: a constant plateau at low frequencies and an f 2

decay at high frequencies.

Building on the asymptotic characteristics of the Brune model, Snoke (1987) proposed a method
for estimating source parameters by approximating the displacement spectrum across specific
frequency ranges. His approach incorporates squared spectral integrals of squared velocity and
displacement, denoted of J and K, which were originally formulated in analytical form by
Andrews (1986). This approximation enables stable evaluation of the integrals and relates
observable spectral quantities to key source parameters. As a result, Snoke’s method has been
widely used and has formed the basis for many subsequent studies (Gibowicz et al., 1991; Kwiatek

and Ben-Zion, 2016; Chen et al., 2025).

However, later studies differ in how they implement Snoke’s low-frequency spectral level
expression, specifically Equation (10) in Snoke (1987). Some retain the original coefficient of
41/* (Garcia-Garcia et al., 1996; Kumar et al., 2005; Rhee and Sheen, 2016; Raub et al., 2017;
Lim et al., 2024), whereas others adopt the value 2, often citing Andrews (1986) alongside Snoke
(Urbancic et al., 1996; Kwiatek et al., 2010; Ahn et al., 2025). This discrepancy, which corresponds
to a factor of 2/4Y* (ie., V2), leads to a systematic 1.4-fold difference in seismic moment

estimates and an 0.1-unit shift in moment magnitude.
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In this study, we revisit Snoke’s (1987) integral formulation by analytically re-examining its
derivation from the Brune source model and show that the coefficient in his Equation (10) should
be corrected from 4/* to 2. We also clarify how Snoke’s approximation for the squared spectral
integrals extends to limited-band data, as noting that the squared velocity integral represents energy
flux in the far field. This links earthquake source parameters to strain-rate evolution and energy

radiation, and serves as a reminder of underlying assumptions and uncertainties in such estimates.

ANALYTICAL DERIVATION AND COEFFICIENT CORRECTION
Source Spectra and Definition of | and K
The Brune (1970; 1971) source model is one of the most widely used for characterizing earthquake

source spectra. It describes the far-field displacement amplitude in the frequency domain as

U =—2

N

(1

where (1, is the low-frequency level, proportional to the seismic moment M,, and f. is the
corner frequency. At low frequencies (f « f;), the displacement spectrum approaches a constant

value (£2,), whereas at high frequencies (f > f,), the spectrum decays as f~2 (Figure 1).

Building on this spectral form, early studies (Andrews, 1986; Snoke, 1987) linked spectral
observations to earthquake source parameters by defining two key squared spectral integrals, |

and K. The squared velocity integral ], which uses the relation |V (f)| = |2xfU(f)|, is given by:

J=2[] V(O df =2 [ 12nfU(HI? df =2 [, |wU(w)[? df, )
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and the squared displacement integral K is defined as

K =2[ U df =2 [ |U()? df. 3)

Here, the first forms of /| and K correspond to the definitions of Sy, and Sp, in Andrews
(1986), whereas the last forms follow the notation adopted by Snoke (1987). Although their forms
differ, the integral values are identical under the transformation w = 2mf because the Brune
spectrum depends only on the ratio f/f. (or w/w.), so Snoke’s w-based notation represents the

same spectral shape and is still evaluated over f.

Analytical Derivation of | and K

We now derive explicit expressions for the squared spectral integrals /| and K, expressed in terms
of the low-frequency spectral level (2, and the corner frequency f.. Substituting U(f) into the
definition of J from Equation (2) and introducing the change of variables x = f/f, (with df =

f. dx), we obtain

o x2 dx

] = 2(27‘[)2.08]%3 fO m (4)
Using the standard result [ Ooo x2/(1 4+ x?)? dx = /4, this yields
J = 2m303f3 =203 Q2nf.)?. (5)

Likewise, the squared displacement integral K can be obtained from Equation (3) as

o dx

1
K =208, |, ey = 208fc 7 = 10821 f). (6)
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Equations (5) and (6) are consistent with the formulation of Andrews (1986). These relations can
be algebraically inverted to solve for (2, and f. in terms of J and K. This forms the basis for
estimating source parameters from spectral data, an approach later adopted by Snoke (1987) but

with a coefficient error that we address in the following section.

Low-Frequency Level Coefficient Correction

We solve for the corner frequency f. and the low-frequency spectral level (2, using the analytic
expressions for / and K. From Equations (5) and (6), dividing /] by K eliminates (2, and

yields J/K = 4m?f?, which leads to the expression for the corner frequency

f= () =2 % ™

This form is identical to Equation (10) in Andrews (1986) and Equation (11) in Snoke (1987).

Substituting Equation (7) into Equation (6) to solve for (2, gives

K="p21 |1 (8)

270 2m K"
Rearranging yields

K K3/? K3
"Qg = l(i)l/z =4 J1/2 =4 7’ (9)

and taking the square root gives

K_3)1/4.

2 (10)
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Equation (10) shows that the coefficient in front of (K3/J)/* is 2, which is consistent with the
expression by Andrews (1986) but differs from the 4/4 used in Equation (10) of Snoke (1987).
Because this result follows directly from Snoke’s own definition, the coefficient 4%/* in his
formulation should be replaced by 2. This is supported by two internal consistency checks. First,
Snoke’s Equations (7) and (9) both express Brune’s stress drop in terms of / and K; equating
them and solving for (2, yields the same form as Equation (10) here. Second, substituting Snoke’s
Equation (10) into his Equation (6) does not reproduce his Equation (11), whereas the equivalence

is recovered only when coefficient is 2.

EFFECTS AND IMPLICATIONS OF COEFFCIENT CORRECTION
Seismic Moment and Stress Drop

The change of the coefficient from 4'/* to 2 leads to an underestimation of M, by a factor of
V2, corresponding to ~0.1 unit in moment magnitude. This difference propagates into stress drop.
Brune (1970; 1971) linked M, to f. based on the assumption of 100 % stress drop occurring
instantaneously over a circular fault of radius r (i.e., infinite rupture velocity) and the S-to-P wave

conversion factor as 0.8. Then, the static stress drop Aoy can be expressed as

7 M
Aop = hV-Qofc3 = hM,f = Er_:’ (11)
3
_7( 2m 1 __ 4mpp? _kB . _Jim/4 234 .
where h—16(mﬁ> , Y = s and r = 7 with k = . = 0.372. B is the S-

wave velocity; if the medium is depth-dependent (i.e., 1-D velocity model), B3 may be

approximated as B2°(9-5, where subscripts s and r denote the source and receiver regions,
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respectively (e.g., Aki and Richards, 2002). p is the density, and Rg = /2/5 is the spherical

average of the double-couple S-wave radiation pattern.

From Equation (11), underestimating M, by a factor of v/2 due to the coefficient error leads to
a proportional underestimation of Aop by the same factor when f, is determined independently,

for example by spectral curve fitting. If f,. is instead obtained using Snoke’s formulation, Aog

increases by V2, because Snoke rewrote f. in terms of 2, and J using Equation (5):

r=t(2)" (12)

™
Equation (11) shows that stress drop scales with f;3. Stress drop estimates are therefore inherently
sensitive to how f. is determined and often show large scatter (e.g., Abercrombie, 2021; Son and

Chaves, 2025). Snoke’s formulation for f, in Equation (12) instead makes Aoy linear in J/0Z.

In the ideal broadband limit, J is a model-independent observable (e.g., Ji et al., 2022).

In practice, however, | is estimated from band-limited data and thus involves extrapolation
beyond the available bandwidth (Di Bona and Rovelli, 1988; Ide and Beroza, 2001). Snoke (1987)
implicitly assumed a Brune-type spectrum with f. lying between f; and f,, a constant level (2,
below f; and an f~2 decay above f, (Figure 1). This yields a band-limited estimate Jspokes

constructed from observable spectral values over f € (fy, f2) (see also Appendix):

Jsnoke = ;[w190]2f1 + 2 f£2|wU(0))|2df + 2w U(wy) |2 f>. (13)

This extrapolation approach has been widely adopted in subsequent studies to estimate far-field
radiated energy from band-limited observations (Mayeda and Walter, 1996; Collins and Yong,

2000; Baltay et al., 2014; Bindi et al., 2025).
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Radiated Energy and Apparent Stress

The radiated energy can be defined as the traction-velocity flux integrated over a radiating
boundary (i.e., a closed far-field surface S;), as given by the first form of Equation (14) (e.g.,
Rivera and Kanamori, 2005). Under the far-field approximation, this definition reduces to an
expression in terms of the particle velocity. Applying Parseval’s theorem then yields a spectral
form involving the squared velocity spectrum (e.g., Vassiliou and Kanamori, 1982; Andrews,

1986). For S-waves:

Ep =[5, [(om V) n dtdS = 4npB [7 v(OI7dt =8mpp [[IW(OI* df  (14)

Here, 6, denotes the stress tensor associated with the radiated field, representing only the portion
of stress that contributes to seismic wave radiation. v(t) is the particle velocity vector on S, n
is the outward unit normal, and ¥(f) denotes the Fourier transform of v(t). The last expression

involves the squared integral of the velocity spectrum and is therefore equivalent to 4mpf].

Normalizing the radiated energy Ep by the seismic moment M, gives the apparent stress (Wyss

and Brune, 1971; McGarr, 1999) as

_ E_R_E_R_O'()'FO']__ —
Oa =Hy =p4="7 ~Or (15)

Here, p is the shear modulus, D is the averaged total slip over the fault plane, and A is rupture
area. The loading (driving) shear stress in the surrounding rock decreases from g, to o; alonga
linear elastic unloading path of the loading system governed by the system stiffness, and o

represents an average of the resisting stress o on the fault plane during the slip D (Figure 2).
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Note that the definitions of E; and o, are independent of any particular source spectral model.

However, in practice, estimating Ep requires model assumption since available observations are
band-limited. For example, if Ey is obtained by directly integrating the squared velocity spectrum

based on Snoke’s extrapolation approach (i.e., by using Js,oke), the underestimation of M,

caused by Snoke’s coefficient error linearly increases o, by V2, following the first expression

in the following equation:

O] _ 402 g3 OBV

O' =
a = H Mo My 2

= =2 Mof3/B°. (16)

If, instead, Er is evaluated using the analytic solution for J in Equation (5) (i.e., by adopting
modeled spectra over the full frequency range), an underestimation of M, decreases o, by V2,
following the last expression in Equation (16). Some studies (Rhee and Sheen, 2016; Lim et al.,
2024; Ahn et al., 2025) further implement an iterative approach in which 2, is reintroduced into
Jsnoke- This makes the coefficient error propagate nonlinearly, although the nonlinear effect is
usually small because the dependence on (2, is cubically scaled by the low-frequency limit f;

(Equation 13).

From Static Parameters to Dynamic Insights

Correcting the low-frequency spectral coefficient alters the estimates of key source parameters
such as My, 4o, Eg, and og,. These quantities reflect the time-integrated effects of dynamic
rupture and are linked through energy balance. The total potential energy released can be written

as Equation (17), separating the radiated energy Er and the dissipative terms E; (fracture

10
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energy) and Ep (frictional energy) (e.g., Rivera and Kanamori, 2005; Lambert and Lapusta, 2023;

Krammer et al., 2024):

oot
2

AW = [, [o:&dtdV = [, [ oyde;dV = [, “=2DdA=Ez+ Eg+Ep. (17)

Here, 0:& = 0;€;; denotes the stress-strain rate power density within the volume V' inside S,.
The volume integral reduces to work on the fault plane of area A, where the slip D represents the
average final displacement produced during the linear elastic unloading of the loading stress from
oy to oy (Figure 2). E; includes all dissipative processes associated only with crack growth
localized near the crack tip or within the cohesive zone, and E;/A corresponds to the breakdown
work (density) W}, in cohesive-zone models. The remaining dissipative part, Er, accounts for
frictional or other non-localized processes, including heat generation along the slipping fault, and
represents late-time dissipation that dominates the tail of the energy budget. This form of the
energy balance remains unchanged even when gravitational or rotational kinetic contributions are

considered.

Thus, as shown in Figure 2a, the static stress drop A = 0y — g; and the apparent stress o,
together constrain the partitioning of released energy between seismic radiation and fracture
processes when the final stress equals the minimum resisting stress during slip, g, = afmin. This

condition, corresponding to the absence of undershoot or overshoot, simplifies Equation (18) to

Equation (19):

AW — Ep = Eg + Eg = 0,DA + GA = 22 DA + (0, — /"™ DA, (18)

Ep + Eg = 0,DA+ GA =""DA. (19)

11
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In Equation (19), the static stress drop 4o represents the total stress release that accounts for both
seismic radiation and the localized breakdown work near the rupture front, whereas the apparent
stress 0, quantifies the portion of this release that is converted into seismic radiation and

observed in ground motions.

Because correcting the low-frequency coefficient changes both Ao and g, it alters their ratio
and therefore affects the fracture energy inferred under the assumption g, = ]Z"i". Under this
assumption, the energy-based radiation efficiency n£ in Equation (20) reduces to the radiation
efficiency or ratio 1,- in Equation (21) (e.g., Venkataraman and Kanamori, 2004), and the inferred

fracture energy density G’ follows as in Equation (22) (e.g., Abercrombie and Rice, 2005):

E _ _Er
77r - ER+EG, (20)
Oq
nr - AO_/ZJ (21)
, 4 4
6 =(%-0.)D="2(1-n)D. (22)

Accordingly, if Ao is underestimated while o, is overestimated, both by a factor of V2 as
implied by Equations (11) and (15), 1, becomes twice its true value, leading to a corresponding

decrease in the inferred fracture energy density G'.

More generally, the impact of such misestimations can be explored using the ratio G'/G’ in Figure
3, where the hat denotes misestimated quantities. The curves show that G'/G’ decreases rapidly
as 7, increases. In this bias case, the inferred fracture energy may be underestimated by more
than an order of magnitude for high efficiency events, and the bias becomes stronger under
undershoot conditions (see also Figures 2b and 2c¢). This view is likely to be more relevant for

12
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small earthquakes, where undershoot effects can become significant in the energy balance (Gabriel

etal., 2024), since Snoke-based spectral analyses have been widely applied in that magnitude range.

CONCLUSION

This study revisits Snoke’s (1987) spectral integral formulation and corrects the low-frequency
coefficient from 4'/* to 2, which corresponds to 1.4-fold reduction in seismic moment estimates
and an 0.1-unit decrease in moment magnitude. The corrected coefficient thereby refines the
quantitative link between earthquake source parameters and their dynamic implications,
emphasizing the sensitivity of inferred energy balance to even small inconsistencies. Such
sensitivity can introduce systematic bias in derived quantities, particularly in secondary parameters
such as apparent stress, stress drop, and fracture energy. Recognizing these effects is essential for

exploring how earthquakes generate and dissipate energy.
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364  Figure 1. Brune (1970) source spectra in log-log axes (dashed, dash-dotted, and solid lines): low-
365 frequency spectral level (long-period plateau) f2,, corner frequency f., and high-frequency f =2
366  decay. Gray shaded regions denote off-band frequencies outside the usable bandwidth [f;, f5]. The
367  background curve represents an example spectrum, with the solid segment lying within the
368  observable band (which may extend beyond [fj, f>]) and the dotted segments lying outside the

369  observable band.
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Figure 2. Schematic energy partitioning during fault slip on a unit area: (a) Case without

undershoot or overshoot, where the seismological radiation efficiency 7, = g,/(Ac/2) directly

represents the partitioning of released energy between seismic radiation and fracture processes; (b)

Undershoot case where 17, reflects only part of the fracture process, so the seismologically

inferred fracture energy per unitarea G’ is smaller than the true fracture energy G; (¢) Undershoot



377  casewhere 1, > 1 and G’ becomes negative. The first column is adapted from Abercrombie and
378  Rice (2005), Cocco et al. (2023), and Lambert and Lapusta (2023); the second column recasts the

379  same budgets in a geometric form.
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Figure 3. Relative change in inferred fracture energy per unit G' as a function of radiation

efficiency or ratio 7,., illustrating how biases in the static stress drop 4o and apparent stress a,,

arising from an underestimated low-frequency spectral level by a factor of V2, as in the Snoke

formulation, affect G'.Here G’ denotes the value inferred from the biased source parameters. The

solid line corresponds to the case in which Ao is underestimated by 2 and o, is

overestimated by V2. The dashed line shows the case where only ¢, is overestimated, and the

dotted line shows the case where only Ac is underestimated.
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APPENDIX
Clarifying Snoke’s approximation of the Squared Spectral Integrals

Snoke (1987) approximated ] over a limited frequency band, implicitly assuming f. € (fy, f>)

as
Isnoke = %[ahﬂo]zﬁ + 2 f£2|wU(0))|2df + 2|(U2U((Uz)|2f2- (Al)

To reconstruct Equation (A1), we define a piecewise displacement spectrum U(f) based on
Snoke’s stated assumptions of a constant amplitude below f; andan f~2 decay above f,, with

¢ being constant:

2 for f<fi
) = u(f) for fi<f<fa
{f2 for f,<f

(A2)
The spectral integral J, defined in Equation (2), then becomes
oo —~ 2
J =2 |2nfUN|" df =]y + ]2 +]a, (A3)

with the individual components given by

Jr = 2 [ 2mf 0o 2df = 2 [} w0 Pdw o= = 2 (w0012, (A%)
J = 2 [Pl2rfu(n)IPdf =2 [Plou(w)?df, (A5)
Js = 2 [ \2nf¢f 2Pdf = 2(2m0)? [ f2df = 2(2m0)?f (A6)

Using U(f,) = {f; 2, we can express J; in terms of the boundary value:
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423

Js = 2@2rf 72, = 2|00 fo (A7)
Assuming continuity at f,, where { = U(f,)f# and thus U(f,) = U(f,) gives
I3 = 2|a)2U(a)2)|2f2. (A8)

Taken together, Equations (A3) through (A8) reproduce the approximation Js,.x. Proposed by

Snoke (1987). A similar approximation was applied to the spectral integral K.

A notable feature is that Equations (A6) through (A8) show how the tail integral for f > f, can

be approximated by the squared velocity spectrum at the boundary frequency f,, scaled by f:
[ (@) df ~ LV (I (26)

This indicates that, in log-log space, the tail integral for an f~2 decay can be viewed as the area
of a triangle equivalent to the rectangle defined by f, and |V (f,)|?, showing that the local value
at the boundary encapsulates the entire tail contribution. This representation was further examined

and refined by Ide and Beroza (2001).
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