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Abstract13

Effective viscosity in crystalline solids commonly depends exponentially on temperature, pres-14

sure, compositionandother state variables, producing spatial variationsovermanyordersofmag-15

nitude and making variable-viscosity Stokes flow numerically demanding. We develop an exact,16

coordinate-independent reformulation using logarithmic viscosity Λ = ln(𝜂/𝜂0) and renormal-17

ized velocity v = (𝜂/𝜂0)u. The transformation identifies 𝜉 = ∇Λ as the local measure of viscos-18

ity heterogeneity: its magnitude and direction determine how spatial viscosity variations mod-19

ify the flow, while the absolute viscosity scale controls conversion back to the physical velocity.20

Multiplicative viscosity contrasts thereby become additive variations in Λ, and a fixed-reference-21

viscosity Stokes operator can be retained. Viscosity heterogeneity enters through coupling terms22

constructed from v and 𝜉 together with a corresponding transformed mass-conservation source.23

Weverify the formulationwithanexactmanufacturedsolution, a two-regionCartesianbenchmark24

and two complementary three-dimensional spherical-shell calculations. In the first spherical test,25

a lateral viscosity contrast of 104 redistributes a simple buoyancy-driven poloidal response into26

broad-spectrumpoloidal and toroidal flowcontributionswhoseharmonic contentagreeswith the-27

oretically predicted selection rules. The degree-one toroidal degeneracy is resolved by imposing28

zero angular momentum on the reconstructed physical flow while preserving dynamically forced29

differential rotation. The resulting flow develops substantial shorter-wavelength surface diver-30

gence and radial vorticity, and the calculation converges in 49 fixed-point updates. In the second31

spherical test, a hemispheric viscosity contrast extending to 106 produces the expected inverse-32
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viscosity scaling of sinking speedwhile the large-scale streamline geometry changes only weakly.33

The renormalized velocity remains close to the isoviscous solution through most of each hemi-34

sphere, while reconstruction of the physical velocity produces the large difference in flow speed.35

Together, the two spherical tests show that the dynamical influence of viscosity heterogeneity de-36

pends strongly on the spatial structure of ∇Λ, and cannot be characterized by viscosity contrast37

alone.38

1 Introduction39

The effective viscosity characterizing creeping flows in crystalline solids is rarely uniform. In such solids,40

deformation is controlled by thermally activated processes involving point defects, diffusion, disloca-41

tionsandgrainboundaries. Temperatureandpressure thereforeenter theconstitutivebehaviour through42

exponential factors, while composition, grain size, volatile content andmineral phase can introduce fur-43

ther large variations (Poirier, 1985; Karato, 2008). In planetary interiors, effective viscosity may span44

many orders ofmagnitude and exerts a fundamental control on convection, horizontal surfacemotions,45

gravityanomaliesand theverticaldisplacementofmaterialboundaries (RichardsandHager, 1989;Zhang46

and Christensen, 1993; Čadek and Fleitout, 2003; Kaban et al., 2007;Moucha et al., 2007).47

Theexponential character of these rheologies points naturally to logarithmic viscosity as the variable48

that measures spatial heterogeneity, which we define as follows:49

Λ = ln ( 𝜂
𝜂0

) , 𝜉 = ∇Λ = ∇𝜂
𝜂

,

where 𝜂0 is a chosen reference viscosity. The vector 𝜉 measures the local fractional change of viscosity50

and retains its magnitude and direction under any uniform rescaling of the complete viscosity field. It51

is therefore independent of the arbitrary overall viscosity scale. A multiplicative viscosity contrast be-52

comes an additive change in Λ; a contrast 𝑊 , for example, corresponds to the change ΔΛ = ln 𝑊 .53

These simple properties becomemuchmore consequential after the Stokes equations are transformed.54

They reveal 𝜉, rather than the dimensional gradient∇𝜂, as the natural local measure of spatial viscosity55

variations that modulates flow.56

Thisdistinctionseparates twophysical roles thatare intertwined in theusual formof theStokesequa-57

tions. The absolute viscosity scale controls the relation between stress andphysical velocity. The spatial58

modulation of flow associated with viscosity heterogeneity depends on how rapidly, and in what direc-59

tion, the logarithmof viscosity varies. A uniformmultiplication of viscosity changes the amplitude of the60

physical velocity without changing 𝜉. The transformed formulation developed here makes this separa-61
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tion explicit.62

Strong spatial viscosity variations create adifficult numerical problem in the conventional equations.63

Viscositymultiplies the strain rate in the stress tensor, so its full spatial amplitude remains embedded in64

themomentum operator. Large contrasts can produce poorly scaled discrete systems and increase sen-65

sitivity to coefficient interpolation, grid resolution, boundary treatment and the choice of linear solver.66

Similar difficulties arise in other slowlymoving fluidswith strong spatial variations in viscosity, including67

glacial isostatic adjustment, flow through porous and fractured media, and transport in industrial and68

biological fluids (Blank et al., 2021; Lau et al., 2018;Eberhard et al., 2020;Rodríguez deCastro andGoyeau,69

2021; Belfort and Younes, 2025; De Vanna et al., 2021).70

The effects of spatially variable viscosity on Stokes flow have been studied extensively. Early numer-71

ical calculations in two- and three-dimensional geometries demonstrated how strongly lateral viscosity72

variations canmodify flowand its surface expression (Richards andHager, 1989;ChristensenandHarder,73

1991; Zhang and Christensen, 1993). Related selection rules for poloidal–toroidal coupling caused by lat-74

eral stiffness variations in a thin lithospheric shell were derived by Ribe (1992), while Forte and Peltier75

(1994)developed thegeneralized-spherical-harmonic coupling framework forarbitrary three-dimensional76

mantle viscosity variations. Later studies developed increasingly complete treatments of lateral viscos-77

ity structure in spherical, compressible and self-gravitatingmantle flow (Čadek and Fleitout, 2003, 2006;78

Kaban et al., 2007;Moucha et al., 2007; Petrunin et al., 2013; Rogozhina, 2008). These studies established79

both thephysical importanceof viscosityheterogeneityand thenumericaldemandsof solving the result-80

ing variable coefficient equations. Iterative spherical spectral methods were subsequently extended to81

increasingly strong lateral viscosity contrasts, although their convergence becomes progressively more82

demanding (Čadek and Fleitout, 2003; Petrunin et al., 2013).83

A complementary line of work recognized thatmuch of the difficulty created by spatially varying vis-84

cosity can be reorganized by scaling the velocity and expressing viscosity variations through derivatives85

of its logarithm. In an early three-dimensional spherical formulation, Zhang and Christensen (1993) in-86

troduced velocity variables scaled by viscosity relative to a radial reference profile and showed that the87

corresponding viscous-load terms involve spatial derivatives of the logarithm of this viscosity ratio. Re-88

lated constructions appeared in Colin (1993) and were developed further in later effective-load formu-89

lations (Karpychev and Fleitout, 2000; Čadek and Fleitout, 2003; Rogozhina, 2008). For a fixed reference90

viscosity, the corresponding relative viscosity gradient is91

∇ ln ( 𝜂
𝜂0

) = ∇ ln 𝜂 = ∇𝜂
𝜂

.

Forexample, thespectral formulationofKarpychevandFleitout (2000)expresses theviscous load through92
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products that couple ∇ ln 𝜂 to a viscosity-scaled velocity, while Čadek and Fleitout (2003) explicitly in-93

troduces a scaled velocity together with 𝜉 = ∇ ln(𝜂/𝜂0) to stabilize the iterative solution at large lateral94

viscosity contrast. Forte (2000) employed viscosity scaled flow variables for a radially varying viscosity.95

The scaling yields radial equations inwhich spatial changes in viscosity appear through derivatives of its96

logarithm.97

These earlier results contain the essential mathematical insight on which the present work builds.98

Our aim is to expose its full three-dimensional structure and physical meaning. We show that, for an ar-99

bitrary prescribed positive Newtonian viscosity field, logarithmic viscosity and the corresponding renor-100

malized velocity arise from an exact change of variables in the Stokes equations. The transformation101

identifies102

𝜉 = ∇ ln ( 𝜂
𝜂0

) = ∇𝜂
𝜂

as the natural local measure of viscosity heterogeneity. The magnitude and geometry of this field gov-103

ern the coupling produced by spatial viscosity variations, while the absolute viscosity scale determines104

the conversion between the renormalized and physical velocities. This distinction provides the basis105

for a unified reference-operator formulation in which a fixed reference-viscosity Stokes operator is re-106

tained, while the constitutive relation, momentum equation, mass constraint and boundary conditions107

are transformed consistently. This transformation will be carried out at the tensor level, independently108

of coordinate system. The complete viscosity-dependent contribution to the transformed constitutive109

law will thereby be collected into a single symmetric, traceless pseudo-stress tensor. The divergence of110

this tensor supplies the heterogeneous-viscosity-inducedmomentum coupling.111

The starting point for our treatment is the replacement of physical velocity u by the renormalized112

velocity113

v = ( 𝜂
𝜂0

) u.

When this variable is substituted into the strain rate, derivatives of the viscosity scaling appear only114

through 𝜉 = ∇Λ. The same field enters the transformed mass-conservation equation. Thus, the gra-115

dient of logarithmic viscosity is not an auxiliary parameter. Rather, it emerges directly from the exact116

change of variables as the field that controls the geometry and strength of viscosity-induced flow cou-117

pling in the transformed equations. Absolute viscosity still determines the conversion fromvback to the118

physical velocity u; the heterogeneous flow coupling itself is organized by 𝜉.119

The principal mathematical contribution of this paper is a coordinate-independent derivation of120

the resulting three-dimensional constitutive relation, mass-conservation constraint and momentum-121

conservation equation. For a prescribed positive Newtonian viscosity field, the transformation is exact122
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when the boundary conditions are transformed consistently. A reference viscosity or reference viscos-123

ity profile can then be chosen so that the corresponding Stokes operator is retained. The remaining124

heterogeneity enters through pseudo-loading terms that act linearly on the renormalized velocity and125

depend on 𝜉. In a numerical implementation, these terms can be evaluated as an effective load acting in126

addition to the primary buoyancy force, along with an associated source term in the transformedmass-127

conservation equation. Largemultiplicative contrasts in viscosity are therefore represented through log-128

arithmic variation and its spatial gradient, rather than being carried in full amplitude by the reference129

operator.130

The problem remains linear when viscosity is prescribed. If viscosity depends on an evolving quan-131

tity such as stress or strain rate, the transformed Stokes solve becomes one component of a broader132

nonlinear rheological iteration. The present work concentrates on the prescribed viscosity problem so133

that the mathematical structure of the transformation and its numerical consequences can be isolated134

cleanly.135

Weassess the formulation in four complementary settings. An exactmanufactured solution in Carte-136

siangeometry tests the transformedequationsand theirdiscretizationdirectly. Next, a two-regionCarte-137

sian calculation tests the redistribution of flow across a strong viscosity contrast and provides a con-138

trolled comparison with the particular direct discretization used in this study. The first spherical-shell139

calculation combines a simple buoyancy forcing with a harmonic representation of the lateral viscosity140

gradient corresponding to a viscosity contrast of 104. This problem exposes the three-dimensional cou-141

pling generated by 𝜉 = ∇ ln(𝜂/𝜂0), and the resulting poloidal and toroidal flows are compared directly142

with the generalized spherical-harmonic selection rules of Forte and Peltier (1994).143

A second spherical-shell calculation considers the hemispheric viscosity-contrast configuration in-144

troduced by Petrunin et al. (2013). Here the viscosity is nearly uniform within each hemisphere and the145

strongest logarithmic-viscosity gradients are confined to the transition between them. This configura-146

tion allows changes in physical flow speed to be distinguished fromchanges in streamline geometry and147

harmonic content, while extending the imposed viscosity contrast to 106. Targeted resolution tests are148

used in both spherical calculations to establish that the viscosity structure and the resulting flow are149

numerically resolved.150

The paper is organized as follows. Section 2 develops the physical meaning of the renormalized ve-151

locity, logarithmic viscosity and its gradient, and establishes the separation between overall viscosity152

scale and spatial heterogeneity. Section 3 derives the transformed governing equations, the decom-153

position into a fixed reference-viscosity Stokes operator and explicit viscosity-heterogeneity coupling154

terms, and the corresponding boundary conditions. Section 3.8 then specializes the formulation to155
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three-dimensional spherical-shell geometry, developing its vector-spherical-harmonic representation,156

poloidal–toroidal coupling structure and reference Green-function solution. Section 4 presents the nu-157

merical implementation and four validation and illustrative calculations, including two complementary158

spherical-shell tests of strongly varying viscosity. Section 5 summarizes the principal implications of the159

formulation, its domain of applicability and limitations, and possible extensions tomore general hetero-160

geneous Stokes-flow problems.161

2 Velocity renormalization and the emergence of logarithmic viscosity162

The formulation developed in this paper is based on two related changes of variable. The first rescales163

the physical velocity by the local viscosity relative to a fixed reference value. The second represents164

viscosity through its logarithm. These transformations address different aspects of the same problem.165

Rescaled velocity separates the overall viscosity scale from the influence of its spatial variation, whereas166

the logarithmic viscosity provides a natural description of rheologies in which several physical effects167

combine multiplicatively. We introduce their physical meaning here before deriving the transformed168

governing equations in Section 3.169

2.1 Large viscosity contrasts in thermally activated rheology170

The strong viscosity variations found in crystalline materials arise from the microscopic processes that171

permit deformation. Diffusion, dislocation motion, grain boundary processes and the creation and mi-172

gration of defects are thermally activated. Their rates therefore depend exponentially on activation en-173

ergy and pressure, while grain size, water content, composition andmineral phase may introduce addi-174

tional multiplicative factors (Poirier, 1985; Karato, 2008).175

A schematic creep relation that includes several of these effects may be written as176

̇𝜀 = 𝐴 𝜎𝑛𝑑−𝑚𝐶 𝑟
H2O exp [−𝐸∗ + 𝑃𝑉 ∗

𝑅𝑇
] , (1)

where ̇𝜀 and 𝜎 denote representative measures of strain rate and stress, 𝐴 is a material coefficient, 𝑛 is177

the stress exponent, 𝑑 is grain size, 𝑚 is the grain size exponent, 𝐶H2O measures water content, and 𝑟 is178

its exponent. The quantities𝐸∗ and 𝑉 ∗ are the activation energy and activation volume, while𝑃 , 𝑇 and179

𝑅 denote pressure, temperature and the gas constant.180

For Newtonian creep, 𝑛 = 1, the corresponding viscosity has the schematic dependence181

𝜂 ∝ 𝐴−1𝑑𝑚𝐶−𝑟
H2O exp [𝐸∗ + 𝑃𝑉 ∗

𝑅𝑇
] . (2)

7 | https://doi.org/xxxxxxxxxxxxxxxxxxxxx GEODYNAMICA | volume V.N | 2025

https://doi.org/xxxxxxxxxxxxxxxxxxxxx


GEODYNAMICA | RESEARCH ARTICLE | Forte & Kamali Lima – Stokes flow in log-viscosity space

Taking the logarithm converts these multiplicative contributions into additive terms:182

ln 𝜂 = constant − ln 𝐴 + 𝑚 ln 𝑑 − 𝑟 ln 𝐶H2O + 𝐸∗ + 𝑃𝑉 ∗

𝑅𝑇
. (3)

The emergence of a logarithmic representation of viscosity, via the viscosity renormalization of the flow183

velocity (describednext), thereforeprovidesanatural constitutive variable inwhich several independent184

micro-physical contributions to viscous resistance can be represented additively.185

2.2 Renormalization of the velocity field186

The key change of variable that transforms the Stokes flow equations is187

v = 𝜂
𝜂0

u, (4)

whereu is the physical velocity, 𝜂(x) is the prescribed viscosity field and 𝜂0 is a fixed reference viscosity.188

We refer to v as the renormalized velocity. Closely related viscosity-scaled velocity variables have ap-189

peared in earlier formulationsofmantle flowwith radial and lateral viscosity variations (ZhangandChris-190

tensen, 1993; Colin, 1993; Karpychev and Fleitout, 2000; Forte, 2000; Čadek and Fleitout, 2003; Rogozhina,191

2008). Its physical role is most clearly understood by considering how a Stokes solution responds when192

the entire viscosity field is multiplied by the same constant.193

For a fixed spatial viscosity pattern, an increase in the overall viscosity scale reduces the amplitude194

of the physical velocity. The factor 𝜂/𝜂0 in (4) removes this leading reciprocal dependence from the195

transformed velocity. The field v therefore emphasizes the structure of the flow associated with the196

spatial pattern of viscosity, whereas the conversion back to u restores the dependence on the absolute197

viscosity scale.198

We emphasize that equation (4) is a change of dependent variable, not a local constitutive relation.199

Therefore, it shouldnot beunderstood to imply that thephysical velocity at apoint is determinedonly by200

the viscosity at that point. Stokes flow is elliptic and nonlocal: the velocity depends on the forcing, pres-201

sure, geometry, boundary conditions and viscosity throughout the domain. The transformation instead202

identifies a global scaling property of the complete solution.203

The viscosity scale 𝜂0 may be chosen to suit the physical problem or the numerical method. It may,204

for example, be a representative viscosity of thedomainor the viscosity associatedwith an existing refer-205

ence Stokes solver. Changing 𝜂0 changes the normalization of v, but not the physical velocity recovered206

from207

u = 𝜂0
𝜂

v. (5)
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The constant 𝜂0 serves only as an arbitrary viscosity scale. It makes the ratio 𝜂/𝜂0 dimensionless, gives208

the renormalized velocity the samephysical dimensions asu, and does not affect the recovered physical209

solution.210

2.3 Emergence of the logarithmic viscosity gradient211

As will be shown is Section 3, the viscosity renormalization of the flow field naturally leads to the emer-212

gence of a dimensionless logarithmic viscosity213

Λ(x) = ln [𝜂(x)
𝜂0

] , (6)

where 𝜂(x) > 0 is the prescribed viscosity field and 𝜂0 > 0 is a fixed viscosity scale. The value of 𝜂0214

sets the normalization but does not alter the spatial derivatives ofΛ. This normalization scale should be215

distinguished from a chosen reference viscosity field,216

𝜂ref(x) = 𝜂0 exp [Λref(x)] , (7)

which may retain part of the spatial viscosity structure within the reference Stokes operator. Section 3217

develops the exact decomposition of the full viscosity field into this reference part and the remaining218

spatial variation.219

If the viscosity varies between 𝜂min and 𝜂max, its contrast is220

𝐶𝜂 = 𝜂max
𝜂min

. (8)

The corresponding range in logarithmic viscosity is221

ΔΛ = ln (𝜂max
𝜂min

) = ln 𝐶𝜂. (9)

Thus, a viscosity ratio that spans several orders of magnitude is represented by an additive logarithmic222

interval. The importance of this additivity is already evident in Eq. (3).223

The spatial derivative of logarithmic viscosity is224

∇Λ = ∇𝜂
𝜂

. (10)

The transformed equations therefore involve the relative rate at which viscosity changes in space, rather225

than thedimensional gradient∇𝜂 alone. Thisdistinction is importantwhencomparable fractional changes226
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occur in regions with very different absolute viscosities.227

These properties do not imply thatΛ is always smoother than 𝜂. A discontinuity in viscosity remains228

a discontinuity after taking the logarithm, and sharp interfaces still require an appropriate weak or con-229

servative treatment. The exact advantages of the logarithmic variable are the compression of a large230

positive range, the additive representation of multiplicative rheological factors, and the appearance of231

the relative gradient∇𝜂/𝜂. Any further improvement in numerical conditioning or accuracy depends on232

the discretization andmust be assessed empirically.233

2.4 Separation of the overall viscosity scale from its spatial variation234

Consider a prescribed viscosity field 𝜂(x) and a Stokes problem with fixed body forces and compatible235

homogeneous boundary conditions. The deviatoric stress has the form236

𝜏 = 𝜂 D(u), (11)

where D denotes the linear Newtonian strain rate operator. Its precise formwill be given in Section 3.237

Suppose that the viscosity field is uniformly rescaled according to238

𝜂′(x) = 𝑐 𝜂(x), 𝑐 > 0. (12)

The corresponding physical velocity is239

u′ = 1
𝑐

u. (13)

Because the strain rate operator is linear,240

𝜂′D(u′) = 𝑐𝜂 D(u
𝑐

) = 𝜂D(u). (14)

The viscous stress is therefore unchanged. The pressure field is likewise unchanged, apart from its arbi-241

trary additive constant, and the same force balance is recovered. This is the scale invariance identified242

for radial mantle flow by Forte (2000), here stated for an arbitrary spatial viscosity pattern.243

With the reference viscosity 𝜂0 held fixed, the logarithmic viscosity transforms as244

Λ′ = ln (𝑐𝜂
𝜂0

) = Λ + ln 𝑐. (15)

Its gradient is consequently invariant:245

∇Λ′ = ∇Λ. (16)
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The renormalized velocity is also invariant:246

v′ = 𝜂′

𝜂0
u′ = 𝑐𝜂

𝜂0

u
𝑐

= v. (17)

The three scaling relations may therefore be summarized as247

𝜂 ↦ 𝑐𝜂, u ↦ u
𝑐

, v ↦ v, ∇Λ ↦ ∇Λ. (18)

This result separates two roles played by viscosity in an instantaneous Stokes problem. The overall248

viscosity scale determines the amplitude of the physical velocity, while the normalized flow and the vis-249

cous stresses depend on the spatial structure of the viscosity field through logarithmic viscosity and its250

derivatives. The separation is exact under the assumptions stated above.251

Several qualifications are important. First, the result concerns a uniform multiplication of the com-252

plete viscosity field. It doesnot imply apointwise relationbetween local velocity and local viscosity. Sec-253

ond, prescribed nonzero velocities or other boundary data that impose an independent velocity scale254

may not be compatible with (13). Third, in a time dependent or fully coupled problem, changing the255

viscosity scale changes the rate at which temperature, composition andmaterial interfaces evolve. The256

instantaneous scaling property remains useful, but the later state of the system need not remain un-257

changed.258

The two transformations introduced in this section reveal the central structure of the formulation.259

The renormalization of velocity by relative viscosity removes the leading dependence on the overall vis-260

cosity scale, while the gradient of logarithmic viscosity represents the relative spatial variation of rheol-261

ogy. In the next sectionwe use these variables to derive the exact transformed constitutive, momentum262

andmass conservationequations, and to showhowviscosity variationmaybe incorporated via the spec-263

ification of a chosen reference Stokes operator.264

3 Exact transformed Stokes equations265

We now derive the equations that result from the velocity renormalization introduced in Section 2. The266

derivation is first presented for a general body force. Buoyancy and self-gravity are introduced later as a267

specialization for planetary interiors.268

Throughout this section, theviscosity𝜂(x) > 0 is prescribedandNewtonian, and𝜂0 > 0 is a constant269

reference viscosity scale. We initially assume that the viscosity is positive and sufficiently differentiable270

for all spatial derivatives used below to be defined pointwise. Piecewise smooth and discontinuous vis-271

cosity fields require the correspondingweak formulation and interface conditions, which are considered272
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separately in Section 3.6.273

3.1 Original equations and constitutive assumptions274

We consider creeping flow, for which inertial acceleration is negligible relative to the pressure, viscous275

and body forces. The conservation of momentum equation therefore expresses an instantaneous force276

balance,277

−∇𝑝 + ∇ ⋅ 𝜏 + f𝑏 = 0, (19)

together with the anelastic mass-conservation equation278

∇ ⋅ (𝜌0u) = 0. (20)

Here 𝑝 is the pressure associated with the flow, 𝜏 is the deviatoric stress, u is the physical velocity, and279

f𝑏 is the physical body force per unit volume. The reference density entering the anelastic liquid approx-280

imation is denoted by 𝜌0(x).281

We adopt the traceless Newtonian deviatoric stress282

𝜏 = 𝜂 D(u), (21)

where283

D(u) = ∇u + (∇u)T − 2
3

(∇ ⋅ u) I. (22)

No independent bulk viscosity contribution is included (Landau and Lifshitz, 1987).284

The equations below are written in coordinate-independent tensor notation. In Cartesian coordi-285

nates, the gradient convention is286

(∇u)𝑖𝑗 = 𝜕𝑢𝑖
𝜕𝑥𝑗

.

In curvilinear coordinates, the same expressionsmust be interpreted using the corresponding covariant287

derivatives.288

3.2 Transformed constitutive relation289

We recall the definitions290

Λ = ln ( 𝜂
𝜂0

) , 𝜉 = ∇Λ, v = 𝜂
𝜂0

u. (23)

The physical velocity is therefore291

u = 𝜂0
𝜂

v = 𝑒−Λv. (24)
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For two vectors a and b, we denote their tensor product by a ⊗ b, with Cartesian components292

(a ⊗ b)𝑖𝑗 = 𝑎𝑖𝑏𝑗. (25)

Equivalently, its action on an arbitrary vector c is293

(a ⊗ b) c = a (b ⋅ c) . (26)

Using the gradient convention294

(∇u)𝑖𝑗 = 𝜕𝑢𝑖
𝜕𝑥𝑗

,

we differentiate Eq. (24) component by component:295

𝜕𝑢𝑖
𝜕𝑥𝑗

= 𝜕
𝜕𝑥𝑗

(𝑒−Λ𝑣𝑖)

= 𝑒−Λ ( 𝜕𝑣𝑖
𝜕𝑥𝑗

− 𝑣𝑖
𝜕Λ
𝜕𝑥𝑗

) .
(27)

The logarithmic viscosity gradient appears because the spatial derivative of the reciprocal viscosity fac-296

tor in Eq. (24) is297

∇ (1
𝜂

) = −1
𝜂

∇ ln 𝜂.

Thus 𝜉 emerges directly from the velocity renormalization. In tensor notation, we write (27) as298

∇u = ∇ (𝑒−Λv)

= 𝑒−Λ (∇v − v ⊗ 𝜉) .
(28)

Its transpose is299

(∇u)T = 𝑒−Λ [(∇v)T − 𝜉 ⊗ v] , (29)

and its trace is300

∇ ⋅ u = 𝑒−Λ (∇ ⋅ v − v ⋅ 𝜉) . (30)

It is useful to define the symmetric traceless tensor301

B(v, 𝜉) = v ⊗ 𝜉 + 𝜉 ⊗ v − 2
3

(v ⋅ 𝜉) I. (31)

Closely related component-wise couplings between viscosity-scaled velocity and logarithmic-viscosity302

gradients appear in earlier spherical spectral formulations (e.g. Zhang and Christensen, 1993; Čadek and303

Fleitout, 2003). The form introduced here collects the viscosity-dependent part of the transformed con-304
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stitutive law into the single coordinate-independent symmetric, traceless tensor B(v, 𝜉). Substitution of305

Eqs. (28)–(30) into Eq. (22) gives306

D(u) = 𝑒−Λ [D(v) − B(v, 𝜉)] . (32)

Because 𝜂 = 𝜂0𝑒Λ, the exponential factors cancel in the deviatoric stress:307

𝜏 = 𝜂0 [D(v) − B(v, 𝜉)] . (33)

3.3 Transformedmass conservation308

The conservation of mass equation must be transformed together with the momentum conservation309

equation. Substituting u = 𝑒−Λv into Eq. (20) gives310

0 = ∇ ⋅ (𝜌0𝑒−Λv)

= 𝑒−Λ [∇ ⋅ (𝜌0v) − 𝜌0v ⋅ ∇Λ] .
(34)

Since 𝑒−Λ > 0, the transformedmass-conservation equation is311

∇ ⋅ (𝜌0v) = 𝜌0v ⋅ 𝜉. (35)

Spatial viscosity variation therefore changes both the constitutive stress-strain-rate relation and the312

mass conservation constraint.313

3.4 Transformedmomentum equation314

Substitution of Eq. (33) into the creeping-flowmomentum balance gives315

−∇𝑝 + 𝜂0∇ ⋅ D(v) − 𝜂0∇ ⋅ B(v, 𝜉) + f𝑏 = 0. (36)

This form displays the instantaneous balance among pressure, viscous and body forces. Rearranging it316

so that the constant-viscosity Stokes operator remains on the left gives317

−∇𝑝 + 𝜂0∇ ⋅ D(v) = 𝜂0∇ ⋅ B(v, 𝜉) − f𝑏. (37)

Equation (37) separates the chosen constant-viscosity Stokes operator, in the left-hand side, from318

the terms that describe spatial changes in viscosity and the body force, which are grouped together on319

the right-hand side. For a prescribed viscosity field, ∇ ⋅ B(v, 𝜉) depends linearly on v. In an iterative320

approach to solving (37), this term is evaluated from the current estimate of the renormalized velocity321
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and acts computationally as an effective load.322

For smooth viscosity fields, the tensor divergence may be expanded. In Cartesian components,323

𝐵𝑖𝑗 = 𝑣𝑖𝜉𝑗 + 𝜉𝑖𝑣𝑗 − 2
3

(𝑣𝑘𝜉𝑘) 𝛿𝑖𝑗. (38)

Applying the product rule gives324

𝜕𝐵𝑖𝑗

𝜕𝑥𝑗
= 𝑣𝑖

𝜕𝜉𝑗

𝜕𝑥𝑗
+ 𝜉𝑖

𝜕𝑣𝑗

𝜕𝑥𝑗
+ 𝜉𝑗

𝜕𝑣𝑖
𝜕𝑥𝑗

+ 𝑣𝑗
𝜕𝜉𝑖
𝜕𝑥𝑗

− 2
3

𝜕
𝜕𝑥𝑖

(𝑣𝑘𝜉𝑘) . (39)

In vector notation this becomes325

∇ ⋅ B(v, 𝜉) = v (∇ ⋅ 𝜉) + (∇ ⋅ v) 𝜉

+ (𝜉 ⋅ ∇) v + (v ⋅ ∇) 𝜉 − 2
3

∇ (v ⋅ 𝜉) .
(40)

The standard identity326

∇ (v ⋅ 𝜉) = (v ⋅ ∇) 𝜉 + (𝜉 ⋅ ∇) v

+ v × (∇ × 𝜉) + 𝜉 × (∇ × v)
(41)

now provides the required simplification. Since 𝜉 = ∇Λ,327

∇ × 𝜉 = 0. (42)

It follows that328

(𝜉 ⋅ ∇) v + (v ⋅ ∇) 𝜉 = ∇ (v ⋅ 𝜉) − 𝜉 × (∇ × v)

= ∇ (v ⋅ 𝜉) + (∇ × v) × 𝜉.
(43)

Substitution into Eq. (40) yields329

∇ ⋅ B(v, 𝜉) = v (∇ ⋅ 𝜉) + (∇ ⋅ v) 𝜉

+ 1
3

∇ (v ⋅ 𝜉) + (∇ × v) × 𝜉.
(44)

The reference operator can also be expanded:330

∇ ⋅ D(v) = ∇2v + 1
3

∇ (∇ ⋅ v) . (45)
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Consequently, the expandedmomentum-conservation equation is331

−∇𝑝 + 𝜂0∇2v + 𝜂0
3

∇ (∇ ⋅ v) = 𝜂0[v (∇ ⋅ 𝜉) + (∇ ⋅ v) 𝜉

+ 1
3

∇ (v ⋅ 𝜉) + (∇ × v) × 𝜉] − f𝑏.
(46)

Because332

∇ ⋅ 𝜉 = ∇2Λ, (47)

the fully expanded form of the momentum equation contains second spatial derivatives of logarithmic333

viscosity. The compact expression334

∇ ⋅ B(v, 𝜉)

does not remove those derivatives if it is evaluatedpointwise: expanding this divergence again produces335

∇⋅𝜉 = ∇2Λ. Its advantageappearswhen themomentum-conservationequation iswritten inweak form.336

To see this, letw be a sufficiently regular vector test function. Multiplying the contribution of viscous337

body force by w, integrating over the fluid domain Ω, and applying the divergence theorem gives338

∫
Ω

w ⋅ ∇ ⋅ B(v, 𝜉) d𝑉 = − ∫
Ω

∇w ∶ B(v, 𝜉) d𝑉

+ ∫
𝜕Ω

w ⋅ B(v, 𝜉)n d𝑆.
(48)

Heren is the outward unit normal to the boundary 𝜕Ω, and the double contraction of two second-order339

tensors is defined by340

A ∶ C = 𝐴𝑖𝑗𝐶𝑖𝑗.

After this integration by parts, the volume integral contains B(v, 𝜉) itself rather than its divergence.341

It therefore requires only the first spatial derivative342

𝜉 = ∇Λ,

and does not require the explicit numerical evaluation of ∇2Λ. The boundary integral must be retained343

or combined consistently with the transformed traction boundary condition.344

Additionally, for any control volume Ω𝑐, the divergence theorem gives345

∫
Ω𝑐

∇ ⋅ B(v, 𝜉) d𝑉 = ∫
𝜕Ω𝑐

B(v, 𝜉)n𝑐 d𝑆, (49)
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where n𝑐 is the outward unit normal to the boundary of the control volume. The volume integral on the346

left is an effective viscous force acting on that volume, while the surface integral on the right expresses347

the same force in terms of the effective traction across its boundary.348

Appliedseparately tonumerical control volumes, expression (49)provides thebasisof a finite-volume349

discretization. The divergence is then evaluated from fluxes of B(v, 𝜉) across cell faces. Since B depends350

on 𝜉 = ∇Λ, but not explicitly on ∇2Λ, this procedure avoids the direct numerical evaluation of second351

derivatives of logarithmic viscosity.352

Equation (37) is therefore the natural starting point for a weak discretization, especially when the353

viscosity varies rapidly across a thin but numerically resolved transition. If the viscosity is genuinely354

discontinuous, thedifferential equations are insteadapplied separatelywithin each smooth subdomain,355

and the solutions are connected by the appropriate velocity and traction matching conditions at the356

intervening interfaces.357

3.5 Decomposition about a reference viscosity field358

The constant value 𝜂0 fixes the overall normalization, but the operatormay also retain a chosen spatially359

varying reference field, for examplea reference viscosity that variesonly inonedimension, typically vary-360

ing with depth or, in the case of planetary interiors, varying with radius. We write361

Λ = Λref + 𝛿Λ, 𝜉 = 𝜉ref + 𝛿𝜉, (50)

where362

𝜉ref = ∇Λref, 𝛿𝜉 = ∇𝛿Λ. (51)

Equivalently,363

𝜂ref = 𝜂0𝑒Λref , 𝜂 = 𝜂ref𝑒𝛿Λ. (52)

Since B is linear in its second argument,364

B(v, 𝜉) = B(v, 𝜉ref) + B(v, 𝛿𝜉). (53)

The exact momentum-conservation equation can therefore be written as365

−∇𝑝 + 𝜂0∇ ⋅ [D(v) − B(v, 𝜉ref)] = 𝜂0∇ ⋅ B(v, 𝛿𝜉) − f𝑏. (54)
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Themass-conservation equation becomes366

∇ ⋅ (𝜌0v) − 𝜌0v ⋅ 𝜉ref = 𝜌0v ⋅ 𝛿𝜉. (55)

Several useful choices follow from this exact decomposition.367

For a constant (isoviscous) reference,368

Λref = 0, 𝜉ref = 0,

all spatial viscosity variation appears in (54)–(55) on the right hand side. This is the form used in the369

numerical calculations presented in this paper.370

For a one-dimensional, radially varying reference relevant to planetary interiors,371

Λref = Λ0(𝑟),

the radial viscosity structure remains within the reference operator, while departures from the radial372

profile enter through 𝛿Λ. This is the natural continuation of the radial formulation of Forte (2000) and of373

later spherical treatments of lateral viscosity variation (Čadek and Fleitout, 2003; Rogozhina, 2008).374

A smooth reference field of another chosen formmay also be retained in the operator. The decompo-375

sition remains exact, although the numerical value of any particular choicemust be assessed separately.376

3.6 Boundary conditions and limiting cases377

The change of velocity variablemust also be applied to the boundary conditions. For a prescribed phys-378

ical velocity u = u𝑏,379

v = 𝜂
𝜂0

u𝑏. (56)

In particular, because 𝜂/𝜂0 ≠ 0,380

u = 0 ⟺ v = 0, (57)

and,381

u ⋅ n = 0 ⟺ v ⋅ n = 0. (58)

For an impermeable boundary, the normal velocity vanishes at the boundary,382

v ⋅ n = 0. (59)
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A prescribed boundary traction t𝑏 becomes383

{−𝑝I + 𝜂0 [D(v) − B(v, 𝜉)]} n = t𝑏. (60)

We define the projection onto the plane tangent to the boundary by384

P𝑡 = I − n ⊗ n, (61)

where n is the outward unit normal and I is the identity tensor. For any vector a,385

P𝑡a = a − (a ⋅ n) n, (62)

so that P𝑡a is the component of a tangent to the boundary.386

For a free-slip boundary, the vanishing of tangential traction can therefore be written in vector form387

as388

(I − n ⊗ n) [D(v) − B(v, 𝜉)] n = 0. (63)

Using the impermeability condition (59), this becomes389

(I − n ⊗ n) [∇v + (∇v)T] n = (𝜉 ⋅ n) v. (64)

Thus thenormalgradientof logarithmicviscosity contributesexplicitly to the tangential boundarycondi-390

tion for the renormalized velocity. The conventional constant viscosity form is recoveredwhen 𝜉 ⋅n = 0.391

Thus the ordinary constant viscosity free slip condition cannot simply be imposed on v when 𝜉 ⋅ n ≠ 0.392

Suppose that an internal interface Γ separates two subdomains in which 𝜌0 and 𝜂 are individually393

smooth, but may have finite jumps across Γ. Let n denote the unit normal directed from theminus side394

to the plus side, and let ⋅ denote the corresponding jump.395

Care is required when the reference density is discontinuous (Forte, 2007). For a fixed interface, the396

anelastic mass-conservation equation397

∇ ⋅ (𝜌0u) = 0

implies continuity of normal mass flux,398

𝜌0 u ⋅ n = 0, (65)
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rather than continuity of the normal velocity itself. If 𝜌+
0 ≠ 𝜌−

0 andmaterial crosses the interface, then399

𝜌+
0 u+ ⋅ n = 𝜌−

0 u− ⋅ n,

so the normal component of u is generally discontinuous.400

For a mechanically bonded interface with no tangential slip, the tangential velocity remains contin-401

uous:402

P𝑡u = 0, P𝑡 = I − n ⊗ n. (66)

In the absence of a singular interfacial force or surface tension, the physical traction is also continuous:403

𝜎n = 0, 𝜎 = −𝑝I + 𝜏. (67)

Using404

u = 𝜂0
𝜂

v,

the fixed-interface mass-flux and tangential-velocity conditions become405

𝜌0
𝜂0
𝜂

v ⋅ n = 0, (68)

and406

𝜂0
𝜂

P𝑡v = 0. (69)

At a true viscosity discontinuity, 𝜉 = ∇Λ contains an interfacial distribution. The smooth-field ex-407

pression for the transformed stress is therefore applied separately within each subdomain. Denoting408

one-sided limits by superscripts + and −, we define409

𝜎± = −𝑝±I + 𝜂0 [D(v±) − B (v±, 𝜉±)] , 𝜉± = ∇Λ±. (70)

Traction continuity is then imposed through the one-sided stresses:410

𝜎n = 𝜎+n − 𝜎−n = 0. (71)

The viscosity jump is thus represented by the interface conditions, rather than by evaluating the singular411

part of ∇Λ inside B(v, 𝜉).412
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For a spatially constant viscosity,413

𝜉 = 0,

and the transformed equations reduce to414

−∇𝑝 + 𝜂0∇ ⋅ D(v) = −f𝑏, ∇ ⋅ (𝜌0v) = 0. (72)

Only when 𝜌0 is also constant does the second equation become415

∇ ⋅ v = 0.

In that Boussinesq limit,416

∇ ⋅ D(v) = ∇2v.

The absence of lateral viscosity variation is not the same as the isoviscous limit. A viscosity field that417

depends only on radius still has nonzero 𝜉 = (𝑑Λ/𝑑𝑟)r̂ and therefore retains viscosity gradient terms.418

3.7 Hydrostatic reference state, buoyancy and self-gravity419

For applications to planetary interiors, the body force is gravitational. The body force per unit volume is420

therefore421

f𝑏 = 𝜌g = 𝜌∇𝜙. (73)

We use the gravitational potential convention common in geophysical and geodynamic studies:422

g = ∇𝜙, ∇2𝜙 = −4𝜋𝐺𝜌. (74)

With this convention, the gravitational acceleration in a radial reference state is423

∇𝜙0 = −𝑔0r̂, 𝑔0 > 0. (75)

The total momentum-conservation equation is424

−∇𝑝 + ∇ ⋅ 𝜏 + 𝜌∇𝜙 = 0. (76)

We introduce perturbations relative to a hydrostatic reference state:425

𝑝 = 𝑝0 + 𝛿𝑝, 𝜌 = 𝜌0 + 𝛿𝜌, 𝜙 = 𝜙0 + 𝛿𝜙. (77)
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The reference state satisfies the condition of hydrostatic equilibrium426

−∇𝑝0 + 𝜌0∇𝜙0 = 0. (78)

Substituting (77) into (76), retaining terms that are first order in 𝛿𝑝, 𝛿𝜌 and 𝛿𝜙, and neglecting prod-427

ucts such as 𝛿𝜌 ∇𝛿𝜙, and subtracting (78) gives428

−∇𝛿𝑝 + ∇ ⋅ 𝜏 = 𝛿𝜌 𝑔0 ̂r − 𝜌0∇𝛿𝜙. (79)

UsingEq. (33), the final transformedmomentum-conservationequation relative toahydrostaticback-429

ground is430

−∇𝛿𝑝 + 𝜂0∇ ⋅ D(v) = 𝜂0∇ ⋅ B(v, 𝜉) + 𝛿𝜌 𝑔0 ̂r − 𝜌0∇𝛿𝜙. (80)

It is accompanied by431

∇ ⋅ (𝜌0v) = 𝜌0v ⋅ 𝜉, (81)

and by the perturbation of Poisson’s equation,432

∇2𝛿𝜙 = −4𝜋𝐺 𝛿𝜌. (82)

Thegravitational potential and its normal derivative are continuous across an internal interfacewith-433

out a singular surfacemass. At the outer boundary, 𝛿𝜙 must bematched to an exterior harmonic poten-434

tial that decays at infinity. When self-gravity is not included, the term−𝜌0∇𝛿𝜙 and Eq. (82) are omitted.435

Equations (80), (81) and (82), together with the transformed boundary conditions, define the loga-436

rithmic viscosity formulation of the Stokes equations of motion that are relevant to planetary interiors.437

The spatial viscosity termsmaybe evaluatedusing a fixed reference operator, but they remain part of the438

exact Stokes problem and depend linearly on the renormalized velocity when viscosity is prescribed.439

3.8 Spectral treatment in three-dimensional spherical-shell geometry440

Wenowspecialize the transformedequations toa three-dimensional spherical shell,where theconstant-441

viscosity reference problem admits a natural vector-spherical-harmonic representation and exact solu-442

tions expressed by closed-formGreen functions (Forte and Peltier, 1987, 1994). This geometry is particu-443

larly useful for laterally varying viscosity because the viscosity field can couple spherical-harmonic com-444

ponents that are independent in a spherically symmetric reference model and can couple the poloidal445

and toroidal parts of the velocity field (Forte and Peltier, 1994). We therefore develop here the spectral446
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form of the fixed reference operator, later used in the spherical calculations of Sections 4.3 and 4.4.447

Let the shell occupy 𝑏 ≤ 𝑟 ≤ 𝑎. The reference Stokes-flow Green operator used below has con-448

stant viscosity 𝜂0 and constant reference density 𝜌0, with incompressible physical velocity. Under these449

Boussinesqassumptions, the self-gravitational perturbationenters themomentumequationas thepure450

gradient451

𝜌0∇𝛿𝜙 = ∇(𝜌0𝛿𝜙) ,

and may therefore be absorbed into the dynamic pressure; it does not alter the viscous velocity field452

(Forte and Peltier, 1987). Self-gravity nevertheless contributes to the pressure and therefore to dynamic453

topography and the non-hydrostatic geoid anomalies.454

Wewrite either the renormalized or the physical velocity in vector spherical harmonics as455

w(𝑟, 𝜃, 𝜙) = ∑
ℓ𝑚

[𝑈 (𝑤)
ℓ𝑚 (𝑟)𝑌ℓ𝑚 ̂𝑟 + 𝑉 (𝑤)

ℓ𝑚 (𝑟)∇1𝑌ℓ𝑚 + 𝑊 (𝑤)
ℓ𝑚 (𝑟) ̂𝑟 × ∇1𝑌ℓ𝑚] , w ∈ {v, u}, (83)

where ∇1 is the dimensionless surface gradient on the unit sphere. With this convention,456

∇ = ̂𝑟 𝜕
𝜕𝑟

+ 1
𝑟

∇1. (84)

Representation (83) belongs to the classical theory of vector fields in spherical geometry. Following457

the dynamo formulation of Backus (1958) and its later development in terms of surface operators and458

the Mie poloidal–toroidal representation (Backus, 1967, 1986), Forte and Peltier (1987, 1994) employed459

the dimensionless angular operator460

Λ1 ≡ 𝑟 × ∇ = ̂𝑟 × ∇1. (85)

Thesubscript1denotes theunit-sphereangularoperatoranddistinguishes it fromthescalar logarithmic-461

viscosity field Λ = ln(𝜂/𝜂0). Acting on a scalar spherical harmonic,462

Λ1𝑌ℓ𝑚 = ̂𝑟 × ∇1𝑌ℓ𝑚, ∇1𝑌ℓ𝑚 = − ̂𝑟 × Λ1𝑌ℓ𝑚. (86)

The 𝑉ℓ𝑚 and𝑊ℓ𝑚 terms in Eq. (83) are thereforemutually orthogonal tangential basis fields. The first is463

spheroidal and the second toroidal. Together, 𝑈ℓ𝑚 and 𝑉ℓ𝑚 describe the radial and horizontal compo-464

nents of the spheroidal field, while 𝑊ℓ𝑚 independently describes the toroidal field.465

For a solenoidal velocity, the spheroidal field reduces to the classical poloidal field. In the Backus466
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representation it may be written, together with the toroidal field, as467

u = ∇ × (Λ1𝒫) + Λ1𝒯, (87)

where𝒫and𝒯arepoloidal and toroidal generating scalars. Equivalently, the twospheroidal coefficients468

of a solenoidal harmonic may be generated from a single radial poloidal scalar 𝑃ℓ𝑚:469

𝑈𝑃
ℓ𝑚 = ℓ(ℓ + 1)

𝑟
𝑃ℓ𝑚, 𝑉 𝑃

ℓ𝑚 = d𝑃ℓ𝑚
d𝑟

+ 𝑃ℓ𝑚
𝑟

. (88)

The renormalized velocity requires an additional spheroidal degree of freedom. For constant 𝜌0,470

Eq. (35) becomes471

∇ ⋅ v = v ⋅ 𝜉, 𝜉 = ∇Λ, (89)

so v is not generally solenoidal even though the physical velocity u = 𝑒−Λv is. Consequently, 𝑈 (𝑣)
ℓ𝑚 and472

𝑉 (𝑣)
ℓ𝑚 cannot in general be generated from a single poloidal scalar. The spherical reference inverse must473

therefore respondnotonly toavectormomentumsourcebut also to the scalar source in the transformed474

mass equation.475

To make this structure explicit, let Q𝑏 denote the fixed physical momentum source. In the notation476

of Eq. (37), Q𝑏 = −f𝑏; in the hydrostatic formulation of Eq. (80), it is the corresponding buoyancy and,477

when retained, self-gravity contribution. Define478

q𝜂[v] = 𝜂0∇ ⋅ B(v, 𝜉) , (90)

Q[v] = Q𝑏 + q𝜂[v], (91)

𝑠[v] = v ⋅ 𝜉. (92)

The constant-reference problemmay then be written479

−∇𝑝 + 𝜂0∇ ⋅ D(v) = Q[v], (93)

∇ ⋅ v = 𝑠[v]. (94)

For prescribed viscosity, the viscosity-dependent parts of both sources are linear in v. Equations (93)480

and (94) therefore constitute a self-consistent linear Stokesproblem; theparticular numerical realization481

used below is described in Section 4.3.482
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The effective momentum source is expanded in the same vector spherical-harmonic basis,483

Q(𝑟, 𝜃, 𝜙) = ∑
ℓ𝑚

[𝑄𝑅
ℓ𝑚(𝑟)𝑌ℓ𝑚 ̂𝑟 + 𝑄𝑆

ℓ𝑚(𝑟)∇1𝑌ℓ𝑚 + 𝑄𝑇
ℓ𝑚(𝑟) ̂𝑟 × ∇1𝑌ℓ𝑚] , (95)

while484

𝑠(𝑟, 𝜃, 𝜙) = ∑
ℓ𝑚

𝑠ℓ𝑚(𝑟)𝑌ℓ𝑚(𝜃, 𝜙). (96)

Writing485

𝐿 = ℓ(ℓ + 1), (97)

the transformedmass equation becomes486

d𝑈 (𝑣)
ℓ𝑚

d𝑟
+ 2

𝑟
𝑈 (𝑣)

ℓ𝑚 − 𝐿
𝑟

𝑉 (𝑣)
ℓ𝑚 = 𝑠ℓ𝑚. (98)

This relationdisplays directly the additional spheroidal freedom introducedby velocity renormalization.487

The transformed free-slip condition remains thegeneral conditionderived inSection3.6. Theclosed-488

form Green operator used in the spherical calculation employs the important special case 𝜕𝑟Λ = 0 at489

both shell boundaries. Under this condition the transformed impermeable free-slip conditions reduce490

to the homogeneous reference conditions491

𝑈 (𝑣)
ℓ𝑚 = 0, (99)

d𝑉 (𝑣)
ℓ𝑚

d𝑟
+

𝑈 (𝑣)
ℓ𝑚 − 𝑉 (𝑣)

ℓ𝑚
𝑟

= 0, (100)

d𝑊 (𝑣)
ℓ𝑚

d𝑟
−

𝑊 (𝑣)
ℓ𝑚
𝑟

= 0, (101)

at 𝑟 = 𝑏 and 𝑟 = 𝑎.492

It is now useful to define the reference Stokes operator itself. For a prescribed source pair (Q, 𝑠),493

ℒ0
⎛⎜
⎝

v

𝑝
⎞⎟
⎠

= ⎛⎜
⎝

Q

𝑠
⎞⎟
⎠

, ℒ0 = ⎛⎜
⎝

𝜂0∇ ⋅ D −∇

∇⋅ 0
⎞⎟
⎠

, (102)

subject to Eqs. (99)– (101). Once the arbitrary additive pressure constant and the degree-one rigid-494

rotation null space are fixed (Appendix A), the inverse exists on the admissible source space. This inverse495
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corresponds to the Green solution operator (Appendix B), as shown here:496

𝒢0 ≡ ℒ−1
0 , ⎛⎜

⎝

v

𝑝
⎞⎟
⎠

= 𝒢0
⎛⎜
⎝

Q

𝑠
⎞⎟
⎠

. (103)

Linearity gives the useful decomposition497

𝒢0
⎛⎜
⎝

Q

𝑠
⎞⎟
⎠

= 𝒢0
⎛⎜
⎝

Q

0
⎞⎟
⎠

+ 𝒢0
⎛⎜
⎝

0

𝑠
⎞⎟
⎠

. (104)

The first term is the force-driven Stokes response and contains spheroidal (poloidal) and toroidal parts.498

The second is generated solely by the transformedmass source and is spheroidal.499

The radial structure of these three responses follows from the scalar operator500

𝐷ℓ𝑓 = d2𝑓
d𝑟2 + 2

𝑟
d𝑓
d𝑟

− 𝐿
𝑟2 𝑓. (105)

For the force-driven spheroidal response, the solenoidal part is represented by a poloidal scalar 𝑃 𝐹
ℓ𝑚.501

Following Forte and Peltier (1987), taking the curl of the spheroidal momentum equation eliminates502

pressure and gives503

𝜂0𝐷 2
ℓ 𝑃 𝐹

ℓ𝑚 = 𝐶ℓ𝑚, (106)

where504

𝐶ℓ𝑚 = 1
𝑟

[ d
d𝑟

(𝑟𝑄𝑆
ℓ𝑚) − 𝑄𝑅

ℓ𝑚] . (107)

Impermeability and free slip become505

𝑃 𝐹
ℓ𝑚 =

d2𝑃 𝐹
ℓ𝑚

d𝑟2 = 0 at 𝑟 = 𝑏, 𝑎, (108)

and the force-driven velocity coefficients follow from Eq. (88). Expanding 𝑝𝐹 = ∑ℓ𝑚 𝑝𝐹
ℓ𝑚(𝑟)𝑌ℓ𝑚, the506

pressure coefficient is507

𝑝𝐹
ℓ𝑚 = 𝜂0

d
d𝑟

(𝑟𝐷ℓ𝑃 𝐹
ℓ𝑚) − 𝑟𝑄𝑆

ℓ𝑚. (109)

The force-driven toroidal response obeys the second-order equation508

𝜂0𝐷ℓ𝑊 𝐹
ℓ𝑚 = 𝑄𝑇

ℓ𝑚, (110)

with the free-slip condition Eq. (101). Radial buoyancy has no direct toroidal projection for a spheri-509

cally symmetric viscosity distribution (Forte, 2007). Toroidal forcing generated by lateral viscosity must510
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therefore enter through the viscosity-dependent momentum source. The degeneracy inherent in the511

degree-one toroidal null mode is treated in Appendix A.512

The classical poloidal and toroidalmomentum responses do not complete the transformedproblem513

when 𝑠ℓ𝑚 ≠ 0. For each scalar harmonic, the third Green response satisfies514

−∇ [𝑝𝑀
ℓ𝑚(𝑟)𝑌ℓ𝑚] + 𝜂0∇ ⋅ D (v𝑀

ℓ𝑚) = 0, (111)

∇ ⋅ v𝑀
ℓ𝑚 = 𝑠ℓ𝑚(𝑟)𝑌ℓ𝑚. (112)

This response is spheroidal. It may be constructed from a divergence-generating gradient field together515

with a divergence-free poloidal boundary correction, so thatmomentum conservation, the transformed516

mass equation, impermeability, and zero tangential traction are satisfied simultaneously. The complete517

harmonic coefficients are therefore518

𝑈 (𝑣)
ℓ𝑚 = 𝑈𝐹

ℓ𝑚 + 𝑈𝑀
ℓ𝑚, 𝑉 (𝑣)

ℓ𝑚 = 𝑉 𝐹
ℓ𝑚 + 𝑉 𝑀

ℓ𝑚, 𝑊 (𝑣)
ℓ𝑚 = 𝑊 𝐹

ℓ𝑚. (113)

This linear superposition of momentum-forced andmass-forced flow components follows directly from519

(104). The closed-form radial Green kernels for the force-driven poloidal response, the force-driven520

toroidal response, and the transformed-mass response are presented in Appendix B.521

At an impermeable spherical surface, 𝑈 (𝑢)
ℓ𝑚 = 0, and the tangential physical velocity is completely522

described by 𝑉 (𝑢)
ℓ𝑚 and𝑊 (𝑢)

ℓ𝑚 . Following Forte and Peltier (1987), the corresponding two-scalar represen-523

tation of surface flow kinematics is524

𝐷ℓ𝑚(𝑟) = −ℓ(ℓ + 1)
𝑟

𝑉 (𝑢)
ℓ𝑚 (𝑟), 𝑅ℓ𝑚(𝑟) = −ℓ(ℓ + 1)

𝑟
𝑊 (𝑢)

ℓ𝑚 (𝑟), (114)

where𝐷 = 𝑟−1∇1 ⋅ u𝐻 is the horizontal divergence and𝑅 = ̂𝑟 ⋅ ∇ × u is the radial vorticity. These two525

scalar fields isolate the poloidal and toroidal parts of the surfacemotion, respectively (Forte and Peltier,526

1987, 1994).527

The reconstruction u = 𝑒−Λv also has an important spectral consequence. Equation (30) gives the528

divergence of the physical velocity, while its curl is529

∇ × u = 𝑒−Λ [∇ × v − ∇Λ × v] . (115)

Thus physical reconstruction is a local scalar multiplication, whereas the poloidal–toroidal decompo-530

sition is a global differential operation. The two do not commute in general, so the poloidal–toroidal531
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partition of the renormalized velocity need not be preserved after reconstruction of the physical veloc-532

ity.533

The same spectral representation also makes the allowed spherical-harmonic coupling pathways534

explicit. For a poloidal component of degree 𝑠 coupled by a viscosity harmonic of degree 𝐿𝜂, the gener-535

alized spherical-harmonic selection rules of Forte and Peltier (1994) permit the poloidal degrees536

|𝐿𝜂 − 𝑠|, |𝐿𝜂 − 𝑠| + 2, … , 𝐿𝜂 + 𝑠, (116)

and the toroidal degrees537

|𝐿𝜂 − 𝑠| + 1, |𝐿𝜂 − 𝑠| + 3, … , 𝐿𝜂 + 𝑠 − 1. (117)

These rules determine which harmonic channels are allowed by the angular coupling. Their direct ap-538

plication to the spherical-shell flow calculation is examined in Section 4.3.539

In the isoviscous limit, 𝜉 = 0. The viscosity-induced momentum source and the transformed mass540

source then vanish, v = u, and the reference problem reduces to the familiar solenoidal poloidal–541

toroidal system. Radial buoyancy excites only poloidal flow; the only toroidal freedom is the arbitrary542

degree-one rigid-rotation null mode. Lateral viscosity variation breaks this simple spectral structure by543

generating both spheroidal and toroidal momentum sources together with the additional transformed-544

mass response.545

4 Validation and Illustrative Applications546

In Sections 2 and 3, we provided an exact reformulation of the variable-viscosity Stokes problem. We547

now test its numerical accuracy, convergence and robustness in four complementary modelling prob-548

lems. We first investigate whether the transformed equations recover a velocity field that is known in549

advance. We then examine whether they reproduce a simple and transparent physical consequence of550

a large viscosity contrast. The final two calculations carry the formulation into spherical-shell geometry.551

In Section 4.3, we focus on the three-dimensionalmode coupling generated by a spatially structured lat-552

eral viscosity gradient. In Section 4.4, we examine a hemispheric configuration in which the strongest553

logarithmic-viscosity gradients are confined to a narrow transition separating two hemispheres. To-554

gether, these two spherical-shell tests distinguish the effects of viscosity contrast 𝜂max/𝜂min from those555

produced by the spatial structure of ∇Λ.556

4.1 Manufactured solution benchmark557

We begin with a manufactured solution in a two-dimensional Cartesian domain. The purpose of this558

calculation is deliberately narrow. By prescribing a smooth velocity field and deriving the force required559
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to sustain it, we obtain an exact solution of the variable-viscosity Stokes equations against whichwe test560

both the direct numerical solution of the original equations and the transformed formulation developed561

in Sections 2 and 3. The analytical velocity field is562

𝑒(𝑥, 𝑦) = 𝐴𝑓(𝑥)𝑓 ′(𝑦),

𝑛(𝑥, 𝑦) = −𝐴𝑓 ′(𝑥)𝑓(𝑦),
(118)

with563

𝑓(𝑥) = 𝑥3(1 − 𝑥)3. (119)

It follows directly that564

𝜕𝑒
𝜕𝑥

+ 𝜕𝑛
𝜕𝑦

= 0, (120)

so the prescribed field satisfies incompressibility exactly. For the prescription of 𝑓(𝑥) given above, it565

follows that566

𝑓(0) = 𝑓(1) = 𝑓 ′(0) = 𝑓 ′(1) = 𝑓″(0) = 𝑓″(1) = 0.

Consequently, the normal velocity vanishes on every boundary and the tangential viscous traction,567

𝜏𝑥𝑦 = 𝐴𝜂 [𝑓(𝑥)𝑓″(𝑦) − 𝑓″(𝑥)𝑓(𝑦)] ,

also vanishes there. The prescribed field therefore satisfies the impermeable free-slip boundary condi-568

tions exactly.569

We set570

𝑝(𝑥, 𝑦) = 0 (121)

and derive the corresponding body force analytically. In this way the comparison isolates the viscous571

terms and their spatial variation rather than uncertainty in the forcing.572

The viscosity is prescribed as573

𝜂(𝑥, 𝑦) = exp[−𝛾𝑇 (𝑥, 𝑦)] , (122)

where574

𝑇 (𝑥, 𝑦) = 4𝑥(1 − 𝑥) 4𝑦(1 − 𝑦) (123)

and575

𝛾 = ln 𝐶. (124)

The parameter 𝐶 therefore sets the total viscosity contrast. The calculation spans four orders of magni-576
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tude in viscosity.577

Figure 1 shows both 𝜂 and ln 𝜂. The comparison is useful because it makes visible the compression578

of a large multiplicative range in viscosity into the much gentler additive range of its logarithm.579

FIGURE 1 – Prescribed viscosity in themanufactured solution benchmark. The left panel shows 𝜂(𝑥, 𝑦). The right
panel shows ln 𝜂(𝑥, 𝑦), the field whose gradient enters the transformed equations. The viscosity varies smoothly
across four orders ofmagnitude. The two panels therefore also illustrate the compression of a largemultiplicative
viscosity range when it is represented in logarithmic form.

Figures 2 and 3 compare the exact velocity with the solutions obtained from the direct variable vis-580

cosity discretization and from the transformed formulationona 128×128 grid. Theupper rows show the581

fields themselves. The lower rows show the error of each numerical solution relative to the exact field582

and the difference between the two numerical solutions. The symbol𝐸 in the figure panels denotes the583

relative 𝐿2 error.584

Both formulations approach themanufactured solution as the grid is refined. For the particular pair585

of discretizations compared here, however, the transformed formulation has the smaller error at every586

tested resolution. The distinction is already apparent in Figs. 2 and 3, where the error fields remain587

smooth and coherent. It is quantified in Table 1. On the finest grid, the relative 𝐿2 error is 1.373 × 10−2
588

for the direct discretization and 2.231 × 10−3 for the transformed solution. The reduction is about a589

factor of six. For thismanufactured solution, the transformed formulation remains accurate across a vis-590

cosity contrast of 104 and yields substantially smaller numerical errors than the direct variable-viscosity591

discretization used for comparison.592

At each iteration, the viscosity-dependent term 𝜂0∇ ⋅ B(v, 𝜉) on the right-hand side of Eq. (37) is593

evaluated from the current estimate of v, and the resulting constant-viscosity reference Stokes problem594

is solved again. At large viscosity contrasts, an under-relaxed fixed-point iteration providesmore reliable595
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FIGURE 2 –Manufactured solution benchmark for the velocity component 𝑒(𝑥, 𝑦) on a 128 × 128 grid. The upper
row shows the exact field, the solution from the direct variable viscosity discretization, and the solution from the
transformed formulation. The lower row shows the corresponding errors relative to the exact field and, at right,
the difference between the two numerical solutions. The quantity 𝐸 denotes the relative 𝐿2 error.

FIGURE 3 – As in Fig. 2, but for the velocity component 𝑛(𝑥, 𝑦). The exact field and the two numerical solutions
are shown above. Their errors and mutual difference are shown below. The close agreement of the transformed
solution with the prescribed field is obtained while the viscosity varies by four orders of magnitude.
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TABLE 1 – Relative 𝐿2 errors in the manufactured solution benchmark. Here 𝐸(𝑑)
𝑒 and 𝐸(𝑑)

𝑛 are the errors of the
direct variable viscosity discretization, while𝐸(𝑝)

𝑒 and𝐸(𝑝)
𝑛 are those of the transformed formulation. All errors are

measured against the exact manufactured solution. The uniform grid spacing is denoted by ℎ.

Grid ℎ 𝐸(𝑑)
𝑒 𝐸(𝑝)

𝑒 𝐸(𝑑)
𝑛 𝐸(𝑝)

𝑛
16×16 6.250e-02 6.656e-01 1.467e-01 6.656e-01 1.467e-01
32×32 3.125e-02 2.045e-01 3.583e-02 2.045e-01 3.583e-02
64×64 1.562e-02 5.413e-02 8.923e-03 5.413e-02 8.923e-03

128×128 7.812e-03 1.373e-02 2.231e-03 1.373e-02 2.231e-03

convergence than an undamped update. We therefore write the update as596

𝑍𝑘+1 = (1 − 𝛼)𝑍𝑘 + 𝛼𝑍𝑘+1, (125)

where 𝑍𝑘 is the current iterate, 𝑍𝑘+1 is the newly computed value before relaxation, and 𝛼 is the relax-597

ation parameter. For the manufactured solution test we use 𝛼 = 0.2, selected from a set of trial values.598

The relative change between successive iterates decreases monotonically in Fig. 4 and reaches the pre-599

scribed tolerancewithout an oscillatory phase. The convergence history therefore validates the iterative600

procedure itself, showing that the numerical solution approaches the exact solution stably rather than601

merely agreeing with it at the final iteration.602

FIGURE4 –Convergenceof the fixed-point iteration for themanufactured solutionbenchmark. Theordinate is the
relative change between successive iterates. With𝛼 = 0.2, the change decreasesmonotonically until the stopping
tolerance is reached. The calculation uses the same four-order-of-magnitude viscosity contrast as Figs. 1–3.

4.2 Two-region Cartesian benchmark603

The previous section verified the numerical implementation against a prescribed exact solution. We604

now turn to a complementary benchmark that tests the formulation in a problemwith a sharp viscosity605

contrast and independently interpretable flow structure.606

At low Reynolds number, the characteristic velocity generated by a fixed buoyancy force scales in-607
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versely with the surrounding viscosity. We use this simple fact to construct a two-region test. The Carte-608

sian domain is divided at 𝑥 = 0.5. The right half has viscosity 𝜂𝑅 = 1, while the left half has viscosity609

𝜂𝐿. Two identical negatively buoyant bodies are placed at the same depth, one on either side of the in-610

terface. Their density anomalies, sizes, and positions relative to the centre of each half are the same.611

Viscosity is thus the only intended distinction between their environments.612

Figure 5 shows the viscosity field and the imposed density anomalies. Both are smoothed over finite613

distances. This choicekeeps thenumericalderivatives finiteandavoidsmaking thecomparisonsensitive614

to the particular grid representation of a discontinuous coefficient.615

The expected behaviour is familiar from the classical Stokes-sinker problem. At negligible Reynolds616

number, the settling speed of a sphere of fixed size and density contrast is inversely proportional to the617

viscosity of the surrounding fluid. Our smoothed density anomalies are neither rigid spheres nor iso-618

lated bodies in an unbounded fluid, so the classical Stokes formula is not expected to apply quantita-619

tively. It nevertheless provides a simple physical scaling against which the computed response can be620

interpreted.621

FIGURE5–Geometryof the two-regionCartesianbenchmarkona64×64grid. The leftpanel shows theprescribed
viscosity for 𝜂𝐿/𝜂𝑅 = 100. The more viscous material occupies the left half of the box. The right panel shows the
two identical normalized density anomalies. The dashed line marks the centre of the viscosity transition and the
white contours outline the buoyant bodies. The transition in viscosity and the edges of the density anomalies are
smoothed over finite widths.

The response is shown in Fig. 6. When 𝜂𝐿/𝜂𝑅 = 1, symmetry is recovered. The two bodies sink at622

nearly the samespeedand the surrounding circulation ismirroredacross the centreof thebox. When the623

left half ismade one thousand timesmore viscous, that symmetry is broken in the expectedway. Motion624

around the left body is strongly reduced, whereas the body in the reference viscosity half continues to625

drive amuch larger flow. The calculation therefore captures not only a change in a scalar sinking speed,626

but also the associated redistribution of the surrounding Stokes flow.627
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FIGURE 6 – Flow in the two-region Cartesian benchmark. The upper row is isoviscous, with 𝜂𝐿/𝜂𝑅 = 1. The lower
row has 𝜂𝐿/𝜂𝑅 = 1000. From left to right, the columns show the velocity magnitude and vectors, the horizontal
component 𝑒(𝑥, 𝑦), and the vertical component 𝑛(𝑥, 𝑦). White contours mark the two negatively buoyant bodies.
The dashed line marks the centre of the viscosity transition. Increasing the viscosity on the left suppresses both
the descent of the left body and the circulation that it drives.

To quantify this change, let 𝑉𝐿 and 𝑉𝑅 be the mean sinking speeds measured over the two bodies.628

The leading Stokes scaling gives629

𝑉𝐿
𝑉𝑅

∼ 𝜂𝑅
𝜂𝐿

= 1
𝜂𝐿/𝜂𝑅

. (126)

Figure7compares this relationwith thecomputedvelocity ratio. Thenumerical curve follows the inverse-630

viscosity trend over three orders of magnitude in contrast. At 𝜂𝐿/𝜂𝑅 = 1000, the difference from the631

ideal scaling is about 6–7%.632

That remaining difference has a straightforward interpretation. The viscosity transition has finite633

width. The buoyant bodies have finite size and occupy a bounded domain. The reported velocities are634

averages over each body, and the density anomaly is smoothed near its edges. These features modify635

the quantitative velocity response, so the classical 𝑈 ∝ 𝜂−1 Stokes-sinker scaling provides a physical636

reference rather than an exact prediction for the calculated velocity ratio.637

4.3 Strong lateral viscosity variation in a spherical shell638

The two preceding Cartesian flow tests establish the accuracy of the transformed formulation in con-639

trolled settings and recover the expected physical redistribution of flow across a large viscosity contrast.640
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FIGURE 7 – Sinking speed ratio in the two-region Cartesian benchmark. The blue curve is the computed ratio
𝑉𝐿/𝑉𝑅. The orange dashed curve is the inverse-viscosity scaling 1/(𝜂𝐿/𝜂𝑅). The right axis gives the relative dif-
ference between the two. The agreement persists through 𝜂𝐿/𝜂𝑅 = 1000, where the finite transition width, finite
body size, and bounded domain account for a remaining difference of about 6–7%.

We now use the spherical spectral formulation of Section 3.8 to examine a distinctly three-dimensional641

consequenceof lateral viscosity variation: the couplingof spherical-harmonicmodesand thegeneration642

of toroidalmotion froman initially poloidal buoyancy response. Two-dimensional Cartesianmodels can643

exhibit viscosity-induced coupling between Fourier modes, but they cannot represent the excitation of644

toroidal flowor its coupling to poloidalmotion. The spherical calculation therefore provides a direct test645

of the intrinsically three-dimensional part of the coupling structure relevant to planetary interiors. Early646

three-dimensional calculations demonstrated that lateral viscosity structure can alter mantle flow and647

its surface expression (Christensen and Harder, 1991; Zhang and Christensen, 1993; Richards and Hager,648

1989), while the poloidal–toroidal coupling generated by lateral viscosity was developed explicitly in649

generalized spherical harmonics by Forte and Peltier (1994). Subsequent studies have explored its con-650

sequences for surface velocities, dynamic topography and the geoid (Čadek and Fleitout, 2003; Kaban651

et al., 2007;Moucha et al., 2007; Rogozhina, 2008; Petrunin et al., 2013).652

Weconsideradeliberately simple spherical-shell configuration that isolates thismodecouplingwhile653

allowing the viscosity contrast to be increased strongly. The shell extends from 3480 to 6371 km radius.654

The reference density is 𝜌0 = 4500 kg m−3, and the reference viscosity is 𝜂0 = 1021 Pa s.655

Buoyancy is imposed throughadegree-two, order-zerodensityperturbation localizedat𝑟𝑏 = 5671km,656
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corresponding to a depth of 700 km:657

𝛿𝜌(𝑟, 𝜃, 𝜙) = 𝜌0
𝐴20
𝑟2

𝑏
𝛿(𝑟 − 𝑟𝑏) 𝑌20(𝜃, 𝜙), (127)

with658

𝐴20 = 6.43205 × 1015 m3.

Thenormalization gives𝐴20/𝑟2
𝑏 = 200 m, equal to the radially integrateddensity anomaly of a fractional659

perturbation 𝛿𝜌/𝜌0 = 10−3 distributed uniformly through a 200 km layer. The finite layer is therefore660

used only to give a dimensional interpretation of the sheet strength; the numerical forcing itself remains661

a zero-thickness radial Dirac sheet (Fig. 8a).662

The lateral viscosity structure has degree and order (𝐿𝜂, 𝑚𝜂) = (16, 8). Its depth dependence is663

concentrated in a shallow surface layer. The principal transition is centred near 200 km depth, and the664

amplitude decreases rapidly below this depth over a vertical interval of approximately 40 km (Fig. 8a).665

The radial variation is smooth and satisfies 𝜕𝑟Λ = 0 at both shell boundaries, so the homogeneous666

reference boundary conditions derived in Section 3.8 apply directly. We write667

Λ = ln( 𝜂
𝜂0

) (128)

and choose its amplitude so that668

𝜂max
𝜂min

= 104. (129)

The reference viscosity 𝜂0 remains the fixed value introduced above. The lateral viscosity field is669

constructed so that its logarithmic departure from this reference value has zero horizontalmean at every670

radius,671

⟨Λ⟩𝐻 = ⟨ln( 𝜂
𝜂0

)⟩
𝐻

= 0.

It follows that the fixed reference viscosity is also the horizontal geometric mean of the prescribed vis-672

cosity field,673

exp⟨ln 𝜂⟩𝐻 = 𝜂0.

This normalization does not imply that the arithmetic horizontal mean is 𝜂0. Since 𝜂 = 𝜂0𝑒Λ,674

⟨𝜂⟩𝐻 = 𝜂0 ⟨𝑒Λ⟩
𝐻

≥ 𝜂0,

with strict inequality wherever the lateral viscosity field is nonuniform, by Jensen’s inequality (Jensen,675

1906).676
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Figure 8 presents the prescribed structure and the resulting surface flow. Panel (a) shows the shal-677

low radial envelope of the lateral viscosity field and the depth of the density sheet; panel (b) shows the678

surface pattern of Λ. Panels (c) and (d) display, respectively, the renormalized and physical horizon-679

tal velocities. Their difference is central to the interpretation: the reference Stokes operator acts on v,680

whereas the material velocity is recovered from Eq. (5). For the present viscosity contrast, the recon-681

structed physical surface flow reaches a maximum horizontal speed of 10.3256 cm yr−1.682
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FIGURE 8 – Prescribed structure and surface response of the spherical calculation with 𝜂max/𝜂min = 104. (a) Ra-
dial envelope of the imposed (𝐿𝜂, 𝑚𝜂) = (16, 8) logarithmic viscosity field. The red line marks the depth of the
exact (𝑠, 𝑚) = (2, 0) buoyancy sheet at 700 km. It is a depth marker, not a representation of a finite source thick-
ness. (b) SurfaceΛ = ln(𝜂/𝜂0). (c) Magnitude of the renormalized surface horizontal velocity |vℎ|, the variable on
which the reference Stokes operator acts. (d) Magnitude of the reconstructed physical surface horizontal velocity
|uℎ|. Coastlines are omitted because the lateral structure is an ideal harmonic pattern rather than a geographic
model.

The self-consistent reference-operator problem derived in Section 3.8 is solved here by a relaxed683

fixed-point iteration, as defined in equation (125). At each update, the momentum pseudo-load (90)684

and transformed mass source (92) are recomputed from the current renormalized velocity. The fixed685

buoyancy source is then added and the same constant-reference Green solution operator 𝒢0 is applied686

again. The calculations in this section use a relaxation factor 𝛼 = 0.5 in (125). Thus the analytical ref-687

erence operator is reused throughout the calculation, while the lateral-viscosity coupling enters entirely688
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through the evolving source pair. The closed-form Green kernels underlying𝒢0 are given in Appendix B,689

and the numerical stopping and resolution tests are reported in the Supplementary Material.690

A resolution-matched isoviscous calculation provides the physical reference against which to mea-691

sure the effect of the lateral viscosity field. The buoyancy forcing, shell geometry, boundary conditions,692

reference viscosity, angular and radial resolution, quadrature and physical reconstruction are identical693

to those of the 104 calculation; only the amplitude of the lateral viscosity variation is set to zero. Hence694

Λ = 0, 𝜂
𝜂0

= 1, v = u (130)

tomachine precision. Figure 9 shows the resulting response. The degree-two buoyancy sheet produces695

the analytic isoviscous poloidal flowpredictedby the referenceGreen functions (Forte andPeltier, 1987):696

themaximumsurfacehorizontal speed is6.0347 cm yr−1, theRMShorizontaldivergence is0.169448 rad/10 Myr,697

and the divergence spectrum is confined to ℓ = 2 to numerical precision. Only 3.9 × 10−24 of its diver-698

gence variance lies outside degree two. The RMS radial vorticity is 1.68 × 10−13 rad/10 Myr, effectively699

zero on the scale of the calculation. The isoviscous control solution therefore establishes a sharply de-700

fined baseline: specifically, that all resolved toroidal motion and all substantial power outside the di-701

rectly forced degree in the strong-LVV calculation are generated by the lateral viscosity field.702

Isoviscous surface speed
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FIGURE 9 – Resolution-matched isoviscous control for the spherical calculation. (a) Magnitude of the physical
surface horizontal velocity. (b) Physical surface horizontal divergence in the Forte–Peltier normalization. Every
parameter apart from the amplitude of the lateral viscosity field is the same as in Fig. 8. Panel (a) uses the same
0–10.3256 cm yr−1 colour scaleasFig. 8(d), andpanel (b)uses the same [−1.5, +1.5] rad/10 Myr scaleasFig. 10(a).

The final 104-contrast calculation uses 𝐿max = 180, 𝑁𝑟 = 161, and product quadrature order 161.703

The physical velocity is reconstructed through degree 276 because multiplication by 𝑒−Λ broadens its704

harmonic content beyond the spectral range solved directly for the reference problem. The resolution705

tests show that the interpreted flow is well separated from the truncation boundary. At contrast 103,706

increasing𝑁𝑟 from 129 to 161 changes representative resolved quantities by approximately 10−8 to 5 ×707
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10−7 in relative terms. At contrast 104, increasing 𝐿max from 144 to 180 reduces the retained spectral708

tail by about 3.6 × 103 and the discarded-source measure by about 3.1 × 103, while the whole-shell709

𝐿2 norm of the renormalized velocity and its toroidal fraction change by only a few parts in 109. The710

final calculation converges after 49 fixed-point updates, with a final state update of 7.95 × 10−9 and711

an operator-consistent transformed-mass residual of 2.45 × 10−8. Independent tests of the reference712

Green solution operator and the generalized spherical-harmonic transforms are at the 10−14 level. The713

full radial, angular, operator and reconstruction audits are given in Sections S2–S4of the Supplementary714

Material, while the degree-one rotational null space is treated in Appendix A and evaluated numerically715

in Section S5.716

We now turn to the physical spectral response. Section 3.8 shows that, at an impermeable surface,717

the horizontal divergence 𝐷 and radial vorticity 𝑅 isolate the poloidal and toroidal parts of the phys-718

ical surface velocity [Eq. (114)]. The same section also gives the general harmonic selection rules for719

viscosity-induced coupling. Applied to the present degree-two poloidal forcing and degree-16 viscosity720

field, Eqs. (116) and (117) predict the first coupled generation721

Poloidal (𝑃 ) ∶ ℓ = 14, 16, 18, Toroidal (𝑇 ) ∶ ℓ = 15, 17. (131)

Because 𝐿𝜂 = 16 is even, repeated coupling preserves the parity sequence722

𝑃even ⟶ 𝑇odd ⟶ 𝑃even ⟶ ⋯ . (132)

The imposed azimuthal structure is equally restrictive: the 𝑚 = 0 buoyancy and 𝑚 = ±8 viscosity723

harmonics generate orders that are multiples of eight. The alternating empty degrees and the eightfold724

map symmetry are therefore direct spectral signatures of this controlled coupling geometry.725

Figure 10 shows the response after this coupling has acted to convergence. The surface horizontal726

divergence has727

𝐷rms = 0.336198 rad/10 Myr, (133)

while the radial vorticity has728

𝑅rms = 0.229972 rad/10 Myr. (134)

Thus729

𝑅rms
𝐷rms

= 0.684. (135)

The isoviscous referencehasessentially zero radial vorticity, so the finite rotational surface field inFig. 10(b)730

is a direct consequence of the lateral viscosity coupling. The free-slip shell admits a separate degree-731
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one rigid-rotation null mode; the zero-angular-momentum condition of Appendix A fixes only that arbi-732

trary frame freedom and retains any torque-compatible differential rotation. Its numerical enforcement733

leaves degree-one radial vorticity at a negligible level, as documented in Section S5 of the Supplemen-734

tary Material.735
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FIGURE 10 – Physical diagnostics for the spherical calculationwith a viscosity contrast of 104. (a) Surface horizon-
tal divergence. (b) Surface radial vorticity. The two maps use the same Forte–Peltier normalization and the same
symmetric range of [−1.5, +1.5] rad/10 Myr. (c) Degree amplitudes of surface divergence in blue and radial vor-
ticity in red. The dashedmarkers give ℓ95, defined as the smallest degree containing at least 95%of the cumulative
squared degree amplitude. The values are ℓ95 = 20 for divergence and ℓ95 = 47 for radial vorticity. The labelled
degree-two and degree-18 divergence peaks distinguish the directly forced response from the strongest member
of the first poloidal band opened by viscosity coupling. (d) RMS toroidal-to-poloidal velocity amplitude ratio as a
function of depth, 𝑢𝑇 ,rms/𝑢𝑃,rms = √𝐸𝑇 /𝐸𝑃 . The map grids are interpolated at one-degree spacing for display
only; all quoted spectra and RMS quantities are evaluated directly from the spectral solution.

The matched isoviscous control solution makes the amplitude redistribution in Fig. 10(c) especially736

clear. Introducing the lateral viscosity variation raises thedivergenceRMS from0.169448 to0.336198 rad/10 Myr,737

an increase by a factor of 1.984. The directly forced ℓ = 2 component changesmuch less, from 0.169448738

to approximately 0.175751 rad/10 Myr, or about 3.7%. The near doubling of the total divergence there-739

fore comes primarily from power transferred into additional harmonics rather than from amplification740

of the original degree-two pattern.741
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Degree 18 provides the clearest example. It belongs to the first poloidal band predicted by Eq. (131),742

and its divergence amplitude is approximately 0.2583 rad/10 Myr. This exceeds the degree-two ampli-743

tude of the isoviscous control by a factor of about 1.52 and the degree-two amplitude of the strong-LVV744

calculationbya factorof about1.47. Becausehorizontaldivergencecontainsangularderivatives, shorter745

wavelengths areweightedmore strongly than in the velocity itself. Thedegree-18peak therefore records746

a substantial transfer of the surface-gradient field toward shorter spatial scales, exactlywhere the spher-747

ical coupling rules first permit it.748

The toroidal response is broader still. Ninety-five per cent of the cumulative squared degree ampli-749

tude is reached by ℓ = 20 for divergence but only by ℓ = 47 for radial vorticity. The physical surface750

velocity consequently has a substantial radial vorticity. The toroidal-to-poloidal squared-velocity-norm751

ratio is 1.7423 × 10−2, corresponding to the RMS amplitude ratio752

𝑢𝑇 ,rms

𝑢𝑃,rms
= 0.132. (136)

The ratio decreases rapidly below the shallow viscosity structure, reaching approximately 5.72 × 10−3
753

at mid-shell and 7.8 × 10−5 near the lower boundary (Fig. 10d). The rotational flow is therefore most754

strongly expressed where the imposed lateral viscosity gradients are largest and weakens sharply be-755

neath that layer.756

The renormalizedandphysical velocity fields alsopartitiondifferently betweenpoloidal and toroidal757

components. This distinction is made clear in Section 3.8, because the physical reconstruction is a local758

multiplication by 𝑒−Λ, whereas the poloidal–toroidal decomposition is a global differential operation,759

and the two do not commute [Eq. (115)]. In this calculation the toroidal part accounts for about 0.498760

of the squared velocity norm of v, but only 4.14 × 10−3 of the corresponding whole-shell norm of u.761

The contrast between these values is itself a consequence of the strong harmonic mixing introduced by762

reconstruction and reinforces the need to interpret the material flow through u, not through the renor-763

malized field alone.764

Figure 10 clearly shows that strong lateral viscosity gradients induce a strong primary degree-18765

poloidal response, substantial shorter-wavelength spectral power, and a broad-spectrum toroidal field766

expressed directly as surface radial vorticity. The intentionally simple harmonic geometry we employed767

makes each of these pathways in spectral space identifiable against the selection rules of Section 3.8. In768

a viscosity field with broad spectral content, many such pathways will operate simultaneously, but the769

coupling mechanisms isolated here remain the same. Strong lateral viscosity variation does not merely770

rescale the buoyancy-driven circulation. It reorganizes that circulation across spherical-harmonic de-771
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gree and couples poloidal and toroidal motion in fully three-dimensional spherical geometry.772

4.4 Hemispheric viscosity contrast in a spherical shell773

Section 4.2 examined a simple version of a two-region Stokes sinking problem in Cartesian geometry.774

It showed that identical density loads embedded in regions of different viscosities recover the expected775

inverse-viscosity scaling. We now return to this physical configuration in a spherical shell, over a much776

larger range of viscosity contrast. The spherical calculation also lets us separate changes in flow geom-777

etry from changes in spectral content. This test complements the spherical harmonic analysis of Sec-778

tion 4.3. There, the viscosity gradientwas distributed through a prescribed three-dimensional harmonic779

fieldandproducedstrongmodecoupling. Here, theviscosity ismodelledasuniform ineachhemisphere,780

while the strongest log-viscosity gradients are confined to a thin transition region between them. As we781

show below, this geometry provides a direct way to separately characterize changes in physical speed782

from changes in flow geometry.783

We follow the spherical configuration introduced by Petrunin et al. (2013). Two identical negatively784

buoyant bodies are placed at antipodal positions in the shell. Each body is 1000 km by 1000 km in its785

two tangential dimensions and 500 km in the radial direction. The density anomaly is 𝛿𝜌/𝜌0 = 1%. The786

two body centres lie at the same depth, close to the mid-depth of the shell. The southern hemisphere787

retains the reference viscosity788

𝜂S = 𝜂ref = 𝜂0 = 3.4 × 1020 Pa s, (137)

while the northern hemisphere has789

𝜂N = 𝜂ref
𝑅

. (138)

The nominal viscosity contrast is therefore 𝑅 = 𝜂ref/𝜂N. We consider values from 𝑅 = 1 to 𝑅 = 106.790

The hemispheric step is represented spectrally in Λ = ln(𝜂/𝜂0) through degree 𝐿𝜂 = 80, with Lanczos791

smoothing of the truncated step. The finite body forcing is represented through degree 𝐿𝑏 = 120. The792

quantity 𝑅 denotes the prescribed nominal contrast. Away from the equatorial transition, Λ is nearly793

constant and ∇Λ is small.794

The spectral symmetries of the input log-viscosity and density-anomaly fields can be determined795

analytically. Weuse the unit-mean-square normalization for spherical-harmonics adopted in Section 3.8796

and inForteandPeltier (1994). With thepolaraxispassing through the twobodycentres, thehemispheric797

viscosity field is axisymmetric. In the ideal step limit,Λ = − ln 𝑅 in the northern hemisphere andΛ = 0798

in the southern hemisphere. For this axisymmetric configuration, the relevant spherical harmonics are:799

𝑌 0
ℓ (𝜃) =

√
2ℓ + 1 𝑃ℓ(cos 𝜃).
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The harmonic coefficients of the log-viscosity field are therefore800

Λℓ0 = − ln 𝑅
2

√
2ℓ + 1 ∫

1

0
𝑃ℓ(𝜇) d𝜇, 𝜇 = cos 𝜃. (139)

The degree-zero coefficient is801

Λ00 = −1
2

ln 𝑅.

For every even degree ℓ > 0,802

Λℓ0 = 0.

Thus, apart from its spherical mean, the ideal hemispheric viscosity field contains only odd degrees. For803

odd ℓ, the integral in Eq. (139) can be evaluated explicitly to give804

Λℓ0 = − ln 𝑅
2
√

2ℓ + 1
[𝑃ℓ−1(0) − 𝑃ℓ+1(0)] , ℓ odd. (140)

The two identical antipodal density anomalies have the complementary equatorial symmetry. Their805

combined forcing is axisymmetric and contains only 𝑚 = 0, even-degree harmonics:806

𝛿𝜌ℓ𝑚 = 0 unless 𝑚 = 0 and ℓ is even. (141)

We employ ℓ-dependent Lanczos smoothing on the harmonic representation of the viscosity field to at-807

tenuate the Gibbs ringing generated by the equatorial discontinuity. This smoothing preserves the az-808

imuthal and harmonic-parity symmetries. No Lanczos smoothing is applied to the harmonic represen-809

tation of the density loads.810

Figure 11 shows meridional sections of the physical velocity u, reconstructed from (5), for 𝑅 = 1,811

102 and 105. All three panels use the same logarithmic speed scale. The increase in the sinking speed of812

the northern-hemisphere body is immediate as the viscosity decreases. The large-scale pattern of flow813

streamlines changes much less. The main circulation retains the form of the isoviscous solution, with814

modest changes concentrated near the equatorial viscosity transition between the two hemispheres.815

The sinking speeds provide a quantitative measure of the amplitude change. Let 𝑉N and 𝑉S denote816

themagnitudesof thedownward velocitymeasuredover thenorthern and southernbodies. The leading817

Stokes scaling gives818

𝑉N
𝑉S

≃ 𝑅. (142)

Figure 12 shows this relation for the body-averaged speed and for the velocity at the centre of eachbody.819

The computed ratio follows 𝑅 from the isoviscous case through 𝑅 = 106. The fractional departures820
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(a)
R = 1  (isoviscous)
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= 1

(b) R = 102

ηnorth/ηref

= 10-2

(c) R = 105

ηnorth/ηref

= 10-5

Panels (b,c): north = low-viscosity hemisphere; south = reference-viscosity hemisphere
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FIGURE 11 – Meridional sections of the physical velocity for the hemispheric viscosity test. The nominal viscosity
contrasts are (a) 𝑅 = 1, (b) 𝑅 = 102, and (c) 𝑅 = 105. The southern hemisphere has the reference viscosity
𝜂ref = 3.4 × 1020 Pa s, while the northern viscosity is 𝜂ref/𝑅. The colour scale is common to all three panels and
shows log10(|u|/[1 cm yr−1]). White curves are streamlines of the physical velocity and the arrowheads show their
direction. The black outlines mark the location and shape of the two identical, antipodal density anomalies.

remain of order 10−3 or smaller over the resolved high-contrast sequence. At 𝑅 = 100, for example,821

the body-averaged speed ratio is 100.0434. The same inverse-viscosity scaling continues at the largest822

contrasts shown in the figure.823

Thekey result, clearly evident in Figure11, is theweakchange in thegeometryof the flowstreamlines824

as the hemispheric viscosity contrast increases strongly. For every value of𝑅, the pointwise relationship825

between the transformed/renormalized velocity and the physical velocity is826

u𝑅(x) = 𝑒−Λ𝑅(x) v𝑅(x), 𝑒−Λ𝑅 > 0. (143)

The two vectors are parallel at every point. The scalar factor 𝑒−Λ𝑅(x) changes the speed along a stream-827

line but not its direction, so that u𝑅 and v𝑅 have the same streamlines for any fixed value of 𝑅. The828

weak change in streamline geometry as𝑅 increases has a separate origin. The viscosity is nearly uniform829

through most of each hemisphere, so ∇Λ is small there and the transformed flow v𝑅 remains close to830

the isoviscous solution. Most of the change in v𝑅 is confined to the transition between the two hemi-831

spheres, where ∇Λ is finite.832

The spectra in Fig. 13 show how small those changes are. For either velocity field we define the nor-833
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FIGURE 12 – Sinking speed scaling in the hemispheric viscosity test. (a) Ratio of the sinking speed in the low
viscosity hemisphere relative to that in the reference viscosity hemisphere. Circles show the body-volume mean
and triangles show the velocity at the body centre. The dashed line is the ideal Stokes scaling 𝑉N/𝑉S = 𝑅. (b)
Absolute fractional departure of the calculated speed ratio from the ideal scaling, 𝑅. The same scaling persists
over six orders of magnitude in nominal viscosity contrast.

malized degree amplitude834

𝐴ℓ =
⎛⎜⎜⎜
⎝

𝐸ℓ

∑
ℓ′

𝐸ℓ′

⎞⎟⎟⎟
⎠

1/2

, (144)

where 𝐸ℓ is the whole-shell squared velocity norm at degree ℓ. The isoviscous transformed velocity835

contains only even degrees, consistent with the parity of the density loads in (141). At 𝑅 = 102 and836

105, small-amplitude odd-degree components appear, but the dominant spectrum remains almost un-837

changed. The integrated odd-degree RMS amplitude of v is 3.55 × 10−3 at 𝑅 = 102 and 4.52 × 10−3
838

at 𝑅 = 105 (Fig.13a). Most of the velocity power therefore remains concentrated at the same spherical-839

harmonic degrees, and the spectrum shows little broadening as 𝑅 increases. Panel (a) of Figure 13 thus840

provides the spectral counterpart of the nearly unchanged streamlines in Fig. 11.841

Panel (b) in Figure 13 has a different appearance because the reconstruction of physical velocitymul-842

tiplies the transformed velocity by a strongly hemispheric scalar field. The origin of its nearly equal even843

and odd amplitudes can be understood analytically. Since the spectrum of renormalized velocity re-844

45 | https://doi.org/xxxxxxxxxxxxxxxxxxxxx GEODYNAMICA | volume V.N | 2025

https://doi.org/xxxxxxxxxxxxxxxxxxxxx


GEODYNAMICA | RESEARCH ARTICLE | Forte & Kamali Lima – Stokes flow in log-viscosity space

10−5

10−4

10−3

10−2

10−1

100

N
or

m
al

iz
ed

 R
M

S
 a

m
pl

itu
de

, A
l

0 10 20 30 40 50 60 70 80

Spherical-harmonic degree, l

Transformed velocity  v

R = 1
R = 102

R = 105

even l
odd l

a)

10−4

10−3

10−2

10−1

100

0 10 20 30 40 50 60 70 80

Spherical-harmonic degree, l

Physical velocity  u

analytic prediction
b)

Viscosity contrast, R  Viscosity contrast, R  

A
u od

d

FIGURE 13 – Normalized velocity spectra for the hemispheric viscosity test. The degree amplitude is defined by
Eq. (144). Filled symbols show even degrees and open symbols show odd degrees. (a) Transformed velocity v.
The spectrum remains dominated by the same even degrees as 𝑅 increases, while only a small odd component
develops. (b) Physical velocityu = 𝑒−Λv. At large𝑅, the even and odd amplitudes become comparable although
the streamline geometry remains close to the isoviscous case. The large odd contribution in u arises chiefly from
the hemispheric variation of the scalar factor 𝑒−Λ, while the small odd contribution in v records the change in the
transformed flow itself. The inset in panel (b) shows the analytic prediction from Eq. (147) for the integrated odd-
degree RMS amplitude𝐴(𝑢)
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odd = 1/
√

2. The associated odd-to-even amplitude ratio is given by Eq. (148).

mains overwhelmingly even, the leading-order spectral parity of the reconstructed physical velocity can845

be obtained by treating v as equatorially symmetric. Since 𝑒−Λ = 𝜂0/𝜂, this multiplier equals 𝑅 in the846

northern low-viscosity hemisphere andunity in the southern reference-viscosity hemisphere. Therefore,847

in the ideal step limit,848

𝑒−Λ = 𝐴 + 𝐵 sgn(cos 𝜃), 𝐴 = 𝑅 + 1
2

, 𝐵 = 𝑅 − 1
2

, (145)

so that849

u = 𝐴 v + 𝐵 sgn(cos 𝜃) v. (146)

The first term has even (equatorially-symmetric) parity, while the second has odd parity. Since multi-850

plication by sgn(cos 𝜃) preserves the norm of v, and the even-parity and odd-parity contributions are851

orthogonal, their normalized RMS amplitudes are852

𝐴(𝑢)
even ≃ 𝑅 + 1

√2 (𝑅2 + 1)
, 𝐴(𝑢)

odd ≃ 𝑅 − 1
√2 (𝑅2 + 1)

, (147)

46 | https://doi.org/xxxxxxxxxxxxxxxxxxxxx GEODYNAMICA | volume V.N | 2025

https://doi.org/xxxxxxxxxxxxxxxxxxxxx


GEODYNAMICA | RESEARCH ARTICLE | Forte & Kamali Lima – Stokes flow in log-viscosity space

and both amplitudes approach 1/
√

2 as 𝑅 becomes large. Their ratio is therefore853

𝐴(𝑢)
odd

𝐴(𝑢)
even

≃ 𝑅 − 1
𝑅 + 1

, (148)

approaching1as𝑅becomes large. For𝑅 = 100, Eq. (147) gives𝐴(𝑢)
odd = 0.700001and𝐴(𝑢)

even = 0.714142.854

The numerical values are 0.700003 and 0.714140. At 𝑅 = 105, the predicted values are 0.707100 and855

0.707114, which agree with the numerical values to the displayed precision.856

We may now connect these theoretical predictions to Fig. 13(b) by noting that the amplitudes in857

Eq. (147) are integrated over the even- and odd-degree parts of the spectrum, whereas Fig. 13(b) shows858

the normalized amplitude 𝐴ℓ at each individual degree. Thus,859

𝐴(𝑢)
even = ( ∑

ℓ even
𝐴2

ℓ )
1/2

, 𝐴(𝑢)
odd = ( ∑

ℓ odd
𝐴2

ℓ )
1/2

. (149)

The analytic result concerns the total norm in each parity sector, rather than equality of the individual860

even- andodd-degree coefficients. For𝑅 = 1, essentially all of the spectral norm lies at evendegrees. At861

𝑅 = 102, the odd-degree branch in Fig. 13(b) has grown to an integrated amplitude nearly equal to that862

of the even-degree branch. At 𝑅 = 105, the two contributions are almost exactly equal, as predicted863

by Eqs. (147) and (148). The harmonic spectra (Fig. 13) and flow streamlines (Fig. 11) thus provide two864

complementary views of the same flow dynamics.865

We may further understand the stable streamline patterns in Figure 11 by considering the spatial866

distributionof∇Λ. Throughoutmost of either hemisphere,Λ is nearly constant and therefore∇Λ is very867

small. The transformed Stokes-flow problem therefore remains close to the reference problem in each868

hemisphere. The main change in the direction of the flow is concentrated near the equatorial viscosity869

transition, where ∇Λ is increasingly large as 𝑅 increases. For a transition of characteristic width 𝛿, its870

magnitude scales approximately as871

|∇Λ| ∼ ln 𝑅
𝛿

. (150)

The physical speed ratio can therefore grow in direct proportion to 𝑅 while the large-scale geometry872

changes much more slowly. The fixed-point Picard iterations become more demanding because the873

pseudo-stress terms grow with the logarithmic gradient. This increased numerical difficulty accompa-874

nies only a modest change in the global streamline pattern.875

The spatial solution is stable under radial refinement. At 𝑅 = 100, increasing the radial resolution876

from𝑁𝑟 = 161 to 257 changes thewhole-shell physical velocity by about 4.3×10−4 in relative𝐿2 norm.877

The body-averaged sinking speed ratio changes by about one part in 106. The largest local differences878
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occur in the narrow viscosity transition, as expected from Eq. (150). Further numerical details are given879

in the Supplementary Material.880

As a separate symmetry test, the𝑅 = 102 calculationwas repeatedwithout restricting the azimuthal881

harmonic orders. The unrestricted solution converged with negligibly small non-axisymmetric (𝑚 ≠ 0)882

and toroidal components at roundoff level, of order 10−18 (cf. Supplementary Material). The axisym-883

metric, poloidal structure of the flow therefore follows from the symmetry of the physical configuration884

rather than from an imposed spectral restriction.885

The sinking-speed scaling agrees closely with the quantitative behaviour reported for this config-886

uration by Petrunin et al. (2013). The streamline pattern obtained here differs from that illustrated for887

the same configuration in their Fig. 2. The present calculation shows a weaker change in streamline888

geometry between the two hemispheres. The origin of this spatial difference remains unclear. Themor-889

phology shown in Fig. 11 persists under the resolution tests described above, and itsweak variationwith890

𝑅 is consistent with the transformed velocity spectra in Fig. 13(a).891

Thehemispheric calculationbringsoutadistinction that is less visible in thesingle-harmonic-viscosity892

test of Section 4.3. A very large viscosity contrast can produce a very large change in physical speed893

while leaving the large-scale flow geometry nearly intact. In this configuration, the factor 𝑒−Λ accounts894

for most of the physical speed contrast, while ∇Λ controls the modification of the transformed flow.895

Its amplitude, geometry, localization and spectral content determine how strongly the circulation is re-896

organized. Viscosity contrast alone is therefore an incomplete measure of either the geometry or the897

numerical difficulty of laterally variable viscosity flow.898

5 Conclusions899

The central result of this study is an exact reformulation of the variable-viscosity Stokes equations that900

exposes∇ ln 𝜂 as the natural field governing the coupling introduced by spatial viscosity heterogeneity.901

For a prescribed, positive Newtonian viscosity field, the transformation902

Λ = ln ( 𝜂
𝜂0

) , v = ( 𝜂
𝜂0

) u,

identifies903

𝜉 = ∇Λ = ∇ ln ( 𝜂
𝜂0

) = ∇𝜂
𝜂

as the local measure of spatial viscosity variation. The absolute viscosity scale controls the conversion904

between the renormalized velocity v and the physical velocity u, while changes in the structure of the905

flow are governed by the magnitude, direction and spatial distribution of 𝜉. A uniform rescaling of the906
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complete viscosity field changes the physical velocity amplitude but leaves 𝜉 unchanged. Large multi-907

plicative viscosity contrasts therefore become additive variations in Λ, and their influence on the trans-908

formed flow is organized through the spatial gradients of this logarithmic field.909

This structure leads directly to thenumerical formulationdevelopedhere. A chosen reference Stokes910

operator can be retainedwhile the remaining viscosity heterogeneity enters through pseudo-load terms911

constructed fromvand 𝜉, togetherwith the corresponding source in the transformedmass-conservation912

equation. The Cartesian-geometry test calculations verify this formulation in two complementary set-913

tings. Themanufactured solution tests the transformedequationsagainst anexact velocity andpressure914

field. The two-region calculation recovers the expected redistribution of flow across a strong viscosity915

contrast and the corresponding inverse-viscosity scaling. These tests establish the consistency of both916

the transformation and its numerical implementation.917

We then presented two spherical-shell calculations that expose complementary consequences of918

spatial viscosity variation. In Section 4.3, a degree-2 buoyancy source produces the expected degree-919

2 poloidal response in the isoviscous reference calculation. Introducing a degree-16, order-8 viscosity920

field with a contrast of 104 reorganizes that response across spherical-harmonic degree. The viscosity921

gradient couples the directly forcedmode into the poloidal and toroidal spectral locations permitted by922

generalized spherical-harmonic theory. The surface divergence develops a strong degree-18 contribu-923

tion and substantial power outside the directly forced degree, while radial vorticity appears over amuch924

broader range of degrees. The toroidal contribution is strongest near the surface and decreases rapidly925

with depth. In this case, the spatial structure of∇Λ changes both the geometry and the spectral content926

of the circulation.927

In Section 4.4, we examined a different limit. The viscosity is nearly uniformwithin each hemisphere,928

while the strongest values of ∇Λ are confined to the narrow transition between them. The physical929

sinking-speed ratio follows the imposed hemispheric viscosity contrast over six orders of magnitude,930

yet the large-scale streamline geometry changes only weakly. The transformed velocity remains close931

to the isoviscous solution throughmost of the shell. Reconstruction of the physical velocity through932

u = 𝑒−Λv

then produces the large difference in physical speed between the two hemispheres. The same recon-933

struction also produces the strong redistribution between even- and odd-degree spectral amplitudes934

seen in the physical velocity. For each fixed value of 𝑅, u and v have identical streamlines, while the935

large-scale streamline geometry changes only weakly as𝑅 increases because the renormalized velocity936

itself changes little.937
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Thenumerical distinctionbetween the conventional and transformed formsof the Stokes problem is938

especially clear in this hemispheric example. In the physical-velocity formulation, the full spatial viscos-939

ity field remains within the viscous operator, so an increasing hemispheric contrast is carried directly by940

the coefficients of the problembeing solved foru. In the present formulation, the reference Stokes oper-941

ator remains fixed and acts on the renormalized velocityv. The viscosity heterogeneity enters throughΛ942

and∇Λ, while the large physical velocity contrast is introducedmainlywhenv ismappedback tou. The943

increasing difficulty of the fixed-point iteration is concentrated where the logarithmic viscosity gradient944

becomes large, rather than throughout the nearly uniform interiors of the two hemispheres.945

Together, these two spherical calculations clarify what should be meant by a strong viscosity varia-946

tion. The contrast 𝜂max/𝜂min alone does not determine how strongly the circulation is reorganized. Two947

viscosity fields with the same contrast can produce very different Stokes flows if one varies smoothly948

over large distances while the other contains sharp or short-wavelength structure. The latter implies949

larger gradients of logarithmic viscosity and therefore generates a wider and stronger spectrum of cou-950

pling terms. The amplitude, geometry, localization and spectral content of ∇Λ are consequently more951

informativemeasures of thedynamical andnumerical influenceof viscosity heterogeneity than viscosity952

contrast by itself.953

The numerical tests were designed to examine these effects independently. Exact tests of the ref-954

erence Green-function solution and of the spherical-harmonic transforms verify the numerical imple-955

mentation of the fixed-reference Stokes solver. Radial and angular refinement (cf. Supplementary Ma-956

terial) show that both the imposed viscosity structure and the generated spectral bandwidth are re-957

solved. Reconstruction of the physical velocity tests the transformation back from v to u, while the958

angular-momentum constraint, applied to degree-1 toroidal flow, fixes the physical rotational frame959

without removing dynamically forced differential rotation. The hemispheric calculation provides an ad-960

ditional large-viscosity-contrast test in which the expected sinking-speed scaling, streamline geometry961

and harmonic-parity structure can all be examined separately.962

In the present calculations, we considered Newtonian viscosity so that the mathematical structure963

of the transformation could be isolated cleanly. More general mantle rheologies may introduce depen-964

dence on temperature, composition, grain size, stress or strain rate. Dependence on temperature, com-965

position or grain size does not by itself make the instantaneous Stokes problem non-Newtonian if these966

fields are prescribed during the flow calculation. When the effective viscosity depends on stress or strain967

rate, however, it depends on the velocity field being solved for and must therefore be determined self-968

consistently. Provided that the effective viscosity remains positive and well defined, the logarithmic969

transformation remains applicable, but the transformedStokesproblemmust thenbeembeddedwithin970
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a nonlinear constitutive iteration.971

A first step toward such applications, employing the same logarithmic viscosity formulation devel-972

oped here, has been made by Kamali Lima (2026), who used a transformed 3-D spherical-shell spectral973

Stokes solver with temperature-dependent viscosity and lithospheric weak zones. These calculations974

show that spatially structured viscosity can produce large changes in geoid, gravity and dynamic topog-975

raphy and can generate substantial toroidal motion. They also show how localized∇Λ focuses horizon-976

tal divergence and radial vorticity around weak rheological structures.977

The longer-termobjective is tomake the three-dimensional rheology itself theprimarymodel, rather978

than treating lateral viscosity structure as an addition to an independently inferred one-dimensional ref-979

erence profile. A field Λ(𝑟, 𝜃, 𝜙), constrained by mineral-physical dependence on temperature, compo-980

sition and lithospheric weakening, can define both the full viscosity structure and the reference profile981

used by the numerical solver. The logarithmic formulation is well suited to this development because it982

separates the overall viscosity scale from the spatial structure that modifies the flow, while preserving a983

practical reference Stokes operator. The results presented here provide the mathematical and numeri-984

cal foundation for extending this approach from controlled coupling experiments to global mantle-flow985

models with strong, three-dimensional viscosity structure.986
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APPENDIX1002

A Degree-one toroidal motion: the zero-angular-momentum frame1003

Here, we focus on the degree-one toroidal response because care must be taken in treating both a true1004

differential rotation and an arbitrary rigid rotation. These are physically distinct, although they both1005

have the same degree-one geometry. The distinction between rigid degree-one rotation and depth-1006

dependent differential rotation in a laterally heterogeneous mantle was discussed explicitly by Forte1007

and Peltier (1994), together with the angularmomentum carried by the degree-one toroidal flow. Zhang1008

and Christensen (1993) likewise identified the singular degree-one toroidal freedom in their transformed1009

spherical formulation, distinguishing thedynamically constraineddifferential rotation fromthearbitrary1010

rigid-bodycomponentandnoting thedifficultyof assigningaphysicalmeaning to the rotational gauge in1011

their viscosity-scaled variables. Related analyses of differential lithosphere–mantle rotation include Ri-1012

card et al. (1991), while angular-momentum-based removal of arbitrary whole-mantle rotation has also1013

been used in three-dimensional spherical convection calculations (Zhong et al., 2008). The transformed1014

problem considered below adds a further distinction: the rigid null space belongs to the reference ve-1015

locity v, whereas the physical frame condition must be imposed on the reconstructed velocity u.1016

A degree-one toroidal field can be written without reference to a particular spherical harmonic nor-1017

malization as1018

w𝑇
1 (𝑟, 𝜃, 𝜙) = 𝜔(𝑟) × 𝑟. (151)

For the reference problem below,w = v. The vector𝜔(𝑟) is the angular velocity of the spherical surface1019

at radius 𝑟. If it is independent of radius, the entire shell undergoes rigid rotation. The strain rate then1020

vanishes and the motion produces no Newtonian viscous stress. If 𝜔 varies with radius, different spher-1021

ical surfaces rotate at different rates or about different axes. That part of the motion is a differential ro-1022

tation with shear and is therefore a physically determined component of the flow, not an arbitrary rigid-1023

body rotation. The spherical spectral representation and its relation to the classical poloidal–toroidal1024

decomposition are developed in Section 3.8, following the generalized spherical-harmonic representa-1025

tion employed in Forte and Peltier (1994).1026

Using thevector spherical harmonic representation (83) introduced inSection3.8, let𝑊 (𝑣)
ℓ𝑚(𝑟)denote1027

the toroidal coefficient of the renormalized velocity. It multiplies ̂𝑟 × ∇1𝑌ℓ𝑚 and therefore controls the1028

radial vorticity associated with degree ℓ and order 𝑚. For the constant-viscosity reference problem, its1029
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radial equation has the form1030

𝜂0𝐷ℓ𝑊
(𝑣)
ℓ𝑚 = 𝑄𝑇

ℓ𝑚, (152)

where 𝐷ℓ is the radial operator defined in Eq. (105) and 𝑄𝑇
ℓ𝑚 is the toroidal projection of the effective1031

momentum source. The factor 𝜂0 is retained explicitly so that the normalization is identical to Eq. (110).1032

Homogeneous free slip at the inner and outer radii, 𝑏 and 𝑎, requires1033

(
d𝑊 (𝑣)

ℓ𝑚
d𝑟

−
𝑊 (𝑣)

ℓ𝑚
𝑟

)
𝑟=𝑏,𝑎

= 0. (153)

At ℓ = 1, the homogeneous solution 𝑊 = 𝑟 satisfies both the differential equation and the two free1034

slip conditions. The reference operator is therefore singular in precisely themanner expected for a rigid1035

rotation. A forced solution may be written as1036

𝑊 (𝑣)
1𝑚(𝑟) = 𝑊 (𝑣)

1𝑚,diff(𝑟) + 𝐶𝑚𝑟. (154)

The effective load determines the differential part 𝑊 (𝑣)
1𝑚,diff. The coefficient 𝐶𝑚 remains undetermined1037

because adding a rigid rotationdoes not change the reference viscous stress. Equation (154)makes clear1038

that removing the whole degree-one toroidal sector would therefore remove a physical differential re-1039

sponse together with the arbitrary rigid component. Only the latter is a degree of freedom.1040

The singular radial equation also places a compatibility condition on its forcing. Define1041

Ω(𝑣)
𝑚 (𝑟) = 𝑊 (𝑣)

1𝑚(𝑟)
𝑟

. (155)

Equation (152) then becomes, at degree one,1042

𝜂0
𝑟3

d
d𝑟

(𝑟4 dΩ(𝑣)
𝑚

d𝑟
) = 𝑄𝑇

1𝑚(𝑟). (156)

The free slip conditions reduce to Ω(𝑣)′
𝑚 (𝑏) = Ω(𝑣)′

𝑚 (𝑎) = 0. Integration across the shell therefore gives1043

∫
𝑎

𝑏
𝑟3𝑄𝑇

1𝑚(𝑟) d𝑟 = 0. (157)

This is the solvability condition for the singular reference problem. Its physical meaning is that in the1044

absence of an applied boundary torque, the effective volume loadmust exert no net torque on the shell.1045
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Torque compatibility tells us that the forced differential solution can exist, but it does not determine1046

the rotational frame in which that solution is reported. These are two separate parts of the degree-one1047

problem. Equation (157) constrains the forcing. Once that condition is satisfied, the reference Stokes1048

equations still admit an arbitrary rigid rotation, and that remaining freedommust be fixed in the space1049

of the reconstructed physical velocity.1050

Tomake this distinction explicit, we write the three real rigid rotations of the reference problem as1051

𝜙𝑗(𝑟) = 𝑒𝑗 × 𝑟, 𝑗 = 1, 2, 3, (158)

where 𝑒𝑗 are Cartesian unit vectors. If vdiff denotes a torque-compatible differential-rotation solution,1052

then every member of the family1053

v = vdiff +
3

∑
𝑗=1

𝐶𝑗𝜙𝑗 (159)

satisfies the same reference momentum equation. The coefficients 𝐶𝑗 therefore describe only the un-1054

determined rigid-rotation coordinates of the reference problem and they do not change its forced differ-1055

ential response.1056

The physical velocity is obtained after the logarithmic-viscosity transformation is reversed,1057

u = 𝑒−Λvdiff + 𝑒−Λ
3

∑
𝑗=1

𝐶𝑗𝜙𝑗. (160)

This expression is key to the subsequent determination of the frame. When Λ varies laterally, multipli-1058

cation by 𝑒−Λ couples spherical harmonics. A rigid null mode in the reference velocity v therefore does1059

not, in general, remain a pure rigid rotation in the physical velocity u. The degree of freedom belongs to1060

the reference problem, in transformed velocity space, whereas the frame conditionmust be imposed on1061

the physical flow.1062

We choose that frame by requiring the residual convective velocity to carry no net angular momen-1063

tum,1064

𝒥[u] = ∫
𝑉

𝜌0(𝑟) 𝑟 × u d𝑉 = 0. (161)

Here 𝒥 is the angular momentum of the residual convective motion in the adopted rotating frame. It1065

should be understood that equation (161) does not refer to the total rotational angular momentum of1066

the planet.1067
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The remaining step can be interpreted as a response problem. We write1068

𝑀0 = 𝒥 [𝑒−Λvdiff] (162)

to represent the physical angular momentum of the provisional differential solution. The 𝑗th column of1069

the response matrix records the physical angular momentum produced by adding a unit amplitude of1070

the 𝑗th exact reference null mode:1071

𝐴𝑖𝑗 = 𝑒𝑖 ⋅ 𝒥 [𝑒−Λ𝜙𝑗] . (163)

Thus A is simply the linear map from rigid-rotation amplitudes in the reference velocity to angular mo-1072

mentum in the reconstructed physical velocity. For a coefficient vector 𝐶 = (𝐶1, 𝐶2, 𝐶3)T, the physical1073

moment is1074

𝒥[u] = 𝑀0 + A𝐶. (164)

Imposing Eq. (161) therefore gives1075

𝐶 = −A−1𝑀0. (165)

This correction is unique. To understand this, let us consider any nonzero trial rotation vectorΩ. The1076

corresponding reference-null velocity is 𝛿v = Ω × 𝑟, and its physical counterpart is 𝑒−Λ𝛿v. Projecting1077

the resulting physical angular momentum onto the same rotation vector gives1078

ΩTAΩ = ∫
𝑉

𝜌0(𝑟)𝑒−Λ |Ω × 𝑟|2 d𝑉 > 0, (166)

for everyΩ ≠ 0. The responsematrix is therefore positive definite on the active rotational subspace and1079

cannot map a nonzero admissible rigid rotation to zero physical angular-momentum response.1080

The construction satisfies the two requirements simultaneously. Because the correction added to v1081

lies entirely in the exact rigid null space, the reference momentum equation and its differential degree-1082

one toroidal response are unchanged. Because the amplitudes are chosen through Eq. (165), the recon-1083

structed physical velocity satisfies the zero-angular-momentum frame condition.1084

In the general three-dimensional problem, A acts on three real rotation coordinates. Symmetry can1085

reduce that active space. In the spherical benchmark of Section 4.3, the buoyancy forcing is axisymmet-1086

ric (𝑚 = 0) and the viscosity field has 𝑚 = ±8. Repeated coupling therefore remains within azimuthal1087

orders that are multiples of eight. Degree one, however, admits only 𝑚 = −1, 0, 1. The only order com-1088

mon to these two sets is 𝑚 = 0, corresponding to rotation about the symmetry axis. Accordingly, the1089

three-dimensional frame problem reduces to a single axial null coordinate in this particular benchmark.1090

The reduction follows simply as a consequence of the imposed symmetry.1091
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The numerical tests of torque compatibility, the response matrix, the physical angular momentum1092

residual, and the survivingdegree-one rotationare reported inSection ??of theSupplementaryMaterial.1093

The key result that emerges from the treatment presented here is that the singular degree-one ref-1094

erence equationmust retain its compatible differential response, and the remaining rigid freedommust1095

be fixed by applying a condition to the reconstructed physical velocity.1096

B Closed-form Green kernels for the spherical reference Stokes operator1097

Section 3.8 reduces the constant-reference spherical problem to three radial responses: force-driven1098

poloidal flow, force-driven toroidal flow, and the additional spheroidal response to the transformed1099

mass source. We collect here the corresponding closed-form kernels in the notation of that section. The1100

poloidal kernel is the biharmonic Green function of Forte and Peltier (1987), written in a ratio-scaled1101

form; the toroidal and transformed-mass kernels complete the Green solution operator 𝒢0 defined in1102

Eq. (103).1103

Let1104

𝑞 = 𝑏
𝑎

, 𝑥 = 𝑟
𝑎

, 𝑦 = 𝑟′

𝑎
, 𝐿 = ℓ(ℓ + 1), (167)

with 𝑞 ≤ 𝑥, 𝑦 ≤ 1, and define the dimensionless radial operator1105

ℒℓ𝑓 = d2𝑓
d𝑥2 + 2

𝑥
d𝑓
d𝑥

− 𝐿
𝑥2 𝑓. (168)

The dimensional primitive kernels used below satisfy1106

𝐺𝑃
ℓ (𝑟, 𝑟′) = 𝑎3𝑔ℓ(𝑥, 𝑦), 𝐺𝑇

ℓ (𝑟, 𝑟′) = 𝑎 𝑡ℓ(𝑥, 𝑦), 𝑁ℓ(𝑟, 𝑟′) = 𝑎 𝑛ℓ(𝑥, 𝑦), 𝐾𝑀
ℓ (𝑟, 𝑟′) = 𝑎 𝑘𝑀

ℓ (𝑥, 𝑦).

(169)

B.1 Force-driven poloidal response1107

The closed-form isoviscous Green functions for the force-driven poloidal velocity and its associated dy-1108

namic pressure used here follow Forte and Peltier (1987). Herewewrite these results in the vector spher-1109

ical harmonic notation adopted in Section 3.8 and recast the radial kernels in a ratio-scaled form that is1110

algebraically equivalent to the original expressions and convenient for stable high-degree evaluation.1111

For ℓ ≥ 1, define 𝑔ℓ by1112

ℒ2
ℓ 𝑔ℓ(𝑥, 𝑦) = 𝛿(𝑥 − 𝑦), 𝑔ℓ = 𝜕2

𝑥𝑔ℓ = 0 at 𝑥 = 𝑞, 1. (170)
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The exact ratio-scaled form is, for 𝑥 ≤ 𝑦,1113

𝑔<
ℓ (𝑥, 𝑦) = 𝑦3

2(2ℓ + 1)
[(𝑥/𝑦)ℓ

2ℓ − 1
[1 − (𝑞/𝑥)2ℓ−1][1 − 𝑦2ℓ−1]

1 − 𝑞2ℓ−1

− (𝑥/𝑦)ℓ+2

2ℓ + 3
[1 − (𝑞/𝑥)2ℓ+3][1 − 𝑦2ℓ+3]

1 − 𝑞2ℓ+3 ], (171)

and, for 𝑥 ≥ 𝑦,1114

𝑔>
ℓ (𝑥, 𝑦) = 𝑦3

2(2ℓ + 1)
[(𝑦/𝑥)ℓ−1

2ℓ − 1
[1 − (𝑞/𝑦)2ℓ−1][1 − 𝑥2ℓ−1]

1 − 𝑞2ℓ−1

− (𝑦/𝑥)ℓ+1

2ℓ + 3
[1 − (𝑞/𝑦)2ℓ+3][1 − 𝑥2ℓ+3]

1 − 𝑞2ℓ+3 ]. (172)

The kernel and its first two field derivatives are continuous at 𝑥 = 𝑦, while [𝜕3
𝑥𝑔ℓ]

𝑦+

𝑦− = 1. These condi-1115

tions, together with Eq. (170), uniquely specify the biharmonic inverse.1116

To write the complete force-to-velocity block compactly, define, branchwise,1117

𝑅0 = −𝑔ℓ
𝑦

, 𝑆0 = 𝑔ℓ
𝑦

− 𝜕𝑦𝑔ℓ, 𝑅𝑗 = 𝜕𝑗
𝑥𝑅0, 𝑆𝑗 = 𝜕𝑗

𝑥𝑆0 (𝑗 = 1, 2, 3). (173)

The dimensionless poloidal velocity kernels are1118

𝒢𝑈𝑅
ℓ = 𝐿

𝑥
𝑅0, 𝒢𝑉 𝑅

ℓ = 𝑅1 + 𝑅0
𝑥

, (174)

𝒢𝑈𝑆
ℓ = 𝐿

𝑥
𝑆0, 𝒢𝑉 𝑆

ℓ = 𝑆1 + 𝑆0
𝑥

, (175)

and the corresponding pressure kernels are1119

𝒫𝑅
ℓ = 𝑥𝑅3 + 3𝑅2 − 𝐿

𝑥
𝑅1 + 𝐿

𝑥2 𝑅0, (176)

𝒫𝑆
ℓ = 𝑥𝑆3 + 3𝑆2 − 𝐿

𝑥
𝑆1 + 𝐿

𝑥2 𝑆0. (177)

All derivatives in Eqs. (173)– (177) are analytic derivatives of Eqs. (171) and (172); no numerical source1120

differentiation is required.1121

B.2 Force-driven toroidal response1122

For ℓ ≥ 2, put1123

𝑛 = 2ℓ + 1, 𝜅ℓ = ℓ − 1
ℓ + 2

. (178)
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The exact toroidal kernel is1124

𝑡<
ℓ (𝑥, 𝑦) = − 𝑦

𝑛(1 − 𝑞𝑛)
(𝑥

𝑦
)

ℓ
[1 + 𝜅ℓ ( 𝑞

𝑥
)

𝑛
] (1 + 𝑦𝑛

𝜅ℓ
) , 𝑥 ≤ 𝑦, (179)

and1125

𝑡>
ℓ (𝑥, 𝑦) = − 𝑦

𝑛(1 − 𝑞𝑛)
(𝑦

𝑥
)

ℓ+1
[1 + 𝜅ℓ (𝑞

𝑦
)

𝑛
] (1 + 𝑥𝑛

𝜅ℓ
) , 𝑥 ≥ 𝑦. (180)

It satisfies ℒℓ𝑡ℓ = 𝛿(𝑥 − 𝑦), is continuous at the source radius, has [𝜕𝑥𝑡ℓ]
𝑦+

𝑦− = 1, and obeys the free-slip1126

condition 𝜕𝑥𝑡ℓ − 𝑡ℓ/𝑥 = 0 at both boundaries. The singular ℓ = 1 response is treated in Appendix A.1127

Combining the poloidal and toroidal kernels, the complete force-driven response is1128

⎛⎜⎜⎜⎜⎜⎜
⎝

𝑈𝐹
ℓ𝑚

𝑉 𝐹
ℓ𝑚

𝑊 𝐹
ℓ𝑚

⎞⎟⎟⎟⎟⎟⎟
⎠

(𝑟) = 𝑎
𝜂0

∫
𝑎

𝑏

⎛⎜⎜⎜⎜⎜
⎝

𝒢𝑈𝑅
ℓ 𝒢𝑈𝑆

ℓ 0

𝒢𝑉 𝑅
ℓ 𝒢𝑉 𝑆

ℓ 0

0 0 𝑡ℓ

⎞⎟⎟⎟⎟⎟
⎠(𝑥,𝑦)

⎛⎜⎜⎜⎜⎜⎜
⎝

𝑄𝑅
ℓ𝑚

𝑄𝑆
ℓ𝑚

𝑄𝑇
ℓ𝑚

⎞⎟⎟⎟⎟⎟⎟
⎠

(𝑟′) d𝑟′, (181)

with pressure1129

𝑝𝐹
ℓ𝑚(𝑟) = ∫

𝑎

𝑏
(𝒫𝑅

ℓ 𝒫𝑆
ℓ 0)

(𝑥,𝑦)

⎛⎜⎜⎜⎜⎜⎜
⎝

𝑄𝑅
ℓ𝑚

𝑄𝑆
ℓ𝑚

𝑄𝑇
ℓ𝑚

⎞⎟⎟⎟⎟⎟⎟
⎠

(𝑟′) d𝑟′. (182)

B.3 Transformed-mass response1130

The scalar source in Eq. (94) requires a third, spheroidal Green response. For ℓ ≥ 1, define1131

𝛼ℓ = ℓ
ℓ + 1

, 𝑝 = 2ℓ + 1. (183)

The Neumann Poisson kernel is1132

𝑛ℓ(𝑥, 𝑦) = − 𝑦
(2ℓ + 1)(1 − 𝑞𝑝)

⎧{
⎨{⎩

(𝑥/𝑦)ℓ[1 + 𝛼ℓ(𝑞/𝑥)𝑝][1 + 𝑦𝑝/𝛼ℓ], 𝑥 ≤ 𝑦,

(𝑦/𝑥)ℓ+1[1 + 𝛼ℓ(𝑞/𝑦)𝑝][1 + 𝑥𝑝/𝛼ℓ], 𝑥 ≥ 𝑦,
(184)

so that ℒℓ𝑛ℓ = 𝛿(𝑥 − 𝑦), 𝜕𝑥𝑛ℓ = 0 at 𝑥 = 𝑞, 1, and [𝜕𝑥𝑛ℓ]
𝑦+

𝑦− = 1.1133

The gradient field generated by𝑛ℓ supplies the required divergence but not, by itself, zero tangential1134
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traction. The divergence-free boundary correction is obtained from1135

𝐹𝑏(𝑥) = 𝑞ℓ−1(𝑥ℓ − 𝑥1−ℓ), 𝐺𝑏(𝑥) = 𝑞ℓ+1(𝑥−ℓ−1 − 𝑥ℓ+2), (185)

𝐹𝑎(𝑥) = 𝑥ℓ − 𝑞2ℓ−1𝑥1−ℓ, 𝐺𝑎(𝑥) = 𝑞2ℓ+3𝑥−ℓ−1 − 𝑥ℓ+2, (186)

with1136

𝐷𝑏 = 2(2ℓ + 1)
𝑞2 (1 − 𝑞2ℓ−1)(1 − 𝑞2ℓ+3), 𝐷𝑎 = 2(2ℓ + 1)(1 − 𝑞2ℓ−1)(1 − 𝑞2ℓ+3), (187)

and1137

ℎ𝑏
ℓ(𝑥) = 𝐺𝑏(𝑞)𝐹𝑏(𝑥) − 𝐹𝑏(𝑞)𝐺𝑏(𝑥)

𝐷𝑏
, ℎ𝑎

ℓ (𝑥) = 𝐺𝑎(1)𝐹𝑎(𝑥) − 𝐹𝑎(1)𝐺𝑎(𝑥)
𝐷𝑎

. (188)

The required biharmonic correction is then1138

𝑘𝑀
ℓ (𝑥, 𝑦) = 2𝑛ℓ(𝑞, 𝑦)

𝑞2 ℎ𝑏
ℓ(𝑥) + 2𝑛ℓ(1, 𝑦)ℎ𝑎

ℓ (𝑥). (189)

The exact mass-to-velocity kernels are1139

𝐺𝑀,𝑈
ℓ (𝑥, 𝑦) = 𝜕𝑥𝑛ℓ(𝑥, 𝑦) + 𝐿

𝑥
𝑘𝑀

ℓ (𝑥, 𝑦), (190)

𝐺𝑀,𝑉
ℓ (𝑥, 𝑦) = 𝑛ℓ(𝑥, 𝑦)

𝑥
+ 𝜕𝑥𝑘𝑀

ℓ (𝑥, 𝑦) +
𝑘𝑀

ℓ (𝑥, 𝑦)
𝑥

. (191)

Thus1140

𝑈𝑀
ℓ𝑚(𝑟) = ∫

𝑎

𝑏
𝐺𝑀,𝑈

ℓ (𝑥, 𝑦)𝑠ℓ𝑚(𝑟′) d𝑟′, 𝑉 𝑀
ℓ𝑚(𝑟) = ∫

𝑎

𝑏
𝐺𝑀,𝑉

ℓ (𝑥, 𝑦)𝑠ℓ𝑚(𝑟′) d𝑟′. (192)

The associated pressure contains a local term and the pressure of the biharmonic boundary correction,1141

𝑝𝑀
ℓ𝑚(𝑟) = 4𝜂0

3
𝑠ℓ𝑚(𝑟) + 𝜂0 ∫

𝑎

𝑏

d
d𝑟

[𝑟𝐷ℓ𝐾𝑀
ℓ (𝑟, 𝑟′)] 𝑠ℓ𝑚(𝑟′) d𝑟′. (193)

At degree zero there is no tangential velocity and no biharmonic boundary correction. Impermeabil-1142

ity requires1143

∫
𝑎

𝑏
𝑟2𝑠00(𝑟) d𝑟 = 0, (194)

and the radial mass response may be written1144

𝑈𝑀
00 (𝑟) = 1

𝑟2 ∫
𝑟

𝑏
𝑡2𝑠00(𝑡) d𝑡, 𝑝𝑀

00(𝑟) = 4𝜂0
3

𝑠00(𝑟). (195)

59 | https://doi.org/xxxxxxxxxxxxxxxxxxxxx GEODYNAMICA | volume V.N | 2025

https://doi.org/xxxxxxxxxxxxxxxxxxxxx


GEODYNAMICA | RESEARCH ARTICLE | Forte & Kamali Lima – Stokes flow in log-viscosity space

The complete reference response is therefore1145

𝑈 (𝑣)
ℓ𝑚 = 𝑈𝐹

ℓ𝑚 + 𝑈𝑀
ℓ𝑚, 𝑉 (𝑣)

ℓ𝑚 = 𝑉 𝐹
ℓ𝑚 + 𝑉 𝑀

ℓ𝑚, 𝑊 (𝑣)
ℓ𝑚 = 𝑊 𝐹

ℓ𝑚, (196)

which is the radial closed-form realization of theGreen solution operator𝒢0 used in Sections 4.3 and 4.4.1146

The ratio-scaled forms above involve only powers of radial ratios bounded by unity and satisfy the shell1147

boundary conditions and source-radius matching conditions analytically.1148
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