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Abstract. The purpose of this study is to further investigate the problem of explicitly sim-
ulating uncertainties in geophysical models. Rather than introducing stochastic processes in
forward-in-time partial differential equations, this is done here by reformulating the dynamical
equations governing the time evolution of the flow as a probability distribution. Flows can then
be drawn directly from the probability distribution using an efficient sampler. This approach
is illustrated in the paper with the example of a two-dimensional shallow-water flow on the
surface of a rotating sphere. With the sampler, the simulated flows evolve smoothly in time ac-
cording to the advection constraint, while time-dependent stochastic fluctuations are produced
according to the probability distribution describing the effect of the unresolved motions. This
can be done without closing the dynamical equations, with constraints applied only to what
is known, and using a larger time step, since there is no more numerical stability condition
to verify. From a physical point of view, this probabilistic reformulation introduces two main
differences with respect to forward-in-time partial differential equations. First, dissipation can
only behave symmetrically with respect to the reversal of time. It is shown however that the
formulation can be made equivalent to the classic diffusion equation in the particular case of an
initial condition problem. Second, in this framework, information about the past of the system
does not need to be provided in the form of a complete initial condition at a given time. A
constraint on the past of the system can here be directly applied using a history of incomplete
and imperfect observations, thus resolving the inverse and direct problems together at a similar
numerical cost.

1 Introduction

The purpose of this study is to further investigate the problem of simulating uncertainties in
geophysical flows, as an extension of the work done in Brankart et al. (2015) to introduce
a random representation of unresolved processes in ocean models. There is a vast literature
on the subject, which is reviewed in Frederiksen et al. (2012) and Zanna et al. (2019), where
appropriate references can be found. However, these studies are all based on the assumption
that flows are described by a forward-in-time partial differential equation, so that the most
natural way to simulate random effects is to introduce forward-in-time stochastic processes.

In this paper, an alternative approach to simulate random flows is proposed by writing
explicitly the probability distribution for the time-dependent flow, and by sampling directly
from this probability distribution. The main practical difficulty of this formulation is that
the resulting probability distribution involves nonlinear operators, so that it is strongly non-
Gaussian and requires a sampling algorithm that is both general and efficient enough. In the
paper, it is shown however that the problem can be solved by the MCMC sampler developed by
Brankart (2019), as long as the number of state variables is not too large, and if the dynamical
constraint is not too expensive to evaluate.
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Despite this difficulty, this formulation brings important advantages. A first one is that the
direct problem can be easily converted into an inverse problem, at a similar computational cost,
by introducing observational conditions in the probability distribution. This can greatly facili-
tate the comparison between the dynamical assumptions and the observations. A second one is
that the explicit writing of a probability distribution for the flow suggests new possibilities to
generalize the formulation of dissipation in the model, as illustrated in this paper by a reversible
formulation of the Laplacian dissipation, and as more extensively explored in a following paper
(Brankart, 2020).

The paper is organized as follows. In section 2, the approach used to write the probabil-
ity distribution of a stochastic flow and to apply a reversible parameterization of dissipation is
introduced using the simple example of a two-dimensional shallow-water model. This is comple-
mented in annexes A and B by the demonstration that this reversible formulation is equivalent
to a forward-in-time Laplacian diffusion in the particular case of an initial condition problem.
In section 3, it is shown how the MCMC sampler can be applied to draw a sample of flows
from this probability distribution. In section 4, the method is illustrated by the drawing of
instationary flows with a specified initial condition.

2 Probability distribution

An academic example is used throughout this paper to illustrate the approach that is used
to sample flows from a probability distribution. The flow is assumed two-dimensional, incom-
pressible, and confined in a shallow layer of uniform and constant thickness, on the surface of a
rotating sphere. In this case, the flow is completely described by the stream function ψ(φ, θ, t),
where φ is the azimuthal angle (or longitude), θ is the polar angle (or π/2 minus latitude) and
t is time. It is dynamically constrained by the conservation of angular momentum:

D

Dt
(ω + f) = ξ (1)

where

D

Dt
=

∂

∂t
+ u · ∇ (2)

is the material derivative,

u = k×∇ψ (3)

is velocity, k is the upward unit vector normal to the sphere,

ω = ∇× u = ∆ψ (4)

is relative vorticity,

f = 2ωs cos θ (5)

is planetary vorticity, ωs is the angular velocity of the sphere, and ξ represents the exchange
of angular momentum with the unresolved small-scale motions. No external forces have been
included in the equation to simplifiy the formulation.

In Eq. (1), the effect of the unresolved motions can be considered uncertain, so that ξ can be
described using stochastic processes with specified statistics, which can possibly depend on the
current state of the flow. With this assumption, Eq. (1) can be interpreted as a stochastic model
for the flow (see for instance Frederiksen et al., 2012, for a review), which can be integrated
forward in time from appropriate initial conditions.
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In this paper, on the contrary, the probability distribution for ξ(φ, θ, t) will be specified as a
whole, over the full domain Ω and over the full time period (between the initial and final time,
t0 and t1), with the possibility to depend on the history of the flow (in Ω, between t0 and t1).
For instance, we can use the formulation:

p(ξ) ∝ exp [−S(ξ)/S0] (6)

with

S(ξ) =
1

2

∫ t1

t0

∫

Ω

[

ξ2 + (ν∆ω)2
]

dΩ dt (7)

where the constant S0 controls the spread of the distribution and the constant ν will be inter-
preted as a kinematic viscosity. From Eq. (6), it can already be seen that the second term in S
will promote random ξ that lead to a smoother relative vorticity ω. In absence of this condition
(ν = 0), ξ is reduced to an uncorrelated Gaussian noise, with variance S0.

This probability distribution for ξ can be transformed into a probability distribution for the
stream function ψ using Eqs. (1) to (4):

p(ψ) ∝ exp [−S(ψ)/S0] (8)

with

S(ψ) =
1

2

∫ t1

t0

∫

Ω

{

[

D

Dt
(∆ψ + f)

]2

+ (ν∆∆ψ)2
}

dΩ dt (9)

This defines the probability distribution from which flows are going to be sampled.
A physical interpretation of this formulation is provided in the annexes. In summary, it

is shown that this formulation leads to a diffusion forward in time if the initial condition is
specified and the final condition is left free, and symmetrically to a diffusion backward in
time if the initial condition is left free and the final condition is specified. As in fundamental
physics, the dynamical equations are reversible in time, so that the only asymmetry between
past and future is that the past is specified, while the future is not. In addition, in absence of
advection, the resulting forward diffusion (at the deterministic limit, for S0 → 0) is equivalent
to that obtained with the classic diffusion equation. With advection however, the diffusive
flux can somehow depend on the flow, and it is thus not exactly the same as in the classic
advection/diffusion equation (see the annexes for more details).

In the present paper, the main objective is to illustrate that flows verifying the conservation
equation (1) can be obtained by sampling a probability distribution rather than solving a partial
differential equation. In this context, the second term of (7) and (9) is mainly used to regularize
the probability distribution and we use here a simple Laplacian diffusion, as commonly done.
However, this probabilistic formulation opens new possibilities to describe dissipation in flows,
by introducing additional terms in (9), with linear or nonlinear operators. As shown in a
subsequent paper (Brankart, 2020), this can provide innovative solutions to represent the effect
of unresolved turbulent motions.

3 Sampling from the distribution

To sample the probability distribution described in the previous section, the sampling algorithm
must be both efficient and general, because the dimension of the problem is usually quite large
and because the shape of the distribution has no particular regularity (like Gaussianity). In this
section, it is shown that MCMC samplers can be made effective enough to cope with the problem
(section 3.1), with an appropriate choice of the proposal probability distribution (section 3.2),
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as long as the condition imposed by the dynamical constraint is not too expensive to evaluate
(section 3.3).

3.1 MCMC sampler

The general idea of MCMC samplers is to construct a Markov chain whose equilibrium distribu-
tion is the target distribution that must be sampled. In our case, to sample a possible evolution
of the stream function ψ (on Ω, between t0 and t1) from the probability distribution (8), the
approach is to construct a chain of ψ:

ψ(k), k = 0, . . . , N (10)

with a transition probability distribution q(ψ(k+1)|ψ(k)) that is in equilibrium with the target
distribution p(ψ). This is analogous to what happens in statistical physics, where the probability
distribution for the state of a system tends to be in equilibrium with the probability of the system
to transition from one state to another.

One possible starting point to construct the transition probability distribution q(ψ′|ψ) is to
start by imposing the condition of detailed balance:

p(ψ)q(ψ′|ψ) = p(ψ′)q(ψ|ψ′) (11)

which is a sufficient condition to equilibrium, since the probability to be at ψ and transition
to ψ′ is the same as the probability to be at ψ′ and transition to ψ; and then, to decompose the
transition probability distribution into two steps:

q(ψ′|ψ) = π(ψ′|ψ)Θ(ψ′, ψ) (12)

which means that ψ′ is first sampled from a proposal probability distribution π(ψ′|ψ) and then
accepted or rejected according to the acceptance probability Θ(ψ′, ψ). The definition of the
algorithm then depends on the particular choice that is made for π and Θ. The proposal
distribution π(ψ′|ψ) should ideally be chosen to be easy to sample and to produce a small
rejection rate (Θ close to 1), and the acceptance probability Θ(ψ′, ψ) must be computed so that
the detailed balance condition in Eq. (11) is verified.

In this framework, the Metropolis-Hastings algorithm (Metropolis et al., 1953; Hastings,
1970; Chib and Greenberg, 1995) can be obtained by noting that the detailed balance condition
can be satisfied by computing the acceptance probability as:

Θ(ψ′, ψ) = min

[

p(ψ′)π(ψ|ψ′)

p(ψ)π(ψ′|ψ)
, 1

]

(13)

On one side of Eq. (11), where p(ψ′)π(ψ|ψ′) > p(ψ)π(ψ′|ψ), the acceptance probability is
set to 1, and on the other side, it is set to the required ratio (lower than 1) to impose the
local balance. With a symmetric proposal distribution π(ψ|ψ′) = π(ψ′|ψ), for instance if it is
Gaussian, Eq. (13) simplifies to:

Θ(ψ′, ψ) = min

[

p(ψ′)

p(ψ)
, 1

]

(14)

and thus only depends on the target probability distribution. Propositions ψ′ that increase
the probability [p(ψ′) > p(ψ)] are always accepted, while propositions ψ′ that decrease the
probability [p(ψ′) < p(ψ)] are sometimes rejected, so that the resulting process is in equilibrium
with the target probability distribution. Moreover, a key property of this formulation is that
only the ratio between p(ψ) and p(ψ′) must be computed, so that the normalizing constant
of p(ψ) need not be known, as anticipated in the writing of Eqs. (6) and (8).

More details about MCMC samplers in general and the Metropolis-Hastings algorithm in
particular can be found for example in Robert and Casella (2004).
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3.2 Proposal distribution

The applicability of the above algorithm to sample the dynamically constrained probability
distribution defined in section 2 largely depends on the possibility to find a proposal probability
distribution that can be sampled efficiently. To do this, our plan is to follow the same idea
used in Brankart (2019) to obtain a localized MCMC sampler. In this approach, the proposal
distribution is a Gaussian distribution with localized covariance, which is obtained from a
sample of a prior distribution through a localization algorithm. In Brankart (2019), this prior
distribution was one of the inputs of a Bayesian inverse problem, but in the present study,
this is just an auxiliary distribution, which indirectly defines the proposal distribution together
with the localization algorithm. As shown in the following, this two-step algorithm is what
gives efficiency to the sampling of the proposal distribution. The first step is to define the
auxiliary distribution and generate a sample, and the second step is to draw a perturbed stream
function ψ′ from the proposal distribution using this auxiliary sample.

In our application example, a simple approach to define the auxiliary distribution is to
assume that the random perturbation δψ = ψ′ − ψ is uncorrelated in time, but correlated in
space, with a diagonal covariance matrix in the basis of the spherical harmonics:

δψ(θ, φ, t) =
lmax
∑

l=0

l
∑

m=−l

wlm(t)σlmYlm(θ, φ) (15)

where Ylm(θ, φ) is the spherical harmonics of degree l and order m, as a function of the polar
angle θ and azimuthal angle φ, σ2lm is the variance of δψ along each spherical harmonics,
wlm(t) are Wiener processes (zero mean, unit variance, and no time correlation), and lmax is
the maximum degree l used to define δψ. The spectrum of δψ in the basis of the spherical
harmonics is defined by:

σ2lm ∝
1

1 +
(

l
lc

)p with
lmax
∑

l=0

l
∑

m=−l

σ2lm = 1 (16)

where lc is the characteristic degree controlling the typical length scale of the random field, and
p controls the power-law decrease of the spectrum for large l (i.e. for the small scales). With this
choice, the random field δψ will display isotropic statistics depending on only three parameters,
which are set to lmax = 80, lc = 6.4 and p = 4 in the example experiments described in this
paper. Two draws δψ from this auxiliary probability distribution are displayed in Fig. 1 (left
panels), over a small area of interest on the sphere (between 0 and 30◦ in longitude and 40◦N
and 60◦N in latitude). At this stage, the characteristics of this distribution are arbitrary and
many other choices would have been possible.

The reason why this auxiliary distribution cannot be used directly as a proposal distribution
for the MCMC sampler is that it is too expensive to sample. As a general rule, the computation
of random fields by a combination of basis functions has a cost that cannot be less than the
square of the size n of the system, since n basis functions must be combined to compute a
perturbation for each of the n variables. This is too much for a large-size system considering
that the proposal distribution must be sampled at least N times (and often substantially more)
to generate a Markov chain of size N .

To circumvent this difficulty, we just follow the approach proposed in Brankart (2019). This
requires first to precompute a moderate size sample of the auxiliary distribution (with size
m = 100 in our example) and to extract the large-scale component of each member of this
sample (with renormalization to restore a unit variance). In Eq. (15), extracting the large-scale
component corresponds to limiting the development to a smaller lmax (lmax = 6 rather than
lmax = 80 in our example). This is illustrated in Fig. 1, where the middle panels show the
large-scale component of the two draws δψ displayed in the left panels. From this, a random
draw δψ from the proposal distribution can be defined by the product:
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δψ = w · δψI
i · δψ

L
j · δψL

k · δψL
l · δψL

m (17)

where δψI
i is member i of the sample obtained from the auxiliary distribution, δψL

j is member j
of the corresponding sample of large-scale components, w is a zero-mean Gaussian random
coefficient with a tunable variance σ2, and the indices i, j, k, l, m are randomly sampled
between 1 and m, with the restriction that they must all be different. The drawing from this
proposal distribution is illustrated in Fig. 1 (right panels) by showing two examples products
computed with Eq. (17) without factor w. In Eq. (17), a specific choice has been made to apply
4 products with only one type of large-scale components because it is sufficient for our problem,
but other options exist as more extensively discussed in Brankart (2019).

Figure 1: Sample of two draws from the auxiliary probability distribution (left panels), with
their corresponding large-scale component (middle panels), and from the proposal probability
distribution (right panels).

In short, the justification for using Eq. (17) is that the covariance of this product is the prod-
uct of the covariance. Consequently, the product by large-scale components does not modify the
local correlation structure of the auxiliary random fields, and make the long-range correlations
drop to zero (because of the 4 multiplications by small values). The effect of the product is thus
to localize the correlation structure of the auxiliary probability distribution. On the other hand,
even if the product in Eq. (17) cannot generate every possible perturbation in the n-dimensional
space (as the auxiliary distribution), the number of possible directions of perturbation, result-
ing from the various combinations of the indices i, j, k, l, m is so huge (about 3.76 × 108 for
m = 100), that this makes no much practical difference. However, a big difference between Eqs.
(15) and (17) is that Eq. (17) is much less expensive. With Eq. (17), a new draw from the
proposal distribution can be obtained with only 5 products, which makes the computational
cost of the algorithm linear in the size of the problem, rather than quadratic.
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3.3 Acceptance probability

Since the proposal distribution defined in the previous section is symmetric: π(ψ|ψ′) = π(ψ′|ψ),
the acceptance probability can be computed using Eq. (14), with the probability distribu-
tion p(ψ) defined in Eq. (8). This gives:

Θ(ψ′, ψ) = min [exp(δS/S0), 1] with δS = S(ψ′)− S(ψ) (18)

which requires evaluating the variation of S(ψ) in Eq. (9). corresponding to the perturbation of
the stream function from ψ to ψ′. Draws from the proposal distribution that decrease S(ψ) are
always accepted (Θ = 1), while draws that increase S(ψ) are sometimes rejected (Θ < 1), so
that the resulting Markov chain in Eq. (10) tends to an equilibrium with the target distribution.
In practice, the computation of S(ψ) requires discretizing ψ in space and time.

Space discretization. The stream function ψ is here discretized on a regular grid along the
spherical coordinates, i.e. with a constant spacing of the grid points: ∆θ = ∆φ = 1/4◦. From ψ,
u and ω can then be computed by discretizing the operators in Eqs. (3) and (4) expressed in
spherical coordinates, using the Arakawa C-grid (Arakawa and Lamb, 1977). From this, we can
already compute several elements required in the computation of S(ψ) in Eq. (9), at every grid
point and at any time: velocity (u), potential vorticity (ω̃ = ω+f = ∆ψ+f) and the Laplacian
of relative vorticity (∆ω = ∆∆ψ).

Time discretization. On the other hand, we assume that ψ is discretized in time with a
constant time step ∆t. To make the numerical scheme symmetric with respect to the reversal
of time, the time derivative ξ = Dω̃/Dt in Eq. (1) is evaluated at the middle of every time step:

ξ(θ, φ, t) =
1

∆t

[

ω̃(θ+, φ+, t+)− ω̃(θ−, φ−, t−)
]

(19)

where t+ = t+∆t/2 and t− = t−∆t/2. The location θ+, φ+ is the downstream location obtained
from θ, φ by assuming a constant velocity u(θ, φ, t+) between t and t+, and the location θ−,
φ− is the upstream location obtained from θ, φ by assuming a constant velocity −u(θ, φ, t−)
between t and t−. During half of the time step ∆t/2, a fluid parcel is assumed to move along a
great circle of the sphere with azimuth α over a distance given by the center angle δ:

α = azimuth(u) and δ = ||u||R−1∆t/2 (20)

where R is the radius of the sphere, and the azimuth starts from 0 northward, to increase to
π/2 eastward, π southward and 3π/2 westward. The downstream and upstream location can
then be obtained from spherical trigonometry:

cos θ± = cos θ cos δ± + sin θ sin δ± cosα± (21)

cos(φ± − φ) =
cos δ± − cos θ cos θ±

sin θ sin θ±
(22)

From these locations, the value of ω̃(θ+, φ+, t+) and ω̃(θ−, φ−, t−) in Eq. (19) can then be
obtained by linearly interpolating in the discretized field ω̃ that is available at time t+ and t−.

It is important to remark that the evaluation of the acceptance probability Θ(ψ′, ψ) only
requires a moderate number of numerical operations for every model grid point, so that the
computational cost of the algorithm is still linear in the size of the problem. In particular,
the computation of δS does not require solving the elliptic equation (4) for ψ, as would have
been necessary to integrate Eq. (1) forward in time. In addition, the use of an implicit time
discretization (depending of the future time step) is here costless, and there is no CFL stability
condition to impose a very small time step ∆t, so that the time step only depends on the
accuracy required for the solution.
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4 Samples of flows

To illustrate the sampling of the probability distribution described in section 2 using the MCMC
sampler described in section 3, we will only consider in this paper the particular case of problems
in which the initial condition of the flow at t = t0 is specified as a strong constraint. As discussed
at the end of this section (subsection 4.3), this is not a limitation of the method, in which no
initial condition is necessary, while conditions can be imposed to the flow as weak constraints
distributed in time. However, as a first approach, initial condition problems will be easier to
solve and demonstrate, for a single time step first (subsection 4.1), and then for a longer time
period (subsection 4.2).

Figure 2: Variation of the solution along the Markov chain, at iteration indices i = 0 (initial
condition, top panels), i = 100 (middle panels), and i = 1000 (bottom panels). The figure
displays the stream function ψ (left panels), the relative vorticity ω (middle panels) and the
stochastic process ξ (right panels).
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4.1 A first time step

The initial condition of the flow is specified by drawing a stream function ψ0 from the auxiliary
distribution defined in section 3.2, renormalized with the initial root mean square vorticity:
rms(ω0). This initial condition (stream function, velocity and relative vorticity) is illustrated
in the top panels of Figs. 2 and 4. As a result of the definition of the auxiliary distribution
[parameter lc = 6.4 in Eq. (16)], the typical length scale of the flow L is L/R ≃ 0.1. This means
that the flow is adimensionalized using the sphere radius R as a length scale and T = 1/rms(ω0)
as a time scale, so that the typical adimensional velocity is also about 0.1.

To evolve this initial condition in time, we then need to define the physical parameters ωs,
ν and S0. In our example, we choose ωs = rms(ω0), so that the Rossby radius corresponds to
the typical length scale of the flow, and we first experiment non-dissipative flows: ν = 0 (see
section 4.2 for experiments with ν > 0). Concerning parameter S0, governing the spread of the
distribution (i.e. the variance of ξ if ν = 0), it is set to 5% of the typical value of (∂ω/∂t)2, which
is about 1 in the adimensional variables. This choice means that the dynamical constraint will
really matter in the sampling of the flow, although non-negligible stochastic effects will produce
uncertainty in the forecast.

Performing a single time step from this initial condition means that we set t1 = t0 +∆t in
Eq. (9), and that we sample ψ(t1) with ψ(t0) = ψ0 given. The Markov chain used to sample
ψ(t1) is initialized with ψ(t1) = ψ(t0) and then iterated according to the transition probability
distribution in Eq. (12), which is decomposed into a proposition step and an acceptance step as
explained in section 3.2 and 3.3. Fig. 2 illustrates the variation of ψ(t1), with the corresponding
fields ω(t1) and ξ(t0+∆t/2), along the Markov chain, at iteration indices i = 0 (initial condition),
i = 100, and i = 1000. Along the chain, the flow at t = t1 is progressively transformed to be
compliant with the conservation condition in Eq. (1) with the required accuracy: S(ψ) ∼ S0.
In this case, S(ψ) is simply the mean square of ξ(t0+∆t/2), which we see decreasing along the
Markov chain in Fig. 2 (right panels).

In these maps, the white areas along the boundaries correspond to regions in which Eq. (19)
cannot be evaluated because the fluid is either going outside the boundaries or coming from
outside the boundaries. In these regions, the advective constraint is just not applied, and
replaced by the weak condition that ω has a unit variance (as in the initial condition).

Figure 3: Sample of 3 stochastic fields ξ(t0 + ∆t/2), corresponding to the first time step in 3
independent Markov chains, after N = 1000 iterations.

Repeating this Markov chain several times with different random numbers can then provide
a sample of possible states of the flow at t = t1 from the specified initial condition at t = t0.
The stochastic process ξ in Eq. (1), simulating the uncertain effect of the unresolved motions,
is thus here implicitly produced by the sampler, rather than explicitly provided. Fig. 3 shows
a sample of 3 fields ξ(t0 +∆t/2) generated with 3 independent Markov chains, after N = 1000
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iterations. From the figure, we see that the stochastic process ξ displays a spatial correlation
structure, which is not perfectly consistent with what was assumed in Eqs. (6) and (7), with
ν = 0. This can be explained by the scale truncation imposed to the auxiliary distribution in
Eq. (15). This is limiting the scales of possible perturbation of the stream function and thus
the scales of the flow that can be simulated. Moreover, the number of iterations in the Markov
chains is here limited to N = 1000, which is sufficient to reduce the variance of ξ to the required
accuracy S0, but maybe not to obtain the convergence of the correlation structure. The result
of these approximations is that the stochastic process ξ can display some spatial correlation on
the computational grid, which can somehow depend on the structure of the flow.

Figure 4: Solution obtained for the first time step after N = 1000 iterations, with ∆t/T = 0
(initial condition, top panels), ∆t/T = 0.5 (middle panels) and ∆t/T = 1 (bottom panels). The
figure displays the stream function ψ (left panels), the norm of velocity (middle panels) and
the relative vorticity ω (right panels). The relative vorticity can be compared to the solution
obtained with a smaller time step (∆t/T = 0.1) as displayed in the first three panels of Fig. 5
(i.e. after 0, 5 and 10 time steps).

To illustrate the effect of the time step ∆t, Fig 4 shows the solution obtained after N = 1000
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iterations for ∆t/T = 0.5 and ∆t/T = 1, as compared to the initial condition (∆t = 0, in the
top panels). The larger the time step, the more the solution is moved away from the initial
condition, and the less accurate the numerical approximation of the time derivatives. In the
following, we will use a shorter time step equal to the tenth of the characteristic time scale
(∆t/T = 0.1) as a compromise between accuracy and efficiency.

Figure 5: Time evolution of relative vorticity sampled from the probability distribution (without
dissipation). It is displayed for time steps 0, 5, 10, 15, 20 25, 30, 35, 40, which corresponds to
times: t/T = 0, 0.5, 1, 1.5, 2, 2.5, 3.5 and 4 (from left to right and top to bottom).

4.2 Initial condition flow

To compute the evolution of the flow over a larger time interval [t0, t1], the approach is then
to divide the time interval into a sufficient number of time steps k = 1, . . . ,K, and to sample
a sequence of stream functions ψ(tk), with tk = t0 + k∆t. The computation of S(ψ), and thus
the acceptance probability in the Markov chains, thus requires to sum up the contribution of
all time steps to the integral of Eq. (9), so that the Markov chain will progressively converge
towards satisfying the dynamical constraint over the whole time interval. However, in the case
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of an initial condition flow, the constraint on ψ(tk) only comes from the value of ψ(tk−1), so
that it is equivalent (and less expensive) to perform the sampling time step after time step, i.e.
to sample ψ(tk) using a specified value of ψ(tk−1), as was done in the previous section for the
first time step. This is the approach followed in this section to illustrate the sampling of initial
condition flows.

Figure 6: Three possible time evolutions of relative vorticity sampled from the probability
distribution (from left to right). It is displayed for times: t/T = 1, 2 and 3 (from top to
bottom).

Evolution in time. Fig. 5 displays one possible evolution of relative vorticity sampled from
the probability distribution. It is shown for time steps 0, 5, 10, 15, 20 25, 30, 35, 40, which
corresponds to times: t/T = 0, 0.5, 1, 1.5, 2, 2.5, 3.5 and 4 (from left to right and top to
bottom). This figure is meant to illustrate the time dependence imposed by the dynamical
constraint in Eq. (9), although this is better seen in the movie provided in the data repository
associated with the paper. The solution obtained after 5 and 10 time steps at times t/T = 0.5
and t/T = 1 can also be compared to the solution displayed in Fig. 4 after only one time step
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∆t/T = 0.5 and ∆t/T = 1. The comparison suggests that ∆t/T = 0.5 may still be accurate
enough to produce an acceptable solution, but ∆t/T = 1 is clearly too large because numerical
errors become larger than the dynamical uncertainty.

In this example, the boundary conditions are left unconstrained, which corresponds to as-
suming that no information is available about what happens outside of the model domain. This
is a difference as compared to computing the flow using a partial differential equation, where
boundary conditions need to be explicitly applied. Uncertainties at the boundaries must then be
explicitly parameterized using stochastic processes. Here, the stochastic effect is again implic-
itly obtained from the sampler. In Fig. 5 (and in the movie), we can observe random structures
generated at the boundaries, which are advected in the interior of the model domain.

Figure 7: Time evolution of relative vorticity sampled from the probability distribution (with
dissipation). It is displayed for time steps 0, 5, 10, 15, 20 25, 30, 35, 40, which corresponds to
times: t/T = 0, 0.5, 1, 1.5, 2, 2.5, 3.5 and 4 (from left to right and top to bottom).

Uncertainty. Fig. 6 compares three possible evolutions of relative vorticity sampled from the
probability distribution. It is shown at time t/T = 1 (top panels) and t/T = 2 (bottom panels)
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and t/T = 3 (bottom panels). This illustrates the uncertainty produced by the random sam-
pling, under weak dynamical constraint. As can be seen in the figure (and in the movie provided
in the data repository), uncertainty increases with time, as a result of the stochastic processes ξ,
and propagates from the boundaries, which are left unconstrained. The predictability of the
system thus depends on the amount of information about the past of the system (here in the
initial condition), and on the rate at which this information is lost because of the dynamical
uncertainties.

Effect of dissipation. Fig. 7 displays the same result ad Fig. 5, but with a non-zero dissi-
pation (ν 6= 0) in Eqs. (7) and (9). As an illustration, the value of the kinematic viscosity is
tuned so that the two terms of S(ψ) have a similar magnitude. Dissipation is then about as
important as randomness in the evolution of the flow. As can be seen in the figure (and in
the movie provided in the data repository), the effect of dissipation is to smooth out the most
intense structures and to decrease the kinetic energy of the flow. As expected for an initial
condition problem, dissipation occurs forward in time, despite the symmetry of the dynamical
formulation with respect to the reversal of time.

4.3 Discussion

In this section, one possible approach has been implemented to compute instationary geophysical
flows by sampling from a probability distribution, rather than integrating partial differential
equations in time. Even if the purpose is quite similar in the particular case of an initial condition
problem, the method brings important differences and perspectives in several respects.

Uncertainties. The stochasticity of the flow is the result of the sampling of possible time
evolutions, rather than simulated by forward-in-time stochastic processes, because uncertain-
ties are viewed as time-dependent fluctuations of the instationary flow that upscale from the
unresolved motions. With partial differential equations, the default behaviour of the system
is deterministic, with a closed system of equations, in which stochastic effects are introduced
as a complementary material to step down from perfect determinism. With the sampler, the
default behaviour is stochastic, with constraints applied only to what is known. What is not
known can just be left unspecified, as the boundary conditions in our example. Moreover, the
cost of the algorithm depends on the amount of information provided to constrain the flow. If
the constraints are not strong (a large S0 in our example), appropriate solutions can be found
more easily, at a lesser cost (smaller number of iterations N and larger time step ∆t). But if the
constraint is more stringent (smaller S0), the cost of the algorithm may increase substantially.
Close to the deterministic limit (S0 → 0), the use of a minimizer as a preconditionning or as an
alternative to the sampler can then become a better choice.

Reversibility. The statistical constraint on the macroscopic fluctuations is here symmetric
with respect to the reversal of time, which leaves the possibility to sample the whole time pe-
riod at once, instead of a forward-in-time progressive integration. Irreversibility is nonetheless
possible as a result of the asymmetry of the conditions imposed to the flow. This was illustrated
in our example by a time-symmetric Laplacian dissipation operating forward-in-time because of
the constraint applied to the initial condition. However, other reversible formulations of dissipa-
tion would be possible as further investigated in Brankart (2020). From a more practical point
of view, with a reversible scheme, there is no more numerical stability condition to constrain
the time step, which can thus be chosen larger, as long as a sufficient accuracy is preserved.

Inverse problems. With an irreversible formulation of dissipation, as in forward-in-time
partial differential equations, the resolution of inverse problems is generally much more difficult
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than the resolution of direct problems, because the propagation of information backward in
time is physically unnatural and mathematically ill-posed. Ad hoc mathematical frameworks
must then be supplied to solve these time-dependent inverse problems (also known as data
assimilation problems). On the contrary, with a reversible probabilistic formulation, there is no
question as to how propagating information in the two directions of time, since it is embedded
in the probabilistic dynamics. Actually, there is no need for a perfect initial condition: the
sampling of flows could in principle also have been constrained by a history of partial and
imperfect observations.

5 Conclusions

In summary, in this paper, a mathematical framework has first been proposed to reformulate
the dynamical equations gorverning the time evolution of flows as a sampling problem. The
main physical difference with respect to forward-in-time stochastic partial differential equations
is that the probability distribution is reversible in time, which means that dissipation must
behave symmetrically in the two directions of time. In the particular case of pure diffusion, the
two formulations have been shown equivalent if the initial condition is prescribed and the final
condition is left free. Irreversibility of diffusion thus comes from the asymmetry between initial
and final conditions. If diffusion does not play alone, the assumption is here to keep the same
expression for the probability distribution of the fluctuations, and thus not the same expres-
sion for the maximum probability diffusive flux as it is done in the standard forward-in-time
advection/diffusion equation. This slight modification of the interplay between diffusion and
other processes, which should be quantitatively small if the fluctuations are small, is sufficient
to obtain a reversible probability distribution as a governing principle for the macroscopic flow,
which can optionally be reduced to a variational principle for the maximum probability flow.
This reversible probabilistic formulation should be easier to relate to fundamental physics and
may suggest new possibilities to generalize the formulation of dissipation, as more extensively
explored in a following paper (Brankart, 2020).

Second, this reversible and stochastic dynamical framework has been applied to the simu-
lation of a two-dimensional shallow-water flow, on the surface of a rotating sphere. On the one
hand, this example has been used to illustrate the explicit sampling of flows from the probability
distribution, by iterating an ensemble of Monte Carlo Markov Chains converging towards the
requested sample. This has been done by using an efficient variant of the Metropolis/Hastings
algorithm, in which the proposal probability distribution can be sampled at a cost that is lin-
ear, rather than quadratic, in the size of the problem. With the sampler, the simulated flows
evolve smoothly in time according to the advection constraint, while time-dependent stochastic
fluctuations are produced according to the probability distribution describing the effect of the
unresolved motions. Conclusions can then be drawn on the statistics of the flow by applying
only the most important dynamical constraints, disregarding for instance the effect of unknown
initial or boundary conditions. This would be impossible to achieve using forward-in-time par-
tial differential equations, where no conditions can be left free, since the system of equations
must be closed.

On the other hand, if an initial constraint is applied to an instationary flow, the sampling
actually corresponds to a probabilistic forecast of the flow, as illustrated in the paper using
the particular example of the advection of eddies on the surface of a rotating sphere. Without
the stability condition associated to the time integration of the advection/diffusion equation,
the time step can here be much larger, since it is only limited by the accuracy requested by
the advection constraint, and the numerical cost mainly depends on the number of iterations
required to obtain the convergence of the Markov chains. Even with a larger time step, the
numerical cost of the sampling can be substantially larger than the cost of an ensemble forecast
performed with the forward-in-time partial differential equations. However, it is important to
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realize that, in this framework, information about the past of the system does not need to be
provided in the form of a complete initial condition at a given time. A constraint on the past of
the system can here be directly applied using a history of incomplete and imperfect observations,
thus resolving the inverse and direct problems together at a similar numerical cost, without the
intermediate step of estimating initial conditions for the forecast. In addition, this possibility
of directly informing the reversible dynamical model about the history of the flow may also
modify the predictability of the system, as compared to what can be obtained from irreversible
dynamical equations, which can only be supplied with an initial condition.

A Stochastic advection/diffusion

To simplify the physical interpretation of the formulation proposed in section 2, we first consider
the molecular diffusion of a tracer, with concentration c. The tracer is also advected by an
incompressible flow, with velocity u, so that ∇ · u = 0. The time evolution of c can then be
described by:

Dc

Dt
= ξ (23)

where ξ(x, t) us a time-dependent field of random fluctuations.
At equilibrium, these fluctuations can be described by an uncorrelated Gaussian distribution

(Landau, and Lifshitz, 1980, chapter 12). Out of equilibrium, they organize in space and time,
with a structure depending on the structure of c. Relaxation to equilibrium, and thus diffusion,
then result from this correlation in the fluctuations. Similarly to what was done in section 2
for potential vorticity, we here assume that the dependence between ξ and c can be described
by the probability distribution:

p(ξ) ∝ exp [−S(ξ)/S0] (24)

with

S(ξ) =
1

2

∫ t1

t0

∫

Ω

[

ξ2 + (λ∆c)2
]

dΩ dt (25)

where the constant S0 controls the spread of the distribution and λ will be interpreted as
a diffusivity. This annex is dedicated to comparing this formulation to the standard advec-
tion/diffusion equation.

Without advection (u = 0). The solution of Eq. (23) maximizing the probability distribu-
tion (24) is computed in annex B. This solution also corresponds to the deterministic limit of
the problem for S0 → 0. For u = 0, the Euler-Lagrange equations (41) describing the maximum
of (25) simplifiy to:

L∗ L c = 0 or LL∗ c = 0 (26)

with

L =
∂

∂t
− λ∆ and L∗ =

∂

∂t
+ λ∆ (27)

Operator L∗ L is self-adjoint, and L∗ is the adjoint of L. L describes a diffusion forward in time,
and L∗, a diffusion backward in time.

Equation (26) reduces to L c = 0 for an initial condition problem, and to L∗ c = 0 for a
final condition problem. To see this, a straightforward method is to go back to the variational
principle and decompose c(x, t) along the eigenfunctions mk(x) of the Laplacian on Ω (following
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the method of separating variables, as proposed by Kantorovicth to minimize a variational
principle):

c(x, t) =
∑

k

ck(t)mk(x) with

∫

Ω
mkml dΩ = δkl and ∆mk = −γkmk (28)

so that

S =
∑

k

Sk with Sk =

∫ t1

t0

(

ċ2k + λ2γ2kc
2
k

)

dt (29)

which is minimum if, for all k:

c̈k − λ2γ2kck = 0 ⇒ ck = Ake
−λγkt +Bke

+λγkt. (30)

With a natural final condition (initial condition problem), we must have Bk = 0, and with
a natural initial condition (final condition problem), we must have Ak = 0. These two cases
correspond to the solutions of L c = 0 and L∗ c = 0, respectively.

This shows that the statistics of the fluctuations ξ proposed in Eqs. (24) and (25) make
the system relax to equilibrium, according to Eq. (30), in the direction of time that is left
free of constraints. This is done by keeping the dynamical equations reversible in time (as
in fundamental physics) so that the irreversibility in the behaviour of the system can only
proceed from the asymmetry between the past and future conditions. In the special case of
specified initial conditions, this relaxation towards equilibrium is equivalent to that obtained
with the classic diffusion equation. However, the result should certainly be different if the past
is not known as a specified initial condition, but through a history of partial and imperfect
observations.

With advection (u 6= 0). To extend the formulation to the presence of advection, it is
assumed in Eqs. (24) and (25) that the dependence between ξ and c remains the same, which
means that we keep the same probability distribution p(ξ|∆c). This is different from the classic
advection/diffusion equation, in which the maximum probability solution ξ = λ∆c is kept the
same as in the pure diffusion problem (with a diffusion forward in time). It has been shown in
the previous paragraph that these two solutions have the same deterministic limit for u → 0
(for an initial condition problem), but not necessarily for u 6= 0. This means that the maximum
probability diffusive flux resulting from Eqs. (24) and (25) may not be exactly the same in the
presence of advection, and can somehow depend on c and u, rather than only on c.

Advection/diffusion of momentum. This formalism can be extended to the advection/dif-
fusion of momentum, by starting from the stochastic Euler equations:

Du

Dt
+ 2ωs × u+

1

ρ
∇p = ξ (31)

here written for an incompressible flow (∇·u = 0). Velocity (u), pressure (p) and density (ρ) are
defined between time t0 and t1 on the domain Ω, with appropriate condition at the boundary Σ.
The probability distribution for ξ can then again be written as in Eq. (24), with:

S(ξ) =
1

2

∫ t1

t0

∫

Ω

[

ξ · ξ + ν2∆u ·∆u
]

dΩ dt (32)

where ν can here be interpreted as a kinematic viscosity. Following the same method as in
annex B, it is then also possible to obtain the Euler-Lagrange equations describing the maximum
probability behaviour of u:
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(

D

Dt
− 2ωs ×−∇u·

)(

Du

Dt
+ 2ωs × u+

1

ρ
∇p

)

= ν2∆∆u (33)

with the natural boundary conditions:

Du

Dt
+ 2ωs × u+

1

ρ
∇p = 0, for t = t0 and t = t1, (34)

∆u = 0 and
∂

∂n
∆u = 0, on Σ. (35)

In deriving these equations, it was assumed that the functional is a function of u only, with p
left free to adjust to the incompressibility condition. With respect to annex B, it must be noted
that the functional now explicitly depends on the varying variable u through the advection
operator and through the Coriolis force, which leads to the two additional terms in the first
operator of Eq. (33).

B Maximum probability solution

The purpose of this annex is to obtain a description of the tracer field maximing the probability
distribution described in annex A. This field corresponds to the minimum of the positive
functional given in Eq. (25). The Euler-Lagrange equations describing the minimum of this
functional can be obtaind from the calculus of variations, following Gelfand and Fomin (1964).
To compute the variation of the functional, we rewrite it explicitly in Cartesian coordinates:

S(c) =
1

2

∫ t1

t0

∫

Ω

[

A2(c) +D2(c)
]

dΩ dt (36)

where the advection and diffusion terms can be written:

A(c) = ct + ucx + vcy + wcz (37)

and

D(c) = λ(cxx + cyy + czz) (38)

where the velocity field u = (u, v, w) describe a specified incompressible flow (∇ · u = 0). To
simplify the notations, the derivatives with respect to x, y, z, t have been written as indices.

This variational problem is very similar to that obtained for transverse vibrations in the
thin plate theory (paragraph 36.4, in Gelfand and Fomin, 1964), except that it is here in three
dimensions, the sign of the second term in S(c) is the opposite, and A(c) is a material time
derivative rather than the Eulerian time derivative ct. Despite these differences, the variation
of the functional corresponding to the transition from c to c∗ = c+ δc can be found in the same
way:

δS =

∫ t1

t0

∫

Ω

(

−
D2c

Dt2
+ λ2∆∆c

)

δc dΩ dt−

∫ t1

t0

∫

Σ

∂

∂n
(∆c) δc dΣ dt

+

∫ t1

t0

∫

Σ
∆c

∂

∂n
(δc) dΣ dt+

[
∫

Ω

Dc

Dt
δc dΩ

]t1

t0

(39)

where Σ is the surface surrounding Ω, ∂/∂n is the normal derivative on Σ, and the last term
represents the variation of the expression between brackets from t0 to t1.

In Eq. (39), only the presence of the material derivative requires some additional computa-
tions with respect to the thin plate theory. They can be directly performed using the standard
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form of the Euler-Lagrange equations (paragraph 35 in Gelfand and Fomin, 1964) since A(c)
only contains first derivatives. This requires to compute:

1

2

[

∂

∂c
A2 −

∂

∂t

(

∂

∂ct
A2
)

−
∂

∂x

(

∂

∂cx
A2
)

−
∂

∂y

(

∂

∂cy
A2

)

−
∂

∂z

(

∂

∂cz
A2
)

]

= −

(

∂

∂t
+ u

∂

∂x
+ v

∂

∂y
+ w

∂

∂z

)(

∂c

∂t
+ u

∂c

∂x
+ v

∂c

∂y
+ w

∂c

∂z

)

= −
D2c

Dt2
. (40)

The associated boundary terms can be simplifed to a time variation between t0 and t1 (last
term in Eq. 39) by assuming that there is no transport across the boundaries (u = 0 on Σ).

From the requirement that the variation δS must vanish for all δc, we can then obtain the
Euler-Lagrange equations:

D2c

Dt2
= λ2∆∆c, (41)

the natural boundary conditions:

∆c = 0 and
∂

∂n
(∆c) = 0 on Σ, (42)

the natural initial and final conditions:

Dc

Dt
= 0 for t = t0 and t = t1. (43)

Without additional conditions, this natural solution minimizing S is then obviously a constant
and uniform field: c(x, y, z, t) = cst.

This variational problem can be interpreted as an initial condition problem if the initial
condition is specified c(t = t0) = c0 and the final condition is left natural (unspecified). Sym-
metrically, it is a final condition problem if the final condition is specified c(t = t1) = c1 and
the initial condition is left natural. It is then worthwhile to remark that in both cases, the total
amount of tracer is conserved in time:

d

dt

∫

Ω
c dΩ = 0 (44)

even though this condition was not imposed in the formulation of the problem. This can be seen
by integrating the Euler-Lagrange equation (41) over Ω. The second member is a divergence,
thus reducable to a surface term, which is equal to zero in view of the second natural boundary
condition. This leaves:

∫

Ω

D2c

Dt2
dΩ = 0 (45)

and thus, since ∇ · u = 0:

∫

Ω

[

∂

∂t

(

Dc

Dt

)

+∇ ·

(

u
Dc

Dt

)]

dΩ = 0. (46)

Again, the divergence reduces to a zero surface term (since u = 0 on Σ), which leaves:

∫

Ω

Dc

Dt
dΩ = cst (47)

where the constant must be zero if either the initial or the final condition is left natural.
Property (44) then directly follows since there is no transport across the boundaries.
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