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ABSTRACT 7 

The 29 July 2025 M8.8 Kamchatka earthquake generated a Pacific-wide tsunami that the Surface 8 
Water and Ocean Topography (SWOT) mission imaged about 70 minutes later, about 600 km from 9 
the source, as a leading crest trailed by a train of short-wavelength dispersive waves. Rather than 10 
matching an assumed source forward to the observations, as prior studies of this wavefield have 11 
done, we back-project the observed wavefronts. Using a dispersive ray-tracing engine and travel-12 
time reciprocity, we trace each digitized, band-passed front to a source location and, from SWOT’s 13 
per-pixel acquisition times to an emission time, with no assumed source model parameters. The 14 
method recovers the known source region from the leading front, and per-front resolution is 15 
quantified by a bootstrap calibrated against blind re-digitization. Because a single front constrains 16 
an arc of source positions traded against emission time, many fronts are not localizable and are left 17 
uninterpreted. Ten trailing fronts are nonetheless robustly localized outside the coseismic source 18 
region and at emission times well after the origin. Their emission time increases with distance from 19 
the source, and each was emitted later than the earliest possible arrival of energy from the 20 
earthquake at its location. Independently of the back-projection, the whole trailing train is shown to 21 
arrive too late to have been radiated dispersively from the source. A substantial part of the short-22 
wavelength tail imaged by SWOT therefore did not originate at the coseismic source but was 23 
generated along the propagation path, progressively delayed through interaction with the seafloor. 24 
Back-projection of wide-swath altimetry locates and times the origin of individual tsunami waves 25 
directly from the observed wavefield. 26 

Key Points: 27 

1. We back-project the dispersive tsunami wavefield SWOT imaged after the 2025 Kamchatka 28 
earthquake to locate and time individual wavefronts, with no assumed source model.  29 

2. Ten trailing short-wavelength fronts are robustly located outside the coseismic source region 30 
and emitted well after the origin time.  31 

3. Their emission times and the late arrival of the whole train indicate short-wavelength energy 32 
generated during propagation, not radiated from the source.  33 

Plain Language Summary 34 

When a large undersea earthquake makes a tsunami, most of the wave energy comes from the 35 
seafloor that moved during the quake. But tsunamis can also pick up shorter, more complex waves 36 
as they travel across a rough seafloor, and telling the two apart is difficult. In July 2025 a major 37 
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earthquake off Kamchatka sent a tsunami across the Pacific, and by chance the SWOT satellite, 38 
which maps the sea surface in two dimensions rather than along a single line, passed overhead 39 
about 70 minutes later and photographed the wavefield, including a train of short waves trailing the 40 
main front. We developed a way to run these waves backward in time over the real ocean depth to 41 
find where and when each one started, without assuming anything about the earthquake. Most of 42 
the short waves we could trace did not come from the earthquake itself. They started far from it and 43 
well after it, and later the farther out they began, which shows they were created as the tsunami 44 
traveled, by its interaction with the seafloor along the way. The approach works on any tsunami that 45 
a wide-view satellite like SWOT happens to catch, and could help locate the source of future events. 46 

1. Introduction and Motivation 47 

The tsunami hazard posed by great subduction-zone earthquakes is governed by the specific details 48 
of how coseismic slip is distributed over the causative fault. Slip concentrated near the trench 49 
displaces the seafloor with larger amplitude, over short horizontal length scales, and with steep 50 
gradients, producing disproportionately large, short-wavelength sea-surface perturbations that 51 
dominate near-field runup (e.g. Satake, 1994; Hill et al., 2012; Melgar et al., 2016). In contrast, slip 52 
concentrated down-dip generates broader, long-wavelength uplift and a comparatively modest 53 
tsunami (e.g., Tanioka et al., 2004; Gusman et al., 2015; Ye et al., 2022). The 2025 M8.8 Kamchatka 54 
earthquake (Figure 1) and its 1952 M9.0 predecessor on the same margin illustrate the point directly: 55 
despite comparable along-strike extent, the down-dip 2025 rupture produced a far less destructive 56 
tsunami than the 1952 event (MacInnes et al., 2010; Ruiz-Angulo et al., 2025; Pinegina et al., 2025). 57 
A recent re-examination of the 1952 earthquake shows that large slip locates near the trench, but 58 
and that the largest slip region is located at ~30 km, depth-wise comparable to the 2025 event 59 
(Gusman 2026) Because the shallowest portion of the rupture is at once the most tsunamigenic and 60 
the most consequential for hazard, resolving whether and where a great earthquake breaks the near-61 
trench region is a first-order problem in tsunami science. 62 

It is also among the hardest to constrain. The near-trench plate interface is poorly imaged by 63 
teleseismic and geodetic data: it is far offshore, beyond the reach of onshore GNSS and InSAR, and 64 
its shallow dip and low rigidity make it seismically inefficient, so finite-fault and rapid-slip inversions 65 
carry their largest uncertainties precisely where the tsunami is most sensitive to slip (e.g. Romano 66 
et al. 2012; Satake et al., 2013; Yue et al., 2014). Deep-ocean pressure sensors (DART) partially fill 67 
this gap but sample the wavefield at only a handful of points, and their bottom-pressure response 68 
can somewhat attenuate the short-wavelength components that carry near-trench information. 69 
Meanwhile, conventional nadir satellite altimetry has occasionally captured tsunami fronts, but its 70 
along-track geometry yields one-dimensional sea-surface profiles that cannot resolve wavelength, 71 
wavefront curvature, or propagation direction (Okal et al., 1999; Kulikov, 2006; Hayashi, 2008; Song 72 
et al., 2012). The observational quantities most diagnostic of a near-trench source are therefore the 73 
ones legacy instruments are least able to measure. 74 
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The Surface Water and Ocean Topography (SWOT) mission changes this. Its Ka-band radar 75 
interferometer measures sea-surface height along a wide (~120 km) swath at centimeter precision, 76 
resolving two-dimensional features at ~10–100 km scales (Morrow et al., 2019; Vinogradova, 2025). 77 
For the first time, a single overpass images not just the amplitude of a very large tsunami but the 78 
geometry of its wavefield, wavelength content, front curvature, and propagation direction, over 79 
hundreds of kilometers. Roughly 70 minutes after the 29 July 2025 Kamchatka earthquake (M8.8; 80 
23:24 UTC), SWOT ascending pass 267 intersected the expanding wavefield ~600 km seaward of the 81 
source (Figure 1) and recorded a leading long-wavelength crest trailed by a train of at least seven 82 
shorter-wavelength waves (Ruiz-Angulo et al., 2025; Sepúlveda et al., 2026). This dataset is, to our 83 
knowledge, the most detailed two-dimensional image ever obtained of a great tsunami's near- to 84 
intermediate-source wavefield, and it has already motivated two independent source studies. 85 

That a train of dispersive, short-wavelength waves appears at all is itself notable. Frequency 86 
dispersion scales with the square of the depth-to-wavelength ratio, so a rupture several hundred 87 
kilometers in extent, radiating predominantly long waves, would be expected to propagate in the 88 
near-shallow-water limit with little dispersion (Kajiura, 1963; Glimsdal et al., 2013). The presence of 89 

Figure 1. Regional setting of the 29 July 2025 M8.8 Kamchatka earthquake and the SWOT observation 
of the resulting tsunami. The yellow star marks the USGS epicenter. The background color field shows 
modeled tsunami travel time (minutes), where each pixel gives the minimum travel time to that point 
over a set of point sources distributed at 20 km spacing within the near-trench source region of 
Sepúlveda et al. [2026]. The SWOT swath from ascending pass 267 is outlined in black, with the near-
nadir gap shown, and the background-removed sea-surface height anomaly measured along it is 
shown in the blue-white-red color scale). Black crosses along the swath and the accompanying labels 
(69–73 min) give the time after origin at which SWOT imaged each along-track position. Shaded patches 
near the coast show the preferred initial sea-surface disturbance of the two prior source studies, each 
bounded by its +0.2 m and −0.2 m contours: red and green for the positive and negative disturbance of 
Ruiz-Angulo et al. [2025] (RA2025), pink and blue for those of Sepúlveda et al. [2026] (SE2026). Yellow 
triangles mark the DART bottom-pressure sensors) referenced in the text.  
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a coherent short-wavelength tail therefore requires that energy be present at wavelengths 90 
comparable to a few factors of the ocean depth, whether placed there by the source or produced 91 
afterward, and the question of which is discussed in two studies to have examined this wavefield. 92 
These two studies weigh the possibilities differently. Sepúlveda et al. (2026) interpret the trailing 93 
short-wavelength train (characteristic wavelength ~50 km, λ/h ≈ 9, in the weakly dispersive regime) 94 
primarily as a signature of near-trench slip: shallow coseismic deformation injects short-wavelength 95 
energy into the initial sea surface, and frequency dispersion sorts it during transit so that shorter 96 
components lag behind the leading crest, a source-dispersion mechanism established for the 2009 97 
Samoa and 2011 Tohoku tsunamis (Saito et al., 2010, 2011, 2014; Zhou et al., 2012; Kirby et al., 2013; 98 
Okal & Synolakis, 2016). From a joint DART–InSAR–SWOT slip inversion propagated with a 99 
Boussinesq model, together with off-trench and checkerboard tests, they infer tsunamigenic slip 100 
within ~10 km of the trench and an along-strike centroid between 49.5° and 52.5°N. Ruiz-Angulo et 101 
al. (2025), inverting the DART records for the initial sea-surface displacement, find a ~400 km rupture 102 
with peak uplift near 51°N concentrated further down-dip, and infer only modest, if any, near-trench 103 
slip, favoring a partial re-rupture of the deeper 1952 asperity (MacInnes et al., 2010). They note that 104 
a dispersive forward model initialized with their source under-predicts the observed trailing train and 105 
suggest that some of the short-wavelength structure is generated during propagation by interaction 106 
with the trench, continental slope, and complex bathymetry. The two accounts thus place the 107 
emphasis differently, on short-wavelength energy imparted at the source versus energy developed 108 
en-route, though both acknowledge a role for propagation over rough bathymetry, and neither 109 
excludes the other. Between these end members lies a broader set of processes that could imprint 110 
short wavelengths on a propagating tsunami and that have received little attention in this context: 111 
scattering and refraction by abyssal-hill fabric, seamounts, and fracture zones along the deep-water 112 
path; resonance and edge waves on the continental shelf; and partial trapping and re-radiation at 113 
bathymetric features. Distinguishing these requires a way to locate and time the origin of individual 114 
waves in the observed train, rather than matching the aggregate wavefield to an assumed source. 115 

This disagreement denotes a difference in preferred models and reflects a methodological limitation 116 
shared by both previous studies. Each proceeds in the forward/inverse direction; they assume a 117 
source distribution, prescribe a propagation operator, and adjust the source until the modeled 118 
swath matches the observation. This is powerful for testing a hypothesized source, but it cannot, by 119 
construction, separate waves radiated by the source from waves generated en-route, because both 120 
are folded into a single forward simulation whose fit is then read as support for the source. Nor can 121 
it localize an individual observed wavefront without first committing to a source model and a 122 
dispersion relation. The resulting inferences inherit the non-uniqueness of the assumed source 123 
parameterization and the regularization applied to stabilize it. What is missing is a way to ask, of each 124 
observed wavefront on its own terms and without presupposing a source, where and when it 125 
originated. 126 

Here we attempt to take that complementary approach: rather than propagating a hypothesized 127 
source forward to the swath, we back-project features of the observed wavefield from the swath 128 
toward its origin. Back-projection has become a standard tool for imaging the seismic rupture of 129 
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great earthquakes, including this one (Kiser & Ishii, 2017; Shibata et al., 2025), but the analogous 130 
treatment of the tsunami wavefield that SWOT resolves has not, to our knowledge, been carried out. 131 
Backward ray tracing of tsunami travel times from receivers toward a source has been applied to 132 
refine far-field dispersion predictions (Tappin et al., 2014; Poupardin et al., 2018), a precedent for 133 
backward timing that we extend here to the source-free localization of individual two-dimensional 134 
wavefronts. Our method exploits travel-time reciprocity: for each point on a digitized wavefront we 135 
trace rays outward across the true bathymetry and read the travel time at every candidate source 136 
location, so that stacking over the front yields, for each candidate, a measure of how well it explains 137 
the observed wavefront as an isochron. The procedure requires no assumed slip distribution and no 138 
forward tsunami simulation; each traced front becomes an independent, source-model-free 139 
constraint on its own point of origin. A single far-field wavefront constrains an arc-shaped locus 140 
rather than a point, and we present that arc as the primary, assumption-light result, collapsing it to 141 
a location only when the additional timing information warrants. 142 

That additional information is available because SWOT images each pixel at a slightly different time 143 
along its polar orbit. Every point on a traced wavefront therefore carries an absolute observation time 144 
referenced to the earthquake origin, and the back-projection returns not only where a front 145 
originated but, through a simple grid search, when it was most likely emitted. This converts a purely 146 
geometric arc constraint into a joint constraint on source location and emission time, a quantity 147 
neither prior study used for localization, and the key to distinguishing a wave radiated from at the 148 
coseismic source from one generated later, far from the epicenter, during propagation. The same 149 
machinery provides an independent test of dispersion itself: when we back-project each wavelength 150 
band using the non-dispersive shallow-water phase speed, the fronts fail to localize coherently; 151 
when we use the appropriate dispersive phase speed for the band, coherent origins are recovered. 152 
This is a geometric, localization-based confirmation of dispersion that is independent of, and 153 
complementary to, the waveform-matching arguments of the two prior studies. 154 

Applying this framework to the narrow-band wavefronts traced across the SWOT swath, we localize 155 
a subset of the trailing fronts and recover, for each, an emission time. Back-projection of the leading 156 
front recovers the known source region, validating the method against an independent constraint. 157 
Where the picking geometry permits, ten trailing fronts are robustly localized to have originated 158 
outside the coseismic source region and at emission times well after the epicentral time, and this 159 
result is stable across the choices made in the analysis. Two properties characterize them: their 160 
emission time increases with distance from the source, and in every case they were emitted later 161 
than the earliest possible arrival of energy from the earthquake at their recovered location, by an 162 
amount that grows with distance. A direct check confirms the implication, that the entire trailing train 163 
arrives too late to have been radiated dispersively from the coseismic source. This favors, for the 164 
resolved fronts, generation during propagation, progressively delayed through interaction with the 165 
seafloor along the corridor the waves crossed, rather than radiation of short-wavelength energy from 166 
the source itself. The many fronts that the geometry cannot localize uniquely are reported as such 167 
and carry no interpretation. Back-projection thus provides what forward modeling of the aggregate 168 
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wavefield cannot, a location and an emission time for individual waves, and with them a direct, 169 
source-model-free test of where the short-wavelength tail imaged by SWOT originated. 170 

2. Data and Methods 171 

2.1 Observations from SWOT 172 

The Surface Water and Ocean Topography (SWOT) mission, launched in December 2022, carries the 173 
Ka-band Radar Interferometer (KaRIn), which measures sea-surface height (SSH) across two roughly 174 
50 km sub-swaths separated by a nadir gap, giving a total swath width near 120 km. Unlike 175 
conventional nadir altimeters, which return a single one-dimensional SSH profile beneath the 176 
satellite track, KaRIn produces a two-dimensional image of the sea surface at centimeter-level 177 
precision and resolves features at horizontal scales of roughly 10 to 100 km (Morrow et al., 2019; 178 
Vinogradova, 2025). For solid-Earth and tsunami applications this is a qualitative change in what can 179 
be observed: a single overpass records the full planform of a passing wavefield, including its 180 
wavelength content, wavefront curvature, and propagation direction, rather than a lone cross-181 
section. We refer the reader to the mission references above for instrument and orbit details and 182 
focus here on the processing that turns the SWOT image into the banded wavefronts used for back-183 
projection. 184 

We use the SSH anomaly from ascending pass 267 over the northwest Pacific, acquired between 185 
roughly 69 and 73 minutes after the 29 July 2025 origin time. The large-scale oceanographic 186 
background (mesoscale eddies, internal tides, and the steric and circulation signals SWOT is 187 
nominally designed to observe) has been removed following subtraction of wavelengths longer than 188 
100 km estimated from adjacent-day gridded products, as in Ruiz-Angulo et al., (2025) and 189 
Sepúlveda et al., (2026), leaving the tsunami sea-surface height anomaly (SSHA) shown in Figures 1 190 
and 2a. The leading front reaches SSHA amplitudes of order 0.9 m near 43°N, trailed to the north by 191 
a train of visibly shorter-wavelength, lower-amplitude waves. 192 

2.2 Projection to a track-aligned frame and wavenumber spectra 193 

The SWOT swath is a long, narrow strip that crosses, for this tsunami, more than fifteen degrees of 194 
latitude while remaining about 120 km wide, so neither a plate-carrée grid nor a standard map 195 
projection is well suited to spectral analysis: wavelength measured in degrees is distorted along the 196 
strip, and the along-track and cross-track directions are not grid-aligned. We therefore project the 197 
SSHA into a Hotine Oblique Mercator frame (Figure 2a) whose central line follows the ground track 198 
(central point 167.8°E, 49.2°N; track azimuth 16.5°), so that one Cartesian axis runs roughly along-199 
track and the other cross-track. The projection is conformal, so it preserves local angles and, to a 200 
very good approximation over a strip this narrow, preserves wavelength, which is the property we 201 
need for spectral estimation. Within this frame the SSHA is resampled onto a regular 1 km grid. 202 

To characterize the wavelength content of the wavefield and its evolution along the swath, we extract 203 
a set of one-dimensional profiles that cross the wave train perpendicularly at successive along-track 204 
positions, progressing from the leading front in the south to the trailing waves in the north (profiles 0 205 
to 4 in Figure 2a,b). The five profile lines were are positioned approximately perpendicular to the 206 
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tsunami wavefronts crossing 207 
multiple wave crests and 208 
troughs. Along each profile we 209 
sample the gridded SSHA at 1 210 
km spacing, discard the 211 
swath-edge buffer, linearly 212 
detrend to remove any 213 
residual large-scale slope, 214 
and estimate the wavenumber 215 
spectrum with Thomson's 216 
multitaper method (time-217 
bandwidth product NW = 4 218 
and eight tapers), which gives 219 
a low-variance spectral 220 
estimate well suited to short 221 
records (Thomson, 1982; 222 
Prieto et al., 2022). The 223 
resulting spectra (Figure 2b) 224 
show a clear progression: the 225 
leading front is dominated by 226 
wavelengths near and above 227 
60 km, while the trailing 228 
profiles carry progressively 229 
more power at shorter 230 
wavelengths, developing 231 
distinct spectral peaks below 232 
60 km. This behavior is the 233 
wavenumber-domain 234 
expression of dispersion, with 235 
the longer components 236 
leading and the shorter components trailing. We use a wavelength of 60 km as a practical divider 237 
between the long leading arrival and the shorter, dispersed trailing waves (dashed line in Figure 2b); 238 
note that this is a descriptive boundary chosen from the spectra, not a physical cutoff.  239 

2.3 Band-pass decomposition of the wavefield 240 

Guided by the spectra, we separate the wavefield into a set of wavelength bands so that individual 241 
wavefronts can be isolated and traced. Working in the same track-aligned frame from Figure 2a, we 242 
remove a static offset estimated over a quiet along-track window, take the two-dimensional Fourier 243 
transform of the gridded SSHA on a zero-padded grid, and apply a radial Butterworth filter (order 8) 244 
in wavenumber magnitude before transforming back to physical space. We compute one long-245 
wavelength band spanning 80 to 300 km (Figure 3a), which captures the leading long-wave arrival at 246 

Figure 2. Wavenumber content of the SWOT wavefield along the swath. 
(a) Tsunami SSH anomaly from pass 267 projected into the track-aligned 
Hotine Oblique Mercator frame. The five lines are the profiles along which 
spectra are computed, numbered 0 to 4 and colored from south to north, 
progressing from the leading front into the trailing wave train. (b) 
Multitaper wavenumber spectra of the profiles in (a), plotted against 
wavelength each normalized to unit peak power; line color matches the 
profiles in (a) and line width increases northward. The dashed line at 60 
km marks the descriptive boundary used to separate the long leading 
arrival from the shorter dispersed waves. 
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close to full amplitude, and four narrower bands at 60 to 70, 50 to 60, 40 to 50, and 30 to 40 km that 247 
isolate successive portions of the dispersed tail (Figures 3b to 3f). Each filtered band is then inverse-248 
projected from the track-aligned frame back to geographic coordinates for wavefront tracing and 249 
back-projection (Section 3).  250 

The decomposition makes the trailing wave train tractable. In the full SSHA (Figure 3a) the low-251 
amplitude dispersed waves are overwhelmed by the leading crest, but once separated by 252 
wavelength they appear as coherent, quasi-periodic sets of crests and troughs with amplitudes of a 253 

Figure 3. SWOT sea-surface height anomaly across the July 2025 Kamchatka tsunami. (a) The filtered 
SSHA and (b) its 300–80 km band, sharing the SSHA color scale. (c–f) Band-passed SSHA at 60–70, 
50–60, 40–50, and 30–40 km, sharing the band-pass color scale, which is roughly an order of 
magnitude finer because the dispersed waves reach only a few centimeters against the half-meter 
leading crest. Dashed lines mark the swath edges and nadir gap; the trench is shown throughout and 
the Emperor Seamounts are labelled in (a). 
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few centimeters, roughly an order of magnitude below the leading front (note the change of color 254 
scale between Figure 3a,b and Figures 3c to 3f). The shorter-wavelength bands show wave packets 255 
that are increasingly numerous and increasingly curved, and whose crests can be followed across 256 
much of the swath width. These banded crests are the digitized wavefronts that the back-projection 257 
takes as input.  258 

The radial filter treats wavenumber magnitude isotropically rather than filtering a single direction. 259 
This is appropriate here because the tsunami crests are locally quasi-planar, so that the along-crest 260 
wavenumber is small and the radial magnitude is dominated by the cross-crest component, which 261 
is the wavelength the spectra measure. Residual sensitivity to obliquely propagating energy, together 262 
with the mild ringing inherent to a high-order Butterworth response and edge effects near the swath 263 
boundary and the nadir gap, is considered in the tracing step, where only crests that are coherent 264 
across the swath are retained. 265 

2.4 Ray-tracing framework: From the shallow water approximation to dispersion 266 

To solve the back-projection problem we built a tsunami ray-tracing code, TsunamiTrace, that 267 
propagates wavefronts as rays on a spherical Earth following the ray-theoretical treatment of 268 
Gusman et al. (2017). The ocean is represented by a regular bathymetric grid, from which we 269 
construct a slowness field 270 

𝑛 =  
1

𝑐
  ,    (1) 271 

where c is the local tsunami wave speed. In a non-dispersive ocean a single slowness field describes 272 
everything, because every wavelength travels at the same speed. A dispersive ocean is different: the 273 
ray path bends according to one speed while wave energy travels at another. In the shallow-water, 274 
or long-wave, limit the speed is set by depth alone, 275 

𝑐𝑠𝑤 = √𝑔ℎ  ,    (2) 276 

with g the gravitational acceleration and h the water depth. Every wavelength then travels at the same 277 
speed and the ocean is non-dispersive. This is the standard approximation for great earthquakes, 278 
whose rupture dimensions of tens to hundreds of kilometers greatly exceed the ocean depth, so that 279 
the dominant tsunami wavelengths satisfy kh ≪ 1, with k = 2π/λ the wavenumber and λ the 280 
wavelength. 281 

The approximation fails once the wavelength becomes comparable to the depth, which is the regime 282 
of the trailing waves imaged by SWOT. When kh is no longer small the waves feel the finite depth: 283 
shorter wavelengths travel more slowly than longer ones, and an initially compact disturbance 284 
disperses into an extended wavetrain with long waves running ahead and short waves trailing behind. 285 
The speed then follows from the full linear (Airy) dispersion relation, 286 

𝜔2 = 𝑔𝑘tanh(𝑘ℎ𝑟𝑒𝑓) ,   (3) 287 
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which relates the angular frequency ω to the wavenumber k at reference depth depth href. Two 288 
properties make this tractable for ray tracing. First, ω is conserved as a wave crosses slowly varying 289 
bathymetry whereas k is not, so a prescribed ω fixes a unique k, and hence a unique speed, at every 290 
depth. Second, the quantity a ray transports is wave energy, which travels at the group speed rather 291 
than the phase speed. The speed that enters the slowness field is therefore the dispersive group 292 
speed, 293 

𝑐𝑑 =
𝜔

2𝑘
(1 +

2𝑘ℎ

sinh(2𝑘ℎ)
),    (4) 294 

evaluated with the depth-dependent k that solves the dispersion relation. This expression 295 
reproduces both limits automatically, as kh → 0 it returns the shallow-water speed, recovering the 296 
non-dispersive model as a special case, and as kh → ∞ it tends to the deep-water group speed 297 
½√(g/k). Figure 4 shows how far the dispersive group speed departs from the shallow-water value 298 
across the wavelengths and depths of interest: at the abyssal depths the SWOT swath crosses, 299 
waves in the observed 30–70 km band travel well below √(gh), and treating them with the shallow-300 
water speed would overestimate their propagation speed, and underestimate their travel time, by an 301 
amount that grows with depth and with decreasing wavelength. 302 

Each ray is a characteristic of the Eikonal equation. Writing its state as colatitude θ, longitude φ, and 303 
local ray direction ψ, the trajectory is governed by the coupled system 304 

𝑑𝜃

𝑑𝑡
=

cos(𝜓)

𝑛𝑅
,    (5) 305 

𝑑𝜑

𝑑𝑡
=

sin(𝜓)

𝑛𝑅sin(𝜃)
 ,   (6) 306 

Figure 4. Dispersion of surface gravity waves across the SWOT wavelength band, from the linear 
relation ω² = gk·tanh(kh). Plotted speed is the group speed cd, which governs energy transport and 
hence travel time. (a) cd versus local wavelength λ for five ocean depths; dashed lines mark the shallow-
water limit csw = √(gh), approached only at long wavelengths. (b) The ratio cd/csw. The shaded band 
spans the 30–70 km wavelengths SWOT resolves in the trailing train; within it cd falls well below √(gh), 
and the shortfall grows with depth, reaching about 62% of csw at 30 km in 5,500 m of water. 
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𝑑𝜓

𝑑𝑡
= −

𝑐𝑔

𝑐𝑝

𝑠𝑖𝑛(𝜓)

𝑛𝑝
2𝑅

𝜕𝑛𝑝

𝜕𝜃
+

𝑐𝑔

𝑐𝑝

𝑐𝑜𝑠(𝜓)

𝑛𝑝
2𝑅𝑠𝑖𝑛(𝜃)

𝜕𝑛𝑝

𝜕𝜑
−

𝑠𝑖𝑛(𝜓)𝑐𝑜𝑡(𝜃)

𝑛𝑔𝑅
  ,  (7) 307 

where R is the Earth’s radius. Equations (5) and (6) advance the ray position at the group speed c₉, 308 
with which wave energy and therefore travel time propagate, and are identical to those of Gusman 309 
et al. (2017). Equation (7) differs from that work in an essential way. Its first two terms are the 310 
spherical form of Snell’s law, but because the ray is a characteristic of the Eikonal equation written 311 
in the phase slowness, the refraction is driven by the gradients of the phase slowness nₚ = 1/cₚ rather 312 
than the group slowness, each term weighted by the factor c₉/cₚ that follows from the Hamiltonian 313 
ray equations in a dispersive medium. The final term is a geometric correction for meridian 314 
convergence and correctly retains the group slowness. In the shallow-water limit c₉ = cₚ, the 315 
weighting factor becomes unity, and the system reduces to the single-slowness form of Gusman et 316 
al. (2017). 317 

Dispersion thus enters in two distinct places: the group-speed field sets the rate at which rays 318 
advance, and hence all travel times, while the phase-speed field sets how they refract. The 319 
distinction is consequential and can have significant effects (Figure 5). Bending the rays on the group 320 

Figure 5. Effect of frequency dispersion on tsunami propagation for a point source (gold star) near the 
2025 Kamchatka centroid (159.27°E, 50.41°N). Rays are shot at a uniform azimuth spacing and colored 
by the local wave speed. (a) Non-dispersive shallow-water rays, speed √(gh). (b) Rays for a wave of 30 
km local wavelength at the source depth (period ≈ 2.5 min), from which the conserved frequency follows, 
colored by the local dispersive group speed from ω² = gk·tanh(kh). Both panels share one color scale. 
The dispersive rays are slower, by about 40% over the abyssal plain, and they also refract differently: 
because bending follows the phase-slowness gradients, the two fans are not simply rescaled versions 
of each other, most visibly where rays cross the trench and Emperor seamounts. Dashed lines and 
central track mark the SWOT swath and nadir; the barbed line is the Kuril–Kamchatka trench. 
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slowness instead, as a single-field implementation does, leaves the long leading wave essentially 321 
unaffected, but at λ = 30 km in 5,500 m of water it reduces the refraction to roughly 8% of its correct 322 
value, and beyond the maximum of c₉ at fixed ω, which for that wave lies at a depth of 5,834 m, it 323 
reverses the sign of the bending altogether.  324 

Because the dispersion relation is implicit in k, the wavenumber is found numerically. At every grid 325 
cell we solve 326 

𝐹(𝑘) =  𝜔2 − 𝑔𝑘tanh(𝑘ℎ) = 0   (8) 327 

by Newton–Raphson iteration, with derivative 328 

𝐹′(𝑘) =  −𝑔[tanh(𝑘ℎ) + 𝑘ℎsech2(𝑘ℎ)]   (9) 329 

Starting from the shallow-water estimate k₀ = ω/√(gh), which lies to one side of the root because F 330 
is monotonically decreasing in k, the iteration converges one-sidedly; fifteen iterations drive the 331 
residual below machine precision across the full range of physically realistic kh, with clamping to 332 
keep k positive and overflow guards on the hyperbolic functions at large kh. Once ω is fixed the 333 
group- and phase-speed fields are static functions of depth and are computed once. 334 

The ray system is then integrated with a vectorised fourth-order Runge–Kutta scheme at a fixed time 335 
step. The local medium, comprising the two slowness fields, their ratio, and the two gradients of the 336 
phase slowness, is evaluated once per step at the grid cell containing the ray and held fixed across 337 
the four stages. All rays, across every source and azimuth, are advanced simultaneously as array 338 
operations, and a ray is retired when it exits the grid, enters water shallower than 10 m, or reaches a 339 
dry cell. Because each ray position carries its elapsed integration time, which is the group travel time, 340 
the ray set is gridded onto a regular map that retains the earliest, first-arrival, time in each cell, 341 
yielding travel-time maps that can be sampled at arbitrary receiver locations such as SWOT pixels. 342 

The rays are labeled according to what wave they represent through its frequency, in any equivalent 343 
form. Our observations fix that frequency through wavelength, and a spatial band-pass of a sea-344 
surface image (Section 2.3) isolates the wavelength a wave possesses in the water it is crossing, the 345 
in-situ wavelength λ. The corresponding ω follows from the dispersion relation, Equation (3), with k 346 
= 2π/λ evaluated at a reference depth href This in-situ wavelength must be distinguished from the 347 
deep-water wavelength λ₀ that the same wave would have in infinitely deep water; the two are related 348 
by 349 

𝜆0 =
𝜆

tanh(𝑘ℎ𝑟𝑒𝑓)
    (10) 350 

and can differ substantially at the depths the SWOT swath spans. Crests 30 km apart in 5,500 m of 351 
water correspond to λ₀ = 36.7 km, and crests 70 km apart to λ₀ = 153.1 km, so conflating the two 352 
would assign the wrong frequency to a band, and therefore the wrong group speed. For each band in 353 
Figure 3 we take href to be the median bathymetric depth beneath the digitized wavefront, and report 354 
the resulting period in Table 1. 355 
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2.5 Backprojection 356 

2.5.1 Formulation 357 

Each band-passed wavefront (e.g. Figure 3) is received by the backprojection code, which we call 358 
tsbp, as an ordered polyline of N points xj, j = 1,2, … N, digitized along a single crest. Because SWOT 359 
images each pixel at a distinct instant along its orbit, every point carries an observation time t j, 360 
measured in minutes after the earthquake origin time and taken from the acquisition time of the 361 
nearest SWOT pixel. These are real per-pixel acquisition times rather than interpolated values, and 362 
they are what convert a purely geometric constraint into a constraint on both location and time. 363 

We ask, of each wavefront independently and without reference to any source model, where and 364 
when it was emitted. Let S denote a candidate emission point on a regular grid spanning the source 365 
region and the intervening ocean, Tj(S) is the tsunami travel time between S and xj, and τ the emission 366 
time as minutes after earthquake origin time. If the front was radiated from a single point at a single 367 
instant and has propagated freely since, then 368 

t𝑗 = τ +  T𝑗(S)    for all j.     (8) 369 

The back-projection maps how well each candidate source S satisfies Equation (8), for the wave of 370 
the appropriate frequency, over the true bathymetry. 371 

2.5.2 The candidate source stack 372 

Evaluating Equation (8) requires Tj(S) for every wavefront point and every candidate cell. We obtain it 373 
by exploiting the reciprocity of travel time in a fixed slowness field, 374 

T(S →  x𝑗) = T(x𝑗  →  S),     (9) 375 

Band 
(km) 

n href (m) λ (km) ω (rad s⁻¹) T (s) cg (ms⁻¹) √(gh) 
(m s⁻¹) 

cg / √(gh) λ₀ 
(km) 

50–60 9 5782 55 0.02545 247 196.0 238.0 0.82 95 

40–50 10 5827 45 0.03031 207 180.8 239.0 0.76 67 

30–40 10 5885 35 0.03715 169 157.1 240.2 0.65 45 

 

 

Table 1. Wave parameters of the three dispersion bands from Figure 3. For each band, n is the number of 
digitized fronts and href is the median bathymetric depth beneath them, at which the dispersion relation ω² = 
gk·tanh(khref), with k = 2π/λ and g = 9.8 m s⁻², is evaluated for the band's in-situ central wavelength λ. Listed are 
the angular frequency ω, period T, group speed cg, the shallow-water speed √(ghref), their ratio, and the deep-
water wavelength λ₀ = λ / tanh(khref). Dispersion strengthens as the band shortens (cg / √(gh) falls from 0.82 to 
0.65), and the deep-water wavelength exceeds the in-situ wavelength throughout, since all three bands lie in 
the intermediate-depth regime (khref ≈ 0.66, 0.81, 1.06). 



This paper is in review at Journal of Geophysical Research, this is a non-peer reviewed preprint submitted to EarthArXiv 

 14 

which allows us to trace rays outward from each SWOT observation point and read the travel time at 376 
every candidate emission source, rather than shooting rays from every source toward the 377 
observations. This inverts the cost of the calculation such that a dozen to a hundred wavefront points 378 
require the same number of ray fans, whereas a candidate grid of the size used here would require 379 
several thousand. Reciprocity holds exactly for the ray equations of Section 2.4, since the slowness 380 
field is fixed once ω is resolved for the band. 381 

Then, for each xj we launch a fan of rays spanning ±60° about the bearing from xj to the centroid of 382 
the candidate region, at 0.005° azimuthal spacing, and integrate them with the numerical scheme of 383 
Section 2.4 at a time step of 10 s for up to 90 min. The ray set is gridded onto a regular 0.2° map that 384 
retains the first-arrival time in each bin, gaps between adjacent rays inside the fan cone are filled by 385 
linear interpolation from first-arrival seeds, and the resulting continuous field is sampled bilinearly 386 
at the centers of the 0.1° candidate grid. Cells beyond the ray hull, in ray shadows, or over land 387 
remain undefined.  388 

A candidate emission source is retained only if it is reached by at least 80% of the wavefront points. 389 
Cells falling below this coverage threshold are masked. This guards against misfits computed from 390 
a small and geometrically biased subset of the front, which occurs at the periphery of the fan and in 391 
shadow zones behind steep bathymetry. 392 

2.5.3 The emission time search 393 

Because τ, the emission time, is unknown with a bounded lower limit by the origin time, we can scan 394 
for it. Define a misfit function for each emission source and emission time pair 395 

R(S, τ)  =  √
1

𝑁
 ∑ ( τ +  T𝑗(S)  −  t𝑗)²𝑗   ,   τ ≥  0.   (10) 396 

Minimizing R over the candidate geographic grid and over a discrete grid of emission times returns a 397 
joint estimate (S*, τ*) of where the crest began to propagate freely and when. Since T j(S) is already 398 
stacked, the scan requires no further ray tracing. We sweep τ from 0 to 60 minutes in steps of 1 399 
minute. 400 

Two summaries of Equation (10) are reported. The first is the misfit map at the best emission time, 401 
R(S, τ*), which shows where the crest could have originated. The second, and the more informative, 402 
is the profile 403 

𝑃(𝜏) = 𝑚𝑖𝑛𝑆∈𝒮𝑅(𝑆, 𝜏),      (11) 404 

which shows how well the crest can be explained as a function of emission time alone, having 405 
optimized the location at each τ. P(τ) is the quantity that determines whether an emission delay is 406 
resolved, and we report it for every band. 407 

Finally, we note that every band-passed wavefront (Figure 3) is back-projected independently, with 408 
its own resolved wave, its own stack, and its own search. We deliberately form no joint misfit across 409 
bands. Combining them would presuppose a common emission point and time, which is precisely 410 



This paper is in review at Journal of Geophysical Research, this is a non-peer reviewed preprint submitted to EarthArXiv 

 15 

the proposition under test in this work. The independent solutions are collated for comparison, and 411 
no result in this paper averages or otherwise combines them. 412 

2.5.4 Evaluating the reliability of recovered source locations 413 

The emission-time search returns a best-fitting location and emission time for each wavefront, but 414 
a single crest constrains these only to the extent that its shape and timing distinguish one candidate 415 
from another. As shown in Sections 3.1 and 3.2, the constraint is strongly anisotropic: displacing a 416 
candidate along the propagation direction (the ray that connects the emission source to the 417 
observation point) raises every travel time by nearly the same amount, which the free emission time 418 
absorbs. Thus, emission time trade off along that direction and are jointly far better resolved across 419 
it than along it. As a result of this a single best-fit point therefore misrepresents the result; we resolve 420 
this by quantifying the resolution of each front by a bootstrap that propagates the two ways a digitized 421 
crest is uncertain. 422 

The first is the precision with which an individual point is placed on a visible crest of the wavefront, 423 
which we treat as an independent displacement normal to the crest with standard deviation (σn). The 424 
second, and the larger, is a coherent error in the crest, since a hand-digitized front may be 425 
collectively shifted or rotated relative to the true wavefront; we represent this as a rigid translation 426 
and rotation of the entire polyline with standard deviations (σshift, σrot). Independent per-point noise 427 
alone would average out over the N points and badly understate the true uncertainty, so the coherent 428 
term is essential and in practice dominates. The values of each uncertainty used in the bootstrap are 429 
in Table 2. 430 

For each front we generate Nb = 200 realizations of the digitized crest under these perturbations and 431 
repeat the full emission-time search on each. This yields a cloud of location and emission time 432 

solutions that carries both the picking error we 433 
injected and the intrinsic along-propagation 434 
degeneracy, since each realization slides to its 435 
own best point along that direction. We 436 
summarize the location cloud by its empirical 437 
68% region, drawn on maps as a confidence 438 
ellipse whose elongation records the degeneracy 439 
directly, and we report the emission time as the 440 
16th, 50th, and 84th percentiles of the cloud 441 
rather than a symmetric interval, because the τ ≥ 442 
0 bound makes the distribution asymmetric for 443 
the earliest, promptly radiated fronts. 444 

3. Results and Discussion 445 

3.1 Validating the approach, backprojection of the main arrival 446 

We first back-project the leading front, which we label α₀, digitized from the unfiltered swath (Figure 447 
6a), it provides a test against an independently known source. α₀ is the long-wavelength arrival 448 

Band (km) σn (km) σshift (km) σrot (°) 

50–60 9 5782 55 

40–50 10 5827 45 

30–40 10 5885 35 

 

Table 2. Uncertainties used in bootstrap analysis 
for each wavelength band from Figure 3 
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radiated promptly from the coseismic deformation, and its location and origin time are constrained 449 
by seismic, geodetic, and DART observations (Ruiz-Angulo et al., 2025; Shibata et al., 2025; 450 
Sepúlveda et al., 2026). Its wavelength (Figure 3b) places it close to the shallow-water limit, where 451 
the group speed lies within ~1% of √(gh) (Figure 4), so we process it with the non-dispersive speed. 452 
Recovering the known source from α₀ alone, using no source model, tests the ray geometry, the per-453 
pixel timing, and the misfit construction against a known answer, independently of the dispersive 454 
treatment used for the trailing fronts. 455 

 456 

Figure 6. SWOT wavefront back-projection. (a) Sea-surface-height anomaly (SSHA) across the SWOT 457 
swath with the two digitized wavefronts (black; leading α₀, trailing α₁) and their best-fit modelled fronts 458 
(green). (b) Misfit over candidate source locations, S, for α₀ (no dispersion) and, (c) for α₁ (dispersive, in-459 
situ wavelength λ = 35 km); gold star, epicenter; magenta circle, best source; white barbed line, trench; 460 
shaded polygons, coseismic uplift models (RA2025, SE2026). In (c), dots trace the best source colored by 461 
emission time τ. (d) Minimum misfit over S versus τ for α₁: dispersive (λ = 35 km, blue) and non-dispersive 462 
(grey), minima starred. (e) Misfit at the inferred α₁ source versus assumed λ for the anchored (absolute-463 
time, magenta) and origin-time-free (green) metrics; dashed lines mark the no-dispersion values, the 464 
vertical line λ = 35 km. Both minimize at λ ≈ 35 km. 465 

Figure 6a shows α₀ digitized on the SWOT SSHA field, together with the front traced forward from its 466 
best-fit source. The α₀ misfit map (Figure 6b) has a low-misfit valley of <0.2 min misfit that overlaps 467 
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the source region defined by both prior uplift models (Ruiz-Angulo et al., 2025; Sepúlveda et al., 468 
2026).  The forward-modelled crest for the best-fit source (green, Figure 6a) reproduces the digitized 469 
front. The method therefore locates the leading arrival at the known source without any prior on 470 
where that source lies. 471 

The valley in the misfit is arc-shaped, tracing the set of candidate sources that lie at nearly equal 472 
distance from the digitized front; these all reproduce the observed arrival times about equally well. 473 
That the candidates sources, lying at a range of distances from the front, each paired with a 474 
compensating emission time, explain the crest almost equally well is expected (Section 2.5.4). The 475 
validation criterion is accordingly that the arc pass through the known source, which it does. 476 

Two points of significance follow. First, the 0.2 min floor recovered here can be treated as an 477 
empirical resolution of the method on the real bathymetry, with real crest-picking error, for a front of 478 
this length and quality. It is the reference against which every trailing front is read: a later front that 479 
cannot be explained below this floor is potentially being propagated with the wrong physics, and one 480 
that reaches it is fit as well as the leading arrival. Second, the success of the non-dispersive back-481 
projection for α₀ confirms the components that are common to every front, so that when a trailing 482 
front requires the dispersive speed to be fit (Section 3.2), the difference can be attributed to the wave 483 
model rather than to the geometry, the timing, or the misfit. 484 

3.2 Analysis of dispersed waves 485 

Behind the leading front, the SWOT swath records a train of shorter-wavelength waves whose origin 486 
is the subject of this section and the next. We first establish that the train is dispersive and resolve 487 
its wavelength content (Figure 2), map where each wavelength band sits within the swath (Figure 3), 488 
quantify the wave-speed differences those wavelengths imply (Figure 4,5), and demonstrate that the 489 
back-projection recovers the physical wavelength of a trailing front (Figure 6). Localization of the 490 
trailing fronts follows in Section 3.3. 491 

The multitaper spectra of Figure 2 provide the wavenumber-domain evidence. The profile crossing 492 
the leading front is dominated by wavelengths near and above 60 km, while profiles taken 493 
progressively further into the trailing train carry increasing power at shorter wavelengths and develop 494 
distinct spectral peaks below 60 km (Figure 2b). As noted, this progression, longer components 495 
leading and shorter components trailing, is the defining signature of frequency dispersion. The 496 
spectra also establish that the short-wavelength energy is coherent and organized rather than noise, 497 
and that it is resolvable down to roughly 30 km, which sets the bands we isolate for back-projection.. 498 

Band-pass filtering the swath (Figure 3) shows that the dispersed waves of different wavelengths 499 
occupy different parts of the wavefield. The somewhat longer 60–70 km and 50–60 km bands (Figure 500 
3c, d) contain coherent waves confined to the region immediately behind the leading front, with little 501 
or no signal north of about 47°N. Meanwhile the shorter 40–50 km and 30–40 km bands (Figure 3e, f) 502 
extend much further north, reaching at least the latitude at which the swath crosses the Emperor 503 
Seamount chain and probably beyond it. The ordering itself, shorter bands lagging further behind the 504 
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leading front, is what dispersion predicts (Figure 4,5) and its presence in the imagery is independent 505 
confirmation of the phenomena. 506 

Whether that ordering fully accounts for the spatial pattern of the localized wavefronts is less clear, 507 
and is the question Section 3.3 is designed to answer. Two end-member interpretations bound it. If 508 
the trailing waves are the source-radiated dispersive tail, their extent along the swath is governed by 509 
group speed alone and should vary smoothly with wavelength. The 50–70 km bands, confined close 510 
behind the leading front, are consistent with this picture. The concentration of the shortest bands at 511 
and beyond the Emperor Seamounts is more suggestive. One would expect that deformation from 512 
large coseismic source, would be relatively “smooth” at short wavelengths and thus would radiate 513 
limited energy in the 30–50 km band. In this view, simple group-speed lag would not preferentially 514 
deposit that energy at a major bathymetric obstacle the wavefield must cross. We note that the 515 
shortest bands extend furthest north, toward the source side of the swath, which is the direction in 516 
which slower, more strongly dispersed waves lag at a fixed observation time. Group-speed lag alone 517 
can thus potentially account for some of the spatial ordering. But, whether the northward extent of 518 
the 30-50 km bands is fully explained or requires short-wavelength energy generated near the source 519 
(Ruiz-Angulo et al., 2025) and carried outward, cannot be settled from the imagery; we return to it in 520 
Section 3.3, where each band is back-projected to its apparent origin.  521 

The wave-speed differences these wavelengths imply are large, which is what makes the choice of 522 
wave physics consequential. Figure 4 shows the group speed, the speed at which wave energy and 523 
therefore travel time propagate, as a function of local wavelength and depth. At the representative 524 
source-to-swath depth of 5,500 m, the group speed of the observed bands falls well below the 525 
shallow-water value csw: it is 89% of csw at 70 km, 81% at 50 km, and 62% at 30 km. Over the roughly 526 
600 km separating the source region from the swath, adopting the shallow-water speed 527 
underestimates the travel time by about 5 min at 70 km, 10 min at 50 km, and nearly 27 min at 30 km. 528 
Figure 4 also shows that the discrepancy grows with depth at fixed wavelength, and that the 30–70 529 
km band sits on the steep part of the curve at abyssal depths, where the sensitivity to wavelength is 530 
greatest. 531 

Figure 5 shows the potential effect on back projection, here we trace two ray fans from a point source 532 
near the Kamchatka centroid, one under shallow-water physics and one for a 30 km dispersive wave, 533 
over the true bathymetry. The dispersive rays are slower everywhere, by roughly 40% across the 534 
abyssal plain. They also follow markedly different paths, because a dispersive wave refracts 535 
according to its phase speed rather than the depth-controlled shallow-water speed (Section 2.4). 536 
The two fans diverge most where they cross the trench and the seamount province, the regions of 537 
strongest bathymetric gradient. Back-projecting a dispersed front under shallow-water physics 538 
therefore assigns it both the wrong travel times and the wrong ray geometry, and the recovered origin 539 
moves accordingly. This is why the shallow-water treatment, which locates the leading arrival 540 
successfully (Section 3.1), is fundamentally inappropriate for the trailing fronts. 541 

Figure 6 demonstrates these points on the data. Where the leading front was located with shallow-542 
water physics (Section 3.1), a trailing front cannot be. Figure 6c back-projects an example wavefront 543 
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we label as α₁, using the dispersive group speed; its low-misfit valley locates seaward of the trench. 544 
The shallow-water treatment does not fit it at any comparable level because the shallow water wave 545 
travels so fast that the code attempts to locate the source in the Sea of Okhotsk behind the Kuril 546 
Islands and outside our allowed domain. The recovery of a physical wavelength is made explicit in 547 
Figure 6e, where we fixes the source at the inferred α₁ location and sweep the assumed wavelength 548 
from 20 to 70 km. Both misfit quantities plotted there are limiting cases of the emission-time misfit 549 
of Equation (10). The origin-time-free misfit takes the emission time as fully free, minimizing R over τ 550 
at each candidate, so it measures only the agreement of the wavefront's shape; the anchored misfit 551 
instead fixes the emission time and so retains the absolute arrival times. We use both here solely to 552 
test wavelength recovery; all trailing-front locations in this paper come from the emission-time 553 
search. What’s important is that the Figure shows that both misfit metrics form two-sided bowls 554 
minimizing at λ ≈ 35 km, coincident with an analysis of the 30–40 km band-pass that follows in 555 
Section 3.3. The anchored misfit spans about two decades across the sweep and is the sharper 556 
constraint, because it does not let the emission time absorb a timing error; the origin-time-free misfit 557 
is gentler, reaching 0.19 min at 35 km against 0.34 min under shallow-water physics. The method 558 
therefore measures the correct in-situ wavelength of a dispersed front, which validates the 559 
dispersive wave model that the leading arrival could not test. 560 

One feature of the approach has a direct bearing on Section 3.3. The emission-time search on its 561 
own is somewhat insensitive to dispersion (Figure 6d). Dispersion slows the modelled travel times 562 
of α₁ by a near-uniform 8 min, from a mean of about 45 to 53 min, and because a free emission time 563 
absorbs any uniform offset, the best-fitting emission time moves earlier, from 26 to 18 min, 564 
compensating the slower propagation while leaving the reconstructed absolute arrival unchanged. 565 
The minimum misfit as a function of emission time is consequently almost identical for the 566 
dispersive and non-dispersive wave models. It is the absolute-time view, or fixing the source 567 
independently, that exposes the wavelength (Figure 6e); the emission-time search locates and 568 
orders the fronts but does not by itself constrain the wave model. The emission times we report for 569 
the trailing fronts in Section 3.3 are therefore computed with each band's validated in-situ 570 
wavelength, and their interpretation must account for the distance–emission-time trade-off inherent 571 
to a single front (Section 2.5.4). 572 

3.3 Location of the dispersed wave sources 573 

Having established that the trailing fronts require the dispersive treatment (Section 3.2), we back-574 
project each band-passed wavefront with the emission-time search (Section 2.5.3) and quantify the 575 
resolution of each solution with the calibrated bootstrap of Section 2.5.4. The result is Figure 7, 576 
which shows, for all twenty-eight trailing fronts across the three bands, the 68% source region of 577 
each front on the map together with the distribution of recovered emission times. 578 

Before reading individual fronts, one expectation follows from the physics alone. The trailing waves 579 
travel at their slow dispersive group speed (Figure 4), so a short-wavelength front imaged roughly 600 580 
km from the source region some 70 minutes after the earthquake cannot in general have been 581 
radiated from the coseismic source at the origin time and still arrive where and when SWOT observes 582 
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it. Reconciling the observed position with the observed time requires, for at least some fronts, an 583 
orig in displaced from the coseismic source, an emission delayed after the origin time, or both. The 584 
back-projection is the tool that determines which, front by front, rather than assuming any of them. 585 

Figure 7. Bootstrap source-cloud reconstructions for the three dispersion bands: (a) 50–60 km (β), (b) 40–
50 km (γ), (c) 30–40 km (δ). Filled polygons are the empirical 68% source regions for each back-projected 
wavefront, colored and numbered by front index; the dot marks the point estimate, the open square the 
bootstrap mean, and the yellow star the epicenter. In the SWOT swath, digitized crests (black) are shown 
with their emission-time best fits (red), plus the α₀ main arrival (blue). Teal contours are modelled tsunami 
travel time (10-min interval, labelled along 51°N) for a shallow water wave originating from the Kamchatka 
source region as in Figure 1. Insets give the emission time τ of each wavefront (violins of the raw bootstrap 
replicates; bar = 16–84th percentile, line = median, diamond = point estimate, downward arrow = 
prompt/upper-bound), on a common τ axis across all bands. 
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3.3.1 Resolution varies strongly between fronts 586 

The bootstrap makes plain that the fronts are not equally well constrained (Figure 7). For a single 587 
crest the set of candidate origins and the emission-times from the grid search trade position along 588 
the ray connecting source to observation (Section 2.5.4). For many fronts the 68% confidence region 589 
is a long, thin lobe elongated along that ray, tens to a few hundred kilometers in extent, and for these 590 
the location and the emission time are individually poorly determined. Front β2 is a good example 591 
(Figure 7a) with the long axis of the confidence region spanning ~200km and the possible emission 592 
times being in the range 0-40 min. Other fronts, generally the longer or more strongly curved crests, 593 
yield compact regions and tightly determined emission times such as fronts γ8 and γ9 (Figure 7b). 594 
therefore, we cannot treat every front as a measurement with equal trustworthiness. This is not to 595 
say that the front and its sources are not a real present phenomena in SWOT. Instead this means 596 
that we cannot interpret it confidently given the scatter in the back projection results. Thus, in what 597 
follows we distinguish the fronts that are resolved, whose bootstrap regions are compact and whose 598 
emission-time intervals are narrow, from those that are not. Of the twenty-eight fronts (Figure 7), 10 599 
are robustly resolved in both position and emission time; the remainder are elongated along the arc, 600 
ambiguous in emission time, or both. 601 

3.3.2 Consistency checks 602 

The recovered locations and emission times are not independent, and their relationship provides an 603 
internal consistency check. A front whose origin is far from the coseismic source must, because the 604 
dispersed waves are slow, have a late emission time; meanwhile a far origin combined with emission 605 
time soon after the coseimsic source (a prompt emission) is close to physically impossible, since 606 
such a wave could not have covered the distance in the available time. All fronts respect this. 607 
Those that back-project far from the source region are also late, and those that are prompt 608 
sit near the source; no front falls in the forbidden far-and-prompt combination. The loci and 609 
the emission times are therefore mutually consistent rather than independently noisy, 610 
which supports the coherence of the solutions. 611 

3.3.3 Findings by wavelength band 612 

In this regard, the clearest results come from the 40-50 km wavelength band (Figure 7b). The 613 
emission times are ordered along the train: the earliest fronts are prompt or near-prompt, and the 614 
median emission time rises monotonically through the later fronts, reaching 49 mins for the last one. 615 
The late fronts of this band, γ6-γ9, yield compact bootstrap regions that sit well outside the source 616 
region, close to the SWOT swath, at emission times of ~20-50 mins. These are the best-resolved 617 
dispersed sources in the dataset, and they are simultaneously displaced from the coseismic region 618 
and substantially delayed. 619 

The 50-60 km band (Figure 7a) resolves at its tail but not in its middle. The two latest fronts, β7 and 620 
β8, are compact and late, at roughly 45 and 51 minutes, and lie outside the source region, echoing 621 
the late 40-50 km fronts. The earlier and middle fronts of this band, by contrast, have broad regions 622 
elongated along the arc and emission-time distributions that span much of the range, and we do not 623 
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localize them save for β1 whose confidence region sits partially withint he coseismic source zone 624 
and has emission times < 7 mins. Nonetheless, in general, for this band the emission-time ordering 625 
is present but noisier than in the 40-50 km band. 626 

The 30-40 km band (Figure 7c) is the least resolved of the three, though at least we can say it lacks 627 
wave sources emitted late and far from the coseismic source. This is a direct consequence of its 628 
larger picking uncertainty (Section 2.5.4). Most of its fronts have broad bootstrap regions, and only 629 
its tail approaches the resolution seen in the other bands. Emission times are low through much of 630 
the band with wide intervals. We therefore draw on this band mainly for its consistency with the other 631 
two at the resolved end, rather than as an independent constraint. 632 

Across all three bands, the resolved late fronts share a common character: their bootstrap regions 633 
lie outside the source region defined by the two prior tsunami source models (Ruiz-Angulo et al., 634 
2025; Sepulveda et al., 2026; Figure 7), they are displaced toward the SWOT swath, and their 635 
emission times are delayed by tens of minutes relative to the origin time. The resolved prompt fronts, 636 
where present, sit within or adjacent to that source region. We turn next to Section 3.4 to address 637 
the question of what physical processes these two populations can represent. 638 

3.4 Mechanisms of the displaced, delayed sources 639 

The back-projection places a subset of the trailing fronts clearly outside the coseismic source region 640 
and at emission times well after the origin time (Section 3.3). Here we ask what the recovered 641 
locations and emission times might imply about how these waves were produced. We first establish, 642 
without recourse to the back-projection, that the trailing train as a whole arrives too late to have all 643 
been radiated dispersively from the source region, then we use the recovered sources to 644 
characterize the delay, and finally weigh candidate mechanisms. 645 

3.4.1 The trailing train arrives later than a source-region origin allows 646 

A statement about the trailing waves can be made from the observations alone, independently of 647 
any back-projection. For each front we know the time SWOT imaged it (~69.5-71.5 mins for all fronts), 648 
and we can compute, over the true bathymetry, the travel time from the coseismic source region to 649 
the front's observed position for both a shallow-water wave and a dispersive wave of the appropriate 650 
wavelength (Figure 8). These define the earliest and latest arrival times (green shaded region) 651 
consistent with a source-region origin: nothing can outrun the shallow-water wave, and a dispersive 652 
wave of the observed wavelength is the slowest a directly radiated front could be. Figure 8 shows 653 
that in all three bands, the majority of the wavefronts arrive later than the dispersive travel time from 654 
the source region. Most of the wavetrain after the main tsunami arrival therefore arrives too late to 655 
be explained as short-wavelength energy radiated from the coseismic source and dispersed in 656 
transit, the direct-dispersion delay characterized for far-field tsunamis by Glimsdal et al. (2013), 657 
Okal and Synolakis (2016), and Poupardin et al. (2018). Because this simple calculation uses only 658 
observed arrival times and forward travel times, it does not depend on the ray-tracing back-659 
projection or its uncertainties, beyond a far-field loading delay omitted from the forward travel times 660 
that Section 3.5 shows is too small at this range to affect the result. 661 
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3.4.2 The recovered sources are displaced and progressively delayed 662 

The back-projection resolves where and when this late energy originated. Ten fronts are robustly 663 
classified as originating outside the source region and late (Section 3.3; Figure 9), they are stable 664 

across all sensitivity settings. Their recovered locations and emission times are given in Table 3. Two 665 
features organize them.  666 

First, the emission time increases with distance from the source. Ordering the ten fronts by the 667 
shallow-water travel time from the source to their recovered locations, a proxy for distance, the 668 
recovered emission time rises almost monotonically with it (rank correlation 0.90). The nearest 669 
displaced sources were emitted around 24 to 26 minutes after the origin, the farthest around 49 to 670 
52 minutes. 671 

Second, and more diagnostically, the delay is not incurred all at once. For each front we compare its 672 
emission time to the shallow-water arrival time of the fast-leading shallow-wave at that same 673 
location, the earliest moment any energy from the earthquake could have reached it (Figure 10). 674 
Every displaced front was emitted well after this floor, by 12 to 25 minutes, and this excess delay 675 
grows with distance from the source (Table 3; rank correlation 0.64). A wave produced by a single 676 
event, for instance a one-time scattering of the leading shallow water wave off a fixed bathymetric 677 
feature such as the Avachinsky transform, would show a roughly constant delay past the arrival of 678 
this incident wave. The observed delay instead accumulates along the path. This points to energy 679 
that is progressively retarded as it propagates outward, rather than generated at a single place and 680 
time. 681 

We verified that this delay is not an artifact of the wavelength assumed in the dispersive travel time. 682 
Recomputing the dispersive arrival at the short-wavelength edge of each band (Figure 10), the 683 
slowest admissible wave, still leaves every front as originating later than what a directly radiated 684 

Figure 8. Observed-front admissibility.(a-c) For each wavelength band (β 50–60 km, γ 40–50 km, δ 30–40 km; 
panels a–c), the time at which SWOT imaged each digitised front, tobs (black, the mean of the back-projection's 
per-pixel SWOT times), compared with the shallow-water (tSW, blue) and dispersive (tdisp, purple) travel times 
from the coseismic source region to that front's mean position. The green band (tSW, tdisp) marks arrivals 
consistent with a source-region origin; tobs above it is later than a dispersive wave, below tSW is faster than 
shallow water. Fronts are ordered by index within each band. 
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dispersive wave would allow (Table 3, final column positive throughout), with the single exception of 685 
γ2, whose margin is small. The displaced, delayed character of these sources is therefore robust to 686 

the within-band spread of wavelengths.  687 

3.4.3 Potential Mechanisms 688 

The progressive accumulation of delay with distance constrains the candidate mechanisms we 689 
consider to three. 690 

A first possibility is that the short-wavelength waves are radiated directly from short-scale coseismic 691 
deformation near the trench and simply disperse during transit, the interpretation favored by 692 
Sepúlveda et al. (2026) and, for the 2009 Samoa and 2011 Tohoku tsunamis, by Saito et al. (2011, 693 
2014) and Zhou et al. (2012). This is excluded for the dispersed fronts by Figures 8,9 and by the 694 

Front Lon (°E) Lat (°N) τ₁₆ τ₅₀ τ₈₄ tSW τ₅₀ − tSW τ₅₀ − tdisp 

δ7 161.55 49.97 18 26 32 9.7 16.3 11.5 

γ6 161.02 49.23 22 24 26 10.5 13.5 10.1 

β4 160.82 48.80 14 24 30 12.0 12.0 9.4 

γ7 162.05 49.07 32 34 34 15.8 18.2 13.3 

γ2 161.38 48.09 20 26 30 18.2 7.8 2.0 

β3 161.93 48.07 26 32 36 20.1 11.9 7.6 

γ8 162.99 48.87 40 42 44 20.8 21.2 14.8 

β7 163.15 48.51 40 44 48 22.8 21.2 16.4 

γ9 163.53 48.73 44 49 52 23.7 25.3 18.1 

β8 164.17 48.06 50 52 56 29.2 22.8 16.6 

 

Table 3. Recovered sources of the ten fronts robustly classified as originating outside the source region and late 
(Outside Late; Section 3.3), ordered by shallow-water travel time from the source, a proxy for distance. Columns 
give the bootstrap cloud-mean location; the emission time τ as 16th, 50th, and 84th percentiles of the bootstrap 
distribution (minutes after origin); the shallow-water travel time tSW from the coseismic source to the recovered 
location; and the delay of the median emission time past the earliest possible arrival of energy at that location 
(τ₅₀ − tSW) and past a directly radiated dispersive wave (τ₅₀ − tdisp). All times in minutes. Emission time increases 
with distance from the source (rank correlation 0.90) and the delay past tSW grows with distance (rank correlation 
0.64), indicating delay that accumulates along the propagation path rather than incurred at a single location. 
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computations in Figure 10, they either arrive later than any dispersive wave from the source region 695 
could have originated or are emitted with a significant delay after origin time. Their energy did not 696 

travel a direct dispersive path from the 697 
coseismic source to the swath imaged by 698 
SWOT.  699 

A second possibility is generation at a single 700 
bathymetric feature, such as scattering of the 701 
leading wave where it crosses the Avachinsky 702 
transform, which the SWOT swath intersects 703 
(Figure 9a). It is a significant feature with 704 
significant bathymetry differences across it 705 
and a relevant wavelength (Figure 9b). 706 
However, we find that this is not well 707 
supported. Only three of the ten dispersed 708 
fronts lie within a few tens of kilometers of the 709 
transform, and even those were emitted 710 
roughly 20 minutes after the leading wave 711 
reached it, rather than promptly as a single 712 
scatter would require. The remaining fronts lie 713 
45 to 145 km from the feature. No single fixed 714 
source reproduces both the spread of 715 
locations and the distance-dependent delay.  716 

The interpretation most consistent with the 717 
observations is that the trailing energy is 718 
progressively delayed through distributed 719 
interaction with the rough abyssal seafloor 720 
along the propagation corridor. The northwest 721 
Pacific seafloor traversed by these waves 722 
carries pervasive abyssal-hill fabric, 723 
seamounts, and fracture zones and 724 
transforms (Figure 9a), and a wavefield 725 

crossing such terrain is scattered, refracted, and partially retarded continuously rather than at any 726 
one location. Under this interpretation, the apparent emission time recovered by the back-projection 727 
is the time at which coherent short-wavelength energy began to propagate freely toward the swath 728 
from a given point along the corridor, and its increase with distance reflects the accumulation of 729 
delay over a longer interaction path. This is the en-route generation anticipated qualitatively by Ruiz-730 
Angulo et al. (2025), here localized and timed. In that work they also anticipated that resonance 731 
mechanisms in the near-shore environment such as edge waves and shelf resonance could also 732 

Figure 9. Bootstrap source-cloud reconstructions 
classified by category. (a) 68% source regions colored by 
category, source prompt (red), outside late (blue), 
ambiguous (grey); cource late or outside prompt (purple) 
the tsunami source regions from Ruiz-Angulo et al. (2025) 
and Sepulveda et al. (2026) are shown. Tsunami travel-
time isochrones are for the shallow-water propagations 
speed (10-min, green), and the epicenter is the yellow 
star. The white line P–P′ marks the bathymetry transect 
across the Avachinsky Transform Fault. (b) Bathymetry 
along P–P′, showing the ~250 m fault valley at profile 
center. 
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radiate late, short wavelength dispersive energy, we do not find evidence for this as none of our 733 
located fronts originate within the coseismic source region with a significant delay.  734 

We do not claim to identify the specific physical process that is responsible for each wavefront 735 
however. Distributed scattering off abyssal-hill topography, mode conversion, interaction with the 736 
fracture-zone system, and partial trapping and re-radiation all predict energy that is delayed and 737 
displaced, and the back-projection, which recovers where and when a front began to propagate 738 
freely but not how it was generated, cannot distinguish among them. Doing so would require forward 739 
hydrodynamic modeling of the wavefield over the real bathymetry, which is beyond the scope of this 740 
study. What the observations establish is narrower and, we argue, robust: a substantial part of the 741 
short-wavelength tail imaged by SWOT did not originate at the coseismic source, but was emitted 742 
from points along the propagation path, progressively later with distance, consistent with 743 
cumulative interaction between the tsunami and the seafloor it crossed. 744 

3.5 Limitations of our approach and unanswered questions 745 

The dominant limitation in our approach is resolution. A single wavefront constrains its source to an 746 
arc of candidate origins at nearly equal distance, and the emission-time search trades position along 747 
that arc against emission time (Section 2.5.4). For many fronts this degeneracy is significant: their 748 
bootstrap regions are elongated tens to a few hundred kilometers along the source to observation 749 
ray and neither location nor emission time is individually determined. Of the twenty-nine trailing 750 
fronts, fewer than half are robustly classified, and the results rest on that resolved subset. The 751 
unresolved fronts are reported as such and carry no interpretation. Resolution is poorest for the 752 
shortest-wavelength band, whose faint, closely spaced crests are the hardest to digitize and 753 
therefore carry the largest picking uncertainty. 754 

Figure 10. Recovered-source admissibility. For the same bands and fronts (a–c), the recovered emission time 
τ (squares: median with 16th–84th-percentile bootstrap bars), evaluated at each front's recovered cloud-mean 
location and colored by its geometric–temporal category (see Figure 9). Background zones are set by the travel 
times from the source region to that location: τ <tSW (red) is forbidden, this is earlier than the coseismic wave 
can arrive; [tSW,tdisp] (gold) is the conversion zone; τ ~ tdisp (dashed purple) is originated as dispersive; τ > tdisp 
(teal) is loitering. Every front's τ84 lies at or above its tSW floor, so all recovered emission times are physically 
admissible. 
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The source uncertainty we report propagates digitization error, estimated by blind re-picking of every 755 
front, through the back-projection. It does not include error in the bathymetry, in the removal of the 756 
large-scale oceanographic background from the SWOT field, or in the assumption that each digitized 757 
crest is a single coherent wavefront rather than an interference pattern. The last of these is the most 758 
consequential and the least quantified: a curve that is not a coherent propagating front can still back-759 
project to an apparent origin, and we guard against this only by retaining crests that are visually 760 
continuous across the swath. 761 

The method recovers where and when a front began to propagate freely, not how it was generated. 762 
The apparent emission point of a wave produced during propagation need not coincide with a 763 
physical source, and ray theory, which can refract an existing wave but cannot scatter or diffract one, 764 
does not model the generation process at all. Our inference that the displaced fronts are produced 765 
by distributed interaction with the seafloor (Section 3.4) is therefore constrained by the recovered 766 
locations and times but is not a forward demonstration of any specific mechanism. Distinguishing 767 
among scattering, mode conversion, and trapping would require forward hydrodynamic modeling 768 
over the real bathymetry. 769 

Finally, the dispersive travel times use a single representative wavelength per band. The observed 770 
fronts span a range of wavelengths within each band, and although we have shown the principal 771 
results to be robust to this spread (Section 3.4), a fully consistent treatment would carry each front's 772 
own wavelength through the calculation.  773 

Our travel times also omit the delay that elastic loading, seawater compressibility, and gravitational 774 
potential change impart on far-field tsunamis (Tsai et al., 2013; Watada et al., 2014; Baba et al., 2017), 775 
an effect that grows with distance and reaches 10 to 15 minutes at trans-Pacific range. Over the 776 
roughly 600 km to the swath it is of order a minute, well below the 12 to 25 minute delays in Table 3 777 
and too smooth across the recovered sources to produce their distance-dependent trend, with the 778 
marginal front γ2 the one case where it is an appreciable fraction of the excess. 779 

None of these limitations overturns the central result, which is deliberately narrow: a resolved 780 
subset of the short-wavelength fronts imaged by SWOT originated away from the coseismic source 781 
and progressively later with distance. The open questions concern the physical mechanism of that 782 
delayed generation and the fate of the many fronts the method cannot yet localize. 783 

3.6 Other uses of this approach and future work 784 

The approach developed here is not specific to this event. It requires a two-dimensional image of a 785 
tsunami wavefield in which coherent fronts can be digitized and time-tagged, and back-projected 786 
over known bathymetry. As SWOT continues to operate and its swath intermittently intersects future 787 
tsunamis, each such capture becomes a candidate for the same analysis. This underscores a 788 
broader point about the observation itself: the wide-swath geometry resolves wavefront curvature, 789 
propagation direction, and the two-dimensional arrangement of a dispersive train, none of which a 790 
nadir altimeter recovers from its single along-track profile. The information that makes back-791 
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projection possible, the shape and orientation of a front rather than its amplitude alone, is precisely 792 
what swath altimetry adds over conventional nadir measurements. 793 

The same principle extends to an observing system with complementary strengths. Distributed 794 
acoustic sensing (DAS) on seafloor telecommunications cables measures strain along a single line 795 
(e.g. Tonegawa & Araki, 2024), so it does not image a wavefield in two dimensions the way SWOT 796 
does. It does, however, resolve the passage of a tsunami in time along that line at high sampling, 797 
which SWOT, imaging each location once, does not. A DAS cable therefore yields a time-distance 798 
record, and coherent wavefronts appear as moveout in a Hovmoller (time versus along-cable 799 
distance) representation (e.g. Melgar & Ruiz-Angulo, 2018). Fronts traced in that domain carry an 800 
absolute arrival time at every point along the cable, which is the same ingredient the emission-time 801 
search exploits here, and they could be back-projected in the same way. Where SWOT trades time 802 
resolution for a two-dimensional snapshot, DAS trades the second spatial dimension for continuous 803 
time, and either provides the time-tagged fronts the method needs. 804 

This may prove useful beyond retrospective source characterization. Tsunamis are still occasionally 805 
observed with no immediately clear seismic or obvious geophysical source (Mizutani & Melgar, 2023; 806 
Sandanbata et al., 2024), and the growth of seafloor DAS along existing cable routes will increase 807 
the chance that such an event is recorded in time-distance detail near its origin. Back-projection of 808 
the observed fronts, requiring no prior source model, offers a way to locate and time the origin of a 809 
wavefield directly from its own geometry, which is exactly the situation in which a source is otherwise 810 
hard to establish. 811 

4. Conclusions 812 

We back-projected the dispersive tsunami wavefield imaged by SWOT following the 2025 M8.8 813 
Kamchatka earthquake, tracing individual band-passed wavefronts to a source location and an 814 
emission time with a dispersive ray-tracing engine and no assumed source model. The method 815 
recovered the known source region from the leading front, and per-front resolution was quantified 816 
by a bootstrap calibrated against blind re-digitization. Because a single front constrains an arc of 817 
source positions traded against emission time, many fronts were not localizable and were left 818 
uninterpreted. Ten trailing fronts were robustly localized outside the coseismic source region and at 819 
emission times well after the origin, stable across the analysis. Their emission time increased with 820 
distance from the source, and each was emitted later than the earliest possible arrival of energy from 821 
the earthquake at its location, by a margin that grew with distance. The trailing train as a whole was 822 
shown, independently of the back-projection, to arrive too late to have been radiated dispersively 823 
from the source region. We concluded that a substantial part of the short-wavelength tail imaged by 824 
SWOT was generated during propagation, progressively delayed through cumulative interaction with 825 
the seafloor, rather than radiated from the coseismic source. We did not resolve the specific process 826 
responsible, which would require forward hydrodynamic modeling over the real bathymetry. The 827 
approach requires only a time-tagged image of coherent wavefronts over known bathymetry, and 828 
applies to future wide-swath altimetry captures and, in the time-distance domain, to distributed 829 
acoustic sensing on seafloor cables. 830 
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  n =    1  c


    c  s w =  g h


    𝜔 2 = g k tanh ( k  h  r e f )


    c  d =   𝜔  2 k  ( 1 +   2 k h  sinh ⁡ ( 2 k h ) )


    d 𝜃  d t =   cos ⁡ ( 𝜓 )  n R ,


    d 𝜑  d t =    sin ⁡   ( 𝜓 )  n R sin ( 𝜃 )


    d 𝜓  d t = −     c  g    c  p   s i n ( 𝜓 )    n  p 2 R   𝜕   n  p  𝜕 𝜃 +     c  g    c  p   c o s ( 𝜓 )    n  p 2 R s i n ( 𝜃 )   𝜕   n  p  𝜕 𝜑 −   s i n ( 𝜓 ) c o t ( 𝜃 )    n  g R


  F  ( k ) =     𝜔 2 − g k tanh ( k h ) = 0


    F ′ ( k ) =   − g [  tanh ⁡   ( k h ) + k h  sech 2  ( k h ) ]


    𝜆 0 =   𝜆  tanh ⁡ ( k  h  r e f )


   t  j = τ   +    T  j ( S )


  T  ( S   →    x  j ) = T (  x  j   →   S )


  R ( S ,   τ )   =     1  N     ∑  j   (   τ   +    T  j ( S )   −    t  j ) ²     ,       τ   ≥   0


  P  ( 𝜏 ) = m i   n  S ∈ 𝒮 R  ( S , 𝜏 ) ,

