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ABSTRACT 10 

The linearized shallow water equations on a general 𝛽𝛽-plane reduce to a single meridional 11 

structure equation for the meridional velocity. It is shown that this equation is exactly the 12 

Schrödinger equation for a “charged” particle minimally coupled to a four-vector potential 13 

whose analogue magnetic field, 𝐁𝐁𝑊𝑊 = −�𝛽𝛽/𝑐𝑐𝑔𝑔�𝐱𝐱�, is uniform and westward. No ad hoc term is 14 

required: every term of the structure equation is generated by the minimal coupling. A 15 

representation based on a simple harmonic oscillator, by contrast, reproduces the structure 16 

equation only if a phase shift and a constant potential are inserted by hand; both are identified 17 

here as gauge ingredients of the four-vector representation. The zonal wavenumber is the 18 

canonical momentum of the particle, the gauge-invariant kinematic momentum being 𝑘𝑘 + 𝛽𝛽/2𝜔𝜔. 19 

The analogue magnetic length is the equatorial Rossby radius of deformation, the Hermite index 20 

of the Matsuno solution is the Landau level index, and the Matsuno dispersion relation is 21 

recovered exactly as the Landau spectrum of the constructed Hamiltonian rather than merely 22 

resembling it. Because the vector potential depends on frequency, the eigenvalue problem is 23 

implicit, and this dependence is the origin of the Rossby branch. The mixed Rossby–gravity 24 

(Yanai) wave is the lowest Landau level: it satisfies a first-order equation, and its mixed 25 

character follows from a factorization of the dispersion relation that occurs for no other 26 

meridional mode. The Kelvin wave, whose meridional velocity vanishes, lies outside the 27 

representation. 28 
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SIGNIFICANCE STATEMENT 29 

Large-scale waves trapped near the equator influence tropical weather and climate, but their 30 

wave patterns are complicated and difficult to track. This study shows that each of these waves 31 

can be described exactly as a single particle pushed by a magnetic-like force, which arises 32 

because the effect of Earth’s rotation changes with latitude. In this picture, the width of the 33 

tropical wave channel equals the size of the particle’s orbit, the familiar family of tropical wave 34 

types becomes a ladder of particle energy levels, and one wave type, observed in the tropical 35 

stratosphere and linked to tropical storm formation, is the lowest rung of that ladder. The particle 36 

view offers a compact way to label and analyze these waves. 37 

  38 
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1. Introduction 39 

Wave phenomena in the atmosphere and ocean play an important role in many geophysical 40 

processes, such as energy transport, climate variability, and cloud formation. Among the most 41 

important categories for synoptic- and large-scale phenomena are shallow water waves, whose 42 

wavelengths are much longer than the depth of the fluid; they have been studied in great detail 43 

and are summarized in many textbooks (Holton 1979; Pedlosky 1979; Gill 1982; Vallis 2017). 44 

Tropical shallow water waves have received special attention because the tropics are the energy 45 

source region of many atmospheric and oceanic processes. Important contributions to their 46 

theory and observation have been made by many investigators (e.g., Rosenthal 1965; Matsuno 47 

1966; Yanai and Maruyama 1966; Blandford 1966; Lindzen 1967; Lindzen and Matsuno 1968; 48 

Yanai et al. 1968; Wallace and Kousky 1968; Mak 1969; Wallace 1971; Hayashi 1976; Wunsch 49 

and Gill 1976; Anderson and Gill 1979; Grose and Hoskins 1979; Itoh and Ghil 1988), and the 50 

observational picture has since been placed on a firm spectral footing (Wheeler and Kiladis 51 

1999) and reviewed (Kiladis et al. 2009). 52 

All of these studies have been concerned with the “wave” properties of the disturbances. 53 

For long-term climate studies, the role of the waves can be difficult to recognize: wave profiles 54 

are complicated, made more so by reflection, refraction, and diffraction, and in combination with 55 

complex boundaries the resulting signals are difficult to analyze, let alone to interpret. One way 56 

of reducing such complexity is to reformulate the waves as a system in which they can be 57 

regarded as particles, or at least be associated with particle properties. Unlike waves, which are 58 

spread out in space and time, particles are compact and usually easier to identify. 59 

The present study is motivated by the wave–particle duality established in quantum 60 

physics early in the twentieth century (Schiff 1968; Saxon 1968): perhaps, with a suitable 61 

formulation, waves in the atmosphere and ocean can also be viewed as particles, and such a view 62 

may simplify their analysis. The bound electron of the hydrogen atom illustrates the potential 63 

gain. Its wave description requires a probability density 𝛹𝛹∗𝛹𝛹 that is already a complicated 64 

function of space, and the time series of that signal at a point would be almost impossible to 65 

analyze; this complication disappears once the signal is recognized as a single particle, from 66 

which many properties of hydrogen can be deduced. 67 

The idea that geophysical wave problems may be illuminated by the methods of condensed 68 

matter physics has since been pursued independently, and from a quite different direction. 69 
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Delplace et al. (2017) showed that the Kelvin and Yanai modes owe their existence to a 70 

topological invariant of the shallow water system—the first Chern number, of value two, of the 71 

bulk Poincaré wave bands—in close analogy with the protected edge states of a topological 72 

insulator (see also Venaille and Delplace 2021). Both approaches single out the Yanai wave as 73 

exceptional; the Kelvin wave, which that work treats on the same footing, lies outside the present 74 

representation (section 8a). 75 

The question addressed here is whether geophysical shallow water waves can be 76 

formulated as particles and, if so, what rules of behavior those particles obey. The analysis 77 

indicates that they obey a Schrödinger equation with minimal coupling to a four-vector potential, 78 

just as charged quantum mechanical particles do. This paper develops and completes an 79 

argument first presented at the Eighth Conference on Atmospheric and Oceanic Waves and 80 

Stability (Wang 1991), from which the construction, and the observation that the resulting 81 

dispersion relation resembles the Landau spectrum of a free electron in a uniform magnetic field, 82 

are taken. Three matters left open in that work are settled here: (i) the gauge structure of the four-83 

vector potential, which accounts for an ad hoc phase shift and shows two apparently different 84 

versions of the construction to be one physical system written in two gauges; (ii) the status of the 85 

correspondence with the Landau problem, shown below to be an identity rather than an analogy, 86 

together with the meaning of the constant 𝛼𝛼, which was explicitly left for future study; and (iii) 87 

the physical interpretation of the particles. The four-vector potential is written down and verified 88 

here rather than derived; it is obtained from Hamilton’s principle, applied to the rotating-frame 89 

Lagrangian of Wang (1984), in a companion paper (Wang 2026, hereafter Paper II). 90 

The paper is organized as follows. Section 2 presents the governing equations and the 91 

meridional structure equation. Section 3 shows why a harmonic-oscillator representation is 92 

unsatisfactory, and section 4 constructs the four-vector potential representation. Its gauge 93 

structure is analyzed in section 5, and the identification of the dispersion relation with a Landau 94 

spectrum is made in section 6. Section 7 treats the mixed Rossby–gravity (Yanai) wave as the 95 

lowest Landau level. The results are discussed in section 8 and summarized in section 9. The role 96 

of the constant 𝛼𝛼 is examined in appendix A. 97 
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2. Governing equations 98 

a. Linearized shallow water equations on a general β-plane 99 

Shallow water waves on a 𝛽𝛽-plane have been considered by various investigators (Matsuno 100 

1966; Blandford 1966; Lindzen 1967). We consider a general 𝛽𝛽-plane that is not necessarily 101 

centered on the equator, so that the local Coriolis parameter is approximated by 102 

 𝑓𝑓 ≃ 𝑓𝑓0 + 𝛽𝛽𝛽𝛽, (1) 103 

where 𝑓𝑓0 is the Coriolis parameter at the reference latitude, 𝑦𝑦 is the meridional coordinate 104 

(positive northward), and 𝛽𝛽 = 𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑 is assumed constant. The linearized equations governing 105 

the perturbation zonal velocity 𝑢𝑢, meridional velocity 𝑣𝑣, and geopotential 𝛷𝛷 are 106 

 ∂𝑢𝑢
∂𝑡𝑡
− (𝑓𝑓0 + 𝛽𝛽𝛽𝛽) 𝑣𝑣 + ∂𝛷𝛷

∂𝑥𝑥
= 0, (2) 107 

 ∂𝑣𝑣
∂𝑡𝑡

+ (𝑓𝑓0 + 𝛽𝛽𝛽𝛽) 𝑢𝑢 + ∂𝛷𝛷
∂𝑦𝑦

= 0, (3) 108 

 ∂𝛷𝛷
∂𝑡𝑡

+ 𝑐𝑐𝑔𝑔2 �
∂𝑢𝑢
∂𝑥𝑥

+ ∂𝑣𝑣
∂𝑦𝑦
� = 0, (4) 109 

where 𝑐𝑐𝑔𝑔 is the speed of long gravity waves, defined by 𝑐𝑐𝑔𝑔2 = 𝑔𝑔𝑔𝑔, with 𝑔𝑔 the gravitational 110 

acceleration and 𝐻𝐻 the mean depth of the fluid. The Coriolis terms couple 𝑢𝑢 and 𝑣𝑣 and do no net 111 

work on the flow, as they must. Solutions periodic in 𝑥𝑥 and 𝑡𝑡 are sought in the form 112 

 (𝑢𝑢, 𝑣𝑣,𝛷𝛷) = [𝑢𝑢′(𝑦𝑦),  𝑣𝑣′(𝑦𝑦),  𝛷𝛷′(𝑦𝑦)]exp(𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑖𝑖𝑖𝑖𝑖𝑖), (5) 113 

where 𝑘𝑘 is the zonal wavenumber and 𝜔𝜔 the angular frequency. 114 

b. The meridional structure equation 115 

Eliminating 𝑢𝑢 and 𝛷𝛷 from (2)–(4), which requires division by 𝑐𝑐𝑔𝑔2𝑘𝑘2 − 𝜔𝜔2, yields a single 116 

meridional structure equation for the meridional velocity (the prime is dropped hereafter): 117 

 𝑑𝑑2𝑣𝑣
𝑑𝑑𝑦𝑦2

+ �𝜔𝜔
2

𝑐𝑐𝑔𝑔2
− 𝑘𝑘2 − 𝛽𝛽𝛽𝛽

𝜔𝜔
− (𝑓𝑓0+𝛽𝛽𝛽𝛽)2

𝑐𝑐𝑔𝑔2
� 𝑣𝑣 = 0. (6) 118 

Equation (6), with the boundary condition 𝑣𝑣 → 0 as 𝑦𝑦 → ±∞, poses an eigenvalue 119 

problem. Since 𝑓𝑓0 + 𝛽𝛽𝛽𝛽 = 𝛽𝛽(𝑦𝑦 − 𝑦𝑦0) with 𝑦𝑦0 = −𝑓𝑓0/𝛽𝛽, the last term in the bracket is 120 

−�𝛽𝛽/𝑐𝑐𝑔𝑔�
2(𝑦𝑦 − 𝑦𝑦0)2, so that the problem is that of a particle in a parabolic well centered on the 121 

latitude at which the Coriolis parameter vanishes. The solution is 122 
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 𝑣𝑣 = 𝐻𝐻𝑛𝑛 ��
𝛽𝛽
𝑐𝑐𝑔𝑔
�
1/2

(𝑦𝑦 − 𝑦𝑦0)� exp �− 𝛽𝛽(𝑦𝑦−𝑦𝑦0)2

2𝑐𝑐𝑔𝑔
�, (7) 123 

where 𝐻𝐻𝑛𝑛 is the Hermite polynomial of order 𝑛𝑛; the normalization constant is omitted because 124 

(6) is homogeneous (Matsuno 1966; Gill 1982). The dispersion relation is 125 

 𝜔𝜔2

𝑐𝑐𝑔𝑔2
− 𝑘𝑘2 − 𝛽𝛽𝛽𝛽

𝜔𝜔
= (2𝑛𝑛+1)𝛽𝛽

𝑐𝑐𝑔𝑔
, (8) 126 

with 𝑛𝑛 = 0,1,2, … On an equatorial 𝛽𝛽-plane, 𝑓𝑓0 = 0 and 𝑦𝑦0 = 0, and the oscillation is symmetric 127 

about the equator; for a general 𝛽𝛽-plane the eigenfunctions are the same functions displaced to 128 

𝑦𝑦 = 𝑦𝑦0, and the dispersion relation is unchanged. The trapped solutions are of practical interest 129 

chiefly in the tropics, because for a midlatitude reference latitude the turning latitude 𝑦𝑦0 lies 130 

outside the range over which the 𝛽𝛽-plane approximation is defensible. 131 

3. Failure of a harmonic-oscillator representation 132 

Matsuno (1966) noted the similarity between (6) and the quantum mechanical problem of a 133 

particle bound in a harmonic potential, and one may be tempted to build a particle formulation 134 

directly on the Schrödinger equation for a harmonic oscillator. We first show that this is 135 

unsatisfactory. If a Schrödinger equation can be written down whose wave amplitude is the 𝑣𝑣 of 136 

(6), it is justified to declare that the corresponding particle exists, even though its nature is not 137 

yet known; its behavior must then be interpreted consistently with quantum mechanics. 138 

Consider the case in which the waves represent the amplitude of a particle moving in a 139 

simple harmonic oscillator potential proportional to �𝛽𝛽/𝑐𝑐𝑔𝑔�
2(𝑦𝑦 − 𝑦𝑦0)2. The quantum mechanical 140 

operators for this particle are 141 

 𝐸𝐸 = 𝑖𝑖 ∂
∂𝑡𝑡

,  𝐩𝐩 = −𝑖𝑖∇,  𝐻𝐻 = 𝛼𝛼(−𝑖𝑖∇)2 + 𝛼𝛼 �𝛽𝛽
𝑐𝑐𝑔𝑔
�
2

(𝑦𝑦 − 𝑦𝑦0)2, (9) 142 

where 𝛼𝛼 plays the role of ℏ2/2𝑚𝑚. Since elementary particles are not involved, there is no reason 143 

to expect ℏ and 𝑚𝑚 to retain their usual meanings, and it is convenient to absorb them into the 144 

single constant 𝛼𝛼, which carries the dimensions of ℏ/𝑚𝑚 (section 4a and appendix A). Taking the 145 

plane-wave function 146 

 𝛹𝛹(𝐫𝐫, 𝑡𝑡) = 𝑣𝑣(𝑦𝑦)exp �𝑖𝑖𝑖𝑖𝑖𝑖 − 𝑖𝑖𝑖𝑖 �𝜔𝜔
2

𝑐𝑐𝑔𝑔2
� 𝑡𝑡�, (10) 147 



7 

in which the energy term 𝐸𝐸/ℏ has been written explicitly as 𝛼𝛼�𝜔𝜔2/𝑐𝑐𝑔𝑔2�, the energy of a plane 148 

wave of angular frequency 𝜔𝜔, and substituting it into the Schrödinger equation with the operators 149 

of (9), we obtain 150 

 𝑑𝑑2𝑣𝑣
𝑑𝑑𝑦𝑦2

+ �𝜔𝜔
2

𝑐𝑐𝑔𝑔2
− 𝑘𝑘2 − �𝛽𝛽

𝑐𝑐𝑔𝑔
�
2

(𝑦𝑦 − 𝑦𝑦0)2� 𝑣𝑣 = 0. (11) 151 

Comparison of (11) with (6) shows that the term 𝛽𝛽𝛽𝛽/𝜔𝜔 is missing. To repair this, the wave 152 

function of (10) may be changed to 153 

 𝛹𝛹(𝐫𝐫, 𝑡𝑡) = 𝑣𝑣(𝑦𝑦)exp �𝑖𝑖 �𝑘𝑘 + 𝛽𝛽
2𝜔𝜔
� 𝑥𝑥 − 𝑖𝑖𝑖𝑖 𝜔𝜔2

𝑐𝑐𝑔𝑔2
𝑡𝑡�, (12) 154 

and, at the same time, the harmonic oscillator potential rewritten as 155 

 𝑉𝑉 = 𝛼𝛼 ��𝛽𝛽
𝑐𝑐𝑔𝑔
�
2

(𝑦𝑦 − 𝑦𝑦0)2 − 𝛽𝛽2

4𝜔𝜔2�. (13) 156 

With these two changes, (6) is recovered exactly. In writing (12) and (13), however, it has 157 

been asserted a priori that the zonal wavenumber must be shifted by 𝛽𝛽/2𝜔𝜔—equivalently, that 158 

the wave phase must be shifted by exp(𝑖𝑖𝑖𝑖𝑥𝑥/2𝜔𝜔)—and that the potential must be lowered by 159 

𝛼𝛼𝛽𝛽2/4𝜔𝜔2. A potential may always be shifted by an arbitrary constant without changing the 160 

physics, but there is no obvious justification for the phase shift; as it stands, it is no more than an 161 

ad hoc manipulation. It would be far more satisfactory to have these quantities specified by the 162 

operators, that is, by the external conditions in which the particle moves, rather than inserted by 163 

hand into the wave function. 164 

4. A charged particle in a four-vector potential 165 

a. Minimal coupling in classical and quantum mechanics 166 

Only the elements needed below are recorded here; for the physical background, see Goldstein 167 

(1950) and Schiff (1968). Gaussian units are used, 𝑐𝑐 denotes the speed of light, and the speed of 168 

long gravity waves is written 𝑐𝑐𝑔𝑔 throughout so that no confusion between the two can arise. For a 169 

particle of mass 𝑚𝑚 and charge 𝑒𝑒 moving in an electromagnetic field, the classical Hamiltonian is 170 

 𝐻𝐻 = 1
2𝑚𝑚

�𝐩𝐩 − 𝑒𝑒𝐀𝐀
𝑐𝑐
�
2

+ 𝑒𝑒𝑒𝑒, (14) 171 
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where 𝜙𝜙 is the scalar potential and 𝐀𝐀 the vector potential of the magnetic field, 𝐁𝐁 = ∇ × 𝐀𝐀. The 172 

Hamiltonian is still the total energy, since the magnetic field does no work. The mechanical 173 

(kinematic) momentum, however, is now 𝐩𝐩 − 𝑒𝑒𝐀𝐀/𝑐𝑐 rather than 𝐩𝐩, while 𝐩𝐩 itself is the canonical 174 

momentum, and it is the canonical momentum that is carried over to the quantum mechanical 175 

formulation. Replacing 𝐩𝐩 → −𝑖𝑖ℏ∇ and 𝐸𝐸 → 𝑖𝑖ℏ  ∂/ ∂𝑡𝑡 in 𝐻𝐻𝐻𝐻 = 𝐸𝐸𝐸𝐸, and taking 𝛹𝛹(𝐫𝐫, 𝑡𝑡) =176 

𝜓𝜓(𝐫𝐫)exp(−𝑖𝑖𝑖𝑖𝑖𝑖/ℏ), gives the time-independent Schrödinger equation with minimal coupling, 177 

 1
2𝑚𝑚

�−𝑖𝑖ℏ∇ − 𝑒𝑒𝐀𝐀
𝑐𝑐
�
2
𝜓𝜓 + 𝑒𝑒𝑒𝑒𝑒𝑒 = 𝐸𝐸𝐸𝐸, (15) 178 

with 𝐸𝐸 the total energy of the particle. The coupling must be written in terms of the momentum 179 

operator, as in (15), and not as (∇ − 𝑒𝑒𝐀𝐀/𝑐𝑐)2, whose two terms differ dimensionally by a factor ℏ; 180 

writing it as (𝐩𝐩 − 𝑒𝑒𝐀𝐀/𝑐𝑐) throughout is the convention adopted below. 181 

b. The four-vector potential 182 

We now derive (6) by a more satisfactory procedure (Wang 1991). The shallow water waves are 183 

assumed to be associated with the motion of a “charged” particle moving in a four-vector 184 

potential field, that is, in a field similar to the electromagnetic potential. The charge here is not 185 

an electric charge; it merely indicates that the particle responds to this field as an electrically 186 

charged particle responds to an external electromagnetic field, and may equally be called the 187 

coupling constant (Frauenfelder and Henley 1974). Units are used in which 𝑐𝑐 = ℏ = 𝑒𝑒 = 1, and 188 

the subscript 𝑊𝑊 marks the analogue potentials throughout, so that they are never confused with 189 

the genuine electromagnetic 𝐀𝐀 and 𝐁𝐁. 190 

Since a charged particle in such a field may in general perform three-dimensional motion, 191 

a wave function periodic in both the 𝑥𝑥- and 𝑧𝑧-directions is assumed: 192 

 𝛹𝛹(𝐫𝐫, 𝑡𝑡) = 𝑣𝑣(𝑦𝑦)exp �𝑖𝑖𝑖𝑖𝑖𝑖 + 𝑖𝑖𝑘𝑘𝑧𝑧𝑧𝑧 − 𝑖𝑖𝑖𝑖 𝜔𝜔2

𝑐𝑐𝑔𝑔2
𝑡𝑡�. (16) 193 

There are two ways of choosing the potential so as to obtain the correct equation of 194 

motion. 195 

(i) Let 𝑘𝑘𝑧𝑧 = 𝑓𝑓0/𝑐𝑐𝑔𝑔 and let the four-vector potential 𝐴𝐴𝑊𝑊𝑊𝑊 be 196 

 𝐴𝐴𝑊𝑊𝑊𝑊 = �− 𝛼𝛼𝛽𝛽2

4𝜔𝜔2 ; − 𝛽𝛽
2𝜔𝜔

,  0, − 𝛽𝛽𝛽𝛽
𝑐𝑐𝑔𝑔
�, (17) 197 



9 

corresponding to a constant scalar potential 𝜙𝜙𝑊𝑊 = −𝛼𝛼𝛽𝛽2/4𝜔𝜔2, which exerts no force, and a 198 

three-dimensional vector potential 𝐀𝐀𝑊𝑊 = −(𝛽𝛽/2𝜔𝜔)𝐱𝐱� − �𝛽𝛽𝛽𝛽/𝑐𝑐𝑔𝑔�𝐳𝐳�, where 𝐱𝐱�, 𝐲𝐲�, and 𝐳𝐳� are unit 199 

vectors pointing east, north, and upward, respectively. This vector potential produces a force 200 

field analogous to a magnetic field, 201 

 𝐁𝐁𝑊𝑊 = ∇ × 𝐀𝐀𝑊𝑊 = − 𝛽𝛽
𝑐𝑐𝑔𝑔
𝐱𝐱�, (18) 202 

which is uniform and points westward. The Hamiltonian is then 203 

 𝐻𝐻 = 𝛼𝛼(−𝑖𝑖∇ − 𝐀𝐀𝑊𝑊)2 + 𝜙𝜙𝑊𝑊 , (19) 204 

with the charge set to unity. Substituting the wave function (16) into the Schrödinger equation 205 

𝐻𝐻𝐻𝐻 = 𝑖𝑖  ∂𝛹𝛹/ ∂𝑡𝑡 and dividing throughout by 𝛼𝛼 returns precisely (6). No term has been inserted 206 

by hand: the 𝛽𝛽𝛽𝛽/𝜔𝜔 term is generated by the cross term between −𝑖𝑖  ∂/ ∂𝑥𝑥 and 𝐴𝐴𝑊𝑊𝑊𝑊, and the 207 

residual 𝛽𝛽2/4𝜔𝜔2 left over from that square is removed by the constant scalar potential, which is 208 

physically inert. 209 

(ii) A second choice that yields the same equation of motion is 210 

 𝑘𝑘𝑧𝑧 = 0,  𝐴𝐴𝑊𝑊𝑊𝑊 = −𝑓𝑓0+𝛽𝛽𝛽𝛽
𝑐𝑐𝑔𝑔

, (20) 211 

with 𝐴𝐴𝑊𝑊𝑊𝑊 and 𝜙𝜙𝑊𝑊 as before. The resulting 𝐁𝐁𝑊𝑊 field is again given by (18). This version requires 212 

no vertical dependence of the wave function, which is more in line with the original problem of 213 

purely horizontal basic-state motion. The potential is assumed here; Paper II derives it. As shown 214 

in section 5, models (i) and (ii) are not two different models at all, but the same physical system 215 

written in two gauges. 216 

5. Gauge structure of the representation 217 

The four-vector potential of (17) is not unique. In units with 𝑐𝑐 = ℏ = 𝑒𝑒 = 1, the transformation 218 

 𝐀𝐀𝑊𝑊 → 𝐀𝐀𝑊𝑊 + ∇𝜒𝜒,  𝜙𝜙𝑊𝑊 → 𝜙𝜙𝑊𝑊 − ∂𝜒𝜒
∂𝑡𝑡

,  𝛹𝛹 → 𝛹𝛹exp(𝑖𝑖𝑖𝑖) (21) 219 

for any single-valued function 𝜒𝜒(𝐫𝐫, 𝑡𝑡) leaves both the force field 𝐁𝐁𝑊𝑊 = ∇ × 𝐀𝐀𝑊𝑊 and the 220 

Schrödinger equation invariant. The physically meaningful quantity is therefore not the canonical 221 

momentum operator 𝐩𝐩 = −𝑖𝑖∇, which is gauge dependent, but the gauge-invariant kinematic 222 

momentum operator 𝛑𝛑 = −𝑖𝑖∇ − 𝐀𝐀𝑊𝑊. This distinction, a formality in many textbook problems, is 223 

the key to the difficulty encountered in section 3. 224 
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The 𝑥𝑥-component of the vector potential, 𝐴𝐴𝑊𝑊𝑊𝑊 = −𝛽𝛽/2𝜔𝜔, is a constant and therefore 225 

contributes nothing to 𝐁𝐁𝑊𝑊: it is pure gauge. It can be removed entirely by choosing 𝜒𝜒1 =226 

(𝛽𝛽/2𝜔𝜔)𝑥𝑥 in (21), which gives 𝐴𝐴𝑊𝑊𝑊𝑊 → 0 and, simultaneously, 227 

 𝛹𝛹 = 𝑣𝑣(𝑦𝑦)𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖  →  𝑣𝑣(𝑦𝑦)exp �𝑖𝑖 �𝑘𝑘 + 𝛽𝛽
2𝜔𝜔
� 𝑥𝑥�. (22) 228 

Equation (22) is exactly the phase shift that had to be imposed by hand in (12). In the 229 

gauge 𝐴𝐴𝑊𝑊𝑊𝑊 = 0, the term 𝜋𝜋𝑥𝑥2 of the Hamiltonian becomes a pure multiplication by (𝑘𝑘 + 𝛽𝛽/2𝜔𝜔)2, 230 

and 𝜋𝜋𝑧𝑧2 becomes �𝛽𝛽/𝑐𝑐𝑔𝑔�
2(𝑦𝑦 − 𝑦𝑦0)2; the Hamiltonian is then precisely the harmonic oscillator 231 

Hamiltonian with the potential of (13) and the wave function of (12). In other words, the 232 

harmonic oscillator representation is the four-vector potential representation written in a 233 

particular gauge. Its two apparently arbitrary ingredients are not arbitrary at all: the phase shift is 234 

the gauge function 𝜒𝜒1, and the constant −𝛼𝛼𝛽𝛽2/4𝜔𝜔2 subtracted from the potential is the scalar 235 

potential of (17). 236 

The physical content is as follows. The zonal wavenumber 𝑘𝑘 of the shallow water solution 237 

is the canonical momentum of the particle, whereas the gauge-invariant kinematic momentum, 238 

the one that enters the energy, is 239 

 𝜋𝜋𝑥𝑥 = 𝑘𝑘 + 𝛽𝛽
2𝜔𝜔

. (23) 240 

The term 𝛽𝛽𝛽𝛽/𝜔𝜔, which the harmonic oscillator model could not produce, is neither 241 

spurious nor a gauge artifact: it is the cross term that arises when the energy is expressed in terms 242 

of the canonical rather than the kinematic momentum, the difference between the two, 𝛽𝛽/2𝜔𝜔, 243 

being the analogue of 𝑒𝑒𝐴𝐴𝑥𝑥/𝑐𝑐 in the electromagnetic problem. This was anticipated by Wang 244 

(1991), where the first-order term in 𝑘𝑘 was attributed to the gauge used in deriving the shallow 245 

water equations, although the gauge function itself was not identified. 246 

Models (i) and (ii) differ only in how the kinematic momentum along 𝑧𝑧 is apportioned 247 

between the wavenumber and the potential: in model (i), 𝜋𝜋𝑧𝑧 = 𝑘𝑘𝑧𝑧 − 𝐴𝐴𝑊𝑊𝑊𝑊 = 𝑓𝑓0/𝑐𝑐𝑔𝑔 + 𝛽𝛽𝛽𝛽/𝑐𝑐𝑔𝑔; in 248 

model (ii), 𝜋𝜋𝑧𝑧 = 0 + (𝑓𝑓0 + 𝛽𝛽𝛽𝛽)/𝑐𝑐𝑔𝑔. These are identical, and the two descriptions are connected 249 

by the gauge function 𝜒𝜒2 = −𝑓𝑓0𝑧𝑧/𝑐𝑐𝑔𝑔, which converts 𝐴𝐴𝑊𝑊𝑊𝑊 = −𝛽𝛽𝛽𝛽/𝑐𝑐𝑔𝑔 into 𝐴𝐴𝑊𝑊𝑊𝑊 =250 

−(𝑓𝑓0 + 𝛽𝛽𝛽𝛽)/𝑐𝑐𝑔𝑔 while simultaneously removing the factor exp(𝑖𝑖𝑘𝑘𝑧𝑧𝑧𝑧) from the wave function 251 

(16). The two are therefore the same physical system, and the question of which is better is one 252 

of convenience rather than of physics. Model (ii) is preferable because it requires no vertical 253 
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wavenumber and hence no fictitious third dimension, the auxiliary 𝑧𝑧-dependence of model (i) 254 

being entirely a gauge artifact. The vertical wavenumber cannot be chosen freely: taking 𝑘𝑘𝑧𝑧 ≠ 0 255 

in model (ii) replaces 𝑓𝑓0 by 𝑓𝑓0 + 𝑘𝑘𝑧𝑧𝑐𝑐𝑔𝑔 in (6), which amounts to relocating the reference latitude, 256 

so that reproducing (6) fixes 𝜋𝜋𝑧𝑧 = (𝑓𝑓0 + 𝛽𝛽𝛽𝛽)/𝑐𝑐𝑔𝑔 uniquely, whatever gauge is used to express it. 257 

Because the Schrödinger equation is invariant under (21), the physics depends on 𝐀𝐀𝑊𝑊 only 258 

through 𝐁𝐁𝑊𝑊: two four-vector potentials producing the same 𝐁𝐁𝑊𝑊 describe the same particle, and 259 

hence the same shallow water waves, however different they may appear. The one exception in 260 

the electromagnetic case is the Aharonov–Bohm effect, in which the wave function acquires an 261 

observable phase from a region where 𝐁𝐁 vanishes but 𝐀𝐀 does not. Since 𝐁𝐁𝑊𝑊 here is uniform and 262 

unbounded, no such effect arises, but the possibility is worth keeping in mind for geometries in 263 

which 𝛽𝛽 varies or the domain is not simply connected. 264 

6. The dispersion relation as a Landau spectrum 265 

a. Landau quantization 266 

The particle constructed in section 4 is a charged particle moving in a uniform magnetic-like 267 

field. The corresponding electromagnetic problem—a free electron in a uniform magnetic field—268 

was solved by Landau (1930) to explain the diamagnetism of metals; for later summaries, see 269 

Peierls (1955) and Seeger (1982). The energy levels are 270 

 𝐸𝐸 = ℏ2𝑘𝑘∥
2

2𝑚𝑚
+ �𝑛𝑛 + 1

2
� ℏ𝜔𝜔𝑐𝑐, (24) 271 

where 𝑘𝑘∥ is the kinematic wavenumber along 𝐁𝐁, 𝑛𝑛 = 0,1,2, … is the Landau level index, and 272 

𝜔𝜔𝑐𝑐 = |𝑒𝑒|𝐵𝐵/𝑚𝑚𝑚𝑚 is the cyclotron frequency (not to be confused with the Larmor precession 273 

frequency, which is half of it). The dispersion relation between 𝐸𝐸 and 𝑘𝑘∥ is a family of parabolas, 274 

one for each Landau level. 275 

Wang (1991) noted that (24) and the shallow water dispersion relation have the same form, 276 

drew an analogy between the two, and observed that the units of the two systems are not the 277 

same. The correspondence is in fact stronger than an analogy: it is exact, and (8) can be derived 278 

from (24) rather than merely compared with it. 279 

Take the Hamiltonian of (19). The field 𝐁𝐁𝑊𝑊 is uniform and directed along 𝑥𝑥, so the motion 280 

separates into free motion along 𝐁𝐁𝑊𝑊, with the kinematic momentum 𝜋𝜋𝑥𝑥 of (23), and Landau-281 

quantized motion in the perpendicular (𝑦𝑦, 𝑧𝑧) plane. In the units adopted here, 𝛼𝛼 plays the role of 282 
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ℏ2/2𝑚𝑚, so that 𝑚𝑚 = 1/2𝛼𝛼, while 𝑒𝑒 = 𝑐𝑐 = ℏ = 1 and 𝐵𝐵𝑊𝑊 = 𝛽𝛽/𝑐𝑐𝑔𝑔; the cyclotron frequency is 283 

therefore ℏ𝜔𝜔𝑐𝑐 = |𝑒𝑒|𝐵𝐵/𝑚𝑚 = 2𝛼𝛼𝛼𝛼/𝑐𝑐𝑔𝑔. The total energy, including the constant scalar potential of 284 

(17), is 285 

 𝐸𝐸 = 𝛼𝛼 �𝑘𝑘 + 𝛽𝛽
2𝜔𝜔
�
2

+ (2𝑛𝑛 + 1) 𝛼𝛼𝛼𝛼
𝑐𝑐𝑔𝑔
− 𝛼𝛼𝛽𝛽2

4𝜔𝜔2. (25) 286 

Setting 𝐸𝐸 = 𝛼𝛼𝜔𝜔2/𝑐𝑐𝑔𝑔2, as required by the wave function (16), and dividing by 𝛼𝛼, the square 287 

expands to give 𝑘𝑘2 + 𝛽𝛽𝛽𝛽/𝜔𝜔 + 𝛽𝛽2/4𝜔𝜔2, the last term of which is cancelled identically by the 288 

scalar potential. What remains is exactly (8). The dispersion relation of tropical shallow water 289 

waves is thus the Landau spectrum of the Hamiltonian of (19); the Hermite index 𝑛𝑛 of the 290 

Matsuno solution, (7), is the Landau level index of (24); and the Hermite functions of (7) are the 291 

Landau wave functions in the gauge 𝐴𝐴𝑊𝑊𝑊𝑊 = 0. The appearance of the factor (2𝑛𝑛 + 1) in (8)—292 

otherwise simply a property of the Hermite equation—thereby becomes a physical rather than a 293 

mathematical fact: it is the quantization of the particle’s gyration about the analogue magnetic 294 

field. Figure 1a shows the dispersion relation read in this way, with the branches of each 295 

meridional mode labeled by the Landau level index in place of the Hermite index. 296 

 297 

Fig. 1. The Matsuno dispersion relation as a Landau spectrum. (a) Dispersion relation of (8) in nondimensional 298 
form: frequency 𝜔𝜔� = 𝜔𝜔�𝛽𝛽𝑐𝑐𝑔𝑔�

−1/2 against zonal wavenumber 𝑘𝑘� = 𝑘𝑘�𝑐𝑐𝑔𝑔/𝛽𝛽�1/2, for the meridional modes 𝑛𝑛 =299 
0–3, colored by Landau level index. Only positive frequencies are shown, so that each level appears as an 300 
inertia–gravity branch spanning both signs of 𝑘𝑘� together with, for 𝑛𝑛 ≥ 1, a separate westward Rossby branch. 301 
The curves of a given color are one Landau level of the Hamiltonian of (19), and the level index is the Hermite 302 
index of (7). The lowest level, 𝑛𝑛 = 0, is the mixed Rossby–gravity (Yanai) wave, and is the only level on 303 
which the Rossby and gravity regimes join in a single continuous curve, (30), because the cubic of (27) 304 
factorizes there and at no other level. The Kelvin wave (gray dashed) is shown for reference only: it is 305 
annihilated by the reduction to (6) and is not a state of the particle. (b) The corresponding meridional 306 
structures: the Landau wave functions 𝑣𝑣𝑛𝑛 ∝ 𝐻𝐻𝑛𝑛(𝑦𝑦�)exp(−𝑦𝑦�2/2) of (7), each drawn on its eigenvalue 𝐸𝐸� = 2𝑛𝑛 +307 
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1 in the parabolic well of (6), with 𝑦𝑦� = 𝑦𝑦/ℓ𝐵𝐵. Gray horizontal segments mark the classical turning points. The 308 
level spacing is uniform, as it is for a charged particle in a uniform field, and the width of the 𝑛𝑛 = 0 Gaussian 309 
is the analogue magnetic length ℓ𝐵𝐵 = �𝑐𝑐𝑔𝑔/𝛽𝛽�1/2 of (26), the equatorial Rossby radius of deformation. 310 

b. Analogue magnetic field, magnetic length, and guiding center 311 

The only force acting on the particle is the analogue magnetic field of (18): uniform, westward, 312 

and produced solely by the meridional gradient of planetary vorticity. The “charge” of the 313 

particle is a coupling constant that measures how strongly the wave field responds to that 314 

gradient, and has been set to unity. The scalar potential is constant and exerts no force at all; it is 315 

present only to keep the energy zero point consistent with the definition of the canonical 316 

momentum. 317 

The physical statement contained in this is that the 𝛽𝛽-effect acts on a shallow water wave 318 

packet in the same way that a uniform magnetic field acts on a charged particle. The meridional 319 

trapping of equatorial waves—the equatorial waveguide—is thereby identified as cyclotron 320 

gyration, and its quantization as Landau quantization. For the Earth’s atmosphere, with 𝛽𝛽 ≈321 

2.3 × 10−11 m−1 s−1 and a representative gravity-wave speed 𝑐𝑐𝑔𝑔 ≈ 30 m s−1, the analogue field 322 

strength is 𝐵𝐵𝑊𝑊 = 𝛽𝛽/𝑐𝑐𝑔𝑔 ≈ 7.6 × 10−13 m−2. 323 

For an electron in a magnetic field, the natural length scale is the magnetic length ℓ𝐵𝐵 =324 

(ℏ𝑐𝑐/|𝑒𝑒|𝐵𝐵)1/2, the characteristic radius of the lowest Landau orbit. For the analogue field of (18), 325 

in the present units, this is simply 𝐵𝐵𝑊𝑊
−1/2, so that 326 

 ℓ𝐵𝐵 = �𝑐𝑐𝑔𝑔
𝛽𝛽
�
1/2

≡ 𝐿𝐿𝑒𝑒𝑒𝑒 , (26) 327 

which is the equatorial Rossby radius of deformation. The Gaussian factor in (7) is 328 

exp[−(𝑦𝑦 − 𝑦𝑦0)2/2ℓ𝐵𝐵2 ], which is the lowest Landau wave function. The meridional width of an 329 

equatorially trapped wave and the cyclotron radius of the analogue particle are the same quantity. 330 

For the parameters quoted above, ℓ𝐵𝐵 ≈ 1150 km; for a smaller equivalent depth, for example 331 

𝑐𝑐𝑔𝑔 ≈ 2.8 m s−1, it is about 350 km. Correspondingly, the Landau level spacing measured in the 332 

units of (8) is 𝛽𝛽/𝑐𝑐𝑔𝑔 = ℓ𝐵𝐵−2, so that the spectrum of meridional modes is fixed by the deformation 333 

radius alone. Figure 1b shows the corresponding ladder of meridional structures. 334 

In the electromagnetic Landau problem, each level is highly degenerate: for a given 𝑛𝑛, the 335 

wave function may be centered on any guiding-center coordinate. Here the guiding center is the 336 

latitude at which the kinematic momentum 𝜋𝜋𝑧𝑧 = (𝑓𝑓0 + 𝛽𝛽𝛽𝛽)/𝑐𝑐𝑔𝑔 vanishes, that is, 𝑦𝑦 = 𝑦𝑦0 =337 
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−𝑓𝑓0/𝛽𝛽, the latitude at which the Coriolis parameter itself vanishes. The freedom to displace the 338 

guiding center is exactly the freedom to choose 𝑘𝑘𝑧𝑧, and reproducing (6) forces 𝑘𝑘𝑧𝑧 to a single 339 

value. The two-dimensionality of the system therefore removes the Landau degeneracy and pins 340 

the guiding center to the zero-𝑓𝑓 latitude—the particle-representation statement of the familiar 341 

fact that equatorial waves are trapped about the equator and not about some arbitrary latitude. 342 

Finally, since 𝛹𝛹 is proportional to 𝑣𝑣(𝑦𝑦), the probability density of the particle is 𝛹𝛹∗𝛹𝛹 ∝343 

|𝑣𝑣(𝑦𝑦)|2, which is proportional to the meridional kinetic energy density of the wave, 1 2⁄ 𝜌𝜌𝜌𝜌𝑣𝑣2. 344 

The particle is therefore most likely to be found where the meridional motion of the fluid is most 345 

vigorous. This gives the quantum mechanical formalism a direct fluid dynamical interpretation: 346 

the “position” of the particle is the latitude at which the wave carries its meridional energy, and 347 

the spreading of |𝛹𝛹|2 over the deformation radius is the meridional extent of the waveguide. 348 

c. A Hamiltonian that depends on its own eigenvalue 349 

An unusual feature of the present construction is that the potential depends on the frequency: 350 

𝐴𝐴𝑊𝑊𝑊𝑊 = −𝛽𝛽/2𝜔𝜔 and 𝜙𝜙𝑊𝑊 = −𝛼𝛼𝛽𝛽2/4𝜔𝜔2 both contain 𝜔𝜔, while the energy is 𝐸𝐸 = 𝛼𝛼𝜔𝜔2/𝑐𝑐𝑔𝑔2. The 351 

Hamiltonian is therefore a function of its own eigenvalue, 𝐻𝐻 = 𝐻𝐻(𝐸𝐸), and the eigenvalue 352 

problem is implicit rather than linear. This is the sharpest disanalogy with the electromagnetic 353 

Landau problem, in which 𝐻𝐻 is independent of 𝐸𝐸. 354 

Far from being a defect, this is the feature that produces the most characteristic property of 355 

the tropical wave spectrum. Multiplying (8) by 𝜔𝜔 gives 356 

 𝜔𝜔3

𝑐𝑐𝑔𝑔2
− 𝜔𝜔 �𝑘𝑘2 + (2𝑛𝑛+1)𝛽𝛽

𝑐𝑐𝑔𝑔
� − 𝛽𝛽𝛽𝛽 = 0, (27) 357 

a cubic with three roots for each 𝑛𝑛: two of high frequency, corresponding to eastward- and 358 

westward-propagating inertia–gravity waves, and one of low frequency, corresponding to the 359 

westward-propagating Rossby wave. Had 𝐴𝐴𝑊𝑊𝑊𝑊 been independent of 𝜔𝜔—that is, had the vector 360 

potential not depended on the particle’s own energy—the term 𝛽𝛽𝛽𝛽/𝜔𝜔 would be absent, (8) would 361 

be quadratic in 𝜔𝜔, and only the two gravity wave branches would survive. In this representation, 362 

the Rossby wave exists precisely because the particle moves in a field that depends on its own 363 

energy. The usual care must be taken with the case 𝑛𝑛 = 0, for which one of the three roots is 364 

spurious (Matsuno 1966). 365 
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It would be natural to read this as indicating that the four-vector potential is a self-366 

consistent field, determined together with the state of the particle rather than imposed from 367 

outside. That reading is not correct: the frequency enters through the elimination of 𝑢𝑢 and 𝛷𝛷 by 368 

which (6) was obtained, and Paper II shows that the parent Lagrangian contains no reference to 369 

𝜔𝜔 at all. The self-referential character of 𝐻𝐻 is the price of reducing three coupled fields to one. 370 

7. The Yanai wave as the lowest Landau level 371 

The particle picture is at its most informative for the gravest meridional mode, 𝑛𝑛 = 0, whose 372 

solution is the mixed Rossby–gravity or Yanai wave (Matsuno 1966; Yanai and Maruyama 373 

1966). Because the field 𝐁𝐁𝑊𝑊 of (18) is uniform, the lowest level can be identified without solving 374 

(6) in full. Measuring latitude in units of the magnetic length, 𝜂𝜂 = (𝑦𝑦 − 𝑦𝑦0)/ℓ𝐵𝐵, and writing 𝐸𝐸� =375 

ℓ𝐵𝐵2�𝜔𝜔2/𝑐𝑐𝑔𝑔2 − 𝑘𝑘2 − 𝛽𝛽𝛽𝛽/𝜔𝜔�, the structure equation (6) becomes 376 

 𝑑𝑑2𝑣𝑣
𝑑𝑑𝜂𝜂2

+ �𝐸𝐸� − 𝜂𝜂2�𝑣𝑣 = 0. (28) 377 

Multiplying (28) by 𝑣𝑣, integrating over all latitudes, and integrating the derivative term by parts 378 

with 𝑣𝑣 → 0 as |𝜂𝜂| → ∞ gives 𝐸𝐸�∫ 𝑣𝑣2 𝑑𝑑𝑑𝑑 = ∫ [(𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑)2 + 𝜂𝜂2𝑣𝑣2]𝑑𝑑𝑑𝑑. Because ∫ 2𝜂𝜂𝜂𝜂 (𝑑𝑑𝑑𝑑/379 

𝑑𝑑𝑑𝑑) 𝑑𝑑𝑑𝑑 = −∫ 𝑣𝑣2 𝑑𝑑𝑑𝑑, the right-hand side can be written as a perfect square plus a remainder, so 380 

that 381 

 𝐸𝐸� = 1 +
∫ �𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑+𝜂𝜂𝜂𝜂�

2∞
−∞ 𝑑𝑑𝑑𝑑

∫ 𝑣𝑣2∞
−∞  𝑑𝑑𝑑𝑑

≥ 1. (29) 382 

The two contributions to 𝐸𝐸� are the meridional kinetic energy of the gyration, which comes from 383 

the curvature of 𝑣𝑣, and its potential energy in the parabolic well, which comes from the Coriolis 384 

term. Confining the wave closer to the equator lowers the second but raises the first, so their sum 385 

has a positive minimum. That minimum, 𝐸𝐸� = 1, is reached only when the squared term in (29) 386 

vanishes, that is, when 𝑣𝑣 satisfies the first-order equation 387 

 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝛽𝛽(𝑦𝑦−𝑦𝑦0)
𝑐𝑐𝑔𝑔

𝑣𝑣 = 0  ⇒  𝑣𝑣 ∝ exp �− 𝛽𝛽(𝑦𝑦−𝑦𝑦0)2

2𝑐𝑐𝑔𝑔
�, 388 

which reproduces (7) at 𝑛𝑛 = 0, and 𝐸𝐸� = 1 is exactly the right-hand side of (8) with 𝑛𝑛 = 0. The 389 

integration by parts used here is the same manipulation of a cross term that, in Paper II, generates 390 

the 𝛽𝛽𝛽𝛽/𝜔𝜔 term of the structure equation. Three consequences follow. 391 
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First, the Yanai wave is the cyclotron ground state. Its meridional structure is a nodeless 392 

Gaussian whose width is exactly the analogue magnetic length of (26), and its contribution 393 

𝛽𝛽/𝑐𝑐𝑔𝑔 = ℓ𝐵𝐵−2 to the dispersion relation is the smallest value allowed by (29): pure zero-point 394 

energy of the gyration, with no excitation of the cyclotron motion at all. The higher modes are 395 

the same Gaussian multiplied by the Hermite polynomial 𝐻𝐻𝑛𝑛, which has 𝑛𝑛 zeros; each additional 396 

node raises 𝐸𝐸� by 2, that is, raises the frequency term by 2𝛽𝛽/𝑐𝑐𝑔𝑔, which is why 𝑛𝑛 counts nodes and 397 

the levels are equally spaced. That index cannot be altered by a gauge transformation: gauge 398 

transformations leave 𝐁𝐁𝑊𝑊, and hence the whole Landau spectrum, invariant, and since 𝛹𝛹∗𝛹𝛹 is 399 

gauge invariant, so is the nodal structure of 𝑣𝑣. Moving from one meridional mode to another 400 

requires changing the meridional structure itself, by adding or removing nodes, which no gauge 401 

transformation can do. 402 

Second, the symmetry of the mode follows immediately. With 𝐻𝐻0 = 1, the meridional 403 

velocity 𝑣𝑣 is symmetric about 𝑦𝑦0, whereas 𝑢𝑢 and 𝛷𝛷, obtained from 𝑣𝑣 through a derivative and 404 

multiplication by 𝑓𝑓0 + 𝛽𝛽𝛽𝛽, are antisymmetric. The Yanai wave therefore has maximum cross-405 

equatorial flow precisely where the Coriolis parameter vanishes, with a node in geopotential and 406 

zonal wind there—the opposite symmetry to the Kelvin and 𝑛𝑛 = 1 Rossby modes. In the particle 407 

language, the guiding center of the lowest Landau orbit sits on the zero-𝑓𝑓 latitude, and the 408 

gyration is what carries fluid across it: the structural reason why the Yanai wave is the most 409 

effective equatorial mode for cross-equatorial momentum transport. 410 

Third, 𝑛𝑛 = 0 is the only level at which the Rossby and gravity branches do not separate. 411 

Setting 𝑛𝑛 = 0 in (27) and clearing denominators, the cubic factorizes as �𝜔𝜔 + 𝑘𝑘𝑐𝑐𝑔𝑔��𝜔𝜔2 −412 

𝑘𝑘𝑐𝑐𝑔𝑔𝜔𝜔 − 𝛽𝛽𝑐𝑐𝑔𝑔� = 0. The root 𝜔𝜔 = −𝑘𝑘𝑐𝑐𝑔𝑔 must be discarded: the reduction of the shallow water 413 

equations to (6) requires division by 𝑐𝑐𝑔𝑔2𝑘𝑘2 − 𝜔𝜔2, which vanishes there (Matsuno 1966). What 414 

survives is a quadratic, not a cubic, and, taking 𝜔𝜔 > 0, 415 

 𝜔𝜔 = 1
2
�𝑘𝑘𝑐𝑐𝑔𝑔 + �𝑘𝑘2𝑐𝑐𝑔𝑔2 + 4𝛽𝛽𝑐𝑐𝑔𝑔�

1/2
�, (30) 416 

a single continuous curve with 𝜔𝜔 → 𝑘𝑘𝑐𝑐𝑔𝑔 + 𝛽𝛽/𝑘𝑘 as 𝑘𝑘 → +∞ and 𝜔𝜔 → −𝛽𝛽/𝑘𝑘 as 𝑘𝑘 → −∞. The 417 

mode is thus inertia–gravity-like at the eastward end and Rossby-like at the westward end, which 418 

is the content of the name “mixed Rossby–gravity wave.” For every 𝑛𝑛 ≥ 1, the cubic does not 419 

factorize, the gravity branches retain a frequency floor, and a separate low-frequency Rossby 420 
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branch exists; only the lowest Landau level bridges the two regimes. In the particle picture, the 421 

reason is that the missing third root is the one associated with 𝑣𝑣 ≡ 0, and the lowest Landau level 422 

is the last state before that limit. 423 

These structural properties account for the prominence of the Yanai wave in observations. 424 

It was the first of Matsuno’s modes to be identified in the atmosphere, in equatorial lower-425 

stratospheric radiosonde data (Yanai and Maruyama 1966; Yanai et al. 1968), and its 426 

antisymmetric geopotential signature makes it separable as a distinct peak in wavenumber–427 

frequency spectra of satellite-observed convection (Wheeler and Kiladis 1999; Kiladis et 428 

al. 2009). Because it transports easterly momentum upward, it was assigned a central role, 429 

alongside the Kelvin wave, in the classical wave-driven theory of the quasi-biennial oscillation 430 

(Lindzen and Holton 1968; Holton and Lindzen 1972; Baldwin et al. 2001), although current 431 

assessments attribute the larger share of the momentum flux to a broad spectrum of smaller-scale 432 

gravity waves (Anstey et al. 2022). In the troposphere, its convectively coupled counterpart over 433 

the Pacific is associated with tropical-depression-type disturbances and thus with one recognized 434 

pathway to tropical cyclogenesis (Takayabu and Nitta 1993). 435 

8. Discussion 436 

a. Limitations of the correspondence 437 

Three qualifications should be stated plainly. First, the correspondence is a mathematical identity 438 

between two eigenvalue problems, not a claim that a material particle exists. What has been 439 

established is that the shallow water wave field of a given zonal wavenumber and meridional 440 

mode number can be labeled by, and computed from, a single particle state, the labels behaving 441 

exactly as the quantum numbers of a charged particle in a uniform magnetic field; the economy 442 

claimed is an economy of description. 443 

Second, the units of the particle problem are those of the wave problem, not those of 444 

quantum mechanics: the particle’s “momentum” is a wavenumber, its “energy” a frequency, and 445 

its “mass” is fixed by 𝛼𝛼, whose value is a matter of normalization (appendix A). No dimensional 446 

bridge to elementary particle physics is intended or implied. 447 

The third qualification is more interesting, because it can be stated precisely. The 448 

representation is built on the structure equation for 𝑣𝑣 and therefore does not describe modes for 449 

which 𝑣𝑣 ≡ 0. The Kelvin wave is the important case. The reduction of the shallow water 450 
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equations to (6) requires division by 𝑐𝑐𝑔𝑔2𝑘𝑘2 − 𝜔𝜔2, which vanishes identically on the Kelvin branch 451 

𝜔𝜔 = 𝑘𝑘𝑐𝑐𝑔𝑔; the mode is annihilated by the elimination of 𝑢𝑢 and 𝛷𝛷 before any of the present 452 

construction is applied. It is the second casualty of that division, the first being the spurious root 453 

𝜔𝜔 = −𝑘𝑘𝑐𝑐𝑔𝑔 discarded at 𝑛𝑛 = 0. In the particle language, the Kelvin wave is formally the state 454 

𝑛𝑛 = −1: substituting 𝑛𝑛 = −1 in (8) gives 𝜔𝜔 = 𝑘𝑘𝑐𝑐𝑔𝑔 identically. The sequence of Landau levels, 455 

however, terminates: by (29), no meridional structure can lower the gyration energy below its 456 

ground-state value, so there is no level below 𝑛𝑛 = 0. The Yanai wave is the gravest mode of (6) 457 

precisely because the state below it is the one with 𝑣𝑣 ≡ 0, which is the Kelvin wave itself and 458 

not a state of the particle at all. Suggestively, the lowest Landau structure is nevertheless present 459 

in the Kelvin mode: on an equatorial 𝛽𝛽-plane its zonal velocity is 𝑢𝑢 ∝ exp�−𝛽𝛽𝑦𝑦2/2𝑐𝑐𝑔𝑔�, the 460 

same Gaussian, of the same width ℓ𝐵𝐵, as the 𝑛𝑛 = 0 wave function of (7). The structure resides in 461 

𝑢𝑢 and 𝛷𝛷 rather than in 𝑣𝑣. A representation capturing both modes would therefore have to be built 462 

on a multicomponent wave function carrying (𝑢𝑢, 𝑣𝑣,𝛷𝛷) together, rather than on a scalar amplitude 463 

obtained by reducing to one of them. This is presumably why the topological treatment of 464 

Delplace et al. (2017), which never performs such a reduction, captures the Kelvin wave on the 465 

same footing as the Yanai wave, and it indicates that the limitation belongs to the present 466 

construction rather than to the condensed-matter analogy in general. 467 

b. Relation to operator and topological treatments 468 

The linearized shallow water equations need not be reduced to (6) at all: kept as a first-order, 469 

three-component Hermitian operator in latitude, they have been studied in detail, and that is the 470 

form in which the topological analysis of Delplace et al. (2017) is carried out. Faure (2023) 471 

solves the equatorial problem directly in that representation, using ladder operators acting on 472 

Hermite functions to generate the Kelvin, Yanai, and higher branches; Delplace (2022) embeds it 473 

in a family of spin-𝑆𝑆 Hamiltonians whose spectral flows are governed by Berry–Chern 474 

monopoles; Rossi and Tarantola (2024) interpret the Coriolis parameter explicitly as a Dirac 475 

mass and the equator as the interface between two topologically distinct regions; Tong (2023) 476 

obtains the shallow water equations from a gauge theory; and Tauber et al. (2019) establish a 477 

bulk–interface correspondence for the equatorial waveguide. A related dictionary, in which the 478 

Coriolis frequency plays the part of a plasma frequency or of a rest mass and the speed of long 479 

gravity waves that of the speed of light, has been given by Heifetz et al. (2021, 2022). The 480 
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relation between those descriptions and the present one is that the meridional structure equation, 481 

(6), is the product of two first-order operators, so that the Landau spectrum obtained here is a 482 

ladder in the square of the frequency rather than in the frequency itself; this will be developed 483 

elsewhere. 484 

c. Future directions 485 

Two directions seem worth pursuing. The first is a slowly varying medium, in which 𝛽𝛽, 𝑐𝑐𝑔𝑔, or 486 

the depth varies in space and the analogue magnetic field becomes nonuniform; the semiclassical 487 

machinery developed for electrons in inhomogeneous fields would then apply directly, and the 488 

drift of the guiding center would give a compact description of wave propagation through a 489 

varying basic state. The second is the incorporation of the Kelvin mode along the lines indicated 490 

in section 8a.  491 

9. Summary 492 

The linearized shallow water equations on a general 𝛽𝛽-plane have been reformulated as a 493 

quantum mechanical particle problem. The main results are as follows. 494 

1. The meridional structure equation is exactly the Schrödinger equation for a particle of 495 

unit charge minimally coupled to a four-vector potential whose analogue magnetic field 496 

is uniform and westward, and no ad hoc term is required. 497 

2. A representation based on a simple harmonic oscillator reproduces the structure equation 498 

only if a phase shift and a constant potential are inserted by hand. Both are explained by 499 

the four-vector representation: the phase shift is the gauge function 𝜒𝜒1 = (𝛽𝛽/2𝜔𝜔)𝑥𝑥 that 500 

removes the constant part of 𝐴𝐴𝑊𝑊𝑊𝑊, and the constant potential is the scalar potential. 501 

3. The zonal wavenumber is the canonical momentum, the gauge-invariant kinematic 502 

momentum is 𝜋𝜋𝑥𝑥 = 𝑘𝑘 + 𝛽𝛽/2𝜔𝜔, and the 𝛽𝛽𝛽𝛽/𝜔𝜔 term of the dispersion relation is the cross 503 

term generated when the energy is expressed through the canonical rather than the 504 

kinematic momentum. The two versions of the vector potential are the same physical 505 

system in two gauges, related by 𝜒𝜒2 = −𝑓𝑓0𝑧𝑧/𝑐𝑐𝑔𝑔. 506 

4. The Matsuno dispersion relation is the Landau spectrum of the constructed Hamiltonian, 507 

the Hermite index is the Landau level index, the equatorial radius of deformation is the 508 

analogue magnetic length, and the meridional trapping of equatorial waves is cyclotron 509 

gyration. 510 
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5. Because the vector potential depends on the frequency, the eigenvalue problem is 511 

implicit, and that dependence is the origin of the Rossby branch. 512 

6. The Yanai wave is the lowest Landau level, the state of minimum gyration energy, which 513 

satisfies a first-order equation; its mixed Rossby–gravity character follows from the 514 

factorization of the 𝑛𝑛 = 0 cubic, which occurs for no other meridional mode. 515 

7. The constant 𝛼𝛼 cancels identically from the dispersion relation and is therefore not 516 

determined by the wave problem; it fixes only the map between wave frequency and 517 

particle energy. 518 
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APPENDIX A 527 

The role of the constant α 528 

Wang (1991) observed that the formulation goes through with 𝛼𝛼 = 1, remarked that the 529 

physical meaning of 𝛼𝛼 was at that time unclear, and suggested that it might prove to be an 530 

important characteristic number of the geophysical shallow water problem. The derivation given 531 

in section 6a settles the question. The constant 𝛼𝛼 cancels identically between the two sides of 532 

(25) and does not appear in (8), so the dispersion relation places no constraint on it whatever, and 533 

it is not a characteristic number of the wave problem in the sense anticipated. What it does fix is 534 

the relation between wave frequency and particle energy, 𝐸𝐸 = 𝛼𝛼𝜔𝜔2/𝑐𝑐𝑔𝑔2, and hence the rate at 535 

which the particle gyrates in real time; since it carries the dimensions of ℏ/𝑚𝑚, it can be given a 536 

numerical value only after a system of units has been chosen. One choice deserves mention. 537 

Written in the form 538 
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 1
2
𝜔𝜔2

𝑐𝑐𝑔𝑔2
= 1

2
�𝑘𝑘2 + 𝛽𝛽𝑘𝑘

𝜔𝜔
�+ �𝑛𝑛 + 1

2
� 𝛽𝛽
𝑐𝑐𝑔𝑔

, (A1) 539 

(8) matches (24) term by term: 1 2⁄ 𝜔𝜔2/𝑐𝑐𝑔𝑔2 corresponds to 𝐸𝐸, 1 2⁄ (𝑘𝑘2 + 𝛽𝛽𝛽𝛽/𝜔𝜔) to 540 

ℏ2𝑘𝑘∥2/2𝑚𝑚, and 𝛽𝛽/𝑐𝑐𝑔𝑔 to ℏ𝜔𝜔𝑐𝑐. This reading amounts to 𝛼𝛼 = 1/2, that is, 𝑚𝑚 = 1 in units 541 

with ℏ = 1—a convenient normalization, making the particle’s energy exactly half its 542 

squared kinematic momentum as for an ordinary free particle of unit mass, but a choice 543 

of units and not a requirement of the physics. 544 
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