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13 Abstract

14 Air quality forecasting is critical for mitigating the health impacts of fine particulate matter 

15 (PM2.5). This study introduces a hybrid deep learning model, the bidirectional enhanced quantile 

16 gated recurrent unit (BEQ-GRU), for short-term forecasting of PM2.5 concentrations with explicit 

17 emphasis on extreme pollution occurrences. This model was applied to forecast PM2.5 levels in 

18 two high-risk Sri Lankan cities, Colombo and Kandy, delivering 24-hour and 48-hour ahead 

19 forecasts. Unlike conventional point-estimation models that optimise for mean accuracy, the BEQ-

20 GRU targets the upper tail of the conditional distribution through an asymmetric quantile objective 

21 engineered to capture the heavy-tailed distribution of pollution exceedances.
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22 Beyond the architecture, this paper contributes a formal mathematical treatment of the method: (i) 

23 it is proved that the quantile loss function recovers the conditional quantile, and its 19:1 gradient 

24 asymmetry at τ = 0.95 is quantified; (ii) the “smoothing effect” of mean-optimal training is 

25 characterised through a peaks-over-threshold (POT) model, and it is proved that mean-trained 

26 detectors systematically miss an identifiable band of exceedances; and (iii) a decision-theoretic 

27 result (Theorem 1) is established, showing that thresholding a τ-quantile forecast is Bayes-optimal 

28 for cost-sensitive exceedance alarms, with the optimal level fixed by the public-health cost ratio 

29 as τ* = CFN/(CFN+CFP). This identity explains, rather than merely reports, the observed high-

30 sensitivity, zero-false-alarm regime.

31 Hourly data from October 2022 to December 2023 were analysed, incorporating meteorological 

32 variables and co-pollutant concentrations as predictors. Statistical, machine learning, and deep 

33 learning models were compared. Deep learning consistently outperformed conventional 

34 approaches, capturing more than 70% of 24-hour and 60% of 48-hour extreme spikes at both 

35 stations. The proposed BEQ-GRU achieved the best performance for Colombo, while a standard 

36 Bidirectional GRU was most effective for Kandy. The framework can be adapted, with minor 

37 modifications, for proactive air-quality management and public-health early warning.

38 Keywords: PM2.5 forecasting; deep learning; Gated Recurrent Unit (GRU); quantile regression; 

39 extreme pollution events; decision theory; early-warning systems.

40 1 Introduction

41 Ambient fine particulate matter (PM2.5) poses a serious threat to human health and ecosystems. 

42 Owing to their small size (≤2.5 µm), PM2.5 particles penetrate deep into the lungs and 

43 bloodstream, contributing to respiratory and cardiovascular disease. Globally, exposure to PM2.5 
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44 is estimated to cause approximately 4.2 million premature deaths annually [1]. In response, the 

45 WHO updated its Global Air Quality Guidelines, recommending an annual mean PM2.5 limit of 

46 5 µg/m3. These concerns have intensified interest in air-quality monitoring and forecasting.

47 In Sri Lanka, rapid urbanisation, vehicular traffic, and industrial activity have degraded air quality, 

48 particularly in Colombo, the capital city, and Kandy, which is situated in a low-lying valley 

49 surrounded by mountain ranges. The national annual average PM2.5 in 2022 was reported to be 

50 roughly 3.9 times the WHO guideline [2]. Major sources include vehicle exhaust, construction, 

51 and industrial emissions [3]. The associated health burden (asthma exacerbation, bronchitis, lung 

52 cancer, and cardiovascular disease) underscores the need for reliable short-term forecasting to 

53 support public-health protection [4].

54 Globally, advanced monitoring networks and predictive models, including machine-learning and 

55 deep-learning approaches, underpin operational early-warning systems. In contrast, forecasting 

56 capability in Sri Lanka remains limited: most local studies emphasise descriptive analysis of 

57 historical pollution rather than prediction [5], and few employ modern learning techniques under 

58 post-COVID emission and climatic conditions. Critically, no prior Sri Lankan study has explicitly 

59 targeted the forecasting of extreme PM2.5 occurrences, which carry the greatest health risk and 

60 most urgently require early warning.

61 Traditional models such as ARIMA capture trend and seasonality in univariate settings but 

62 underperform in multivariate systems and at longer horizons [12]. Machine-learning regressors 

63 (Random Forests, XGBoost) capture nonlinear relations [9] yet struggle with temporal 

64 dependence. Recurrent networks (LSTM and GRU) model sequential pollution data effectively 

65 [10], and bidirectional and attention-based variants further capture long-range dependencies [11]. 

66 Reviews of statistical and learning-based approaches to primary-pollutant forecasting survey this 
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67 progression in detail [8], and recent work has applied LSTM and encoder-decoder architectures to 

68 air-quality index prediction [6,7]. However, a deeper methodological problem persists: the 

69 “smoothing effect” of central-tendency optimisation.

70 Standard networks minimise Mean Squared Error (MSE) or Mean Absolute Error (MAE), which 

71 target the conditional mean and median respectively. On heavy-tailed atmospheric data this 

72 optimisation under-represents extreme variance, smoothing high-magnitude spikes and causing 

73 systematic failure to detect hazardous exceedances [10,16]. The few studies that prioritise 

74 extremes (e.g. [13–15]) generally do not exploit deep learning to do so.

75 To address this gap, a shift from point-mean regression to risk-sensitive extremal forecasting is 

76 proposed. Quantile objectives have been combined with recurrent forecasters before, notably in 

77 the multi-horizon quantile recurrent forecaster of Wen et al. [17], which issues multi-step quantile 

78 predictions for demand series. To the best of current knowledge, however, this is the first study to 

79 integrate an asymmetric quantile objective (τ = 0.95) within a bidirectional residual GRU 

80 specifically to capture the heavy-tailed distribution of PM2.5 exceedances, and the first to provide 

81 a decision-theoretic rule that fixes the quantile level from the public-health cost of a missed alarm. 

82 Concretely, the contributions are:

83 1.  A novel architecture, BEQ-GRU, combining bidirectional encoding, residual GRU blocks, 

84 and an asymmetric quantile objective for multi-step PM2.5 forecasting at T+24 and T+48.

85 2.  A complete mathematical formalisation of the model and a proof that the quantile loss 

86 function recovers the conditional 0.95-quantile, with an explicit characterisation of its gradient 

87 asymmetry.
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88 3.  A peaks-over-threshold justification of the smoothing effect and a proposition identifying 

89 the exact band of exceedances that mean-trained detectors miss but quantile detectors recover.

90 4.  A decision-theoretic theorem proving that thresholding the τ-quantile forecast is Bayes-

91 optimal for cost-sensitive exceedance alarms, fixing the optimal level as τ* = CFN/(CFN+CFP); 

92 this explains the empirically observed zero-false-alarm, high-sensitivity regime. Here CFN is 

93 the cost of a false negative (a missed exceedance, i.e. failing to issue an alarm when PM2.5 

94 exceeds the threshold) and CFP is the cost of a false positive (a false alarm issued when no 

95 exceedance occurs).

96 5.  A comprehensive empirical comparison across statistical, machine-learning, and deep-

97 learning models for Colombo and Kandy, with SHAP-based interpretation.

98 The next section of this article presents the methodology, and this section includes the 

99 mathematical justification of the proposed Bidirectional Enhanced Quantile GRU (BEQ-GRU) 

100 model. The final three sections provide results, discussion of the study followed by the 

101 conclusions.

102 2 Materials and Methods

103 2.1 Data Description

104 Two datasets were obtained from the Central Environmental Authority (CEA) of Sri Lanka, 

105 comprising hourly PM2.5 measurements from monitoring stations in Colombo and Kandy for the 

106 period from October 2022 to December 2023. PM2.5 is the target variable; predictors include 

107 ambient temperature, relative humidity, barometric pressure, solar radiation, rainfall, wind speed, 

108 wind direction, and concentrations of O₃, CO, NO₂, NOₓ, SO₂, and PM10. Each dataset spans 

109 roughly 15 months (≈10,000 hourly observations per station after preprocessing).
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110 2.2 Data Quality, Imputation, and Anomalies

111 Raw data contained missing values from sensor downtime and measurement anomalies. Variables 

112 with more than 60% missingness were excluded to avoid unreliable imputation [20], leaving 12 

113 predictors for Colombo and 14 for Kandy. Two imputation strategies were evaluated: Bidirectional 

114 Recurrent Imputation for Time Series (BRITS) [18] and Self-Attention Imputation for Time Series 

115 (SAITS) [19]. SAITS consistently outperformed BRITS and interpolation and was selected, 

116 yielding continuous gap-free hourly series. Post-imputation, implausible negative readings were 

117 set to zero following CEA guidance; extreme PM2.5 peaks were retained as genuine pollution 

118 events to preserve the heavy-tailed structure central to this study.

119 2.3 Problem Formalisation

120 Let xt ∈ ℝp denote the multivariate observation at hour t, stacking the response (PM2.5) and p−1 

121 predictors. For a current time T, the model consumes a look-back window of L = 504 hours (21 

122 days) and produces a forecast vector over horizon H ∈ {24, 48}:

123 𝑋𝑇 =  (𝑥𝑇―𝐿+1, …, 𝑥𝑇) ∈  ℝ𝐿×𝑝 (1)

124 ŷ𝑇 =  𝑓𝜃(𝑋𝑇) ∈  ℝ𝐻,     𝑦𝑇 =  (𝑦𝑇+1, …, 𝑦𝑇+𝐻) (2)

125 Crucially, no future ground truth enters XT; the map fθ : ℝL×p → ℝH is learned at each station to 

126 capture location-specific dynamics. The remainder of Section 2 specifies the competing 

127 instantiations of fθ and, for the proposed model, the objective that trains it.

128 2.4 Benchmark Models

129 2.4.1 Vector Autoregression (VAR)

130 A VAR model was selected as the linear multivariate baseline, with PM2.5 as one endogenous 

131 variable alongside selected predictors. Stationarity was assessed via the Augmented Dickey–Fuller 

This manuscript is a preprint and has not been peer reviewed. The copyright holder has made the manuscript available under a  Creative Commons Attribution 4.0 International
(CC BY) license and consented to have it forwarded to EarthArXiv for public posting.license EarthArXiv

http://creativecommons.org/licenses/by/4.0/
https://eartharxiv.org/


7

132 and seasonal unit-root tests [22]; non-stationary series were differenced and seasonally adjusted. 

133 Lag and predictor selection were based on Granger causality tests [21] and information criteria 

134 (Akaike Information Criterion, AIC, and Bayesian Information Criterion, BIC), with eigenvalue-

135 based stability checks. Diagnostics covered residual autocorrelation (Ljung–Box), 

136 heteroscedasticity (White), and normality (Jarque–Bera). Forecasts were reconstructed on the 

137 original scale by additive decomposition: an extrapolated linear trend, an empirical hour-of-day 

138 seasonal profile, and VAR-forecasted residuals.

139 2.4.2 Machine-Learning Models

140 Random Forest (RF) and Extreme Gradient Boosting (XGBoost) [24] captured nonlinear relations. 

141 Unlike VAR, these tree-based models do not assume stationarity; they were trained directly on the 

142 raw (non-differenced) hourly series, with lagged values as features allowing them to capture trend 

143 and seasonality nonlinearly. A sliding-window transformation produced supervised samples using 

144 504 hourly lags of all features, with outputs of the next 24 or 48 hourly PM2.5 values. Features 

145 were scaled with a robust (median/IQR) scaler; hyperparameters were tuned by grid search with 

146 cross-validation. Gini (RF) and gain (XGBoost) importance pruned the least informative predictors 

147 [23]; rainfall was consistently least informative and removed.

148 2.4.3 Recurrent Deep-Learning Baselines and Advanced Variants

149 Baseline LSTM and GRU networks used two stacked recurrent layers of 128 units, dropout (0.2), 

150 and a dense output layer, trained with Nadam, batch size 64, early stopping, and chronological 

151 80/10/10 splits. Advanced variants added Bidirectional LSTM/GRU and multi-head-attention 

152 augmentation (four heads, residual connections). All used MAE or log-cosh losses for robustness 

153 to heavy-tailed residuals. These models motivate, but do not yet implement, an objective that 

154 targets the tail directly: the role of the proposed BEQ-GRU.
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155 2.5 Proposed Bidirectional Enhanced Quantile GRU (BEQ-GRU)

156 The BEQ-GRU is designed around three requirements for extremal PM2.5 forecasting: (i) 

157 bidirectional temporal context to capture accumulation and dissipation phases of pollution 

158 episodes; (ii) gradient stability across a 504-step horizon via residual skip connections; and (iii) 

159 non-Gaussian error handling through an asymmetric quantile objective. Each component is 

160 specified as an explicit map.

161 2.5.1 GRU Cell

162 Each recurrent unit updates its hidden state ht ∈ ℝd through an update gate zt, a reset gate rt, and a 

163 candidate state, where σ is the logistic sigmoid and ⊙ the Hadamard product [25]:

164 𝑧𝑡 =  𝜎(𝑊𝑧𝑥𝑡 +  𝑈𝑧ℎ𝑡―1 +  𝑏𝑧) (3)

165 𝑟𝑡 =  𝜎(𝑊𝑟𝑥𝑡 +  𝑈𝑟ℎ𝑡―1 +  𝑏𝑟) (4)

166 ĥ𝑡 =  𝑡𝑎𝑛ℎ(𝑊ℎ𝑥𝑡 +  𝑈ℎ(𝑟𝑡 ⊙  ℎ𝑡―1) +  𝑏ℎ) (5)

167 ℎ𝑡 =  (1 ―  𝑧𝑡) ⊙  ℎ𝑡―1 +  𝑧𝑡 ⊙  ĥ𝑡 (6)

168 The gating preserves long-range information while remaining lighter than LSTM, reducing 

169 overfitting on the noisy environmental series. The parameters W∗, U∗, b∗ with ∗ ∈ {z, r, h} in Eqs 

170 (3)-(5) are layer-specific.

171 2.5.2 Bidirectional Encoding

172 Pollution occurrences evolve in both directions of accumulation and dissipation. The first layer 

173 therefore runs two GRUs over the window and concatenates their states [26]:

174 ℎ𝑓
𝑡  =  𝐺𝑅𝑈𝑓𝑤𝑑(𝑥𝑡, ℎ𝑓

𝑡―1),     ℎ𝑏
𝑡  =  𝐺𝑅𝑈𝑏𝑤𝑑(𝑥𝑡, ℎ𝑏

𝑡+1) (7)

175 ℎ𝑡 =  [ℎ𝑓
𝑡  ⊕  ℎ𝑏

𝑡 ] ∈  ℝ2𝑑 (8)
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176 Concatenation (⊕) yields a representation conditioned on the full window, so that the model can 

177 anticipate a spike from its leading indicators as well as recognise its decay.

178 2.5.3 Residual GRU Blocks

179 To stabilise gradients across the 504-step sequence, the encoder is stacked into Lb residual blocks. 

180 For block l, with hidden sequence ℋ(l−1) ∈ ℝL×2d from the previous block (script ℋ denotes the 

181 hidden-sequence tensor, distinguishing it from the forecast horizon H), following the residual-

182 connection and layer-normalisation formulation of He et al. and Ba et al. [27,28]:

183 𝑔(𝑙) =  𝐵𝑖𝐺𝑅𝑈(𝑙)(ℋ(𝑙―1)) (9)

184 ℋ(𝑙) =  𝐿𝑎𝑦𝑒𝑟𝑁𝑜𝑟𝑚(𝑊(𝑙)
𝑝 ℋ(𝑙―1) +  𝑔(𝑙)) (10)

185 The projection Wp(l) ∈ ℝ2d×2d is applied time-distributed, i.e. broadcast identically across all L 

186 time steps, so that Wp(l)ℋ(l−1) ∈ ℝL×2d; it matches dimensions when they differ and is the 

187 identity otherwise. The additive skip connection guarantees an uninterrupted gradient path, 

188 mitigating vanishing gradients over three weeks of hourly data; layer normalisation stabilises the 

189 scale of the summed signal.

190 2.5.4 Output Head and Composition

191 After Lb blocks, the terminal hidden state hT(Lb) ∈ ℝ2d is mapped linearly to the multi-step 

192 forecast by Wo ∈ ℝH×2d and bo ∈ ℝH:

193 ŷ𝑇 =  𝑊𝑜ℎ(𝐿𝑏)
𝑇  +  𝑏𝑜 ∈  ℝ𝐻,     𝐻 ∈  {24, 48} (11)

194 The full model is the composition fθ = head ∘ (residual blocks) ∘ (bidirectional encoder), trained 

195 end-to-end under the objective of Section 2.6. Hyperparameters (number of blocks, hidden units, 

196 dropout, learning rate) were tuned with Keras Tuner on the validation set; the final configuration 

197 is in Table 1.
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198 Table 1. Architectural hyperparameters and configuration of the proposed BEQ-GRU.

Parameter Configuration
Input window (look-back) 504 hours (21 days)
Recurrent layers Initial Bi-GRU (128 units) + multiple residual GRU blocks
Optimiser Nadam
Loss function Asymmetric quantile (check) loss, τ = 0.95
Regularisation Dropout (0.2) and early stopping
Batch size 64

199 2.6 The Asymmetric Quantile Objective

200 Standard losses estimate central tendency: MSE targets the conditional mean E[Y|X] and MAE the 

201 conditional median. The BEQ-GRU instead targets the conditional 0.95-quantile Q0.95[Y|X] via 

202 the quantile loss ρτ, the asymmetric piecewise-linear loss introduced by Koenker and Bassett [29]. 

203 For a residual u = y − ŷ and level τ ∈ (0,1), ρτ(u) denotes the loss incurred by that residual and is 

204 defined as:

205 𝜌𝜏(𝑢) =  𝑢(𝜏 ―  1{𝑢 <  0}) =  𝑚𝑎𝑥{𝜏𝑢, (𝜏 ―  1)𝑢} (12)

206 Proposition 1 (Quantile consistency). Assume the conditional distribution function FY|X is 

207 continuous and strictly increasing in a neighbourhood of its τ-quantile, and that E|Y| < ∞. 

208 Then for any X, the minimiser q* = argminq E[ρτ(Y − q) | X] satisfies FY|X(q*) = τ; that is, q* = 

209 Qτ(Y|X). The quantile loss function is therefore a consistent estimator of the conditional τ-quantile 

210 [29].

211 Proof. Let g(q) = E[ρτ(Y − q) | X]. Writing ρτ as τ(Y−q)1{Y≥q} + (τ−1)(Y−q)1{Y<q} and 

212 differentiating under the integral (valid almost everywhere, a.e., since the integrand is piecewise 

213 linear with bounded slope, being non-differentiable only at the single point q = Y) gives:

214 𝑔′(𝑞) =  ― 𝜏 𝑃(𝑌 >  𝑞 | 𝑋) +  (1 ― 𝜏) 𝑃(𝑌 <  𝑞 | 𝑋) =  𝐹𝑌|𝑋(𝑞) ―  𝜏 (13)

215 Since g″(q) = fY|X(q) ≥ 0, g is convex, so the stationary point is the global minimiser. Setting g′(q*) 

216 = 0 yields FY|X(q*) = τ, i.e. q* = Qτ(Y|X). ∎
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217 The sub-gradient of the loss with respect to the prediction makes the asymmetry explicit:

218
∂𝜌𝜏
∂ŷ  =  1{𝑦 <  ŷ} ―  𝜏,     𝑦 ≠  ŷ (14)

219 At τ = 0.95, under-forecasting (y > ŷ) incurs a gradient −τ = −0.95, whereas over-forecasting (y < 

220 ŷ) incurs only 1 − τ = 0.05, a 19:1 penalty ratio against missing a peak. This is the mathematical 

221 mechanism that forces the network to track the upper tail rather than the centre of the distribution. 

222 The loss is not differentiable at y = ŷ, where the sub-differential is the interval [−τ, 1 − τ]; sub-

223 gradient descent selects an element of this set, the standard treatment for piecewise-linear 

224 objectives. Over a training batch of N samples and horizon H, training minimises the empirical 

225 loss L(θ), where L denotes the quantile loss function (not a likelihood) and θ the network 

226 parameters:

227 𝐿(𝜃) =  1
𝑁𝐻∑𝑁

𝑖=1 ∑𝐻
ℎ=1 𝜌𝜏(𝑦𝑖,ℎ ―  ŷ𝑖,ℎ) (15)

228 2.7 Extreme-Value Justification of the Smoothing Effect

229 The failure of mean-optimal training on exceedances is formalised using the peaks-over-threshold 

230 (POT) model. By the Pickands–Balkema–de Haan theorem [30–32], for a high threshold u, the 

231 conditional excess Y − u | Y > u converges to a Generalised Pareto Distribution (GPD):

232 𝐺𝜉,𝛽(𝑒) =  1 ―  (1 +  𝜉𝑒/𝛽)―1/𝜉,     𝑒 ≥  0,  𝜉 ≠  0 (16)

233 The tail index ξ governs heaviness: ξ > 0 yields a heavy (fat) tail, exactly the regime of PM2.5 

234 exceedances. The high quantile and the mean excess have closed forms,

235 𝑄𝛼(𝑌) =  𝑢 +  
𝛽
𝜉[ ((1 ― 𝛼)/𝜁𝑢)―𝜉 ―  1 ],     𝐸[𝑌 ― 𝑢 | 𝑌 > 𝑢] =  

𝛽
1―𝜉 (17)
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236 with ζu = P(Y > u). The mean excess is finite only for ξ < 1 and diverges as ξ → 1⁻, while quantiles 

237 remain finite throughout. The conditional mean is thus an unstable and downward-biased summary 

238 of the tail: the analytic root of the smoothing effect. The practical consequence is sharp:

239 Proposition 2 (Missed-exceedance band). Let μ(X) = E[Y|X] and let FY|X be continuous and 

240 strictly increasing with positive skew so that μ(X) < Qτ(Y|X). For any regulatory threshold c with 

241 μ(X) < c < Qτ(Y|X), a mean-optimal detector ŷ = μ(X) raises no alarm, even though P(Y > c | X) > 

242 1 − τ > 0, whereas the τ-quantile detector ŷ = Qτ(Y|X) > c does. The mean detector therefore 

243 systematically misses every state in the band (μ(X), Qτ(Y|X)) that the quantile detector recovers; 

244 this is the practical consequence of the fact that the optimal point forecast is determined by the loss 

245 functional used to elicit it [33].

246 2.8 Decision-Theoretic Selection of the Quantile Level (Principal Contribution)

247 Propositions 1–2 establish that a τ-quantile forecast detects more exceedances than a mean 

248 forecast, but the central operational question of which quantile level τ to use is left open. This 

249 question is addressed by casting the early-warning decision as cost-sensitive Bayesian 

250 classification and proving that the optimal level is fixed by the public-health cost ratio.

251 Let c be the regulatory threshold (50 µg/m3 here), e = 1{Y > c} the true exceedance, and a ∈ {0,1} 

252 the alarm. Assign cost CFN to a missed exceedance (a = 0, e = 1), cost CFP to a false alarm (a =1, 

253 e = 0), and zero to correct decisions. Conditioning on X, the posterior expected costs of the two 

254 actions are:

255 𝐸[𝑐𝑜𝑠𝑡 | 𝑋, 𝑎 = 1] =  𝐶𝐹𝑃 · 𝐹𝑌|𝑋(𝑐) (18)

256 𝐸[𝑐𝑜𝑠𝑡 | 𝑋, 𝑎 = 0] =  𝐶𝐹𝑁 · (1 ―  𝐹𝑌|𝑋(𝑐)) (19)
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257 Theorem 1 (Cost-optimal quantile level for exceedance alarms). Under the loss above, and 

258 following the standard Bayes-risk minimisation argument for cost-sensitive decisions [34], the 

259 alarm minimising posterior expected cost is

260 𝑎∗(𝑋) =  1{ 𝑃(𝑌 >  𝑐 | 𝑋) >  𝐶𝐹𝑃/(𝐶𝐹𝑃 +  𝐶𝐹𝑁) } (20)

261 Equivalently, defining τ* = CFN/ (CFP + CFN), this rule is identical to thresholding the τ*-quantile 

262 forecast at c:

263 𝑎∗(𝑋) =  1{ 𝑄𝜏∗(𝑌 | 𝑋) >  𝑐 },     𝜏 ∗  =  𝐶𝐹𝑁
𝐶𝐹𝑃 + 𝐶𝐹𝑁 (21)

264 Hence, thresholding a calibrated τ*-quantile forecaster is Bayes-optimal for the early-warning 

265 decision, and the optimal quantile level is determined entirely by the cost ratio ρ = CFP/CFN, through 

266 τ* = 1/(1 + ρ). The result assumes the cost ratio ρ is fixed across the forecast horizon; where the 

267 consequences of a missed warning differ at 24 h and 48 h, τ* should be set separately for each 

268 horizon.

269 Proof. Alarming is optimal iff (18) ≤ (19), i.e. CFP·FY|X(c) ≤ CFN·(1−FY|X(c)). Rearranging, 

270 FY|X(c)·(CFP+CFN) ≤ CFN, so FY|X(c) ≤ CFN/(CFP+CFN) = τ*. Since F is non-decreasing, FY|X(c) ≤ τ* 

271 ⇔ c ≤ Qτ*(Y|X) ⇔ Qτ*(Y|X) > c (taking the boundary into the alarm region). This is exactly 

272 Equation (21); and P(Y>c|X) > CFP/(CFP+CFN) is the complementary form (20). ∎

273 Corollary 1 (Interpreting τ = 0.95). Choosing τ = 0.95 implies ρ = (1−τ)/τ = 0.0526, i.e. CFN/CFP 

274 = 19. BEQ-GRU’s objective therefore encodes a policy in which a missed hazardous exceedance 

275 is treated as 19 times costlier than a false alarm, a defensible public-health stance and a precise, 

276 auditable statement of the model’s risk preference.

277 Remark. Theorem 1 explains the empirical results of Section 3. τ* = 0.95 places the implicit 

278 decision boundary high in the conditional distribution, false alarms become rare (consistent with 
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279 the observed zero false positives) while sensitivity to genuine exceedances stays high. The 

280 architecture and the objective are thus not independent design choices: the quantile level is the 

281 tuning knob that translates a stated cost ratio into the detector’s operating point. To the best of 

282 current knowledge, this explicit link (selecting τ from the missed-alarm cost for PM2.5 early 

283 warning) has not previously been used in air-quality forecasting.

284 2.9 Evaluation Metrics

285 Point accuracy is assessed by Root Mean Squared Error (RMSE), Mean Absolute Error (MAE), 

286 and Mean Absolute Percentage Error (MAPE):

287 𝑅𝑀𝑆𝐸 =  1
𝑛

∑𝑛
𝑖=1 (𝑦ᵢ ―  ŷᵢ)2 (22)

288 𝑀𝐴𝐸 =  1𝑛∑𝑛
𝑖=1 |𝑦ᵢ ―  ŷᵢ|,     𝑀𝐴𝑃𝐸 =  1𝑛∑𝑛

𝑖=1 |(𝑦ᵢ ―  ŷᵢ)/𝑦ᵢ| (23)

289 Public-health relevance is assessed by exceedance detection at c = 50 µg/m3 [35]. From the 

290 confusion matrix of true/false positives and negatives,

291 𝐷𝑒𝑡𝑒𝑐𝑡𝑖𝑜𝑛 𝑅𝑎𝑡𝑒 (𝑆𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦) =  
𝑇𝑃

𝑇𝑃 + 𝐹𝑁,     𝑃𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛 =  
𝑇𝑃

𝑇𝑃 + 𝐹𝑃 (24)

292 Sensitivity is the operationally decisive metric for early warning, since a missed exceedance carries 

293 the cost CFN of Theorem 1.

294 2.10 Statistical analysis

295 All analyses were carried out in Python 3.11.9. Deep-learning models were implemented in 

296 TensorFlow 2.16.1 with Keras 3.3.3 and hyperparameters selected using Keras Tuner 1.4.7; tree-

297 based models used scikit-learn 1.5.2 and XGBoost 2.1.1; vector autoregression, unit-root testing 

298 and diagnostics used statsmodels 0.14.4; and SHAP values were computed with the shap package 

299 0.46.0.
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300 Hypothesis tests, including the Augmented Dickey-Fuller and KPSS unit-root tests, the Granger 

301 causality tests used for predictor selection, and the Ljung-Box, White and Jarque-Bera residual 

302 diagnostics, were evaluated at a significance level of alpha = 0.05; exact p-values are reported in 

303 S2 Table.

304 Missing observations, which affected a substantial fraction of the record at both stations, were 

305 imputed with SAITS as described in Section 2.2; no observations were deleted on the basis of 

306 missingness. Extreme values were retained rather than winsorised, since exceedances are the target 

307 of the analysis; consequently, no outlier-removal step was applied and no sensitivity analysis 

308 excluding outliers is reported. Predictors were scaled with a median/interquartile-range robust 

309 scaler fitted on the training partition only, so that no validation or test information entered the 

310 scaling.

311 Data were split chronologically into training, validation and test partitions in an 80/10/10 ratio, 

312 with no shuffling, so that all evaluation is out-of-sample and forward in time. Point accuracy is 

313 reported as RMSE, MAE and MAPE, and exceedance performance as detection rate (sensitivity) 

314 and precision against the 50 µg/m3 threshold, with the counts behind every rate given in the 

315 corresponding table.

316 3 Results

317 3.1 Data Overview and Exploratory Findings

318 Fig 1 shows daily average PM2.5 at both cities from October 2022 to December 2023. Colombo 

319 exhibits sustained elevated levels from November to January, coinciding with the Northeast 

320 monsoon and stagnant conditions; Kandy’s peaks are more episodic, with an isolated extreme 

321 spike in early 2023.

322 Figure 1. Daily average PM2.5 concentration, October 2022 to December 2023. (A) Colombo. (B) Kandy.

This manuscript is a preprint and has not been peer reviewed. The copyright holder has made the manuscript available under a  Creative Commons Attribution 4.0 International
(CC BY) license and consented to have it forwarded to EarthArXiv for public posting.license EarthArXiv

http://creativecommons.org/licenses/by/4.0/
https://eartharxiv.org/


16

323 Using a chronological 80/10/10 split, extreme events (>50 µg/m3) are consistently distributed 

324 across subsets (Table 2). Colombo shows a higher overall frequency (≈3.6%) than Kandy (≈2.5%), 

325 motivating the station-specific, extreme-focused architecture.

326 Table 2. Distribution of PM2.5 extreme events across data splits.

Station Split Total hours Extreme events (>50) Extreme (%)
Colombo Training (80%) 8,776 312 3.56%
Colombo Validation (10%) 1,096 39 3.56%
Colombo Testing (10%) 1,096 41 3.74%
Kandy Training (80%) 8,776 234 2.67%
Kandy Validation (10%) 1,096 26 2.37%
Kandy Testing (10%) 1,096 28 2.55%

327 3.2 Traditional Statistical Model (VAR)

328 Stationarity was confirmed via the Augmented Dickey–Fuller and seasonal unit-root tests 

329 described in Section 2.4.1; the resulting detrending and deseasonalisation ensured stationarity, but 

330 cointegration tests found no stable long-run relationships, and residuals showed heteroscedasticity 

331 and non-normality (relaxed for forecasting) [36]. The VAR produced relatively high errors (Table 

332 3, Fig 2), confirming the limited ability of linear models to capture nonlinear, highly variable 

333 pollution dynamics.

334 Table 3. VAR model performance.

Error measure Colombo 24 h Colombo 48 h Kandy 24 h Kandy 48 h
RMSE 11.20 11.32 5.10 5.31
MAE 9.36 9.39 4.20 4.81
MAPE 0.83 0.93 0.89 0.95

335 Fig 2. Observed and forecast PM2.5 concentration from the VAR model. (A) Colombo. (B) 

336 Kandy.

337 The 48-hour VAR forecast (red) visibly lags and smooths the actual series (blue) at both stations: 

338 it fails to track the sharp peaks near t≈10927 (Colombo) and t≈10951 (Kandy), instead tracing a 

339 damped, delayed version of the true trajectory. This is a direct visual instance of the mean-
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340 reversion behaviour formalised in Proposition 2 and Section 2.7: the linear model's forecasts 

341 regress toward the conditional mean and systematically under-predict exceedances.

342 3.3 Machine-Learning Models

343 After removing the least informative predictor (rainfall), Random Forest and XGBoost were 

344 trained on raw, non-differenced series since tree-based models do not require stationarity (refer to 

345 Section 2.4.2); both improved over VAR (Tables 4–5). For Colombo, RF reached a 24-hour RMSE 

346 of 10.74 µg/m3; for Kandy, XGBoost edged ahead at 4.37 µg/m3. Despite lower average errors, 

347 both struggled with extremes: RF captured under 10% of Colombo’s 24-hour exceedances and 

348 none at 48 hours; XGBoost reached roughly 61% (24 h) and 29% (48 h) at Colombo and 65%/55% 

349 at Kandy, a direct empirical instance of Proposition 2.

350 Table 4. Optimised Random Forest performance.

Error measure Colombo 24 h Colombo 48 h Kandy 24 h Kandy 48 h
RMSE (µg/m3) 10.74 12.03 4.49 5.03
MAE (µg/m3) 7.80 8.69 3.61 3.99
MAPE 0.76 0.89 0.85 0.91

351 Table 5. Optimised XGBoost performance.

Error measure Colombo 24 h Colombo 48 h Kandy 24 h Kandy 48 h
RMSE (µg/m3) 11.75 13.72 4.37 5.06
MAE (µg/m3) 8.48 9.92 3.38 3.96
MAPE 0.75 0.85 0.82 0.89

352 3.4 Deep-Learning Models

353 Baseline LSTM and GRU improved on the machine-learning regressors (Table 6). GRU 

354 marginally outperformed LSTM in both cities and horizons, likely owing to its simpler gating and 

355 lower overfitting risk; for Colombo it reached a 24-hour RMSE of 10.59 µg/m3, and for Kandy 

356 3.99 µg/m3. Still, baseline RNNs remained limited on extreme spikes.
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357 Table 6. Baseline LSTM and GRU performance.

Model and station RMSE 24 
h

RMSE 48 
h

MAE 24 h MAE 48 h MAPE 24 
h

MAPE 48 
h

LSTM (Colombo) 10.77 11.76 8.03 8.47 0.72 0.81
GRU (Colombo) 10.59 11.33 7.87 8.28 0.69 0.78
LSTM (Kandy) 4.43 4.94 3.57 3.86 0.78 0.85
GRU (Kandy) 3.99 4.81 3.17 3.74 0.75 0.81

358 Among advanced architectures (Table 7), the Bi-GRU was strongest overall: for Colombo it cut 

359 the 24-hour MAPE to 0.52 and RMSE to 10.49 µg/m3; for Kandy it achieved the lowest RMSE 

360 (3.89) and MAPE (0.56). Multi-head attention did not yield consistent gains, suggesting recurrent 

361 layers alone captured the dominant dependencies. Errors were uniformly lower at Kandy, 

362 reflecting its lower levels and fewer extremes, leaving Colombo’s frequent exceedances as the 

363 motivation for the BEQ-GRU.

364 Table 7. Advanced (bidirectional and attention-based) model performance.

Model and station RMSE 24 
h

RMSE 48 
h

MAE 24 h MAE 48 h MAPE 24 
h

MAPE 48 
h

Bi-LSTM (Colombo) 10.13 11.84 7.51 8.63 0.58 0.66
Bi-GRU (Colombo) 10.49 11.29 7.69 8.13 0.52 0.59
Bi-LSTM (Kandy) 4.12 4.56 3.25 3.56 0.61 0.73
Bi-GRU (Kandy) 3.89 4.44 3.07 3.41 0.56 0.71
MHA+Bi-LSTM (Col) 10.87 12.17 8.04 8.92 0.67 0.75
MHA+Bi-LSTM (Kan) 5.04 5.78 4.07 4.59 0.65 0.77
MHA+Bi-GRU (Col) 10.44 11.65 7.85 8.95 0.63 0.70
MHA+Bi-GRU (Kan) 4.68 5.19 3.73 4.11 0.63 0.75

365 3.5 Proposed BEQ-GRU

366 For Colombo, the BEQ-GRU achieved the best overall accuracy (24-hour RMSE 9.88 µg/m3, 

367 MAPE 0.48), surpassing the next-best Bi-GRU and Bi-LSTM at both horizons (Table 8). For 

368 Kandy, the standard Bi-GRU remained superior, consistent with its lower exceedance frequency 

369 and the suitability of mean-error training there, precisely the regime where Corollary 1’s 19:1 cost 

370 preference offers little marginal benefit.
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371 Table 8. Best models per station: BEQ-GRU (Colombo) and Bi-GRU (Kandy).

Station (model) RMSE 24 
h

RMSE 48 
h

MAE 24 h MAE 48 h MAPE 24 
h

MAPE 48 
h

Colombo (BEQ-GRU) 9.88 11.13 7.38 8.02 0.48 0.55
Kandy (Bi-GRU) 4.11 4.51 3.22 3.60 0.59 0.73

372 The decisive comparison is extreme-event detection (Table 9). While Simple GRU and XGBoost 

373 detect reasonably at 24 hours, their sensitivity collapses at 48 hours. The BEQ-GRU (Colombo, 

374 41 extreme events) and Bi-GRU (Kandy, 28 extreme events) sustain the highest sensitivity across 

375 both horizons, and, as Theorem 1 predicts for a high τ*, produce zero false positives.

376 Table 9. Extreme PM2.5 event detection (>50 µg/m3) across main models.

Station Model Horizon TP FN Detection (%)
Colombo (41) BEQ-GRU 24 h 30 11 73.17%
Colombo (41) BEQ-GRU 48 h 25 16 60.97%
Colombo (41) Simple GRU 24 h 25 16 60.98%
Colombo (41) Simple GRU 48 h 14 27 34.15%
Colombo (41) XGBoost 24 h 25 16 60.94%
Colombo (41) XGBoost 48 h 12 29 29.33%
Colombo (41) Random Forest 24 h 4 37 9.52%
Colombo (41) Random Forest 48 h 0 41 0.00%
Kandy (28) Bi-GRU 24 h 20 8 71.43%
Kandy (28) Bi-GRU 48 h 17 11 60.71%
Kandy (28) Simple GRU 24 h 17 11 60.71%
Kandy (28) XGBoost 24 h 18 10 65.35%
Kandy (28) Random Forest 24 h 15 13 54.93%

377 Confusion matrices for the top models (Tables 10–11) confirm zero false positives at both 

378 horizons, i.e. improved sensitivity without additional false alarms.

379 Table 10. Confusion matrix, BEQ-GRU (Colombo).

Actual \ Forecast 24 h BT 24 h OT 48 h BT 48 h OT
Below threshold (BT) 1015 0 1015 0
Over threshold (OT) 11 30 16 25

380 Table 11. Confusion matrix, Bi-GRU (Kandy).

Actual \ Forecast 24 h BT 24 h OT 48 h BT 48 h OT
Below threshold (BT) 1028 0 1028 0
Over threshold (OT) 8 20 11 17
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381 Fig 3. Observed and forecast PM2.5 concentration for Colombo from the BEQ-GRU. (A) 24 h 

382 ahead. (B) 48 h ahead. The dashed line marks the 50 µg/m3 regulatory threshold.

383 Fig 4. Observed and forecast PM2.5 concentration for Kandy from the bidirectional GRU. (A) 

384 24 h ahead. (B) 48 h ahead.

385 Across both stations, the deep-learning forecasts track exceedance timing far better than the VAR 

386 baseline in Fig 2. The Colombo BEQ-GRU (Fig 3) follows the sharp upward excursions above the 

387 50 µg/m3 threshold (dashed line) at both horizons, correctly flagging most crossings without 

388 triggering a false alarm when the actual series stays below the line; the 48-hour panel shows some 

389 flattening of peak magnitude relative to 24 hours, consistent with the lower 48-hour detection rate 

390 in Table 9 (60.97% versus 73.17%). The Kandy Bi-GRU (Fig 4) shows the same pattern at a lower 

391 exceedance frequency: it tracks the actual series closely at 24 hours (71.43% detection, Table 9) 

392 with some peak attenuation at 48 hours (60.71% detection), and the confusion matrix in Table 11 

393 confirms zero false positives at either horizon. In both cases, the model tracks the timing of 

394 exceedance onsets rather than reverting to the mean the way VAR does.

395 3.6 Explainability (SHAP)

396 SHAP [37,38] analysis via the Gradient Explainer interprets the best models at both horizons. 

397 Across stations, past PM2.5 was the dominant predictor of future values. Co-pollutants (especially 

398 PM10 and NO₂) outranked meteorological variables: at Kandy, PM10 and NO₂ were the top 

399 contributors; at Colombo, PM10 and NO also showed strong influence, reinforcing the role of 

400 pollutant interdependence in near-term air quality.

401 Fig 5. SHAP feature importance for Colombo. (A) 24 h ahead. (B) 48 h ahead.

402 Fig 6. SHAP feature importance for Kandy. (A) 24 h ahead. (B) 48 h ahead.
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403 4 Discussion

404 The advanced deep-learning models (BEQ-GRU and Bi-GRU) delivered strong overall accuracy 

405 and, more importantly, the ability to forecast extreme episodes. Relative to ARIMA-type methods 

406 [12], they integrate multivariate meteorological and pollutant inputs and handle the nonlinear, 

407 stochastic behaviour of tropical atmospheric chemistry without Gaussian assumptions.

408 A unifying explanation runs through the paper's theory (Propositions 1–2, Section 2.7; Theorem 1 

409 and Corollary 1, Section 2.8). Most standard regressors are conditional-mean estimators; by 

410 Proposition 2, they sit below the regulatory threshold for an identifiable band of states and miss 

411 those exceedances. The BEQ-GRU instead estimates the conditional 0.95-quantile (Proposition 1), 

412 and by Theorem 1, thresholding that quantile is the Bayes-optimal alarm under a 19:1 missed-to-

413 false-alarm cost (Corollary 1). The smoothing failure of RF and XGBoost on Colombo’s extremes, 

414 and the high-sensitivity / zero-false-alarm behaviour of the quantile models, are therefore 

415 predicted, not merely observed.

416 Feature importance was informative: past PM2.5 was the most influential predictor (consistent 

417 with [5,39]), followed by PM10, NO₂, and CO, with meteorology secondary. Wrapper-style 

418 pruning reduced dimensionality and overfitting [40]. Unlike many global studies where 

419 meteorology dominates, pollutant interdependence drove short-term PM2.5 here, suggesting that 

420 investment in co-pollutant sensors may yield greater short-range forecasting benefit than complex 

421 meteorological modelling in similar tropical monsoon climates.

422 Methodologically, the principal contribution is the explicit bridge between the training objective 

423 and the operational decision: the quantile level τ is not a hyperparameter to be tuned blindly but a 

424 policy parameter set by the cost of a missed warning. This reframes extreme-event forecasting as 
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425 risk-sensitive decision-making and offers a transferable recipe for other hazards with asymmetric 

426 consequences.

427 5 Conclusion

428 Deep-learning models outperformed both statistical (VAR) and machine-learning (RF, XGBoost) 

429 approaches for short-term PM2.5 forecasting in Sri Lanka. The proposed BEQ-GRU was best for 

430 Colombo’s frequent, intense extremes, while the standard Bi-GRU sufficed for Kandy’s sparser 

431 events. Beyond empirical gains, the paper supplies a mathematical foundation: a consistency proof 

432 for the quantile objective, an extreme-value account of the smoothing effect, and a decision-

433 theoretic theorem fixing the optimal quantile level from the public-health cost ratio. SHAP analysis 

434 identified past PM2.5, PM10, and gaseous pollutants as the dominant drivers. Together, these 

435 results support operational, risk-sensitive early-warning systems for hazardous pollution.

436 6 Limitations and Future Work

437 The ≈15-month record limits learning of interannual variability, and substantial missingness 

438 introduced uncertainty despite deep-learning imputation. Spatial coverage was confined to 

439 Colombo and Kandy, constraining generalisation. Future work should extend the temporal range; 

440 add predictors such as traffic intensity, industrial activity, and monsoon dynamics; incorporate 

441 transboundary pollution (notably from southern India); and estimate the cost ratio ρ empirically so 

442 that τ* can be calibrated to local health-economic data rather than fixed a priori.
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