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SUMMARY5

High-resolution anisotropic seismic images of the upper mantle provide fundamental con-

straints on mantle plume dynamics and mantle deformation. Seismic tomography has come

far by using travel-time and waveform (phase) information but has exploited amplitude in-

formation only to a limited extent. Here, we calculate adjoint sensitivity kernels to assess

the value of incorporating amplitude information and to identify the elastic parameters that10

most effectively characterise mantle plumes in the uppermost mantle. We first compute strain-

induced mineral fabrics and the resulting full elastic tensor in a realistic 3D mantle plume

setting. Then, full-waveform computations are carried out within this medium to obtain ker-

nels for fundamental-mode Rayleigh- and Love-wave amplitude (and phase) measurements for

all the 21 elastic parameters controlling seismic anisotropy. Finally, we explore the sensitiv-15

ity of combined observables, such as Rayleigh-wave cross-component phase-delay differences

and horizontal/vertical amplitude ratios (i.e., Rayleigh wave ellipticity). Our gallery of phase
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and amplitude surface-wave adjoint kernels reveals strong and complex sensitivity of these

measurements to shear-wave radial anisotropy and to second- and fourth-degree azimuthal

anisotropy parameters. We further show that amplitude measurements are highly sensitive to20

the same elastic tensor components as phase measurements, but with distinct spatial sensi-

tivity patterns that complement phase measurements and strengthen constraints in anisotropic

tomography inversions. We find that our combined observables maximize sensitivity beneath

and near receivers, highlighting their potential for constraining mantle flow in settings with

sparse or logistically challenging instrumentation, such as in oceanic domains.25

Key words: Anisotropy – Mantle Plumes – Amplitude kernels – Adjoint method.

1 INTRODUCTION

Earth’s upper mantle lies at the critical interface between the deeper convective system and surface

tectonic and volcanic processes, ultimately controlling thermal and chemical exchanges that im-

pact Earth’s habitability (Foley & Driscoll 2016). Surface-wave seismic tomography is a key tool30

to constrain the upper mantle’s thermochemical structure. Indeed, surface waves, when used either

alone or combined with body waves, have been instrumental in mapping the upper mantle (Wood-

house & Dziewonski 1984; Montagner & Tanimoto 1991; Heintz et al. 2005; Sebai et al. 2006;

Ritsema et al. 2011; Lekić & Romanowicz 2011; Chang et al. 2015), often illuminating the litho-

sphere and asthenosphere, as well as mid-ocean ridges, and sub-hotspot mantle plume dynamics35

(Ye et al. 2022; Debayle & Kennett 2000; Dunn & Forsyth 2003; Mathar et al. 2006; Laske et al.

2011; Gung et al. 2003; Debayle et al. 2016). Surface waves are sensitive to seismic anisotropy

in the upper mantle (e.g., Chang et al. 2014), which arises primarily from crystallographic pre-

ferred orientations within mineral fabrics (Karato et al. 2008). Because these fabrics can record

the direction and geometry of mantle deformation associated with convective flow, surface-wave40

anisotropic seismic tomography provides a key diagnostic of upper-mantle geodynamics. How-

ever, several challenges remain with surface wave imaging.

One challenge is that sub-optimal data-coverage limits the resolution and reliability of to-

mographic images (e.g., Chang et al. 2014; Fichtner et al. 2024). While complementary multi-

Page 2 of 63Geophysical Journal International

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



Geophys. J. Int.: Surface-wave sensitivity to anisotropy in a mantle plume model 3

frequency measurements can be used to mitigate this issue (Ye et al. 2022; Chang et al. 2014),45

the use of simplified secondary measurements, such as travel times and phase and group veloci-

ties, remains widespread (Bozdağ et al. 2011; Chang et al. 2014). While these quantities provide

valuable constraints, they distill complex seismic waveforms into a small number of summary pa-

rameters, leaving much of the information contained in the full waveforms—including amplitude

variations—unexploited (Lekić & Romanowicz 2011; Bozdağ et al. 2011; Fichtner et al. 2008,50

2024). Amplitude measurements are a key missing link because they are sensitive to both attenua-

tion and small-scale lateral variations in elastic structure (Romanowicz 1987; Zhou 2009; Dalton

& Ekström 2006; Selby & Woodhouse 2000). While the effects of isotropic elastic anomalies on

amplitudes is well understood (e.g., Romanowicz 1987; Dalton et al. 2014), the sensitivity of sur-

face wave amplitudes to both radial and azimuthal anisotropy has yet to be systematically studied.55

Another challenge is that approximations in the theoretical frameworks that support inversions

are still widely used (Chang et al. 2014). In particular, ray theory is commonly used to derive

surface-wave sensitivity kernels for computational efficiency, but is not accurate to sub-wavelength

structure (Zhou et al. 2005, 2006). More sophisticated approximations can capture diffraction and

mode-coupling effects stemming from the finite frequency nature of the wavefield (both in 2D and60

3D: see, e.g., Li & Romanowicz 1995; Dahlen et al. 2000; Zhou et al. 2004). However, these

approximations become computationally costly when adapted to a three-dimensional reference

model (Zhou et al. 2006) and break down in a strongly laterally heterogeneous medium, such

as in the crust (Chang et al. 2014; Fichtner et al. 2024; Zhou et al. 2006). More recently, the

development of the adjoint method in the context of passive seismology has allowed waveform65

inversions that honour both small-scale heterogeneities and finite-frequency effects, leading to the

first-generation of regional and global adjoint waveform tomographic models (e.g., Thrastarson

et al. 2024; Bozdağ et al. 2016; Zhu et al. 2012).

A final issue is that a mitigation to ill-posed inverse problems is often to limit the number

and variety of physical parameters considered (e.g., Del Piccolo et al. 2024; Chang et al. 2014;70

Fichtner et al. 2024), such as for example ignoring the effects of anisotropy. Several approaches

have been proposed to discard parameters based on predicted sensitivities, or to design optimal
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observables that reduce inter-parameter tradeoffs (e.g., Sieminski et al. 2009; Bernauer et al.

2014). However, waveform amplitudes are typically not considered in such analyses.

To progress beyond these challenges and demonstrate the value added by amplitude data, in75

this study we calculate finite-frequency, surface-wave amplitude kernels using the adjoint method

for all the twenty-one coefficients of the elastic tensor, using a 3D, fully anisotropic seismo-

geodynamic model of a realistic mantle plume setting. This provides a key physics-driven test

to advance future seismic imaging studies of the multi-scale anisotropic structure of mantle up-

wellings. The aim of this paper is to investigate whether and how surface wave amplitudes are80

sensitive to variations in anisotropy, and whether they provide complementary or contrasting in-

formation to phase information. We also show examples of how to combine observables in order

to localize sensitivity in space, thus reducing inter-parameter tradeoffs.

2 THEORETICAL BACKGROUND

2.1 Asymptotic Theory of Anisotropy85

To provide a framework for interpreting our results, we first briefly present a ray-theory formu-

lation of seismic anisotropy. According to asymptotic theory, the effect of weak anisotropy can

be modelled by adding a small anisotropic perturbation to the elastic tensor of an isotropic, lat-

erally homogeneous Earth model (Smith & Dahlen 1973; Larson et al. 1998). In such a weakly

anisotropic, spherical medium, the phase velocity variation ωc/c (relative to the isotropic case) for90

surface waves can be expressed as the Fourier series (Larson et al. 1998):

ωc/c =
∑

n=0,2,4

ancos(nε) + bnsin(nε) (1)

where the local azimuth ε is measured anti-clockwise from the south. The coefficients an, bn are

depth-integrals of the surface wave, isotropic radial eigenfunctions, weighted by different asymp-

totic parameters (depending on whether the surface wave considered is a Love or Rayleigh wave)95

(Smith & Dahlen 1973; Larson et al. 1998; Chen & Tromp 2007). These asymptotic parameters

can be expressed as linear combinations of the components of the elastic tensor Cijkl (see Table

A1). For Rayleigh waves, propagation in a weakly anisotropic medium is governed by thirteen
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Love Parameters

A V
2
Ph

ω

C V
2
Pv

ω

N V
2
Sh

ω

L V
2
Sv
ω

F ε(V 2
Ph

→ V
2
Sv
)ω

Table 1. Love parameters describing radial anisotropy expressed in terms of wave speeds and density. The

parameter F is often expressed in terms of ε, a non-dimensional quantity affecting the propagation of Ph

and Sv waves with oblique incidence angles, and controlling the dispersion of Rayleigh waves (Anderson

1965; Dziewonski & Anderson 1981; Song & Kawakatsu 2012).

elastic parameters. Five of these parameters govern radial anisotropy (i.e., for n = 0) and corre-

spond to the Love parameters A, C, N, L and F (Smith & Dahlen 1973; Love 1911): for example,100

A is proportional to the velocity V
2
Ph

of a horizontally polarized compressional wave. Similar re-

lations for all five Love parameters are summarised in Table 1. The eight remaining parameters

affect Rayleigh wave azimuthal anisotropy in degree n = 2 (Bc,s, Hc,s, Gc,s), and in n = 4 (Ec,s).

The subscripts c, s are related to even and odd azimuthal dependence: the coefficients an and bn

in Equation 1 depend on asymptotic parameters with subscripts c and s, respectively. For Love105

waves, only six parameters are needed: two for radial anisotropy (N and L) and four for azimuthal

anisotropy (Gc,s and Ec,s, for n = 2 and n = 4, respectively). The azimuthal dependence imparted

to phase speeds by these parameters is summarised in Table 2.

For body waves, phase velocity corrections due to weak anisotropic perturbations can be ex-

Degree n Parameter(s) Anisotropy Wave

0 A, C, L, N, F Radial Surface/body

1 J, K, M Azimuthal Body

2 B, H, G Azimuthal Surface/body

3 D Azimuthal Body

4 E Azimuthal Surface/body

Table 2. Summary of asymptotic parameters, with their effect on azimuthal dependence (n = 0 implies

only radial anisotropy). The subscripts c and s (indicating the even/oddness of the azimuthal dependence,

respectively) are omitted for conciseness.
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pressed as a Fourier series similar to Equation 1, but involving odd-degree terms as well (Chen &110

Tromp 2007): for n = 1 and n = 3, azimuthal anisotropy is described using the elastic parameters

Jc,s, Kc,s, Mc,s and Dc,s, respectively. For example, for horizontally polarized P waves (Chen &

Tromp 2007):

ωc/c =
1

2c2
(A+Bccos2ε →Bssin2ε + Eccos4ε → Essin4ε)ϑ

→1 (2)

We note that, in general, anisotropic effects for body waves also depend on ray incidence angles.115

In this study, kernels are computed with respect to variations in Cijkl components. These ker-

nels are re-combined, so that sensitivities can be more readily understood with respect to the

anisotropy parameters introduced above using the linear combinations of Table A1.

2.2 Adjoint Kernels

We compute the sensitivity of seismic observables to variations in the elastic tensor using the120

adjoint method. The method relies on the simultaneous propagation of the forward and adjoint

wavefields to evaluate the Fréchet derivatives with respect to perturbations in the background

model. These derivatives, or sensitivity kernels, quantify the response of a given measurement

to perturbations in density ϑ and in the elastic tensor Cijkl (e.g., Tromp et al. 2005).

Upon imposing such a perturbation, a generic measurement (or observable) d changes, to the125

first order, by the quantity (Sieminski et al. 2007):

ωd =

∫
T

0

ωsi(xr, t)gi(xr, t)dt (3)

where t is the time from 0 to T , ωsi is the perturbation on the i→th component of the displacement

field recorded at the receiver location x = xr (no summation over i is implied in the above).

The adjoint source time function gi takes a different form depending on the specific observable130

considered (Dahlen & Baig 2002; Tromp et al. 2005):

gi(xr, t) = w(t)
1

Na

si(xr, t) for relative amplitude variations and (4)

gi(xr, t) = w(t)
1

Nω

ϖtsi(xr, t) for phase delays, (5)

where w(t) is a time-domain window and
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Na =

∫
T

0

w(t)s2
i
(xr, t)dt (6)135

Nω =

∫
T

0

w(t)si(xr, t)ϖ
2
t
si(xr, t)dt (7)

are normalization constants. The adjoint source time-functions above imply that phase delays and

relative amplitude variations are measured via cross-correlation and ratios between root mean

squares, respectively (Dahlen et al. 2000). The wavefield perturbation can be obtained using the

Born approximation (e.g., Dahlen et al. 2000; Hung et al. 2000; Tromp et al. 2005):140

ωsi(x, t) = →
∫

t

0

∫

!

[
Gij(x,x

↑; t→ t
↑)ωϑ(x↑)ϖ2

t→sj(x
↑
, t

↑) +

+ϖx→
k
Gij(x,x

↑; t→ t
↑)ωCjklm(x

↑)ϖx→
l
sm(x

↑
, t

↑)
]
d
3x↑

dt
↑ (8)

where ! is the total volume of the medium and G is the Green’s tensor between the two pairs of

points in space x and x↑, and time t and t
↑ (Einstein’s convention for repeating indices is used).

Because of the Green’s tensor reciprocity, Gij(x,x↑; t→t
↑) = Gji(x↑

,x; t→t
↑) and ϖx→

k
Gij(x,x↑; t→

t
↑) = ϖxj

Gki(x↑
,x; t→ t

↑) (Sieminski et al. 2007). Further, by applying the time-reversal t ↑ T → t

and substituting ωsi in Equation 3, ωd becomes:145

ωd = →
∫

T

0

∫

!

[
ωϑ(x↑)

∫
T→t

0

ϖ
2
t→sj(x

↑
, t

↑)Gji(x
↑
,xr, T → t→ t

↑)gi(xr, T → t)dt↑ +

ωCjklm(x
↑)

∫
T→t

0

ϖx→
l
sm(x

↑
, t

↑)ϖxj
Gki(x

↑
,xr, T → t→ t

↑)gi(xr, T → t)dt↑
]
dtd

3x↑ (9)

Here, the time-reversed adjoint wavefield can be recognized:

s
†
k
(x↑

, T → t
↑) =

∫
T→t

→

0

∫

!

Gki(x
↑
,x;T → t

↑ → t)f †
i
(x, t)dtd3x (10)

where the wavefield s
†
k

is excited by the adjoint source (Tromp et al. 2005; Liu & Tromp 2008):

f
†
i
(x, t) = gi(xr, T → t)ω(x→ xr) , (11)

and ω is the Dirac’s distribution. Using the adjoint wavefield in Equation 10, Equation 9 can be150

rewritten as:

ωd =

∫

!

[
Kε(x)ωϑ+KCijkl

(x)ωCijkl

]
d
3x , (12)

where, after introducing the regular and adjoint strain tensors ϱ and ϱ
† (Tromp et al. 2005):

Kε(x) = →
∫

T

0

s
†
i
(x, T → t)ϖ2

t
si(x, t)dt (13)

Page 7 of 63 Geophysical Journal International

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



8 M. Desiderio, A. M. G. Ferreira, S. P. Hicks, M. Faccenda, F. Rappisi, A. Manjón-Cabeza Córdoba, M. D. Ballmer

and155

KCijkl
= →

∫
T

0

ϱ
†
ij
(x, T → t)ϱkl(x, t)dt (14)

are the sensitivity kernels with respect to absolute (or linear) variations in ϑ and Cijkl (kernels with

respect to relative variations are not well defined, see Sieminski et al. 2007).

In this study, these kernels are computed by solving numerically for s and s† using the spectral

element code SPECFEM3D GLOBE (Komatitsch 2010; Tromp et al. 2008). To avoid prohibitive160

data storage requirements (encountered if both s(x, t) and s†(x, t) are saved on disk), the compu-

tation is divided into two steps (e.g., Liu & Tromp 2008):

(i) solve for s and store s(t = T ), ϖts(t = T )

(ii) propagate s(T→t), with the ’initial’ conditions saved above, jointly with s† forward in time.

For regional simulations with absorbing boundary conditions, step (i) also requires saving the165

wavefield absorbed at the boundaries at t = T (Liu & Tromp 2008). If anelasticity is taken into

account, solving for s backward in time also requires to amplify the wavefield in order to reverse

attenuation, leading to numerical instability: to overcome this, intermediate wavefield snapshots

are stored during step (i), at regular intervals. The checkpoints thus saved are used for the ampli-

tude correction during the back-propagation of s in step (ii) (Komatitsch et al. 2016).170

2.3 Background Earth Model

The adjoint method is well-suited for computing sensitivities in a 3D background model (e.g.,

Liu & Tromp 2008). In this study, we adopt synthetic {ϑ, Cijkl} fields derived from a geodynamic

model of a realistic mantle plume setting in the upper-mantle using calculations of strain-induced

development of mineral fabrics (Manjón-Cabeza Córdoba & Ballmer 2022; Kaminski et al. 2004;175

Faccenda et al. 2024). For more details beyond those presented in this section, see Appendix A

and Manjón-Cabeza Córdoba & Ballmer (2022).

Conservation of mass, momentum and energy equations are solved with the finite-element

code CitcomCU (Moresi & Solomatov 1995). The equations are solved in the extended Boussinesq

approximation (Christensen & Yuen 1985), although an adiabatic temperature gradient is imposed180
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Figure 1. Non-dimensional temperature (top row) and viscosity fields (bottom row) of the input geodynamic

plume model, at steady-state, shown along different cross sections. The dotted lines in panels a-b, d-e

indicate the depth at which the constant-depth slice of panels c, f is taken (z = 100 km). The dot-dashed,

and dashed lines in panels c, f indicate the latitude and longitude at which the slices of panel pairs a-b and

d-e are taken, respectively.

(Manjón-Cabeza Córdoba & Ballmer 2022). The computational domain spans 2640↓ 1980↓ 660

km, along the Cartesian axes {x, y, z} corresponding to longitude, latitude and depth, respectively,

and the reference viscosity is 8.29 ↓ 1018 Pa s. As a boundary condition, a constant velocity

vplate = 2 cm yr→1 towards positive y is imposed at the upper boundary, to model plate motion.

Initial conditions include a relatively sharp transition between oceanic and continental litosphere185

(at x = 1320 km). This is modelled via a linear temperature gradient over 264 km (in the x

direction) between initial thermal ages of 40 and 100 Ma, respectively (see Fig. 1a, d). The plume

is obtained by imposing an initial smooth thermal anomaly of 200↓C at the lower boundary, at

a horizontal distance of 200 km from the continental edge (the buoyancy flux is kept constant at

200 kg s→1). At model onset, edge-driven convection (EDC) develops almost immediately, due to190

the presence of the continental edge. A plume develops from the bottom thermal anomaly, and

is deflected ocean-ward by interaction with EDC. When it reaches the base of the lithosphere, it

flattens into a pancake (see Fig. 1a), which is then dragged towards positive y by imposed plate

motion (see Fig. 1b, c). Stable small-scale convection also develops in time, with Richter rolls

alignment parallel to vplate (see Fig. 1c). The model is run until statistical steady-state is achieved.195

Development of mineral fabric from strain-induced Crystallographic Preferred Orientation

(CPO) is computed using the D-REX M version of the ECOMAN suite (Kaminski et al. 2004;

Faccenda et al. 2024). Upper mantle and mantle transition zone crystal aggregates are regularly

Page 9 of 63 Geophysical Journal International

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



10 M. Desiderio, A. M. G. Ferreira, S. P. Hicks, M. Faccenda, F. Rappisi, A. Manjón-Cabeza Córdoba, M. D. Ballmer

Figure 2. Radial anisotropy in the input model represented by the ϑ parameter. To clarify the plume geom-

etry, black and white contour lines indicate the 0.2% and 0.4% negative density anomaly, respectively. The

dotted line in panels a, b marks the depth at which the slice of panel c is taken. The dashed and dot-dashed

lines in panel c indicate the longitude and latitude at which the slices of panels a and b are taken, respec-

tively.

distributed throughout the computational domain, but fabric evolution is computed only for upper

mantle aggregates present to a maximum depth z = 400 km. Each Lagrangian tracer– representing200

multi-crystal, olivine-enstatite mineral aggregates (in 70:30 %vol proportions) with random start-

ing orientation– tracks upper mantle fabric development in response to the geodynamic model’s

time-dependent strain field, and assuming dislocation creep entirely accommodates upper mantle

deformation. Fabrics are randomised across the olivine-spinel phase transition. D-REX was run us-

ing standard model parameters (Boneh et al. 2015), yielding Type-A olivine fabrics with medium205

strength. The final snapshot of the elastic tensor Cijkl(x) is computed based on a Voigt-Reuss-Hill

mean among the crystals, with additional corrections for local pressure/temperature conditions,

using thermodynamic look-up tables for a pyrolitic mantle composition (Chust et al. 2017).

Fig. 2 shows radial anisotropy in terms of the ratio ς = (VSh/VSv)2 = N/L, where N, L

are computed using the Cijkl(x) components obtained from the calculations described above. We210

observe that ς < 1 corresponds to vertical flow (see, e.g., the plume stem and the Richter rolls),

while ς > 1 is associated with horizontal flow (see, e.g., plume pancake), consistent with the

assumption of an A-type mineral fabric for the aggregate (Karato et al. 2008; Chang et al. 2014).

Similarly, Fig. 3 shows the azimuthal anisotropy computed from the Cijkl(x) using asymptotic

theory. As expected, degree-4 perturbations to Rayleigh-wave phase-velocity are negligible com-215
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Figure 3. Azimuthal anisotropy for fundamental-mode Rayleigh and Love waves for period T = 50 s. Col-

ors indicate phase velocity, while markers represent directions and strength of phase-velocity perturbations

due to degree 2 and 4 azimuthal anisotropy, as labelled on the plot and legend.

pared to degree-2 variations, and vice-versa for Love waves (Smith & Dahlen 1973; Montagner &

Nataf 1986; Chen & Tromp 2007).

2.4 Model Setup

The Cijkl(x) obtained above is converted from a formulation in Cartesian coordinates to one ap-

propriate for a geographical reference frame. The model is placed within the finite-element mesh220

between 25↓E→49↓E, 15↓S→3↓N, with the plume pancake oriented towards the South (see Fig. 4),

via linear interpolation (a modified version of the SPECFEM3D GLOBE internal mesher is used,
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(a)
-1.00 -0.50 0.00 0.50 1.00

(b)
-0.8 -0.4 0.0 0.4 0.8

(c)
0.90 0.95 1.00 1.05 1.10

Figure 4. Examples of input model properties (Vs, ω anomaly and radial anisotropy) within the

SPECFEM3D GLOBE mesh. The density anomaly is calculated with respect to the horizontal average

at each depth. The two perpendicular cross-sections shown are aligned to the S-N and E-W directions, and

intersect at the plume position (approximately 3↓S, 35↓E). The vertical black bar length is 400 km. The

purple and orange bars point towards west and south, respectively, and are both 2 degrees long.

see Rappisi et al. 2026). Outside of the geodynamic model boundaries, the 3D structure is replaced

by a 1D profile corresponding to the horizontal average of the model itself, with a smooth transi-

tion between the two. Below 400 km, the isotropic PREM model is used (Dziewonski & Anderson225

1981).

The computational domain has a total size of 90↓ and 80↓ along longitude and latitude, respec-

tively. Absorbing boundaries are used. Wavefield calculations are accurate down to a minimum

period T = 30 s (see Sect. B). Gravity, rotation, ellipticity (as well as oceans and topography) are

neglected in our simulations, whereas attenuation is incorporated using three standard linear solids230

(Komatitsch et al. 2016). The receiver is located west of the plume stem, at coordinates 2.86↓S,

30↓E, to mirror a reasonable scenario in which the location of the plume is only approximately

known (and, thus, the receiver is not directly placed above the plume). For Rayleigh and Love

wave calculations, we use epicentral distances 35↓ and 50↓, respectively, in order to avoid contam-

ination from other phases in the surface-wave time-window considered. Source mechanisms are235
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pure strike-slip, with the strike oriented such that maximum energy radiates towards the receiver.

A schematic view of the computational setup is reproduced in Fig. A2.

Adjoint source time functions obtained using Equations 4, 5 are shown in Fig. A1, along with

the displacement in different period bands. The source time functions are calculated and windowed

after the original seismograms are band-pass filtered (which also eliminates numerical noise, Ko-240

matitsch & Tromp 2002). The period band used in the following is [40, 60] s, and additional com-

putations in the bands [60, 80] s, [80, 120] s are shown in the supplementary materials. For any

single component selected for the computation, the other two remaining components of f† (Eq. 11)

are set to zero. After the kernels are calculated for each elastic constant, they are recombined and

presented in terms of asymptotic parameters based on the definitions in Table A1.245

3 RESULTS

Here, we present the results of our finite-frequency, adjoint amplitude kernels for the 21 elastic

constants, and computed using the 3-D fully anisotropic seismo-geodynamic model presented in

Section 2.3. In addition to single model parameter kernels, we also present examples of combined

kernels depicting enhanced sensitivity near the receiver. Surface wave phase kernels are collected250

in the supplementary material (Figs. S7–S15). All kernels are with respect to absolute (or linear)

variations in the elastic constants.

3.1 Kernels for Rayleigh wave amplitude measurements

3.1.1 Radial anisotropy parameters

Figs. 5 and S1 show sensitivities of Rayleigh wave fundamental-mode amplitude (measured on255

the vertical and radial components, respectively) to variations in the radial anisotropy parameters

(Love 1911). Panels a-e, show non-zero sensitivity for all Love parameters and strong sensitivity

to A ↔ V
2
Ph

, particularly in the crust (i.e., for z ↗ 25 km) and to L ↔ V
2
Sv

at greater depths in the

upper mantle (for z ↘ 80 km). Non-negligible sensitivity is obtained for F as well, at z ↘ 80 km.

Due to the effect of geometrical spreading, the strongest sensitivity is obtained close to the source260

and the receiver (Zhou et al. 2004). For L and F , a region of high sensitivity extends as deep as the
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Figure 5. Amplitude kernels of radial anisotropy parameters for fundamental-mode Rayleigh wave mea-

surements made on the vertical component Z, in units GPa→1m→3. The period band for this computation

is [40, 60] s. The dotted lines in panels a-e indicate the depth (↘ 80 km) at which the slices in panels f-j

are taken. The dot-dashed lines in the f-j panels indicate the latitude at which the sections in panels a-e are

shown, corresponding to the source-receiver plane. The source and receiver are marked with a star and a

triangle, respectively. The maximum depth shown in the sections is 400 km, and the plume is outlined by

contouring the density anomaly at -0.1%.

plume head, but, as depth increases from 80 to 200 km, kernels decay by ↘ 2 orders of magnitude.

For all other parameters, sensitivity is even more closely focused near the receiver. In all cases,

kernel magnitude decreases with depth such that sensitivity to the plume stem is low.

All the kernels (except for N ) are characterized by an elliptical shape along the great circle265

path, with a pattern of successive Fresnel zones alternating constructive-destructive interference

from the centre (see the depth slices of Figs. 5, S1f-j). These kernels are also characterised by

lateral oscillatory fringes further away from the great circle path (i.e., at distances greater than ↘ 5

Page 14 of 63Geophysical Journal International

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



Geophys. J. Int.: Surface-wave sensitivity to anisotropy in a mantle plume model 15

degrees). Lateral fringes are particularly strong in the N kernel, while no internal ellipse is present

(see Fig. 5i). For measurements in the Z component, these fringes appear close to the source.270

Conversely, in the radial component E, they appear close to both the source and receiver (see,

e.g, Fig. S1i). Overall, at the chosen depth z = 80 km, amplitude measurements for fundamental

mode Rayleigh waves are mostly sensitive to L, F and, more weakly, to C, with higher values

concentrated within the first Fresnel zone. High values are obtained for N as well, but only within

the lateral fringes far off the great circle path.275

3.1.2 Azimuthal anisotropy parameters

Figs. 6 and S2 show the sensitivity of Rayleigh-wave amplitude (vertical and radial component,

respectively) to the parameters Bc,s, Hc,s, Gc,s (linked to degree 2 variations of ray azimuth ε)

and Ec,s (degree 4). In the source-receiver plane, strong kernels are obtained for Bc, Hc, Gc and

Ec, but not for Bs, Hs, Gs and Es (see Fig. 6a-d and e-h, respectively). In particular, Bc, Hc, Ec280

kernels are especially strong in the crust. For Gc, instead, no sensitivity is obtained in the crust.

Further, Hc and Gc exhibit a significant sensitivity peak at z = 80 km. Accordingly, only for

these two parameters, somewhat high sensitivity is obtained close to the plume head (this depth-

dependence is consistent with Sieminski et al. 2007). Moreover, at z = 80 km, the patterns of Bc,

Ec and Hs, Es kernels are dominated by lateral fringes near the source, on the vertical component285

(see Fig. 6i-l). For radial component measurements, kernels exhibit additional fringes close to the

receiver (Fig. S2i-l). Instead, only Hc and Gc exhibit a full ellipse extending along the great circle

path. In particular, Hc presents both a main ellipse and lateral fringes (Fig. 6i-l). Finally, we note

that Bs, Hs, Gs and Es kernels are asymmetric with respect to the source-receiver plane (see

Figs. 6m-p and S2m-p).290

Figs. 7, S3 show sensitivities for the odd-degree azimuthal anisotropy parameters Jc,s, Kc,s, Mc,s

(↘ ε) and Dc,s (↘ 3ε). For Jc, Kc, Mc and Dc, null sensitivity is obtained in the source-receiver

plane (Figs. 7a-h, S3a-h. For the other parameters, sensitivities are weak, with some exceptions.

For example, relatively strong sensitivities are obtained for Js, but are confined in the crust. For

Ms and Ds, Rayleigh-wave amplitude measurements are mostly sensitive to areas within a ↘ 300295
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Figure 6. Amplitude kernels of even-degree azimuthal anisotropy parameters for fundamental-mode

Rayleigh wave measurements made on the vertical component Z. All other details as in Fig. 5.

km radius around the source and/or receiver. For Ks, sensitivity extends up to 10↓ away from the

source and receiver, and up to z = 150 km. Thus only for Ks high sensitivity is obtained within

the plume head. At z = 80 km, none of these parameters exhibits a full ellipse along the great

circle path, and most instead present strong oscillatory fringes (see Figs. 7i-p, S3i-p). Conversely,
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Figure 7. Amplitude kernels of odd-degree azimuthal anisotropy parameters for fundamental-mode

Rayleigh wave measurements made on the vertical component Z. All other details as in Fig. 5.

Jc,s kernels are characterized by weak fringes. Finally, we once again note that kernel patterns are300

asymmetrical for the parameters with subscript c (e.g., Fig. 7i-l).
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3.2 Kernels for Love wave amplitude measurements

As shown in Fig. 8, fundamental mode, Love-wave amplitude measurements are especially sensi-

tive to N , both in the source-receiver plane and far away from the direct ray path. At z = 80 km, for

example, sensitivity is concentrated within the first and second Fresnel zones (i.e., between ±5↓N305

of the source-receiver mid-point). Conversely, sensitivity to variations in L is low and confined

within a ↘ 200 km radius from the receiver. Among even-degree azimuthal anisotropy parame-

ters, strong and weak sensitivities are obtained for Ec and Gc, respectively (for z < 80 km). As

for odd-degree parameters, Love-wave measurements have a low sensitivity to Mc,s and Dc,s, for

z < 80 km. Overall, near the plume head, Love-wave amplitude measurements are thus only sen-310

sitive to variations in N and Ec structure. For all the remaining radial and azimuthal anisotropy

parameters, sensitivity is virtually null (see Figs. S4 - S6).

4 DISCUSSION

In this study, we presented—for the first time, to our knowledge—adjoint finite-frequency sensi-

tivity kernels of fundamental-mode surface-wave amplitudes with respect to all 21 independent315

elastic constants, which control radial and azimuthal seismic anisotropy. Therefore, to validate our

calculations, we compare our kernels to known results from ray and finite-frequency theory.

4.1 Comparison with asymptotic theory

Asymptotic theory describes surface wave sensitivites within the source-receiver plane (i.e., near

the direct ray path, see, e.g., Sieminski et al. 2007). Fundamental-mode Rayleigh waves can be320

represented as a superposition of P and Sv evanescent waves. Consequently, their sensitivity is

particularly strong to the elastic parameters A ↔ V
2
Ph

, L ↔ V
2
Sv

and F (Fig. 5a-e), which governs

the propagation of P and Sv waves with non-zero incidence angle (e.g., Sieminski et al. 2007;

Song & Kawakatsu 2012; Dziewonski & Anderson 1981). Love waves are instead sensitive to

N ↔ V
2
Sh

(Fig. 8a).325

For Rayleigh waves (Fig. 6), strong kernels are also obtained for Bc, Hc and Gc, as their

propagation is controlled by degree-two parameters (Montagner & Nataf 1986; Chen & Tromp
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Figure 8. Amplitude kernels of selected parameters for fundamental-mode Love wave measurements made

on the North component N, in units GPa→1m→3 (Additional parameters are shown in the supplementary

material). The dotted lines in panels a-e indicate the depth (↘ 80 km) at which the slices in panels f-j are

taken. The dot-dashed lines in the f-j panels indicate the latitude at which the sections in panels a-e are

shown, corresponding to the source-receiver plane. The maximum depth shown in the sections is 400 km,

and the plume is outlined by contouring the density anomaly at -0.1%.

2007). The high sensitivity at shallow depths to Bc and Ec is also consistent with their effect on

horizontally polarized P waves (Sieminski et al. 2007; Chen & Tromp 2007). Love wave propaga-

tion depends on the degree-four parameter Ec, instead (Chen & Tromp 2007; Montagner & Nataf330

1986; Rappisi et al. 2024): see Fig. 8d.

The parameters Jc,s, Kc,s, Mc,s (↘ ε) and Dc,s (↘ 3ε) control only body wave propagation
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(Chen & Tromp 2007, e.g,). Thus, low sensitivity is obtained in the source-receiver plane for all

surface-wave measurements (see Figs. 7, S3 and S6). Love waves are slightly more sensitive to Ms

and Ds, since these parameters affect the polarization of S waves and S-wave splitting (Sieminski335

et al. 2007; Chen & Tromp 2007).

For all surface waves, null sensitivity is obtained for Bs, Hs, Gs and Es in the source-receiver

plane (see, e.g., Figs. 6, S5 and S2) consistent with Eq. 1, given our source-receiver geometry.

Similarly, for Jc, Kc, Mc and Dc, sensitivity is null (see Chen & Tromp 2007).

4.2 Finite-frequency effects340

Sensitivities far from the great circle path are not predicted by asymptotic theory, and are due in-

stead to finite-frequency effects (e.g., Sieminski et al. 2007). Namely, self-coupling of the surface-

wave fundamental mode is responsible for the elliptical shape of the kernels along the great circle

path: see, e.g., Figs.5j, S1j, for Rayleigh-wave self-coupling, and Fig. 8g) for Love-wave self-

coupling (Zhou et al. 2011, 2004).345

Oscillatory fringes in the kernels further away from the great-circle path are instead due to

Love-Rayleigh coupling (Zhou et al. 2004, 2011; Sieminski et al. 2007). Namely, Rayleigh-wave

measurements on the vertical (Z) component are sensitive to Love-to-Rayleigh scattering. This

manifests as two bands of fringes originating from the source and at ↘ 45↓ angles with respect to

the great circle path (see, e.g., Fig. 5h). The geometry of these bands stems from the chosen source350

mechanism, whose radiation pattern for Love waves has maxima at those angles (see Fig. A2).

Secondly, scattered Rayleigh waves cannot reach the receiver within the designated time-window

if the perturbations that cause them are imposed at wider angles and/or larger distances from the

source. Conversely, Rayleigh-wave measurements on the radial (E) component are also sensitive

to Rayleigh-to-Love scattering (given the receiver polarization). This type of coupling manifests355

as two additional bands originating from the receiver at ↘ 45↓ angles (see, e.g., Fig. S1h). Their

placement stems from the chosen radiation pattern for Rayleigh waves, with a maximum towards

the receiver. Also, only Love waves scattered relatively near the receiver and at ↘ 45↓ angles can
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reach it within the designated time-window (the raypaths for Love-to-Rayleigh and Rayleigh-to-

Love scattering are reciprocal).360

For Rayleigh-wave measurements, most of the kernels exhibit both self- and Love-Rayleigh

coupling effects (see, e.g., Fig. 6j), while others are entirely characterized by the latter (see, e.g.,

Figs. 5h and 6i, l and ). In particular, since the propagation of Rayleigh waves should not strongly

depend on VSh (e.g, Chen & Tromp 2007), their sensitivity to N can be only accounted for by

this kind of coupling. Similarly, Mc,s and Dc,s control S-wave polarization angles in the plane365

orthogonal to the ray path (Chen & Tromp 2007), affecting Rayleigh-wave measurements mainly

via Love-Rayleigh scattering (see Sieminski et al. 2007).

Finally, the strength and sign of these coupling effects depend on the scattering angle (Zhou

et al. 2004; Zhou & Greenhalgh 2011). Thus, several azimuthal anisotropy kernels are asymmetric

(see, e.g., Figs. 6m-p and 7m-p). For a symmetric source radiation pattern, as considered here, this370

asymmetry in the amplitude (and phase) kernels is uniquely associated with azimuthal anisotropy

(Sieminski et al. 2007).

4.3 Comparison with phase kernels

We find that surface-wave amplitude measurements are strongly sensitive to perturbations in the

same anisotropic elastic structure that governs phase measurements (see Figs. S7–S15), reflecting375

the role of these structural variations in focusing and defocusing the seismic wavefield (e.g., Dunn

& Forsyth 2003; Dalton & Ekström 2006; Selby & Woodhouse 2000). Importantly, Fig. 9 shows

that the spatial patterns of amplitude and phase kernels are ’staggered’ relative to each other (Zhou

et al. 2011; Dahlen & Baig 2002), implying that these observables are sensitive to complementary

Earth structure information. Namely, sensitivities of amplitude measurements are more narrowly380

focused along the great circle path than for phase measurements. Moreover, the kernels for the

two measurement types are shifted in space by roughly a quarter of a wavelength either side from

the centre (see, e.g., Fig. 9b). Amplitude and phase measurements have instead a similar pattern

of depth sensitivity, aside from for the different order of magnitude (see, e.g., Fig. 9a). Indeed,

the main difference between amplitude and phase kernels is in the adjoint source time-functions,385

Page 21 of 63 Geophysical Journal International

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



22 M. Desiderio, A. M. G. Ferreira, S. P. Hicks, M. Faccenda, F. Rappisi, A. Manjón-Cabeza Córdoba, M. D. Ballmer

which differ by a φ/2 phase from each other (see Equations 4, 5). From a theoretical perspec-

tive, Born theory provides a natural connection between phase and amplitude sensitivities: in the

frequency domain, the corresponding kernels can be expressed as the imaginary and real parts,

respectively, of relative perturbations in the displacement field (Zhou et al. 2004). Our finding

that surface-wave amplitudes are strongly sensitive to the same anisotropic parameters as phase390

measurements is therefore consistent with this fundamental relationship, while demonstrating its

implications for sensitivity to the full anisotropic elastic structure.

4.4 Amplitude measurements and anisotropic tomography

An important implication of the results presented above is that amplitude measurements are sen-

sitive to anisotropy and, in tandem with phase measurements, may be used to enhance data cov-395

erage by maximizing the amount of information extracted from seismic data (Lekić & Romanow-

icz 2011; Bozdağ et al. 2011; Fichtner et al. 2024). Indeed, since amplitude measurements are

strongly sensitive to small-scale variations in elastic properties, valuable (but generally neglected)

information is encoded in the waveform amplitude (Ferreira & Woodhouse 2007; Romanowicz

1987; Dalton & Ekström 2006; Selby & Woodhouse 2000). For instance, ray-based inversions400

of isotropic phase velocity maps have been performed with amplitude data (alone or together

with phase measurements, Selby & Woodhouse 2000; Dalton & Ekström 2006). Critically, ray

theory predicts that surface-wave amplitudes depend on the second transverse derivative of phase-

velocity variations (e.g., Romanowicz 1987; Woodhouse & Wong 1986; Dalton & Ekström 2006):

as shown in this and previous studies, finite-frequency theory instead predicts strong sensitivities405

up to ↘ 700 kms away from the ray (see, e.g. Fig. 5). Future efforts should rigorously test these

effects on anisotropic inversions. Enhancing data coverage through the addition of complementary

observables is one of the most promising directions for improving the resolution of tomographic

images, particularly in anisotropic tomography. Indeed, accounting for anisotropy implies that a

higher number of inversion parameters must be considered, adding to the ill-posedness of the in-410

verse problem. On the other hand, an excessively simple parametrization may introduce spurious
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Figure 9. Comparison between amplitude and phase kernels (KA and Kω), for several example parameters

taken from Figs. 5, 6 and 8 (as labelled). Panels a, c, e show depth-profiles, while panels b, d, f show hori-

zontal profiles along latitude, for Rayleigh waves. Depth profiles are taken at the plume location. Horizontal

profiles are taken at the source-receiver mid-point, orthogonal to the great circle path, and the horizontal

axes shows distance from the centre. The same is shown for Love waves in panels g-j. The period band for

this computation is [40, 60] s.
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artifacts in the inversion and bias the interpretation (Faccenda & VanderBeek 2023; Rappisi et al.

2024; Fichtner et al. 2024; Del Piccolo et al. 2024).

Disentangling wavefield focusing effects from intrinsic attenuation (Dalton & Ekström 2006;

Selby & Woodhouse 2000) may challenge our ability to exploit amplitude measurements in in-415

versions for elastic structure (Fichtner et al. 2024)– and, thus, for anisotropy. However, sensitivity

to anelasticity and its effects can be minimized or fully accounted for in tomographic inversions

(Selby & Woodhouse 2000; Dalton & Ekström 2006; Zhou 2009). Uncertainties in the source

mechanisms may also affect the inversions (Dalton & Ekström 2006). However, this can be over-

come by inverting for source mechanisms (either separately or jointly, see e.g., Bozdağ et al.420

2016): contrary to ray-based sensitivities, finite-frequency kernels like those shown in this study

naturally incorporate the effects of source radiation patterns (e.g., Zhou et al. 2006).

Finally, we stress the importance of computing sensitivities to amplitude and phase measure-

ments separately, as done here, in the context of full-waveform inversions. Indeed, the adjoint-

method is ultimately designed for waveform misfit computation in a full-waveform framework425

(e.g., Tape et al. 2007). Waveform optimization is, however, a highly non-linear problem (Luo &

Schuster 1991; Gauthier et al. 1986), which can be mitigated by treating phase and amplitude infor-

mation separately: for example, via discrete misfit functions– or, equivalently, adjoint sources– for

phase and amplitude observables, respectively (Fichtner et al. 2008; Bozdağ et al. 2011).

4.5 Combined measurements430

Fundamental observables can be combined to satisfy desirable requirements, such as maximiz-

ing the sensitivity near the receiver. To this end, we calculate the difference between kernels for

Rayleigh-wave measurements made on the east and vertical component (E and Z). Because of the

linearity of the integral in Equation 12, this is equivalent to computing the kernel for the difference

of the measurements.435

Fig. 10a-f shows the kernel for the difference between E- and Z-component phase-shifts mea-

surements. For these kernels, high sensitivity is generally obtained only within a 300→700 km hor-

izontal distance within the receiver, and at depths shallower than 190 km (see, e.g., Fig. 10a and d).
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Beyond this range, sensitivities decrease by ↘ 2 orders of magnitude. Indeed, phase kernels for the

two components are similar to each other east of the receiver (compare, e.g., Figs. S7, S8). Thus,440

taking the difference between the E and Z kernels enhances sensitivity on the receiver side. This

is also consistent with non-elliptical particle-motion in an anisotropic medium: instead, the phase

between the two components of displacement deviates from φ/2 and depends on local anisotropic

structure (e.g., Crampin 1975).

Fig. 10g-l shows the kernel for the difference between relative amplitude variations measured445

on the E- and Z-component, respectively. In this case, the combined kernel is equivalent to that

of the ratio between the Horizontal and Vertical displacement components, or HV ratio (the hori-

zontal component is aligned with the east direction). Indeed, the kernel KHV for the HV ratio is,

according to Maupin (2017):

KHV = KdlnAH/AH
→KdlnAV /AV

(15)450

where KdlnA↑/A↑ are the kernels for relative amplitude variations on the horizontal and vertical

component. As phase and amplitude kernels are similar in their broad spatial features, the sensi-

tivity for the combined amplitude observable is also maximized close to and below the receiver

(see, e.g., Fig. 10g and j). Moreover, although ellipticity is not well defined in the anisotropic case

(Yano et al. 2009; Crampin 1975), these results are similar to those obtained by Maupin (2017) in455

the isotropic case (wherein the HV ratio measures Rayleigh wave ellipticity exactly).

4.6 Combined measurements and anisotropic tomography

These results suggest that combining phase and amplitude measurements can improve constraints

on local elastic structure from regional and teleseismic events, analogous to approaches based on

co-located rotational and translational measurements but without the cost and sensitivity limita-460

tions of rotational sensors (e.g., Bernauer et al. 2009; Ferreira & Igel 2009; Simonelli et al. 2018).

This approach may be particularly valuable for improving lateral resolution in sparsely instru-

mented regions, such as the ocean floor in ridge and hotspot settings (e.g., Ferreira & UPFLOW

team 2026), as well as for single-station analyses in planetary seismology (Banerdt et al. 2020).
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Figure 10. Kernels for combined fundamental-mode Rayleigh-wave measurements. Panels a-f: Kernels of

differences between phase measurements made on the E and Z components, in units s GPa→1m→3; Pan-

els g-l: kernels of differences between relative amplitude variations measurements made on the E and Z

components– corresponding to HV-ratio kernels– in units GPa→1m→3. Kernels for E-component measure-

ments are displayed in the insets for reference, showing that the combined measurements generally maxi-

mize the sensitivity close to the receiver. The full kernel galleries are collected in Figs. S16–S21). All other

details are as in Fig. 5.
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Its application to anisotropic tomographic inversions warrants further investigation, including the465

effects of noise and inter-parameter tradeoffs.

A limitation is that combined measurements do not consistently suppress far-field sensitivity

for all parameters. For N , Ec, Mc, and Ms, appreciable sensitivity persists at ↘ 700 km from the

great-circle path. This results from differences in mode-coupling sensitivity between the Z and E

components: the Z component is primarily sensitive to Love–Rayleigh coupling near the source,470

whereas the E component is also sensitive to Rayleigh–Love coupling near the receiver. Conse-

quently, differencing the corresponding kernels enhances the contrast between the two halves of

the sensitivity pattern. These effects may, however, be reduced through appropriate time-window

selection (Sieminski et al. 2007). Optimal observable design (Bernauer et al. 2014) provides a

promising avenue for further testing and exploiting these localized sensitivities, including reduc-475

ing inter-parameter tradeoffs and residual far-field sensitivity. These applications are beyond the

scope of the present study.

5 CONCLUSIONS

In this study, we presented amplitude kernels for fundamental-mode Love and Rayleigh waves,

computed for the first time with respect to variations in all the 21 independent elastic constants480

that control full seismic anisotropy in the Earth. Differently from previous analogous studies,

we applied mineral fabrics calculations to a 3D geodynamic model of a realistic upper-mantle

plume setting, and used that as a physically self-consistent, anisotropic background medium for

our kernel computations. These are carried out using the adjoint method, thus fully modelling 3D

finite-frequency effects on sensitivity. A key finding is that amplitude measurements are strongly485

sensitive to the same anisotropy parameters as phase measurements. Importantly, amplitude ker-

nels are laterally shifted compared to phase kernels, outward from the central axis of simmetry (i.e.,

the direct ray path). An important implication of this is that amplitudes encode complementary in-

formation on anisotropic Earth structure compared to phase measurements, with implications for

improving the robustness of upper mantle anisotropy tomographic inversions. Another key finding490

is that sensitivity to anisotropic structure near and below the receiver is maximised by combin-
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ing kernels for measurements made using different receiver components, both for amplitudes and

phase. Our results highlight the potential of applying observables beyond phase measurements and

travel times to augment the resolution of anisotropic tomography inversions and, in turn, enhance

our understanding of mantle dynamics.495
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APPENDIX A: GEODYNAMIC MODEL

We here report the governing equations for the geodynamic model used in this study (Manjón-

Cabeza Córdoba & Ballmer 2022). The conservation of mass, momentum and energy are solved in760

the extended Boussinesq approximation (Christensen & Yuen 1985), although a linear temperature

gradient ↼ is imposed:

≃ · v = 0 (A.1)

≃[↽(≃v +≃Tv)]→≃P = →(RaT +RbF →Rc⇀)ẑ (A.2)

ϖtT + v ·≃T = ≃2
T + L(ϖtF + v ·≃F ) +DiRa

→1
↽ϱ̇

2 + ↼vz (A.3)765

where v, ↽, P, T, F, ⇀ denote velocity, viscosity, pressure, temperature, depletion of solid residue

and melt fraction; Ra, Rb, Rc and Di the thermal, depletion, melt retention Rayleigh numbers

and dissipation number (Ballmer et al. 2009); L, ϱ̇ the latent heat, the strain-rate; vz, ẑ the vertical

component of the velocity and vertical unit vector. The equations are solved numerically with

CitcomCU (Moresi & Solomatov 1995), with modifications described in Ballmer et al. (2009).770

APPENDIX B: WAVEFORM SIMULATION - ADDITIONAL INFORMATION

Fig. A1 shows the displacement traces and the adjoint source time-functions derived from those,

for amplitude and phase kernel calculations. The traces are shown in the different period bands (a

Butterworth filter is used to process the signal). The number of spectral elements along latitude

and longitude are Nlon = 160, Nlat = 144: hence, the waveform simulations are accurate down to775

a period T ⇐ (256/Nlon)↓ (”lon/90)↓ 17 s ↘ 30 s, where ”lon = 90↓ is the domain size along

longitude (Komatitsch & Tromp 2002).

Fig. A2 shows a schematic map view of the computational setup for the adjoint simulations, for

both Love and Rayleigh-wave kernel calculations. Before interpolation on the SPECFEM3D GLOBE

mesh, the DREX model is adapted to the size of the spectral element mesh as follows:780

(i) Outside of its boundaries (see box in Fig. A2), the DREX model is extended along latitudes

first and longitude second, to fill the size of the mesh.

(ii) A 1D average depth-profile of the model is calculated.
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Figure A1. Displacement traces and adjoint-sources calculated for phase and amplitude kernels. The traces

are shown in different period bands, as labelled. In this plot, each trace is normalised with respect to its peak

value. Panels a-f are centred on the fundamental mode Rayleigh wave arrival. Panels g-i are centred on the

fundamental mode Love wave arrival. The time-windows are highlighted in dark.

(iii) Outside of the original DREX boundaries, a smooth transition is applied between the ex-

tended model of step 1 and the 1D average.785

APPENDIX C: ELASTIC CONSTANTS

In Table A1, we list asymptotic parameters expressed as function of the components of the elastic

tensor (as found e.g. in Sieminski et al. 2007). Indexing follows Voigt’s convention.

This paper has been produced using the Blackwell Scientific Publications GJI LATEX2e class file.
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Asymptotic parameter Elastic coefficients

(Degree 0)

A
1
8(3C11 + 3C22 + 2C12 + 4C66)

C C33

N
1
8(C11 + C22 → 2C12 + 4C66)

L
1
2(C44 + C55)

F
1
2(C11 + C23)

(Degree 1)

Jc
1
8(3C15 + C25 + C46)

Js
1
8(C14 + 3C24 + 2C56)

Kc
1
8(3C15 + C25 + 2C46 → 4C35)

Ks
1
8(3C14 + 3C24 + 2C56 → 4C34)

Mc
1
4(C15 → C25 + 2C46)

Ms
1
4(C14 → C24 → 2C56)

(Degree 2)

Bc
1
2(C11 → C22)

Bs →(C16 + C26)

Hc
1
2(C13 → C23)

Hs →C36

Gc
1
2(C55 → C44)

Gs →C45

(Degree 3)

Dc
1
4(C15 → C25 → 2C46)

Ds
1
4(C14 → C24 + 2C56)

(Degree 4)

Ec
1
8(C11 + C22 → 2C12 → 4C66)

Es
1
2(C16 → C26)

Table A1. Asymptotic parameters expressed as independent linear combinations of the 21 elastic constants.

Note that several asymptotic parameters may depend on one or more of the same elastic coefficients. Hence,

for instance, the A kernel is KA = KC11 +KC12 +KC22 ⇒= 1
8(3KC11 + 3KC22 + 2KC12 + 4KC66).
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Figure A2. Schematic map view of the computational setup. Plot boundaries correspond to the size of the

mesh. The smaller box outlines the original DREX model boundaries. Beachballs indicate the different

source mechanisms used for Love and Rayleigh runs.
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S1 Fundamental-mode, Rayleigh-wave amplitude kernels (radial com-

ponent)

Figs. S1, S2, S3 show amplitude kernels for fundamental-mode Rayleigh waves in the east component (for Love, and

even- and odd-degree azimuthal anisotropy parameters, respectively).

S2 Fundamental-mode, Love-wave amplitude kernels (full library)

Figs. S4, S5, S6 show amplitude kernels for fundamental-mode Love waves in the north component (for Love, and

even- and odd-degree azimuthal anisotropy parameters, respectively).

S3 Phase kernels

Here, phase kernels for fundamental-mode Rayleigh and Love waves are collected (Subsections S3.1 and S3.2, respec-

tively).

S3.1 Phase: fundamental-mode Rayleigh waves

Figs. S7, S9, S11 show kernels for Rayleigh-wave phase measurements on the vertical component. Figs. S8, S10, S12

show kernels for measurements on the east component.

S3.2 Phase: fundamental-mode Love waves

Figs. S13, S14, S15 show kernels for Love wave phase measurements on the north component.

S4 Kernels of combined measurements (full library)

In this section, the full-library of kernels for combined measurements is reported.

S4.1 Cross-component phase delay di!erences

Figs. S16, S17, S18 show kernels for the di!erence between fundamental-mode, Rayleigh-wave phase measurements

made on the east and vertical component.
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Figure S1: Amplitude kernels of radial anisotropy parameters for fundamental-mode Rayleigh-wave measurements

made on the east component E, in units GPa
→1

m
→3

. The dotted lines in panels a-e indicate the depth (→ 80 km) at

which the slices in panels f-j are taken. The dot-dashed lines in the f-j panels indicate the latitude at which the sections

in panels a-e are shown, corresponding to the source-receiver plane. The maximum depth shown in the sections is 400

km, and the plume is outlined using the -0.1 % density anomaly isoline.

2

Page 41 of 63 Geophysical Journal International

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



Figure S2: Amplitude kernels of even-degree azimuthal anisotropy parameters for fundamental-mode Rayleigh-wave

measurements made on the east component E, in units GPa
→1

m
→3

. All other details as in Fig. S1.
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Figure S3: Amplitude kernels of odd-degree azimuthal anisotropy parameters for fundamental-mode Rayleigh-wave

measurements made on the east component E, in units GPa
→1

m
→3

. All other details as in Fig. S1.
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Figure S4: Amplitude kernels of radial anisotropy parameters for fundamental-mode Love-wave measurements made

on the north component N, in units GPa
→1

m
→3

. All other details as in Fig. S1.
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Figure S5: Amplitude kernels of even-degree azimuthal anisotropy parameters for fundamental-mode Love-wave mea-

surements, in units GPa
→1

m
→3

. All other details as in Fig. S1.
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Figure S6: Amplitude kernels of odd-degree azimuthal anisotropy parameters for fundamental-mode Love-wave mea-

surements, in units GPa
→1

m
→3

. All other details as in Fig. S1.
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Figure S7: Phase kernels of radial anisotropy parameters for fundamental-mode Rayleigh-wave measurements made

on the vertical component Z, in units s GPa
→1

m
→3

. All other details as in Fig. S1.
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Figure S8: Phase kernels of radial anisotropy parameters for fundamental-mode Rayleigh-wave measurements made

on the east component E, in units s GPa
→1

m
→3

. All other details as in Fig. S1.
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Figure S9: Phase kernels of even-degree azimuthal anisotropy parameters for fundamental-mode Rayleigh-wave mea-

surements made on the vertical component Z, in units s GPa
→1

m
→3

. All other details as in Fig. S1.
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Figure S10: Phase kernels of even-degree azimuthal anisotropy parameters for fundamental-mode Rayleigh-wave mea-

surements made on the east component E, in units s GPa
→1

m
→3

. All other details as in Fig. S1.

11

Page 50 of 63Geophysical Journal International

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



Figure S11: Phase kernels of odd-degree azimuthal anisotropy parameters for fundamental-mode Rayleigh-wave mea-

surements made on the vertical component Z, in units s GPa
→1

m
→3

. All other details as in Fig. S1.
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Figure S12: Phase kernels of odd-degree azimuthal anisotropy parameters for fundamental-mode Rayleigh-wave mea-

surements made on the east component E, in units s GPa
→1

m
→3

. All other details as in Fig. S1.
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Figure S13: Phase kernels of radial anisotropy parameters for fundamental-mode Love-wave measurements, in units s

GPa
→1

m
→3

. All other details as in Fig. S1.
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Figure S14: Phase kernels of even-degree azimuthal anisotropy parameters for fundamental-mode Love-wave measure-

ments, in units s GPa
→1

m
→3

. All other details as in Fig. S1.

15

Page 54 of 63Geophysical Journal International

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



Figure S15: Phase kernels of odd-degree azimuthal anisotropy parameters for fundamental-mode Love-wave measure-

ments, in units s GPa
→1

m
→3

. All other details as in Fig. S1.
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Figure S16: Kernels of di!erences between phase measurements made on the E and Z components, in units s

GPa
→1

m
→3

, for radial anisotropy parameters. Kernels for E-component measurements are displayed in the insets

for reference, showing that the combined measurements generally maximise the sensitivity close to the receiver. All

other details are as in Fig. S1.
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Figure S17: Same as in Fig. S16, but for even-degree azimuthal anisotropy parameters.
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Figure S18: Same as in Fig. S16, but for odd-degree azimuthal anisotropy parameters.
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Figure S19: Kernels of di!erences between amplitude measurements made on the E and Z components, in units

GPa
→1

m
→3

, for radial anisotropy parameters. Kernels for E-component measurements are displayed in the insets for

reference, showing that the combined measurements generally maximise the sensitivity close to the receiver. All other

details are as in Fig. S1.

S4.2 HV ratios

Figs. S19, S20, S21 show kernels for the di!erence between fundamental-mode, Rayleigh-wave amplitude measurements

made on the east and vertical component (i.e., horizontal to vertical ratio kernels).

S5 Period band dependence

Here, the period-dependence of amplitude kernels is demonstrated by showing examples for radial-anisotropy param-

eters (fundamental-mode, Rayleigh-wave, vertical-component measurements only). Figs. S22, S23 show calculations

using adjoint-source time-functions filtered in the 60-80 s and 80-120 s period bands, respectively. These examples

demonstrate that a higher sensitivity at greater depth may be obtained by increasing the period range of the measure-

ment. Calculations for phase kernels and for Love waves, as well as for other components and parameters are omitted

for brevity, but show the same trends.
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Figure S20: Same as in Fig. S19, but for even-degree azimuthal anisotropy parameters.
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Figure S21: Same as in Fig. S19, but for odd-degree azimuthal anisotropy parameters.
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Figure S22: Same as in Fig. S1, but for measurements in the period-band 60-80 s.
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Figure S23: Same as in Fig. S1, but for measurements in the period-band 80-120 s.
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