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Abstract

Conventional lime-requirement (LR) methods estimate the dose needed to attain a target soil pH,
but do not indicate how long the correction remains acceptable during re-acidification. We tested
whether repeated dose-response measurements could provide a persistence-aware LR. Single
applications of calcium carbonate (CaCO3) and calcium oxide (CaO) were evaluated in clay,
sandy loam, and organic soils over five 12-week cropping cycles. Each cycle included ryegrass
growth, fertilisation, and three harvests; pH was measured at the end of each cycle. Response
surfaces described how the pH response changed during continued cropping. We defined the
peak lime requirement, LRy e,k, as the smallest dose whose highest fitted pH across C1-C5
attained the target; peak therefore denotes the maximum fitted response, not the duration of the
pH correction. We defined the persistence-aware lime requirement, LRgq(N), as the dose that
remained within selected pH bounds and closest to the target over N cycles. We also defined the

persistence ratio, 7(N), as LRgeq(N) divided by LRpe4k; it expresses the persistence-aware rate
relative to the peak target-attainment rate. Under CaCOs, pH at LR ¢,k fell below the lower
agronomic bound in the second cycle in all three soils. For a proposed persistence horizon, the
surface first tests whether any dose remains within both bounds through every cycle; when

feasible, LRgeq(N) selects the rate closest to the target. Under CaCOgs, LRgrq(5) was feasible

for clay and organic soil. Sandy loam had no five-cycle strict-bound solution; its longest feasible



horizon was two cycles, for which LRy.¢q(2) was selected. At each soil’s longest feasible
horizon, LRgreq (t ha=1) was 5.00 for clay, 4.15 for sandy loam, and 7.72 for organic soil;
corresponding r(N) values were 1.66, 1.14, and 1.36. Over the corresponding horizons,
predictions at LRy.¢q had mean squared deviations from target pH 84.0%, 32.4%, and 75.7%
lower than predictions at LR,y for clay, sandy loam, and organic soil, respectively. The
response surfaces therefore show how lime rate, the selected pH limits, and the intended number
of cycles interact. When one dose can remain within both limits, LRg..q identifies the rate that

stays closest to the target.
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1. Introduction

Soil acidity constrains crop production through its effects on nutrient availability, aluminium and
manganese solubility, microbial activity, and root growth (Fageria and Baligar, 2008; Neina,
2019; Barrow and Hartemink, 2023). Liming can correct acidity, but that correction is not
permanent. Ammonium-based fertilisation, removal of base cations in harvested biomass, and
leaching continue to generate or export acidity after lime application (Helyar and Porter, 1989;
Edmeades and Ridley, 2003; Tang and Rengel, 2003; Ghimire et al., 2017; Hao et al., 2020). The
agronomic value of a lime rate therefore depends on two outcomes: how far it initially raises pH

and how long the resulting correction persists.

Lime requirement (LR) is conventionally expressed as the mass of liming material needed to
raise soil pH to a specified target (McLean, 1982). The reference incubation approach estimates
this quantity by equilibrating a soil with a series of lime additions and identifying the dose at
which the endpoint response reaches the target. Operational buffer methods, including
Shoemaker—McLean—Pratt (SMP) and Mehlich procedures, provide faster LR estimates by
calibrating the soil-buffer pH response against LR values obtained from reference incubation

tests at specified target-pH endpoints (Shoemaker et al., 1961; Mehlich, 1976; Tran and van



Lierop, 1982; van Lierop, 1983). Their calibration therefore preserves the incubation method's
endpoint definition: the dose required to attain target pH. Because neither the calibration
endpoint nor the routine buffer measurement includes repeated observation of re-acidification,
these methods cannot by themselves determine how long pH will remain acceptable or when
lime should be reapplied. In practice, rate is obtained from soil testing, whereas reapplication
timing is commonly managed through periodic retesting and regional guidance (CRAAQ, 2010;
Goulding, 2016; OMAFRA, 2022).

Although routine LR methods treat rate and reapplication timing separately, previous dynamic
models have shown that the two decisions can be considered jointly. Lukin and Epplin (2003)
modelled pH change under continuous wheat production to optimise application amount and
timing, while Xu et al. (2022) combined soil buffering and acid-production balances to estimate
regional lime requirements and intervals. Long-term experiments likewise show that residual
lime effects and re-acidification differ among soils and management systems (Holland et al.,
2019). These studies establish the importance of the rate—interval relationship, but they do not
derive a bounded rate recommendation directly from repeated experimental dose-response
curves. Addressing that gap requires following the same lime-dose series through successive

cropping periods.

Building a common representation from these repeated observations requires a consistent
mathematical description of the dose response at each cycle. Lime—pH curves are non-linear:
successive increments of lime produce progressively smaller pH gains as the response
approaches an asymptote. The Mitscherlich equation provides a compact description of this
pattern and has a long history in agricultural dose-response analysis (Mitscherlich, 1909;
Spillman, 1923; Dhanoa et al., 2022; Jouichat and Khiari, 2026). Linking Mitscherlich
descriptions of successive cycle-specific responses could therefore extend the endpoint LR

concept from a single dose—response curve to a response surface.

The premise of such a surface is that liming rate and persistence are linked. Larger applications
may leave more residual neutralising capacity and a greater pH margin before a selected lower
threshold is reached, thereby extending the interval over which liming remains effective
(Edmeades and Ridley, 2003; Goulding, 2016). This potential benefit is constrained by the

agronomic risks of excessive pH, including reduced availability of Fe, Mn, Zn, B, and P (Bolan



et al., 2003; Curtin and Trolove, 2013; Penn and Camberato, 2019). Because the acceptable
interval lies between lower and upper pH limits, application rate and reapplication interval
cannot be selected independently. The interval between these limits can be viewed as an
agronomic pH window, whose appropriate width and position depend on the crop, soil, and
management context. For some soils or intended horizons, no single application may remain

within the selected window throughout the entire period.

We hypothesised that a response surface could model the rate—frequency relationship by linking
a selected rate to its persistence within the agronomic pH window and a selected horizon to the
rate that best maintains target pH. We further expected this persistence-aware LR to produce
smaller deviations from target than the peak LR, which identifies target attainment at the highest

fitted response but imposes no persistence requirement.

Accordingly, this study aimed to (i) construct response surfaces for three contrasting acidic soils;
(i1) evaluate how closely the fitted responses reproduced measured pH and whether a curve-
based analysis and parametric surface gave similar LR estimates; (iii) use the fitted responses to
estimate LRgyq(N), 7(N), and the first fitted cycle in which pH was below the lower limit at
each dose; and (iv) examine how the resulting rate—frequency relationship varied among soils

and between CaCO; and CaO.

2. Materials and methods

2.1 Soil selection, preparation, and characterisation

Three acidic soils from Quebec, Canada (eastern North America), were selected to represent
contrasting matrices: a clay mineral soil, a sandy loam, and an organic soil. The soils were air-
dried and passed through a 4 mm sieve before potting. Their baseline properties are reported in

Table 1.

Soil pH in water (pHwater) was measured at a 1:1 soil-to-water ratio (v/v) for the mineral soils and
1:4 for the organic soil because of its greater water absorption (van Lierop, 1981; Parent and
Tremblay, 2002). Buffer pH (pHswmp) was measured at a 1:1:2 soil:water:SMP-buffer ratio using
10 mL soil, 10 mL deionised water, and 20 mL buffer (Shoemaker et al., 1961). The soil-water

suspension was agitated for 30 min at 180 cycles min™'; buffer was then added, the mixture was



stirred manually for 15 min, and pHsmp was recorded. Organic matter was determined by the
Walkley—Black method (Walkley and Black, 1934; Nelson and Sommers, 1982), and mineral-
soil particle-size distribution by the hydrometer method (Day, 1965). Mehlich-3-extractable
bases and trace elements were analysed by inductively coupled plasma spectroscopy (Mehlich,
1984). Cation exchange capacity and base saturation were determined by ammonium acetate
extraction at pH 7 (Lavkulich, 1981); exchangeable acidity (H* + Al**) was determined by KCI

extraction and titration (Thomas, 1982).

Table 1. Baseline physicochemical properties of the three soils.

Property Clay Sandy loam Organic
Clay (%) 57.3 52 8.6
OM (%) 2.4 3.4 62.8
pHwater 5.60 4.61 4.18
pHsmp 5.93 5.60 4.62
CEC (cmolc kg™) 12.4 2.3 13.4
Exch. Al (cmolc kg™) 0.0 1.7 4.3
Exch. acidity (cmolc kg™) 0.03 1.95 7.44
BS (%) 99.8 16.8 44.4

Note: Clay (%) = clay fraction of mineral material; OM = soil organic matter, pHwaer = pre-treatment soil pH at 1:1
(soil:water) for the mineral soils and 1:4 for the organic soil; pHsup = SMP-buffer pH (Shoemaker—McLean—Pratt); CEC =
cation exchange capacity; Exch. Al = exchangeable Al by KCl extraction and titration; Exch. acidity = exchangeable Al + H by

KCl extraction and titration,; BS = base saturation.

2.2 Greenhouse design and liming treatments

The greenhouse experiment comprised soil- and product-specific dose series rather than a fully
crossed common-dose design. Calcium carbonate (CaCQOs) and calcium oxide (CaO) were
applied to each soil at 7-10 dose levels (Table 2), with one pot per soil x product x dose
treatment. The same pot was followed through five successive 12-week cropping cycles; each
cycle comprised fertilisation, three ryegrass harvests, and a pH measurement at the end of the
cycle, as detailed in Section 2.3. CaCOs was the reference material. Pure CaO has a neutralising
value of approximately 179 relative to CaCOs = 100; CaO doses were therefore converted to

CaCOs-equivalent rates for comparisons between materials. Table 2 distinguishes the actual CaO



mass applied from its CaCOs-equivalent rate. Both liming materials were analytical grade (=99%

purity) and ground to pass a 250 pm sieve.

The plastic pots used were slightly conical and had perforated, geotextile-lined bases, a surface
area of 0.013 m?, and a depth of 10.19 cm. Pots received 1.0 kg clay, 1.1 kg sandy loam, or 0.4
kg organic soil. Lime was applied once, before the first cycle, and mixed into the upper half of

the soil column. No lime was added during subsequent cycles.

Table 2. Experimental design.

Soil Pot mass (kg)  Dose levels per product CaCOs range (tha™) CaO range, actual (tha™)  Cycles
Clay 1.00 7 0.0-12.0 0-6.72 5
Sandy loam 1.10 9 0.0-18.0 0-10.08 5
Organic 0.40 10 0.0-21.0 0-11.76 5

Note: CaCO:s rates are both actual-product and CaCOs-equivalent rates. CaO rates were converted using a stoichiometric
neutralising-value factor of 1.785. Lime was applied once before Cl; the same pots were then followed through five successive

12-week cycles.

2.3 Crop management, sampling, and measurements

Fifty annual ryegrass seeds (Lolium multiflorum L. var. Maris Ledger) were sown uniformly in
each pot. Ryegrass was selected because it tolerates acidic conditions, regrows after cutting, and
supports repeated nutrient removal under sustained N fertilisation (Wilman, 1975; Meharg and
Killham, 1990; Gastal and Lemaire, 2015). Greenhouse temperature was maintained at 18-22 °C
and relative humidity at 60% under a 14 h photoperiod at 1-200 umol m™2 s™'. Pots were

irrigated daily while avoiding drainage sufficient to cause appreciable nutrient loss.

Each cycle lasted approximately 12 weeks and began with ryegrass sowing and the fertilisation
programme in Table 3. The rates in Table 3 are total nutrient amounts per cycle; these totals were
distributed among the initial liquid application and reapplications after each ryegrass cut to
sustain plant nutrition and re-impose the acidifying load. Shoots were harvested when heading
was visible in more than 5% of pots, approximately 6, 9, and 12 weeks after sowing. At the end
of each cycle, soil was sampled immediately after the third harvest, and pH was measured on the
dried samples using the soil-to-water ratios described in Section 2.1. The sequence was repeated
for five cycles, yielding five pH measurements (one at the end of each cycle) and 15 biomass

observations per pot. Shoot dry mass (DM, g pot™) was summed across the three harvests within



each cycle. Because removal of plant biomass exports base cations and can contribute to
acidification, the dose-DM association was examined as a descriptive check on whether plant

response varied systematically with lime dose.

Fertiliser rates followed Quebec agronomic guidance (CRAAQ, 2010). The sandy loam received
more N and K than the other soils (Table 3), so soil type and fertilisation intensity were not

separable in comparisons of re-acidification among soils.

Table 3. Fertilisation programme per 12-week cycle.

Nutrient source Clay Sandy loam Organic
N (kg ha™) 120 150 120
P2Os (kg ha™) 60 60 -
K20 (kg ha™) 120 240 120
N sources MAP + (NHa4)2S04 MAP + (NH4)2SO4 KNOs + (NH4)2SO4
P source MAP MAP -
K source K2S04 K2SO04 K2SOs

Note: Values are total nutrient rates per cycle, distributed among the initial application and the post-cut reapplications.

Fertiliser source grades follow the convention N-P:0s-K:0 (percent by mass). MAP = monoammonium phosphate.

2.4 Response surface construction
The pH response was modelled in two steps. First, a dose—response curve was fitted

independently within each cropping cycle. Second, these five fitted curves were analysed directly

and were also summarised by a continuous parametric surface.

Let i index the fitted cycle and H = 5 denote the number of fitted cycles. For each soil, all dose-
based calculations were confined to D = [0, D{aeteq ], the continuous CaCOs-equivalent dose
interval from zero to the largest dose tested. The upper limits were 12, 18, and 21 t ha™! for
clay, sandy loam, and organic soil, respectively. Within each cycle, the lime-induced pH

response was defined relative to the corresponding unlimed control:
ApH;(D) = pH;(D) — pHo,

Here, pH;(D) is the predicted soil pH at dose D in cycle i, and pHy ; is the observed pH of the

corresponding unlimed control.



The Mitscherlich model was fitted to ApH so that the unlimed control represented background
acidification under cropping and fertilisation, while the fitted response represented the additional
pH increase attributable to lime. This separation prevents the downward drift of the control from
being attributed to changes in the lime-response parameters. In this parameterisation, A4; is the
fitted maximum pH increase above the unlimed control in cycle i, approached as dose increases,

and c; controls the curvature of that response across dose.
For the mineral soils, ApH; (D) was modelled using a Mitscherlich-type equation:
ApH;(D) = A;(1 — ™) (1)

For the organic soil, the low-dose treatments showed an extended low-response region, so a

threshold dose Dy ; was included:

0, D < Dy;

2
A{1 - e=c(P-Pod)}, D> Dy, @)

ApH;(D) = {

Here, Dy ; is the fitted dose threshold below which the model assigns no lime-induced pH
increase. Standard errors for A; and ¢;, and for Dy ; in the organic soil, were obtained from the
non-linear least-squares covariance matrix. They indicate how precisely each parameter was

determined by the dose response within that cycle.

CaCO:s was the primary material used to compare two temporal representations; CaO was
analysed in the same way after conversion to a CaCOs-equivalent dose. The curve-based
analysis retained the five independently fitted Mitscherlich curves. It therefore imposed no
function on the evolution of the fitted parameters across cycles. The parametric surface instead
represented each Mitscherlich parameter as a continuous function of cycle. For graphical
presentation, the five cycle-specific curves were displayed as a curve-based contour surface.
Shape-preserving piecewise cubic Hermite interpolation (PCHIP) was applied across cycle

number to pH,, A and c values for the mineral soils and additionally to D, for the organic soil.

For the parametric surface, each cycle-dependent Mitscherlich parameter was represented by one
of four candidate functions. For each soil, f(t) stood for A(t), c(t), or, for the organic soil,

Dy (t) where t represent the temporal component (cycles). The candidates were f (t) = f3,,

f(t) = Bo + Bit, f(t) = By + Pit + Lot?, and f(t) = Po + (Bo — Beo)e *t. The coefficients



were fitted separately for each parameter and soil; in the exponential form, S, is the plateau and

A controls the approach to it across cycles.

Each combination of candidate functions was substituted into the Mitscherlich model and fitted
by non-linear least squares directly to all observed ApH values across doses and cycles, with
equal weight given to each observation. The cycle-specific parameter estimates and their
standard errors were used to compare the independent curves with the fitted temporal functions
in Fig. 3, but they were not used as observations or weights when fitting the parametric surface.
The combination with the lowest Akaike information criterion corrected for small sample size
(AICc) was selected for each soil (Burnham and Anderson, 2002; Archontoulis and Miguez,

2015). The resulting parametric model can be written as:
ApH(D, t) = A(t){1 — e~c®max[0.D=Do ()]} 3)

In Eq. (3), Dy(t) = 0 for the mineral soils, whereas the organic-soil threshold followed its
selected cycle function; the maximum operator enforces zero lime response below that threshold.
Absolute pH was recovered using the cycle-specific control defined above. PCHIP connected the
observed control values only for continuous display between cycles, and the control trajectory

was not included in AICc selection.

For both materials, the curve-based analysis supplied the primary operational estimates because
it used the five fitted cycle responses without temporal smoothing. The parametric surface tested
whether replacing those independent responses with a smoother, lower-dimensional

representation changed predictive agreement or the derived rates.

2.5 Response-derived rate-frequency metrics

To derive the rate—frequency outputs, both analyses were evaluated within a selected agronomic
pH window. The window was an operational input used to demonstrate the modelling strategy,
not a fitted parameter or a universal tolerance range. Quebec guidance gives an adequate range of
pH 6.0-7.0 for forage grasses in mineral soils and a general target range of pH 5.0-5.8 for
organic soils (CRAAQ, 2010). Within the mineral-soil range, pH 6.3 was adopted as the lower
bound because soils above this value are typically treated as not requiring lime application; the
target and upper bound were 6.5 and 7.0, respectively. For organic soil, the lower bound, target,

and upper bound were 5.0, 5.4, and 6.0, respectively and window width was expressed as § =



PHyupper — PHiower- Strict-bound required pH to remain at or above the lower bound through the

selected horizon and at or below the upper bound at every fitted cycle C1-CS5.

The following metrics translated the fitted responses into a joint assessment of application rate

and persistence.

For a chosen period of N consecutive cycles after liming (the persistence horizon), Dp,;, (N) was
defined as the smallest dose predicted to keep pH at or above the lower acceptable limit in every

one of those cycles:

Dpin(N) = IDnei%l D subjectto pH(D,t) = pHgwer foreveryt=1,..,N 4)

To prevent excessive liming, D,,,,x Was defined as the largest dose predicted to remain at or

below the upper acceptable pH limit in every fitted cycle from C1 to C5:
Diax = max D subjectto pH(D,t) < PHypper foreveryt=1,..,H (5)

If no dose within D kept pH above the lower limit for all N cycles, D,i, (N) did not exist for that
period. If no dose within D reached the upper limit, Dy, was set to D{geregq- When Dyin (N) <
Dihax, €very dose between them satisfied both pH limits. This interval, termed the feasible dose

corridor, was

F(N) = [Dmin(N), Dmax] (6)

The interval was non-empty only when D,,;,, (N) < Djp,ax; otherwise, no single dose could satisfy
both pH limits for all N cycles. Ny, Was defined as the greatest number of consecutive cycles

for which at least one such dose existed:

Npax = Nerg?.)fH} N subjectto Dpyin(N) < Dpax (7)

If no single dose kept pH within both limits throughout all N cycles, the selected N-cycle period
was classified as infeasible. The fitted trajectories could then be used to compare a shorter
period, revised pH limits, or doses associated with small departures from either limit. For each
dose, we also recorded the first fitted cycle endpoint at which pH was below the lower limit. If
pH remained at or above the lower limit at every endpoint from C1 to C5, we recorded no

crossing through CS5.



The peak lime requirement, LRpeax, Was defined as the smallest dose whose highest fitted pH

across C1-CS5 attained the target:

LRyeqk = anEig D subject to ter{rllfl.?H}pH (D,t) = PHiarget (8)

Here, peak refers to the highest fitted pH across the observed cycles, it is conceptually analogous
to LR traditionally derived from incubation response curves (Kouera and Khiari, 2026) because

both identify a dose that attains target pH, but LR,c,x Was calculated from the fitted greenhouse

responses and extends over the 5 cycle curves.

Within an open feasible set, a contrasting persistence-aware lime requirement was defined as:

N

1 — 2
LRfreq (N) = arg min N [pH(D, t) — tharget] ©
per(v) N &

If F(N) is empty, LR¢yreq(N) is undefined under the selected strict window.

The ratio between the persistence-aware and peak requirements was computed as:

LRfreq (N)

N) =
r( ) LRpeak

(10)

The ratio r(N) was treated as a descriptive measure of the difference between the peak and
persistence-aware rates. Its transfer to independently measured incubation LR requires paired

calibration. When LRg..q(N) is undefined, 7(N) is also undefined for that horizon.

Target tracking for any dose D over N cycles was quantified as the mean squared deviation from

the soil-specific target pH:

N
1 — 2
MSD(D,N) == ) [PH(D,6) = pHuargel]” (1)
t=1

MSD(D, N) is the average squared distance between fitted and target pH over cycles 1 through
N. We set MSDpeax = MSD (LRpeak, N) and MSDgreq = MSD (LRgreq(N), N), using the same

horizon for both rates. The percentage improvement in target tracking was:



MSDpeak — MSDfreq
MSDpeax

MSD reduction (%) = 100 (12)

Positive values indicate a smaller average squared deviation from target pH at LRg¢q than at

LRpeak-

Before the experiment, lime requirement was estimated from each soil’s SMP-buffer pH using
the regional estimation grid of CRAAQ (2010). This estimate, denoted LRcraaq, served as a
benchmark for comparison with the experimentally derived LR values and as an anchor for

selecting the experimental dose series; the maximum tested rate was set above LRcraaq-

2.6 Model assessment and statistical analysis

The coefficient of determination (R?) and root mean square error (RMSE) evaluated agreement
of modeled curves and surfaces with the observed pH values. Both metrics were calculated by
pooling predictions from the five cycle-specific curves and separately for the parametric surface.
Operational stability was assessed by comparing Ny,ax, LRpeak> LRfreq, and r(N) between the

curve-based analysis and the parametric surface.

As an ancillary analysis, cycle-specific dry mass was summarised across all CaCO5 rates tested
in each soil. Spearman’s rank correlation coefficient (p) was calculated within each soil and

cycle to describe the association between lime dose and DM.

Analyses were conducted in Python 3.10. Mitscherlich curves were fitted by non-linear least
squares and PCHIP interpolation for graphical presentation used scipy. Numerical processing

used numpy, scipy, pandas, and pyarrow, and figures were produced with matplotlib.

3. Results

3.1 Ryegrass dry-mass response
Across all dose and cycle combinations in the complete soil-specific CaCO5 ranges, mean dry
mass (DM) was 5.59 g pot™! in clay, 5.97 g pot™! in sandy loam, and 5.72 g pot™! in organic

soil.



Spearman correlations between CaCO3; dose and DM ranged from —0.43 to +0.14 across clay
cycles. All sandy-loam correlations were positive (+0.23 to +0.55). In organic soil, p increased
from 0.84 at C1 to 0.95 at C5 (Table 4). CaO correlations spanned —0.29 to +1.00 in clay,
—0.73 to —0.07 in sandy loam, and +0.47 to +0.93 in organic soil (Supplementary Table S1).

Table 4. Ryegrass dry mass and Spearman correlation with CaCOs application rate by soil and

cycle.
Cycle Soil Mean DM + SD (g pot™) CV (%) p
1 Clay 5.40 +£0.93 17.2 +0.00
1 Sandy loam 494 +1.14 23.0 +0.38
1 Organic 4.56 +£1.52 334 +0.84
2 Clay 5.72 +£0.59 10.3 —0.07
2 Sandy loam 6.12 +1.31 214 +0.53
2 Organic 497 £2.05 41.3 +0.87
3 Clay 5.94+2.85 48.0 +0.14
3 Sandy loam 7.40+1.07 14.5 +0.23
3 Organic 832+1.71 20.5 +0.89
4 Clay 5.35+0.48 8.9 —0.18
4 Sandy loam 5.80=+1.11 19.2 +0.48
4 Organic 522 +2.10 40.2 +0.94
5 Clay 5.53+0.70 12.7 —0.43
5 Sandy loam 5.60 = 1.09 19.5 +0.55
5 Organic 5.52+1.90 34.5 +0.95

Note: DM = dry mass; SD = standard deviation; CV = coefficient of variation; p = Spearman correlation between applied CaCOs
dose and per-cycle DM. DM is the per-pot sum of three harvests within each 12-week cycle. Mean + SD, CV, and p were
calculated across all tested CaCO:s rates: seven rates for clay (0—12 t ha™'), nine for sandy loam (0—18 t ha™"), and ten for organic

soil (0-21 tha™).

3.2 pH trajectories and cycle-specific dose responses

The CaCOj trajectories showed a dose-dependent transition from brief correction to persistence

(Fig. 1). In clay, 4 t ha™! reached the target at C1, and 612 t ha™! remained above it through



C5. In sandy loam, 6 t ha~! remained above the target through C2, and 8-18 t ha™? remained
above it through C5. In organic soil, 8 t ha™! reached the target at C1, and 10-21 t ha™!
remained above it through C5. Lower-dose treatments commonly reached their highest pH at C1
and declined over later cycles. Increasing dose reduced the post-C1 decline, and the highest-dose

trajectories became comparatively stable across cycles.

Cycle-specific Mitscherlich fits closely reproduced the observed dose responses, with R? values
01 0.939-0.989 and RMSE values of 0.10-0.31 pH units (Fig. 2). In the mineral soils, A
increased and ¢ declined across cycles (Fig. 3). Over the same period, the unlimed controls
acidified, high-dose treatments maintained a larger pH advantage, and lower-to-intermediate
doses retained progressively smaller corrections. Increasing A captured the widening fitted
difference at high dose, while decreasing ¢ captured the flatter response across lower and
intermediate rates. Fit-derived standard errors were largest in organic soil, averaging 28% of A
and 52% of c. They averaged 12% of A and 27% of c in clay, and 7% of A and 17% of ¢ in

sandy loam.

Clay showed approximately linear changes in both A and c¢. Sandy loam combined an
approximately linear increase in A with a non-linear decrease in c. Organic-soil A varied little,
and ¢ declined towards a low plateau. The independently fitted organic-soil D, values were more

variable across cycles (Fig. 2).

3.3 Parametric form selection and agreement with cycle-specific fits

AlICc selected linear A(t) and linear c(t) for clay; linear A(t) and quadratic c(t) for sandy loam;
and constant A(t), exponential-plateau c(t), and constant D, (t) for organic soil. The closest
alternatives were 1.35, 0.57, and 2.57 AICc units above the selected combinations for clay, sandy
loam, and organic soil, respectively (Fig. S2). These close rankings indicate appreciable
functional-form uncertainty, and the selected equations provide parsimonious summaries of the

observed temporal patterns.

Using these forms, the selected parametric CaCOs surfaces were:
For the clay soil:

ApH(D,t) = (2.168 + 0.307t){1 — ¢~(0:299-00326)D} (13)



For the sandy loam soil:

ApH(D, t) = (2.671 + 0.367t){1 — e~(0419-0128t+0.014¢%)D} (14)

For the organic soil:

ApH(D,t) = 4_200{1 _ e—(0.071+0.347e_1'985t)max(0,D—2.831)} (15)

Coefficients in Egs. (13)—(15) are rounded to three decimals for presentation; all calculations and

figures use the full-precision fitted coefficients.

Both CaCO5 analyses closely reproduced the observed pH values (Fig. 4). For clay, sandy loam,
and organic soil, the pooled cycle-specific curves gave R? values of 0.968, 0.972, and 0.962 and
RMSE values of 0.178, 0.207, and 0.224 pH units, respectively. The parametric surfaces gave R?
values of 0.954, 0.969, and 0.951 and RMSE values of 0.212, 0.221, and 0.255 pH units. With 4—
5 coefficients per soil, the parametric surfaces retained the principal pH patterns represented by

10—15 coefficients in the cycle-specific curves.

3.4 Rate—frequency estimates and comparison with traditional LR estimation.

The curve-based analysis and parametric surface gave similar persistence-aware rates (Fig. 5;
Table 5). Curve-based LRy¢q values were 5.00, 4.15, and 7.72 t ha™! for clay, sandy loam, and
organic soil, respectively. Corresponding parametric values were 4.97, 4.42, and 7.70 t ha™1.
Absolute differences were 0.03, 0.27, and 0.02 t ha~. These small differences indicate limited

sensitivity of LRfreq to temporal smoothing.

Both analyses gave Ny,,x = 5 for clay and organic soil and N, = 2 for sandy loam. In sandy
loam, D,,i,(5) exceeded Dy ax: 6.91 versus 5.93 t ha™?! for the cycle-specific curves and 6.75
versus 5.98 t ha™! for the parametric surface. Thus, MSD comparisons covered C1-C5 for clay
and organic soil and C1-C2 for sandy loam. Fig. 5 places the target, operational pH bounds, and

LRtreq(Nmax) on both pH landscapes.

Over these soil-specific horizons, LRg..q exceeded LRpeqi 1n every soil. Relative to LRpeaks
curve-based LRy eq reduced MSD from target pH by 84.0% in clay, 32.4% in sandy loam, and

75.7% in organic soil. The corresponding parametric-surface reductions were 64.7%, 31.1%, and

69.5%. Between the curve-based and parametric analyses, LR, differed by 0.68 t ha™! in clay



and 0.82 t ha™? in organic soil. These differences yielded 7(Np,,x) values of 1.66 versus 1.34 in

clay and 1.36 versus 1.18 in organic soil.

The LRcraag were 10.0, 13.4, and 16.1 t ha™! for clay, sandy loam, and organic soil. Each
exceeded the fitted Dy, under the selected greenhouse pH windows. Showing that the regional

recommendations largely overestimated LR.

Table 5. CaCOs rate—frequency and peak-response metrics from the curve-based analysis and

parametric surface.

Clay Sandy loam Organic
Metric
Curve-based Parametric Curve-based Parametric Curve-based Parametric

LRcraaQ 10.00 10.00 13.40 13.40 16.10 16.10
Nmax 5 5 2 2 5 5

LRpeak 3.02 3.70 3.63 3.70 5.68 6.50
LR freq(Nmax) 5.00 4.97 4.15 4.42 7.72 7.70
r(Nmax) 1.66 1.34 1.14 1.20 1.36 1.18
Dmin(5) 4.99 4.97 6.91 6.75 7.17 6.78
Dimax 5.90 6.03 5.93 5.98 8.41 8.65
MSD reduction (%) 84.0 64.7 324 31.1 75.7 69.5

Note: Rates are expressed as t CaCOs ha™'. LRcraaq is the regional SMP-buffer estimate made before the experiment. Nmax is the
greatest number of consecutive cycles for which at least one dose remained between the lower and upper pH limits. LR peak is the
smallest dose whose highest fitted pH across C1-C5 reached the target. LRfreq(Nmax) is the feasible dose with the smallest mean
squared deviation (MSD) from target pH over that horizon. r(Nmax) = LR freq(Nmax)/LRpeak. Dmin(5) is the smallest dose that
remained at or above the lower pH limit through C5. Dmax is the largest dose that remained at or below the upper pH limit
throughout C1-C5. MSD reduction is the percentage decrease in MSD from target pH at LRfreq relative to LRpeak, using Nmax for
both rates (Egs. 11 and 12).

3.5 Ca0 response at matched neutralising value

The AICc-selected CaO parametric surfaces used constant A(t) and c(t) for clay; linear A(t)
and exponential-plateau c(t) for sandy loam; and constant A(t), exponential-plateau c(t), and
constant Dy (t) for organic soil (Table S3). Their observed-data R? values were 0.928-0.943 and

RMSE values were 0.226—0.297 pH units. The nearest alternatives were 0.38, 0.37, and 0.99

AICc units above the selected clay, sandy-loam, and organic-soil forms, respectively.



At matched CaCOs-equivalent loadings, both analyses required higher LR, values for CaO
than for CaCO:s in every soil. In the curve-based analysis, the respective CaO and CaCOs values
were 6.47 versus 5.00 t ha™ in clay at N =5, 5.58 versus 4.15 t ha™! in sandy loam at N = 2, and
9.89 versus 7.72 t ha™ in organic soil at N = 5. On the parametric surfaces, they were 6.22 versus
4.97, 6.07 versus 4.42, and 9.47 versus 7.70 t ha™' at the same soil-specific horizons. Both
analyses also retained N,,,,, = 5, 2, and 5 for clay, sandy loam, and organic soil. The material

ranking was therefore insensitive to temporal smoothing.

Parametric and curve-based CaO LRy¢q differed by 0.25 t ha! in clay, 0.49 t ha™! in sandy
loam, and 0.42 t ha™? in organic soil. Curve-based CaO LRpeax values were 4.76, 5.03, and 7.71
t ha™1, and parametric values were 5.61, 4.86, and 7.98 t ha=. The corresponding curve-based
7(Nmax) values were 1.36, 1.11, and 1.28; parametric values were 1.11, 1.25, and 1.19. Both
analyses also selected higher CaCO3-equivalent LR e41 values for CaO than for CaCOj in all

three soils. Tables S2 and S3 report the CaO LR metrics and selected parametric functions, and

Fig. S1 shows both temporal representations.

4. Discussion

4.1 From target attainment to persistence

Traditional incubation and calibrated buffer methods estimate the lime rate required to attain a
selected target pH (Shoemaker et al., 1961; Mehlich, 1976; McLean, 1982; Tran and van Lierop,
1982; van Lierop, 1983). In the present experiment, LR,c,x achieved the target pH during the
first cropping cycle (C1) in all three soils, yet pH fell below the lower acceptable threshold by
C2. A rate sufficient to reach the target initially was therefore not necessarily sufficient to
maintain an acceptable pH over time. Reformulating the modelling objective from attaining the
target at a single time point to maintaining pH as close as possible to the target, while remaining
within predefined bounds over a specified period, identified LRy, as the more appropriate rate
for sustained pH management. This distinction highlights that lime recommendations should
account not only for the rate needed to reach the target pH, but also for the period over which
acceptable pH is expected to be maintained.

Previous studies have linked lime rate and application interval through economic optimisation



under continuous cropping (Lukin and Epplin, 2003) or through regional calculations combining
soil buffering capacity with acid-production balances (Xu et al., 2022). The present approach
complements these frameworks by deriving the rate—frequency relationship directly from
repeated experimental pH responses. The response surface links each lime rate to the number of
cycles for which fitted pH remains within the selected range. This adds information about pH

persistence that can guide pH monitoring and reapplication planning.

4.2 Interpreting persistence and reapplication

Differences in Ny,,x among soils indicate that appropriate reapplication schedules may vary with
soil and management conditions. This agrees with long-term studies showing soil-specific
differences in the persistence of liming effects (Holland et al., 2019). However, Ny, .4 alone
provides an incomplete basis for reapplication decisions because its strict criterion treats any
excursion outside the selected limits as a loss of feasibility, regardless of its magnitude, duration,
or subsequent recovery. The complete response surface provides the additional information
needed to distinguish among these trajectories and evaluate the practical consequences of

accepting a small excursion.

Fig. 6 illustrates this distinction for sandy loam. Under the selected pH limits, sandy loam had
Npax = 2. Alternatively, Dp,in (5) =6.91 t ha™! maintained pH at or above the lower limit
throughout all five cycles while exceeding the upper limit by only 0.13 pH unit at C1. Predicted
pH remained within both limits from C2 to C5. The surface therefore allows practitioners to
compare continuous compliance over two cycles with a management option that accepts a small,
temporary upper-limit excursion in exchange for longer pH persistence. This trajectory-level
information provides a more complete basis for comparing lime rates and planning pH

monitoring than N, alone.

The response surface makes this trade-off visible. It supports comparison among continuous
compliance over a shorter period, longer persistence with a small quantified departure, and
revised pH limits. Crop sensitivity, micronutrient status, and the consequences of low and high
pH determine which option is appropriate (Bolan et al., 2003; Curtin and Trolove, 2013; Penn
and Camberato, 2019). Reapplication planning should therefore combine the fitted trajectory

with current pH measurements and local agronomic conditions.



Fig. 7 shows the first fitted cycle in which pH was below the lower limit for each dose. An
earlier crossing identifies doses for which pH may need to be checked sooner. Fig. 6 shows the
size and duration of each departure and whether pH later returned within the selected range. A
reapplication decision also requires a current soil pH measurement and consideration of the crop

and management conditions.

4.3 Role of the selected pH limits

The selected pH limits define the amount of deviation that is considered agronomically
acceptable. A narrow range leaves fewer suitable rates and may shorten Ny, ,,, while a wider
range permits more rate and persistence combinations. Fig. 8 shows that the availability of a
five-cycle rate depends strongly on this choice, especially in sandy loam. The limits should
therefore reflect crop sensitivity, soil properties, and management priorities (CRAAQ, 2010),

with the calculations applying those agronomic choices.

Widening the pH range can move LRy, upward or downward because both the lower and upper
constraints are relaxed. At the first feasible window width, the available rate may lie on either
side of the dose that best tracks target pH. As the range widens, LRy, moves towards that
target-tracking dose and then stabilises. Feasibility therefore describes a specific combination of
soil response, persistence period, and accepted pH limits. Reporting the limits and testing their

influence are essential when interpreting a surface-derived rate.

4.4 Effects of soil and liming material

In the mineral soils, the greater persistence observed at high CaCOj rates is consistent with
residual neutralising material continuing to react as acidity accumulated during later cycles
(Edmeades and Ridley, 2003; Goulding, 2016). The difference in persistence between clay and
sandy loam further suggests that application rate acted together with soil buffering and
fertilisation intensity. Measurements of residual carbonate, exchangeable acidity, and base

saturation across cycles would help distinguish the contribution of these processes.

Sandy loam had the lowest clay content, organic matter, and cation-exchange capacity, all of
which contribute to pH buffering (Magdoff and Bartlett, 1985; Curtin and Rostad, 1997; Curtin
and Trolove, 2013). It also received the highest N and K inputs. Nitrification of ammonium can

accelerate acidification (Helyar and Porter, 1989; Hao et al., 2020). Weak buffering and greater



fertilisation intensity provide a plausible joint explanation for the rapid rise above the upper limit
followed by the sharper decline towards the lower limit. Such soils may require more frequent

lime reapplications than buffered soils.

The organic soil required the highest five-cycle rate, and its high-dose pH remained
comparatively stable after C1. Organic matter provides substantial pH-dependent charge and
buffering through carboxyl and phenolic groups (Helling et al., 1964; Curtin and Rostad, 1997;
Sebastia et al., 2008), while peat responses to liming vary with decomposition and application
rate (Prasad et al., 2021). These properties can explain the observed combination of a large initial
lime requirement and sustained correction at high rates. The dry-matter response to lime likewise
depended on initial soil acidity. The association between CaCOs rate and dry mass was strongest
in the organic soil (p = 0.84-0.95), which had the lowest pH and highest exchangeable acidity
and Al (Table 1), weaker but consistently positive in the sandy loam (p = 0.23-0.55), and absent
in the clay (p =—0.43 to +0.14), where initial pH was 5.60 and exchangeable Al was 0.0 cmolc
kg™'. This pattern agrees with Hillard et al. (1992), who reported large ryegrass yield gains from
liming a strongly acidic Ultisol (pH 4.7), attributing the response primarily to Al toxicity and
limited P, Ca, and Mg availability rather than to low pH alone.

At matched neutralising value, CaO required higher CaCO3-equivalent LRy eqx and LRfyeq

values than CaCOs in all three soils. This result was contrary to the expectation that faster-
reacting CaO would provide an equal or greater pH correction (Getahun et al., 2021). Because
pH was measured at the end of each 12-week cycle, these results describe the correction
remaining after the early reaction period. Earlier measurements would clarify the initial CaO
response. Material type, particle size, and application method can influence pH response beyond
nominal neutralising value (Calva and Espinosa, 2017; Li et al., 2019; Makaza et al., 2026).

Persistence should therefore be calibrated separately for each liming material.

4.5 Limitations and future calibration

One pot represented each soil X product X dose treatment. The fitted curves, AICc rankings,
biomass associations, and derived LR values describe those experimental units. Replicated
experiments are needed to estimate variation among pots and test treatment effects. Replication
would also reduce the influence of individual observations on cycle-specific curves, especially at

low doses. The comparison between the curve-based and parametric analyses measures



numerical stability within this dataset. Independent observations are needed to evaluate

predictive performance.

The experiment included one soil per class, one crop, and one controlled greenhouse
acidification regime. Sandy-loam properties and its higher fertilisation rate occurred together, so
its persistence results describe that combined system. A factorial design would separate soil and
fertilisation effects. Field calibration should also include uneven lime placement, seasonal
temperature and rainfall, and base-cation leaching, which influence residual lime response
(Cregan et al., 1989; Edmeades and Ridley, 2003; Goulding, 2016). Field evidence is also

required to relate the controlled 12-week cycles to calendar reapplication intervals.

The observed r(Ny,.x) values ranged from 1.14 to 1.66. The sandy-loam value describes two
cycles, whereas the clay and organic-soil values describe five cycles; each value is therefore
specific to a soil and persistence horizon. Because repeated multi-dose experiments require
substantial time, greenhouse space, crop management, and laboratory analysis, their practical use
will require a staged development pathway. At the simplest level, an average r(N) established
for a defined soil-management group and number of cycles could multiply routine incubation
LR as a persistence correction coefficient. Estimating a transferable average will require

replicated multi-soil data.

With a larger calibration dataset, a more refined approach could predict r(N) from soil
properties, acidifying inputs, liming material, and the intended number of cycles. Routine buffer
methods illustrate this calibration strategy: equations linking SMP and Mehlich buffer values to
incubation-derived LR were developed for specified soil groups and target pH values
(Shoemaker et al., 1961; Mehlich, 1976; Tran and van Lierop, 1982; van Lierop, 1983). Multi-
cycle experiments could similarly provide reference r(N) values for calibration. The predicted

ratio could then adjust routine incubation LR to estimate LRy;..q (N) before liming.

With sufficiently broad multi-cycle data, a third approach could predict the complete sequence of
lime-response curves or the response surface itself. Jouichat and Khiari (2026) reconstructed
complete soil acidity-neutralisation curves from routine chemical or mid-infrared spectral
information. Extending that strategy across repeated cycles could predict a complete pH response

surface for a new soil. The predicted surface could then estimate LRroq(N), Npmax, and pH over



time for a proposed rate. This approach requires more data than calibration of a single ratio, but

it retains the timing and magnitude of departures from the selected pH limits.

The close agreement in LRy, between the curve-based and parametric analyses indicates
numerical stability of the persistence-aware rate within this dataset. The larger between-analysis
differences in LRy .q) show that 7(N) calibration requires a consistent analysis. Future
calibration should use standardised procedures and report prediction uncertainty. Field trials can
then relate experimental cycles to management time and evaluate the predicted rates under

different fertilisation, weather, lime-incorporation, and reapplication strategies.

5. Conclusions

This study demonstrates that attaining target pH at the peak response does not ensure sustained
correction during continued acidification. Predicted pH at LR, 4 fell below the lower limit in
later cycles, whereas response surfaces fitted across repeated cropping cycles and evaluated
against selected pH limits identified LRf,4, the rate that maintained pH closest to target over a
defined period. LRfy¢q consistently exceeded LR,qqi and reduced deviation from target pH by
31.1-84.0%. These findings show that response surfaces provide a more complete basis for LR
formulation by distinguishing peak target attainment from persistence. Differences in Ny,,4 and
trajectory shape showed that rate, persistence, and accepted pH limits must be interpreted
together. Complete trajectories supplied the timing and magnitude needed to interpret a single
feasibility classification. The ratio r(N) summarises the additional rate associated with
persistence and provides a practical quantity for future calibration. By adding persistence to
classical endpoint LR estimation, the framework connects lime-rate selection with the expected

duration of pH correction, monitoring, and reapplication planning.
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Figure captions

Fig. 1. Soil pH trajectories in clay, sandy loam and organic soil over five successive 12-week
cropping cycles (C1-C5) following a single application of calcium carbonate (CaCOs) at CO: the
pretreatment baseline. Coloured lines represent CaCOs rates, the grey dashed line the unlimed
control, the red dashed line the soil-specific target pH, and the shaded band the agronomic pH

window.

Fig. 2. Cycle-specific Mitscherlich fits of the CaCOs dose response, with columns representing
successive cropping cycles (C1-C5) and rows representing soils. Points are observed pH
increments relative to the unlimed control of the same cycle (ApH) and solid curves are the fitted
responses. Fitted parameters, the coefficient of determination (R?) and the root mean square error

(RMSE) are given in each panel.

Fig. 3. Evolution of the Mitscherlich parameters A and c across the five cropping cycles. Points
with dashed connectors are the independently fitted cycle values shown with £1 standard error,

black lines are the functions selected by the corrected Akaike information criterion (AICc).

Fig. 4. Predicted versus observed pH for the curve-based analysis (blue circles) and the
parametric surface (orange triangles) in clay, sandy loam and organic soil. Each symbol is one
soil x rate x cycle observation and the dashed line is the 1:1 relationship. Predictions are
compared with the observations used to fit the models; R? and RMSE are given above each

panel.

Fig. 5. Curve-based and parametric CaCOs response surfaces for clay, sandy loam and organic
soil. Colour and thin white isolines give fitted pH; the red dashed isoline is the target pH, the
white dotted isolines are the agronomic bounds, and the red vertical line is the persistence-aware

lime requirement LR freq(Nmax)-

Fig. 6. Predicted pH trajectories at selected CaCO:s rates from the curve-based analysis and the
parametric surface (lower row), with each rate labelled in the panel legend. LR peax is the smallest
rate reaching the target pH, LR geq(Nmax) the persistence-aware rate over Nmax cycles, Dmin(5) the
smallest rate holding pH above the lower bound through C5, Dumax the largest rate within the

upper bound, and LRcraaq the regional Centre de référence en agriculture et agroalimentaire du



Québec (CRAAQ) rate. The black dashed line is the target pH and the shaded band the

agronomic pH window. Nmax is two cycles in sandy loam and five in the other soils.

Fig. 7. First fitted cycle with pH below the lower agronomic limit as a function of the CaCOs
rate, in clay, sandy loam and organic soil. The staircase is solid at rates up to Dmax, the largest
rate within the upper bound, and dashed beyond it, where the grey band marks rates exceeding
the upper limit in at least one cycle. Vertical lines mark LR peak, the smallest rate reaching the
target pH; LR#eq(Nmax), the persistence-aware rate; and, in sandy loam, Duin(5), the smallest rate
holding pH above the lower bound through C5. “No crossing through C5” denotes rates that

never fell below the lower limit.

Fig. 8. Five-cycle feasible dose corridor as a function of the width of the agronomic pH window
(3), with each soil’s lower:upper margin ratio held constant as 6 was varied. The corridor lies
between Dmin(5) (red dashed), the smallest rate holding pH above the lower bound through CS5,
and Dmax (dark dash-dot), the largest rate within the upper bound; the thick red line is LR feq(5),
the persistence-aware rate over five cycles. Dotted segments indicate closed corridors, the x
marks the smallest 6 at which the corridor opens, and the grey vertical line the 6 used for the

primary calculations.
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Supplementary material

CaCOs was the primary liming material used to develop the rate—frequency framework. CaO was
analysed as a secondary comparison after conversion to CaCOs-equivalent dose. This
supplement presents the CaO biomass results, lime-requirement metrics, selected parametric
functions, and response surfaces cited in the manuscript. Fig. S2 summarises model selection for

the primary CaCOs parametric surface.

Supplementary tables

Table S1. Ryegrass dry mass and Spearman correlation with CaO application rate by soil and

cycle.
Cycle Soil Mean DM + SD (g pot™) CV (%) p
1 Clay 6.51+0.93 14.3 -0.29
1 Sandy loam 3.82+£1.26 33.1 —0.73
1 Organic 4.23+1.35 31.8 +0.73
2 Clay 5.75+0.55 9.5 +1.00
2 Sandy loam 5.30+0.79 14.8 —0.07
2 Organic 4.58 +2.03 443 +0.89
3 Clay 5.70 +0.68 11.9 +0.50
3 Sandy loam 6.94 +1.04 14.9 —-0.15
3 Organic 8.56+1.84 21.5 +0.47
4 Clay 5.73+0.35 6.1 +0.39
4 Sandy loam 4.83 +0.81 16.7 —0.37
4 Organic 4.61 +1.49 323 +0.93
5 Clay 5.88+0.29 5.0 +0.32
5 Sandy loam 5.01+0.81 16.3 —0.07
5 Organic 5.38+1.49 27.7 +0.82

Note: DM = dry mass,; SD = standard deviation;, CV = coefficient of variation; p = Spearman correlation between applied CaO
dose and per-cycle DM. DM is the per-pot sum of three harvests within each 12-week cycle. Mean = SD, CV and p were
calculated across all tested CaO rates: seven rates for clay (0—6.72 t ha™), nine for sandy loam (0—10.08 t ha™) and ten for
organic soil (0-11.76 t ha™), corresponding to 0—12, 0—18 and 0-21 t CaCOs-equivalent ha™. Each treatment was represented
by one pot.



Table S2. CaO rate—frequency and peak-response metrics from the curve-based analysis and

parametric surface.

Clay Sandy loam Organic
Metric
Curve-based Parametric Curve-based Parametric Curve-based Parametric

LRcraAAQ 10.00 10.00 13.40 13.40 16.10 16.10
Nmax 5 5 2 2 5 5

LRpeak 4.76 5.61 5.03 4.86 7.71 7.98
LRfreq(Nmax) 6.47 6.22 5.58 6.07 9.89 9.47
r(Nmax) 1.36 1.11 1.11 1.25 1.28 1.19
Dmin(5) 6.47 5.95 9.99 9.85 9.28 8.33
Diax 7.30 8.46 7.52 7.30 10.19 10.30

Note: Rates are expressed as t CaCOs-equivalent ha™, and C1-C5 denote five successive 12-week cropping cycles. Curve-based
values were obtained from the five independently fitted cycle curves and parametric values from the AICc-selected functions of
cycle. LRcraag is the regional SMP-buffer estimate made before the experiment. Nuax is the greatest number of consecutive cycles
Jfor which at least one dose remained between the lower and upper pH limits. LR peak is the smallest dose whose highest fitted pH
across C1-C5 reached the target. LRfieq(Nmax) is the feasible dose with the smallest mean squared deviation from target pH over
that horizon. r(Nmax) = LRfreq(Nmax)/LRpeak. Dmin(5) is the smallest dose that remained at or above the lower pH limit through C5.

Duax is the largest dose that remained at or below the upper pH limit throughout C1-C5.

Table S3. Selected parametric functions of cycle and fit metrics for the CaO surface.

Soil A(t) c(t) Do(t) Kk R? RMSE AAIC Cpext
Clay 3.780 0.114 - 2 0.928 0.226 0.38
0.083 +
3.059 +
Sandy loam (0.300 - - 5 0.943 0.259 0.37
0.339t
0.083)670,70&
0.060 +
Organic 4.405 (1.707 - 3.794 5 0.926 0.297 0.99

0.060)673,7241

Note: Dose is expressed as t CaCOs-equivalent ha™ and t is the 12-week cycle index. A(t) is the fitted maximum pH increase
above the unlimed control, approached as dose increases, c(t) controls the curvature of that response across dose,; and Do(t) is
the dose threshold below which no lime-induced pH increase is assigned. An en dash indicates that no threshold was fitted, as for
the mineral soils. k is the number of fitted coefficients. R? and RMSE describe agreement with all observed pH values, with RMSE
in pH units. AAICcnex is the difference in AICc from the next-ranked candidate, where AICc is the Akaike information criterion

corrected for small sample size. Coefficients are rounded to three decimals.



Supplementary figure captions

Fig. S1. Curve-based and parametric CaO response surfaces for clay, sandy loam and organic
soil, with CaO expressed as CaCOs equivalent. Colour and thin white isolines give fitted pH; the
red dashed isoline is the target pH, the white dotted isolines are the agronomic bounds, and the
red vertical line is the persistence-aware lime requirement LR eq(Nmax). Selected parametric

functions are given in Table S3.

Fig. S2. Corrected Akaike information criterion (AICc) comparison of candidate parameter-
evolution combinations within the parametric CaCOs surface, for clay, sandy loam and organic
soil. Candidate labels give the functional forms in the order A(t) / c(t) for the mineral soils and
A(t) / c(t) / Do(t) for the organic soil. Bars show AAICc relative to the best candidate within a

soil, which is marked with a diamond at AAICc = 0, and k is the number of fitted coefficients.
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